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Abstract

A novel method termed rLSTM-AE is developed for the low-dimensional latent space identification of the stochastic
dynamic systems with more than 1000 input random variables and the active learning-based dynamic reliability analysis.
First, the long short-term memory network considers both the time-variant stochastic excitation and the time-invariant
random variables is developed (rLSTM), which adopts the time-series excitation as the pertinent input feature and makes
it available for the metamodeling of the high-dimensional stochastic dynamic systems. To circumvent the insufficient
accuracy of deep neural networks for reliability analysis results from the limited observations, autoencoder (AE) is
incorporated with the r(LSTM (rLSTM-AE) and utilized to decompose the approximate extreme value space found by
rLSTM onto a low-dimensional latent space. The dimension of the latent space is adaptively determined by a Gaussian
process regression reconstruction error, which enables the Gaussian process regression with the similar accuracy as
rLSTM regarding the extreme responses prediction. The proposed rLSTM-AE conducts the low-dimensional features
extraction from the perspective of the output space decomposition and considers the time-dependent property of the
dynamic systems. Finally, the detected latent variables can be combined with the active learning-based Gaussian
process regression for the high-dimensional dynamic reliability analysis. One single-degree-of-freedom system and a
reinforced concrete frame structure subjected to the stochastic excitation are investigated to validate the performance of
the proposed method.

Keywords: High dimension, stochastic dynamic system, metamodel, latent space, reliability analysis

1. Introduction

Uncertainties are inevitable and widely exist in initial conditions, boundary conditions, constitutive laws and etc.,
which significantly affect the performance of engineering systems. Therefore, it is of paramount importance to quantify
the effect of these uncertainties on the response of interest. However, uncertainty propagation remains a challenging
task sine the computer codes for simulating the practical engineering systems require significant computational power,
which makes the direct approaches such as Monte Carlo simulation unavailable. Recently, metamodel or surrogate
model techniques have gained increasing popularity for uncertainty propagation [1-3]. Metamodels are constructed by
consuming limited simulation-based data and the trained surrogate model can be subsequently utilized to replace the
original computationally expensive real model for uncertainty propagation tasks.

Commonly used metamodels include the polynomial chaos expansion (PCE) [4-7], Gaussian process regression
(GPR) (or Kriging model) [8§-10], and support vector regression [11-13]. However, these surrogate models usually
suffer from the so called “curse of dimensionality”. For instance, the number of unknown coefficients of PCE
terms increases dramatically with the dimension of inputs when the regression method is employed, which means
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that a substantial number of training samples are required to accurately determine the coefficients. To mitigate
this issue, an adaptive algorithm that can identify the important terms was developed to build the sparse PCE [1].
Dimension-reduction model based on sensitivity analysis was combined with PCE to reduce the number of training
samples [14]. Researchers also explored the PCE with the partial least square for high-dimensional uncertainty
propagation problems [15, 16]. However, these works seldom place emphases on the high-dimensional stochastic
dynamic systems. GPR has been widely employed for the active learning-based reliability analysis in recent years due
to the elegant stochastic property of Gaussian process, that is, apart from providing a mean prediction, the uncertainty
of the prediction can be quantified by the GPR model. Echard et al. developed an active learning-based Kriging model
with MCS, which can adaptively enrich the training set with samples that can significantly improve the accuracy of
Kriging model [2]. Then, this active learning-based approach has been further developed in terms of the sampling
methods [17-20], learning functions [21-23] and stopping criteria [24-26]. Nevertheless, these active learning-based
approaches are not applicable to high-dimensional problems due to the curse of dimensioality, let alone the stochastic
dynamic systems with more then 1000 input features investigated in this paper.

Stochastic dynamic systems consider uncertainties both from structural parameters and the external excitation,
which are common in engineering problems. For instance, structures subjected to the fully non-stationary seismic
ground motions. Non-stationary stochastic processes are utilized to reflect the natural randomness and simulate the
excitation. Various approaches can be employed such as the spectral representation [27-30], Karhunen-Loeve (K-L)
expansion [5, 31] and etc.. Generally, a considerable number of random variables (usually 500~1000) is required to
sufficiently describe the features of the stochastic process, which leads to a high-dimensional uncertainty propagation
problem. In this paper, stochastic dynamic systems with more than 1000 input random variables are investigated.
Metamodel is not suitable for dealing with this problem since it significantly suffers from the curse of dimensionality
and the time-dependent complex dynamics involved. To tackle this issue, Chen and Li focused on the extreme responses
and the probability density evolution method was employed to yield the extreme value distribution [32]. Then the
first-passage failure probability can be readily obtained from the extreme value distribution. The high-dimensional
problem can be also circumvented from the perspective of moment-based methods, which can cover an unknown
extreme value distribution by fitting a series of statistical moments estimated by sampling techniques [33-35]. However,
it is hard to select a suitable distribution model to fit the extreme value distribution and ensure the accuracy of the
statistical moments estimation.

To build metamodel for the high-dimensional systems, a fundamental idea is to find a low-dimensional representation
of the original high-dimensional space. Dimension-reduction techniques such as the sliced inverse regression and
active subspace have been utilized for building surrogate models and reliability analysis [36-38]. However, these linear
methods may have limitations in representing complex data [39]. The kernel principle component analysis [40] and the
deep neural networks-based feature extraction method termed autoencoder [41] were also explored for high-dimensional
reliability analysis [42, 43]. Regarding the metamodeling for the dynamical systems, Spiridonakos and Chatzi [44]
developed a metamodeling strategy for nonlinear dynamical systems by using the PCE and the nonlinear autoregressive
with exogenous input model (NARX). Then, a similar Kriging-NARX model was proposed [45]. Recently, a mNARX
surrogate model has been proposed for approximating the response of complex dynamical systems [46]. Inspired
by the reduced order technique, the proper orthogonal decomposition was combined with the Kriging model for the
uncertainty propagation of dynamical systems [47]. Yang and Perdikaris developed a conditional deep surrogate
model for stochastic, high-dimensional dynamic systems [48]. A feature mapping strategy was proposed to build the
surrogate model of nonlinear stochastic dynamic systems and a 100-dimensional system was studied [49]. Soize and
Ghanem [50] recently developed a probabilistic-learning-based stochastic surrogate model for nonlinear dynamical
systems. However, the approach to dealing with the high-dimensional random phases in simulating the stochastic
excitation should be further investigated. Simultaneously, it is essential to consider both the time-variant stochastic
excitation and time-invariant random structural parameters. Although Zhou and Peng investigated the reliability analysis
of a 110-dimensional stochastic dynamic system by combining the autoencoder and GPR [39], a simplified method
for simulating the stochastic ground motions termed the stochastic harmonic function representation method [51] was
employed. Moreover, only the extreme responses were considered in Ref. [39] when constructing the surrogate model
and the time history responses were ignored.

Therefore, the high-dimensional stochastic dynamic systems with more than 1000 input features have not been
studied in terms of the metamodel construction for the time history responses prediction and the high-dimensional
reliability analysis. Note that the high-dimensional problem is primarily caused by the thousands of random phases for
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simulating the stochastic process. In fact, these random variables are not pertinent input features but the generated
time-variant stochastic excitations are. A powerful deep learning tool called the long short-term memory (LSTM)
can be employed to deal with the sequence-to-sequence data so that the high-dimensional random phases can be
circumvented. The LSTM has been investigated for metamodeling of nonlinear structures [52, 53] and only the
time-variant excitation serves as the input feature. However, the uncertainties of structural parameters and seismic
ground motions are not considered for the metamodel construction. In this paper, a LSTM network termed rLSTM
considering both the time-invariant random structural parameters and the time-variant stochastic excitation is developed
for high-dimensional metamodel construction by data concatenation and normalization. The high-dimensional reliability
analysis of the stochastic dynamic systems is of concern. It is always hard to build a metamodel across the whole
domain of the stochastic dynamic systems with limited observations. Therefore, the accuracy of the rLSTM may be
not sufficient for reliability analysis problems due to the limited observations. To address this issue, a novel latent
space detection method termed the rLSTM-AE is developed with the aid of the constructed rLSTM, where “AE”
denotes the autoencoder. Autoencoder here is utilized to decompose the one-dimensional approximate extreme value
space predicted by rLSTM onto a low-dimensional latent space and the best dimension is adaptively determined
by minimizing the GPR reconstruction error. rLSTM-AE brings insights of the latent variables extraction for high-
dimensional stochastic dynamic systems from the perspective of the output space. Moreover, the time-dependent
property of the dynamic systems is considered during the dimension-reduction process. Finally, the detected latent
variables can be combined with the active learning-based GPR model for the high-dimensional dynamic reliability
analysis. This paper is organized as the follows. Section 2 presents the proposed rLSTM network for metamodeling
of the high-dimensional stochastic dynamic systems. The paradigm of the novel latent space detection method and
its application to the active learning-based reliability analysis are introduced in Section 3. Two high-dimensional
stochastic dynamic systems with more than 1000 input random variables are investigated in Section 4 to validate the
accuracy and efficiency of the proposed method.

2. The proposed rLSTM for metamodeling of the high-dimensional stochastic dynamic systems

2.1. A typical stochastic dynamic system: structures subjected to the stochastic seismic excitation
The governing equation for a multi-degree-of-freedom system subjected to the stochastic seismic excitation can be
given by:
M(Xs)ﬁ+Cfl+K(Xs)u+F:7M(X5)1a(XE,t) (1)

where M, C and K are the mass, damping and stiffness matrix, respectively; ii, 01 and u are acceleration, velocity and
displacement vector, respectively; F denotes the restoring force vector and I is the force distribution vector; a (X g, t)
represents the non-stationary stochastic seismic ground motions. Xg = (Xg1, Xg2, ..., X4, ) includes d; random
variables accounting for uncertainties in seismic ground motions. Xg = (Xg1, Xg2, ..., Xs4,) is a random vector
containing d, random variables related to the structural parameters.

Various approaches have been developed for generating the stochastic seismic excitation [30, 31, 54]. Herein, the
spectral representation method is adopted [54]:

di—1

a(t)=v2> /25, (wy,t) Aw [wit + ¢i] 2)
k=0

where S, (w, t) is the double-sided evolutionary power spectral density function of the frequency w and time ¢:
Sa (w,1) = |f (w, )5 (w) 3

in which f (w, t) is the amplitude envelope function defined by:

fw,t) = [; exp (1 - ;)]2 )
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and S (w) is the one-sided power spectral density function defined by Clough-Penzien spectrum [33]:

U} _|_4c2 2 2 w4

2 2012012 2
(w? = wg) +4Cgwgw (w2 - w]%) + 4¢Gwiw?

in which Sy is the spectral intensity of seismic acceleration processes; w, and (, are the dominant frequency and
damping ratio of the site soil, respectively; w; and (y are the parameters of the second filter mainly hindering the
low-frequency component of seismic acceleration [54]. The discrete frequency w; gives:

k :I{A’U}7 k:O71,...,d1 —1 (6)

where Aw is the frequency interval. In this paper, these parameters are specified as: wy = 57 rad/s, wy = 0.1w,
rad/s, {; = ¢y = 0.60, Sp = 48.9332 cm?/s®, A = 0.1rad/s, d; = 1001 and ¢ is a time sequence ranging from
0 to 20s with a interval of 0.02s. Hence, the phase angles ¢;s are 1001 independent uniformly distributed random
variables over [0, 27], which leads to a high-dimensional stochastic dynamic system. Constructing metamodel and
conducting reliability analysis for the high-dimensional stochastic dynamic system are challenging due to the curse of
dimensionality and complex dynamics.

2.2. Long short-term memory considering both time-variant and time-invariant features: rLSTM

The primary reason for the high-dimensional problem in stochastic dynamic systems is the inclusion of a large
number of random variables for generating the stochastic excitation. Hence, if these random variables are treated
as input features for a stochastic dynamic system, conducting metamodeling or reliability analysis would be tricky.
However, these random variables have little effect on the response of interest since the dominant feature is the excitation
generated by them. Therefore, if the time-series excitation is employed as the input feature directly when building
metamodel, the high-dimensional problem can be circumvented. Long short-term memory network is a powerful deep

Forget gate Input gate \ c c /
—1 [ N — ~~ -
1 q_\ t -1 )

_ J \ /

[ ] Neural network layer

O O Pointwise operation (Cl’ 5 XS‘ / )

(a) LSTM cell (b) rLSTM cell

Figure 1: LSTM and rLSTM cells

learning tool to deal with the sequence-to-sequence data and has shown its advantages on capturing the time-series
input-output relationship [52, 53]. A common LSTM unit is composed of a cell ¢, a forget gate f, an input gate ¢ and
an output gate o, which are shown in Fig. 1 (a). The cell memorizes the state at the previous time step to capture the
long-term dependency and three gates control the information into and out of the cell. The forget gate decides what
information can be thrown away, the input gate determines the new information that can be stored in the current state
and the output gate decides what information to output according to the previous and current states. At time step ¢, the
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equations for the forward process of a LSTM cell can be given by:

iy = 0 (Waiar + Wyihy 1 + by)

¢; = tanh (Wear + Wpchy—1 + b,)

Ot =0 (Waoat +Wpohi 1 + bo) @)
c,=fiOc 1+, 0¢

h; = o; ® tanh (c;)

where W and b are the weight matrices and bias vectors, respectively, h represents the hidden state and a; denotes
the input feature (seismic ground motions in this paper) at time step ¢. The notation ® represents Hadamard product
(element-wise product). ¢ and “tanh” represent the sigmoid and hyperbolic tangent activation function, respectively.

It is known that the LSTM is employed to deal with the sequence-to-sequence data. However, apart from the
time-series ground motions ay, the input features also include the time-invariant random structural parameters. Herein,
we first expand the time-invariant random structural parameters into a time-series sequence. At each time step ¢, the
random structural parameters are the same:

X5 (t) = (X5,05 -+ X8,t5 -, X8,T) (8)

where x50 = X5, = x5, 7. Then, the sequence of the random structural parameters can be concatenated with the
time-series input feature, i.e., (a;,xs.). To distinguish, we denote the LSTM considering both the time-variant
excitation and time-invariant random parameters as rLSTM, where the letter “r” represents the time-invariant random
variables. The diagram is shown in Fig. 1 (b).

The concatenation of the random structural parameters sequence and the time-series ground motions leads to totally
different scales in input features. Therefore, dataset normalization is required to ensure a stable and efficient training
process. Consider a dataset D = {a (t) ,xs (t),y (¢)}, where y (t) is the output time history responses of interest. The
following normalization process is employed to scale input features and output responses:

(t)=a (t) /allmax
t) = (t) /y'D,max (9)
s(t)=(xs(t) —ps)/os

P

where ap max and Yp max are the maximum absolute ground motion and response in Dataset D, respectively. p1g and
o s are mean and standard deviation vector of random structural parameters Xg, respectively. Then, the dataset after
preprocessing can be employed for training rLSTM. The rLSTM network is depicted in Fig. 2, where the notation

Concatenation
~ | = rLSTM rLSTM
4 | Xs0 cell cell Yo
[ ] L]
(UREN()! (ORENU) 3 o
¢ h,,l € ht—l 4 b
~ = r'LSTM rLSTM
a |x :
g cell cell Vi
1 1 / / ° .
) ) et ) . .
(] L]
a. |x rLSTM rLSTM
(| S cell cell yT
Input ?atures Layer1 e e e Layer/ FC layer

Figure 2: rLSTM network

“FC” refers to the fully connected neural network layers. It can be seen that the input feature is a concatenation
of time-variant and time-invariant features and the network contains ! tLSTM layers and the fully connected layer.
The rLSTM network can circumvent the high-dimensional random variables for generating the seismic excitation
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(phase angles ¢s) and employ the excitation as the pertinent input feature. Therefore, the rLSTM network can
build metamodel for high-dimensional stochastic dynamic systems. Moreover, no matter which kind of approach
is adopted for simulating the stochastic excitation (e.g., spectral representation method and random function-based
spectral representation [54]), the proposed rLSTM can always be capable of constructing the metamodel since the
ground motions serve as the pertinent input features.

3. Low-dimensional latent space identification for stochastic dynamic systems by rLSTM-AE

Different from the conventional surrogate models, e.g., Kriging model (Gaussian process regression), polynomial
chaos expansion and etc., the proposed rLSTM network makes it available to build surrogates for high-dimensional
stochastic dynamic systems. However, reliability analysis for the stochastic dynamic system by the metamodel is still
a challenging issue. To conduct reliability analysis, a high-accuracy metamodel across the whole space is required
to assess the failure probability. However, deep learning tools may require a substantial number of observations to
achieve such a high accuracy across the whole domain. This challenge is also encountered by GPR model or PCE
for low-dimensional reliability analysis especially when complex engineering problems are of concern. To tackle this
issue, the active learning technique is widely used to convert the regression problem across the whole space into a
classification problem focusing on the limit state surface. Unfortunately, this active learning-based reliability analysis is
not available for high-dimensional reliability analysis due to the dimension limitation of the GPR model. Therefore, it is
of importance to extract low-dimensional features for the high-dimensional stochastic dynamic systems. In this section,
a low-dimensional latent space detection paradigm (rLSTM with autoencoder termed rLSTM-AE) and its application
to the active leaning-based reliability analysis for high-dimensional stochastic dynamic systems is developed.

3.1. Active learning strategy for reliability analysis
Denote a performance function as:
W =G(X) (10)
where X is a vector of d number of random variables with a joint PDF fx (x). The failure probability can be calculated
by:

Py = fx (x)dx = / I(x) fx (x)dx (11)

Qp Q

where Q C R? and Q2 is the failure domain defined by {x|G (x) < 0}. I (x) is an indicator function and [ (x) = 1 if
x € Qp, otherwise I (x) = 0. MCS is a benchmark method for estimating Eq. (11):

2

M

a
~

—
x&

~—

P; = Py = (12)

i

Il
-

where {xi,i =1,2,..., NMC} are Nyic samples drawn from the joint PDF fx (x). The coefficient of variation (CoV)

can be given as:
- 1-P
Cov () = | — L (13)
NMC X Pf

However, numerous samples are required to achieve an accurate estimation and it is impossible for complex systems. To
address this issue, surrogate models are widely adopted to replace the time-consuming performance function. However,
it is still hard to build an accurate surrogate model across the entire space. Fortunately, the development of the active
learning strategy enables the meatamodel to focus on the accuracy of the limit state surface.

An active learning reliability method combining Kriging model and Monte Carlo simulation termed AK-MCS
has gained increasing popularity in recent years [2]. AK-MCS aims to accurately construct the limit state surface
by Kriging model. The training dataset is adaptively enriched through a learning function by adding samples in the
vicinity of the limit state surface. Hence, AK-MCS places emphases on the accuracy of the metamodel for the limit
state surface but not the whole space. Regarding points far away from the limit state surface, the exact values of them
are not required to be accurately predicted by metamodel as long as their signs are correctly identified. The active
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learning strategy leverages the elegant stochastic property of Gaussian process, that is, GPR not only provides the mean
prediction at x but also quantifies the uncertainty associated with this prediction. The posterior distribution of the
prediction at point x, i.e., G (x), follows a normal distribution:

G (x) ~ N (pg (%), 07 (%)) (14)

where 11, (x) and o (x) are mean prediction and variance by GPR, respectively. The notation " denotes the normal
distribution. This property has promoted the proposal of various learning functions. The learning function aims to
select a best next point that can significantly improve the accuracy of the current metamodel. U learning function is
widely used due to its simplicity:
g (%))
X) = 1
UG =255 (15)

The value of U function reflects the probability of wrong classification in predicting the sign of x, i.e., ® (—U (x)).
The notation ® is the cumulative distribution function of the standard normal distribution. Therefore, a minimum value
of U refers to the maximum risk of misclassification in predicting the sign of x so that the corresponding x should be
selected and evaluated on the real performance function. Then, the training dataset for GPR can be enriched by adding
this point with its true value. The procedure of the active learning-based MCS can be summarized as the follows:

Step 1: Genreate a MC candidate pool €2 with Ny;c samples.

Step 2: Randomly select Ny samples and evaluate them on the real performance function G(X) as an initial training
dataset {Xtraina wtrain}a Wtrain = G (Xtrain)~

Step 3: Train the GPR with the current training dataset.

Step 4: Identify the best next point via the learning function and enrich the training dataset with {x*, w*}:

x" =argminU (x),w* = G (x*) (16)
xeN

Step 5: Stop the active learning process when the following condition is met, else go back to step 3:
min (U (x)) > 2, Vx € Q (17)

This convergence condition represents that the maximum probability of misclassification on signs of all candidate
samples is smaller than ® (—2) = 2.3%, which can ensure the accuracy of the surrogate for the limit state surface.
Step 6: The updated GPR is utilized to predict values of samples in 2 and then the failure probability can be
estimated by Eq. (12).
This active learning strategy significantly improves the accuracy and efficiency of GPR for reliability analysis.
Commonly, GPR is not available for mapping sequence-to-sequence data. In this paper, the extreme value of time
history responses of a stochastic dynamic system is of concern:

Y (t) = H (a(t),Xs), Yoy = max (abs (Y (t))) (18)

where Y (t) represents the time history responses of interest, H denotes a high-dimensional stochastic system and Y,
is the extreme response. Given a threshold b, the performance function gives:

W=b-Ye =G(X) (19)

However, GPR is still not capable of constructing metamodel for high-dimensional systems even if the extreme
responses are of interest, let alone the stochastic dynamic system investigated in this paper with more than 1000 random
variables. Therefore, the active learning-based GPR is also not accessible to the reliability analysis of high-dimensional
stochastic dynamic systems.

3.2. rLSTM with autoencoder for the low-dimensional latent space detection

To enable active learning-based GPR for high-dimensional problems, a fundamental idea is to use the dimension-
reduction techniques. Moreover, the number of latent variables resulting from the dimension-reduction should be within
several to dozens to ensure the availability and efficiency of GPR. Nevertheless, it is extremely hard for the stochastic
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Figure 3: The diagram of autoencoder

dynamic system with more than 1000 features. To deal with thousands of input features, the neural networks-based
features extraction technique can be a potential way. Autoencoder is a type of neural network for features extraction of
unlabeled data and it is an unsupervised learning tool [41]. It includes an encoding function and a decoding function.
The diagram of the autoencoder is depicted in Fig. 3, The encoding function aims to find efficient code or latent
variables of unlabeled data, i.e., &, : X — Z characterized by ¢ . The decoding function is to recreate the input data
via the latent variables, i.e., Dg : Z — X characterized by 8. In theory, this kind of unsupervised learning-based neural
network is available for low-dimensional latent variables detection of high-dimensional inputs. However, regarding the
stochastic dynamic systems, we cannot use the input feature X = (X, Xg) directly for dimension-reduction due to
the following three reasons:

Reason 1: random phases in vector X g for generating the stochastic excitation are not pertinent features for a
stochastic system and they have little effect on the response of interest.

Reason 2: random phases in vector X i have equal contribution to the system since they all follow the same uniform
distribution. Therefore, it is hard to detect several to dozens of latent variables to represent such a high-dimensional
space with more than 1000 similar features.

Reason 3: even though the input features X = (X g, Xg) could be represented by the low-dimensional latent
variables Z directly, the time dependent property of the sequence-to-sequence data (time-dependent complex dynamics)
is ignored when the detected latent variables is employed to construct a metamodel.

To tackle these issues, we propose a two-step low-dimensional latent variables detection strategy termed rLSTM-AE
for the features extraction of a high-dimensional stochastic dynamic system. Commonly, the extreme value of the
time-series response, i.e., Yo, = max {abs (Y (¢))}, is of concern. The diagram of the proposed rLSTM-AE approach
is depicted in Fig. 4.

As aforementioned, the proposed rLSTM network can deal with the stochastic excitation and random structural
parameters simultaneously and well avoid the high-dimensional issue induced by the random phases X . Therefore,
the first step of the proposed rLSTM-AE is to find an approximate extreme value space by rLSTM, the dimension flow
of this step is given by:

X € Ré+de 500, yrLSTM ¢ gl (20)

where Y2FS™ — max {abs ()A/ (t)) } and Y (t) is the time-series responses predicted by rLSTM. This step actually

employs rLSTM to build a metamodel for the stochastic system and construct an approximate extreme value space, i.e.,
YXLSTM Note that the accuracy of this approximate extreme value space cannot be used for reliability analysis due to
the limited observations for training rLSTM. We do not need a high-accuracy rLSTM here for reliability analysis since
we just use this approximate one-dimensional space to find a low-dimensional latent space by autoencoder. Finally,
active learning-based GPR will refine the estimated failure probability with the detected latent variables Z. The loss
function for training rLSTM can be defined by:

N
L= Sl 0 -3 Ao, en

~

where A denotes trainable weights and biases of the rTLSTM, which can be determined by A = argmin L (X). N is the
A
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Figure 4: r(LSTM-AE network

size of data and § (), t) is the estimated response. Note that the normalized data by Eq. (9) is utilized when training
deep neural networks.

The second step for the proposed rLSTM-AE is to detect a low-dimensional latent space Z for decomposing the
1-dimensional extreme value space via autoencoder . Autoencoder in the TLSTM-AE network is different form its
common use, the conventional autoencoder is an unsupervised learning method and the loss function can be defined as:

L(g.0) NZHx—De o ()5 (22)

where {¢, 8} denotes the trainable weights and biases of the autoencoder, which can be determined by {p,0} =

argmin L (¢, @). While for the autoencoder in the r(LSTM-AE network, the loss function gives:
.0

L(p.0) =+ Z lvéy = Do (B (si)I; (23)

The encoding and decoding functions can be defined by E, : Yo, — Z and Dg : Z — Y., respectively. Obviously,
autoencoder here is adopted as a supervised learning tool. Note that when training autoencoder, real extreme responses
is used since they can be provided by the training dataset. However, regarding the unobserved data, the real extreme
responses are not available. Hence, the approximate extreme responses by rLSTM, i.e., Y25 are employed to
detect the latent space Z for unobserved data. The dimension flow in this step can be expressed by:

}/ervLSTM c Rl Autoencoder 7 c Rdz (24)

where d, is the dimension of the latent variable Z and d, > 2. The autoencoder here is to represent a 1-dimensional
space by a d,-dimensional latent space, which is a dimension-expansion step.

An important step is to determine an appropriate dimension of the potential latent space. Note that in this paper,
the latent variable is employed to construct a GPR model so the dimension of Z is within the interval [2, 20] to ensure
the availability and efficiency of the active learning-based GPR. The basic idea of determining the dimension d is to
ensure the accuracy of the reconstructed GPR model. Hence, in the proposed paradigm, the dimension of the latent
variables d is adaptively determined by minimizing the following GPR reconstruction error:

N
LCPR(q,) = % Z Hyév _ QPR (Z’i)H;z e RNV xds (25)
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where z' is the latent space corresponding to the observed data 3!, i.e., z' = E, (yév) Then, the optimal dimension
can be selected as:
d, = argmin LEFR (d.) (26)
2<d. <20

Therefore, Eq. (25) can help select a best latent space so that the GPR can reconstruct the extreme value space with the
aid of the latent variable Z.

There are three main steps for the proposed rLSTM-AE approach:

Step 1: The trained rLSTM can provide an approximate one-dimensional extreme value space for unobserved data:

YILSTM _ oy (abs (fv (t))) Y (t) = tLSTM ((a (1) , X5 (1)) @7

Step 2: The one-dimensional approximate extreme value space can be decomposed by a trained autoencoder with
the low-dimensional latent variables Z:
Z=E, (Y™™) (28)

Step 3: The detected latent variables can be employed to construct a GPR metamodel, which can be used for the
active learning-based reliability analysis.
YSPR — GPR (Z) (29)

Actually, rLSTM-AE enables GPR to have the ability to predict extreme response as rLSTM and they have almost
the same accuracy for predicting the extreme responses of a stochastic system, which will be validated in the following
illustrative examples. Although this accuracy cannot satisfy the requirement of reliability analysis, GPR can be
incorporated with the active learning strategy to improve the accuracy of failure probability estimation while rLSTM
cannot. The proposed rLSTM-AE has the following three advantages corresponding to the aforementioned reasons
1~3 about why the autoenocder cannot be used directly:

Advantage 1: instead of the original high-dimensional input space X, the pertinent feature, i.e., stochastic excitation
a (t), is concatenated with the sequential random structural parameters X (¢) for the latent variables detection with
the aid of the rLSTM.

Advantage 2: it is easy for the autoencoder to represent a one-dimensional space by several to dozens of latent
variables.

Advantage 3: the time-dependent property in the sequence-to-sequence data (time-dependent complex dynamics)
is taken into account by the rLSTM network during the dimension-reduction process.

Moreover, the proposed rTLSTM-AE is not restricted by the way of generating stochastic excitation since the
excitation is employed as the input feature directly. The observed dataset D generated by the Latin hypercube sampling
is divided into two parts to obtain a best (LSTM-AE model. Training set with Ny;,i, samples aims to fit the parameters
of the network and validation set with N, ,1;q samples here is to select a best model during the learning process. Test set
with Ni.s; unobserved data generated by MCS is to assess the performance of the rTLSTM-AE. Denote the dimension
of input features as /4in,, the dimension of the output feature as Oq;,,, and the size of hidden state as h,. The detailed
pseudo code for rLSTM-AE is indicated in Appendix A.

3.3. rLSTM-AE for the active learning-based reliability analysis: TLSTM-AE-ALGPR

Once the latent variables are identified by the proposed rLSTM-AE, they can be employed to construct a GPR
metamodel and the active learning strategy is available for reliability analysis of high-dimensional stochastic dynamic
systems. The core steps for the active learning approach expressed by Eq. (16) and (17) can be reformulated as:

z" = min U (z) (30)
and
min (U (z)) > 2, Vz € Qg 31

where Q7 C R% is the latent candidate pool detected by rLSTM-AE from the original candidate pool 2 C Ré1+d2,
Denote the GPR that combined with the tLSTM-AE and the active learning strategy as rLSTM-AE-ALGPR. The
pesudo of r(LSTM-AE-ALGPR is indicated in algorithm 1.

10
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Algorithm 1 rLSTM-AE with the active learning-based GPR: rLSTM-AE-ALGPR

Input: Information of random variables, the response function H and performance function G.

Output: Failure probability Pf

: Initiate a candidate pool €2 : xcp with the sample size AN and the target CoV of Pf, e.g., CoVio = 5%.

Draw Nipain + Nyania samples from fx (x) by Latin hypercube sampling, denoted as x = (xg, Xg).

Generate the stochastic excitation a(t) by xg and Eq. (2).

Calculate the corresponding responses y (t) = H (a () ,xg) and yo, = max (abs (y (¢))).

Generate the observed dataset {a (t) ,xg,y (t)} and train r(LSTM-AE via the algorithm 2.

Randomly select Ngpr samples form the observed dataset as the initial training set of GPR, i.e.,

{XI:NGPR,7 G (XltNGPR) }

7. Transform the initial training set into latent space by the trained rLSTM-AE: {Z,W} <+
{ZIINGPR7 G (XliNGPR) } — {XLNGPR7 G (XliNGPR) }

s while CoV' (P} ) > CoVio do

AN

9: Transform the candidate pool into the latent space:Qz : zcp < ) : Xcp.

10: while min (U (zcp)) < 2 do

11 Build GPR via training set { Z, W} and evaluate zcp on GPR.

12: Calculate U (zcp) = p¢ (zop) /oc (zcp).

13: Enrich { Z, W} by U learning function with the point corresponding to z* = min (U (zcp)), where the
corresponding output is calculated in the original space, i.e., G (x*).

14: end while

15: Calculate Pf and CoV (Pf) by Egs. (12) and (13), respectively.
16: Enrich the candidate pool €2 by adding AN samples.

17: end while

18: Output the failure probability Pf.

The contribution of the proposed paradigm are listed as the follows:

1: The proposed rLSTM network utilizes the stochastic excitation as the pertinent input feature, which can
circumvent the high-dimensional random phases for generating the excitation. Therefore, no matter which approach is
employed for generating stochastic process, the rLSTM can be always available.

2: The rLSTM considers both the time-variant stochastic excitation and the time-invariant random structural
parameters simultaneously, which makes it available to construct metamodel for the high-dimensional stochastic
dynamic systems directly.

3: To address the insufficient accuracy of the rLSTM network (due to limited observations) for dynamic reliability
analysis, the autoencoder is utilized to decompose the approximate one-dimensional extreme response with the aid of
rLSTM, which brings insights for latent variables extraction from the perspective of output space decomposition.

4: The rLSTM-AE network for low-dimensional latent space detection considers the complex time-dependent
dynamics of stochastic systems by the rLSTM while conventional dimension-reduction techniques ignore this issue.

5: The proposed method makes the active learning-based reliability analysis method available for the high-
dimensional dynamic reliability analysis.

4. Tlustrative Examples

A single-degree-of-freedom system (SDOF) and a 3D reinforced concrete frame structure subjected to the stochastic
excitation are investigated in this section. The structures of the rLSTM and autoencoder are constructed by PyTorch.
The structure of r(LSTM-AE network is specified as follows. The number of LSTM layers for rLSTM network is
specified as | = 2, one fully connected neural network layer is used and the size of hidden state is set as hs = 50.
The encoding function E,, is a fully connected neural network that consists of three layers. Each layer contains 4d.,
2d, and d, nodes, respectively. The corresponding decoding function Dy is also a three-layer fully connected neural
network and each layer contains 2d, 4d, and 1 nodes, respectively. The activation function is adopted as ReLU. In
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this paper, 1000 observed data generated by Latin hypercube sampling are employed, among which Ny;ain = 800
for training and Ny,1:q = 200 for validation. 10000 unobserved data generated by MCS is employed for testing the
rLSTM-AE model. The "fitrgp” function in MATLAB is used for constructing a GPR model, where the linear basis is
adopted, the kernel function is set as “ardsquaredexponential” and the constant sigma is adopted as 0.001.

Regarding the reliability analysis problem of the high-dimensional stochastic systems investigated in this paper,
MCS is adopted as the reference method. To the best of the authors’ knowledge, there is no existing surrogate
model that can be employed for this high-dimensional stochastic system directly due to the curse of dimensionality.
The conventional metamodels such as polynomial chaos expansion, support vector regression and Gaussian process
regression are all unavailable. The moment-based methods can be employed for comparisons since the extreme
responses are of interest. Herein, the popular maximum entropy method (MEM) and a mixture distribution approach by
combining inverse Gaussian and lognormal distribution termed MIGLD [33] are employed for the failure probability
estimation of the stochastic dynamic system. The failure probabilities by the proposed metamodel (rLSTM) for the high-
dimensional stochastic system, the Gaussian process regression with the detected latent variables by rLSTM-AE termed
rLSTM-AE-GPR and the active learning-based GPR with the identified latent variables called r(LSTM-AE-ALGPR are
provided.

4.1. Example 1

A single-degree-of-freedom system modeled by the Bouc-Wen hypothesis shown in Fig. 5 is investigated [35]. The
restoring force F' of this system can be expressed by:

F(u,r) =klqu+ (1—q)r] (32)
where £ is the stiffness and r is the hysteretic displacement following the Bouc-Wen hypothesis:
i = Ai— Bla||r|*'r — Calr| (33)

where the parameters are set to: ¢ = 0.2, A=1,B=C =5 x 105 and e = 3. Three random variables of the
SDOF, i.e., the lumped mass m, the stiffness k and the viscous damping c are of concern. The mass m follows a
normal distribution with mean 41000 kg and a CoV of 0.1. The stiffness k follows a lognormal distribution with mean
1.5 x 10° N/m and a CoV of 0.2. The damping c is a lognormal distribution with mean 4.35 x 10* N - s/m and a
CoV of 0.2. The detail of spectrum representation method for generating the stochastic ground motions is provided in

Bouc-Wen model

7
[ ]

SONONNNNNNNNNNNN
=

Figure 5: A single-degree-of-freedom system modeled by Bouc-Wen hypothesis

section 2.1. Therefore, this system has three random structural parameters and 1001 random phases for generating the
stochastic excitation so it is a high-dimensional problem with 1004 input random variables. The mean and standard
deviation of the fully non-stationary stochastic excitation simulated by 1000 Latin hypercube samples are shown in
Fig. 6 (a) and (b), respectively. The simulated ones are in good accordance with the target ones, which indicates that
the 1000 samples generated by Latin hypercube sampling can well simulate the stochastic excitation. The time history
displacement of the SDOF is of interest.

These 1000 observations are used to train the rLSTM-AE network. The training loss and validation loss by
LSTM-GM and rLSTM are shown in Fig. 7, where the notation “LSTM-GM” represents that only the stochastic ground
motions serve as the input features for training. It can be observed that there is an obvious gap between the loss by
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Figure 6: Mean and standard deviation of the fully non-stationary stochastic ground motions
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Figure 7: Training and validation loss in example 1

LSTM-GM and loss by rLSTM since LSTM-GM ignores the time-invariant random structural parameters, which
indicates that the uncertainties of structural parameters also play an important role in the stochastic system. Hence, the
proposed rLSTM provides a direct way for metamodeling of the high-dimensional stochastic systems considering both
time-variant and time-invariant random variables. Four representative time history responses predicted by the rLSTM
and LSTM-GM are depicted in Fig. 8. The red dashed line by rLSTM accords well with the ground truth, i.e., the black
line. The blue line by LSTM-GM shows quite different time history responses compared with the true ones, which
manifests that the importance of the time-invariant random structural parameters again.

The extreme responses are of interest, Fig. 9 (a) depicts predictions of training and validation datasets and (b) shows
predictions of 10000 test samples. The green and black dashed lines show the relative errors of 10% and 20% compared
with the ground truth, respectively. The determination coefficient R? by the rLSTM network is also provided in the
figure. It can be seen that the trained rLSTM network can fit the 1000 observed data and 10000 unobserved test data
well. The relative errors of predictions on the test set are mainly within the 10% bound and the R? is close to 1, i.e.,
0.9745. The results indicate that the proposed rLSTM network can construct a fairly good metamodel for the stochastic
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Figure 9: Predictions on extreme responses in example 1

system with 1004 input random variables. Herein, the K-fold cross validation method is also employed to validate the
generalization ability of the proposed rLSTM, where 5 folds are adopted. The determination coefficients are 0.9710,
0.9753, 0.9769, 0.9410 and 0.9687, respectively, which are all close to 1. The average determination coefficient is
0.9666, which indicates the generalization ability of the proposed rLSTM. Furthermore, the probability density function
(PDF) of the extreme responses and the curve of the probability of exceedance (POE) in logarithmic scale by the
proposed TLSTM (obtained from predictions on 10° unobserved samples) are shown in Fig. 10 (a) and (b), respectively,
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Table 1: Results obtained by different methods in example 1

Method Nean Pf COV(Pf) R.E.
Case 1 MCS 1x10% 238x1072 2.03% -
MEM 1000 2.94x1072 — 23.53%
MIGLD 1000 2.70 x 1072 — 13.58%
rLSTM 1000 2.58 x 1072  4.35% 8.40%

rLSTM-AE-GPR 1000 258 x 1072 4.35% 8.40%
rLSTM-AE-ALGPR 1258 249 x 1072 4.42% 4.62%

Case2 MCS 1x10° 6.41x1073 3.94% -
MEM 1000 9.23x 1073 — 43.96%
MIGLD 1000 713 x 1073 — 11.25%
LSTM 1000 2.88x 1073 5.88% 55.07%

rLSTM-AE-GPR 1000 2.88 x 1073 5.88% 55.07%
rLSTM-AE-ALGPR 1487 6.72 x 1072 4.96% 4.78%

where the reference results are by 10> MCS. It can be seen that the rLSTM can capture the main body of the distribution
while the accuracy of the tail is insufficient since the accuracy of the metamodeling for the high-dimensional stochastic
dynamic system across the whole domain is hard to be achieved with the limited observations. Therefore, we need to
detect a low-dimensional latent space to construct an active learning-based GPR for failure probabilities estimation
with the aid of the rLSTM.

The extreme responses of the 1000 observed data are also employed to train the autoencoder, where Ni,oin = 800,
Nyatia = 200 and the size of the training set for GPR is Ngpr = 100 as indicted in algorithm 2. To determine the
best dimension of the latent space, as indicated in algorithm 2, we first specify the dimension from 2 to 20 and then
the structure of the autoencoder can be determined accordingly.The autoencoder is trained based on the observed
data. Then, the best autoencoder model and the so-called GPR reconstruction error corresponding to the d,, are saved.
Finally, after training the autoencoder with d, from 2 to 20, the minimum GPR reconstruction error can be found
and the best dimension of the latent space is determined accordingly. The error of the GPR construction with respect
to the dimension d, is plotted in Fig. 11 (a). The red point denotes the minimum error so the best dimension of the
latent space is d, = 11 in this example. Fig. 11 reflects the accuracy of the autoencoder or GPR for the approximate
extreme value space (extreme responses obtained by rLSTM) reconstruction. The accuracy is validated on 10000
test samples. The horizontal axis represents the extreme responses estimated by tLSTM and the vertical axis denotes
predictions by the trained autoencoder or GPR with the low-dimensional latent variables obtained from the trained
autoencoder. It can be found the trained autoencoder (rLSTM-AE) can accurately reconstruct the extreme space
approximated by rLSTM, which means that the detected latent variables well capture the features of the extreme space
by rLSTM. It is mainly because the autoencoder can easily detect d, features for a one-dimensional space. Therefore,
the GPR with the detected latent variables by rLSTM-AE termed rLSTM-AE-GPR can also accurately reconstruct
the approximate extreme space. This step enables the GPR to predict the extreme responses and achieve the same
accuracy as the rLSTM network. This conclusion can also be seen from Fig. 11 (c). The extreme responses predicted
by rLSTM and rLSTM-AE-GPR are compared with the ground truth. The accuracy of the GPR is almost the same as
the rLSTM regarding the extreme responses estimation. Although the accuracy is insufficient for reliability analysis,
rLSTM-AE-GPR can leverage the active learning strategy to improve the failure probability estimation while the
rLSTM cannot.

Two cases corresponding to the thresholds of 80 mm and 95 mm are of concern. The size of the initial training set
for GPR is set to Ngpr = 100. The active learning processes are shown in Fig. 12 (a) and (b), respectively. It can
be found that the estimated failure probability converges to the reference along with the enrichment of the training
set. The results by different methods are listed in Table 1, where N, represents the number of calls to the stochastic
system and the notation “R.E.” denotes the relative error of the estimated failure probability. Regarding the case 1, the
failure probabilities by MEM and MIGLD are not as accurate as the proposed rLSTM-based methods. rLSTM and the
rLSTM-AE-GPR achieve the same accuracy since the GPR constructed by the detected latent variables has the same
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ability to predict the extreme response as rLSTM, which is consistent with the results shown in Fig. 11 (c). However, as
stated before, the accuracy of the rLSTM network is insufficient for reliability analysis due to the limited observations
for constructing a metamodel across the whole domain. The relative errors by tLSTM and rLSTM-AE-GPR are both
8.40% in case 1. By leveraging the active learning strategy, rLSTM-AE-ALGPR produces a more accurate failure
probability, i.e., the relative error is 4.62%. Note that 1000 observed samples are employed for training rLSTM-AE
network and 258 training samples are identified by the U learning function so the total number of calls is 1258 for
rLSTM-AE-ALGPR. When considering a small failure probability in case 2, i.e., 6.41 x 103 by 105 MCS, the
MEM, MIGLD, rLSTM, rLSTM-AE-GPR cannot produce satisfactory results. The relative errors by rLSTM and
rLSTM-AE-GPR are both as large as 55.07%. With the aid of the active learning approach, r[LSTM-AE-ALGPR can
obtain a fairly good accuracy, the relative error of the failure probability is reduced to 4.78% from 55.07% by adaptively
adding 487 samples. Furthermore, a small failure probability corresponding to a threshold of 125 mm is of concern in
this example. To obtain a reliable estimation, 106 MCS is employed and the reference failure probability is 3.77 x 104,
Actually, it is known that MCS is not a good way for the active learning-based small failure probability estimation since
a substantial number of samples are required to ensure a reliable estimation [17, 55]. Active learning training with a
large candidate pool is computationally expensive. This issue becomes more serious in the context of the stochastic
dynamics since generating the stochastic excitation is also time-consuming. Some advanced sampling techniques
such as the importance sampling and subset sampling are combined with the active learning for reliability analysis
of low-dimensional static systems [17, 55]. However, the combination of the more advanced sampling approaches
with the proposed high-dimensional active learning strategy should be further investigated for small failure probability
estimation. In this example, 10° MCS is adopted as the candidate pool and combined with the proposed active learning
strategy. The whole candidate pool is divided into 5 groups based on the peak ground motions and 1000 samples are
randomly selected from the 5 groups as the training set. The failure probability by rLSTM and rLSTM-AL-GPR are
9.01 x 1075 and 8.93 x 10~4, respectively, which significantly deviate from the reference result. With the aid of the
proposed high-dimensional active learning strategy, the accuracy of the failure probability estimation is remarkably
improved by the proposed method, the failure probability by rLSTM-AE-ALGPR is 2.96 x 10~*. In this paper, the
proposed active learning strategy with the crude MCS is studied so it is suggested to employ the proposed method for a
relatively large failure probability estimation.

4.2. Example 2

To validate the proposed method for the practical engineering problems, a 3D reinforced concrete frame structure
subjected to the fully non-stationary stochastic seismic excitation is investigated [56]. The structural configuration
and reinforcement information are shown in Fig. 13. The finite element model is constructed by OpenSees and the
constitutive laws Concrete01 and SteelO1 are adopted. 7 random structural variables are involved and listed in Table 2.
Therefore, the total number of the input random variables is 1008 in this example. The time history displacement at
point A in the Fig. 13 is of interest.

Table 2: Random variables in example 2

Variable Description Distribution Mean CoV
fe Concrete compressive strength Lognormal  26.8 MPa  0.20
Ec Concrete strain at maximum strength  Lognormal  0.0015 0.05
fu Concrete crushing strength Lognormal 10 MPa 0.20
Eu Concrete strain at crushing strength ~ Lognormal  0.0033 0.05
fy Yield strength of rebar Lognormal 400 MPa  0.20
FEy Initial elastic modulus of rebar Lognormal 206 GPa  0.20
b Strain-hardening ratio of rebar Lognormal  0.01 0.05

Similarly, 1000 observed data are employed to train rLSTM-AE network. The training and validation losses by
rLSTM and LSTM-GM are shown in Fig. 14. There is always a gap between LSTM-GM and rLSTM throughout the
training process, which states that the uncertainties of structural parameters are critical to the response of interest. Hence,
rLSTM considers both time-variant and time-invariant input features is necessary for the metamodel construction of
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Figure 13: The 3D reinforced concrete frame structure
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Figure 14: Training and validation loss in example 2

stochastic dynamic systems. Four representative samples are presented in Fig. 15, which proves again that the rLSTM
has a better performance than LSTM-GM. Fig. 16 (a) shows the accuracy of the extreme responses predicted by rLSTM
and LSTM-GM on training and validation datasets. Fig. 16 (b) showcases the accuracy of the extreme responses
predicted on 10000 test samples. It can be observed that the relative errors of the predicted samples by rLSTM are
predominately below 20% while the accuracy of the blue samples predicted by LSTM-GM is unsatisfactory. The
determination coefficient calculated by rLSTM on 10000 test samples is close to 1, which states that the rLSTM can
achieve a pretty good accuracy. The K-fold cross validation is utilized to further validate the generalization ability of the
proposed rLSTM and the determination coefficients are 0.9414, 0.9369, 0.9445, 0.8831 and 0.9141, respectively. The
mean R? is 0.9240, which is close to 1. Hence, the generalization ability of the rLSTM is validated again. Moreover,
the PDF and POE in logarithmic scale by 105> MCS are depicted in Fig. 17, which manifests that the rLSTM can
well capture the main body of the extreme responses distribution. The rLSTM loses some accuracy in the tail of the
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Figure 15: Representative samples predicted by rLSTM in example 2

limited observations.

Prediction

Regarding the reliability analysis of this 1008-dimensional stochastic dynamic system, the low-dimensional latent
variables are required to be identified since the accuracy of the rLSTM is still insufficient for the failure probability
estimation with the current limited observations. Then, the active learning-based GPR metamodel can be constructed to
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Figure 16: Predictions on extreme responses in example 2
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Table 3: Results obtained by different methods in example 2

Method Nean Pf COV(Pf) R.E.
Case 1 MCS 1x10° 3.83x1072 1.59% -
MEM 1000 343 x 1072 — 10.28%
MIGLD 1000 3.52x 1072 — 8.01%
rLSTM 1000 2.56 x 1072 4.36% 33.12%

rLSTM-AE-GPR 1000 256 x 1072 4.36% 33.12%
rLSTM-AE-ALGPR 1295 3.80 x 1072 3.56% 0.86%

Case2 MCS 1x10° 6.11x1073 4.03% -
MEM 1000 6.49 x 1073 — 6.13%
MIGLD 1000 6.35 x 1073 — 3.85%
rLSTM 1000 9.40 x 10~* 10.31% 84.62%

rLSTM-AE-GPR 1000 9.30 x 107*  10.36% 84.78%
rLSTM-AE-ALGPR 1374 6.00 x 1073 4.86% 1.80%

improve the reliability analysis process. Fig. 18 (a) depicts the GPR construction error with respect to the dimension
of the latent variables d,. It can be found that d, = 2 is the best dimension for constructing a GPR metamodel in
this example. Fig. 18 (b) presents the performance of the trained autoenoder and rLSTM-AE-GPR on reconstructing
the extreme responses by rLSTM. Both of them achieve high-accuracy, which manifests that the GPR with the latent
variables detected by rtLSTM-AE can perfectly reconstruct the extreme value space predicted by the rLSTM. Fig. 18 (c)
showcases that the (LSTM-AE-GPR is equivalent to the r(LSTM regarding the extreme responses estimation. Then,
rLSTM-AE-GPR can combine the active learning strategy for the failure probability estimation. In this example, two
cases corresponding to the thresholds of 100 mm and 119 mm are of concern. Fig. 19 shows the active learning process
for failure probabilities estimation. With the aid of the active learning, the accuracy of the estimated failure probability
increases with the enrichment of training set and the final failure probability converges to the benchmark by MCS.

Moreover, the failure probabilities by different methods are listed in Table 3. For case 1, the relative errors by MEM
and MIGLD are larger than 5%. rLSTM and rLSTM-AE-GPR do not produce satisfactory results and the relative
errors of the failure probability are as large as 33.12%, which results from the insufficient accuracy of the fLSTM
for reliability analysis under limited observations. rLSTM-AE-ALGPR produces an accurate failure probability by
adaptively adding 295 samples and the relative error is as small as 0.86%. Regarding case 2, the reference failure
probability i.e., 6.11 x 1072 is produced by 10> MCS. MIGLD obtains more accurate result than MEM by consuming
the same number of function calls. Again, the accuracy of the rLSTM and rLSTM-AE-GPR is not sufficient for
reliability analysis and the relative errors are both over 80%. By leveraging the active learning, the training set for GPR
construction is enriched by 374 samples and the accuracy of the estimated failure probability is significantly improved.
The relative error is reduced to 1.8% from 84.62% compared with the rLSTM.

5. Concluding Remarks

In this paper, a tLSTM network considering both time-variant and time-invariant input features for metamodeling of
the high-dimensional stochastic dynamic systems is developed. The stochastic excitation is employed as the pertinent
input but not the random phases for simulating the excitation. The proposed rLSTM is capable of capturing the main
body of the extreme response distribution of a high-dimensional stochastic dynamic system by consuming the limited
observations. Regarding the reliability analysis, it is usually hard to build a high-accuracy metamodel across the whole
domain under the limited training samples. To surmount the insufficient accuracy of reliability analysis induced by the
limited observations, the rLSTM is combined with the autoencoder to detect a low-dimensional latent space of the
approximate extreme value space. The best latent space for reconstructing the approximate extreme value space is
selected by minimizing the error between the GPR predictions and the ground truth. Finally, the active learning-based
GPR is combined with the latent variables to improve the accuracy of failure probabilities estimation. The results
of a 1004-dimensional SDOF system and a 1008-dimensional reinforced concrete frame structure subjected to the
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stochastic excitation validate that the proposed method is capable of building metamodel and accurately approximating
the failure probability for the high-dimensional stochastic dynamic systems. The proposed rLSTM provides a way of
metamodeling for a stochastic dynamic system with more than 1000 input features. The rLSTM-AE brings insights for
the low-dimensional features extraction from the perspective of the approximate output space, which makes the active
learning-based reliability analysis available for the high-dimensional stochastic dynamic systems. It is recommended
to employ the proposed rLSTM-AE-ALGPR with the crude MCS for a relatively large failure probability estimation.
Future study will focus on combining the more advanced sampling techniques with the proposed high-dimensional
active learning strategy for the small failure probabilities estimation.
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Algorithm 2 rLSTM-AE for the low-dimensional latent space detection

Input: Random structural parameters x g, the stochastic excitation a(t) and observed responses y(t).
QOutput: rLSTM-AE model and latent variable Z.

1: Data normalization and concatenation:

2 {(@ (1), %s (1), 7 (0} = {0 (1), x5, (1)}

3 {Rprain} < {(@° (¢), X5 (1))} {Gerain} < {77 ) },i=1,2,..., Nvain.

4: {ivalid} — {(dz (t) 732?9 (t))} 7{gvalid} — {gL (t)} yi= Nirain + 1, Nirain + 2, Nirain + Nyalid-
5: rLSTM training:

6: Specify rLSTM structure: Igiy, = do + 1,04im = 1,1 = 2, hy = 50 and dropout value 0.5.

7: for m =1:epoch (epoch=500) do

8: for n=1:batch (samples in each batch Ny, = 100) do

9: {ibatch}n - {itrain} 5 {gbatch}n c {gtrain} 5 {ibatch}i N {ibatch}j = (2)771 7é .7
10: {Dvateh },, = TLSTM ({Xpaten },,)-

11: Ltrain (A) = Nbitch {gbatch}n - {@batch}nH;

12: Backward Liyain (A) and optimize A with the optimizer “Adam” with a learning rate 0.01.
13: end for
14: {Qvalid} =r1LSTM ({ivalid})-
15: Lyatia (m) = ﬁ ||{gva1id} - {gvalid}H;
16: end for

—_—
~

: Find the minimum validation loss L.,);q and save the best r(LSTM model .
: Autoencoder training:

—_
oo

19: {Tev trainf = {ggv = max (abs (g]‘ (t)))} ,1=1,2,..., Nirain-

20: {gev,valid} = {gév = max (abs (gz (t)))} 7i = Ntrain + 17 Ntrain + 27 ceey Ntrain + Nvalid~

21: for d, =2:20 do

22: Specify the autoencoder structure: I4iy, = 1, Ogim = 1 and number of nodes in each layer, i.e., (4d,,2d.,d,)

for E, and (2d,,4d, Ogim) for Dg.
23: for g=1:epoch (epoch=100) do

24: for k=1:batch (Npatecn = 100) do

25: {gev,batch}k C {gev,train} ) {gev,batch}i N {gemba‘cch}j = @,Z 7& ]

26: {gewbatch}k = DG (ELp ({gev,batch}k>>'

27: Légin (‘Pa 9) - Nl)itch ||{gcv,batch}k - {ch,batch}kH;

28: Backward LAE (¢, 8) and optimize (¢, @) with the optimizer “Adam” with a learning rate 0.01.
29: end for

30: {gev,valid} = Dy (E<P ({gev,valid}))'

3L Léal?id (q) = m ”{gcv,valid} - {gcv,valid}ng'

32: end for

33: Find the minimum validation loss and save the best autoencoder as M (d.,).

34: Obtain latent variables for training GPR: Zgyain € RVGPRXdx < zoiNGrR 70 = B ({fey }).

35: Obtain the original extreme responses for training GPR: Yoy train < Y2 NGPR |y, = max (abs (y (¢))).

N
36: Train GPR and compute error: LR (d,) = & > [Jyi, — GPR (z})| 3, N = Ngain + Nyalia.
=1

37: end for
38: Obtain the best d.. and save the best AE model among M (d.) by finding the minimum error LEFR (d.).
39: Latent variables detection by the trained rLSTM-AE given unobserved data a,y, (t) and xg new:

- - Eqgs.(8)and (9
40: {(anew (t) ; XS new (t))} M {anew (t) »XS,new}-
41 Jnew (t) = tLSTM ({(@new (t) , X new (t))}) 7yé%STM = max (abs (Jnew (t)))-
42 1= B (ST,

43: Output the rLSTM-AE model and the latent variable Z.
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