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Abstract—Recently, beyond diagonal reconfigurable intelligent
surface (BD-RIS) has been proposed to generalize conventional
RIS. BD-RIS has a scattering matrix that is not restricted to
being diagonal and thus brings a performance improvement over
conventional RIS. While different BD-RIS architectures have
been proposed, it still remains an open problem to develop a
systematic approach to design BD-RIS architectures achieving the
optimal trade-off between performance and circuit complexity. In
this work, we propose novel modeling, architecture design, and
optimization for BD-RIS based on graph theory. This graph the-
oretical modeling allows us to develop two new efficient BD-RIS
architectures, denoted as tree-connected and forest-connected
RIS. Tree-connected RIS, whose corresponding graph is a tree,
is proven to be the least complex BD-RIS architecture able to
achieve the performance upper bound in multiple-input single-
output (MISO) systems. Besides, forest-connected RIS allows
us to strike a balance between performance and complexity,
further decreasing the complexity over tree-connected RIS. To
optimize tree-connected RIS, we derive a closed-form global
optimal solution, while forest-connected RIS is optimized through
a low-complexity iterative algorithm. Numerical results confirm
that tree-connected (resp. forest-connected) RIS achieves the
same performance as fully-connected (resp. group-connected)
RIS, while reducing the complexity by up to 16.4 times.

Index Terms—Beyond diagonal reconfigurable intelligent sur-
face (BD-RIS), forest-connected, graph theoretical modeling, tree-
connected.

I. INTRODUCTION

Reconfigurable intelligent surface (RIS) is expected to be a
key technology in 6G to enhance the performance of wireless
systems in an efficient and cost-effective manner [1], [2], [3].
An RIS consists of a large number of reconfigurable scattering
elements, each with the capability to manipulate the phase
of an incident electromagnetic wave, so that the phase shifts
of these elements can be coordinated to direct the scattered
electromagnetic signal toward the intended receiver. Owing
to the benefits of low power consumption and cost-effective
architecture, RIS has gained widespread attention.

In a conventional RIS architecture, each element is indepen-
dently controlled by a tunable impedance connected to ground
[4]. Such architecture, referred to as the single-connected
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RIS, results in a diagonal scattering matrix, which is also
commonly known as the phase shift matrix. Conventional
RIS with diagonal scattering matrix has been widely used
to enhance different wireless systems, such as single-cell
[5], [6], [7] and multi-cell communications [8], orthogonal
frequency division multiplexing (OFDM) [9], non-orthogonal
multiple access (NOMA) [10], rate splitting multiple access
(RSMA) [11], radio frequency (RF) sensing systems [12],
wireless power transfer (WPT) systems [13], and simultaneous
wireless information and power transfer (SWIPT) systems
[14]. In addition, research has been conducted to optimize
RIS based on imperfect channel state information (CSI) [15],
[16], in multi-RIS scenarios [17], [18], and with discrete phase
shifts to account for practical hardware impairments [19], [20].
Channel estimation protocols with reduced pilot overhead for
RIS-aided systems have been proposed [21]. Active RIS have
been proposed to overcome the multiplicative fading effect
limiting the gains of passive RIS by amplifying the reflected
signals via amplifiers integrated into their elements [22], [23].
Furthermore, RIS prototypes have been realized in [24], [25].

Recently, the conventional RIS architecture considered in
[5]-[25] has been generalized with the introduction of beyond
diagonal RIS (BD-RIS). BD-RIS has a scattering matrix that is
not restricted to being diagonal [26], with various architectures
and modes available as depicted in the classification tree
in Fig. 1. Specifically, group-connected and fully-connected
architectures, whereby some or all RIS elements are connected
with each other through tunable impedance components, are
proposed in [4], generalizing the single-connected architecture
to enhance the RIS performance. Subsequently, group- and
fully-connected RIS with discrete values are efficiently opti-
mized in [27], while the closed-form global optimal solutions
for group- and fully-connected RIS with continuous values
are derived in [28]. In addition, the simultaneously trans-
mitting and reflecting RIS (STAR-RIS) or intelligent omni-
surface (IOS) is presented in [29], [30], which differs from
conventional RIS as signals impinging on this RIS can be both
reflected and transmitted through the RIS for a full space cov-
erage. STAR-RIS is generalized in [31] which unifies different
BD-RIS modes (reflective/transmissive/hybrid) and different
BD-RIS architectures (single-/group-/fully-connected). To fur-
ther enhance RIS performance while maintaining a full-space
coverage, multi-sector BD-RIS is proposed in [32], where the
elements are split into multiple sectors with each covering a
sector of space. Further, the synergy of multi-sector BD-RIS
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Fig. 1. RIS classification tree.

and RSMA is proved to enlarge the coverage, improve the
performance, and save on antennas in multi-user systems [33].
Departing from existing works on BD-RIS with fixed archi-
tectures [4], [26]-[33], dynamically group-connected RIS has
been proposed in [34], outperforming fixed group-connected
RIS by dynamically dividing the RIS elements into groups
depending on the channel realization. Besides, a BD-RIS with
a non-diagonal phase shift matrix has been proposed in [35],
which is able to achieve a higher rate than conventional RIS.

Among all the BD-RISs [4], [26]-[35], the fully-connected
architecture provides the highest flexibility and best perfor-
mance, which is however at the expense of high circuit
complexity since it has a large number of tunable impedance
components. Although the group-connected architecture can
simplify the circuit complexity, it still remains an open
problem to develop a systematic approach to design BD-
RIS architecture achieving the optimal trade-off between per-
formance and circuit complexity, that is achieving the best
performance with the least complexity. To address this issue,
in this work, we propose novel modeling, architecture design,
and optimization for BD-RIS by utilizing graph theory. The
contributions of this paper are summarized as follows.

First, we propose a novel modeling of BD-RIS architectures
utilizing graph theory. To the authors’ best knowledge, it is
the first time that BD-RIS (or any other RIS) architectures are
modeled through graph theory. Specifically, we model each
BD-RIS architecture by a graph, whose vertices character-
ize the RIS ports and whose edges characterize the tunable
impedance components connecting the RIS ports. This graph
theoretical modeling lays down the foundations for developing
new efficient BD-RIS architectures.

Second, we derive a necessary and sufficient condition for a
BD-RIS architecture to achieve the performance upper bound
in multiple-input single-output (MISO) systems. Consequently,
we characterize the least complex BD-RISs achieving such an
upper bound. The resulting least-complexity BD-RIS architec-
tures are referred to as tree-connected RIS since their corre-
sponding graph is a tree. In addition, two specific examples
of tree-connected RIS are proposed, namely tridiagonal RIS

and arrowhead RIS. Tree-connected RIS achieves the same
performance in MISO systems as fully-connected RIS with a
circuit complexity significantly reduced by 16.4 times, when
64 RIS elements are considered.

Third, we prove that there always exists one and only one
global optimal solution to optimize tree-connected RIS. To
find this solution, we derive a closed-form algorithm valid
for any tree-connected architecture. With this algorithm, tree-
connected RIS achieves a performance improvement of 51.7%
over single-connected RIS. We show that the proposed algo-
rithm is optimal in single-user as well as multi-user systems.

Fourth, we propose forest-connected RIS as an additional
BD-RIS family to reach a trade-off between performance
and circuit complexity. Forest-connected RIS serves as a
bridge between single- and tree-connected RIS. We pro-
pose a low-complexity iterative algorithm to optimize forest-
connected RIS. Numerical results show that forest-connected
RIS achieves the same performance as group-connected RIS,
while reducing the circuit complexity by 2.4 times.

Organization: In Section II, we introduce the graph theo-
retical modeling of BD-RIS. In Section III, we derive tree-
and forest-connected RIS architectures and provide two ex-
amples of tree-connected RIS. In Section IV we provide a
global optimal closed-form solution to optimize tree-connected
RIS and an iterative approach to optimize forest-connected
RIS. In Section V, we evaluate the performance of the
proposed BD-RISs. Finally, Section VI concludes this work.
For reproducible research, the simulation code is available at
https://github.com/matteonerini/bdris-utilizing-graph-theory.

Notation: Vectors and matrices are denoted with bold lower
and bold upper letters, respectively. Scalars are represented
with letters not in bold font. ℜ{a}, ℑ{a}, |a|, arg (a), and
a∗ refer to the real part, imaginary part, modulus, phase, and
the complex conjugate of a complex scalar a, respectively. [a]i
and ∥a∥ refer to the ith element and l2-norm of a vector a,
respectively. AT , AH , [A]i,j , and ∥A∥ refer to the transpose,
conjugate transpose, (i, j)th element, and l2-norm of a matrix
A, respectively. A ∼ B means that the matrices A and B
are equivalent. R and C denote real and complex number
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set, respectively. j =
√
−1 denotes imaginary unit. 0 and I

denote an all-zero matrix and an identity matrix, respectively.
CN (0, I) denotes the distribution of a circularly symmetric
complex Gaussian random vector with mean vector 0 and
covariance matrix I and ∼ stands for “distributed as”. diag(a)
refers to a diagonal matrix with diagonal elements being the
vector a. diag(A1, . . . ,AN ) refers to a block diagonal matrix
with blocks being A1, . . . ,AN .

II. BD-RIS MODELING UTILIZING GRAPH THEORY

Consider a MISO system with an M -antenna transmitter
and a single-antenna receiver, which is aided by an N -element
RIS. The N -element RIS can be modeled as N antennas
connected to an N -port reconfigurable impedance network
that is characterized by the scattering matrix Θ ∈ CN×N

[4]. We assume the direct channel between the transmitter
and receiver is blocked and thus is negligible compared to
the indirect channel provided by RIS. Therefore, the overall
channel h ∈ C1×M between the transmitter and receiver can
be written as

h = hRIΘHIT , (1)

where hRI ∈ C1×N and HIT ∈ CN×M are the channel matri-
ces from the RIS to the receiver, and from the transmitter to the
RIS, respectively. We denote the transmit signal as x = ws,
where w ∈ CM×1 is the precoder satisfying ∥w∥ = 1 and
s ∈ C is the transmit symbol with power PT = E[|s|2]. Hence,
the received signal is given by y = hx + n, where n is the
additive white Gaussian noise (AWGN).

The N -port reconfigurable impedance network consists of
tunable passive impedance components. In addition to S-
parameters (the scattering matrix), the N -port reconfigurable
impedance network can be also characterized by Y-parameters
[36], that is the admittance matrix denoted as Y ∈ CN×N .
According to microwave network theory [36], the scattering
matrix Θ and admittance matrix Y are related by

Θ = (I+ Z0Y)
−1

(I− Z0Y) , (2)

where Z0 denotes the reference impedance used for computing
the scattering parameter, and usually set as Z0 = 50 Ω.
Furthermore, we have Y = YT and Θ = ΘT because of
the reciprocity of the reconfigurable impedance network. To
maximize the power scattered by the RIS, Y should be purely
susceptive and thus writes as Y = jB, where B ∈ RN×N

denotes the susceptance matrix of the N -port reconfigurable
impedance network1. Hence, Θ is given by

Θ = (I+ jZ0B)
−1

(I− jZ0B) , (3)

yielding that Θ is symmetric unitary in the case of reciprocal
and lossless RIS. Depending on the circuit topology of the N -
port reconfigurable impedance network, the scattering matrix
Θ and admittance matrix Y satisfy different constraints, which
results in diagonal RIS and beyond diagonal RIS as follows.

1In this study, we focus on passive RIS, assumed to be lossless to maximize
the reflection gain. However, active RIS with negative resistive components
can be considered to further improve the gain [22], [23].

A. Diagonal RIS

In diagonal RIS, each RIS port is not connected to the other
ports and is connected to ground through a tunable admittance
[4]. Accordingly, the admittance matrix Y and the scattering
matrix Θ are diagonal, written as

Y = diag (Y1, Y2, . . . , YN ) , (4)

Θ = diag
(
ejθ1 , ejθ2 , . . . , ejθN

)
, (5)

where Yn and θn are respectively the tunable admittance and
phase shift for the nth RIS port for n = 1, . . . , N . Such circuit
topology is also referred to as single-connected RIS [4] and
has been widely adopted [5]-[25].

B. Beyond Diagonal RIS

In BD-RIS, the RIS ports can also be connected to each
other through additional tunable admittance components. We
denote the tunable admittance connecting the nth port to the
mth port as Yn,m. According to [37], given the admittance
components Yn and Yn,m, the (n,m)th entry of the admittance
matrix Y is given by

[Y]n,m =

{
−Yn,m n ̸= m

Yn +
∑

k ̸=n Yn,k n = m
. (6)

Thus, by selecting Yn,m = − [Y]n,m and Yn =
∑

k [Y]n,k,
we can implement an arbitrary symmetric Y so that the
admittance matrix Y and the scattering matrix Θ are beyond
diagonal. Particularly, there are two special categories of BD-
RIS, namely fully-connected and group-connected RIS [4].
Due to the enhanced flexibility in Y and Θ, BD-RIS is proven
to outperform single-connected RIS [4], [26]-[35].

C. Graph Theoretical Modeling

To model the general circuit topology of BD-RIS, we resort
for the first time to graph theoretical tools [38]. Specifically,
we represent the circuit topology of BD-RIS through a graph

G = (V, E) , (7)

where V represents the vertex set of G and is given by the set
of indices of RIS ports, i.e.

V = {1, 2, . . . , N} , (8)

and E represents the edge set of G and is given by

E = {(nℓ,mℓ) | nℓ,mℓ ∈ V, Ynℓ,mℓ
̸= 0, nℓ ̸= mℓ} . (9)

Thus, there exists an edge between vertex nℓ and vertex mℓ

if and only if there is a tunable admittance connecting port nℓ

and port mℓ, namely the ℓth admittance. Accordingly, given a
graph G with edge set E = {(nℓ,mℓ)}Lℓ=1, the corresponding
BD-RIS admittance matrix has 2L non-zero off-diagonal en-
tries, i.e. [Y] nℓ,mℓ

and [Y]mℓ,nℓ
for ℓ = 1, . . . , L, while the

other off-diagonal entries are zero. In the following, we define
the circuit complexity of a BD-RIS architecture as the number
of tunable admittance components in its circuit topology. Thus,
the circuit complexity of a BD-RIS represented by a graph
with L edges is given by N + L since it includes N tunable
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Fig. 2. Examples of 4-port BD-RIS architectures (left) and their corresponding
graphs G (right), where G is (a) empty, (b) disconnected and acyclic, (c)
connected and acyclic, i.e., a tree, (d) connected and cyclic, (e) complete.

admittance components connecting each element to ground,
and L tunable admittance components interconnecting the
elements to each other.

To better clarify our graph theoretical modeling of BD-RIS,
we show a 4-element single-connected RIS with its associated
graph in Fig. 2(a), and four examples of 4-element BD-RISs
with their associated graphs in Fig. 2(b)-(e). We also use Fig. 2
to illustrate the graph theoretical definitions [38] that are used
in this work, as briefly summarized in the following.

• A graph is empty when there is no edge.
• A graph is connected when there is a path, i.e., a finite

sequence of distinct edges joining a sequence of distinct
vertices, from any vertex to any other vertex.

• A graph that is not connected is called disconnected.
• A cyclic graph is a graph containing at least one cycle,

i.e., a finite sequence of distinct edges joining a sequence
of vertices, where only the first and last vertices are equal.

• A graph that is not cyclic is called acyclic, or a forest.
• A tree is defined as a connected and acyclic graph.
• A graph is complete when each pair of distinct vertices

is joined by an edge.
• A graph is simple when there is no edge with identical

ends (called loops) and no multiple edges joining the
same pair of vertices.

Given these definitions, we recognize that the graph for the
single-connected RIS in Fig. 2(a) is empty, the graph in
Fig. 2(b) is disconnected and acyclic, the graph in Fig. 2(c)
is connected and acyclic, i.e., a tree, the graph in Fig. 2(d) is
connected and cyclic as it presents the cycle 1 − 2 − 3, and
the graph for the fully-connected RIS in Fig. 2(e) is complete.
In addition, graphs associated with BD-RIS are always sim-
ple2. Therefore, graph theory is effective to characterize and
model the circuit topology of BD-RIS and the corresponding
admittance matrix Y.

Utilizing graph theory, we propose two novel families of
BD-RIS with remarkable properties, which are referred to as
tree-connected RIS and forest-connected RIS, in the following
section.

III. BD-RIS ARCHITECTURE DESIGN UTILIZING GRAPH
THEORY

A. Tree-Connected RIS

As a starting point, we investigate how the graph of BD-RIS
influences the system performance. To that end, we formulate
the BD-RIS optimization problem for MISO systems utilizing
graph theory. Specifically, we assume the BD-RIS is lossless
and purely susceptive and aim to maximize the received signal
power PR = PT |hRIΘHITw|2 by jointly optimizing w and
Θ3. Thus, we can formulate the problem as

max
Θ,w

PT |hRIΘHITw|2 (10)

s.t. Θ = (I+ jZ0B)
−1

(I− jZ0B) , (11)

B = BT , (12)
B ∈ BG , (13)
∥w∥ = 1, (14)

where BG represents the set of possible susceptance matrices
of BD-RISs characterized by the graph G = (V, E) and is
written as

BG = {B| [B] n,m = 0, n ̸= m,n,m ∈ V, (n,m) /∈ E} (15)

which means that an off-diagonal entry is zero if there exists
no corresponding edge in the graph. The graph G is fixed in
(10)-(14) since the interconnections between the RIS elements
are fixed to avoid additional circuit complexity. Note that
problem (10)-(14) considers the optimization of the RIS based

2In this work, we consider graphs where the edges are not oriented since
we assume the RIS to have a reciprocal reconfigurable impedance network.
BD-RIS architectures with non-reciprocal reconfigurable impedance networks
could be modeled through directed graphs, i.e., graphs with oriented edges,
but are beyond the scope of this work.

3Maximizing the received signal power or the achievable rate are equivalent
problems in single-user systems. Thus, we consider the received signal power
since it is independent of the noise power.
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Fig. 3. Tridiagonal RIS with N = 8.

on the instantaneous channel, as typically performed in related
literature [1], [2], [3]. Perfect CSI is assumed, which can be
obtained with the semi-passive channel estimation protocol
discussed in [3].

From (10)-(14), we can deduce that the maximum received
signal power depends on the graph of the BD-RIS. Specifically,
when the graph G has more edges, the susceptance matrix B
is more flexible so that the maximum received signal power is
higher. However, the enhanced performance is achieved at the
expense of higher circuit complexity (more connections from
the increased number of edges). Thus, it is worth designing
the graph of BD-RIS to achieve the best performance with the
least complexity.

To that end, we first consider the case that the graph G is
complete, that is the fully-connected RIS. As shown in [4] and
[28], maximum ratio transmission (MRT) gives the optimal
w and subsequently the fully-connected RIS can achieve the
upper bound of the received signal power given by

P̄R = PT ∥hRI∥2 ∥HIT ∥2 , (16)

following the sub-multiplicativity of the l2-norm and that
ΘHΘ = I. Leveraging this upper bound, herein we define a
BD-RIS that achieves the performance upper bound P̄R for
any channel realization as MISO optimal. Thus, the fully-
connected RIS is MISO optimal. More generally, the following
lemma provides a sufficient and necessary condition for a BD-
RIS to be MISO optimal.

Lemma 1. A BD-RIS with associated graph G is MISO
optimal if and only if G is a connected graph.

Proof. Please refer to Appendix A.

Using Lemma 1, we have the following proposition provid-
ing the least complexity for MISO optimal BD-RIS.

Proposition 1. The minimum number of edges in the graph
of a MISO optimal BD-RIS is N − 1, with N denoting the
number of RIS elements.

Proof. Please refer to Appendix B.

Remarkably, a connected graph G on N vertices with N−1
edges is a tree. To show this, we observe that removing
any edge from G makes the graph disconnected because of
Proposition 1. Thus, G cannot have a cycle and must be a tree
(connected and acyclic). Therefore, to minimize the BD-RIS
circuit complexity while maintaining optimal performance, we
propose tree-connected RIS as BD-RIS whose corresponding
graph is a tree. According to this definition, tree-connected
RIS includes N admittance components connecting each port
to ground and N − 1 admittance components interconnecting
the ports to each other, yielding a total of 2N − 1 admittance

Fig. 4. Arrowhead RIS with N = 5 where port 1 is the central vertex.

components, which is much less than the N(N +1)/2 admit-
tance components in fully-connected RIS.

B. Two Examples of Tree-Connected RIS
Tree-connected RIS refers to a family of BD-RISs, includ-

ing multiple possible architectures. To clarify the concept of
tree-connected RIS, in this subsection we provide two specific
examples of tree-connected RIS, referred to as tridiagonal and
arrowhead RIS.

1) Tridiagonal RIS: We define tridiagonal RIS as tree-
connected RIS whose graph G is a path graph. In graph theory,
the degree of a vertex is defined as the number of edges
incident with it, and a path graph is defined as a graph where
two vertices have degree one and all the others (if any) have
degree two [38]. The vertex set of the graph associated with
tridiagonal RIS is defined as

VTri = {n1, n2, . . . , nN} , (17)

and the edge set can be expressed accordingly as

ETri = {(nℓ, nℓ+1) | ℓ = 1, . . . , N − 1} . (18)

Interestingly, the tridiagonal architectures have also been pro-
posed to realize low-complexity impedance matching networks
for multiple antenna systems [37]. In Fig. 3, we provide an
illustrative example of tridiagonal RIS with N = 8. As a
consequence of such architecture, the susceptance matrix of
tridiagonal RIS is symmetric and tridiagonal ([B]i,j = 0 if
|i− j| > 1), written as

B =


[B]1,1 [B]1,2 · · · 0

[B]1,2 [B]2,2
. . .

...
...

. . . . . . [B]N−1,N

0 · · · [B]N−1,N [B]N,N

 . (19)

Note that if the port indexes in VTri are permuted, B is a
permuted tridiagonal matrix.

2) Arrowhead RIS: We define arrowhead RIS as tree-
connected RIS whose graph G is a star graph. In graph theory,
a star graph is defined as a graph where at most one vertex,
called central, has degree greater than one and all the others
have degree one [38]. Accordingly, the vertex set of the graph
associated with arrowhead RIS is defined as

VArrow = {c, n1, n2, . . . , nN−1} , (20)
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where c denotes the central vertex, while the edge set is
consequently expressed as

EArrow = {(c, nℓ) | ℓ = 1, . . . , N − 1} . (21)

In Fig. 4, we provide an illustrative example of arrowhead
RIS with N = 5 where port 1 is the central vertex. As
a consequence, the susceptance matrix of arrowhead RIS is
symmetric and arrowhead ([B]i,j = 0 if i ̸= c, j ̸= c,
and i ̸= j) [39]. Assuming port 1 is the central vertex, the
susceptance matrix of arrowhead RIS can be written as

B =


[B]1,1 [B]1,2 · · · [B]1,N
[B]1,2 [B]2,2 · · · 0

...
...

. . .
...

[B]1,N 0 · · · [B]N,N

 . (22)

Note that if the central vertex is not port 1, B is a permuted
arrowhead matrix.

It should be noted that all tree-connected RISs satisfy the
necessary condition to be MISO optimal and contain the same
number of tunable admittance components. Thus, tridiagonal
and arrowhead RIS have the same circuit complexity and
MISO optimality. In practice, we can select the suitable tree-
connected RIS architecture according to the use case. On the
one hand, tridiagonal RIS can be easily implemented with
cables or tapes, thanks to the path graph circuit topology,
so it enables the practical development of tree-connected RIS
with uniform linear arrays (ULAs) or radio stripes [40]. In
addition, tridiagonal RIS is the tree-connected architecture that
minimizes the length of the interconnections since it connects
only adjacent RIS elements. On the other hand, arrowhead
BD-RIS is more suitable to develop tree-connected RIS with
uniform planar arrays (UPAs).

C. Forest-Connected RIS

To further reduce the circuit complexity of tree-connected
RIS, especially for the large-scale case, we propose forest-
connected RIS. A forest-connected RIS is defined as a BD-
RIS where the N RIS elements are divided into G = N/NG

groups with group size NG and each group utilizes the tree-
connected architecture (i.e. the graph for each group is a tree
on NG vertices)4. Therefore, the graph G associated with the
forest-connected RIS is a forest, and the corresponding vertex
and edge sets can be represented as

V = ∪G
g=1Vg, E = ∪G

g=1Eg, (23)

where Vg and Eg denote the vertex and edge sets of the graph
associated with the gth group for g = 1, . . . , G, with Vg1 ∩
Vg2 = ∅ for all g1 ̸= g2.

More specifically, the tree-connected architecture for each
group in the forest-connected RIS can be either tridiagonal
or arrowhead. When the tridiagonal architecture is used, the

4Note that the tree-connected RIS is a special case of the forest-connected
RIS, i.e., with G = 1. This is consistent with the fact that in graph theory a
tree is a special case of forest.

vertex and edge sets of the graph associated with forest-
connected RIS are defined as

VTri
Forest = ∪G

g=1 {ng,1, ng,2, . . . , ng,NG
} , (24)

ETri
Forest = ∪G

g=1 {(ng,ℓ, ng,ℓ+1) | ℓ = 1, . . . , NG − 1} , (25)

similarly to (17) and (18). Accordingly, the susceptance matrix
of forest-connected RIS with tridiagonal architecture for each
group is block diagonal with each block being symmetric
and tridiagonal. On the other hand, when the arrowhead
architecture is used, the vertex and edge sets of the graph
associated with forest-connected RIS are defined as

VArrow
Forest = ∪G

g=1 {cg, ng,1, ng,2, . . . , ng,NG−1} , (26)

EArrow
Forest = ∪G

g=1 {(cg, ng,ℓ) | ℓ = 1, . . . , NG − 1} , (27)

where cg is the index of the central vertex for the gth group,
similarly to (20) and (21). Accordingly, the susceptance matrix
of forest-connected RIS with arrowhead architecture for each
group is block diagonal with each block being symmetric and
arrowhead.

The forest-connected RIS achieves a good performance-
complexity trade-off between the single-connected and the
tree-connected RIS. Note that the single-connected and tree-
connected RIS can be viewed as two special cases of the
forest-connected RIS, with NG = 1 and NG = N , respec-
tively. In addition, forest-connected RIS is equivalent to group-
connected RIS when NG = 2 [4]. The number of tunable
admittance components in forest-connected RIS with group
size NG is N(2− 1/NG).

IV. OPTIMIZATION OF TREE- AND FOREST-CONNECTED
RIS FOR MISO SYSTEMS

In this section, we optimize tree-connected and forest-
connected RIS to maximize the received signal power in
MISO systems. For tree-connected RIS, we show that any
tree-connected RIS is MISO optimal and provide a closed-
form global optimal solution. For forest-connected RIS, we
provide a low-complexity iterative solution.

A. Tree-Connected RIS Optimization

The tree-connected RIS optimization to maximize the re-
ceived signal power in MISO systems can be formulated as
(10)-(14) plus a constraint that graph G is a tree. Recall that
the received signal power in BD-RIS-aided MISO systems is
upper-bounded by P̄R = PT ∥hRI∥2 ∥HIT ∥2. In the follow-
ing, we prove that there is always one and only one solution
for the optimal susceptance matrix B of tree-connected RIS
to achieve the upper bound P̄R, and propose an algorithm to
find such optimal B.

Considering a RIS implemented through a reciprocal and
lossless circuit, the key to achieving the upper bound P̄R given
by (16) is to find a symmetric unitary matrix Θ satisfying

ĥH
RI = ΘuIT , (28)
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where ĥRI = hRI/ ∥hRI∥ and uIT = umax(HIT ) is the
dominant left singular vector of HIT

5. Substituting (3) into
(28), we can equivalently rewrite (28) as

(I+ jZ0B) ĥH
RI = (I− jZ0B)uIT , (29)

which can be expressed in a compact form as

Bα = β, (30)

where α = jZ0

(
uIT + ĥH

RI

)
∈ CN×1 and β = uIT−ĥH

RI ∈
CN×1. The equation in (30) is composed of N linear equations
with 2N − 1 unknowns. The linear equation coefficients α
and β are complex vectors, while the 2N − 1 unknowns are
real since they are the entries of the susceptance matrix B of
the tree-connected RIS, which are not constrained to be zero
as shown in (19) and (22). We aim to solve (30) as it is a
sufficient and necessary condition to achieve the performance
upper bound P̄R. To that end, we rewrite (30) as 2N equations
with real coefficients and 2N − 1 real unknowns, i.e.,[

B
B

]
a = b, (31)

where a ∈ R2N×1 and b ∈ R2N×1 are defined as

a =

[
ℜ{α}
ℑ {α}

]
, b =

[
ℜ{β}
ℑ {β}

]
. (32)

To solve (31), we further rewrite the equation such that the
2N −1 real unknowns are explicitly collected in a vector x ∈
R(2N−1)×1. Specifically, given a tree-connected RIS whose
graph has an edge set E = {(nℓ,mℓ)}N−1

ℓ=1 such as (18) or
(21), the 2N − 1 real unknowns are collected as

x =
[
[B]1,1 , . . . , [B]N,N , [B]n1,m1

, . . . , [B]nN−1,mN−1

]T
,

(33)
where [B]n,n for n = 1, . . . , N denote the N diagonal entries
of B and [B]nℓ,mℓ

for ℓ = 1, . . . , N − 1 denote the N − 1
off-diagonal entries of B specified by the edge set of graph.
Accordingly, (31) can be equivalently rewritten as

Ax = b, (34)

where A ∈ R2N×(2N−1) is the coefficient matrix given by

A =

[
ℜ{A1} ℜ {A2}
ℑ {A1} ℑ {A2}

]
, (35)

where A1 ∈ CN×N and A2 ∈ CN×(N−1). Because the real
and imaginary parts of A1 are multiplied by the N diagonal
entries of B in (34), to build the equivalence between (31)
and (34), A1 should be given by

A1 = diag (α) . (36)

On the other hand, the real and imaginary parts of A2 are
multiplied by the N − 1 off-diagonal entries of B including
[B]n1,m1

, . . . , [B]nN−1,mN−1
. For this reason, the structure of

5Condition (28) is derived by considering PR ≤
PT max

∥x∥=1
∥hRI∥2 ∥ΘHITx∥2 ≤ PT max

∥x∥=1
∥hRI∥2 ∥ΘHIT ∥2 ∥x∥2.

Note that the equality holds in the two inequalities when ĥH
RI is equal to

the dominant left singular vector of ΘHIT , i.e., ΘuIT .

Algorithm 1 Closed-form global optimization of tree-
connected RIS for MISO systems
Input: hRI ∈ C1×N , HIT ∈ CN×M .
Output: B.

1: Obtain ĥRI = hRI

∥hRI∥ , uIT = umax (HIT ).

2: Obtain α = jZ0

(
uIT + ĥH

RI

)
, β = uIT − ĥH

RI .
3: Obtain A1 and A2 by (36) and (37), respectively.
4: Obtain A and b by (35) and (32), respectively.
5: Obtain x =

(
ATA

)−1
ATb.

6: Obtain B by (33).

A2 depends on how the RIS ports are connected to each other,
that is the specific graph associated with the tree-connected
RIS. Accordingly, the entry of the ℓth column of A2 for ℓ =
1, . . . , N − 1 is given by

[A2] k,ℓ =


[α]nℓ

if k = mℓ

[α]mℓ
if k = nℓ

0 otherwise
. (37)

Remarkably, the constraint on the tree-connected architec-
ture, i.e., the position of the non-zero elements of B, is dealt
with by properly constructing A2 as in (37).

The following proposition provides a useful property of
tree-connected RIS, which we can leverage to solve the linear
equations (34).

Proposition 2. For any tree-connected RIS with N elements,
the coefficient matrix A ∈ R2N×(2N−1) has full column rank,
i.e., r (A) = 2N − 1.

Proof. Please refer to Appendix C.

According to Proposition 2, the linear equations (34) has
one solution or no solution [41]. Furthermore, we show that it
has exactly one solution by using the following proposition.

Proposition 3. For any tree-connected RIS with N elements,
the augmented matrix [A|b] ∈ R2N×2N has rank r ([A|b]) =
2N − 1.

Proof. Please refer to Appendix D.

According to the Rouche-Capelli theorem [41], a system
of linear equations is consistent if the rank of the coefficient
matrix A is equal to the rank of the augmented matrix
[A|b]. Thus, according to Proposition 3, the system of linear
equations (34) is consistent and has exactly one solution. As
a result, we can find the solution of (34) as x = A†b, where
A† =

(
ATA

)−1
AT is the Moore-Penrose pseudo-inverse of

A, and subsequently the optimal susceptance matrix B of the
tree-connected RIS can be found through (33).

To conclude, we prove that for any tree-connected RIS there
is always one and only one global optimal solution for the
susceptance matrix B to achieve the upper bound P̄R for
any channel realization. In Alg. 1, we summarize the steps
required to optimize tree-connected RIS for MISO systems.
Interestingly, Alg. 1 can be used to globally optimize tree-
connected RISs in single-user multiple-input multiple-output



8

(MIMO) and multi-user MISO systems. More precisely, in
single-user MIMO systems using single-stream transmission,
the received signal power is maximized by applying Alg. 1
to the vectors vRI and uIT , with vRI being the dominant
right singular vector of HRI . In addition, in multi-user MISO
systems, the sum power is maximized by applying Alg. 1
to tRI and uIT , with tRI being the dominant right singular
vector of GRI =

[
hH
RI,1, . . . ,h

H
RI,U

]H
, where hRI,u ∈ C1×N

denotes the channel from the RIS to the uth receiver. The com-
putational complexity of Alg. 1 is driven by the complexity
of Step 5, i.e., it is the complexity of computing the inverse
of ATA. Since ATA ∈ R(2N−1)×(2N−1), the computational
complexity of Alg. 1 is O(8N3).

B. Forest-Connected RIS Optimization
The forest-connected RIS optimization to maximize the

received signal power in MISO systems is formulated as

max
Θ,w

PT |hRIΘHITw|2 (38)

s.t. Θ = (I+ jZ0B)
−1

(I− jZ0B) , (39)
B = diag (B1, . . . ,BG) , (40)

Bg = BT
g , Bg ∈ BG,g, ∀g, (41)

∥w∥ = 1, (42)

where the susceptance matrix B of the forest-connected RIS
is a block diagonal matrix with Bg being the gth block and
BG,g represents the set of the gth block written as

BG,g = {Bg| [Bg] n,m = 0, n ̸= m,n,m ∈ Vg, (n,m) /∈ Eg} ,
(43)

where Vg and Eg are the vertex and edge sets of the graph for
the gth group for g = 1, . . . , G. Specifically, Vg and Eg can
be found by (24) and (25) when the tridiagonal architecture is
used for the gth group, or by (26) and (27) when the arrowhead
architecture is used.

Different from optimizing the tree-connected RIS, it is hard
to find a tight upper bound on the received signal power in
forest-connected RIS-aided MISO systems due to block diag-
onal characteristics of the susceptance matrix, which makes it
hard to derive a closed-form global optimal solution. To solve
the challenging forest-connected RIS optimization problem,
we propose an iterative approach, where the precoder w and
the RIS susceptance matrix B are alternatively optimized.

1) Optimizing B with Fixed w: When the precoder w is
fixed, we introduce heff

IT = HITw as the effective channel
between the transmitter and RIS so that the forest-connected
RIS-aided MISO system is equivalently converted to a forest-
connected RIS-aided SISO system. Thus, we can equivalently
rewrite the problem (38)-(42) as

max
Θg

PT

∣∣∣∣∣
G∑

g=1

hRI,gΘgh
eff
IT,g

∣∣∣∣∣
2

(44)

s.t. Θg = (I+ jZ0Bg)
−1

(I− jZ0Bg) , (45)

Bg = BT
g , Bg ∈ BG,g, ∀g, (46)

∥w∥ = 1, (47)

Algorithm 2 Optimization of forest-connected RIS for MISO
systems
Input: hRI ∈ C1×N , HIT ∈ CN×M .
Output: B and w.

1: Initialize w.
2: while no convergence of objective (38) do
3: Update Bg by Alg. 1 with input hRI,g , heff

IT,g , ∀g.
4: Obtain Θ from B = diag (B1, . . . ,BG) by (3).
5: Update w = (hRIΘHIT )

H
/∥hRIΘHIT ∥.

6: end while

where hRI,g ∈ C1×NG and heff
IT,g ∈ CNG×1 consist of the NG

entries of hRI and heff
IT corresponding to the RIS elements of

the gth group, respectively [4]. To solve the problem (44)-
(47), we first consider the case that the graph for each group
is complete, that is the group-connected RIS where Bg can
be arbitrary symmetric matrix. As shown in [4] and [28], the
received signal power in the group-connected RIS-aided SISO

system, i.e. PT

∣∣∣∑G
g=1 hRI,gΘgh

eff
IT,g

∣∣∣2, is upper bounded by

P̄ eff
R = PT

(
G∑

g=1

∥hRI,g∥
∥∥heff

IT,g

∥∥)2

. (48)

The key to achieve such upper bound (48) is to find complex
symmetric unitary matrices Θg for g = 1, . . . , G satisfying

ĥH
RI,g = Θgĥ

eff
IT,g, ∀g, (49)

where ĥRI,g = hRI,g/∥hRI,g∥ and ĥeff
IT,g = heff

IT,g/∥heff
IT,g∥.

Recall that each group in the forest-connected RIS utilizes
the tree-connected architecture. Thus, referring to the tree-
connected RIS optimization shown in Section IV.A, it is
straightforward to show that for each group of the forest-
connected RIS there is always one and only one solution for
Bg whose corresponding Θg satisfying (49), so that the upper
bound (48) can be achieved. Moreover, the optimal Bg for
each group can be found by Alg. 1 with the input of the
channels hRI,g and heff

IT,g . Therefore, the susceptance matrix
B of the forest-connected RIS can be globally optimized to
achieve the upper bound (48) when w is fixed.

2) Optimizing w with Fixed B: When the RIS susceptance
matrix B is fixed, it is obvious that the optimal w is the MRT
given by w = (hRIΘHIT )

H/ ∥hRIΘHIT ∥, where Θ can be
computed by (3) as a function of B.

The precoder w and the RIS susceptance matrix B are
alternatively optimized until convergence of the objective (38).
We summarize the steps to optimize forest-connected RIS in
MISO systems in Alg. 2. The iterative algorithm is initialized
by randomly setting w to a feasible value. In addition, the
convergence of Alg. 2 is guaranteed by the following two facts.
First, at each iteration, the objective given by the received
signal power PR is non-decreasing. Second, the objective func-
tion is upper bounded by PT ∥hRI∥2 ∥HIT ∥2 because of the
sub-multiplicativity of the spectral norm. The computational
complexity per iteration of Alg. 2 is driven by the complexity
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Fig. 5. Two-dimensional coordinate system for the RIS-aided MISO system.

of Step 3, i.e., it is the complexity of applying N/NG times
Alg. 1 to an NG-element BD-RIS. Thus, the computational
complexity per iteration of Alg. 2 is O(8NN2

G).

V. PERFORMANCE EVALUATION

In this section, we provide the performance evaluation for
the proposed tree- and forest-connected RIS. We consider a
two-dimensional coordinate system, as shown in Fig. 5. The
transmitter and receiver are located at (0, 0) and (52, 0) in
meters (m), respectively. The RIS is located at (50, 2) and
it is equipped with N elements. For the large-scale path
loss, we use the distance-dependent path loss modeled as
Lij(dij) = L0(dij/D0)

−αij , where L0 is the reference path
loss at distance D0 = 1 m, dij is the distance, and αij is
the path loss exponent for ij ∈ {RI, IT}. We set L0 = −30
dB, αRI = 2.8, αIT = 2, and PT = 10 mW. For the small-
scale fading, we assume that the channel from the RIS to the
receiver is Rayleigh fading. The channel from the transmitter
to the RIS is modeled with Rician fading, given by

HIT =
√
LIT

(√
K

1 +K
HLoS

IT +

√
1

1 +K
HNLoS

IT

)
, (50)

where K refers to the Rician factor, while HLoS
IT and

vec(HNLoS
IT ) ∼ CN (0, I) represent the small-scale line-of-

sight (LoS) and non-line-of-sight (NLoS) (Rayleigh fading)
components, respectively. We consider two scenarios, with
Rician factor K = 0 dB and K = 10 dB.

A. Tree-Connected RIS-Aided MISO Systems

We first evaluate the performance of the tree-connected
RIS to verify that it is MISO optimal. Specifically, the tree-
connected RIS is optimized through Alg. 1 and compared
with the performance upper bound (16) achieved by the fully-
connected RIS. We recall that in the fully-connected RIS, all
the RIS ports are connected with each other, so that B is an
arbitrary symmetric matrix and Θ satisfies that

ΘHΘ = I,Θ = ΘT , (51)

as shown in [4]. In Fig. 6, we provide the received signal
power achieved in MISO systems aided by fully- and tree-
connected RIS. We can make the following observations. First,
as expected, the tree-connected RIS can always achieve the
performance upper bound. However, it has much lower circuit
complexity than the fully-connected RIS, which will be quan-
titatively shown in Section V-C. Second, higher received signal

power can be obtained by increasing the number of transmit
antennas M for both fully- and tree-connected RIS. Last,
Rician fading channels with a lower Rician factor offer richer
scattering, allowing to reach a slightly higher performance.

B. Forest-Connected RIS-Aided MISO Systems

We next evaluate the performance of the forest-connected
RIS. Specifically, the forest-connected RIS is optimized
through Alg. 2 and it is compared with tree-, group-, and
single-connected RIS. For the group-connected RIS, we recall
that the N elements are divided into G groups and all the RIS
ports within the same group are connected with each other, so
that B is a symmetric block diagonal matrix and Θ satisfies

Θ = diag (Θ1,Θ2, . . . ,ΘG) , (52)

Θg = ΘT
g , Θ

H
g Θg = I, ∀g, (53)

as shown in [4]. In Figs. 7 and 8, we provide the received
signal power in MISO systems aided by tree-, group-, forest-
, and single-connected RIS, with M = 2 and M = 8,
respectively. Group-connected and single-connected RIS are
optimized as proposed in [28, Alg. 2]. We can make the
following observations.

First, the forest-connected RIS can always achieve the
same received signal power as the group-connected RIS with
the same group size. However, it has a much lower circuit
complexity than the group-connected RIS with the same group
size, as quantitatively shown in Section V-C.

Second, the forest-connected RIS achieves a higher received
signal power than the single-connected RIS. For example,
forest-connected RIS with group size 8 brings an improvement
in the received signal power of 44.6%, when M = 2, N = 64,
and K = 0 dB. On the other hand, it achieves a lower
received signal power than the tree-connected RIS due to the
simplified circuit complexity. Therefore, it is shown that the
forest-connected RIS achieves a good performance-complexity
trade-off between the single- and tree-connected RIS.

Third, the received signal power increases with the group
size in the forest-connected RIS, which is because increasing
the group size can provide more flexibility to the BD-RIS.

Fourth, higher received signal power can be obtained by
increasing the number of transmit antennas M .

Last, BD-RIS is particularly beneficial over single-
connected RIS in the presence of fading channels with lower
Rician factors, in agreement with [4].

In Fig. 9, we also provide the achievable rate in MISO
systems aided by tree-, group-, forest-, and single-connected
RIS, with M = 2, K = 0 dB, and AWGN power σ2 =
−80 dBm. With N = 64, the tree-connected RIS improves
the achievable rate by 10% over the single-connected RIS. In
addition, the performance of a 64-element single-connected
RIS can be obtained by a 52-element tree-connected RIS,
which is beneficial for reducing by 19% the area of RIS.

C. Circuit Topology Complexity

We finally evaluate the circuit topology complexity of the
proposed tree- and forest-connected RIS. As analyzed in
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Fig. 6. Received signal power in MISO systems aided by fully- and tree-connected RIS.
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Fig. 7. Received signal power in MISO systems aided by tree-, group-, forest-, and single-connected RIS, with M = 2.

Section III, the circuit topology complexity in terms of the
number of the tunable admittance components of the tree-
and forest-connected RIS is 2N − 1 and N(2 − 1/NG),
respectively. For comparison, we also consider the circuit
topology complexity of fully-, group-, and single-connected
RIS, given by N(N+1)/2, N(NG+1)/2, and N , respectively
[4]. In Fig. 10, we provide the number of tunable admittance
components in the fully-, group, tree-, forest-, and single-
connected RIS. We can make the following observations.

First, compared with the fully-connected RIS, the tree-
connected RIS has much lower circuit topology complexity.
For example, the number of tunable admittance components
is decreased by 16.4 times when N = 64 in the tree-connected
RIS compared to the fully-connected RIS, but they achieve the
same performance.

Second, compared with the group-connected RIS with same
group size, the forest-connected RIS has much lower circuit
topology complexity. For example, the number of tunable
admittance components is reduced by 2.4 times when N = 64
in the forest-connected RIS compared to the group-connected
RIS with group size 8, but they achieve the same performance.

Third, increasing the group size in the forest-connected RIS
will increase the number of tunable admittance components
while also enhancing the performance.

Fourth, compared with the single-connected RIS, the tree-
and forest-connected RIS introduce appropriate complexity but
achieves an improvement in the received power.

To conclude, we demonstrate that the benefit of the
tree-connected (resp. forest-connected) RIS over the fully-
connected (resp. group-connected) RIS lies in their highly sim-
plified circuit complexity while maintaining optimal perfor-
mance. Therefore, the proposed tree- and forest-connected ar-
chitectures significantly improve the performance-complexity
trade-off over existing BD-RIS architectures.

VI. CONCLUSION

We propose novel modeling, architecture design, and op-
timization for BD-RIS by utilizing graph theory. In partic-
ular, we model BD-RIS architectures as graphs, capturing
the presence of interconnections between the RIS elements.
Through this modeling, we prove that a BD-RIS achieves the
performance upper bound in MISO systems if and only if its
associated graph is connected. This remarkable result allows
us to characterize the least complex BD-RIS architectures
able to achieve the performance upper bound in MISO sys-
tems, denoted as tree-connected RIS. We also propose forest-
connected RIS to bridge between the single-connected and the
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Fig. 8. Received signal power in MISO systems aided by tree-, group-, forest-, and single-connected RIS, with M = 8.
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Fig. 10. Circuit topology complexity, i.e., the number of tunable admittance
components, of fully-, group-, tree-, forest-, and single-connected RIS.

tree-connected architectures. To optimize these novel BD-RIS
architectures, we derive a closed-form global optimal solution
for tree-connected RIS, and an iterative algorithm for forest-
connected RIS. Numerical results confirm that tree-connected
(resp. forest-connected) RIS achieve the same performance

as fully-connected (resp. group-connected) RIS, with a sig-
nificantly reduced circuit complexity by up to 16.4 times.
We leave the optimization and performance evaluation of the
proposed tree- and forest-connected RISs in other scenarios
such as multi-user systems as the object of future research.

The proposed graph theoretical modeling of BD-RIS is
expected to promote significant advancements in the growth of
BD-RIS. This modeling can be used to explore the vast design
space of possible architectures and evaluate them in terms
of achievable performance and circuit complexity. This will
enable the systematic development of new BD-RIS architec-
tures with a more favorable balance between performance and
complexity, and the implementation of BD-RIS prototypes.

APPENDIX

A. Proof of Lemma 1

We prove the necessary condition by showing that if G
is not a connected graph, the corresponding BD-RIS is not
MISO optimal. If G is disconnected, it has C ≥ 2 con-
nected components, where the cth component includes N (c)

ports, for c = 1, . . . , C, with
∑C

c=1 N
(c) = N . With no

loss of generality, we assume that each component includes
adjacent ports. Thus, the admittance matrix Y given by (6)
is block diagonal, with the cth block having dimensions
N (c) × N (c), for c = 1, . . . , C. As a consequence of (2),
also the scattering matrix Θ is block diagonal, and writes
as Θ = diag (Θ1, . . . ,ΘC), where Θc ∈ CN(c)×N(c)

, for
c = 1, . . . , C. Thus, the received signal power (10) in the
case of a disconnected graph G is

PDisC
R = PT

∣∣∣∣∣
C∑

c=1

hRI,cΘcHIT,cw

∣∣∣∣∣
2

, (54)

where hRI,c ∈ C1×N(c)

and HIT,c ∈ CN(c)×M contain the
N (c) elements of hRI and rows of HIT corresponding to the
N (c) RIS elements grouped into the cth component, respec-
tively. The received signal power PDisC

R is upper bounded by

P̄DisC
R = PT

(
C∑

c=1

∥hRI,c∥ ∥HIT,cw∥

)2

, (55)
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following the Cauchy-Schwarz inequality and that ΘH
c Θc = I,

for c = 1, . . . , C. Furthermore, it holds that

P̄DisC
R

(a)

≤ PT ∥hRI∥2 ∥HITw∥2
(b)

≤ P̄R, (56)

where (a) follows by the Cauchy-Schwarz inequality and (b)
follows by the definition of the spectral norm. Note that (b)
is an equality if and only if w is the dominant right singular
vector of HIT . However, (a) is in general a strict inequality
if w is the dominant right singular vector of HIT , which thus
proves the necessary condition of the lemma.

On the other hand, we prove the sufficient condition by
showing that if G is a connected graph, the corresponding BD-
RIS is MISO optimal. This is straightforward to prove because
1) for a connected graph, we can always remove some edges
to make it a tree, i.e. setting the corresponding off-diagonal
entries of B zero, 2) there exist one and only one solution
for any RIS whose associated graph is a tree to achieve the
performance upper bound (i.e., to be MISO optimal) as shown
in Section IV. A.

B. Proof of Proposition 1

Applying Lemma 1, we need to prove that a connected
graph with N vertices has at least N−1 edges. This is achieved
by induction. The base case is easily verified: a connected
graph with a single vertex has at least zero edges. As the
induction step, we consider a connected graph with N vertices.
From this graph, we remove edges (at least one) until we
obtain a disconnected graph with two connected components.
Assuming the two components have K and N −K vertices,
they have at least K − 1 and N − K − 1 edges by the
induction hypothesis, respectively. Since we removed at least
one edge to disconnect the graph, it had originally at least
(K − 1) + (N −K − 1) + 1 = N − 1 edges.

C. Proof of Proposition 2

This proof is conducted by induction. As the base case,
we consider the only tree-connected RIS that can be realized
with N = 2 ports. This RIS includes two tunable admittance
components connecting the two ports to ground and a further
tunable admittance connecting the two ports to each other.

Based on the susceptance matrix B ∈ R2×2, the left-
hand side of the system (34) is built by setting x =
[[B]1,1, [B]2,2, [B]1,2]

T . Accordingly, A ∈ R4×3 is given by
(35) with A1 ∈ C2×2 as in (36) and A2 ∈ C2×1 given by
A2 = [[α]2, [α]1]

T . Thus, it is easy to recognize that A has
in general full column rank, i.e., r (A) = 3. The proposition
is hence verified for the case N = 2.

As the induction step, we prove that if the proposition is
valid for RISs with N−1 ports, it also holds for RISs with N
ports. We consider a tree-connected RIS with N−1 elements,
whose coefficient matrix is given by

A(N−1) =

 ℜ
{
A

(N−1)
1

}
ℜ
{
A

(N−1)
2

}
ℑ
{
A

(N−1)
1

}
ℑ
{
A

(N−1)
2

}  . (57)

To this (N − 1)-port tree-connected RIS, we connect an
additional port creating an N -port tree-connected RIS. With

no loss of generality, we assume that the additional port is
connected to the (N −1)th port through a tunable admittance.
In this way, the resulting N -port BD-RIS has the coefficient
matrix

A(N) =

 ℜ
{
A

(N)
1

}
ℜ
{
A

(N)
2

}
ℑ
{
A

(N)
1

}
ℑ
{
A

(N)
2

}  , (58)

where A
(N)
1 ∈ CN×N and A

(N)
2 ∈ CN×(N−1) are given by

A
(N)
1 =

[
A

(N−1)
1 0(N−1)×1

01×(N−1) [α]N

]
, (59)

A
(N)
2 =

 A
(N−1)
2

0(N−2)×1

[α]N
01×(N−2) [α]N−1

 , (60)

with 0R×C denoting an R × C all-zero matrix. To prove the
induction step, we need to show that r(A(N−1)) = 2(N−1)−
1 implies r(A(N)) = 2N − 1. To this end, A(N) is rewritten
as

A(N) ∼


A(N−1) 0(2N−2)×1

0(N−2)×1

ℜ{[α]N}
0(N−2)×1

ℑ{[α]N}

02×(2N−3)
ℜ{[α]N}
ℑ {[α]N}

ℜ
{
[α]N−1

}
ℑ
{
[α]N−1

}

 , (61)

by applying appropriate row and column swapping op-
erations. From (61), we notice that if A(N−1) has full
column rank and the vectors [ℜ{[α]N} ,ℑ{[α]N}] and[
ℜ
{
[α]N−1

}
,ℑ
{
[α]N−1

}]
are linearly independent, then

A(N) has full column rank. Since [ℜ{[α]N} ,ℑ{[α]N}] and[
ℜ
{
[α]N−1

}
,ℑ
{
[α]N−1

}]
are in practice linearly indepen-

dent with probability 1, the induction step is proven.

D. Proof of Proposition 3

To prove that r ([A|b]) = 2N − 1, we show that it is
always possible to obtain a zero row in [A|b] by applying
appropriate row operations. Firstly, we execute on [A|b] the
N row operations

rN+n = rN+n −
ℑ{[α]n}
ℜ {[α]n}

rn, (62)

for n = 1, . . . , N , where rn denotes the nth row of [A|b].
The resulting matrix is given by

[A|b] ∼
[

ℜ{A1} ℜ {A2} ℜ {β}
0N×N A′ b′

]
, (63)

where we introduced A′ ∈ RN×(N−1) and b′ ∈ RN×1.
The matrix A′ has exactly two non-zero elements in each
column, in the same positions as the non-zero elements in
A2. Specifically,

[A′]nℓ,ℓ
= ℑ

{
[α]mℓ

}
−

ℑ
{
[α]nℓ

}
ℜ
{
[α]nℓ

}ℜ{[α]mℓ

}
,

[A′]mℓ,ℓ
= ℑ

{
[α]nℓ

}
−

ℑ
{
[α]mℓ

}
ℜ
{
[α]mℓ

}ℜ{[α]nℓ

}
,

[A′]p,ℓ = 0,∀p ̸= mℓ, nℓ,

(64)
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for ℓ = 1, . . . , N − 1, with nℓ and mℓ being the row indexes
of the two non-zero elements in the ℓth column of A2. The
vector b′ writes as

[b′]n = ℑ{[β]n} −
ℑ{[α]n}
ℜ {[α]n}

ℜ {[β]n} , (65)

for n = 1, . . . , N . Secondly, we execute on the resulting [A|b]
the N row operations

rN+n = ℜ{[α]n} rN+n, (66)

for n = 1, . . . , N , followed by the N − 1 row operations

r2N = r2N + rN+n, (67)

for n = 1, . . . , N − 1. The resulting matrix is given by

[A|b] ∼
[

ℜ{A1} ℜ {A2} ℜ {β}
0N×N A′′ b′′

]
, (68)

where we introduced A′′ ∈ RN×N−1 and b′′ ∈ RN×1.
We now show that (68) has rank 2N−1 since its 2N th row

is all-zero. To this end, we need to prove that [A′′]N,ℓ = 0,
for ℓ = 1, . . . , N − 1, and that [b′′]N = 0. Indeed, we have

[A′′]N,ℓ = ℜ
{
[α]nℓ

}
[A′]nℓ,ℓ

+ ℜ
{
[α]mℓ

}
[A′]mℓ,ℓ

= 0
(69)

for ℓ = 1, . . . , N − 1, with nℓ and mℓ being the row indexes
of the two non-zero elements in the ℓth column of A2.
Furthermore, the N th entry of vector b′′ is given by

[b′′]N =

N∑
n=1

ℜ{[α]n} [b
′]n (70)

=

N∑
n=1

ℜ{[α]n}ℑ{[β]n} − ℑ{[α]n}ℜ{[β]n} , (71)

where

ℜ{[α]n}ℑ{[β]n} − ℑ{[α]n}ℜ{[β]n} (72)

=jZ0

(
ℑ
{[

ĥH
RI

]
n

}2

−ℑ{[uIT ]n}
2 (73)

+ℜ
{[

ĥH
RI

]
n

}2

−ℜ{[uIT ]n}
2

)
(74)

=jZ0

(∣∣∣[ĥH
RI

]
n

∣∣∣2 − |[uIT ]n|
2

)
. (75)

Thus, recalling that ∥ĥH
RI∥2 = 1 and ∥uIT ∥2 = 1, we have

[b′′]N = jZ0

(∥∥∥ĥH
RI

∥∥∥2 − ∥uIT ∥2
)

= 0, (76)

proving that the 2N th row of (68) is all-zero.
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