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Abstract

Computation Tree Logic (CTL) is a branching-time temporal logic whose underlying model of time
is a choice of possibilities branching into the future. It has been used in a wide variety of areas
in Computer Science and Artificial Intelligence, such as temporal databases, hardware verification,
program reasoning, multi-agent systems, and concurrent and distributed systems.

In this thesis, firstly we present a refined clausal resolution calculus RETSL for CTL. The calculus

requires a polynomial time computable transformation of an arbitrary CTL formula to an equi-
satisfiable clausal normal form formulated in an extension of CTL with indexed existential path
quantifiers. The calculus itself consists of eight step resolution rules, two eventuality resolution
rules and two rewrite rules, which can be used as the basis for an EXPTIME decision procedure
for the satisfiability problem of CTL. We give a formal semantics for the clausal normal form,
establish that the clausal normal form transformation preserves satisfiability, provide proofs for
the soundness and completeness of the calculus RELFSL, and discuss the complexity of the decision
procedure based on RETSL As RE’TSL is based on the ideas underlying Bolotov’s clausal resolution
calculus for CTL, we provide a comparison between our calculus RET‘SL and Bolotov’s calculus for
CTL in order to show that RELFSL improves Bolotov’s calculus in many areas. In particular, our
calculus is designed to allow first-order resolution techniques to emulate resolution rules of RETSL
so that RE’TSL can be implemented by reusing any first-order resolution theorem prover.

Secondly, we introduce CTL-RP, our implementation of the calculus RE’TSL. CTL-RP is the

first implemented resolution-based theorem prover for CTL. The prover takes an arbitrary CTL
formula as input and transforms it into a set of CTL formulae in clausal normal form. Furthermore,
in order to use first-order techniques, formulae in clausal normal form are transformed into first-
order formulae, except for those formulae related to eventualities, i.e. formulae containing the
eventuality operator ¢. To implement step resolution and rewrite rules of the calculus RE’T‘SL, we
present an approach that uses first-order ordered resolution with selection to emulate the step
resolution rules and related proofs. This approach enables us to make use of a first-order theorem
prover, which implements the first-order ordered resolution with selection, in order to realise our
calculus. Following this approach, CTL-RP utilises the first-order theorem prover SPASS to conduct
resolution inferences for CTL and is implemented as a modification of SPASS. In particular, to
implement the eventuality resolution rules, CTL-RP augments SPASS with an algorithm, called
loop search algorithm for tackling eventualities in CTL. To study the performance of CTL-RP, we
have compared CTL-RP with a tableau-based theorem prover for CTL. The experiments show good
performance of CTL-RP.
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Thirdly, we apply the approach we used to develop RE’TSL to the development of a clausal reso-
lution calculus for a fragment of Alternating-time Temporal Logic (ATL). ATL is a generalisation
and extension of branching-time temporal logic, in which the temporal operators are parameterised
by sets of agents. Informally speaking, CTL formulae can be treated as ATL formulae with a single
agent. Selective quantification over paths enables ATL to explicitly express coalition abilities, which
naturally makes ATL a formalism for specification and verification of open systems and game-like
multi-agent systems. In this thesis, we focus on the Next-time fragment of ATL (XATL), which is
closely related to Coalition Logic. The satisfiability problem of XATL has lower complexity than
ATL but there are still many applications in various strategic games and multi-agent systems that
can be represented in and reasoned about in XATL.

In this thesis, we present a resolution calculus Rxary, for XATL to tackle its satisfiability
problem. The calculus requires a polynomial time computable transformation of an arbitrary XATL
formula to an equi-satisfiable clausal normal form. The calculus itself consists of a set of resolution
rules and rewrite rules. We prove the soundness of the calculus and outline a completeness proof

for the calculus Rxarr,. Also, we intend to extend our calculus Rxarr, to full ATL in the future.
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Chapter 1

Introduction

In this thesis, we investigate two formal verification methods, which can be used for many various
types of information processing systems to check whether an implementation satisfies a specification.

We first give an introduction of the background of formal methods. We briefly discuss where
and why formal methods are desirable and present two essential components of formal methods,
namely formal specification and formal verification. In addition, we also briefly introduce the
validity and the satisfiability problem, which our methods aim to solve. Secondly, we present our

main contributions in Section and, lastly, we provide an overview of this thesis in Section

1.1 Formal methods for system designs

The development of various computer-based systems, for example mobile phones, modern computer
operating systems, air traffic control systems, flood control systems, and missile launcher systems,
is a real challenge, especially if they are concurrent and distributed systems. Since the development
of such systems is so complicated, they are prone to have errors and, consequently, the systems
malfunction. In the following, we show several examples to illustrate some system failures and how

extensive the damage, caused by those failures, can be.

1. In 1993, a floating point division bug was discovered in Intel’s highly promoted Pentium chip.
Due to this flaw, Intel lost 475 million dollars in total for replacing many sold chips. Moreover,

this design flaw severely damaged Intel’s reputation for manufacturing high quality CPUs.

2. In 1996, the Ariane 5, an unmanned rocket, exploded along with its cargo of four scientific
research satellites, shortly after its launch. This failure was caused by an overflow error, which
was generated by a conversion from a 64-bit floating-point number into a 16-bit integer. This

loss cost nearly 500 million dollars.

3. Last but not least, in 1983, the Soviet early warning system falsely gave an alarm reporting
that the United States had launched five missiles towards the Soviet Union due to a defect
in its software system, which failed to filter out false missile detection generated by sunlight

reflections. Fortunately, the Soviet duty officer had reported it as a false alarm instead of



2 CHAPTER 1. INTRODUCTION

following the protocol to immediately respond to the attack with their own nuclear missiles.
This event could have caused the loss of millions of human lives or even worse than that, i.e.

the whole planet could have been consumed by nuclear war.

Therefore, it is commonly agreed in the Information Technology industry that ensuring the
correctness of hardware/software system designs is important. For example, in many software
development methodologies such as Test-driven Development and Eztreme Programming, it is an
important principle that the code for testing is written first before the code of the actual software is
written. However, in reality correctness is still very hard to achieve, although people pay extensive
attention to it.

As people rely on computers to do more and more tasks, the complexity of many computer-
based systems is increasing inevitably quickly, however the measures to guarantee the correctness
of the designs for those systems can not keep up with the speed with which their complexity grows.
The current most common verification methods used in the Information Technology industry are
simulation and testing. These usually only test some of the possible behaviours of the systems and
are obviously not sufficient to be the only methods for system verification. Thus, the demands for

new verification methods, which
1. can explore all possible behaviours,

2. are able to automatically and efficiently find subtle system design flaws in rather complex

systems,
3. improve the confidence in the correctness of the design, and
4. notably reduce the effort expended on testing,

is growing fast. Formal methods have been developed for these purposes.

Formal methods have attracted more and more attention not only from academic researchers but
also from engineers and designers who work in the Information Technology industry. As a result,
many formal method tools 211, B6, 48] [[41 2, 8] have been developed and applied to industrial design

processes. We give a number of examples to demonstrate the usefulness of formal methods.

e NASA used the formal verification tool SPIN [46] to verify some crucial algorithms developed
for the NASA Cassini spacecraft.

e IBM has developed a hardware formal verification tool, called IBM RuleBase [I4]. With the
help of this tool, IBM design engineers have detected 65 bugs in AS/400 processors.

e Intel has developed a new formal specification language, ForSpec Temporal Logic [9], and

utilised this language to formalise the design of some of their products.

So far, we have discussed the necessity and usefulness of formal methods in guaranteeing the
correctness of system designs in general. Next, we discuss two important aspects of formal methods,

namely Formal Specification and Formal Verification.
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1.1.1 Formal specification

A specification of a system is a description, which explains what the system should do but not how
functions of the system are achieved. Ensuring that a specification is correct is a prerequisite for
obtaining a correct implementation. Commonly, a specification is described in a natural language.
However, natural language is ambiguous and inaccurate compared to mathematical languages.
Therefore, using natural language for specification often causes errors or results in an inconsistent
specification, i.e. the requirements in the specification can not be satisfied together. In order to
avoid the drawbacks of natural language in specifications, some mathematical language needs to be
developed for modelling the system and describing the desired properties of the system. Usually
such a language is a formal language (| logicﬂ and a specification of a system obtained by using a
formal language is a formal specification.

Formal specification also provides other benefits. Firstly, since formal specifications are precise
and accurate, some formal methods can be applied to them to detect errors in the specifications.
Secondly, there are some techniques [64], which can be used to derive an implementation from
a formal specification. Lastly, using formal specification, it becomes possible to apply formal

verification (discussed in the next section) in the system development process.

1.1.2 Formal verification

By formal verification we understand the process of checking whether an implementation of a system
S satisfies a specification ®4,c.. Currently, many formal verification methods have been developed

and they usually can be applied in two different ways.

Model checking

In model checking, one describes the specification of the system and the model of the system using
formal specification methods. However, the specification and the model are specified by different
methods, i.e. the specification @, is described in a formal language (logic) whereas the model
is given as an interpretation My, of this logic. Model checking is the process of evaluating the
specification ®gpe. in the interpretation My,,. Therefore, model checking can be used to identify

the flaws in system design which are not consistent with the specification.

Theorem proving

Alternatively, one may specify the model ®;,,, of the system and the specification ®,,.. of the
system in the same formal language (logic) and investigate ®gpe. and @, together with a suitable
calculus for such a logic. In order to guarantee that the specification holds for its implementation,
one usually wants to confirm that ®;,,, implies @y, i.e. formally prove that ®;,,,, — P e is valid.
This walidity problem can be solved using automated theorem proving techniques. The problem
closely related to the validity problem is the satisfiability problem, i.e. the task of determining

whether a formula ® is satisfiable. Typically, the two problems are interreducible. A formula ® is

1Some researchers also regard programming languages, hardware description languages and other mathematical
languages as formal languages. In this thesis, unless indicated otherwise, formal languages are formal logics.
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valid iff the formula —® is unsatisfiable. In the particular case of formal verification, ®mmp — Pspec
is valid iff @, A 7P gpec is unsatisfiable.
In this thesis, we present the following two theorem proving methods for two different formal

languages:

1. A clausal resolution calculus for solving the satisfiability problem of Computation Tree Logic
(CTL).
CTL was proposed in 1982 by Emerson and Clarke in [32]. It is a propositional branching-time
temporal logic whose underlying model of time is a choice of possibilities branching into the

future and can be used to represent and verify many systems, such as real time and concurrent
systems [B3].

2. A clausal resolution calculus for solving the satisfiability problem of the Next-time fragment
of Alternating-time Temporal Logic (XATL).
Alternating-time Temporal Logic (ATL) was proposed in 1997 by Alur, Henzinger and Kupfer-
man in [B]. It is a propositional branching-time temporal logic containing temporal operators
parameterised by a set of agents to express coalition abilities of agents. XATL is a non-

trivial fragment of ATL that can be used to represent and verify many systems, in particular,
multi-agent systems |57, [76].

1.2 Novel contributions

The novel contributions that can be found in this thesis are the following.

1. We provide a new clausal resolution calculus RET‘SL for CTL. The calculus RET‘SL is based on

a previously defined calculus for CTL by Bolotov [I5] but many aspects have been improved.
The calculus requires a transformation of a CTL formula to a clausal normal form, called
Separated Normal Form with Global Clauses (denoted by SNFgp.; ). SNF& is an extension
of CTL with indexed temporal operators. We provide a formal semantics for SNF¢,; and
craft a new set of transformation rules, which is shown to be more efficient than the set of
transformation rules in [I5] in terms of the number of extra propositions required and the
number of clauses in the normal form obtained by the transformation. The calculus RETSL
itself consists of so-called step resolution rules and eventuality resolution rules. We show that
some eventuality resolution rules in [I5] are redundant. Since eventuality resolution rules are
the most costly rules in resolution calculi, we gain significant efficiency. Also, our calculus
makes use of an ordering > and a selection function S to reduce applicability of the resolution
rules. Finally, a new completeness proof and a complexity and termination analysis are given.
The main content of this contribution is published in [78, [79] [77].

2. We have implemented our resolution calculus RELFSL for CTL in the theorem prover CTL-RP
(short for Computation Tree Logic Resolution Prover). To our knowledge, CTL-RP is the
first resolution-based theorem prover for CTL. Moreover, we provide a new technique for
implementing the resolution rules in our calculus through first-order resolution. Thus, the

implementation of CTL-RP is able to reuse the first-order resolution-based theorem prover
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SPASS [B4] to realise the calculus RET‘SL Moreover, due to the reuse of SPASS, the effort to
produce a theorem prover for CTL is reduced. We have conducted a number of experiments
with CTL-RP which show that it is able to efficiently verify a variety of satisfiability problems
encoded in CTL. It also outperforms the only other CTL theorem prover currently available,
namely the CTL module of the Tableau Workbench on these problems. This contribution has
been published in [79)].

3. Lastly but not least, we provide a clausal resolution calculus Rxary, for XATL. Again, the
calculus Rxarr, requires a transformation of an XATL formula to a clausal normal form,
SNFx Ty, (short for Separated Normal Form for XATL). To this end, we introduce a new set
of transformation rules. We prove that our transformation rules for XATL preserve satisfi-
ability and the transformation procedure is terminating and, furthermore, can be computed
in polynomial time in the size of the input formula. The calculus consists of several step
resolution and rewrite rules, which are used to deal with constraints on the next moment and
formula rewriting, respectively. We prove that our resolution calculus Rxarr, is sound and

outline a completeness proof.

1.3 Overview of this thesis
The main content of this thesis is as follows.

e In Chapter B we provide the preliminaries to our research. We present the syntax and
semantics, some important properties, and resolution calculi for Propositional Logic (PL) and
Propositional Linear-time Temporal Logic (PLTL), which are the foundation of our resolution

calculi in this thesis.

e Chapter B presents a refined clausal resolution calculus RELFSL for CTL. Firstly, a clausal
normal form for CTL, SNF%, , and its semantics are introduced. The normal form SNFgp.;.
contains six different types of clauses: initial, global, A-step, E-step, A-sometime and E-
sometime clauses. A procedure for transformation of an arbitrary CTL formula into its equi-
satisfiable set of formula in SNF¢p; is shown and proven to be correct. Then the calculus
RETSL consisting of step resolution, eventuality resolution and rewrite rules is defined. We

show soundness and completeness of the calculus RET‘SL Furthermore, we show that given a

set T of SNFg,p; clauses, the calculus RELFSL will only derive a finitely bounded number of
additional clauses from T'. Thus, any derivation from T by RELFSL terminates. Finally, related

work is discussed and conclusions are drawn.

e In Chapter Bl we discuss CTL-RP, our resolution theorem prover for CTL. We first present
how we transform initial, global, A-step and E-step clauses into first-order formulae and how
first-order resolution techniques are used to implement the step resolution rules for CTL.
Then we present the algorithms of implementing the eventuality resolution rules for CTL and
give a small example to demonstrate how the algorithms work. In addition, we establish a

relationship between first-order resolution inferences and resolution inferences for CTL, which
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shows that our implementation is correct. Finally, we present our empirical study of CTL-RP

and conclusions for this chapter.

In Chapter Bl we provide the first clausal resolution calculus for XATL. Firstly, we give
syntax and semantics of XATL and define a clausal normal form for XATL, SNFxaTr,. We
then define a transformation procedure that transforms an arbitrary XATL formulae into a
set of XATL formulae in SNFxaTr, and prove that the transformation procedure preserves
satisfiability and is terminating. Finally, we show details of our calculus, its soundness proof

and the outline of its completeness proof.

Finally, in Chapter B, we draw the conclusions of our work and discuss potential future

research.



Chapter 2

Preliminaries to resolution for

branching-time temporal logic

In this chapter, we consider two resolution calculi Rpy, and Rppry, for Propositional Logic (PL) [20]
and Propositional Linear-time Temporal Logic (PLTL) [R9], respectively. The calculus Rpy, [20]
consists of a single inference rule that can be used to prove whether a formula of PL is satisfiable.
Rpy, is often regarded as the cornerstone of all other resolution-based proof methods for classical
and non-classical logics. Based on resolution techniques, in 1991, Fisher et al. developed a clausal
resolution method Rpyrr, [31 for temporal logic. Since then, Rprrr, has become the foundation for
many resolution methods for temporal logics and their variants including our resolution calculi for
CTL and XATL.

2.1 Propositional logic

2.1.1 Syntax and semantics of propositional logic

Propositional Logic [20] is a classical logic and a foundation of many other complex logics such
as PLTL, CTL and ATL. Axiom systems and proof methods related to PL have been studied
extensively since the seminal work of Boole (1815-1864) [19]. In this section, we give the syntax
and semantics of PL and state some properties of PL.

The fundamental building blocks of the language of PL are propositions, which are declarative

statements, for example,
e today is Tuesday;
e it rains todays;
e the product of multiplying 2 by 2 is 3; and
e the sun is bigger than the Earth.

In other words, propositions are statements that are either true or false. In PL, each proposition

is represented by an individual atomic proposition such as p,q and r.

7
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The language of PL is then based on
e a set of atomic propositions Pp;
e two propositional constants, true and false, also called truth values.

e several logical connectives, also called boolean operators, = (negation), A (and), V (or) and

= (implication).
The set of well-formed formulae of PL is inductively defined as follows:
1. true and false are PL formulae;
2. all atomic propositions in Pp_ are PL formulae; and
3. if ¢ and ¢ are PL formulae, then so are —p, (¢ A1), (¢ V), and (¢ = ).

It should be noted that in the remainder of this thesis, < (double-implication) is an abbreviation,
ie. if ¢ and ¢ are PL formulae, then the expression (p < 1) is a shorthand for the formula
((p = ) A (¥ = ¢)). The abbreviation < can also be applied to formulae of PLTL, CTL and
XATL.

Formulae of PL over Pp_ are interpreted in interpretations. Each interpretation L is a function
L : PpL — {true, false} mapping each proposition in Pp_ to either true or false.

The satisfaction relation = between an interpretation L and a formula of PL is inductively

defined as follows:

L |~ true

L - false

LiEp iff L(p) = true for an atomic proposition p € Pp.
L - iff L~ ¢

L (pA®) iff L= pand Lo

LiE(pvy) ff LiEpor Ly

LE(p=¢)iff LE-por L1

A formula ¢ of PL is satisfiable under an interpretation L iff L = ¢, in which case L is called a
model of . A formula ¢ is called satisfiable iff there exists at least one interpretation L such that
© is satisfied under L. A formula ¢ of PL is valid iff for every interpretation L, L = ¢, in which

case we also write = .

Definition 2.1 Equivalence
Two formulae ¢ and v are equivalent, denoted by ¢ = 1, iff, for every model of ¢ is also a model

of ¢ and vice versa, i.e. = ¢ < 1 holds.

In the following, we introduce some very useful equivalences between PL formulae, which will
be used in many proofs in the remainder of this thesis. Let ¢ and ¢ be arbitrary PL formulae.

Then the equivalences below hold.
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(P AY) = —pV “(p=vY) = oA
—(pVY) = pAY p=9% = W=y
e=v = —pVi - = @

The proofs for these equivalences are straightforward.

2.1.2 Resolution for propositional logic

There are many proof methods for PL, such as truth tables, tableaux, natural deduction which have
been developed over many years. One of the most successful approaches is resolution [20]. The
proof procedure of resolution was first proposed in [63] for first-order logic, which is more complex
than PL. Here we focus on PL and present a propositional resolution calculus for it. To simplify
matters, we will not consider redundancy elimination in this context. We introduce some auxiliary

definitions first.

Definition 2.2 Literal
A literal is either an atomic proposition or its negation. Two literals [; and [» are complementary
if ll = —|lg.

Definition 2.3 Disjunction of literals

We inductively define a disjunction of literals in the following:
e a literal [ is a disjunction of literals; and

e if v and ¢ are disjunctions of literals, then ¢ V¢ and (¢ V1) are also disjunctions of literals.

Definition 2.4 PL Clause

A PL clause is a set of literals {l,ls,...,l,}, written as a disjunction of literals
LVieVv...Vi,
where for 7,1 < i < mn, [; is literal. The empty clause, denoted by 1, is the empty set of literals.

Definition 2.5 Conjunctive normal form (CNF)
A formula ¢ of PL is in conjunctive normal form iff it is a conjunction of clauses of PL, that is, ¢

is of the form
CiNCoN...NCy

where for i,1 < i <n,C; is a PL clause.
Theorem 2.1 [Z[)] For every formula ¢ of PL, there exists a formula v in CNF with ¢ = 1.

The resolution inference rule for PL below derives a new clause, also called a resolvent, from

two other clauses, also called premises, containing complementary literals:
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PRES
cvli DVl

cvD

where C'V 1 and DV —l are two clauses of PL; C' and D are disjunctions of literals; [ and —l is a pair
of complementary literals. It should be noted that PL clauses are sets, which means that a literal
[ can occur at most once in a PL clause. Consequently, the resolvent of pV ¢V r and =V pV q is
the clause p V ¢ instead of pV ¢V pV q. The resolution calculus Rpy, for PL consists of the single
inference rule PRES.

The resolution procedure for the wvalidity problem of PL is a proof by contradiction method.

Given a formula ¢ of PL, it proceeds as follows.
1. Negate the formula ;
2. Transform = into a set T" of PL clauses;

3. Construct a sequence Ty, Ty, Ts, ... of sets of PL clauses such that (i) To = T, (ii) Tiy1 =
T; U{T'}, where T is the resolvent of two PL clauses I'y and T's in T, and (iii) T & T;.

4. The construction in step 3 terminates if

ex1 there exists an index 7,7 > 0 such that 7T; contains the empty clause, or

ex2 there exists an index 7,2 > 0 such that every resolvent of clauses in T} is already an

element of T;.

If the algorithm above terminates by the exit condition ex1, then —¢ is unsatisfiable and, therefore,
@ is valid. If, on the other hand, the algorithm terminates by the exit condition ex2 but for all
1 > 0,T; does not contain the empty clause, then - is satisfiable and ¢ is not valid. As we have
mentioned earlier, resolution can also be used for satisfiability checking. In this case, the resolution
procedure skips the first step, i.e. negate the formula ¢. If the algorithm terminates by the exit
condition ex1, then ¢ is unsatisfiable. If the algorithm terminates by the exit condition ex2 but
for all 4 > 0,7; does not contain the empty clause, then ¢ is satisfiable.

The resolution procedure above motivates the following definitions.

Definition 2.6 Derivation of Rpr,
A derivation from a set T of PL clauses by Rpy, is a sequence Ty, T1,T5, ... of sets of clauses
such that Ty = T and Ty = Ty U {R;} where R; is a resolvent obtained as the conclusion of an

application of the resolution rule PRES to premises in 7;.

Definition 2.7 Refutation of Rpr,
A refutation of a set T" of PL clauses by Rpy, is a derivation from 7' such that, for some i > 0, T;

contains a contradiction, where a contradiction is an empty clause.

Definition 2.8 Termination of a derivation
A derivation terminates iff either a contradiction is derived or no new clauses can be derived by

any further application of the rule PRES.
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Definition 2.9 Saturation with respect to Rpr,
A set T of PL clauses is saturated with respect to Rpy, iff all resolvents that can be derived by an

application of the rule PRES to premises in T are already contained in T'.

With the definitions above, we are able to state the following two properties of Rpr,, namely

soundness and completeness.

Theorem 2.2 (Soundness and completeness of Rpy, [63]) Let T be a finite set of PL clauses
and let Ty, T, ..., T, be a derivation from T such that Ty =T and T, is saturated with respect to

Rpr,. Then T is unsatisfiable iff T,, contains a contradiction.

We give a small example to show how to derive an empty clause (L) from a set of PL clauses
which is unsatisfiable.

It is often convenient to use a simpler notion of a derivation. Let T be a set of PL clauses. A
derivation of a clause I' from T is a sequence I'g,I'1, ..., T, of PL clauses of n such that (i) I';, =T
and (ii) every clause I';, 0 < i < n, is either an element of T or there are two indices j, k,0 < j, k < i,
such that I'; is the resolvent of I'; and I'y,. The length of a derivation I'y, ..., I',, is n+1. Therefore,

a refutation of 7' can be defined as a derivation of the empty clause from 7.

Theorem 2.3 LetTy,..., T, be a derivation from a set T of PL clauses. Then a derivation in the
form of Definition 24 can be constructed from Tg, ..., Ty.

Proof. Given a derivation I'g,...,I',, from T, it is straightforward to construct a corresponding
derivation Ty, ..., T, such that To = T and {Ty,...,[',} C T, as follows.

The construction proceeds by induction over the length n 4 1 of the derivation. For n = 0, the
derivation consists of a single clause I'g which is an element of T. The corresponding derivation
consists of a single set of PL clauses Ty = T. Now we assume that for a derivation I'g,..., T, we
have constructed a corresponding derivation T, ..., Ty, such that {Tg,..., 'y} C T,. Consider a

derivation I'g,...,T'y41.

1. If T'pyq € T, then Ty, ..., Ty, is also the corresponding derivation for I'g,...,I',41. Since
T =Ty C Ty C ... C Ty, and by induction hypothesis {T'g,...,I',} C T,,, we have
To,.. ;T Tngr € T

2. If I'yy1 has been derived from I'; and I'; with 7,5 < n, then by induction hypothesis,
I;,T'; € Th,,. We can thus derive I',, 41 from T5, and define T;, 11 = Tpp U {41} Obvi-
OuSlYﬂ {FOa s 71—‘715 Fn+1} C Tm+1-

Example 2.1
Let T be a set of PL clauses {pV ¢, =gV r, =, —p}. Then the following is a derivation by Rpy, from
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T.

-PVyq

.ogVr

-r

-p

pVT (1,2, PRES]
P (3,5, PRES]
1 [4,6, PRES]

N N

where [c1, ¢, PRES] indicates the application of the rule PRES to clauses ¢; and cs.

2.2 Propositional linear-time temporal logic (PLTL)

Propositional Linear-time Temporal Logic [BY] is a modal logic intended to represent and reason
about the changing truth values of assertions over time. The flow of time underlying the semantics
of PLTL is discrete and linear, i.e. every moment of time has exactly one successive future moment.
Applications of PLTL include reasoning about program [59], temporal databases [68], hardware
verification [B3, @9). Whether these applications can be successful often depends on how efficient
the satisfiability problem for PLTL can be addressed. Therefore, to tackle this problem, many
approaches have been developed, for example tableau-based [50), 2], automata-based [66] and non-
clausal resolution-based methods [I] for PLTL. In this section we discuss one of the resolution-based
methods, namely a clausal resolution calculus Rpy7y,, introduced by Fisher et al. [38] in 1991. This
resolution calculus is the first clausal resolution calculus for temporal logic. It forms the foundation
for many other resolution calculi developed later for more complex logics including two calculi we
will introduce in this thesis. Many important terminologies used by our calculi are originated from
RprrL, for example, the special propositional constant start, Separated Normal Form (SNF), step
resolution, eventuality resolution, loops, augmentation, behaviour graphs and so on. Therefore, we
give a brief introduction of Rpyr, as the preliminary to our CTL resolution calculus.

Next, we show the syntax and semantics of PLTL and then present the calculus Rpprr,. Again,

to simplify matters, we will not consider redundancy elimination in this context.

2.2.1 Syntax and semantics of PLTL

Our presentation of the syntax and semantics of PLTL follows Fisher et al. [38], which is different,
but equivalent to the one [31], which is commonly used.
The language of PLTL is based on

e a set of atomic propositions Pp;
e two propositional constants, true and false;
e boolean operators, - (negation), A (and), V (or) and = (implication); and

e temporal operators, O (at the next moment), & (eventually in the future), O (always in the
future), U (until) and W (unless).
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The set of well-formed formulae of PLTL is inductively defined as follows:

1. true and false are PLTL formulae;
2. all atomic propositions in Pp_ are PLTL formulae; and

3. if ¢ and ¢ are PLTL formulae, then so are =p, (0 A), (pV ), (¢ = 1), Op, Cp, Op, (U )
and (pW1).

Formulae of PLTL over Ppi are interpreted over model structures, o = (S, x, L), where
1. S is a set of states;
2. x : Ng — S is an infinite sequence of states sg, s1, s2,...; and

3. L : S — 2P is an interpretation function mapping each state s € S to the set of atomic

propositions true at state s.

The satisfaction relation = between a pair (o, ), consisting of a model structure o and a natural

number ¢, and a PLTL formula is inductively defined as follows:

\.@

A
23
»n
¢}

~.

Ep iff p € PpL and p € L(x(i))
e iff (o,4) =

F (e AY) iff (0,7) = ¢ and (0,1) = ¢
= (V) iff (0,i) = ¢ or (0,i) ¢
= (g =) iff (0,i) = ~por (0,i)
):
':
':
):

~.

.

O iff (o,i4+1) ¢

O iff there exists a k € N such that k > ¢ and (0,k) = ¢

Op iff for all 5,7 >4, (0,j) E ¢

(pU ) iff there exists a k € N such that k > i and (0, k) = ¢;
and for all j,i < j <k, (0,5) =

(0,1) = (W) iff {0,4) b= pU b or (0,3) b= O

~.

EEEEEEEEEEE R EE)
~ . .

A formula ¢ of PLTL is satisfiable in a model structure o at the state s; iff (0,i) &= ¢. The
formula ¢ is satisfiable iff there exists at least one model structure o such that ¢ is satisfied in o
at sg. A formula ¢ of PLTL is wvalid iff, for every model structure o, ¢ is satisfied in o at sg, in

which case we also write |= .

2.2.2 Resolution for PLTL

Rprr1, operates on PLTL formulae in a certain normal form, called Separated Normal Form (SNF).
This normal form consists of three types of clauses of the following forms:

O(start = \/;?:1 m;j) (initial clause)

O(A_, i = O \/f:1 m;) (step clause)

DAy li = ©1) (sometime clause)
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where

1. start is a propositional constant that holds only at the beginning of time, i.e. (o,7) |= start
iff i = 0;

2. k>0,n>0;

3. each [;,1 < i <, is a literal and for any two literals l;,[;,1 <14 < j <n,l; # l;;

4. each m;,1 < j <k, is a literal and for any two literals m;,m;,1 <1i < j <k, m; # m;; and
5. [ is a literal.

We use O(true = O \/?Z1 m;) to denote a SNF clause O(A[_, l; = O\/?:1 m;) such that n = 0.
Moreover, we use O(A_; l; = Ofalse) to denote a SNF clause O(A]_, l; = O \/?:1 m;) such that
k = 0. Likewise, we use O(start = false) to denote O(start = \/f:1 m;) with & = 0. It is easy to
see that O(start = false) is not satisfiable. Thus, O(start = false) is a contradiction. For a SNF
clause I' = O(P = D), we call P the left-hand side of T" and D the right-hand side of I". As all
clauses are of the form O(P = D), we often simply write P = D instead. A formula < is called
an eventuality. Fisher et al. B8] define a procedure 7 that transforms any PLTL formula ¢ into a

set of SNF clauses 7(p) and prove the following result.
Theorem 2.4 [3§] A formula ¢ of PLTL is satisfiable iff T(p) is satisfiable.

The calculus Rprry, consists of two step resolution rules LSRES1 and LSRES2, one eventuality
resolution rule LERES and one rewrite rule LRW. Firstly, we present the step resolution rules,
which resolve two SNF clauses containing complementary literals on their right-hand sides. In the

following, C' and D are disjunctions of literals; P and @) are conjunctions of literals; and [ is a literal.

LSRES1 LSRES2
start = C V[ P=0O(CVI)
start = DV =l Q= O(DV-l)
start = C' v D PANQ=0O(CVD)

Secondly, Rpyr1, contains a rewrite rule LRW, which rewrites a step clause with Ofalse as its

right-hand side into an initial clause and a step clause.

start = \/I_, —m;

n

true = O(V/;

1=1 ﬁTni)

LRW A, m; = Ofalse — {
Finally, Rpr 71, contains a eventuality resolution rule LERES, which resolves formulae containing

the temporal operators O and <, respectively.

LERES
Pt = o0l

Q= <ol
Q= (~(PH)yW-i)
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where PT = OOl represents a set of step clauses that together implies OOl. It should be noted
that the resolvent of LERES Q = (=(P") W l) is not a formula in SNF and, therefore, it will be

transformed into SNF by the rules defined in the transformation procedure 7.

The most complex part of LERES is to find a suitable set of step clauses as premise of LERES
and the algorithm for finding these step clauses is called loop search algorithm. Detailed descriptions

of various loop search algorithms and their correctness proofs are given in [25, 26|, 27].

Note that, for all resolvents derived by the resolution rules in Rpyry, there are no duplicate
literals on the left-hand side and the right-hand side. For instance, the resolvent of two SNF
clauses T Ap = O(pVgVr)and rAg= O(pVqgV-r)isrApAqg= O(pVq). In analogy to
the notions of a derivation and a refutation we have introduced for the calculus Rpr,, we define the

notions of a derivation and a refutation of the calculus Rprrr, as follows.

Definition 2.10 Derivation of Rprrr
A derivation from a set T of SNF clauses by Rprry, is a sequence Tp, 11, T5, . . . of sets of SNF clauses
such that T' = Ty and Ty = Ty U Ry where Ry is a set of SNF clauses obtained as the conclusion

of an application of a rule of Rprpr, to premises in T5.

Definition 2.11 Refutation of Rprrr,
A refutation of a set T of SNF clauses by Rprrr, is a derivation from 7" such that, for some i > 0,

T; contains a contradiction.

Definition 2.12 Termination of a derivation
A derivation terminates iff either a contradiction is derived or no new clauses can be derived by

further applications of the resolution rules in Rpyrr,.

Definition 2.13 Saturation with respect to Rpyrr
A set T of SNF clauses is saturated with respect to Rpyry, iff all resolvents that can be derived by

an application of a rule of Rpyy, to premises in T are already contained in T

Theorem 2.5 (Soundness and completeness of Rpyrr, [38]) Let T be a finite set of SNF clauses
and let Ty, ..., T, be a derivation from T such that Ty =T and T, is saturated with respect to Rpyrr,.

Then T is unsatisfiable iff T,, contains a contradiction.

We provide an example to demonstrate how a refutation can be found by applying the resolution

rules in Rprr, to an unsatisfiable set of SNF clauses.

Example 2.2
Let T be a set of SNF clauses {start = pV ¢, ¢ = Or, true = O-w, start = —p}. Then the
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derivation by Rpypry, from T is as follows.

1. start = pVq

2 q= Or

3. true = O—r

4. start = —p

5. q = Ofalse [2,3, LSRES2]
6. start = —¢ [5, LRW]

7. true = O—q [5, LRW]

8. start = p [1,6, LSRES]]
9. start = false [4,8, LSRES]]

where (i) [¢1, co, LSRESI] indicates the application of the ith step resolution rule to clauses ¢; and

co; and (ii) [¢, LRW] indicates the application of the rewrite rule LRW to clauses c.



Chapter 3

A refined resolution calculus for
CTL

3.1 Introduction

Computation Tree Logic (CTL) [22] is a propositional branching-time temporal logic whose under-
lying model of time is a choice of possibilities branching into the future. There are many important
applications that can be represented in and reasoned about in CTL such as the verification of
digital circuits [24], analysis of real time and concurrent systems [53], XPath query processing [,
communication protocol verification [23], and Grid Component system verification [I3].

As we can see from Section [Tl there are many considerable advantages in being able to formally
verify the correctness of computer-based systems. Furthermore, CTL can be used to represent a
large number of systems. Therefore, it is definitely worth developing a reasoning procedure for
CTL. In the following, we discuss a concrete example of communication protocol verification to
demonstrate the use of CTL.

Alternating Bit Protocol, which is originally proposed in [I2], is a network protocol and has been
applied widely in the real world. The Alternating Bit Protocol (ABP) involves two participants,
namely a Transmitter and a Receiver. The Transmitter wants to send messages in a reliable way

to the Receiver through an unreliable communication channel, which means that
1. the communication channel may lose messages; but

2. does not lose infinitely many messages, in other words, if a message is sent often enough, it

will eventually reach its destination.

To this end, the Transmitter appends to each message a control bit. We assume that for the first
message the Transmitter sends, it will use the control bit 0. The Transmitter will repeatedly send
the message including the control bit until it receives an acknowledgement from the Receiver with
the same control bit. The Transmitter will then complement the control bit and start transmitting

the next message including the new control bit.

17
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The Receiver works in a complementary way. Initially the Receiver is waiting for messages.
Once it receives a message with a control bit 0, it starts to repeatedly send the acknowledgement
with the control bit 0. The Receiver will repeatedly send the acknowledgement including the control
bit until it receives a message from the Transmitter with a complement control bit. The Receiver
will then alternate the control bit and start sending the acknowledge including the new control bit.

This protocol can be represented formally in CTL and then we can reason about it using CTL
theorem proving techniques. For example, we can prove that whether ABP has the following

properties.

1. In all the possible future paths, the Receiver do not always send the acknowledgement with
the control bit 0.

2. There exists a future path such that on this path whenever the Transmitter sends the message
with the control bit 1, then eventually it receives the acknowledgement with the control bit
1.

Assume the CTL formula @, is the specification of ABP and ®p,, ®p, are the two properties
above described in CTL, respectively. Using CTL theorem proving, we can formally prove whether
Dypec = (Pp, A Pp,) is valid. If it is, we know that ABP has these two properties. Otherwise, it
does not have. (After the language CTL, our resolution calculus for CTL and its implementation
are formally explained, in Section B2l we will revisit this example in more details including how to
translate the specification of ABP in English to the one in CTL.)

The calculus RETSL for CTL introduced in this chapter is a refinement of an earlier resolution
calculus [T5] for CTL. The overall approach involves transformation to a normal form, called Sep-
arated Normal Form with Global Clauses for CTL, SNF%, for short, and the applications of step
and eventuality resolution rules in RE’TSL that deal with constraints on next states and on future
states, respectively. We have improved the earlier calculus [I5] in the following aspects. A technique
introduced in [IH] is the use of indices as part of a CTL normal form. We give a formal interpre-
tation of indices and a formal semantics for the indexed normal form, SNF{; , which is missing
from [T5]. An ordering and a selection function are introduced into the calculus which allow us to
reduce the number of possible applications of the inference rules during proof search. We show that
our calculus RELFSL is sound, complete and terminating. Using our completeness proof we can show
that two eventuality resolution rules in [I5] are redundant. A detailed complexity analysis of the
calculus is provided, which is absent for the earlier calculus. Finally, we have implemented RET‘SL
in our theorem prover CTL-RP whereas no implementation was provided for the earlier calculus
in [I5]. We also present the details of our prover CTL-RP and some experimental results in next
chapter. It should be noted that the most of the content related to the calculus RET‘SL in this chapter
has been published in [7§].

The rest of this chapter is organised as follows. We first present the syntax and semantics of
CTL in Section B and then introduce a normal form for CTL, SNFg, , in Section In Section
B4 the calculus RE’TSL is presented. We provide proofs for soundness and completeness of RET‘SL in
Section BA In Section B we discuss the complexity of our calculus RETSL Finally, related work is

discussed in Section B.1 and conclusions are drawn in Section
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3.2 Syntax and semantics of CTL
The language of CTL is based on

e a set of atomic propositions Ppy;
e propositional constants, true and false;
e boolean operators, A,V,=-, and — (A and V are associative and commutative); and

e temporal operators O (always in the future), O (at the next moment in time), < (eventually
in the future), ¥ (until), and W (unless); and the universal path quantifier A (for all future
paths) and the existential path quantifier E (for some future path).

The set of (well-formed) formulae of CTL is inductively defined as follows:
1. true and false are CTL formulae;
2. all atomic propositions in Pp_ are CTL formulae; and

3. if p and ¢ are CTL formulae, then so are =, (¢ A1), (¢ V), (¢ = ), ADp, Adp, AOp,
A(pU ), A(pW), EDp, ECp, EOp, E(pU ), and E(p W ).

Formulae of CTL over Pp_ are typically interpreted in model structures, M = (S, R, L), where
S is a set of states; R is a total binary accessibility relation over S; and L : S — 2PP is an
interpretation function mapping each state to the set of atomic propositions true at that state.
These model structures are not required to be tree structures. However, CTL formulae can also be
interpreted in tree model structures, which will be introduced later.

An infinite path x,, is an infinite sequence of states s;, si+1, Sit2, ... such that for every j >
i,(s5,5541) € R. A state s’ € S is reachable from the state s € S iff there exists an infinite path
Xs such that s € x,. If there exists two states s,s’ € S such that (s,s’) € R, we say that s is a
predecessor of s’ and s’ is a successor of s.

The satisfaction relation = between a pair consisting of a model structure M and a state s; € S,

and a CTL formula is inductively defined as follows:

M, s;) = true
M, s;) t~ false
M,s;) Ep iff p € L(s;) for an atomic proposition p € PpL

,8i) | ff (M, s;) = ¢

,8i) = (@ A1) lﬁ< :8i) = and (M, s;) =
, 8i) Si)
, 8i)

)

K2

i) E(pve) iff (M, si) = ¢ or (M, si) = ¢
i) Ee=1) lff(MSWésoor (M, s:) =1
M,s;) EEOy  iff there exists a path y, such that (M, s;41) =
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(M, s;) = A(pU ) iff for every path x,, there exists s; € xs, such that
(M, s;) =1 and for every si € xs,, if i <k < j,
then (M, sg) E ¢

(M, s;) = E(pU) iff there exists a path x,, and there exists s; € xs,
such that (M, s;) = and for every si € xs,,
if i <k < j,then (M,s;) ¢

In addition, we use the following equivalences to define the remaining operators of CTL.

ASp = A(trueld ) ECp = E(trueld ¢)
AQyp = -EC—p Edp =-A0—gp
AlpWi) = ~E(=pU (~p A=) E(eW1) = AU (—o A=)

AOS& = —\EO—|§0

A CTL formula ¢ is satisfiable, iff for some model structure M = (S, R, L) and some state
s €8, M,s = ¢, and unsatisfiable otherwise. A model structure M such that ¢ is true at some
state s € S is called a model of . A CTL formula ¢ is valid, written = ¢, iff for every model
structure M = (S, R, L) and for every state s € S, M, s | ¢.

The satisfiability problem of CTL is known to be EXPTIME-complete [22, BT, 34].

Whether R is any total binary relation or a tree does not affect the set of valid CTL formulae [3T],
B3]. Therefore, in the following we restrict ourselves to model structures M = (S, R, L, sg) such
that

e there exists a unique state sg, called the root, such that every state s € S is reachable from

state sg and there are no predecessors of sg;
e for every state s € S except the root, state s has exactly one predecessor;
e for every infinite path x,, and for every i,7,0 < i < j, s; # sj.

For model structures M = (S, R, L, s¢), it is also convenient to use definition of satisfiability and
validity which are slightly different from Emerson’s definition that we present earlier. In particular,
we say a CTL formula ¢ is satisfiable iff for some model structure M = (S, R, L, so), M, so = ¢ and
unsatisfiable otherwise. A model structure M = (S, R, L, so) such that ¢ is true at sq is a model of
. A CTL formula ¢ is valid iff for every model structure M = (S, R, L, s9), M, sg = ¢. Thus, our
definition requires that if M is a model of ¢, then ¢ must be satisfied at the root of M, namely
state sg, whereas Emerson’s definition allows ¢ to be satisfied at any state of M. It is not hard to
see that there exists a model for a CTL formula ¢ according to Emerson’s definition iff there exists
a model for ¢ according to our definition. The reason we add this restriction is that it can simplify

the proof that our transformation rules preserve satisfiability.

3.3 Normal form

Our calculus REJFSL operates on formulae in a clausal normal form, called Separated Normal Form
with Global Clauses for CTL, denoted by SNF{p;. The language of SNF& clauses is defined



3.3. NORMAL FORM 21

over an extension of CTL. That is the language is based on

e the language of CTL;
e a propositional constant start; and

e a countably infinite index set Ind.

To improve the readability of clauses, we introduce an operator precedence which allow us to
reduce the number of parentheses required. We associate each operator with one of the following five
precedence groups, where (i) is highest and (v) is lowest: (i) AO, EOQ, A, EC, AD EOD, AU, EU
AW, EW ,EO(indy; E(ind)©s Bing) O, EginayU , Einay W, where ind € Ind; (i) —; (iii) A; (iv)
V; and (v) =. Two operators in the same group have the same precedence. Higher precedence
operators are applied before lower precedence operators. Then the language of SNF %TL clauses

consists of formulae of the following forms:

start = \/] 1 mj) initial clause)

true = \/j 1mj) global clause)

N1 li = Egnay O\/] 1M;) E-step clause)

N, li = AQI) A-sometime clause)

AD( (
AD( (
ADO(A, l; = AO V] 1M;) (A-step clause)
AD( (
AD( (
AD( (

/\l 1l = Biingy ©l) E-sometime clause)

where k > 0, n > 0, start is a propositional constant, [; (1 < ¢ <n), m; (1 <j <k)and! are
literals, that is, atomic propositions or their negation, and ind is an element of Ind. As all clauses
are of the form AO(P = D), we often simply write P = D instead. We assume that all SNF&
clauses are always kept in condensed form, i.e. there are no duplicate literals in P or D. For
example, a SNFg; clause r AgAg = AO(qVpVq) is always represented as r A\g = AO(¢qVp). We
call a clause which is either an initial, a global, an A-step, or an E-step clause a determinate clause.
The formula A<l is called an A-eventuality and the formula E;,qy Ol is called an E-eventuality.
The most important elements in SNF& are indices. These indices can be used to preserve a

certain path context. For example,

e the formula EOp A EO—p is obviously satisfiable, as in general, these two existential path

quantifiers can refer to two different paths; whereas

e the formula E(;,qyOp A E(jnqyO—p is unsatisfiable, as two existential quantifiers having the

same index ind indicate p and —p are satisfied at the same successor state of the current state.

Informally speaking, in the case that an index ind is associated with a next operator (O), ind
helps identify a particular successor state. For instance, if E;,q) Op is satisfied at a state s, then
there exists a state s’ such that the edge from s to s’ is labelled by ind and p holds at s’. In the
other case that an index ind is associated with a long-term operator (<&, 0, U or W), ind helps
identify a particular path. For instance, if E;,q) Op is satisfied at state s, then there exists a state
s’ reachable from s such that each edge in the path from s to s’ is labelled by ind and p holds at

s’. This ability of indices is necessary for our transformation rule to preserve satisfiability.
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3.3.1 Syntax and semantics of SNF&

To provide a semantics for SNFgp; , we extend model structures (S, R, L, so) to (S, R, L,[], so)
where [] : Ind — 2(5%5) maps every index ind € Ind to a successor function [ind] which is a total
functional relation on S and a subset of R, that is, for every s € S, there exists exactly one state
s € S,(s,8) € [ind] and (s,s') € R. A state s’ € S is an ind-successor state of state s € S iff

(s,8') € [ind]. An infinite path ng"‘” is an infinite sequence of states s;, $;41, Si+2, . . . such that for
every j > i,(s;,8;+1) € [ind]. An infinite path kamb = 8} Sp1,- - - 18 a subpath of XSMD iff there

exists a natural number [,] > i such that for every j > 0, S;chj = s14;. Note that since [ind] is

a function, for every state s; € S, there exists exactly one infinite path xéﬁ"‘” and for every state

s; € xgi"@, xg"@ is a subpath of ng"‘” The semantics of SNFg,p,; is then defined as shown below
as an extension of the semantics of CTL defined in Section Although the operators E;,,q)0,
E(ingyU and E;,q W do not appear in the normal form, we state their semantics, because they
occur in the normal form transformation. (The semantics of the remaining operators is analogous

to that given previously but in the extended model structure (S, R, L,[.], so).)

( ;) = start iff s; = s0

<M ) nayOU iff for the path x$"Y, (M, s,41) = o

(M, si) E Einay O iff (M, si) E E(inay(trueld )

(M, i) = E(inay 00 iff for every s; € Xitnd? (M,s;) =

(M, s;) = Eginay(@U 1) iff there exists s; € xgi"@ such that (M, s;) = v and
{md) i § < k < 4, then (M, s,) = ¢
(M, 5i) E Eginay (e W) iff (M, s:) = E(inayOp or (M, s;) = Egna) (U )

for every si € xs,

A SNF%,, formula ¢ is satisfiable, iff for some model structure M = (S, R, L, [], so), M, so |= ¢,
and unsatisfiable otherwise. A model structure M = (S, R, L, [], so) such that ¢ is true at the state
so € S is called a model of ¢ and we say that M satisfies ¢. A SNF¢; formula ¢ is valid, written
E o, iff for every model structure M = (S, R, L,[.], s0), M, so = .

Figure Bl and Figure depict example model structures satisfying the formulae E;,q4,)Op
and E;,4,)Op, respectively.

E(ina,)Op

indl indg

Figure 3.1: An example model structure of E;,q,)Op

3.3.2 Transformation

We first introduce definitions of indexed CTL formula and CTL clauses, which will be used in our
definition of the transformation from an arbitrary CTL formula into a set of formulae in normal

form.
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E(ind,)Op

Figure 3.2: An example model structure of E(;,q,,Op

Definition 3.1 Indezed CTL formula
The set of indexed CTL formulae is inductively defined as follows:

1. true, false and start are indexed CTL formulae;

2. all atomic propositions in Pp are indexed CTL formulae; and

3. if ¢ and 1 are indexed CTL formulae, then so are —p, (pAY), (pV), (¢ = ), AQyp, A,
AO@? A(QDZ/{?/’), A(@Ww)a ED(P) E<><Pa EO@? E(SDL“/J), E(@Ww)a E(znd>D<Pa E(znd)owv
E (ind) O, E(inay(0U ), and Einq) (0 W), where ind is an arbitrary index in Ind.

Definition 3.2 CTL clauses
A CTL formula of the form AO(P = ), where P is a conjunction of literals (possibly consisting
of a single literal) or a propositional constant and ¢ is an arbitrary indexed CTL formula, is a CTL

clause or a clause.

We now define a set of transformation rules which allows us to transform an arbitrary CTL

formula into an equi-satisfiable set of SNF%,; clauses.

Let nnf denote a function which transforms an arbitrary CTL formula into its negation normal
form by pushing negations ‘inwards’. Let simp be a function which simplifies an arbitrary CTL
formula by exhaustive application of the following simplification rules,

(p Atrue) — ¢ (p A false) — false
(p V true) — true (p V false) — ¢

—true — false —false — true

where ¢ is a CTL formula and V and A are commutative and associative, plus the following rules

which are based on the equivalences in [31].
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P x false — false P xtrue — true
P(oU false) — false P(oU true) — true
P(falseld p) — P(trueld p) — POgp

P(o W false) — POy P(¢ Wtrue) — true
P(false W ¢) — P(true W¢) — true

where P € {A,E} and * € {O,0, <}

Let init(p) be the set of CTL clauses {AD(start = p), AO(p = simp(nnf(p)))}, where p is a
new atomic proposition in Pp_ that does not occur in .

Then the transformation of an arbitrary CTL formula ¢ into SNF§.; consists of a sequence
To,T1, ..., T, of sets of CTL clauses such that (i) To = init(¢) and (ii) for every ¢,0 <t < n,Tj41 =
(T:\{v}) URt, where 1 is a formula in T} not in SNF&; and R, is the result of applying a matching
transformation rule to . Moreover, for every t,0 < t < n, T} contains at least one formula not in
SNF&;, while all formulae in T}, are in SNF& .

Note that for each rule of Trans containing a proposition p, p represents a new atomic proposition
in Pp. which does not occur in T} when we apply the rule to a clause in T;. Furthermore, in the

presentation of the rules, let
e ¢ be an atomic proposition,
e [ be a literal,
e D be a disjunction of literals (possible consisting of a single literal), and

e ¢, and pg, be CTL formulae.
The definition of the rule set Trans:

e Index introduction rules:

Trans(1) q=EOp — q¢= E(inq)Op
Trans(2) q=ECp — q¢= E(ing)©Op
Trans(3) q=EOp — ¢ = E(naOp

Trans(4) q = E(p1U p2) — q¢ = Egina) (01U @2)

Trans(5) q = E(p1 We2) — ¢ = Eina) (o1 W p2)

where ind is a new index.

e Boolean rules:
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=

Trans(6) q = p1 Ay — 1= v

q = p2

q=p1Vp . . . .
Trans(7) q = p1 Vs — if @2 is not a disjunction of

D= 2 .

literals.
Trans(8) qg=D — true= —qVv D
e Temporal operator rules:
q=AOp

Trans(9) qg=AOp — if ¢ is not a disjunc-

tion of literals.

q = EinayOp

Trans(10) q = E(ing)Op — if ¢ is not a disjunc-

=
p= tion of literals.
= Ao
Trans(11) qg= Aop — ¢ P if ¢ is not a literal.
p=¥

q = E(inay©p

Trans(12) 4= EingyOp — if ¢ is not a literal.
p=¢
= Alpr U
Trans(13) qg= Alp1U ¢2) 1 (prtdp) if 9 is not a literal.
=2
= A(pr W
Trans(14) qg= A1 Wy3) — 1 (P W) if 9 is not a literal.
D=2

q = Einay(p1Up)

Trans(15) g = Eing) (p1 U 2) —
D= 2

if @9 is not a literal.

q = Enay (1 Wp)
P = ¥2

Trans(16) g = Egnay (1 We2) — if 9 is not a literal.

q=p
p=
p= AOp

Trans(17) q= A0y —

R U SR U S S — U S — S ——
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Trans(18)
Trans(19)
Trans(20)
Trans(21)
Trans(22)
Example 3.1

q= E@nayByp —

q:>A(<pZ/{l) —

q = Ejnay(@Ul) —

qg=A(eWIl) —

4= Ejinay (e WI) —

We demonstrate how we transform the CTL formula ¢, =

CHAPTER 3. A REFINED RESOLUTION CALCULUS FOR CTL

q=p

p=

P = E(inayOp
q=1Vp
p=¢
p=A0O(lVp)
q= Al

q=1Vp
p=
P = E(inayO(l V p)

q=1Vp

p=
p=AO(lVp)

q=1Vp
p=
= E(ingyO(I V p)

AO(E(EOrU q)) into an equi-satisfiable

set of SNF§,1; clauses using our transformation rules. First, we apply the function init to ¢1:

Iy = init(¢1) =

{AQ(start = p1), AD(p1 = AO(E(EOrU q)))}.

Then we transform the set I'; of clauses into a set of SNF%TL clauses.

. start
p1
p1
P2

= p1

= AO(E(EOrUq))
= P2

= E(EOriq)

= AOps

. true = —p; Vpo

P2
P2
b3
b3
P2

1
2
3
4
5. P2
6
7
8
9

10.
11.
12.

13. pP3

= E()(EOrU q)
= qVp3

= EOr

= E1)O(qV ps)
= E1),0q

true = —py VgV p3

= E<2>OT

Trans(17)
Trans(17)
Trans(1 7)
Trans(8) —
Trans(4) —
Trans(20) —
Trans(20) —
Trans (20)
Trans(20)
Trans(8) —
Trans(1) —



3.3. NORMAL FORM 27

where the notation Trans(xz) — y indicates that we apply the transformation rule Trans(z) to
the clause y. We obtain the set of SNF%, clauses consisting of the following clauses, which is
satisfiable iff the CTL formula AO(E(EOrU q)) is satisfiable.

1. start = p;

5. p2 = AOps

6. true = —p; V po
10.  p3 = E1yO(qV ps)
11. p2 = By Oq
12. true = —p2 VqVps
13. p3 = B Or

Example 3.2
= EO-] A AL into a satisfiability
equivalent set of SNF& . clauses. We apply the function init to the CTL formula ¢;:

In the following, we transform the unsatisfiable CTL formula @9

Ty = init(p2) = {AO(start = p1), AQ(p; = EO-L A A}
Then we transform the set I'y of clauses into a set of SNF%TL clauses.

1. start = p;

9. true = —p; V p2

Trans(8) —

2. pi = EO—IAAOL
3. p = EO-I Trans(6) —
4. p = A3l Trans(6) —
5 p1 = EpO-l Trans(3) —
6. p1=0p Trans(18) —
7. p2 =l Trans(18) —
8. p2 = E1Op2 Trans(18) —
(
(

10. true = —py V -l Trans(8) —

Then the set of SNF¢,p; clauses consisting of the following clauses is satisfiable iff the CTL formula

EO-I A AO] is satisfiable.
1. start = p;

4.  p1 = A3l

8. p2= E1)Op2

9. true = —p; V po
10. true = —po V

We will return to this set of SNFg,p; later in this chapter.

In [T5], Bolotov also provides a set of transformation rules and proves that their application
to a CTL formula preserves satisfiability. The transformation rules presented above improve on
Bolotov’s transformation rules by introducing fewer new propositions and generating fewer clauses

during the transformation process. For example, a clause ¢ = AOr is transformed into the set of
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SNF&,p; clauses

true = —qVp true= —pVr p= AOp

by our transformation rules, while Bolotov’s transformation rules produce the following set of SNF

clauses.
start = gV r start = —~qVp
true = AO(—¢Vr) true = AO(—qVp)
p = AOr p= AOp

3.4 The clausal resolution calculus RE’TSL

Our clausal resolution calculus REJFSL for CTL is based on, but not identical to, the resolution
calculus in [I5, [[8]. The calculus RETSL consists of

e cight step resolution rules SRES1 to SRESS,
e two eventuality resolution rules ERES1 and ERES2, and
e two rewrite rules RW1 and RW2.

Furthermore, all the rules of RE’TSL operate on SNF§, clauses. The calculus can be used to
develop an EXPTIME decision procedure for the satisfiability problem of CTL, as will be shown
in Chapter @l

3.4.1 Step resolution

It is commonly agreed that search space for resolution for classical logic and first-order logic is very
large and, consequently, in practice, the refinements for resolution are necessary. In particular,
the ordering refinements and selection function refinements are utilised by many efficient theorem
provers, for example, SPASS 4], Vampire [[2] and Prover9 [55]. This principle that resolution
calculi often require refinements in order to be efficient in practice is also true for non-classical
logics, for instance CTL. Moreover, RETSL is designed in such a way that the step resolution can be
emulated by first-order resolution (which is discussed in Section EEZJ). Motivated by refinements
of propositional and first-order resolution [I1], we restrict the applicability of step resolution rules
by means of an atom ordering and a selection function. These refinements have two advantages: (i)
we can prove that they do not impair the completeness of RE’TSL; and (ii) the efforts of implementing
them can be dramatically reduced by reusing some existing high performance first-order resolution
prover, which contains these refinements.

To introduce the atom ordering and the selection function we use for step resolution, we give

the following definitions first.

Definition 3.3 Partial ordering
A partial ordering R on a set S is the ordering such that

e for every element s € S, (s,s) € R;
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e for all elements s, ¢, u of S, if (s,t), (t,u) € R, then (s,u) € R.

Definition 3.4 Total ordering
A partial ordering R on a set S is a total ordering if for every pair of distinct elements s and ¢ of
S, (s,t) € Ror (t,s) € R.

Definition 3.5 Well-founded ordering
A partial ordering R on a set S is a well-founded ordering if every non-empty subset of S has a

minimal element with respect to R.

Definition 3.6 Multiset
A multiset over a set S is a collection of elements from S in which each elements may occur any

number of times. For example M = {1,2,2,3,3,3} is not a set but a multiset.

An atom ordering for RETSL is a well-founded and total ordering > on the set Pp_. The ordering
>~ is extended to literals by identifying each positive literal p with the singleton multiset {p} and
each negative literal —p with the multiset {p,p} and comparing such multisets of atoms by using
the multiset extension of . Doing so, —p is greater than p, but smaller than any literal g or —¢
with g > p.

A literal [ is (strictly) maximal with respect to a propositional disjunction C' iff for every literal
Uin C, U AT (U #D.

A selection function is a function S mapping every propositional disjunction C' to a possibly
empty subset S(C') of the negative literals occurring in C. If [ € S(C) for a disjunction C, then we
say that [ is selected in C.

In the following presentation of the rules of RE’TSL, ind is an index in Ind, P and @ are conjunc-
tions of literals, C' and D are disjunctions of literals, neither of which contain duplicate literals, and

[ is a literal.

SRES1 SRES2
P = Ao(CVI) P = EingyO(C V1)
Q= Ao(D Vvl Q= A0(D V-l
PAQ=AO(CVD) PAQ= EngyO(CV D)
SRES3 SRES4
P = Einqg)O(C V1) start = C' V[
Q = E(ingyO(D V) start = D V i
PAQ = E(;nyO(CV D) start = C'V D
SRES5 SRES6
true=C VI true=C VI
start = DV -l Q= A0O(DV-l)

start == CV D Q= AO(CVD)
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SRES7 SRESS8
true = C VI true = C V1
Q = E(inayO(D V ) true = DV -l
Q = E(ingyO(C V D) true=CV D

A step resolution rule, SRES1 to SRESS, is only applicable if one of the following two conditions

is satisfied:

(C1) iflis a positive literal, then
1. [ must be strictly maximal with respect to C' and no literal is selected in C'V [, and

2. (i) =l must be selected in D Vv =l or (ii) no literal is selected in D V =l and =i is

maximal with respect to D; or

(C2) iflis a negative literal, then

1. (i) I must be selected in C' V1 or (ii) no literal is selected in C' V[ and [ is maximal

with respect to C', and

2. =l must be strictly maximal with respect to D and no literal is selected in D V —l.

Note that these two conditions are identical modulo the polarity of [, i.e. having or not having
the negation — in front of [. If I in C'VI and =l in DV = satisfy condition (C1) or condition (C2),
then we say that [ is eligible in C' V[ and =l is eligible in D Vv —l.

The rewrite rules RW1 and RW2 are defined as follows:

RW1 AL, m; = AOfalse — true = \/7_, —m;

RW2 Ny mi = EgjpgOfalse  —  true = /[, -m;

where n > 1 and each m;, 1 <i < n, is a literal.

An example of how to apply step resolution and rewrite rules is given below.

Example 3.3

Consider the set T3 of SNF& 1 clauses consisting of the clauses 1 to 5 shown below.

1. start = r

2. —q=EyHOp

3. r = E@0(-qVp)
4. u= AO-p

5. true = u

where the underlined literals indicate that those literals are eligible in the corresponding clauses.
We use the ordering v > p > ¢ > r on atomic propositions and the selection function S that maps

every propositional disjunction C to the empty set. Then we are able to derive the contradiction
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start = false using step resolution and rewrite rules as follows.

6. =g AN u = EyOfalse [2,4,SRES2]
7. true = qV ou [6, RW2]
8. true = ¢ [5,7, SRESS]
9. rAu= E;30~q [3,4,SRES2]
10. rAu= EpOfalse  [8,9,SREST]
11. true = —rV ou [10, RW2]
12. true = —r [5,11, SRESS]
13. start = false [1,12, SRES5]

where the notations [c1,...,c¢,, SRESI] and [¢q,. .., ¢,, RWi] indicate that we apply the ith step

resolution rule and the ith rewrite rule to clauses cq,...,c,, respectively.

3.4.2 Eventuality resolution

The intuition of the eventuality resolution rule ERES1 below is to resolve an eventuality A<=,
which states that Gl is true on all paths, with a set of SNFZ& clauses which together, provided
that their combined left-hand sides were satisfied, imply that O holds on (at least) one path.

ERES1
Pt = EOEOI!

Q= Aol
Q= A(~(PHW 1)

where P = EOEO! represents a set, Aga, of SNFg,; clauses
Pl =0 Pyt = 0y

P =x*Ch Pl = xCJ
with each * either being empty or being an operator in {AO} U {E(;,4O | ind € Ind} and for every
i,1<i<n,

(N2, CH =1 (3.1)

j—
and
(N2 C)) = (Vima N2 Py) (3.2)
are provable. Furthermore, Pt =\/""; AT, P7.
Conditions () and [B2) ensure that the set Agg of SNFg, 1, clauses implies PT = EOEDI.

Note that the conclusion of ERES1 is not stated in normal form. To present the conclusion
of ERES1 in normal form, we use a new atomic proposition wfl uniquely associated with the

eventuality AC—l. Then the conclusion of ERES1 can be represented by the following set of
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SNF§,;;, clauses:
{wh, = AO(-lV Vi —P}) |1 <i<n}
U{true = -QVv -l v\ =P/ |1<i<n}
U {true = -Q V ~l vV wh, wh = AO(-l Vv wA)}

The use of a proposition wfl uniquely associated with the eventuality A<—l is important for the
termination of our procedure. It allows us to represent all resolvents by ERES1 using a fixed set
of propositions depending only on the initial set of clauses, i.e., n different A-eventualities in the

initial set of clauses require at most n new atomic propositions to represent resolvents by ERESI.

In the following we give a concrete example to demonstrate an application of ERESI.

Example 3.4

We resolve the A-sometime clause u = A<=l with the following set Ago of SNFgp; clauses

r = E,0q q = EOp
q = E(Q)OT

From Agn, we obtain that

e the conjunction of right-hand sides of clauses in the first column of Agn excluding temporal

operators implies [, i.e. (I Aq) = ;

e the conjunction of right-hand sides of clauses in the second column of Agg excluding temporal

operators implies [, i.e. (( Ap A1) =1

e the conjunction of right-hand sides of clauses in the first column of Agp excluding temporal
operators implies the disjunction of (i) the conjunction of left-hand sides of clauses in the first
column of Agg and (ii) the conjunction of the left-hand sides of clauses in the second column
of Ago, ie. INqg) = ((pAT)Vq); and

e the conjunction of right-hand sides of clauses in the second column of Agg excluding temporal
operators implies the disjunction of (i) the conjunction of left-hand sides of clauses in the first
column of Agg and (ii) the conjunction of the left-hand sides of clauses in the second column
of Agg, ie. (ApAT)= ((pAT)VQ).

Therefore, PT = ((p A7)V q) and PT = EOEOI. We then can resolve the clause u = A<$-l with
((p A7)V q) = EOED! as follows.

((pAT)Vq) = EOEOI
u = Aol
u=A((pAT) Vg W-I)
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Then the resolvents of the application of ERES1 above in SNF¢,p; are as follows:

wh = AO(=lV —pV )

-l
wh = AO(~l V —q)
true = —-uV-lV-opV-r
true = —u VvV -l V g
true = —u V —l V wh

wh = A0~V wh).

Similar to ERESI, the intuition underlying the ERES2 rule below is to resolve an eventuality
E(inay©—l, which states that &=l is true on a path XS”CD, with a set of SNF’éTL clauses which
together, provided that their combined left-hand sides were true, imply that Ol also holds on the

path {9

ERES2
P = E (i) O(E(jnayOl)
Q = E (5490l
Q = Epay(-(PHYWI)

where P = E (inay O(E(inay0l) represents a set, Apd | of SNF£,1;, clauses which is analogous to the
set Ago but each * is either empty or an operator in {AO, E(jnqyO} and for every 4, 1 <i <n,

(A, €)= (3.3)

and
(NiZ1 C)) = (Via NjZy B)) (3-4)
are provable. Furthermore, PT = \/7"; AT", P
Again, conditions (B3) and ([B3) ensure that the set A4 of SNFE,p; clauses implies the formula

P = E 04y O(E (ina)Ol).

d

Similarly, we use an atomic proposition w*?% uniquely associated with E(ingy Ol to represent

the resolvent of ERES2 as the following set of SNF¢ 1 clauses:

{w? = E(ingyO(=LV V2 =P}) |1 < i <n}
U{true = -QVv-lVvV;L -P;|1<i<n}
U {true = -Q VvV ~l v w"d, wind = E (inayO(—l vV wind)}.
As for ERES1, the use of atomic propositions uniquely associated with E-eventualities allows us to

represent all resolvents by ERES2 using a fixed set of atomic propositions depending only on the

initial set of clauses.

We show an example to demonstrate an application of ERES2.

Example 3.5
We resolve the E-sometime clause v = E(;yO-l with the set ARy of SNFg clauses in the
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following.
q= AOp
p = AOq

From Ay, we obtain that
e the conjunction of right-hand sides of clauses excluding temporal operators in AL implies I,
ie. [ApAg)=1;and
e the conjunction of right-hand sides of clauses excluding temporal operators in AL, implies

the conjunction of left-hand sides of clauses in Agy, i.e. ([ ApAq) = (¢ ADp).

Therefore, PT = (p Aq) and PT = E(1,OE1,0l. We then can resolve the clause u = E,0-l with
(p A q) = E1yOE 4,01 as follows.

(p A q) = Eq1yO(E(y01)
U = E<1><>ﬁl
u=Eq(=(pANgW-Il)

Then the resolvents of the application of ERES2 above in SNF¢,p; are as follows:

,wl

-l

= Eq)O(=lV-pV—q)
true = ~uV-lV-pV-q
true = —u Vv -l Vw!,
wil = E<1>O(—'l V wll)'
This completes the presentation of the resolution rules of REJFSL. We now introduce some useful

definitions which are needed when we discuss the calculus RETSL further.

Definition 3.7 Saturation with respect to step resolution rules
A set T of SNF{,p, clauses is saturated with respect to step resolution rules, if all clauses that can
be derived by an application of one of the step resolution rules SRES1 to SRES8 to premises in T’

are contained in 7.

Definition 3.8 Saturation with respect to REJ&
A set T of SNF{,q; clauses is saturated with respect to RET‘SL if all clauses that can be derived by

an application of a rule of RETSL to premises in 71" are contained in 7.

Definition 3.9 Derivation
A derivation from a set T of SNF§ . clauses by RELFSL is a sequence Ty, 17,75, . . . of sets of clauses
such that T'= Ty and T4+1 = T UR; where R; is a set of SNFgCTL clauses obtained as the conclusion

of an application of a rule of RET‘SL to premises in T}.

Definition 3.10 Refutation
A refutation of a set T' of SNF¢ 1, clauses (by RE’TSL) is a derivation from 7" such that for some
1 > 0, T; contains a contradiction, where a contradiction is either the formula true = false or

start = false.
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Definition 3.11 Termination
A derivation terminates iff either a contradiction is derived or no new clauses can be derived by

any further application of resolution rules.

Next, we present an example of a refutation of a set of SNFZ&.; clauses which involves both

step resolution and eventuality resolution rules.

Example 3.6
In Example B2 we have seen that application of our transformation rules to the CTL formula

¢ = EO=l A AOl results in the following satisfiability equivalent set of SNF¢.p; clauses.

1. start = p;

2 p1 = Al

3. p2= E;1)Op2
4. true = —p1 Vo
5. true = —py V -l

Using step resolution, eventuality resolution and rewrite rules with the ordering I > p; > p2 > wf‘
and the selection function S mapping every propositional disjunction C' to an empty set, we are

able to generate the following derivation.

6. wP = A0V —p2) [2,3,5, ERES1]
7. true = —p; VIV —po [2,3,5, ERES]]
8. true = —p; VIV wt [2,3,5, ERES]]
9. wi = AoV uwP) 2,3,5, ERES1]
10. true = —p; V —po [5,7, SRESS]
11. start = —poy [1,10,SRES5]
12. start = po [1,4, SRES5]
13. start = false [11,12, SRES4]

where the notation [cy, . . ., ¢,, ERESI] indicates that we apply the eventuality resolution rule ERES¢
to the clauses ¢y, ..., c,. Therefore, we have proved that EO-] A A<l is unsatisfiable.

3.4.3 Loop search

The expensive part of applying ERES1 and ERES?2 is finding sets of step and global clauses which
can serve as premises for these rules, that is, for a given literal [ stemming from some eventuality,
to find sets of SNF¢p; clauses Agg, satisfying conditions @) and @2); and AZd, satisfying
conditions B3) and ). Such sets of SNF&,1,; clauses are also called E-loops in | and the formula
Vi, /\ Pl is called a loop formula. Algorithms to find loops were first presented by Bolotov and
Dixon in [Iﬂ They define two loop search algorithms, called A-loop search algorithm and E-loop
search algorithm. An A-loop search algorithm is not required for our calculus as an E-loop search
algorithm is sufficient to find the premises for both ERES1 and ERES2. Therefore, we only present
an E-loop search algorithm here, which is slightly different from the E-loop search algorithm in [I6]

due to the presence of global clauses, an ordering and a selection function we introduce into RELFSL.
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In Section B, we will discuss in more detail why an A-loop search algorithm is not required in our
setting, while in Section EEZ4] we present in more detail how the E-loop search algorithm can be
implemented.

The E-loop search algorithm makes use of the notion of merged clauses which is inductively

defined as follows.

e Any global clause, A-step clause, and E-step clause is a merged clause.

o If Ay = By, Ay = B2, A3 = AOBs, Ay = AOB,4, As = E(jngyOBs, and Ag = E(i,q) OBs
are merged clauses, then so are (A1 A As) = (By A Ba), (A1 A Ay) = AO(By A Bg), (A1 A
Ag) = E(inagyO(B1 A Bg), (A3 A Ay) = AO(B3 A By), (A3 A As) = E(inayO(B3 A Bg), and
(A5 A Ag) = E(inayO(Bs A Bs).

E-loop search algorithm:
The algorithm takes as input a literal [, stemming either from an A-sometime clause Q = A$—l or
from an E-sometime clause Q@ = E 4y, and a set T' of SNF&,p;, clauses among which we search
for premises for the eventuality resolution rules. We assume the set T is saturated with respect to
step resolution rules, that is, the rules SRES1 to SRESS.

The algorithm proceeds by constructing a sequence Hy, H1, Ho, ... of formulae which approxi-

mate a loop formula. In more detail, the algorithm works as follows:

1. Search in T' for merged clauses of the form X; = Y, X; = AOY;, and X; = E(;,4)OY; such
that Y; = [ is provable (in propositional logic). Assuming there are ng such clauses, we build

the first formula as follows:
Hy = V?il Xj

Simplify Hy using boolean simplification. If Hy = true a loop is found, we return true and
the algorithm terminates. If Hy = false (which can only be the case if ng = 0), then no loop

formula can be found and we return false.

2. Given a formula H;, where ¢ > 0, build the next formula H;,; by looking in 7" for merged
clauses of the form A; = (B; Al), Aj = AO(B;j Al) or Aj = E(;,qyO(B; Al) such that
B; = H; is provable (in propositional logic). Assuming there are n;41 such merged clauses,

we build the formula H;y; as follows:
Hipr = V4 A
Simplify H;,1 using boolean simplification.

3. Repeat the previous step until one of the conditions below is provable (in propositional logic).

(a) Hi1+1 = true. A loop formula has been found. We return true and the algorithm
terminates.

(b) H;y1 = false (that is, n;4+1 = 0). No loop formula can be found. We return false and
the algorithm terminates.

(¢) H; = H;y1. A loop formula has been found. We return H;;1 and the algorithm termi-

nates.
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If we try to apply an eventuality resolution rule to an E-sometime clause Q@ = E ;4 -, then
the input set T" to the E-loop search algorithm consists of the set of all global and A-step clauses
we currently have at our disposal plus all E-step clauses with index ind. If we try to apply an
eventuality resolution rule to an A-sometime clause () = A<=l then the input set T' to the E-loop
search algorithm consists of the set of all global, A-step clauses, and E-step clauses.

If the algorithm returns a formula H;; # false, then
o Hipn =\ /\ZJ:1 g}, for some literals ¢}, 1 <j <nip1, 1 <k < t;, and

e there exists the following set of clauses in T,
Pl = O} Pl = xC!
P#n:*csn PA%L:*CL%L

such that these clauses satisfy conditions (Bl and [B2) of ERESI and B3) and @) of

ERES?2 as well as the restrictions imposed on the form of * and, moreover,
l r . i ti
Vi /\Zn:1 Py = V?:T Ni=1 q;'c-

The proof of the correctness of this algorithm can be found in [I6].

An important step in the algorithm is the task of “looking for merged clauses”, which is again
non-trivial. We will discuss this task in more detail in Section EEZ4l

We give a number of examples to show how to apply the loop search algorithm and the com-

plexity of those examples gradually increases.

Example 3.7
We apply the E-loop search algorithm to the set T of SNF%TL clauses given below.

1. p = A0l
2.true = p
3. u = Aol

e Search in T" for merged clauses of the form X; = Y;, X; = AQYj, and X; = E;,q)OY; such
that Y; = [ is provable (in propositional logic). We find p = AO!, which results in

Ho=p

It should be noted that there are other ways of merging clauses. For example, by merging

clause 1 and 2, we obtain the clause p = AO(I A p), which also results in Hy = p.

e Given the formula Hy, we build the next formula H; by looking in 7" for merged clauses of
the form A; = (B;j Al), Aj = AO(B; A1) or Aj = Ejq)O(B;j Al) such that B; = Hy is
provable (in propositional logic). By merging the clauses 1 and 2, we find p = AO(p A l),
which results in

Hy=p
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e As Hy = H,, the algorithm terminates and the loop formula PT is p.

Example 3.8
Previously, we have used the set ALy and the E-sometime clause u = E(1y©-l in Example B3 to
demonstrate an application of ERES2. Here we apply the loop search algorithm to the set Ay to
obtain the loop formula.
1.q = E)Ol
2.q = AOp
3.p= A0q
e Search in Ay for merged clauses of the form X; = Y;, X; = AQYj;, and X, = E(ina)OY;
such that Yj = [ is provable (in propositional logic). We find ¢ = E;)Ol, which results in

Hy=q

e Given the formula Hy, we build the next formula H; by looking for merged clauses of the form
Aj = (Bj N1), Aj = AO(B;j Al) or Aj = E(j,q)O(B;j Al) such that B; = Hy is provable
(in propositional logic). By merging the clauses 1 and 3, we find p A ¢ = E1y0(g A l), which
results in

Hi=pAgq

It should be noted that there are other ways of merging the available clauses. For example,
by merging clauses 1, 2, and 3, we obtain the clause p A ¢ = E(;,0(q A p Al), which also
results in H; = p Ag.

e Given the formula H;, we build the next formula Hs by looking for merged clauses of the form
Aj = (Bj A1), Aj = AO(B;j Nl) or Aj = E(jng)O(B;j Al) such that B; = H; is provable
(in propositional logic). By merging the clauses 1, 2 and 3, we find p A ¢ = E1,O(p A g A ),
which results in

Hy=pAgq

e As H| = H,, the algorithm terminates and the loop formula Pt is p A q.

Example 3.9
Previously we use the set Agg and the A-sometime clause u = AO—l in ExampleBdto demonstrate

an application of ERES1. Here we apply the loop search algorithm to the set Ago to obtain the
loop formula.

e Search in Agp for merged clauses of the form X; = Y, X; = AOY}, and X; = E(;,4)OY;
such that Y; = [ is provable (in propositional logic). We find p = Ey0l and q = E, Ol
and define Hj as

Ho=pVyq
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1 procedure main(N)
2 // N is a set of SNFg,, clauses
3 begin
4 New := {C|C is a determinate clause in N};
5 ST := {C|C is a sometime clause in N};
6 0ld := 0;
7 do
8 01d := resolution_sres(01ld, New);
9 New := ();
10 if (1 ¢ 01d) then
11 foreach A-sometime clause and E-sometime clause C in ST
12 G := resolution_eres(01ld, C);
13 if (G # () then
14 New := New U G;
15 end if
16 end for
17 New := New\01ld;
18 end if
19 while (L ¢ 01d and New # ()
20 output () ;
21 end
Figure 3.3: A decision procedure
e Given the formula Hy, we build the next formula H; by looking for merged clauses of the form
Aj = (Bj A1), Aj = AO(B;j Nl) or Aj = E(jnag)O(B;j Al) such that B; = Hy is provable
(in propositional logic). By merging the clauses 1 and 2, we find r A p = E(;,0O(q A1) and by
merging the clauses 3 and 4, we find ¢ = EO(p A1), which gives us
Hi=qV(pAr)
It should be noted that there are other possible ways of merging the available clauses. For
example, by merging clauses 3, 4, and 5, we obtain the clause ¢ = E(;yO(p Ar Al), which
also results in Hy =gV (p A r).
e Given the formula H;, we build the next formula Hs by looking for merged clauses of the

form Aj == (Bj A l), Aj == AO(BJ A l) or Aj == E(an>O(Bj /\l) such that Bj = Hl is
provable (in propositional logic). We find » A p = E(;yO(¢q Al) (by merging clause 1 and 2)
and ¢ = EO(p Ar Al) (by merging clause 3, 4 and 5), then

Hy=qV(pAr)

As Hy = Hs, the algorithm terminates and the loop formula P is ¢V (p A 7).
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3.4.4 A decision procedure

We present a decision procedure based on the calculus RE’TSL for determining the satisfiability of a
set of SNFg,1; clauses in Figure

The procedure takes a set of SNF&; clauses N as input and then split N into the set New of
determinate clauses and the set ST of sometime clauses (lines 4 and 5, respectively). The set 01d
is initially set to be empty (line 6). We then enter the main loop of the procedure which will be
repeated until either the contradiction L (i.e. start = false or true = false) has been derived
or we cannot derive any new clauses (line 7 to 19). We saturate the set New U 01d using the step
resolution rules and the resulting set of clauses becomes the set 01d (line 8). If we have not derived
the contradiction yet, then we try to apply eventuality resolution rules to each of the sometime
clauses (lines 11 to 16). The union of all the resolvents generated by applications of the eventuality
resolution rules becomes the set of new clauses New. Some of these resolvents may be redundant.
Therefore, we eliminate clauses from New which are already in 01d (line 17). Finally, after the main

loop terminates, we print out the satisfiability of N (line 20).

3.5 Correctness of the calculus REfL

3.5.1 Correctness of the transformation to SNF%TL

In [T5, BY], Bolotov has developed a set of transformation rules to transform an arbitrary CTL
formula into a set of SNFcry, clauses, which preserves satisfiability. However an analysis of the
complexity of the transformation and a proof that the transformation is terminating are absent.
Our transformation rules have been developed based on those in [I5] B8], but are greatly improved
for ease of implementation and efficiency.

In the following we show that our transformation
1. preserves satisfiability,
2. is terminating, and

3. allows only a polynomially bounded number of transformation rule application.

Lemma 3.1 Let T be a set of CTL formulae, and let M = (S, R, L,[], so) be a model structure
such that T is satisfiable in M. Let p € PpL be an atomic proposition not occurring in T, and let
M= (S,R,L',[], s0) be a model structure identical to M except for the truth value assigned by L’
to p in each state of M'. Then T is also satisfiable in M’.

Proof. By the inductive definition of the semantics of SNF&, the truth value assignments to
propositions not occurring in 7' do not influence whether T is satisfiable in a model. Therefore, T
is satisfiable in M’. 0

Lemma 3.2 A CTL formula ¢ is satisfiable iff the set of formulae { AO(start = p), AQ(p = ¢)},

where p € PpL does not occur in ¢, is satisfiable.
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Proof. Assume {AO(start = p), AO(p = )} is satisfiable in a model M = (S, R, L, [], so), i.e.
M, sy = AO(start = p) A AO(p = ¢). From the semantics of =, AO, A, M, sy = (start =
p) A (p = ¢). From the semantics of =, A, M, sy |= (start = ¢). Because start holds at s,
M, so |= ¢. Thus, if {ADO(start = p), AD(p = ¢)} is satisfiable, so is ¢.

Assume ¢ is satisfiable in amodel M = (S, R, L, [], s0), i.e. M,so = . Let M’ = (S, R, L’,[], s0)
be identical to M except that p holds only at sg. From the semantics of start,=, AO, M’ so =
AO(start = p). From Lemma Bl M’, so = . From the semantics of =, A0, M’ so = AO(p =
¢). From the semantics of A, M’ sg = AO(start = p) A AQ(p = ). Thus, if ¢ is satisfiable, so
is {AO(start = p), AD(p = ¢)}. O

Now we show all of our transformation rules preserve satisfiability.

Lemma 3.3 Let T be a set of CTL clauses, and let M = (S, R, L,[], so) be a model structure such
that T is satisfiable in M. Let Ind(T) be the set of indices occurring in T and ind be an inder,
which is not in the set of indices Ind(T), i.e. ind does not occur in T. Let M’ = (S, R, L,[], so)
be a model structure identical to M except that [ind]’ is an arbitrary function on S. Then T is also
satisfiable in M.

Proof. By the inductive definition of the semantics of SNFg,p; , the successor function [ind] such
that ind & Ind(T'), does not influence whether T is satisfiable in a model. Therefore, T is satisfiable
in M'. O

Lemma 3.4 Let Ty = AU{¢}, where v = AO(q = EOp), be a set of CTL clauses, and let Ind(T})
be the set of indices occurring in Ty. Let Tyy1 be the set of CTL clauses obtained by an application
of Trans(1) to the formula v in Ty, that is, T;11 = AU Ry, where Ry = {AD(q = E(;,qyOp)} and
ind & Ind(T};). Then T} is satisfiable iff Tiy1 is satisfiable.

Proof. Assume a model M = (S, R, L, [], so) satisfies Ty;1, i.e. M,so = AANAD(q = E(inayOp).
From the semantics of A, M,so = A and M,so = AO(q = E(inqOp). From the semantics of
AD, for every path x,, and every state s; € xs,, M, 5; = (¢ = E(inq)Op). From the semantics of
= and E(;,q)O, for every path x,, and every state s; € xs,, M,s; = q implies that there exists
a state s’ such that (s;,s’) € [ind] and M, s’ |= . From the semantics of EO, for every path xs,
and every state s; € xs,, M, s; = ¢ implies that M, s; = EOg. Therefore, from the semantics of
V,=, A, A0, we obtain M, sy = A A AO(q = EOyp). Thus, if T;; is satisfiable, then so is T.
Next we prove the ‘only if” part. Assume a model M = (S, R, L, [], so) satisfies T}, i.e. M, sy =
A ANAO(qg = EOg). We can obtain that M, sy = A and by the semantics of =, AO and EO, for
every path xs, and every state s; € xs,, M, s; |= ¢ implies that there exists a path x,; such that
there exists a state s’ € xs,, (s;,8") € R and M,s" |= . Let the model M’ = (S,R, L, ][], s0) be
identical to M except that ind € Ind(T;+1) and for every path x,, and for every state s; € xs,

1. if M',s; [= g, then let s’ be an arbitrary state with (s;,s') € R and M,s’ = ¢ and let
(sj,s") € [ind]; and

2. if M',sj B~ g, then let s’ be an arbitrary state with (s;,s’) € R and let (s;,s’) € [ind].
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Since we have restricted ourselves to tree models and M’, s = AO(q = EOy), [ind] is well-defined
and a total function.

From the semantics of E;,q)O, for every path x, and every state s; € xs,, M',s; [~ q or
M',s; = E(ingOp. From the semantics of V,=, A0, M’ sq = AO(q = E(;,qOp). Moreover,
Lemma shows that M’ sy = A. Therefore, from the semantics of A, M, sp = A A AO(q =
E(inayOyp). Thus, if T} is satisfiable, then so is Ty . O

In the following we show the transformation rule Trans(6) preserves satisfiability.

Lemma 3.5 Let T} = AU {o}, where v = AO(q = ¢1 A @2), and Tiy1 = AU Ry, where Ry =
{AD(q = ¢1),AO(q = ¢2)}, be two sets of CTL clauses such that Ty41 s obtained by an application
of Trans(6) to the formula 1 in T;. Then Ty is satisfiable iff Tyy1 is satisfiable.

Proof. Assume Ty = A AN AO(q = @1 A ¢2) is satisfiable in a model structure M = (S, R, L, [], so)

at the state sg in M. Based on the semantics of the logical connectives involved, we have that
(M, s0) E ANAD(q = o1 A p2)
iff (M, s0) = ANAD((g = ¢1) Ag = 2))
iff (M, so) = A and for each future path xs,, for each s; € x4, (M, s;) |= (¢ = ¢1) and (M, s;) =
(¢ = ¢2)
iff (M, s0) = AANADO(qg= 1) AAD(q = o)
Therefore, T} is satisfiable iff T} is satisfiable. O
Next, we show the transformation rule Trans(8) preserves satisfiability.

Lemma 3.6 Let T; = A U {¢}, where v = AO(q = D), and Tyy1 = AU Ry, where Ry =
{AO(true = —q V D)}, be two sets of CTL clauses such that Ty is obtained by an application of
Trans(8) to the formula v in Ty. Then Ty is satisfiable iff Ti11 is satisfiable.

Proof. AO(q = D) is obviously equivalent to AO(true = —¢ V D) as ¢ = D is propositionally
equivalent to true = —q V D. Therefore, T} is actually equivalent to T34 . O

The next rule we consider is the rule Trans(9).

Lemma 3.7 Let Ty = AU {4y}, where v = AO(q = AOyp), and Ty11 = AU Ry, where Ry =
{AD(q¢ = AOp),AO(p = )} and p € PpL does not occur in Ty, be two sets of CTL clauses such
that Ty41 is obtained by an application of Trans(9) to the formula ¢ in Ty. Then Ty is satisfiable
iff Try1 is satisfiable.

Proof. We first show the ‘if’ part. Assume T} is satisfiable in a model structure M = (S, R, L, [], so),
ie. M,so E AANAO(g = AOp) A AO(p = ). From the semantics of A and AO, we obtain that
(1) M,so = A and (2) for each path x, and for each s; € xs,, M, s; |= —~q or for each path xs,,
M, s;y1 = p and (3) for each path xs, and for each s, € x5y, M, sk =p = .

According to (2), if ¢ holds at the state s;, then AOp must hold at the state s; and for each
path xs,, p must hold at the state s; 1 with (sj,s;41) € R. Furthermore, by (3) we know ¢ must
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hold at the state sj;; and therefore AO¢p holds at the state s; and so does ¢ = AOwp. From the
semantics of AO and (1), we obtain M, so = A A AO(q = AOyp). Therefore, if T}41 is satisfiable,
so is 1.

Next, we prove the ‘only if’ part. Assume that T} is satisfiable in a model structure M =
(S,R,L,[],s0), i.e. M,s0 E AANAO(qg = AOgp). Let M’ to be a model structure identical to M
except that for every state s; € S, p is true at a state s; iff ¢ is true at s;. By definition of M’, we
have that AO(p < ) holds in M’, that is, M’, so = AO(p < ). Furthermore, as ¢ = AOgp is
true at a state s; in M’ iff ¢ = AOgp is true at s; in M, AO(q = AO¢y) is satisfiable in M’, that
is, M', s = AO(q = AOy). From M’ sy = AO(q = AO¢y) and the semantics of =, V and AQ,
for each path x,, and for each state s; € xs,, M, s; = q or M, s; = AOyp. From the semantics of
AO, for each path y, and for each state s; € x,, M’,s; [~ q or for each path x,, M’,s;j11 |= .
From M’ s;41 = ¢ and M, s0 = AO(p < ), we obtain M, sj11 = p. So, for each path y,, and
for each state s; € xs,, M',8; & q or M',s; = AOp. Therefore, from the semantics of = and
A0, M';sg = AO(q = AOp). Also, by Lemma Bl M’ sy = A. Thus, if T} is satisfiable, so is
Ty O

Lemma 3.8 The CTL formula ADp = AOADy is valid.

Proof. Let M = (S, R, L,[], so) be an arbitrary model structure and s be an arbitrary state in S.
1. If M, s = AQgp, then M, s = AQp = AOADp.

2. If, on the other hand, M,s = AOy, then from the semantics of AO for every path ys and

!

every state s’ € x5, M,s" |= ¢. Therefore, for every successor state s” of s, for every path

Xs, and for every state s’

€ xs, we obtain that M, s”" | ¢. Thus, from the semantics of
ADO, we obtain that for every successor state s” of s, M,s” = AOp. From the semantics of

AQ, we obtain that M, s = AOADOyp. Thus, M,s = AQp = AOADp.
As M is an arbitrary model structure and s is an arbitrary state in S, AQyp = AOADOyp isvalid. 0O
Now we prove that the transformation rule Trans(17) preserves satisfiability.

Lemma 3.9 Let T = A U {¢}, where v = AO(q¢ = AOyp), and Ty11 = AU Ry, where Ry =
{AO(q = p), AO(p = ¢),AO(p = AOp)} and p € PpL does not occur in Ty, be two sets of CTL
clauses such that Ty41 is obtained by an application of Trans(17) to the formula v in Ty. Then T}
is satisfiable iff Ty is satisfiable.

Proof. Assume T; is satisfiable in M = (S, R, L,[], s0), i.e. M,so = A AN ADO(qg = AOyp). Let
M'"=(S,R, L [], so) be identical to M except that M’ s = piff M’, s = AOgp, for every state s in
S. Thus, we know that (1) M’,s = p < AOp. By LemmaBTl M’, s = AANAO(g = AOp). From
the semantics of A, we obtain that (2) M’, sy = AO(¢ = AOgp). From (2), (1) and the semantics
of = and AO, as s is an arbitrary state in .S, we obtain that M’ so = AO(q = p). Moreover, from
(1) and the semantics of AO, we obtain that M’, s = (p = ¢). As s is an arbitrary state, we obtain
M’ so = AO(p = ¢). From (1) and by Lemma B8 we obtain that M’, s E (p = AOAOy). From
(1) and the semantics of AO, M’, s E (AOADy = AOp). From the semantics of =, we obtain
that M',;s E (p = AOp). As s is an arbitrary state, we obtain that M’ sy = AO(p = AOp).
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Therefore, M',sp E A ANAO(g = p) ANAO(p = ¢) A AO(p = AOp). We prove that if Ty is
satisfiable, so is Tj41.

Next we prove the ‘if’ part. Assume Ty is satisfiable in M = (S, R, L, [], so), i.e. (3) M,so =
ANAO(g = p) NAD(p = ¢) AAO(p = AOp). Let s be an arbitrary state in S. If M,s = p,
then M,s = (p = AOp). If, on the other hand, M,s = p, then by an inductive augment we
can conclude from (3) and the semantics of AO and AO that for every path ys and for every
state s; € x5, M,s; = p. Thus, we obtain that (4) M,s = (p = AOp). From (3), we know
that in every state p = ¢ holds and, thus, from (4) and the semantics of = and AO, we obtain
that (5) M,s = (p = AOg). From (3), (5) and the semantics of = and AO, we obtain that
M, s | (g = AOgp). As s is an arbitrary state, we obtain that M, so = AO(¢ = AOyp). From (3)
and the semantics of A, we obtain that M, so = A A AD(q = AOQgp). Thus, if T;41 is satisfiable, so
is Ty. O

The next rule we prove to preserve satisfiability is Trans(19).

Lemma 3.10 Let T, = A U {¢}, where v = AO(q = A(pUl)), and Tiy1 = A U Ry, where
R, = {AO(¢g = I Vp),AD(p = ¢),A0(p = AO(l V p)),AO(q = ASOl)} and p € PpL does not
occur in Ty, be two sets of CTL clauses such that Tyy1 is obtained by an application of Trans(19)
to the formula v in Ty;. Then T} is satisfiable iff Ti41 is satisfiable.

Proof. Assume T; is satisfiable in the model structure M = (S, R, L,[], so), at the state s, i.e.
M,so = ANAD(qg = A(pUl)). Let M' = (S, R, L', [], so) be identical to M except that for every
state s, € S, M',s; Epift M’ s; = A(pUI)A—=I. Thus it holds that (1) M’,s; =p < A(pU)A-L.

By Lemma Bl we have M’,so = AAADO(q = A(pU)) and consequently M', so = AO(q =
A(pUI)). From the semantics of AO, we have, for every state s; € S, (2) M, s, Eq= A(pU]).

1. From (2) and propositional reasoning, we obtain that (3) M’,s; = (gA—l) = (A(eU1))A-L).
Together with (1), (3) give us M',s; = (¢ A=l = p). Thus, M',s; = (¢ = 1V p). From the
semantics of AO, M’ so = AO(q = 1V p).

2. From (1), we have M’ s; = (p = —l) and from the semantics of AU, (1) also implies that
M’,s; = (p = ¢VI). Thus, we have M, s; = (p = ¢). From the semantics of A, we obtain
that M’,so = AO(p = ).

3. From (1) and the semantics of AU, if M’ s; = p, then for every path ys,, there exists a
state s; € xs,,J > ¢ such that M’,s; =1 and for every state si € xs,,1 < k < j, M, s = ¢.
Thus, we know that for every successor state s;41 of s;, M’ s;41 E IV (A(eU1)) A—l). From
(1), M',s;41 E IV p. Thus, from the semantics of AO, M’,s; E AO(IV p). Therefore, from
the semantics of =, we have M’ s; = p = AO(l V p). From the semantics of ADO, we have
M, so = AO(p = AO(l V p)).

4. From (2) and the semantics of AU and AO, we obtain that if M’,s; = ¢, then for every
path xs,, there exists a state s; € x,, such that M',s; =1 and for every state si € x5, <
k< j,M,s, = . Thus, M',;s; E (¢ = ASOl). From the semantics of AO, we have
M’ so = AD(q = AQI).
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Thus, if T is satisfiable, then so is T}41.

Next, we prove ‘if’ part. Assume that T} is satisfiable in the model structure M = (S, R, L, [], so),
ie. M,so EAANAO(g=1Vp) ANAO(p= @) ANAO(p = AO(IVp)) AN AD(q = ASI), and conse-
quently (4) M, so = AD(q = 1V p), (5) M,so = AD(p = ), (6) M,so = AD(p = AO(IV p)),
and (7) M, so = AO(q = AOIl). We need to show that M, so = AD(q = A(pUl)).

Let s; be an arbitrary state in .S.
o If M, s; b~ q, then M,s; |Eq= A(pUl));
e if, on the other hand, M, s; = ¢, then

— if M, s; =1, then, from the semantics of AU and =, we have M, s; = q¢ = A(pU));

— if, on the other hand, M, s; [~ [, then from (4) and propositional reasoning, M, s; = p.
By an inductive argument, we can conclude from (6) that for every path ys,, either (8)
for every state s; € xs,, M, s; = pA—lor (9) there exists a state s; such that M, s; =1
and for every state si,i < k < j, M, s E pA-l. From (7) and the semantics of AO and
A as M, s; | g, the possibility of (8) can be eliminated and this leaves (9) as the only
possibility. Therefore, we obtain that M, s, = ¢ = A(pU ). From (5), the semantics of
A0 and propositional reasoning, we have M, s, = q¢ = A(pU ).

From the semantics of AD, we have M, so = AD(q = A(plU))). Therefore, M, so = ANADO(q =
A(pU))). Thus, if Tiy; is satisfiable, then so is T;. O

Theorem 3.1 Let Ty = AU {9} and Ti11 = AU Ry be two sets of CTL clauses such that Tiiq
1s obtained by an application of a transformation rule of the form v — R; in the set Trans to the
formula 1 in Ty. Then Ty is satisfiable iff Tyy1 is satisfiable.

Proof. To prove this theorem, we need to show that every transformation rule in the set Trans
preserves satisfiability.

Lemma B B3 B6 B4, and B0 prove that the transformation rules Trans(1), Trans(6),
Trans(8), Trans(9), Trans(17) and Trans(19) preserve satisfiability, respectively.

The proofs that Trans(2) to Trans(5) preserve satisfiability are analogous to the proof for
Trans(1) in Lemma Bl The proof that Trans(7) preserves satisfiability is analogous to the proof
for Trans(6) in Lemma B The proofs that Trans(10) to Trans(16) preserve satisfiability are
analogous to the proof for Trans(9) in LemmaBl The proof that Trans(18) preserves satisfiability
is analogous to the proof for Trans(17) in Lemma B The proofs that Trans(20) to Trans(22)
preserve satisfiability are analogous to the proof for Trans(19) in Lemma BI0 O

Weight functions for CTL formulae

Generally speaking, the purpose of our transformation rules is to keep the operators our resolution
rules can operate, eliminate unwanted operators, move the formula to the side we favour, and rewrite
a complex formula into a few simpler formulae. To show that the transformation terminates, we
assign weights to CTL clauses and sets of CTL clauses. The intuition of how the weights are

assigned is that we assign the lower weights to the operators and formulae we favour and higher
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weights to the operators and formulae we do not want in SNF¢ . We give a few example to

explain.

1. We prefer all the existential path quantifiers are indexed. Consequently, the weights of
EO,EC,E0EU ,EW are higher than the weights of En,q)O, Einay©, E(ingy 3, Eginay U,
E(inay W, respectively.

2. The unwanted operators are O, U , W . Therefore, their weights are higher than the weights
of operators O and <.

3. We prefer the propositions to occur at the right-hand side of a clause. Thus, the propositions
at the left-hand side of a clause have higher weights compared to the propositions at the

right-hand side of a clause.

4. The formula A< @, where ¢ is not a literal, is obviously more complex than the formula A$I.
Thus, AOy has a higher weight.

Therefore, to show the termination, as any weight of a formula can not be a negative number, we
just need to prove that every application of a transformation rule strictly reduces the weight of a
set of CTL clauses.

We define the following three weight functions:

1. w(T"), which assigns a weight to a CTL clause T';

2. w(L,¢), which assigns a weight to a CTL formula ¢ occurring on the left-hand side of a CTL

clause; and

3. w(R, ), which assigns a weight to a CTL formula ¢ occurring on the right-hand side of a
CTL clause.

Except for the case for atomic propositions, w(L, ¢) and w(R, ¢) are defined analogously. Therefore,
to ease the following definition, we use w(x, p) where a case of definition applies to both w(L, )
and w(R, ). The inductive definition of three weight functions is as follows.

For every CTL clause I' = AO(p1 = ¢2), the weight w(T") of T is defined as follows.

L w(ABD(p1 = ¢2)) = w(L, ¢1) + w(R,02) + 1;

2. w(z, start) = 1;

3. w(z,true) = w(x, false) = 1;

4. w(L,p) =5;

5 w(R,p) =1;

6. w(z,~p) = w(z,);

7. w(x, o1 A pa) =w(x, 1)+ w(z,p2) +7;

8. w(z, 1V p2) = w(z, 1) +w(x, p2) + 1, where both ¢ and @9 are disjunctions of literals;
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9. w(z, 01V p2) = w(z,v1) + w(z,v2) + 9, where only one of ¢1 and @9 is a disjunction of

literals;

10. w(z, @1 V p2) = w(z,p1) + w(x, 2) + 17, where neither of ¢; and @2 are a disjunctions of

literals;
11. w(z, AOp) = w(z, Bnq D) = w(z, ) + 16;
12. w(z, EDp) = w(x, ) + 17;
13. w(z, ACp) = w(x, Ejing Op) = w(z, ) + 9, where ¢ is not a literal;
14. w(z, AOl) = w(x, Bing Ol) = w(z, 1) + 1;
15. w(z, ECp) = w(z, ¢) + 10;
16. w(z, AOyp) = w(z, BinaOp) = w(x, ¢) + 9, where ¢ is not a disjunction of literals;
17. w(z, AOp) = w(x, BiqgOp) = w(z, @) + 1, where ¢ is a disjunction of literals;
18. w(xz, EOp) = w(x,¢) + 10;
19. w(z, A(p1U p2)) = w(x, Bginag) (01 U @2)) = w(z, o1)+w(z, p2)+46, where @3 is not a literal;
20. w(z, E(p1U p2)) = w(x, p1) + w(z, p2) +47;
21. w(z, A(pUl)) = w(z, Bjng (@UL)) = w(z, p) +w(z,l) + 38;

22. w(z, A(p1 W2)) = w(z,Egnay (01 We2)) = w(z, ¢1) + w(z, 92) + 46, where ¢ is not a

literal,
23. w(z,E(p1 Wp2)) = w(z, p1) + w(z, p2) + 4T;
24. w(z, A(pWI)) = w(z, Eging) (0 W1)) = w(z, p) +w(z,1) + 38;

Note that a disjunction of literals can consist of a single literal. For every set A of CTL clauses,

w(A) =Y w(l).

rea
In the following, we prove that each application of a transformation rule to a clause I' in a set

T of CTL clauses results in a set 77 of CTL clauses that strictly weights less than T. First, we

consider the transformation rule Trans(1).

Lemma 3.11 Let T} = A U {T'}, where ' = AO(q = EOy), be a set of CTL clauses. Let
Tipr = AUA{T'}, where I = AD(q = E(ingyOp), be a set of CTL clauses such that Tyyy is
obtained by an application of Trans(1) to the formula T in T;. Then the weight of Ty is strictly
greater than the weight of Tyy1.
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Proof. We need to show that w(T;) —w(Ti1) > 0, i.e. w(A)+w(T) —w(A) —w(I”) > 0. According

to the definition of the weight function for CTL clauses, we have

w(T) = w(L,q) + w(R, EOy) + 1
5+ w(R, ) +10+1

w(R, @) + 16;

if  is not a disjunction of literals, then

w(l) =w(L,q) +w(R, E(inayOp) +1
=5+wR,¢)+9+1
=w(R, ) + 15;

or if ¢ is a disjunction of literals, then

=5+wR,)+1+1
=w(R,p) + 7.

Therefore, w(T}) — w(Ti41) = w(A) + w(T') — w(A) —w(I”) is 1 or 9, which is greater than 0. O

Lemma 3.12 Let T; = AU {T}, where T' = AO(q = @1 A p2), be a set of CTL clauses. Let
Tir1 = AU{T, T2}, where Ty = AO(q = ¢) and To = AD(q = ¢2), be a set of CTL clauses such
that Tyy1 is obtained by an application of Trans(6) to the formula T in Ty. Then the weight of T}
is strictly greater than the weight of T4 1.

Proof. We need to show that w(T;) — w(Ty1) > 0, ie. w(A) +w(T) — w(A) —w(Ty) —w(Ty) > 0.

According to the definition of the weight function for CTL clauses, we have

=54+ wR,¢1) +w(R,p2) +7+1
= ’LU(R, (Pl) + ’LU(R, (PQ) +13

and

w(l') =w(L,q) +w(R,¢1) +1
= w(RNPl) + 6
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and

w(l2) = w(L,q) + w(R,p2) + 1
= ’LU(R, (PQ) +6

Therefore, w(T;) — w(Tiy1) = (wW(A) + w(l)) — (w(A) + w(T1) + w(l2)) = (w(A) + w(R,¢1) +
w(R, p2) +13) — (w(A) + w(R, 1) + 6 + w(R, p2) +6) =1 > 0. 0

Lemma 3.13 Let Ty = AU{T'}, where ' = AO(q = D) and D is a disjunction of literals, be a
set of CTL clauses. Let Tyy1 = AU{T'}, where IV = AD(true = —qV D), be a set of CTL clauses
such that Ty4q is obtained by an application of Trans(8) to the formula T in T;. Then the weight
of Ty 1is strictly greater than the weight of Tyyq.

Proof. We need to show that w(T;) —w(Ti4+1) > 0, i.e. w(A)+w(T) —w(A) —w(I”) > 0. According
to the definition of the weight function for CTL clauses, we have

w(T) =w(L,q) + w(R,D) +1
=5+w(R,D)+1
= w(R,D) +6

and

w(I) = w(L, true) + w(R,~qV D) + 1
=14+wR,~q) +wR,D)+1+1
=14+wR,q) +wR,D)+1+1
=14+14+wRD)+1+1
=w(R,D)+4

Therefore, w(T;) — w(Tiy1) = w(A) + w(T) — w(A) —w(I’) =2 > 0. O

Lemma 3.14 Let Ty = AU {T'}, where I' = AD(q = E(,qOp), be a set of CTL clauses. Let
Ti1 = AU{T, T}, where T'y = AO(q = E(jpq)Op) and T'y = AO(p = ¢), be a set of CTL
clauses such that Tyy1 is obtained by an application of Trans(10) to the formula T in T;. Then the
weight of Ty is strictly greater than the weight of Tyy1.

Proof. We need to show that w(T;) — w(Ty41) > 0, i.e. w(A) +w(T) —w(A) —w(T'y) —w(T2) > 0.
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According to the definition of the weight function for CTL clauses, we have

w(T)

5+wR,p)+9+1
w(R, ) + 15

and

w(l'1) = w(L, q) + w(R,Eing Op) + 1
—54+wRp)+1+1
=54+ 14141
-8

and

Therefore, w(T;) — w(Ti+1) = w(A) + w(T) — w(A) —w(1) —w(T2) =1>0. O

Lemma 3.15 Let T, = AU {T'}, where I' = AO(q = AOy), be a set of CTL clauses. Let
Tiv1 = AU{T1,T5, T3}, where Ty = AO(q = p), I's = AO(p = ¢) and T's = AO(p = AOp), be
a set of CTL clauses such that Tyyq is obtained by an application of Trans(17) to the formula T in
Ty. Then the weight of Ty is strictly greater than the weight of Tii1.

Proof. We need to show that w(T)—w(Ti41) > 0, ie. w(A)+w(T)—w(A)—w(T1)—w((2)—w(s3) >
0. According to the definition of the weight function for CTL clauses, we have

w(l) = w(L, q) + w(R, ADp) +1
=5+w(R,¢)+16+1
= w(R,p) +22

and

=5+1+1
=7
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and

w(T2) =w(L,p) + w(R,¢) +1
=5+w(R,p)+1
=w(R,p)+6

and

w(T3) = w(L,p) + w(R, AOp) + 1
=5+w(R,p)+1+1
514141
—3

Therefore, w(Ty) — w(Tiy1) = w(A) + w(T) —w(A) —w(I;) —w(l2) —wls) =1>0. O

Lemma 3.16 Let T; = AU {T'}, where T' = AO(q = A(eU!)), be a set of CTL clauses. Let
Tiy1 = AU{T1,T9,T3,T4}, whereI'y = AO(¢ = 1Vp), [y = AO(p = ) I's = AD(p = AO(IVp))
and Ty = AO(q = AQL), be a set of CTL clauses such that Ty+1 is obtained by an application of
Trans(19) to the formula T in Ty. Then the weight of Ty is strictly greater than the weight of Tyi1.

Proof. We need to show that w(T;) — w(Ti41) > 0, i.e. w(A) +w(l) —w(A) —w(ly) — w(ls) —
w(Tg) —w(Ty) > 0. According to the definition of the weight function for CTL clauses, we have

w(l) =w(L,q) + wR, A(pUl))+1
=5+w(R,¢) +w(R,1)+38+1
=5+wR,¢)+1+38+1

= w(R, ) + 45
and
w(l') =w(L,q) +w(R,IVp)+1
=5+w(R,l)+wR,p)+1+1
—54 1414141
—9
and

w(T2) = w(L,p) + w(R, ) +1
=5+w(R,¢)+1
=w(R,¢) +6
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and
w(l3) =w(L,p) + w(R, A0 Vp)) +1
=5+wR,IVp) +1+1
=5+wR, ) +wRp)+1+1+1
=5+14+1+14+1+1
=10
and

w(ly) =w(L,q) + w(R, Al + 1
—54+wRD)+1+1
=5+1+1+1
=38

Therefore, w(T) — w(Ti4+1) = w(A) +w(T) —w(A) —w(l'y) —w(l2) —w(ls) —w(ly) =12 > 0. O

Theorem 3.2 Let Ty11 be the set of CTL clauses obtained by an application of a transformation
rule to a clause T in the set of CTL clauses Ty. Then the weight of Ty is strictly greater than the
weight of Tyyq.

Proof. To show this theorem holds, we only need to prove that w(7;) — w(Ti+1) > 0 for each trans-
formation rule. For the transformation rules Trans(1), Trans(6), Trans(8), Trans(10), Trans(17),
and Trans(19) we have already done so in Lemma BTT BT BT3, BT4 BTH and B0 respectively.
For the remaining transformation rules the result can be shown analogously. Below we only list the

result of w(T;) — w(T41) for each rule.

Rule | w(T;) — w(Ti41) | Rule | w(T:) — w(Ty41) | Rule | w(Ty) — w(Tiy1)
(1) lor9 (2) lor9 (3) 1

(4) 1or9 (5) 1or9 (6) 1

(7) 1 (8) 2 9) 1

(10) 1 (11) 1 (12) 1

(13) 1 (14) 1 (15) 1

(16) 1 (17) 1 (18) 1

(19) 12 (20) 12 (21) 20

(22) 20

a

Lemma 3.17 Let T be a set of CTL clauses. If T contains a clause I' which is not in SNFgp .

then there exists a transformation rule, which can be applied to T" in T.

Proof. According to the syntax of CTL formulae and SNFg,,; formulae, the possible forms of for-

mulae occurring on the right-hand side of a CTL clause are the following: true, false, p, -,
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(e AY), (e V), (p = ¢), ADp, ASp, AOp, AlpUY), A(p W), EOp, ECp, EOp, E(oU 1),
E(eWY), Eing) D¢, E(inayC@, EinayO@, Egina) (U ), and E;nqy (@ W), where ind is an ar-
bitrary index in Ind, p is a proposition and ¢ and ¥ are CTL formulae. As we apply the functions
simp and nnf at the beginning of the transformation, CTL formulae of the form true, false, —¢
(for a formula ¢ which is not a proposition), and ¢ = 1 can not occur on the right-hand side of a
CTL clause in T'. For the remaining possible forms that I' might take, the table below shows that

if T' is not a SNFg& . clause, then there exists a transformation rule which can be applied to T

Form Trans | Form Trans Form Trans
q=p (8) |g= A0y (17) q= EOp (3)
q=-p 8) |g= A0y (11) q=ECyp (2)
g=¢NY| (6) |g=AOyp (9) q=EOgp (1)
q=@VY|(T)or (8)|q= AlpUY) |(13) or (19) | ¢ = E(pU ) (4)
q=A(eW1)|(14) or (21) | ¢ = E(p W) (5)
q = E(nay0p (18)
q = E(ing)Op (12)
q = E(ing)Op (10)
q = Eina) (9UY) | (15) or (20)
q = Eina) (¢ W) | (16) or (22)

Theorem 3.3 Let To,T1,. .. be a sequence of sets of CTL clauses such that Ty = init(p) for some
CTL formula ¢ and Tyy1 is obtained from Ty by applying a transformation rule to a clause in
T:. Then the sequence Ty, T4, ... terminates, i.e. there exists an index n,n > 0, such that no

transformation rule can be applied to any clause in T,,. Furthermore, all clauses in T, are in
SNF& 1.

Proof. Follows from Lemma BT and Theorem a

Using the following notation of the size of a CTL formula we are able to characterise the

computational complexity of the normal form transformation.

Definition 3.12 Size of a CTL formula
Let ¢ and v be arbitrary CTL formulae; and p be an arbitrary atomic proposition in Pp.. We

inductively define the size sz of an arbitrary CTL formula as follows:
1. sz(true) = sz(false) = sz(p) = 1;

2. sz(—p) = sz(AOp) = sz2(ACp) = s2(AOp) = sz(EQp) = s2(ECp) = sz2(EOp) = sz(p) + 1;

and

3. sz2(p NY) = sz2(p V) = sz(p = ¥) = sz(A(pU)) = s2(A(p W) = s2(E(pUY)) =
sz(E(e W) = sz(p) + sz(¢) + 1.
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Theorem 3.4 Let ¢ be an arbitrary CTL formula and T,, be a set of SNF& clauses obtained
from Ty = init(p) by n applications of our transformation rules. Then n is linearly bounded in the

size of ¢ and the set T,, can be computed in polynomial time in the size of .

Proof. Let ¢ be of size m and we assume that ¢ is already in negation normal form. By the
definition of the weight function, we know that the weight of Ty = init(¢) is w(AO(start =
p)) + w(AD(p = 1)), where 1 = simp(nnf(y)). It is not hard to see that the function simp only
reduces the size of ¢. Thus, the size of ¥ is bounded by the size of ¢. Furthermore,

w(ADO(start = p)) = w(L, start) + w(R,p) + 1
—1+41+1
—3

and

w(AO(p = ¥)) = w(l,p) + w(R, ) +1
=5+ w(R,¢)+1
= w(R, ) + 6.

Therefore, w(Ty) = w(R,®) + 9. As the maximal weight for a constant, proposition, boolean
operator or temporal operator is 47, then w(R, ) is bounded by 47m + 9. Since, by Theorem B2,
each application of a transformation rule to T; results a Ty41 with w(Tyy1) < w(T}) — 1, T;, can be
computed in less than 47m + 9 applications of the transformation rules.

Regarding the complexity of each application, we assume CTL clauses are stored in a tree data
structure. For example, the tree in Figure Bdl represents the CTL clause p = EO(q; V AOgy).
Then according to our transformation rules, by reusing the subtrees representing subformulae as
appropriate, generating the results of clauses from the clause which the rule applies to can be
accomplished in constant time in the size of ¢. The pattern matching procedure determining that
for a given CTL clause not in SNF§,.; which rule to apply, requires linear time in the size of ¢ in
the worst case.

Therefore, the set T}, can be computed in polynomial time in the size of . O

Theorem 3.5 Let ¢ be an arbitrary CTL formula and T,, be a set of SNF¢. 1 clauses obtained
from Ty = init(p) by a linearly bounded applications of our transformation rules in the size of .
Then ¢ is satisfiable iff T,, is satisfiable.

Proof. Follows from Theorem B3 Lemma B2 Theorem Bl and Theorem B4l O

3.5.2 Soundness and completeness

Theorem 3.6 (Soundness of RET‘SL) Let T be a set of SNF¢p; clauses. If there is a refutation

of T by RE’TSL, then T is unsatisfiable.
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Figure 3.4: p = EO(q; V AOge) stored in a tree structure

Proof. Let Ty, T, ..., T, be a derivation from a set of SNFg,p; clause Ty = T by the calculus RE’TSL.

We will show by induction over the length of the derivation that if Tj is satisfiable, then so is T,.

For Ty = T, the claim obviously holds. Now, consider the step of the derivation in which we
derive Tyy1 from T} for some ¢t > 0. Assume T} is satisfiable and M = (S, R, L, [], so) is a model

structure satisfying 7.

First, we show that SRESI is sound. Assume AO(P = AO(C V1)) and AO(Q = AO(D V
—l)) are in T;. Let T;41 be obtained by an application of SRES1 to AO(P = AO(C V1)) and
AO(Q = AO(D Vv Al)), that is, Ty = T U {AO(P A Q = AO(C V D))}. We show that M
also satisfies T;y1. Consider an arbitrary state s € S. If M, s = P or M, s [~ @, then obviously
M,s =P AQ= AO(CV D). Assume that M,s = P and M, s = Q. From AO(P = AO(C V1)),
AO0(Q = AO(D V —l)) and the semantics of AO, we obtain that M,s E P = AO(C Vv l) and
M,s E Q= AO(DV-l). From the semantics of =, we obtain that M, s = AO(C' V1) and M, s =
AO(DV~l). From the semantics of AO, we obtain that for all successors s’ of state s, M, s’ = CVI
and M, s = DV —l. Asl and -l cannot both be true at state s’, we conclude that M, s’ = CV D.
From the semantics of AO, we have M, s = AO(C' V D). Therefore, M,s = PANQ = AO(C V D).
As s is arbitrary, from the semantics of AO, we have M, sy = AO(P A Q = AO(C' V D)).

We show that SRES?2 is sound. Assume AO(P = E(;,qyO(C V1)) and AD(Q = AO(D Vv —l))
are in T;. Let Tyy1 be obtained by an application of SRES2 to AD(P = E;;qO(C V1)) and
AD(Q = AO(DV =), that is, Ty11 = T; U{AO(P A Q = E(jngyO(C V D))}. We show that
M also satisfies Tyy1. Consider an arbitrary state s € S. If M,s £ P or M,s £~ Q, then
obviously M,s = P A Q = E(,qyO(CV D). Assume that M,s = P and M,s |= Q. From
AO(P = E(inaO(C V), AD(Q = AO(D V -l)) and the semantics of AO, we obtain that
M, s = P = EingO(C Vi)and M, s = Q = AO(DV=I). From the semantics of =, we obtain that
M, s |E EingyO(C V1) and M,s = AO(D V —l). From the semantics of AO, we obtain that for all
successors s’ of state s, M, s’ = DV~l. From the semantics of E(inq)O, we have that for the successor
s” of s such that s” is on the path XS”‘”, M,s" =CVI. As s” is a successor of s, M, s" = DV —l.
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As [ and -l cannot both be true at state s”, we conclude that M, s” = C'V D. From the semantics
of E(ing) O, we have M, s = E(;,,qyO(C' V D). Therefore, M,s = P AN Q = B, O(C V D). As s is
arbitrary, from the semantics of A, we have M, so = AO(P A Q = E(j,qyO(C' V D)).

We show SRES5 is sound. Assume AO(true = C' V1) and AO(start = DV —l) are in T;. Let
T;+1 be obtained by an application of SRES5 to AO(true = C'V1) and AO(start = DV —l), that
is, Ty41 = T, U {AO(start = C' Vv D)}. We show that M also satisfies T;41. Consider an arbitrary
state s € S. If s is not sp, then obviously M, s |= start = C'V D, because start is false at the state
s. Assume the state s is s9. From M, s = AO(true = C V) and M,s = AO(start = D V i)
and the semantics of AO, we obtain M, s = true = C' VI and M, s = start = D V —l. From the
semantics of true, = and start, we obtain M,s = CVIand M,s = DV —l. As [ and —l can not
both be true at the state s, we conclude M, s = C'V D. As s is sg, then from the semantics of start
we have M, s = start = C'V D. Since start = C'V D holds in sy and all other states, from the
semantics of A0, we conclude M, s = AO(start = C'V D). Thus the model structure M satisfies
Tiy1, Ty is satisfiable and SRES5 is sound.

Next we show SRESG6 is sound. Assume AO(true = C' V1) and AO(Q = AO(D V —l)) are
in T;. Let Tiy1 be obtained by an application of SRES6 to them, that is, T3+ = T; U {AD(Q =
AO(CVD))}. We show that M also satisfies Ti41. Consider an arbitrary state s € S. If M, s [~ Q,
then M,s = Q@ = AO(C Vv D). If, on the other hand, M,s = @, then from M, sy = AD(Q =
AO(D Vv —l)) and the semantics of AO, we obtain M,s = AO(D V —l). Consider an arbitrary
successor state s’ € S of s, we then have M, s’ = D V —l. By the assumption M, sg | AD(true =
C' V1) and from the semantics of AQ, true, =, we also have M, s’ = C V1. As [ and —l can not
both be true at the state s’, we conclude M, s’ = CV D. As state s’ is an arbitrary successor state
of s, we obtain M, s = AO(C'V D). As M,s |E Q, we have M,s = Q = AO(C V D). As state s is
an arbitrary state, from the semantics of AO, we obtain M, so = AD(Q = AO(C Vv D)).

For the rule SRES3, the proof is analogous to that for SRES2; for the rules SRES4 and SRESS,
the proofs are analogous to that for SRES5; and for the rule SRES7, the proof is analogous to that
for SRES6.

Regarding RW1, from the semantics of AO and false we obtain that the formula AD(Q =
AOfalse) is true iff AO(Q = false) is true. This formula is propositionally equivalent to AO(—Q)
which in turn, by the semantics of = and true, is equivalent to AO(true = —@Q). The proof for
RW2 is analogous.

Next, we show ERESI is sound. Assume that AD(Q = A<$-l) is in Ty and there exists a set
Ago of SNFg, clauses in T} together implying AO(PT = EOEDI), where P is a disjunction of
conjunctions of literals (defined in Section BEZZ). Therefore, M satisfies AD(PT = EOEDI). We
show that M also satisfies AO(Q = A(—~(PT) W =l)). Consider an arbitrary state s; € S. If M, s; &=
Q, then obviously M, s; = Q = A(=(PT)W=l). Assume M, s; = Q. From AD(Q = AO-l) and
the semantics of AO and =, we obtain that M,s;, = AO—I. If M,s; = —l, then by the semantics
of AW, M,s; = A(=(P")W=l). From the semantics of =, M, s; = Q = A(=(PT)W-l). If, on
the other hand, M, s; = I, then from the semantics of A<, we know that for every path ys,, there
exists s; € xs,,J > @ such that M, s; = -l and for every k,i < k < j, M, s; |= L.

For an arbitrary state s € S, if M,s = AO-l Al then by the semantics of AO and A,
M, s = AOAO-I. Therefore, for all the successors s’ of s, M, s E AL
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Due to the property above and M, s; | AC—IAl and M, si, = [, by an inductive augment we can
conclude that for every k,i < k < j, M, s, | AO—l. As we know, M, s, = I. Therefore, M, s;, =
AO=I AL From the semantics of A<, for all paths xs,, there exists s, € xs,,n > k, M, s, = —l.
Next, we use a proof by contradiction to establish that for all k,i < k < j,M,s; = —(PT).
Assume that PT holds at s;. From the semantics of AO and =, we have M,s; = EOEDI.
From the semantics of EO and EO, we know that there exists a path x;, such that for all states
Sm € Xsp,™M > k, M, s, = 1. This is a contradiction. Therefore, =(PT) must hold at all the states
sg. From the semantics of AU , we obtain that M,s; = A(=(P")U —l). From the semantics of
AW, we obtain that M,s; = A(~(PT)W=I). Thus, M,s; = Q = A(=(PHYW-l). As s; is
arbitrary, from the semantics of AO, M, so = AD(Q = A(=(P")W-l)). The proof for ERES? is

analogous. a

Our proof of the completeness of RETSL makes use of (reduced) labelled behaviour graphs, which
will be defined later in this section. These graphs can be seen as finite representations of the set of
all models of a set of SNFg,1; clauses.

First, we briefly discuss how our proof proceeds. We introduce the idea of augmentation, which
was originally developed for a resolution calculus for PLTL [38]. Next, we create a finite labelled
directed graph, called a labelled behaviour graph, for an augmented set of SNFg; clauses. To
create a CTL model structure for a set 7' of SNF¢, clauses from a labelled behaviour graph
for T, some nodes and some subgraphs of a labelled behaviour graph for 7" cannot be involved.
For instance, a node without any successor nodes in a labelled behaviour graph cannot be used
to construct a CTL model structure, as all paths in a CTL model structure are infinite. To
remove such nodes and subgraphs from a labelled behaviour graph, we define a set of deletion
rules. We call a labelled behaviour graph H a reduced labelled behaviour graph if it is obtained
by exhaustively applying deletion rules to H. We show that, if an augmented set T of SNF&..
clauses is unsatisfiable, then its reduced labelled behaviour graph is empty. We also prove that
each application of a deletion rule corresponds to a derivation from T by RETSL Therefore, if T is
unsatisfiable, its reduced labelled behaviour graph H.,..4 is empty and the sequence of applications
of the deletion rules, which reduce the labelled behaviour graph for T' to an empty H,.q, can be
used to construct a refutation in RET‘SL In the following, we show the detailed completeness proof.

Let T be a set of SNF¢; clauses obtained by applying the normal form transformation to a

given CTL formula. Recall from Section BZ2 an application of ERES1 or ERES2 to the set T
A

-l

ind
=l

may introduce new propositions, for example w2, and w into T'. Our completeness proof makes
use of the labelled behaviour graph, whose construction is closely related to the set Prop(T) of
propositions occurring in 7. For our completeness proof, it is very inconvenient if Prop(T) may
change during a derivation. Therefore, we introduce augmentation, which adds certain clauses
associated with these new propositions into 7' right from the beginning, i.e. before any resolution
rule is applied to T. In this way, we can be sure that no new propositions appear during the
application of resolution rules. That is Prop(T) stays the same, if T' is augmented. Moreover, we
also show that augmentation is correct.

We adapt the augmentation procedure used in [38] for PLTL to CTL to establish a relation be-

tween the new atomic propositions introduced by applications of ERES1 or ERES2 and eventualities
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associated with them.

Definition 3.13 Augmentation
Given a set of SNFg clause T', we construct an augmented set aug(T) as follows: the augmented

set aug(T) is the smallest set containing 7' and satisfying the following conditions:
e For every A-sometime clause in T, Q = A<l aug(T') contains the clauses

true = -Q VvV -lV wfl
wh = AO(-lV wh)

A

where w2, is the proposition uniquely associated with A<$—l (L.e. wfl is the same proposition

we used for ERESI).

e For every E-sometime clause in 7', Q = Ej,q) 1, aug(T) contains the clauses

true = -Q VvV -lVv wi’}d,
wind = E(md>0(ﬂl V wi’;d)

Il

ind

-l

ind

-l

sition we used for ERES2).

where w”}® is the proposition uniquely associated with E;,,q) <l (i.e. w?® is the same propo-

It must be noted that there is a minor mistake regarding augmentation in [I5]. In [I5], the new
proposition for a sometime clause is uniquely associated with the tuple of the path quantifier A or
E, the temporal operator & and the literal, but not including the index if the clause has one. For
example, given two E-sometime clauses p = E(1yOl and ¢ = E(3)<l, according to [I5], the same
proposition w; is associated with both. However, this may lead to the augmentation of a satisfiable

set of SNF§ 1, clauses being unsatisfiable, as the following example shows.

Example 3.10
Let T be the following set of SNF&; clauses (which can be satisfied in the CTL model structure
in Figure B3).

1. q = EpOnl

2. r = B0l

3.start = r

4. start = [

5. start = p

6. D = E<1>Op

7. p = B0l

Following [15], its augmentation aug(T") consists of T itself and the following clauses.

8. true = —qV —l V wy [1,AUG]
9. wo = E<1>O(ﬁl Y ’wﬁl) [1, AUG]
10. true = —r VvV -l V w, [2,AUG]
11. wo; = E<2>O(—'l \ wﬂl) [2, AUG]
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where [¢, AUG] indicates the application of augmentation to clause ¢. Then we are able to derive

the following clauses.

12. W] = E<1>O(ﬁl V —p) [1,6,7, ERES2]
13. true = —qV IV —p [1,6,7, ERES2]
14. p ANw—y = BEyO-l [6,12, SRES3]
15. p Aw—y = E(yOfalse [7,14, SRES3]
16.  true = —pV ~w, [15, RW2]

17. start = -l Vwy [3,10, SRES5]
18. start = w-, [4,17, SRES5]
19. start = —w_; [5,16, SRES5]
20. start = false [18,19, SRES4]

Thus, we are able to derive a contradiction from this augmentation of 7. As the model structure

in Figure B0 satisfies the set 7" of SNF&; clauses, the set T' is satisfiable and aug(T') should also
be satisfiable. Therefore, the definition of augmentation in [I5] is incorrect.

In contrast, according to our definition of aug(T'), the augmentation of 7' consists of T" plus the

following clauses.

8. true = —¢q V ~l V wl, [ ]

9. wl, = E4nHOo(-lvuwl) [ ]

10. true = —r V ~l V w?, [2, AUG]

11. w?, = Epo(-lvu?) | ]

With the ordering r = p = [ > w!, = w?, and the selection function S mapping every propositional

disjunction C to an empty set, we are then able to derive the clauses below.

12wl = EqO(-lV -p) 1,6,7, ERES2]
13. true = —qV IV -p 1,6,7, ERES2]
4. pAwly = EqyO-l 6,12, SRES3|
15. p Aw!, = E(yOfalse 7,14, SRES3]

17. start = —lVw?, 3,10, SRES5|
18. start = w? 4,17, SRES5]

[
[
[
[
16. true = —pV -wl, [15, RW2]
[
~ [
[5,16, SRES5]

19. start = —w!,

As we can see, wzl in clause 18 and wil in clause 19 are different atomic propositions, so we are

not able to derive a contradiction from clauses 18 and 19.
Next, we formally prove that our augmentation preserves satisfiability.

Lemma 3.18 Let T be a set of SNF& . clauses and M be a model structure satisfying T. If T' is
a subset of T, then M also satisfies T".

Proof. Straightforward. ad

Lemma 3.19 Let T be a set of SNF¢p, clauses. The augmented set aug(T) is satisfiable iff T is
satisfiable.
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Fo

Figure 3.5: A model for T

Proof. As T C aug(T), by Lemma if aug(T) is satisfiable and a model structure M satisfies
aug(T), then M also satisfies T and, thus, T is satisfiable.

Conversely, if T holds in a model structure M; at the state sg, then M; can be extended to
another model structure Ms by giving wfl the same truth value as [ A AO—l and wi’}d the same
truth value as [ A E;,qy©—l in each state in My for each eventuality =/ in 7. We show that Ms
satisfies aug(T') at the state so of M.

Assume that Q = E;,q) Ol is in T'. We show that M, satisfies AQ(true =- ﬁQVﬁl\/wﬁ}d) and
AO(wnd = E(inayO(=l Vv wn®)) i.e. the two clauses added by augmentation for Q = E (ina)y Ol

Let s be an arbitrary state in M.

1. We know that Mi,s) = AD(Q = E(jqyCl). By the definition of My and Lemma BTl
we know that My, so = AD(Q = E(;,qyO—l). From the semantics of AO, M, s = Q =
E (inayO—l. By propositional reasoning, Mz, s = (Q Al) = (I AE(j,qyO—l). By the definition
of My, Ma,s = (I A E(jnayO-l) = wnd. Therefore, by the semantics of =, we obtain that

M, s = (QAL) = wnd. Thus, Ma, s | true = —Q V —l Vw™?. Since s is an arbitrary state
in My, from the semantics of AO, we obtain that Ms, so = AO(true = -Q V =l V w"d).

Il

2. From the definition of Ma, we know M, s = w™® = (I A E jn,q)O).

o If My, s [~ wi’}d, then Ms, s | wi’}d = E(ind>0(ﬂl Vv wi’}d).
e If, on the other hand, My, s wf}d, then M, s = I A EipgyO—l. Thus, from the
semantics of E;,q) <, for the state s with (s,s") € [ind], either My, s’ = -l or My, s’ =
I A E(ingy©—l. By the definition of Ma, we know that Ma,s" = (I A Ejpg©-l) =
wd. Thus, either My, s’ |= =l or Ma,s' = w?. From the semantics of E(ina)O and

vV, My, s = E(l'nd)O(ﬁlvwf;d)- As My, s = wi’}d, we obtain that My, s E wi’}d =
E<ind>O(—|l vV wi’;d).

As s is arbitrary, from the semantics of AQ, My, so = AD(w™? = E(j,,qyO(— V w™?)).
The proof for @ = AO—l in T is analogous. Therefore, aug(T) is satisfied in My at state sg. O

We now introduce the notion of a labelled behaviour graph. Given a set Ind of indices an Ind-
labelled graph H is an ordered pair H = (N, E), where N is a set of nodes and F is a set of
directed edges in H of the form (n,ind,n’), where n,n’ € N and ind € Ind. If there exists an edge

(n,ind,n’) € E for some ind € Ind, then n’ is a successor of n and n is a predecessor of n'. If the
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label ind is also important for the relation of n and n’ in the context, we also say that n’ is an
ind-successor of n and n is an ind-predecessor of n’. When the label on the edge is not important,

we use (n,n’) to denote an edge, which means the label can be any index in Ind.

Definition 3.14 ind-reachable node in a graph
Given a set Ind of indices, an ind-labelled graph (N, E), and a node n € N, a node n’ € N is ind-
reachable from n iff there exists an edge (n,ind,n’) € E or there exists an edge (n”,ind,n’) € E

and n’ is ind-reachable from n.

Definition 3.15 reachable node in a graph
Given a graph (N, E) and a node n € N, anode n’ € N is reachable from n iff there exists an edge

(n,n’) € E or there exists an edge (n”,n’) € E and n” is reachable from n.

Definition 3.16 labelled behaviour graph
Let T be an augmented set of SNF¢p; clauses and Ind(7") be the set of indices occurring in T'. If
Ind(T) is empty, then let Ind(T") = {ind}, where ind is an arbitrary index in Ind. Given T and
Ind(7"), we construct a finite directed graph G = (N, E) for T as follows.

The set of nodes N of G consists of all ordered tuples n = (V, E4, Eg), where

1. V is a valuation of the atomic propositions occurring in T’
2. E4is asubset of {I|Q = AOl € T}; and
3. Ep is a subset of {l(inay | Q = E(inayOl € T'}.

Informally 4 and Eg contain eventualities that need to be satisfied either in the current node or
some node reachable from the current node.

To define the set of edges E of G we use the following auxiliary definitions. Let n = (V, Ea, Eg)
be a node in N. Let R4(n,T) = {D | Q = AOD € T, and V = Q}. Note if V does not
satisfy the left-hand side of any A-step clause (i.e. Ra(n,T) = (), then there are no constraints
from A-step clauses on successor node of the node n and any valuation satisfies Ra(n,T). Let
Rina(n,T) ={D | Q = E(;qyOD € T'and V |= Q}. Let Ry(T) = {D | true = D € T'}.

Let functions Eva (V,T) and Evg(V,T) be defined as

Eva(V,T)={l|Q = A0l e T and V |= Q}

and
EVE(V, T) = {l<ind> | Q= E(md><>l eT and V ): Q},

respectively. Let functions Unsata (Fa, V) and Unsat;nq(Fg, V) be defined as
Unsata (Fa,V)={l|l€ Eq and V [£ [}

and
Unsatmd(EE, V) = {l<ind) | l(ind) € Fg and V b& l},

respectively. For a node n = (V, E4,Eg) in G, if | € EA(ling € Eg) and V = [, then we say that

l (Lina) is satisfied in node n.
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Then E contains an edge labelled by ind from a node (V, E4, Eg) to a node (V',E/y, E%)
iff V' satisfies the set Ra(n,T) U Rina(n,T) U Ry(T), E/, = Unsata(E4,V) U Eva(V’',T) and
B, = Unsatjnq(Eg, V) UEvg(V',T). That is, there is an edge labelled with ind from (V, E4, EE)
to (V' E'y, E%) iff (i) V' satisfies all constraints imposed by A-step clauses, E-step clauses with
the index ind, and global clauses whose left-hand sides are satisfied by V, (ii) E’; consists of A-
eventualities not satisfied by V' plus additional A-eventualities triggered by V', and (iii) E’, consists
of E-eventualities with the index ind not satisfied by V plus additional E-eventualities with the
index ind triggered by V.

Let Ro(T) = {D | start = D € T}. Then the node (V, Ea, Eg), where V satisfies the set
Ro(T) U Ry(T), Ea = Eva(V,T) and Eg = Evg(V.T), is an initial node of G. That is, initial
nodes are those nodes such that (i) V satisfies all constraints imposed by initial clauses and global,
(ii) F4 consists of A-eventualities triggered by V, and (iii) Er consists of E-eventualities with the
index ind triggered by V.

The labelled behaviour graph H = (N', E') for an augmented set of SNF&; clauses T is the
subgraph of G such that the set N’ € N of nodes and the set E' C E of edges are reachable from
the initial nodes of G.

We now provide an example of a labelled behaviour graph obtained from an augmented set of

SNFg,;;, clauses.

Example 3.11

For the augmented set of SNFg,1,; clauses below, the labelled behaviour graph is shown in Figure B8
1. start = —¢q
2. start =p

3. true=pVgq

4 p = AOp

5. qg= E<1>O—'p

6 p = E;30q

7. true= —pVgqV w§ (added by augmentation)

8 w; = B0V wy) (added by augmentation)

Definition 3.17 Path from a node n to a node n' through a graph
A path from a node n; to a node nj in a graph is a sequence of nodes ni,ns,...,n; such that

(n1,n2), (n2,ns), ..., (ng—1,ny) are edges of the graph.

Definition 3.18 Shortest path from a node n to a node n' through a graph
A shortest path from a node n to a node n’ in a graph is a path from the node n to the node n’

with the least number of edges amongst all the paths from the node n to the node n’.

Definition 3.19 Distance
Given a graph (N, E), if a node n’ € N is reachable from another node n € N, the distance from

n to n’ is the number of edges in a shortest path from n to n'.
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Definition 3.20 ind-distance
Given a graph (N, F), if a node n’ € N is ind-reachable from a node n € N, the ind-distance from

n to n’ is the number of edges in a shortest path such that every edge in it is labelled by ind.

Lemma 3.20 Let T be an augmented set of SNF& clauses and H = (N, E) be the labelled
behaviour graph for T. If H contains an edge from a node n = (V,Ex,Eg) € N to a node
n' = (V',E,E) € N such that | € E'; then either (i) there exists a clause Q@ = Al € T such
that V' = Q or (i) l € E4 and V B~ 1.

Proof. From the construction of the labelled behaviour graph, we know E/, = Unsata (E4,V) U
Eva (V',T). Therefore, if | € E', then [ is either from Unsata (E4, V) or from Eva (V’,T). For the
first case, [ must be in E4 and V' [~ [. For the latter, there exists a clause @@ = A<l € T such that

V' Q. 0

Lemma 3.21 Let T be an augmented set of SNF&r clauses and H = (N, E) be the labelled
behaviour graph for T. Then, for every node n = (V,Ea,Eg) in H, ifl € Eq and V £ 1 then
V Ewd.

Proof. The proof proceeds by induction over the nodes of a path (ng,n1,...) from an initial node
no = (V°, EY, E%) to the node n = (V, Ea, Eg).

In the base case, n is an initial node. If [ € EY, by the construction of initial nodes, there must
be an A-sometime clause Q = ACl € T and V° |= Q. By augmentation, true = -Q V[ V wf. If
VO b~ 1, we obtain that VO = w.

Otherwise we assume that the lemma holds from node ng to n; = (V?, Ef4, E}f),z > 0, and we
prove that it holds for node n;41 = (Vi*+1L, Ej:rl, Egrl). Based on the assumption of the lemma,
Vit b L and | € BT By Lemma B20 since [ € B4, either

(1) there exists a clause Q = A<l € T such that Vit = Q or
(2) L€ EY and V¥ }£ L.

In case (1), by augmentation, true = —Q VIV w® € T and since V™! [£ [, we obtain that
Vil = w. In case (2) by the induction hypothesis we have V¢ = w. By augmentation we have

Figure 3.6: A labelled behaviour graph



64 CHAPTER 3. A REFINED RESOLUTION CALCULUS FOR CTL

w = AO(wP V1) € T. Thus by the construction of H, since V*1 j£ [, we have Vit1 = wh.

Thus, the lemma also holds for node n;4. O

Lemma 3.22 Let T be an augmented set of SNF&, clauses and H = (N, E) be the labelled
behaviour graph for T. If H contains an edge from a node n = (V,Ea,Er) € N to a node
n' = (V',E),Ey) € N such that 1,4y € EY, then either (i) there exists a clause Q = EQljinqy € T
such that V' |= Q or (ii) liingy € Eg and V = 1.

Proof. By the construction of the labelled behaviour graph, E7, = Unsatinq(EFg,V) U Evg(V',T).
Therefore, if l(;,qy € E%, then l(;nqy is either from Unsati,q(Eg, V) or from Evg(V',T). For the
first case, l(;nqy must be in Ep and V' [~ I. For the latter, there exists a clause Q = Byl € T
and V' = Q. O

Lemma 3.23 Let T be an augmented set of SNF&r clauses and H = (N, E) be the labelled
behaviour graph for T. Then for every node n = (V, Ea, Eg) in H, if linq) € Ep and V = 1, then
V Ewind,

Proof. The proof proceeds analogously to the proof of LemmaB2ZIl and uses the fact that 7' contains
the clause w;"® = B0 O(w]™® V 1). |

Lemma 3.24 Let T be an augmented set of SNF§ clauses and T be a set of SNFgp; clauses
obtained from T by adding any combination of initial, A-step, E-step or global clauses which only
involve propositions and indices occurring in T. Then the labelled behaviour graph H' = (N', E’)
for T' is a subgraph of the labelled behaviour graph H = (N, E) of T.

Proof. This is established by induction on the length of the shortest path from an initial node to a
node in H’. For the base case, where the length of the path is zero, we show that any initial node
in H’ is an initial node in H.

As T" has been constructed by adding a combination of initial, A-step , E-step and global clauses
to T', we have Ro(T') C Ro(T") and Ry(T) C Ry(T"). Take any initial node ng = (V°, EY, E%) in
H'. By Definition B8 V° satisfies Ro(T") U R, (T"). As Ro(T) C Ro(T") and Ry(T) C R,(T")
then V0 must also satisfy Ro(T) U R,(T). As the set of A- and E-sometime clauses in T and 7" is
the same, V0 satisfies the left hand side of the same A- and E-sometime clauses and the sets E9
and EY% will be the same in both graphs. Therefore, ng is also an initial node in H.

Next we assume that every node n; = (V, EY, E%), where the length of the shortest path in
H' from an initial node to n; is m, is in H. We show that every node n;.; = (V*+1, Ef4+1, E?l) in
H' with an incoming edge (n;,ind,n; 1) € E',ind € Ind(T) is also in H.

Vit satisfies Ry (T") U Ra(ni, T') U Rina(ni, T'). Thus VT also satisfies R, (T) U Ra(n;, T) U
Rina(ni,T), as Ry(T) C Ry(T"), Ra(ni, T) C Ra(n;,T') and Rina(ni,T) C Ripa(ni,T"). Further-
more as T and 7" contain the same A- or E-sometime clauses in T, Ef:rl and E};rl will be the
same in both graphs. Thus n,;41 is also present in H as is the edge (n;,ind, n;+1).

The proof that all the edges in H’ are also in H is analogous to the proof above for nodes.

Therefore, N' C N,E' C E and H' C H. O



3.5. CORRECTNESS OF THE CALCULUS R, 65

Definition 3.21 Terminal node
A node n in a labelled behaviour graph for an augmented set T of SNF§, 1. clauses is a terminal

node iff there exists an index ind € Ind(T") such that no edges labelled with ind depart from n.

Note that in the labelled behaviour graph shown in Figure B, the two nodes on the right-hand
side of the graph are terminal nodes as they do not have any outgoing edges labelled with the

index 1.

Definition 3.22 ind-labelled terminal subgraph for I ina)
For a labelled behaviour graph (N, E) for an augmented set T' of SNF§, ;. clauses, a subgraph
(N', E') is an ind-labelled terminal subgraph for l(;,qy of (N, E) iff

(ITS1) N'C N and E' C E;

(ITS2) for all nodes n, n’ € N and edges (n,ind',n') € E,n’ € N" and
(nyind',n') € E' iff n € N" and ind = ind’; and

(ITS3) for every node n = (V, Ea, Eg) € N', ljjngy € Ep and V = .

Definition 3.23 Terminal subgraph for 1
For a labelled behaviour graph (N, E) for an augmented set T' of SNFg; clauses, a subgraph
(N', E’) is a terminal subgraph for [ of (N, F) iff

(TS1) N'C N and E' CE;

(TS2) for every node n € N’ there exists some index ind € Ind(T") such that for all edges
(n,ind,n’) € E,n’ € N and (n,ind,n’) € E’; and

(TS3) for every node n = (V,E4,Eg) € N',l € E4 and V |= —l.

Figure B and Figure show examples of an ind-labelled terminal subgraph for gy and a
terminal subgraph for ¢, respectively. (In both cases we assume the set of indices in the clause set
for these labelled behaviour graphs is {1, 2}.)

Lemma 3.25 Given a labelled behaviour graph H = (N, E) and a node n = (V,Ex,Eg) € N, if,
Jor every eventuality l iy € EE, liinay can be satisfied in n or in some node ind-reachable from n,

then n is not in any ind-labelled terminal subgraph H' = (N', E') for l(inqy of H.
b
q(2)
1
2

- Im

Figure 3.7: A 2-labelled terminal subgraph for g s,



66 CHAPTER 3. A REFINED RESOLUTION CALCULUS FOR CTL

Proof. Let H' = (N', E') be an arbitrary ind-labelled terminal subgraph for some arbitrary even-
tuality [(;n,qy of H. Proving this lemma is equivalent to proving that if n € N', then l;,,q, cannot
be satisfied in n nor in any nodes ind-reachable from n in H. Assume that n € N'. According to
property (ITS2), all nodes which are ind-reachable from n are also in N’. By property (ITS3), for
every node n’ = (V', B, E%;) € N', l(inqy € E}; and [ is not satisfied in n’. Therefore, [(;,qy cannot

be satisfied in n nor in any node ind-reachable from n in H. O

Definition 3.24 Reduced labelled behaviour graph
Given a labelled behaviour graph H = (N, E) for an augmented set of SNF¢; clauses T, the
reduced labelled behaviour graph H,.q for T is the result of exhaustively applying the following

deletion rules to H.

1. If n € N is a terminal node with respect to an index in Ind(7T’), then delete n and every edge

into or out of n.

2. If there is an ind-labelled terminal graph (N’, E’) of H such that ind € Ind(T), then delete

every node n € N’ and every edge into or out of nodes in N’.

3. If there is a terminal graph (N’, E’) of H with respect to some indices in Ind(7T'), then delete

every node n € N’ and every edge into or out of nodes in N’.

Lemma 3.26 If an augmented set of SNF¢ clauses T is unsatisfiable, then its reduced labelled
behaviour graph H is empty.

Proof. Proving this lemma is equivalent to proving that, if H is not empty, then T is satisfiable.
By the definition of the satisfiability of a CTL formula, it is also equivalent to proving that if H
is not empty, then a CTL model structure satisfying T can be constructed from H. Therefore, we
assume that the reduced labelled behaviour graph H = (N, E) of T is non-empty and we show how
to construct a CTL model structure M = (S, R, L, [], so) satisfying T from H.

According to the definition of a CTL model structure and the semantics of SNF%; clauses, the

following properties are necessary and sufficient for M to satisfy T.
(P1) L(so) must satisty Ro(T) U Ry (T).

(P2) Every pair (s;, s;+1) € R must satisfy the set of A-step, E-step and global clauses in T', that

is,

Figure 3.8: A terminal subgraph for ¢
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o L(s;) and L(s;41) satisfy Ry (T);
e for every A-step clause P = AOQ € T, if L(s;) satisfies P, then L(s;41) must satisfy
Q@; and

e for every E-step clause P = EOQinqy € T, if L(s;) satisfies P and (s;,s:41) € [ind],
then L(s;41) must satisfy Q.

(P3) For every E-sometime clause P = E(;,,q)Ol € T and every state s € S, if M, s |= P, then
the path ™" must contain a state s’ € S such that [ € L(s").

(P4) For every A-sometime clause P = AOl € T and every state s € S, if M, s = P, then every
path xs must contain a state s’ € S such that [ € L(s').

Now we inductively define the construction of a CTL model structure from a reduced labelled
behaviour graph H = (N, E) and a mapping h from M to H.

Let c¢s be a function such that cs(n), for every node n = (V, Ex, Eg), is a fresh state s such
that L(s) = V. In addition, by RP(sy,) we denote a reverse path consisting of a finite sequence
Sn,Sn—1, ---,80 of states such that s,,s,-1,...,50 € 5, sg is the root of M, and for every i, 0 <
i<n-—1,(s;5i+1) € R.

The state so of M is given by so = ¢s(ng), where ng is an arbitrary initial node in H, and we
define h(sg) = ng. By the construction of H, property (P1) holds for sp.

Suppose we have constructed the state s; for M and RP(s;) = $;,8i—1,...,80. Then our task
is to choose for each index ind € Ind(T") a pair (s;,s;+1) € [ind] for M. Assume h(s;) = n and n
has k ind-successors (nq,ne, ..., n;) ordered in an arbitrary but fixed order (k > 0 as otherwise n
would be a terminal node in H). Let ST be the set {s; | sj_1,5; € RP(s;),h(sj—1) = n, h(s;) €
{n1,m2,...,ni} and (s;—1,s;) € [ind]}.

e if the set S©7 is empty, then s;11 = cs(ny) and h(s;j11) = ni;

e clse, let s € S be the state such that the distance between s; and s is the shortest among
all the distances between s; and a state in S and assume h(s) = n,, € {ni,n2,...,nx}, 1 <
m < k, then

— $it1 = ¢S(Nmy1) and h(Si41) = Ny, i m # k;

— 8i+1 = cs(ny) and h(s;y1) = nq, if m = k.

By this algorithm, for an arbitrary path ys,, if a node n is used infinitely often to construct
states s € xs, and the index ind is used infinitely often to construct the successor states of s on
Xso» then ind-successors of the node n are fairly chosen to construct the path xs,. This ensures
that all eventualities are satisfied in M, as will be shown below.

Following the instructions we provided and using a breadth-first order for the construction from
the state sg, a CTL model structure M is constructed from H. By the construction of M and H,
property (P2) holds for M.

Now we prove the model structure M we constructed satisfies property (P3). Assume the clause
P = E(ijnq)<l is in T' and let s be an arbitrary state in S such that M, s = P. We need to show
that the path xsi"d> contains a state s’ such that [ € L(s"). We give a proof by contradiction.
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Assume [ does not hold on X?”‘”. We know the path Xgi"@ is an infinite sequence, whereas the
set of nodes in H is finite, which implies that there are nodes {n%,nb,...,nt} € H,k > 1, that are
used infinitely often to construct the path XS'”””. As we assume that [ does not hold on X?”‘”, we
obtain that, for every state s” € X?”‘”, M, s" [~ 1. Therefore, for every node h(s") = (V" E'}, E%),
V" £ 1. Moreover, by the construction of H and M, P = E;,Ol € T and M, s |= P, we obtain
that l(;,qy € E. Therefore, for 1 < i <k, n! = (V{, Eal, Eg}), Vi £ 1 and l(a) € Eg}. By the
way we construct M, all the ind-successors of each node in the set A = {n, nb,... ,n}} are also in
A. Thus, the set of nodes {nt,nb,...,nt} in H and all the ind-labelled edges departing from those
nodes form an ind-labelled terminal subgraph for l(;,q) of H. However, H is a reduced labelled
behaviour graph, so no ind-labelled terminal subgraph exists in H. We obtain a contradiction.
Therefore, I must hold on the path Xsmd> and property (P3) holds for M.

The proof that property (P4) holds for M is analogous to the proof that property (P3) holds
for M. O

Lemma 3.27 If a set of initial and global clauses is unsatisfiable then there is a refutation using

only step resolution rules.

Proof. If a set T of initial and global clauses is unsatisfiable, then the set 7/ = {D | true = D € T
or start = D € T'} is unsatisfiable by the semantics of AO and start.

The set T’ only consists of propositional clauses. Therefore, it has a refutation by propositional
ordered resolution with selection using the same ordering and selection function as for RET‘SL Then,
we can use step resolution rules SRES4, SRES5, and SRESS on this set 7" to derive a contradiction,

namely either start = false or true = false. O

Lemma 3.28 If the unreduced labelled behaviour graph for an augmented set of SNFgp; clauses
T is empty then a contradiction can be obtained by applying step resolution rules to clauses in or

derived from T.

Proof. If the unreduced labelled behaviour graph is empty then by the definition of labelled be-
haviour graph, there are no initial nodes, which means there does not exist a valuation V' such that
the right-hand sides of all initial and global clauses of T" are true under V. Thus, the subset of
T containing all initial and global clauses in 7' is unsatisfiable and by Lemma there exists a
refutation of T" using step resolution rules SRES4, SRES5, and SRESS. O

Theorem 3.7 (Completeness of RETSL) If a finite augmented set T' of SNF&r; clauses is unsat-
isfiable, then T has a refutation using the resolution rules SRES1 to SRESS, ERES1 and ERES2
and the rewrite rules RW1 and RW2.

Proof. Let T be an arbitrary augmented unsatisfiable set of SNF¢,p; clauses. The proof proceeds
by induction on the sequence of applications of the deletion rules to the labelled behaviour graph
of T. If the unreduced labelled behaviour graph is empty then by Lemma we can obtain a
refutation by applying step resolution rules SRES4, SRES5 and SRESS.

Now suppose the labelled behaviour graph H is non-empty. The reduced labelled behaviour
graph must be empty by Lemma B28 so there must be a node that can be deleted from H.
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Suppose there is a node n which would be subject to the first deletion rule in Definition
So, there is an index ind € Ind(7T) such that n has no any ind-successors. Then n is a terminal node
n = (V,Ea, Eg). Consider W ={D [P = AOD €T and V |= P} U{D" | P' = E(j,yOD" € T,
and V |= P’} U{D" | true = D" € T}, where P, P" are conjunctions of literals whereas D, D", D"
are disjunctions of literals. By Definition BZIG, W must be unsatisfiable, for otherwise there would

exist a node n’ that could serve as an ind-successor of n.

Given that W is a set of propositional clauses, it has a refutation by propositional ordered
resolution with selection using the same ordering and selection function as for RET‘SL We prove
that a clause true = false, ) = AOfalse or Q = E(;,qOfalse with ind € Ind(T’), where
Q@ is a conjunction of literals and satisfied by V, can be derived from 7" by SRES1 to SRES3
and SRES6 to SRES8. The proof proceeds by induction over the length of the propositional
refutation of W. In particular, given a refutation Ny, N1, ..., N, of W such that Ny = W and for
every i,1 < i < n,N; = N;_1 U{C;}, where C; is a propositional clause derived from N;_; and
C,, = false. We show that there exists a derivation N}, N{,..., N}, such that N) = {P = AOD €T
and V |= P} U{P' = E(jqyOD’ € T,ind € Ind(T), and V' |= P'} U {true == D" € T'} and for
every 1,1 < i < n,N/ = N/_; U{C!}, where C] is either true = C;, P, = AOC; with V = P,
or P; = E(;nqyOCy,ind € Ind(T') with V' |= P;. Cj, is either true = false, P, = AOfalse or
P, = E(jnqyOfalse, ind € Ind(T') with V' = P,.

We prove the base case first. Let Ny = W U {C1}. We show N| = Nj U {C}}, where C7 is the
form of true = C1, Py = AOC, with V' |= Py or Pi = E(;,4yOC1,ind € Ind(T') with V = P; and
derived by an application of one of the resolution rules SRES1 to SRES3 and SRES6 to SRESS from
N{. Suppose Cy = By V By is derived from two clauses By VI and By V =, then by the construction
of W we are able to find a clause G = Py = AO(By V1), Py = E(;,qO(B1 V1) or true = By VI
and G = Py = AO(B2 V —l), Py = E(jnqyO(B2 V —l) or true = By V =l in Nj. Note that if G
and G’ are both E-step clauses, then the indices ind in them are identical. Depending on the form

of G and G’ we can distinguish the following cases.

From G = Py = AO(By V1)
and G’ = P} = AO(By V )
we can derive C] = Py A P; = AO(B; V Bs) by SRES1

From G = PO = E<lnd>O(B1 V l)
and G’ = P} = AO(By V)
we can derive C] = Py A Py = E(;;,q)O(B1 V Bz) by SRES2

From G = Py = AO(By V1)
and G' = Pé = E(m@@(BQ vV =l)
we can derive C] = Py A Py = E(;;,q)O(B1 V Bz) by SRES2
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From G = PO = E<lnd>O(B1 V l)
and G' = POI = E(znd>O(BQ V ﬁl)
we can derive C] = Py A Py = E(i,,qO(B1 V Bz) by SRES3

From G = true= B; VI
and G’ = Pj = AO(By Vi)
POI = AO(Bl V Bg) by SRES6

we can derive Cf

From G = Py= AO(By Vi)
and G’ = true = By V-l
we can derive C] = Py = AO(B;y V By) by SRES6
From G = true= B; VI
and G' = Pé = E(m@@(BQ v =l)
we can derive C] = Py = E(inqg)O(B1 V Bz) by SREST
From G = Py = E(inqg)O(B1 V1)
and G’ = true = By V-l
we can derive C] = Py = E(inq)O(B1 V Bz) by SREST
From G = true= B; VI
and G' = true = B,V -l

we can derive C] =  true = By V By by SRES8

where [ is eligible in B; V[ and -l is eligible in By V —l for a given atom ordering > and a given
selection function S of Rgr’rSL as otherwise we would not have been able to derive C; = By V By on
the propositional level using ordered resolution with selection given the ordering > and the selection
function S.

Because 1 = By V By, Cf is one of the clauses Py A Py = AOCt, Py A Py = E;,,q)OCh,
Py = AOCy, Py = AOC), Py = E(jpq)OC1, Py = E(;,qyOC1, or true = By V By. It is easy to
see that since V = Py and V = P}, we have V = P;. Furthermore, the cases above (SRESI to
SRES3 and SRES6 to SRES8) cover all the possibilities to derive C{. Thus, if there exists a derived

clause C1, then C] can derived by RE:FSL.
Next we prove the induction step. For the refutation Ny, Ni,...,N;, Niy1, ..., N, of W, let

Nit1 = N; U {C;}, then we show that N/ ; = N;j U {C}}, where Cj is the form of true = Cj,
P; = AOC; with V' |= P or P; = E(;,¢yOCy,ind € Ind(T) with V |= P; and derived by an
application of one of the resolution rules SRES1 to SRES3 and SRES6 to SRES8 from N/. The
proof proceeds in analogy to the base case.

Thus, we have shown that we can derive a clause C, = P, = AOfalse, P,, = E,q Ofalse
or true = false from 7. From P, = AOfalse or P, = E,q Ofalse we can obtain the clause
true = — P, in normal form using RW1 or RW2.

By Lemma B24 the labelled behaviour graph H' for N/ is a subgraph of H. In particular,
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every node in H’ has to satisfy =P,. Obviously, the node n € N does not satisfy this global clause
and is thus not a node in H'.

Suppose the second (or third) deletion rule in Definition is applicable to H. Then there
must exist an eventuality l(;nqy (or [), where l(;,q) (or 1) is not satisfied in an ind-labelled terminal
subgraph for I;,,q) (or a terminal subgraph for [) of nodes ind-reachable (or reachable). We have

two cases depending on the type of terminal subgraphs:

e ind-labelled terminal subgraph for [(;,qy. Let Q = E(;,qy®l be a clause in T and H' =
(N',E’) be an ind-labelled terminal subgraph for [(;,qy of the behaviour graph H. For each
n=(V,Ea, Eg) € N',let loop(n) be the set consisting of all global, A-step, and E-step clauses
labelled with ind in T" whose left-hand sides are satisfied by V, and let F, = E(;,qyOGr be
the clause, which is the result of merging all clauses in loop(n) U {true = E;,,q Otrue}. To

show the set | J,,c n+ loop(n) is an E-loop in —I, we must check the following two conditions.

— For each n € N’, we must have = G,, = —l. In the following, we use a proof by
contradiction to establish it. By the construction of H, GG, is the only constraint on the
valuations of ind-successors of n. Therefore, if the implication G,, = -l is not valid,
then, by the construction of H, there must be an ind-successor n’ = (V', E;, E};) of n,
such that V' = [. By property (ITS2), every ind-successor of n is in H’. By property
(ITS3), for every ind-successor n; = (V¢ Yy, E%) of the node n, V' = —l. Therefore,

we obtain a contradiction. So, G,, = -l is valid.

— For each n € N’ we must have = G, = \/,,,cnv For. Let {n1,n2,...,n,},k > 1 be the
set of ind-successors of the node n. We show that the assumption that G,, = \/n,eN, Fo
is not valid leads to a contradiction. By property (ITS2), every ind-successor of n is also
in N’. Thus, to prove = G\, = \/,,,c nv F, it is enough to prove that = G, = \/f:1 F,,.
By the construction of H, GG, is the only constraint on the valuations of ¢nd-successors
of n. Therefore, if G,, = \/f:1 F,, is not valid, then, by the construction of H, there
must be an ind-successor n” = (V"' E'y, E,) of n, such that V" = ﬁ(\/f:1 F,,), namely
V" | =Fn, A...AN=F,, . As we know, for every ind-successor n; = (V*, By, EL), 1 <
i <k, of the node n, V" |= F,,,. Therefore, n” can not be in the set {ni,...,n;}. This
is a contradiction. Thus, G,, = \/f:1 F,, is valid.

Since we show that the set J,, oy loop(n) is an E-loop in —l, we are able to use it in an
application of ERES2 with the eventuality l(;,qy occurring in Q = E;,qyOl € T'. Let L be
defined as

Then T" = T U {w]"® = E(;4O(—L V1), true = =Q V =L V I} is the result of adding the
resolvents derived by ERES2 to T. Note that, for every node n = (V,E4, Fg) in H', (i)
V = L; and (ii) by property (ITS3), V |= =l and l;,q € Eg. Therefore, V = (=L V).
Moreover, by LemmaB2Z3 V = wl""d. Recall that through augmentation the set T" contains

clauses . '
w;nd = E(md>O(l V wlmd)
true = (—QVIVw"d)
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By Lemma B2 either (1) there is an edge (n/,ind,n) € E, where n' = (V', By, Ey), liing) €
Ep,and V' E-lor (2) VEQ,V E AL

1. In the case of (1), we have V' = w"® by Lemma So, for the aforementioned
resolvent wi"? = E(ingyO(—L V1), V' satisfies wi™ but V does not satisfy (=L V 1).
Thus, the labelled behaviour graph for 77 does not contain an edge (n’,ind,n). By the

construction of the labelled behaviour graph for 7”, n is not a node in it.

2. In the case of (2), we have V | Q,V E L,V E —l. Thus, n does not satisfy the
aforementioned resolvent true = —=Q VL V[ in T’ and so n is not a node in the labelled

behaviour graph for 7T”.

Therefore, the labelled behaviour graph for T’ is a strict subgraph of that for 7" and by

induction we assume that as 7” has a refutation so must 7.

e Terminal subgraph for [. The proof is analogous to the proof for ind-labelled terminal
subgraphs for [(,q)-
O

The behaviour graph construction and the use of deletion rules to remove parts of the behaviour
graph which cannot contribute to the model structure for a given clause set is commonly used in
completeness proofs for temporal and modal resolution calculi [38, B6] and resembles the tableau

construction and marking procedure for propositional dynamic logic PDL in [60].

3.5.3 Termination

In this section, we show that all the derivations obtained by applying rules of the calculus RE’TSL to

an arbitrary finite set of SNF%,., clauses terminate.

Theorem 3.8 Any derivation from a finite set T of SNF¢qy, clauses by the calculus RETSL termi-

nates.

Proof. Assume T is augmented. Let T' be constructed from a set © of n atomic propositions and a
set Ind of m indices. Then the number of SNF¢,; clauses constructed from © and Ind is finite. We
can have at most 22" initial clauses, 22" global clauses, 2" A-step clauses, m - 24" E-step clauses,
n - 227+tL A_sometime clauses, and m - n - 227+! E-sometime clauses. In total, there can be at most
(m+1)2"" + (m-n+n+1)22"*! different SNF§,; clauses. Any derivation from a set of SNFg,
clauses by the calculus RETSL will terminate when either no more new clauses can be derived or
a contradiction is obtained. Since there are only a finitely bounded number of different SNF&

clauses, one of these two conditions will eventually be true. O

3.6 Complexity

The satisfiability problem of CTL is known to be EXPTIME-complete [22, BT, 34]. Next we consider

the complexity of the decision procedure based on RETSL and presented in Section B

Theorem 3.9 The complexity of the Rérﬂ—based decision procedure is in EXPTIME.
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Proof. Assume that the set N of SNF%, clauses is augmented and is constructed from a set © of
n propositions and a set Ind of m indices. The cost of deciding whether a step resolution rule can
be applied to two determinate clauses is A = 4n + 1 in the worst case, provided we can compute
S(C) in linear time, compare literals in constant time and check the identity of indices in constant
time. From the proof of Theorem B we know the number of determinate clauses is at most
B = 22" 4227 4 247 ;. 247 Therefore, to naively compute a new clause from an application of

some step resolution rule, we might need to look at C = @

combinations of two clauses and
the associated cost is (C - A). Moreover, to decide whether the resolvent is a new clause or not,
we need to compare the resolvent with at most B clauses and the cost is D = B - (8% + 1). In
the worst case, where each pair of clauses generates a resolvent but the resolvent already exists
and only the last pair of clauses gives a new clause, to gain a new clause from an application of
some step resolution rule, the complexity is of the order (C- A - D), that is, EXPTIME. According
to the proof of Theorem B¥ there can be at most different B determinate clauses. Therefore, the
complexity of saturating a set of SNF§ . clauses by step resolution is the order of (C-A-D) - B.
That is the complexity of resolution_sres (line 8) is in EXPTIME.

To compute a new clause from an application of some eventuality resolution rule, the complexity
depends on the complexity of the so-called CTL loop search algorithm which computes premises
for the eventuality resolution rules [I6]. The CTL loop search algorithm is a variation of the
PLTL loop search algorithm [27] which has been shown to be in EXPTIME and we can show
that the complexity of the CTL loop search algorithm from [I6] is also in EXPTIME. Generally
speaking, each iteration of the CTL loop search algorithm is a saturation of the clause set, which
is in EXPTIME, and there may be an exponential number of iterations required. Therefore, the
complexity of resolution_eres (line 12) is in EXPTIME. According to the proof of Theorem BX
there can be at most distinct n - 22"+ A-sometime clauses and m - n - 22"+! E-sometime clauses.
Thus, the number of iterations for the for-loop (line 11 to 16) is at most (n - 227t 4 m . n . 220+,

As we know, the cost of deciding whether a clause is existing in the set 01d is D and the number
of clauses in the set New at line 17 is at most B. Therefore, the cost of the operation New \ 01d
is D - B (line 17). Analogously we can obtain that the cost of the operation New U G (line 14) is
bounded by D - B.

Thus, the complexity of each iteration of the do-while-loop (line 8 to 18) is in EXPTIME. From
the proof of Theorem B8 there can be at most B different determinate clauses. The number of
iterations of the do-while-loop is at most B. Therefore, the complexity of the decision procedure is
in EXPTIME. a

3.7 Related work

3.7.1 Comparison between RE’TSL and the previous resolution calculus

RE’TSL is based on Bolotov’s resolution calculus for CTL [I5]. For instance, the use of indices to

transform CTL formulae into Separated Normal Form for CTL was introduced in [I5]. However,
no formal interpretation was given for indices and no formal semantics stated for SNF¢,p; . In this

thesis, we provide a formal semantics for SNF& .
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Compared to the definition of SNFcrr, in [I5], we use an additional type of clause, namely
global clauses. Our definition of SNF&, provides several advantages over [I5]. Global clauses
inevitably occur as a result of inferences by step resolution rules. For example, from m; = AO!l and
mg = AO=l we can derive mi; A ma = AOfalse, while from m; = E;,qyOl and ma = E;,q) Ol
we can derive mi A mo = E<md>ofalse. Both mi1 A ms = AOfalse and m; A my = E<md>Ofalse

are transformed into a global clause true = —m; V =mq by RW1 and RW2, respectively.

As the normal form in [T5] does not allow for such clauses, in the approach taken in [T5] such
global clauses must further be rewritten into equivalent pairs of an initial clause and an A-step

clause as follows:
start = \/f:1 m;j

k
true=\/._,m; —
Vieam; { true:>AO\/§:1mj

where each m;, 1 < j < k, is a literal. For the same reason, in [15] the rewrite rules RW1 and
RW2 will each produce two clauses, whereas in RETSL the analogous rewrite rules produce only one.
Thus, one obvious advantage of allowing global clauses is that compared to [I5] we will have fewer

clauses transformed from the original CTL formula and generated by resolution.

In [T5], Bolotov provides a set of rules for the transformation of CTL formulae into a clausal
normal form. The transformation rules are shown to preserve satisfiability. However the proof for
termination of the transformation process and the proof that the result of the process is indeed
in normal form are absent and the complexity of the process is not studied. In contrast, we have

provided the corresponding proofs and an analysis of the complexity for our transformation process.

Below, we provide a concrete example to demonstrate that our transformation rules are more
efficient in terms of new atomic propositions introduced and the number of clauses generated
during the transformation by comparing two transformation processes to the same CTL formula
AO(E(EOrU q)) we have used in Example Bl

Example 3.12

1. We apply the function init to the CTL formula ¢ = AD(E(EOrU q)):

I = init(p) = {AD(start = p1), AQ(p1 = AQ(E(EOri q)))}

2. We transform the set I" of clauses into a set of SNFZ,; clauses using Bolotov’s transformation

rules as given in Appendix Eﬂ In the following table, Trans(x) — y indicates applying the

1The set of the transformation rules presented in Appendix [l which has been used by the earlier versions of our
CTL prover CTL-RP, is slightly different from Bolotov’s transformation rules. The only difference is that the rules
in Appendix [&l do not rewrite a global clause into an initial clause and an A-step clause. Therefore, it is slightly
better than Bolotov’s transformation rules in terms of the number of clauses generated during the transformation.
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transformation rule Trans(z) to the yth clause in the table.

1. start = p;
2 p1 = AD(E(EOri q))
3 p1 = AOps
4 p2 = E(EOri q)
5. p1 = p2 Ap3
6. p3= AO(p2 Ap3)
7. p2= E(EOriq)
8 P1 = P2
9. p1=p3
10. p3 = AOpy
1. ps = p2ADps3
12.  po = Eqy(psUq)
13. ps = EOr
14. true = —p;1 V ps
15. true = —p; V p3
16. D4 = P2
17. P4 = Pp3
18.  p2 = qV(ps Aps)
19.  pe = E1yO(qV (p5 A ps))
20. p2 = E1,Oq
21, ps = E;Or
22. true = —pys V po
23. true = —ps V p3
24.  p2=qVpr
25.  p7r=ps/\ps
26. 6 = E(1)Ops
27. ps = qV (ps A\ ps)
28. true = —p2 V qV py
29. pr=ps
30.  pr=ps
3. ps = qVpe
32, po = ps\ps
33. true = —p7 V ps
34. true = —p7 V pg

(0]
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35. true = —pg V q V pg Trans(6) — 31
36.  pg = ps Trans(4) — 32
37.  pg = pg Trans(4) — 32
38. true = —pg V p;s Trans(6) — 36
39. true = —py V pg Trans(6) — 37

3. We obtain the set of SNFg,1.; clauses consisting of the following clause, which is satisfiable iff
the CTL formula AQ(E(EOrU q)) is satisfiable.

1. start = p;
10. p3 = AOp4
14. true = —p; V p2
15. true = —p; V p3

20. p2 = E1yOq

21, ps = EpOr

22. true = —py Vp2) — 16
23. true = —pys V p3

26.  ps = E(1y0Ops

28. true = —py VqVpr
33. true = —p7 Vps

34. true = —pr V pe

35. true = —pg V qV pg
38. true = —pg V ps

39. true = —pg V pg

In Example Bl we have used our own transformation rules to transform the set I' into a set
of SNF%TL clauses. The table below compares the results with respect to the number of clauses
generated during the transformation process, the number of SNF& . clauses obtained at the end

of the process, and the number of new propositions occurring in these clauses.

Example Bl Example

No. of clauses generated totally 13 39
No. of clauses in SNF¢ 7 15
No. of new propositions introduced 3 9

This example illustrates the improvements that our transformation rules can offer compared with
the transformation rules in [I5]. In addition, as we have implemented both transformation processes
in our prover CTL-RP, which will be discussed in the next chapter, we have experimented with
them on many examples and the result of this empirical study also indicates that our transformation

is more efficient. More details can be found in Section .4l
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TRES1 P'= AOAOI TRES2 Pf= AOADI
q= Aol q = E(inay©l
q= A-PTW-I) q = Ejnay(~PTU )
where P is a disjunction of conjunctions of literals and [ and ¢ are literals.

Figure 3.9: Redundant eventuality resolution rules

Another difference to [I5] is the approach taken in our completeness proof. The proof in [T5] tries
to relate the application of deletion rules on a CTL tableau to a sequence of resolution steps. Then,
completeness of the resolution calculus follows from the completeness of the tableau construction
and the deletion process. In contrast, to show completeness of our calculus RETSL we construct
a graph known as a labelled behaviour graph. This is an extension of the concept of a behaviour
graph used in [38] for proving completeness of a clausal resolution for PLTL and related to the
concept of a labelled behaviour graph used [29]. However, our labelled behaviour graph differs
in its construction to capture the semantics of indices in SNFg;. We believe our completeness
proof demonstrates a closer relationship between the application of resolution rules and deletions
in the labelled behaviour graph. Moreover, it is relatively easy to generate a CTL model structure
from a non-empty reduced labelled behaviour graph and the labelled behaviour graph for a set
T of SNF¢, clauses saturated under RELFSL that contains no contradiction, is a reduced labelled
behaviour graph. Hence, we could potentially use the labelled behaviour graph construction to
generate counter models for failed proofs. Our labelled behaviour graph can be easily extended so
that it can be used in completeness proofs of resolution calculi for the combination of CTL and
other logics, for example, the combination of CTL and modal logic KD45 [29].

Furthermore, in the resolution calculus for CTL presented in [I5, 29] step resolution is not
constrained by an ordering and a selection function. Therefore, the step resolution rules in [I5]
29 allow for considerably more, and superfluous, inferences. In addition, this earlier resolution
calculus contains four eventuality resolution rules, TRES1 to TRES4, where ERES1 and ERES2
correspond to TRES3 and TRES4, respectively. The other two eventuality resolution rules are
given in Figure B3 Using our completeness proof we can prove that the two eventuality resolution
rules TRES1 and TRES2 in [I5 29] are redundant.

We give a brief explanation why this is the case. Informally, the only difference between TRES1
and ERES1 is their first premise. For TRES1, it is PT = AOAO! and for ERESI, it is PT =
EOEO!. In [15, 29], AOADO! is called an A-loop and EOEDOI is called an E-loop. According to the
semantics of CTL, AOAO! = EOEDI, meaning if there exists an A-loop, there must be an E-loop
as well. So, whenever we can apply TRES1 (TRES2), ERES1 (ERES2) is applicable as well. More
formally, in our completeness proof we only identify two types of subgraphs where some eventuality
can not be fulfilled, namely, ind-labelled terminal subgraphs and terminal subgraphs. Both are
E-loops according to the definition in [I5] and the deletion of both types of subgraphs correlates to
applications of ERES1 or ERES2. Thus, no further inference rules are required showing that TRES1
and TRES2 are redundant. Considering that the eventuality resolution rules are computationally

very expensive, we gain a significant improvement here.

Finally, complexity of the method is not discussed in [I5]. In this thesis, we prove that a decision
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procedure based on RE’TSL is of the order EXPTIME.

3.7.2 Other approaches for the satisfiability problem of CTL

There are other approaches, which can also be used to solve the satisfiability problem of CTL,
namely automata techniques [71] and tableau calculi [, B4, BT, [[0]. We give a brief discussion on
these two approaches.

The automata-based decision procedure for CTL [71] consists of two separated phases. Firstly,
the decision procedure constructs an automaton A for a given CTL formula . This constructed
automaton has a very useful property that it accepts certain infinite tree models of ¢ iff the formula
 is satisfiable. In the second phase, the decision procedure checks whether there exists a tree model
accepted by A, i.e. whether the language accepted by A is non-empty. If there is one tree model
accepted by A, then ¢ is satisfiable. Otherwise, ¢ is unsatisfiable. Constructing the automaton
requires exponential time in the size of ¢ while checking the emptiness of the language accepted by
the automaton requires polynomial time in the size of A.

For a tableau calculus for CTL, usually two types of rules are defined for the calculus, namely
the construction rules and the deletion rules. For the construction rules, they are used to expand
an arbitrary CTL formula ¢ into a (possibly cyclic) graph such that each node of this graph is
a set of CTL formulae. The deletion rules of a tableau calculus for CTL determine which nodes
should be removed from the constructed tableau. A node n is eliminated if any one of the following
condition is satisfied: (i) there are inconsistencies in the node, for example p and —p; (ii) the node
has certain requirements on its successors and those requirements are not fulfilled by its successors;
or (iii) the node contains unrealised eventualities, for example, EOp or A(pU ¢) in the node n and
can not be realised in any node reachable from the node n as well. Generally speaking, the deletion
rules remove all the nodes which are not able to be used to construct a CTL model satisfying the
CTL formula ¢.

If the tableau has no nodes left after the deletion process, the tableau is a closed tableau for
CTL and the CTL formula ¢ is unsatisfiable, otherwise the tableau is an open tableau for CTL and
© is satisfiable.

3.8 Conclusions

CTL BI] was introduced by Emerson et al in the 1980s and now is a well-known branching-
time temporal logic for the specification and verification of computational systems. Approaches to
the satisfiability problem in CTL include automata techniques [Z1], tableau calculi [3, B4] and a
resolution calculus [I5], developed by Bolotov.

Bolotov’s calculus for CTL is based on the ideas underlying a resolution calculus for PLTL [BS].
Here, we have provided a refined clausal resolution calculus RELFSL for CTL. Compared with [T5],
we use an ordering and a selection function to restrict the applicability of step resolution rules and
we have fewer eventuality resolution rules. We present a new completeness proof based on labelled
behaviour graphs. Our completeness proof demonstrates a closer relationship between applications

of resolution rules and deletions on labelled behaviour graphs. The proof shows that the additional
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eventuality resolution rules in [T5], which are the most costly rules, are redundant. In addition, we
prove that the complexity of a RE:FSL—based decision procedure for CTL is EXPTIME.
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Chapter 4

CTL-RP: A resolution theorem
prover for CTL

4.1 Introduction

There are many CTL theorem proving methods, including resolution-based [15], tableau-based [3]
B4 62], and automata-based [36] methods. However, only the method in [3] has recently been
implemented in the Tableau Workbench [2]. Due to the branching structure of CTL models and
the presence of fixpoint operators in the logic, implementing an efficient theorem proving method
for CTL is conceptually complex.

Here we present the first implemented resolution theorem prover for CTL, CTL-RP, which
realises the sound and complete clausal resolution calculus RET‘SL introduced in ChapterBl Moreover,
RELFSL is designed such that it allows the use of classical first-order resolution techniques to implement
its rules. We take advantage of this fact in the development of our prover CTL-RP by basing
its implementation on the first-order theorem prover SPASS [B4] [75]. Therefore, our approach
dramatically reduces the implementation effort. We experimentally compare the only theorem
prover for CTL that we know of, namely the Tableau Workbench, with CTL-RP and the results
obtained from this empirical study show good performance of CTL-RP.

The overall approach we take is as follows. The clausal normal form for CTL, on which the
calculus RET‘SL operates, consists of six types of clauses: initial clauses, global clauses, A-step
clauses, E-step clauses, A-sometime clauses and E-sometime clauses. The calculus itself consists
of step resolution, eventuality resolution and rewrite rules. In our implementation of the calculus,
we transform all clauses except A- and E-sometime clauses into first-order clauses. This enables
us to emulate the step resolution rules by first-order ordered resolution with selection. As to
implementation of the first-order calculus, we use the theorem prover SPASS. To fully realise RETSL
we have to extend SPASS with an implementation of the eventuality resolution rules. As we will
see, the rewrite rules of RET‘SL become superfluous in this approach. It should be noted that the
most of the content related to the implementation of the calculus REJFSL in this chapter has been

published in [79].

81
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The rest of the chapter is organised as follows. In Section firstly we introduce first-order
ordered resolution with selection. Secondly, we define how to transform initial clauses, global
clauses, and step clauses into first-order clauses. Thus we are able to apply first-order resolution
rules to those clauses. Thirdly, we show our approach to the implementation of the calculus RETSL
using first-order resolution techniques. Furthermore, we list all the algorithms involved in the de-
cision procedure CTL-RP implements. In Section we discuss related work, in particular, the
resolution-based prover TRP++ for Propositional Linear-time Temporal Logic (PLTL) which also
uses first-order techniques and the tableau-based prover TWB for CTL. In Section EE4 we exper-
imentally compare CTL-RP with the tableau theorem prover TWB. Finally, we draw conclusions
in Section EEQ

4.2 Implementation of the calculus REfL

In order to realise the calculus RET‘SL and its associated decision procedure for CTL, we adopt an
approach analogous to that used in HE8] for the implementation of a resolution calculus [B] for
PLTL.

First, we transform all SNF%, clauses except A-sometime clauses and E-sometime clauses
into first-order clauses. Then we are able to use the first-order ordered resolution with selection
calculus [I1] to emulate step resolution. A-sometime clauses and E-sometime clauses cannot be
translated to first-order logic. Therefore, we continue to use the rules ERES1 and ERES2 for
inferences with A-sometime clauses and E-sometime clauses, respectively, and use the loop search
algorithm presented in Section B4l to find suitable premises for these rules. We also utilise first-
order ordered resolution with selection to perform the task of “looking for merged clauses” in the
loop search algorithm and we compute the results of applications of the eventuality resolution rules

in the form of first-order clauses.

4.2.1 Preliminaries of first-order ordered resolution with selection

In order to present our approach of using first-order techniques to carry out resolution for CTL, we
first introduce several notions following their definition in [T} B7, 67, BT].

The language of first-order logic is based on

e the boolean operators — (not), A (and), V (or), and = (implies);

e the universal quantifier V (for all) and the existential quantifier 3 (there exists);
e a countable set V of variables;

e a countable set F of function symbols such that each function symbol in F is associated with

an arity n € No;

a countable set P of predicate symbols such that each predicate symbol in P is associated with

an arity n € No;

We assume that the sets V, F and P are pairwise disjoint. The pair (F,P) is called a signature.
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Definition 4.1 Term

A term is either a variable in V or an expression f(t1,...,t,) where f € F is a function symbol of
arity n and t1, ..., t, are terms. Function symbols of arity zero are also called constant symbols.
For a term t = f(t1,...,t,) the terms ¢y, ..., ¢, are called the arguments of t. Let T(F,V) denote
the set of all terms built from function symbols in F and variables in V. A term is ground if it does

not contain variables, that is, it is an element of T(F, ).

Definition 4.2 Depth of a term
The depth dp(t) of a term is inductively defined as

1. if t is a variable or a constant then dp(t) = 1, and

2. if t = f(t1,...,tn), then

dp(t) = 1 +max({dp(t;) | 1 <i<n})

For example, dp(a) = 1; dp(f(z,y)) = 2; and dp(r(h(z, g(z)))) = 4, where a is a constant, x and y

are variables, and f, g,r and s are function symbols.

Definition 4.3 Atom
An atom is an expression p(ty, ..., t,) where t1, ..., t, are terms in T(F,V) and p € P is a predicate

symbol of arity n. Predicate symbols of arity zero are also called propositions.

Definition 4.4 Literal
A literal is an expression A (a positive literal) or = A (a negative literal) where A is an atom. For
a literal L = (=)p(t1,...,t,) the terms t1, ..., t, are the arguments of L. A literal is ground if all

its arguments are ground.

Definition 4.5 Depth of a literal
The depth dp(L) of a literal L = (—=)p(t1,...,t,) is given by max({dp(t;) | 1 <i < n}) if the arity
of p is greater than zero, and dp(L) = 0 otherwise. For example, dp(p(h(z,y),r(h(z,g(x))))) = 4,

where x and y are variables; g, h, and r are function symbols; and p is a predicate.

Definition 4.6 First-order clause

A first-order clause C = L1V Ly V...V L, is a multiset of literals with variables implicitly assumed
to be universally quantified. A subclause D of a clause C' is a sub-multiset D of C' and we write
D C Cif D is a subclause of C. A strict subclause D of a clause C' is a subclause of C' not identical
to C.

Definition 4.7 Depth of a first-order clause
The depth dp(C) of a first-order clause C' is given by max({dp(L) | L € C}) if C is non-empty, and
dp(C) = 0 otherwise. For example, dp(p(z) V q¢(f(x,y))) = 2, where = and y are variables; and p

and ¢ are predicates.

Definition 4.8 Expression

An expression is a term, an atom or a literal.
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Definition 4.9 Substitution

A substitution is a mapping from variables to terms which is the identity mapping almost every-
where. A substitution o can be represented as a finite set of pairs 0 = {x1 « t1,...,2, — tn},
where x; # t; for all 4, 1 <4 < n, and ; # z; for all 4, j, 1 < i < j < n. A substitution
o={x; — t1,...,x, — t,} is said to be a ground substitution, if every t;,1 < i < n, is a ground
term. The value of a substitution o for a variable z is denoted by xo. A substitution can be
extended to a mapping from terms to terms. Analogously, for atoms, literals, and clauses. The

result of the application of a substitution o to an expression F is denoted by Eo.

Definition 4.10 Composition of substitutions
The composition 6o of the substitutions o and 6 is defined as xfo = (26)o for all variables x in V.

A substitution o is idempotent if oo = 0.

Definition 4.11 Variable renaming

A wariable renaming is an injective substitution o such that xo is a variable for every variable
x € V. An expression E’ is a variant of an expression FE if there exists a variable renaming o such
that £/ = Fo. We say E and E’ are identical modulo variable renaming. We usually consider

clauses C' and D to be identical if they are identical modulo variable renaming.

Definition 4.12 Instance

An expression E’ is an instance of an expression E if there exists a substitution o such that £’ = Fo.

Definition 4.13 Tautology

A first-order clause is a tautology iff it contains a pair of complementary literals.

Definition 4.14 Subsumption
A first-order clause C subsumes a first-order clause D if there exists a substitution o such that
Co CD.

Definition 4.15 Unifier

A substitution o is a unifier of expressions Ej, ..., E, if F;o = Ejo for all 4,7, 1 <4,j <n, and
Ey, ..., E, are said to be unifiable. A unifier o is a most general unifier of Eq, ..., E, if for every
unifier § of Fy, ..., E, there exists a substitution p such that z = xz(op) for every variable x
occurring in Fn, ..., F,.

Definition 4.16 Condensation
A condensation Cond(C) of a clause C' is a minimal subclause of C' such that there exists a
substitution o such that Co contains the same set of literals as Cond(C). A clause C' is condensed

if there exists no condensation of C' which is a strict subclause of C.

For example, let Cy = f(x) V f(z) V g(z) and Co = h(z) V h(y) V g(z) be first-order clauses, then
Cond(Ch) = f(x) V g(x) and Cond(Cs2) = h(x) V g(x). Note that the condensation Cond(C') of a
clause C' is either identical to C or is a strict subclause of C' which subsumes C according to the

definition of subsumption we give above.
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Definition 4.17 Atom ordering
An atom ordering = ,o, is a well-founded, total ordering on ground atoms. For two non-ground

atoms A and B, we define A >~,,, B iff Ao >, Bo for all ground instances Ao and Bo.

As for the propositional case, the ordering > .., is extended to literals by identifying each positive
literal p with the singleton multiset {p} and each negative literal —p with the multiset {p,p}
and comparing such multisets of first-order atoms by using the multiset extension of >=,,,. Also,
the notion of a (strictly) mazimal literal with respect to a clause C is again defined as in the
propositional case. Finally, the multiset extension of the literal ordering > ., induces an ordering

> por, on ground clauses.

Definition 4.18 Selection function
A selection function Spo, assigns to each clause C' a possibly empty set of occurrences of negative

literals in C. These negative literals in Sy, (C) are called selected (in the clause C').

Sror

The resolution calculus R;cp)?f’ is parameterised by an atom ordering >,,, and a selection

function Sy, and consists of the following two inference rule
e Ordered resolution with selection

CcvA -BVD
(CV D)o

where

1. o is the most general unifier of A and B.

2. No literal is selected by S0, in C' and Ao is strictly = ,,,-maximal with respect to Co.

In this case, we say that A is eligible in C'V A for the substitution o.
3. (i) =B is selected by Sy, in =BV D or (ii) no literal is selected by Sy, in D and =Bo

is > po,-maximal with respect to Do. In this case, we say that =B is eligible in =BV D

for the substitution o.

e Ordered positive factoring with selection

CVAvVEB
(CV Ao

where

1. o is the most general unifier of A and B.

2. No literal is selected by Syo, in C and Ao is = o, -maximal with respect to Co.

We now give a number of important definitions related to the calculus R;S‘i"’sp or,

Definition 4.19 Redundancy

Given a set N of clauses, a ground clause C is redundant with respect to N if there are ground

1We use I to indicate inference rules.
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instances Co,...,Cyo of clauses in N such that Cyo,...,Cho | C and for each 4,1 < i < n,
C o, Cio. A non-ground clause C' is redundant with respect to N if every ground instance of C'

is redundant with respect to V.

Definition 4.20 Saturation
A set N is saturated (up to redundancy) with respect to R;SiL’SF ©F if all clauses that can be derived
by an application of the rules of R;S%"’SF “F to non-redundant premises in N are either contained

in N or else are redundant in N.

Definition 4.21 Derivation

For a set Ny of clauses, a derivation from Ny is a sequence of clause sets Ny, N1, ..., where for every
i, 1 > 0, Niy1 = N; U{C} and C is derived by applying a R;S‘ﬁ"’sm" inference rule to premises
in N;, or N;y1 = N; \ {C} and C is redundant in N;. A derivation Ny, Nq,... is a refutation (of
Np) if for some i, 0 < i, N; contains the empty clause. We say a derivation Ny, N1, ... from Ny
terminates if for some i, 0 < i, N; is saturated up to redundancy. A derivation Ny, Ny, ... is fair if
every clause C' that can be deduced from non-redundant premises in the limit Noo = ;50 (>, Ve

is contained in some set IV;.

Theorem 4.1 [T]] R;S%’SFOL is a sound and complete refutation calculus: for a set of clauses
Ny and a fair derivation Ng, N1, ... from Ny, Ng is unsatisfiable iff the clause set Uj N; contains
the empty clause. Furthermore, if for some i > 0, N; is saturated up to redundancy, then Ny is

unsatisfiable iff N; contains the empty clause.

During the implementation of CTL-RP, we have found that a particular redundancy elimination

rule, called matching replacement resolution, can significantly improve the efficiency of our prover.

Matching replacement resolutiorE

CVvA -BVvVD

R CcvA D

where Ao = B and Co C D.

For example, let the two first-order clauses I'y = ¢(z) V p(z) and T's = —p(x) V q(z) V r(z) be
in the set N, then N can be reduced to the set N' = N U {¢(x) V r(z)} \ {T'2}, by applying the

matching replacement resolution rule to I'y and T's.

4.2.2 Representing determinate SNF% ., clauses as first-order clauses

In order to represent every determinate SNF¢,1; clause by a first-order clause we uniquely associate
every atomic proposition p with a unary predicate symbol @),,. Besides these predicate symbols we
assume that our first-order vocabulary includes a countably infinite set of variables x, y, ..., a

constant 0, a binary function symbol app, and for every ind € Ind a constant ;4.

2We use R to indicate redundancy elimination rules.
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The constant 0 represents the state sp € S in a model structure M = (S, R, L,[], so), while a
constant ;4 represents [ind]. The variables x and y quantify over states in M, and the variable s
quantifies over the successor functions [ind] with ind € Ind.

The first-order atom Qp(x), represents that p holds at a state =, while @,(0) represents that p
holds at the state sg.

The first-order term app(s, ) represents the state resulting from the application of the successor
function s to the state x, while app(s;nd, ) represents the state resulting from the application of the
successor function [ind] to the state z. Then the first-order atoms @, (app(s, x)) and Q,(app(Sind, z))
represent that p holds at states app(s, z) and app(sind, ), respectively.

Finally, for a disjunction of propositional literals C' = (=)pg V...V (=)pn, let [C](t), where ¢ is
a term, denote the first-order clause (=)Qp, (1) V...V (7)@p, (1).

We are then able to represent every initial, global, A-step and E- step clause I' by a first-order

clause [I'] as follows:
1. An initial clause start = C' is represented by [C](0)
2. A global clause true = C is represented by [C'](z)
3. An A-step clause P = AOC is represented by [-P](z) V [C](app(s,z))
4. An E-step clause P = E(;,4)OC is represented by [=P](z) vV [C](app(sind; T))

Note that it is possible for C' to be empty (which is equivalent to false) in an A-step clause
P = AOC or an E-step clause P = E(;,qyOC. In our calculus, such clauses are subject to the
rewrite rules RW1 and RW2, and would both be replaced by the global clause true = —P.

We see that in our first-order representation of determinate SNF¢p; clauses, for an empty
disjunction C, the SNFg, ;. clauses P = AOC, P = E(inq)OC, and true = —P all have the same
representation, namely, [-P](z). Thus, on the first-order level, the rewrite rules RW1 and RW2
are superfluous.

We now give a number of concrete examples:

SNF&r, clauses First-order representation
start = pV —r Qp( ) ﬁQr(O)

r = EOp —Qr () V Qp(app(s1, 7))
-p A g = AOfalse Qp(z) V ~Qq(x)

true = p Vv —¢ Qp(x) V —Qq(x)

start = false 1L

4.2.3 Implementing step resolution

The representation of determinate SNF¢; clauses by first-order clauses allows for all our step
resolution rules to be implemented using the first-order ordered resolution with selection calculus
presented in Section EE2T1

To this end, we have to define the atom ordering and selection function on the first-order level

in such a way that they mirror their definition on the propositional level.
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Regarding the first-order atom ordering, note that our signature only contains unary predicate
symbols. Let > be a propositional atom ordering. Then we allow >, to be any ground first-order
atom ordering such that Qq(s) > o, Qp(t) if

(1) dp(s) > dp(t); or
(i) dp(s) = dp(t) and ¢q > p.

According to this definition, lifted to the non-ground level, we have

Qw(apP(SinmaPP(Sind/w’C))) > roL Qp(aPP(Smd“,SC)) > FoL Qq(x)7

for any predicate symbols @, @4, @w, and constants sind, Sind’, Sinar and

Qq(app(sz’ndal’)) > FoL Qp(app(sind/ax))
Qq(7) =ro Qp(z)

provided g > p.
Regarding the first-order selection function Sj.,, we use the close correspondence between de-

terminate SNF%TL clauses and their first-order representation to define Sy, as follows:
1. A literal[—1](0) is selected in [CT(0) by Sy, iff =l is selected in C by S;
2. A literal [—l](x) is selected in [C'](z) by Sko iff =l is selected in C' by S;

3. A literal [—l](app(s,z)) is selected in [-P](x) V [C](app(s,x)) by Syon, with C' being non-
empty, iff =l is selected in C by S;

4. A literal [l](app(Sing, x)) is selected in [=P](x) V [C](app(Sind, z)) by Sror, with C' being
non-empty, iff =l is selected in C' by S.

There is one more complication that we need to overcome. In the case of SNF{,p; clauses, we have
made the simplifying assumption that the conjunctions and disjunctions of propositional literals
occurring in these clauses do not contain multiple occurrences of the same literal, thus avoiding
the need for factoring inference rules in our calculus. For example, resolving two global clauses
I'y = true = —pV q and I'; = true = p V ¢ simply results in I's = true = ¢. However, for first-
order clauses we have followed the definition of clauses as multisets of first-order literals. Thus,
resolving [T'1] = ~Qp(z) V Qq(x) with [T3] = Qp(x) V Qq(x) results in Qq(x) V Qq(x), which is not
identical to [T's] = Qq(x).

To eliminate this mismatch, we require that on the first-order level all clauses are kept in
condensed form, that is, every first-order clause C' is replaced by its condensation Cond(C). In our
example, we have Cond(Qq(x) V Qq(x)) = Qq(x) = [T'3].

We are then able to establish the following correspondence between RELFSL inferences on deter-

. Sror . .
minate SNF&; clauses and R;S?f 0L inferences on their first-order representation.

Theorem 4.2 Let = and S be an atom ordering and a selection function, respectively, for RETSL

and let =0, and Suo, be a corresponding atom ordering and a corresponding selection function,
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An application of SRES1

P=A0O(CVI)
Q = AO(D V-l
PAQ= AO(CVD)

where [ is eligible in C' Vv [
and ! is eligible in DV =l

can be emulated by the following inference using ordered resolution with selection

[—=P](x) vV [Cl(app(w, z)) V Qi(app(w, )
[-Q1(y) vV [D](app(2,y)) V ~Qi(app(z, y))
Cond([~P](x) V [-Q](x) V [C](app(w, x)) V [ D](app(w, x)))

where the definition of =, and S,,, ensures that Q;(app(w, z)) and —Q;(app(z,y)) are both
eligible in their respective clauses for the substitution o = {y « z, z «— w}.

Figure 4.1: Emulating SRES1 inferences in first-order logic

An application of SRES2

P = E g O(C V1) where [ is eligible in C' V[
Q = AO(D Vi) and -/ is eligible in DV -l
PAQ = E(ingyO(CV D)

can be emulated by the following inference using ordered resolution with selection

[=P](x) vV [Cl(app(sind; ) V Qu(app(sind, T))
[-Q1(y) vV [D](app(z,y)) V ~Qi(app(z,y))
Cond([=P](z) V [-Q](z) V [C1(app(sind, x)) V [D](app(sind; *)))

where the definition of =,,, and S,,, ensures that Q;(app(sind, z)) and —=Q;(app(z,y)) are both
eligible in their respective clauses for the substitution o = {y «— z,z <« Sina}-

Figure 4.2: Emulating SRES2 inferences in first-order logic

respectively, for R;SiL’SFOL. Let Ty and I's be two determinate clauses. Then a determinate clause
I's is derivable from I'y and I's by SRES1 to SRESS in RETSL iff there exists a clause C' derivable
from [T'1] and [Ta] by R;S‘IZ"’SFO" such that [T's] is a condensation of C.

Proof. Our definition of Sy, and >, ensures that there is a one-to-one correspondence between
eligible literals in determinate SNF¢,1; clauses and eligible literals in the first-order representation
of these clauses.

Therefore, we can show that for any inference by SRES1 to SRESS there is a corresponding
inference by R;S%"’SF °r. Figures Il to EE] show this relationship for inferences by SRES1 to SRESS,
respectively.

We also show that provided we keep first-order clauses in condensed form, RET‘SL does not allow
additional inferences which do not have a correspondence by SRES1 to SRESS.

As we know, a determinate clause is either an initial clause C?, a global clause C9, an A-step
clause C4 or an E-step clause C¥. We can distinguish ten different types of inference, C*C9, C*C4,
C'CE, cIcA, CICE, CcACE, CciCt, C9C9, CACHA and CECFE | where C'CY indicates an inference
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An application of SRES3

P = EnqgO(C V1) where [ is eligible in C' Vv [
Q= E >O(D v =) and — is eligible in DV —I
PAQ = E<md>o(0 Vv D)

can be emulated by the following inference using ordered resolution with selection

[=P](x) V [Cl(app(sind, ) V Qi(app(sind, 7))
[-Q1(y) v [D1](app(sind, y)) V —Qi(app(sind; ¥))
Cond([=P1(z) v [-Q](x) V [Cl(app(sina, ¥)) V [D](app(sind, T)))

where the definition of =, and Sy, ensures that Q;(app(sind,x)) and —Q;(app(sind,y)) are
both eligible in their respective clauses for the substitution o = {y < x}. Note that for any two
literals Q;(app(Sind, z)) and Q;(app(sinas,y)), they are only unifiable if ind = ind’.

Figure 4.3: Emulating SRES3 inferences in first-order logic

An application of SRES4

start = C V1
start = D Vv -l
start == CV D

where [ is eligible in C' VvV [
and -l is eligible in DV -l

can be emulated by the following inference using ordered resolution with selection

[C1(0 )\/Qz( )
[D1(0) v ~Q:(0)
Cond([C(0) v [D1(0))

where the definition of .., and Sy, ensures that Q;(0) and —Q;(0) are both eligible in their
respective clauses.

Figure 4.4: Emulating SRES4 inferences in first-order logic

involving an initial clause and a global clause, C*C“ indicates an inference involving an initial
clause and an A-step clause, etc. SRES1 to SRES8 map to eight of these types of inference. The
two not covered by SRES1 to SRESS8 are C*C# and C'CF, that is, RET‘SL does not allow inferences
between an initial clause and an A-step clause or between an initial clause and an E-step clause.
We show that R;S?f 7oL also does not allow the corresponding first-order inferences of C*C4 and
CiCcF.

For an inference of type C*C“4, consider the following four cases:

1. Let Q4(0) Vv C represent an initial clause and let =Q4(app(s, x)) VD represent an A-step clause.
Here, Q4(0) and —Q,(app(s, z)) are not unifiable.

2. Let [T'1] = Qq4(0)VC represent an initial clause I'y and let [Ty ] = =Qq(x)V(=)Qp(app(s, z))VD
represent an A-step clause I's. =Qq(x) is not eligible in [I'y]: Condition (i) in the definition
of > pop ensures that (—)Q,(app(s, z))o = ror Qq(z)o for any substitution o and Sro, is defined
in such a way that =Q(x) is not selected.
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An application of SRES5

true = C VI
start = D Vv =l
start = CV D

where [ is eligible in C' Vv [
and — is eligible in DV =l

can be emulated by the following inference using ordered resolution with selection

[Cl(z) v Qu(x)
[D1(0) v ~Q:(0)
Cond([C1(0) v [D1(0))

where the definition of =,,, and S;,, ensures that Q;(x) and —Q;(0) are both eligible in their
respective clauses for the substitution o = {z « 0}.

Figure 4.5: Emulating SRESH inferences in first-order logic

An application of SRES6

true = C V1
Q = AO(D\/ﬁl)
Q= A0O(CVD)

where [ is eligible in C' Vv [
and -l is eligible in DV -l

can be emulated by the following inference using ordered resolution with selection

[C(z) Vv Qi(x)
f 1(y) vV [D](app(2,y)) V ~Qi(app(2, )
Cond([-Q1(y) vV [Cl(app(z,¥)) V [D](app(z,¥)))

where the definition of >=,,, and S,,, ensures that Q;(z) and =Q;(app(z,y)) are both eligible in
their respective clauses for the substitution o = {z «— app(z,y)}.

Figure 4.6: Emulating SRES6 inferences in first-order logic

3. Let Q4 (0) v C represent an initial clause and let Q,(app(s, z))V D represent an A-step clause.
Again =Q,4(0) and Q,(app(s, z)) are not unifiable.

4. Let [T1] = =Q4(0)VC represent an initial clause I'y and let [I'2] = Qq(2)V(—)Q, (app(s, ) VD
represent an A-step clause I's. Qq() is not eligible in [T'y]: Condition (i) in the definition of
> ror ensures that (=)Qp(app(s, )0 =ror Qq(x)o for any substitution o and Sy, only selects

negative literals.

For an inference of type C*CF, the proof is analogous. Therefore, inferences of type C*C* and
C'CF are not possible in R;S(ff SF ©F just as they are not possible in RETSL
Furthermore, all inferences by SRES1 to SRESS involve only literals on the right-hand sides of

,S . . .
RpGe: 7O are subject to an analogous restriction.

determinate clauses. We prove that inferences in
This is again due to the ordering > ,,, and the selection function Sp,.

We show it holds for inferences of type CAC4.

o Let [T1] = —Qq(x) V (7)Qq (app(s,x)) V C represent an A-step clause I'y and let [T'y] =
Qq(z) V (7)Qq. (app(s, z)) V D represent another A-step clause I's. @Qq(x) is not eligible in
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An application of SRES7

true = C VI where [ is eligible in C' VvV [
Q = EingO(D V -l) and — is eligible in DV —[
Q= E(md>O(C Vv D)

can be emulated by the following inference using ordered resolution with selection

[Cl(z) v Qz( )
( (y) vV [D](app(sind; y)) V 2Qi(app(Sind; y))
([-Q1(y) v [C(app(sina, y)) V [D](app(Sind, y)))

where the definition of .., and Sy, ensures that Q;(z) and —Q;(app(sing,y)) are both eligible
in their respective clauses for the substitution o = {& < app(Sind,y)}-

]
Cond

Figure 4.7: Emulating SRES7 inferences in first-order logic

An application of SRESS8

true = C VI
true = D Vv =l
true=CV D

where [ is eligible in C' Vv [
and — is eligible in DV =l

can be emulated by the following inference using ordered resolution with selection

[Cl(x) v Qu(2)
[D](y) vV ~Qi(y)
Cond([C](2) v [D](x))

where the definition of .., and Sy, ensures that Q;(z) and —Q;(y) are both eligible in their
respective clauses for the substitution o = {y « x}.

Figure 4.8: Emulating SRESS inferences in first-order logic

[T'2]: Condition (i) in the definition of > .., ensures that (=)Qg, (app(s, x))o =ror Qq(x)o for

any substitution ¢ and S}, only selects negative literals.

o Let [T1] = —Qq(app(s,x)) V C represent an A-step clause I'1 and let [I'a] = Qq(z) V
(m)Qp(app(s,x)) V D represent another A-step clause I's. Qg (z) is not eligible in [T2]:
Condition (i) in the definition of >, ensures that (=)Qp(app(s,x))o =ror Qq(x)o for any

substitution o and Sy, only selects negative literals.

o Let [T1] = Qq(app(s,z)) vV C represent an A-step clause I't and let [T2] = —Qq(z) V
(m)Qp(app(s,x)) V D represent another A-step clause I's. —Q4(x) is not eligible in [T]:
Condition (i) in the definition of > ., ensures that (=)Q,(app(s,x))o =ror “Qq(x)o for any

substitution o and Sy, is defined in such a way that —Qq(x) is not selected.
It also holds for inferences of type CFCF.

o Lot [I'1] = =Qq(2) V (—)Qq, (app(Sind, z)) V C represent an E-step clause I'1 and let [T'y] =
Qq(z) V (7)Qq, (app(sina, x)) V D represent another E-step clause I's. Qq(x) is not eligible in
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1
2
3
4

)
6
7
8

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

procedure eres(T, C)
// T is a saturated set of determinate clauses
// C is a sometime clause Q = AO~l or Q = E,q) Ol
begin
if C is an A-sometime clause then
S0S := {D|D is a global or step clause in T};
else if C is an E-sometime clause then
S0S := {D|D is a global, A-step, or E-step clause with
the index ind in T};
end if
i := 0;
Hos(z) :
do
Goals := {ls(x) VvV —Q(app(s,z)) V -Hi_1(x)o}, where o = {x < app(s,x)};
T, := resolution_sos(S0S, Goals);
Ty := {G(x) | G(z) VIs(z) € Ty and depth(G(x)) < 1};
Hi(o) = ~(AT2);
if Hi(z) is equivalent to true then
return eresolvent(C, true);
else if Hi(z) is equivalent to false then
return ()
else if H;i(z) is equivalent to H;_i(x) then
return eresolvent(C, Hi(z));
end if
i = i+1;
while (Ty # ()
end

= true;

Figure 4.9: eres: A loop search implementation using first-order resolution

[T2]: Condition (i) in the definition of > .., ensures that (=)Qg, (app(s, x))o =ror Qq(x)o for

any substitution ¢ and S, only selects negative literals.

Let [T1] = —Qq(app(sindg,x)) V C represent an E-step clause I'1 and let [I'y] = Qq(z) V
(—)Qp(app(sind, z)) V D represent another E-step clause I's. Qq4(z) is not eligible in [T'2]:
Condition (i) in the definition of >, ensures that (—)Q,(app(Sind, )0 =ror Qq(x)o for any

substitution ¢ and Sy, only selects negative literals.

Let [T1] = Qq(app(sind;)) V C represent an E-step clause I't and let [To] = —Qq(z) V
(m)Qp(app(sind, x)) V D represent another E-step clause I's. —Qq(x) is not eligible in [T'2]:
Condition (i) in the definition of > r, ensures that (=)Qp(app(Sind, ©))o = ror “Qq(x)o for

any substitution o and Sy, is defined in such a way that Q4 (z) is not selected.

R>F0L,5F0L

Proofs for inferences of type C9C4,CICF, and CACF are analogous. Therefore, FOL

does not allow an inference resolving literals from left-hand sides of determinate clauses. Finally,

condensation ensures that the ordered factoring with selection rule of R;S‘]:"’

SroL g not applicable.

This establishes the desired one-to-one correspondence between inferences by SRES1 to SRESS

,S
R> FOL,OFOL . O

and inferences by Rp57.
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We now provide an example to show how to use first-order order resolution to implement step

resolution rules.

Example 4.1
Previously, in Example we considered the set T3 of SNF§; and derived an empty clause
start = false from it by step resolution. The first-order representation 7' of the determinate

clause set T3 is as follows.

(1) @-(0) «—— start = r

(2) Qq(z) Vv Qp(app(si, T))) e« —q=Eq0p

(3) =Qr(x) vV =Qq(app(s2; 7)) V Qp(app(s2,x)) «— 1= E(O(—qV p)
(4) —Qu(z)V =Qp(app(s,z))) — u=AOp

(5) Qu(x) «—— true=u

We use the ordering based on the precedence u = p = ¢ > r and a selection function which
always returns the empty set of negative literals for every clause. Then we can obtain the following

derivation from the set T'.

2, R, 4] (6) Qq(z)V —Qu(z)

(5, R, 6] (7) Qqx)

3, R, 4] (8) ~Qr(x) V -Qu(x) V —~Qq(app(s2, x))
7, R, 8] (9) =Qn(z) V-Qu(x)

[5 R 9 (10) -Qr(z)

[1, R, 10] (11) L

where [n, R, m] indicates that we resolve the clauses labelled (n) and (m).

The inferences deriving the determinate clauses 6,8,9,10,12,13 in Example corresponds to
the inferences in this example deriving the first-order clauses 6,7,8,9,10, 11, respectively. On the
other hand, the rewrite steps deriving clauses 7 and 11 in Example have no correspondence on

the first-order level as the rewrite rules of RET‘SL are not required on the first-order level.

4.2.4 Implementing eventuality resolution

To implement the eventuality resolution rules ERES1 and ERES2, we will need to augment a first-
order theorem prover with an implementation of the E-loop search algorithm defined in Section B4l
Figure E9 shows the pseudocode for the implementation of this algorithm in our prover CTL-RP.

The procedure eres takes as input

1. a set T of determinate clauses, which we assume to be saturated under the step resolution
rules SRES1 to SRES8 and the rewrite rules RW1 and RW2, and

2. an A-sometime clause or E-sometime clause C.

As stated in Section B4 if C is an A-sometime clause Q = A<O—I, then the loop search algorithm
considers all global clauses, A-step clauses, and E-step clauses in T', while if C is an E-sometime
clause Q = E(;,4)©—l, then the loop search algorithm considers all global clauses, A-step clauses,

and all E-step clauses with index ind in T. Lines 5 to 9 of our algorithm implement this case
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distinction and store the set of clauses that needs to be considered in the set SOS. The main part
of the algorithm, lines 12 to 25, consists of a loop in which we construct a sequence of formulae

H_;(z), Ho(x), Hi(z), ... until one of the following three termination conditions is satisfied:

(a) if Hi(z) is equivalent to true, then we use the procedure eresolvent to return the resolvents

for C and the loop formula true (lines 17 and 18);

(b) if Hi(z) is equivalent to false, then no loop can be found and we return the empty set of

resolvents (lines 19 and 20);

(c) if Hi(z) is equivalent to H;_4(z), then we again use the procedure eresolvent to return the

resolvents for C and the loop formula H; (z) (line 21 and 22).

Lines 13 to 16 deal with the construction of the formula H; () for the current index i. Recall from
Section B2l that to construct H;, we need to look for merged clauses A; = (B;Al), A; = AO(B; Al)
or Aj = E(jnayO(B;j Al) such that B; = H; 4 (or, equivalently, AOB; = AOH;_;). To do so, we
construct a set of goal clauses Goals with each clause containing the literal —=Q;(app(s, z)), the first-
order representation of AO—I, and a disjunct from —H;_4(app(s,z)), the first-order representation
of AO—H;_;. When trying to prove these goal clauses using the clauses in S0S, all newly derived
clauses of depth one or less would be the first-order representations of the A;’s that we look for.
To make it easier to identify newly derived clauses, we add a literal ls(x), where s is a new unary
predicate symbol and ls = p, for all propositions p occurring in the augmented set aug(T') of T,
to each of the goal clauses. As there are no negative occurrences of ls(x) in S0S, Is(x) occurs in
all clauses derived from our goal clauses. In Figure 9 line 13 constructs the goal clauses, line 14
calls the resolution_sos procedure to saturate SOS U Goals using a set of support strategy which
described in Figure EET3 line 15 collects all newly derived clauses of depth one or less from the
saturated set using the literal Is(x) to identify newly derived clauses, and, finally, line 16 computes
H; ().

The following example illustrates how our implementation of the loop search algorithm works.

Example 4.2
Let the set T' consist of the three SNF¢ clauses a = AOIl, b = AOl, and a = E(ingOa and we

are looking for a loop in —[. The first-order representation of these clauses is given by

(1) —Qa(x) V Qui(app(s, z))
(2) =@u(x) v Qi(app(s, )
(3) ﬁC)a(‘r) \/Qa(app(sindax))

The atom ordering we use is based on the precedence ls > [ > a > b and a selection function which
returns the empty set of negative literals for every clause, that is, no literals are selected in any
clause.

In the following description of resolution derivations, [G] indicates a goal clause that has been
added to T, [n, R, m] indicates a resolution inference involving the clauses labelled (n) and (m),
and [n, C] indicates the condensation of the clause labelled (n).

During the first iteration of the main loop of eres, the set of goal clauses consists of the single

clause Is(z) V =Q;(app(s, z)) and resolution_sos conducts the following inferences:



96

CHAPTER 4. CTL-RP: A RESOLUTION THEOREM PROVER FOR CTL

1 procedure eresolvent(C, H;(x))
2 // C is a sometime clause @ = Al or Q = Ej,q)Ol
3 // Hi(z) = ~A\[_, Gi(z) is a loop formula

4 begin

5 if H;(x) = true then

6 G; (x) := false;

7 end if

8 if C is an A-sometime clause then

9 resolvents := {[=Q](z) V-Qi(z)VG;i(z) |1 <i<n}U

<
{~Qua () v ~Qu(app(s,2)) V Cila)o | 1 < i <n,
o = {z — app(s,x)}} U
{1-Q1@) V ~Qu(2) V Qua (@),
~Qua () V ~Qu(app(s,2)) V Q,a (app(s, 2))}

10 else if C is an E-sometime clause then
11 resolvents := {[-Q](z)V -Q(z)V Gi(x) |1 <i<n}U
{=Qyina(x) V ~Qi(app(sina, ) V Gi(x)o | 1 <i <mn,
o ={x < app(sina, )} } U
{[-Q1(x) V =Qi(x) V Qyina(x),
“Qyina () V Q1(app(Sind; ) V Qina (app(sind, ¥)) };
12 end if
13 return resolvents;
14 end
Figure 4.10: The eresolvent procedure
[G] (4) Is(x) vV -Qi(app(s,z))
(LR, 4] (5) Is(z) V=Qa(x)
(2, R, 4] (6) ls(z) V ~Qu(x)

Clauses (5) and (6) contribute to the construction of Ho(z) (see lines 15 and 16 of the eres) and we

obtain Ho(z) = Qu(z) V Qp(x). As Ho(z) does not satisfy any of the three termination conditions,

the main loop of eres will be executed a second time. This time, we have two goal clauses, clauses
(7) and (8) below:

G

G

1, R, 7]
1, R, §]
2, R, 7]
2, R, §]
3, R, 9]
(13, C]
3, R, 11]

(7) Is(z) v =Qu(app(s, ) V ~Qa(app(s, z))
(8) Ils(z) vV ~Qu(app(s,z)) V ~Qp(app(s, z))
(9) ls(z) V—Qa(x) V =Qa(app(s, z))

(10) Is(z) V =Qa(z) V ~Qp(app(s, z))

(11) Is(z) V =Qu(x) V ~Qa(app(s,z))

(12) Is(z) vV ~Qu(z) V Qs (app(s, z))

(13) Is(z) V —Qqu(x) V =Qu(x)

(14) Is(z) V =Qq(x)

(15) Is(x) V =Qp(x) V =Qqu(x)

As the condensed clause (14) makes clause (13) redundant and clause (14) also subsumes clause

(15), of all the clauses in the saturated set, only clause (14) contributes to the construction of

Hi(z) and we obtain Hi(z) = Q.(z). Again, Hi(z) does not satisfy any of the three termination
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1 procedure resolution_prover (N)

2 begin
3 Wo := (; Us := taut(sub(N));
4 while (Us # () and L ¢ Us)
5 Given := choose(Us);
6 Us := Us\ {Given};
7 Wo := Wo U {Given};
8 New := res(Given,Wo) U fac(Given) ;
9 New  := taut(sub(New));
10 New := sub(sub(New,Wo) ,Us);
11 Wo := sub(Wo,New) ;
12 Us := sub(Us,New) U New;
13 end
14 output ()
15 end

Figure 4.11: A simple resolution prover [74]

conditions, and a third iteration of the main loop of eres is required. There is only one goal clause,
clause (16).

(G] (16) Is(x) vV ~Qu(app(s,z)) V ~Qa(app(s, z))
(1, R, 16] (17) Is(z) V =Qa(z) V ~Qa(app(s,z))

2, R, 16] (18) Is(z) V =Qs(x) V ~Qa(app(s, v))

[3, R, 17] (19) Is(z) V =Qqu(x) V ~Qq(x)

(19, C] (20) Is(z) V —Qq(x)

(3, R, 18] (21) Is(z)V _‘Qa(z) —~Qp()

Again, the condensed clause (20) makes clause (19) redundant and clause (20) also subsumes clause
(21). Only clause (20) remains to contribute to the construction of Hy(z). We obtain Ha(z) = Q4 ()
which is equivalent to Hy(z). Thus, the third termination condition of eres is satisfied (line 21) and

the eresolvent procedure, shown in Figure EET0L will return the appropriate resolvents.

We are now in the position to formulate the correspondence between derivations by RCTL and
derivations by R;S‘i’ »Sror supplemented by the eresolvent procedure and to state the correctness of
this approach to implementing RCTL

Let T be a set of SNF& clauses such that T4t is the set of all determinate clauses in T
and T is the set of all eventuality clauses in 7. Let [T'%*] denote the set {[T'] | ' € T%} of
first-order clauses representing the determinate clauses in T9¢t.

Then a REJFSIJ—emulating derivation from T by

=roL,SFoL
REOT is a sequence Ny, N1, No, ... of sets of

first-order clauses such that Ny = [T'%!] and for every i, i > 0,

1. Nijt1 = N; U{C} where C is the condensation of a clause derived by applying the ordered

Sror

resolution with selection rule of R;S?f’ with an atom ordering > .., and a selection function

Sror corresponding to > and S, respectively, to premises in N;; or

2. Nijt1 = N; U R where R is eres(N;,T") for some eventuality clauses I" in T¢V.
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A RE’TSL-emulating refutation of T' by R;S{L’SFO" is a RE’TSL-emulating derivation Ny, Ny, ... from T'

by R;S‘i"’sp ©F such that for some i > 0, N; contains the empty clause.

Theorem 4.3 Let T be a set of SNFg,p; clauses. Then T has a refutation by RET‘SL iff there is a

R>,S

o -emulating refutation of T' by R;S%“SFOL.

Proof. Let Ty, T1, ... be a refutation of T'= T by RET‘SL where we restrict applications of ERES1
and ERES?2 to loop formulae that can be found by a CTL equivalent of our loop search algorithm.

First, we establish that this restriction is still complete. Basically our loop search algorithm eres
in Figure B9 is almost the same as the loop search algorithm in Section BZZ3 The only difference
is that we provide implementations for the following two tasks in the loop search algorithm in
Section

(1) Search in T' for merged clauses of the form X; = AQY}, X; = E(;,qOYj, and X; = Yj such
that Y; = [ is provable in propositional logic.

(2) Search in T for merged clauses of the form X; = Yj, X; = AOYj; or X; = E(;,q)OY; such
that Y; = [ and Y; = H; are provable in propositional logic.

Thus, we only need to prove the correctness of our implementation for those two tasks. We now
give a number of useful definitions.

Using the algorithm eres, we essentially search for clauses in SOS to form such merged clauses.
Let T; be the set such that a clause I is in T} iff [T'] is in SOS.

If there exists a set A of SNFg clauses such that all clauses in A can be merged into one
merged clause, then we use m(A) to denote this merged clause.

Let @Q be a conjunction of literals. Then we use cond(Q) to denote a conjunction of literals
A/, pi such that (i) for every i, p; is in cond(Q) iff p; occurs in @ and (ii) for every i,j,1 <i <
Jj < n,p; # p;j. For example, if Q = a A b A a, then cond(Q) =a Ab.

We consider the case for ERES2, i.e. all E-step clauses in T" have the same index ind. Therefore,
any subset A of T} has a merged clause m(A). As to the proof for ERESI, it can be achieved in
an analogous way.

For task (1), we need to prove that

(3) for every clause G(x) in To, there exists a set A C T; such that, for its merged clause
m(A) = X = %Y, Y = [ is provable and cond(X) = P, where [-P]|(z) = G(x) and * is
either empty or a temporal operator in the set {AO, E(md)O}; and

(4) if there exists a set A C T; such that, for its merged clause m(A) = X = «Y, Y = [ is
provable, then there exists a clause G(x) = [=P](z) in Ty such that X = P, i.e. [-X](z) is
equivalent to G(x) or [-X](x) can be subsumed by G(x).

Firstly, we consider case (3). We know that, if a clause G(z) is in To, then from the algorithm
eres, [['1] is in Ty, where I'y = P A —ls = «false and [—P](x) = G(x). We also know that ls does
not occur in S08, [T'2] (where I'y = —ls = AO-l) is in Goals and S0S is saturated. Therefore, [T'1]
must be derived using [T'2] and clauses in S0S in resolution_sos. By Theorem ELZ, T’y also can be

derived using I'; and T;. We know according to our step resolution rules, (5) the left-hand side of
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the resolvent of an application of step resolution rules to two premises P; = * Dy and P, = % D> is
cond(Py A Py). Let A C T be the set consisting of the clauses involved in the derivation to derive
'y = P A —ls = xfalse and let m(A) = X = %Y. Then cond(X) = P. Since we know that false
is derived, then by the soundness of our step resolution rule the set {Y'} U {—l} is inconsistent, i.e.
Y A =l = false. Consequently Y = [.

Secondly, we prove case (4). Assume m(A) is X = xY.

e Assume Y is consistent. As Y = [, the set W, of propositional clauses is unsatisfiable, where
W, ={B|A=AOBc A}U{B|A= E(jyyOB € A}U{B |true = B € AjU{-l|-ls =
AO-l}. In Theorem BTl we have established that for an unsatisfiable set of propositional
clauses like W,., it has a refutation by propositional ordered resolution with selection using
the same ordering and selection function as for RELFSL. Furthermore, there is a derivation by
the step resolution rules SRES1 to SRES3 and SRES6 to SRES8 such that I's = Q = *false
can be derived and @ is the conjunction of literals. As Y is not unsatisfiable and Y = [, to
derive I's, =ls = AO-l must be involved. Since Is does not occur in T}, —ls is in Q. Let
Q@ = —ls AN P. Then I's = P A\ —ls = xfalse. By Theorem and the algorithm eres, [I's]
is in Ty. Therefore, there exists a clause G(x) in Ty such that G(z) = [-P](z). Let A’ be
the set consisting of the clauses involved in the derivation to derive I's = P A —ls = xfalse
and let m(A") = X’ = xY’. As it is not necessary that all the clauses in A occurring in
that derivation, we obtain that A’ C A and, consequently, X = X’. From (5), we know that
P = cond(X'), so X' = P. Thus, X = P.

e Assume Y is inconsistent. In this case, even if the clause G(z) can not be found in T,
the algorithm eres is still correct, as the possible resolvents generated for A can always be
subsumed by some clauses in S0S. Assume A = {A; = «C1,..., A, = xC,} and /\?:1 C;
is inconsistent. We also assume that (i) loop search is applied for the E-sometime clause
Q = E(i5q)©L; (ii) a loop can be found; and (iii) the formula H; built in the last iteration of
the loop search is H; = DV (A, A;). Then the resolvents generated for A are the following

clauses:
F4 = true = _‘Q \VASTAY, V?:l _‘Ai F5 = wf}d = E(znd)o(_‘l \Y V?:l _‘Az)
As A}, C; is inconsistent and SOS is saturated, there exists a clause [T's], where
I = true = /L, - A,

in S0S such that A" = {A} = «C1,..., A}, = % C},} C A. Therefore, [T] = /72, [~A]](z)
subsumes [T4] = [Q1(©)V-Qi (@Y, [~A:] () and [T5] = ~Qyiga ()VQu(app(5ints 2))V
Vi1 [=Ai](app(ind, ).

For task (ii), the proof is analogous. By the completeness of the loop search algorithm for CTL
[15], our version of the loop search algorithm is complete as well.

Finally, we show by induction over the RETSL refutation that we can construct a Rgr’fi—emulating
derivation Ng, Ny, ... from T such that for every 4, i > 0, N; = [T%]. The base case, where
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1 procedure main(p)
2 // ¢ is a CTL formula

3 begin

4 N := transform_to_fol (transform_to_snf (simp (nnf (©))));
5 New := {C|C is a determinate clause in N};
6 ST := {C|C is a sometime clause in N};

7 S0S := (;

8 do

9 New := reduction_mrr(New) ;

10 S0S := resolution_sos(S0S, New) ;

11 New := 0;

12 if (1 ¢ S08) then

13 foreach A-sometime clause and E-sometime clause C in ST
14 G := eres(S0S, C);

15 if (G # 0) then

16 New := New U G;

17 end if

18 end for

19 New := sub(New, S0S);

20 end if

21 while (L ¢ SO0S and New # ()

22 output () ;

23 end

Figure 4.12: The main procedure of CTL-RP

we consider 7' = Ty is trivial, as by definition Ny = [T§**]. For the induction step, we have to
consider whether T;11 is derived from T; by adding the resolvent of a step resolution inference
or the results of an application of an eventuality resolution rule. In the first case, Theorem
establishes the required correspondence. In the second case, since we use essentially the same loop
search algorithm, the eresolvent procedure in Figure EET0 will find a first-order representation of
the same loop formula and return the first-order representation of the same result.

Therefore, if T; contains a contradiction for some ¢ > 0, then N, contains the empty clause as

N; = [T#"]. The RE’TSL—emulating derivation Ny, N1, ... from T that we have just constructed is a
refutation.
The proof for the reverse direction of the theorem is analogous. O

4.2.5 The main procedure of our implementation

The architecture of our resolution theorem prover for CTL is dictated by the differentiation that
we have to make between sometime clauses, which are subject to the eventuality resolution rules,
implemented by the procedure eres, and determinate clauses, which are subject to the step resolution
rules, implemented by ordered resolution with selection. There are two possibilities how these two
can be integrated.

The first possibility is to treat eres as just another inference rule besides the resolution (and

factoring) rule of first-order resolution. To illustrate this approach, consider the main procedure of
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a simple first-order resolution prover [74] as shown in Figure LTl In this procedure, choose(N)
selects and removes a clause from a clause set N, fac(C) is the set of all factors derivable from a
clause C, res(C, N) is the set of all resolvents derivable between a clause C' and a set of clauses
N, taut(N) is the result of exhaustive tautology elimination to N, sub(N) returns the set N
after exhaustive application of subsumption deletion, and sub(N, M) returns all clauses in N not
subsumed by clauses in M. To integrate eres we could simply replace line 8 with a case distinction:
if Given is the first-order representation of a determinate clause, then let New be the set of all
condensed resolvents between Given and Wo under ordered resolution with selection; else if Given is
a sometime clause, then let New be the result of applying eres to the set of first-order representations
of determinate clauses in Us U Wo, that is, all currently available determinate clauses, and Given.
However, eres assumes that the set of clauses it is given is already saturated and that only inferences
between this set and the goal clauses constructed in eres are required, otherwise not all loop formulae
might be found. But Us U Wo is not saturated as inferences between clauses in Us have not been
computed yet. So, we would need to saturate Us U Wo within eres itself, which obviously leads to
repeated inferences as resolution_prover will continue to saturate Us U Wo independently of eres.

Thus, this would not be an efficient approach.

The second possibility is to perform the saturation of determinate clauses first before we try
to apply eres. This obviously ensures that eres receives a saturated set of determinate clauses
as input. But since each application of eres to a sometime clause may derive new determinate
clauses, we will have to re-iterate the overall saturation process with these new clauses. This gives
rise to the algorithm for the main procedure of CTL-RP shown in Figure The procedure
takes a CTL formula ¢ as input and transforms ¢ into a set N of SNFg; clauses in first-order
representation by computing the negation normal form of ¢ using nnf and performing boolean and
CTL simplifications, including tautology removal, using simp, then transforming the resulting CTL
formula into an equi-satisfiable set of SNF¢ clauses using transform_to_snf, and finally giving
these clauses a first-order representation using transform_to_fol (line 4). We split N into the set New
of first-order representations of determinate clauses and the set ST of sometime clauses (lines 5 and
6, respectively). As we will repeatedly saturate a set of clauses, a set of support strategy described

in Figure EET3 is used, with the initial set of support SOS being empty (line 7).
We then enter the main loop of the procedure which will be repeated until either the empty

clause has been derived or we cannot derive any new clauses. Within the main loop we first simplify
New using matching replacement resolution [52] (line 9) which we found to be an effective reduction
in early experiments with CTL-RP. We then saturate the set New with respect to the current set of
support S0S using the procedure resolution_sos and the resulting set of clauses becomes the new set
of support (line 10). If we have not derived the empty clause yet, then we try to apply eres to each
of the sometime clauses (lines 13 to 18). The union of all the resolvents generated by applications of
eres becomes the set of new clauses New. Some of these resolvents may be redundant, in particular,
if applications of eres in a previous iteration of the loop have already been successful, that is,
have produced a non-empty set of resolvents. Therefore, we eliminate clauses from New which are

subsumed by clauses in S0S (line 19).

The procedure resolution_sos is shown in Figure The procedure takes as input a set of

clauses SOS which is assumed to be saturated and not to contain a contradiction, and a set of



102 CHAPTER 4. CTL-RP: A RESOLUTION THEOREM PROVER FOR CTL

1 procedure resolution_sos(S0S, N)
2 // S0S is a saturated set of first-order clauses
3 // N is a non-saturated set of first-order clauses

4 begin

5 while (N# () and L ¢ N)
6 Given := choose(N) ;
7 N := N\ {Given};

8 S0S := SO0S U {Given};

9 New := cond(ores(Given, S08));

10 New := sub(sub(New, S0S), N);
11 S0S := sub(S0S, New);

12 N := sub(N, New) U New;

13 end

14 if L € N then

15 S0S := S0S U {L};

16 end if

17 return SOS;

18 end

Figure 4.13: The resolution_sos procedure

clauses N. It returns the saturation of SOS UN. The procedure is a minor variation of the simple
resolution prover resolution_prover in Figure EETTl with the set SOS taking the place of the set Wo of
worked-off clauses. Thus, while resolution_prover starts with an empty set of worked-off clauses to
which we add clauses chosen from N, and from derived clauses, one by one, here we start with the
potentially non-empty set SOS to which we add clauses chosen from N, and from derived clauses. In
addition, we use ordered resolution with selection: ores(C, N) is the set of all resolvents derivable
between a clause C' and a set of clauses N by the ordered resolution with selection rule, cond(N)
is the set of clauses {Cond(C) | C € N}, where N is a set of determinate clauses.

4.2.6 CTL-RP

Currently, there are many high performance first-order theorem provers, which have been developed
for years, for example, SPASS |54, Vampire [(2], E [65] and Prover9 [B5]. Among all of them, SPASS

satisfies all our requirements, as it

e provides the implementation of resolution_sos and all the inference and redundancy elimina-

tion rules for first-order ordered resolution with selection;
e is well-documented and well-supported;

e is mature software, having been developed for more than a decade and over several versions;

and

e can be modified for our purposes, since the source code is publicly available under the GNU

General Public License.

Therefore, our resolution theorem prover for CTL, CTL-RP, is based on the first-order resolution

prover SPASS 3.0 |54, [75]. To realise the calculus RETSL we have added our own implementations of
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1. the procedures nnf, simp, transform_to_snf, and transform_to_fol that are required to trans-
form a given CTL formula into a set of first-order representations of determinate clauses and

a set of sometime clauses;
2. the procedures eres and eresolvent that implement the eventuality resolution rules; and

3. the procedure main that integrates resolution_sos with the implementation of eventuality

resolution to finally form our prover CTL-RP.

Our prover CTL-RP is not only able to tell us whether a given CTL formula is satisfiable or
not but also able to provide the corresponding proof if the given formula is unsatisfiable. For
step resolution, the proof can be extracted straightforwardly, while for eventuality resolution, the

premises can be traced from the formula returned by the loop search algorithm.

4.3 Related theorem provers

4.3.1 OTRES and TRP++

In 1991, a clausal resolution calculus Rpyrr, for PLTL was proposed by Fisher [37] (see also [26] B5]).
The calculus requires PLTL formulae to be transformed into a clausal normal form, called Separated
Normal Form (SNF). Just as our resolution calculus for CTL, Fisher’s resolution calculus for PLTL
consists of several step resolution rules and a single eventuality resolution rule.

In [28], Dixon proposed an approach of implementing Rpprr, using a propositional/first-order
resolution prover to perform both step and eventuality resolution rules. Moreover, Dixon has
constructed a prototype prover OTRES based on this approach. A few years later, Hustadt and
Konev have developed an efficient temporal resolution theorem prover TRP++ 8], again based
on the calculus RprTy,.

In [HJ], they also proposed an interesting idea that SNF clauses can be represented by first-order
clauses and then the step resolution for PLTL can be performed by first-order resolution. However,
in the implementation, TRP++ does not adopt first-order techniques, but instead opts for a “near
propositional” approach. Generally speaking, they represent SNF clauses as propositional clauses
and supply each literal with an attribute, which indicates whether the literal is originally from an
initial clause, the left-hand side of a step clause or the right-hand side of a step clause. In this
thesis, we successfully extend their ideas about using first-order techniques for PLTL resolution to
CTL resolution and, consequently, we are able to reuse some existing high performance first-order
prover for our CTL prover CTL-RP.

4.3.2 Tableau Workbench

Besides CTL-RP, there appears to exist only one other CTL theorem prover, namely a CTL module
for the Tableau Workbench (TWB) ﬂZﬂH

3During  the final stage of  writing  this  thesis, we  become aware of  MLSolver
(http://www2.tcs.ifi.lmu.de/mlsolver/), which can be used to check CTL satisfiability. ~However, there was
insufficient time to include it in our empirical study.
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CTL equivalences CTL-RP 00.14 TWB
1. AOp =-E<C—p 0.007s 0.005s
2. EOp=-Al—p 0.007s 0.004s
3. EO(pV q) = EOp V EOq 0.005s 0.005s
4. AOp=-EO—p 0.003s 0.006s
5. E(pUq) =qV (p NECE(pU q)) 0.019s 0.005s
6. AlpUqg)=qV (pNAOA(pUQ)) 0.028s 0.005s
7. E<Cp = E(true U p) 0.007s 0.008s
8. AOp = A(true U p) 0.007s 0.008s
0.030
W CTL-RP 00.14 H
0.025 - ATws
0.020 |
'UDT'
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Figure 4.14: Performance of CTL-RP 00.14 and TWB 3.4 on eight ‘textbook’ CTL formulae (CTL-
BF1)

The Tableau Workbench is a generic framework for building automated theorem provers for
arbitrary propositional logics which provides a general architecture and a high-level language which
allows users to specify tableau rules and provers based on these rules. It provides a number of pre-
defined provers for a wide range of logics, for example, propositional logic, linear-time temporal logic
and CTL. Regarding CTL, it implements a so-called one-pass tableau calculus for this logic which
results in a double-EXPTIME decision procedure [3]. Therefore the complexity of this CTL decision
procedure is higher than the complexity of CTL-RP, which is EXPTIME. Generally speaking, the
one-pass tableau searches for a satisfying CTL model structure by exploring alternative structures
and different branches in each structure using depth-first search, instead of constructing a behaviour
graph like structure and reducing it using elimination rules. It should be noted that the prime aim
of TWB is not efficiency.

4.4 Performance of CTL-RP

There is no established way to evaluate the performance of CTL decision procedures nor is there

a repository or random generator of CTL formulae that one might use for such an evaluation. We
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Representation of this state transition
\ system in CTL

Cab D b D s
AO(aNb = AO((ma AD)V (ma A —b)))

(

AO(aNb = EO(—aAb))
AO(aAb = EO(-aA b))

AO(maAb = AO((—ma Ab)V (ma A —b)))

AO(-aAb = EO(-aAb))

oY) Ay 2
AO(-aA-b = AO(-aAD))

Figure 4.15: A state transition system

have therefore created four sets of benchmark formulae ourselves that we have used to compare
CTL-RP version 00.14 with TWB version 3.4 and CTL-RP version 00.14 with version 00.09. The
difference between versions 00.14 and 00.09 is that version 00.09 implements the transformation
procedure used in [T5] (see also Appendix[A]) while version 00.14 implements our new transformation
procedure introduced in Section BEZ2A The comparison was performed on a Linux PC with an Intel
Core 2 Duo E6400 CPU@2.13 GHz and 3GB main memory, using the Fedora 9 operating system.

4.4.1 CTL-RP vs. TWB

The first set of benchmark formulae, CTL-BF1, consists of eight well-known equivalences between
temporal formulae taken from [31]. The CTL equivalences themselves and the CPU time required
by TWB and CTL-RP to prove each of them is shown in Figure EET4 Both systems easily prove
each of the equivalences in less then 0.03 seconds, however, with TWB being significantly faster on

two of the formulae.

For the second set of benchmark formulae, CTL-BF2, we have created a small finite state
transition system and formalised it in CTL as shown in Figure ET0l We have then defined five
properties, each given by a CTL formula, that one might try to establish for this state transition
system, and each benchmark formula in the second set is an implication stating that the CTL
specification of the finite state system implies one of these properties. Figure EETO shows the five
properties, their validity status with respect to the finite state transition system, and the CPU time
in seconds required by TWB and CTL-RP to establish that status. CTL-RP outperforms TWB by
a factor of about 1000 on two of the benchmark formulae and by a factor of 100 for the remaining
three benchmark formulae in CTL-BF2.

The third set of benchmarks, CTL-BF3, generalises the idea underlying CTL-BF2. Instead of
using a specification of a finite state system and properties that we have ‘crafted’ ourselves, we
use randomly generated ones. In particular, let a state specification be a conjunction of literals
l;, 1 < i < 4, with each [; being an element of {a;,—a;}. Let a transition specification be a CTL

formula in the form

AO(s = AO(\/?:1 s;)) or AO(s = EO(\/?:1 $:i)),
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Property Status CTL-RP 00.14 TWB
L. AO(-ES(a A D)) Valid 0.04s 23.79s
2. AD(A(ald —a)) Valid 0.02s 25.84s
3. AD(a VD) Not Valid 0.01s 0.85s
4. AO(EO-b) Valid 0.03s 46.95s
5. E(bU —b) Valid 0.01s 2.95s
3283 : _CI—::VI;RF 00.14 A
40.00
35.00
, 30.00
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»
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Figure 4.16: Performance of CTL-RP 00.14 and TWB 3.4 on finite state transition system (CTL-
BF2)

where n is a randomly generated number between 1 and 3, and s and each s;, 1 < i < nisa
randomly generated state specification. Furthermore, let a property specification be a CTL formula

of the form
o «(\/7_, si), where * is a randomly chosen element of {AO, EO, AT, E0, AC, EO}; or

o (Vi si) % (V= s5), where  is a randomly chosen element of {AU ,EU }, n and m are two
randomly generated numbers between 1 and 2, and each s;, 1 <¢ <mn, and 55,1 < j <m, is

a randomly generated state specification.

CTL-BF3 consists of one hundred formulae with each formula being a conjunction (set) of 30
transition specifications and 5 property specifications. All one hundred formulae are unsatisfiable.
Figure LT shows a graph indicating the CPU in seconds required by TWB and CTL-RP to
establish the satisfiability or unsatisfiability of each benchmark formula in CTL-BF3. For CTL-RP,
each of the 100 benchmark formulae was solved in less than one CPU second. TWB, on the other
hand, required more time for most of the benchmark formulae and was not able to solve 21 of the
benchmark formulae in less than 200 CPU seconds each, which was the time limit we have given
to both provers. The results on the CTL-BF3 show that CTL-RP can provide a proof for each
benchmark formula in a reasonable time with the vast majority of formulae being solved in less than
0.25 seconds. In contrast, the performance of TWB is much more variable, with a high percentage

of formulae not being solved.
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Figure 4.17: Performance of CTL-RP 00.14 and TWB 3.4 on the third set of benchmark formulae
(CTL-BF3)

Transmitter —tr0 —trl
\ @ tr0 /

Receiver =rrQ —rrl

Figure 4.18: Transmitter and Receiver in the Alternating Bit Protocol

The last set of benchmarks, CTL-BF4, is based on a real world problem. We have specified a
network protocol, the Alternating Bit Protocol (ABP) [A9] in CTL and specified and verified three
of its properties by CTL-RP and TWB. The Alternating Bit Protocol involves two participants,
namely a Transmitter and a Receiver. The Transmitter wants to send messages in a reliable
way to the Receiver through an unreliable communication channel, i.e. the channel may lose
messages but not infinitely many messages. To this end, the Transmitter appends to each message
a control bit. We assume that for the first message the Transmitter sends, it will use the control
bit 0. The Transmitter will repeatedly send the message including the control bit until it receives
an acknowledgement from the Receiver with the same control bit. The Transmitter will then

complement the control bit and start transmitting the next message including the new control bit.

This behaviour of Transmitter and Receiver can be described by finite state transition systems

as the ones shown in Figure If the Transmitter is in its initial state s0, then it attaches the
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control bit 0 to the current message and sends it to the Receiver. It will stay in state s0O, that is,
follow the transition labelled —¢r0, until it receives an acknowledgement with control bit 0, in which
case it follows the transition labelled ¢r0 to state s1. The behaviour of the Transmitter in state sl

is identical to its behaviour in state sO, but with the control bit 1 taking the place of control bit 0.

If the Receiver is in its initial state i, then it will stay in state 4, that is, follow the transition
labelled —rr0, until it receives a message with control bit 0. It will then follow the transition
labelled 770 to state a0. In state a0, the Receiver will send an acknowledgement with control bit 0
to the Transmitter. It will then stay in state a0, that is, follow the transition labelled —rr! until it
receives a message with control bit 1. It then follows the transition labelled rr1 to state al. The
behaviour of the Receiver in state al is identical to its behaviour in state a0, but with the control
bit 1 taking the place of control bit 0.

To represent the behaviour of Transmitter and Receiver in CTL, we associate a propositional
variable with every state and every positive transition label in the two finite state transition systems.
Then the initial condition of the Transmitter can be described by the CTL formula

sO N —trO A —trl

and the transitions of the Transmitter are represented by the following CTL formulae.

AO(s0 A —tr0 = AOs0)
AD(sO A tr0 = AOs1)
AO(s1 A =trl = AOsl)
AO(s1 Atrl = A0s0)

Moreover, the following formulae ensure that at any moment, the Transmitter can only be in one

state.
AO(s0V s1)

ADO(s0 = —sl)
ADO(sl = —s0)

In analogy, the initial condition of the Receiver is described by
1 A —rr0 A —rrl
and the transitions of the Receiver are represented by the following CTL formulae.

AO(i A=rr0 = AOi)
AO(i Arr0 = AOa0)
AO(a0 A =rrl = AOa0)
AO(a0 Arrl = AOal)
AO(al A=rr0 = AOal)
AO(al Arr0 = A0a0)

Again, we impose additional constraints to ensure that at any moment, the Receiver can only be
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in one state.
AO(i Va0 Val)

AO(i = a0 A —al)
AO(a0 = —i A —al)
AO(al = —i A —a0)

In addition, we specify that the Transmitter and the Receiver will always eventually be successful

in transmitting their messages, as the channel does not lose infinitely many messages.

AO(s0 = A<rr0)
AO(s1 = Adrrl)
AO(ab = AStro)
AO(al = AOtrl)

Finally, we have to specify the properties that we want to establish. We want to prove that the
Receiver is initially in state ¢ and remains in that state until it transits to state a0. Once in state
a0 it will remain there until it transits to state al. In analogy, once in state al the receiver remains
in that state until it transits to state a0. These three properties are given by the following CTL
formulae:

1. A(iU a0)

2. AO(a0 = A(a0U al))

3. AO(al = A(allda0))

The set CTL-BF4 consists of three formulae with each formula being an implication stating that
the conjunction (set) of CTL formulae specifying Transmitter and Receiver implies one of the three
properties above.

While CTL-RP was able to establish the validity of each of the three benchmark formulae as
indicated in the table below, TWB did not terminate within 20 hours of the CPU time.

Property | CTL-RP 00.14 | TWB

1 0.78s -
2 53.00s -
3 94.88s -

4.4.2 CTL-RP 00.14 vs. 00.09

The CPU time required by CTL-RP versions 00.14 and 00.09 to prove each formula in benchmarks
CTL-BF1 and CTL-BF2 are shown in Figure EET9 and EE20, respectively. Although version 00.14
outperformed 00.09 for every formula, the CPU time they consumed is very close. However for the
formulae in the set CTL-BF3 and CTL-BF4, from Figure EZI] and the table shown below, we can
see that the performance of version 00.14 is noticeably better than the performance of version 00.09.
More precisely, version 00.14 on average only required one third of the CPU time that version 00.09

needed.
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CTL equivalences CTL-RP 00.14 CTL-RP 00.09
1. AOp = -EC—p 0.007s 0.008s
2. Edp = -AO—p 0.007s 0.008s
3. EO(pV q) = EOp v EOg 0.005s 0.005s
4, AOp = -EO—p 0.003s 0.004s
5. E(pUq)=qV (p NEOE(pU q)) 0.019s 0.049s
6. AlpUq)=qV (pNAOA(pUQ)) 0.028s 0.068s
7. E<Cp = E(true U p) 0.007s 0.010s
8. AOp = A(true Up) 0.007s 0.010s
0.080
W CTL-RP 00.14
0.070 & crire 0009 &
0.060
0.050 <>
E 0.040
2 0.030 B
0.020 u
g @ g g .
0.000
1 2 3 4 5 6 7 8
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Figure 4.19: Performance of CTL-RP 00.09 and 00.14 on eight ‘textbook’ CTL formulae (CTL-BF1)

Property | CTL-RP 00.14 | CTL-RP 00.09

1 0.78s 1.39s
2 53.00s 192.86s
3 94.88s 326.02s

Our experiments show that for the formulae we designed or generated randomly in our bench-
marks, in general version 00.14 is better than version 00.09 and as the formulae become more
complex, the difference in the performance between these two versions becomes bigger. This indi-

cates

1. the way that the transformation to SNFgp; is performed has a significant impact on the

performance of our CTL prover, and

2. our transformation procedure is strictly more efficient than the one used in [I5] for benchmark
formulae in CTL-BF1 to CTL-BF4.
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Property Status CTL-RP 00.14 CTL-RP 00.09
L. AO(-ES(a A D)) Valid 0.04s 0.06s
2. AD(A(ald —a)) Valid 0.02s 0.02s
3. AD(a VD) Not Valid 0.01s 0.01s
4. AO(EO-b) Valid 0.03s 0.03s
5. E(bU —b) Valid 0.01s 0.01s
0.07

W CTL-RP 00.14
0.06{>» ©CTL-RP00.09

0.05-

0.04
N
0.03 - O

0.02 PN
0.01 & &

0.00 -
1 2 3 4 5

Testcases

Seconds

Figure 4.20: Performance of CTL-RP 00.09 and 00.14 on finite state transition system properties
(CTL-BF2)

4.5 Conclusions

Currently, there are many non-classical logics for which sound and complete calculi are known,
however, implementations of these calculi are lacking. This applies even to such a well-known and
well-established logic as Computation Tree Logic. One explanation is the considerable effort that
is required to implement a reasonably efficient theorem prover for these logics. The TWB tries to
tackle this problem by providing a generic framework for building tableau-based theorem provers.
We are taking a different approach by first developing a resolution calculus for the non-classical logic
we are interested in and then building a bridge to first-order resolution which allows us to re-use
existing first-order theorem provers. In this thesis, we construct a bridge from CTL to first-order

logic, i.e. use a first-order prover to conduct some CTL resolution inferences.

In Chapter Bl we have defined a new normal form SNF§.; for CTL and provided an improved
clausal resolution calculus Rér’rSL for CTL. Moreover, we have presented our refined resolution cal-
culus RE’T‘SL, which consists of eight step resolution rules and two eventuality resolution rules. Some
of the choices we made when designing our calculus RETS’L were already motivated by our intention
to use this particular approach, namely bridging first-order resolution to CTL resolution, to realise
RE:FSL. Therefore, in this chapter, we have provided a new technique to implement step resolution
rules via first-order ordered resolution with selection and have described an algorithm for the even-

tuality resolution rules of our calculus. In addition, we employ an efficient automated resolution
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Figure 4.21: Performance of CTL-RP 00.09 and 00.14 on the third set of benchmark formulae
(CTL-BF3)

theorem prover for first-order logic, SPASS, to implement our CTL theorem prover CTL-RP. In
our comparison between CTL-RP and TWB, we observe that CTL-RP is able to efficiently verify
a wide range of problems formalisable in CTL. From the comparison between CTL-RP versions
00.14 and 00.09, we observe that the transformation procedure plays an important role for clausal
resolution for CTL and our new transformation procedure is more efficient on the formulae we used

in our experiments.



Chapter 5

Resolution for the Next-time
fragment of ATL

5.1 Introduction

Alternating-time Temporal Logic (ATL) was first introduced in [B] in 1997 by Alur, Henzinger and
Kupferman and then further developed in [6] and [7]. ATL can be thought of as a generalisation
and extension of CTL, in which the temporal operators are parameterised by sets of agents. The
selective quantification over paths in ATL enables ATL to explicitly express coalition abilities. In
this chapter, we focus on the Next-time fragment of ATL (XATL) HET], which excludes the temporal
operators 0, <& and U from ATL. Generally speaking, the major difference of the expressive power
between XATL and ATL is the following. XATL can only express coalition abilities in the short
run, for example, the agent 1 and the agent 2 can cooperate to ensure that p holds at the next
moment of time. On the other hand, ATL can express everything XATL is able to express and,
furthermore, it also can deal with coalition abilities in the long run, for example, the group of agents
{1,2,3} can cooperate to force that p will eventually hold at sometime in the future. In addition,
XATL is closely related to another useful modal logic, namely Coalition Logicﬂ (CL) |57, E4].

A multi-agent systems [76] is a system consisting of multiple interacting agents, which are able
to control their own behaviour and usually have their own goals and motivations. Therefore, multi-
agent systems are often utilised to represent many important systems, for example, (i) concurrent
and distributed systems by using agents to represent different autonomous components in the
systems, (ii) social processes (e.g. auction, election and shopping) by letting agents to represent
participants in the processes and so on. XATL is a logic that is able to formally specify the
specification or properties of multi-agent systems. Moreover, reasoning of multi-agent systems can
also be achieved by theorem proving techniques for XATL.

Consider the following example. A teacher of five students wants that the majority opinion
among the students will determine the place where they go for a trip. Assume there are only two

options, namely the museum and the zoo. We use 1 to 5 to represent the five students, respectively.

'In [39] Goranko shows that Coalition Logic can be embedded into ATL by translating formula [C]¢ of Coalition
Logic into an ATL formula {(C))O¢ and the resulting fragment of ATL is XATL.

113
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The proposition m denotes that they go to the museum whereas the proposition z denotes that

they go to the zoo. Then XATL can express the collective decision making abilities. For instance,

1. ((1,2,3)Om states that the students {1, 2,3} can cooperate together to ensure that they will

go to the museum,;

2. =((1,2)Om A —=((1,2))Oz states that the students {1, 2} have no ability to decide where they
will go; and

3. (0)O(=(m A z)) states that in any situation they will not go to both the museum and the

Z00.

(The formal syntax and semantics of XATL will be defined in the next section.) From the example
above, we can see that XATL is able to describe the problem precisely. Furthermore, there are many
applications of multi-agent systems, for example verifying properties of voting procedures [B7],
reasoning about various strategic games B8], and designing social procedures [73], that can be
achieved by using XATL or ATL. With the increasing significance of multi-agent systems, the
significance of ATL and XATL will also increase.

In this chapter, we introduce the first resolution-based calculus Rxarr, for tackling the XATL
satisfiability problem. In Section we provide the syntax and semantics of XATL. Since the
calculus RxaTr, is clausal, in Section B3l we define a clausal normal form for XATL, called Separated
Normal Form for XATL (denoted by SNFxar1,), and then provide a transformation procedure which
applies to any XATL formula and returns a satisfiability equivalent set of XATL formulae in normal
form. In Section 24 we present our calculus Rxatr,, which contains seven step resolution rules to
deal with constraints on the next moment, according to coalition abilities of agents. Section L gives
(i) a proof that our transformation rules preserve satisfiability, (ii) a proof that our transformation
procedure terminates and can computed in polynomial time in the size of the input formula, (iii) a
proof of the soundness of Rxarr, and (iv) an outline of the completeness proof for Rxarr,. Finally,

we draw our conclusions in Section .6l

5.2 Syntax and semantics of XATL

XATL is a multimodal logic with CTL-style modalities indexed by subsets, commonly called coali-
tions, of a finite, non-empty set of names of agents, or players, belonging to the language. The
syntax and semantics of XATL presented in this chapter is a fragment of that introduced by Goranko
et al in [A1] and Alur et al in [7].

5.2.1 Syntax of XATL

The formulae of XATL are defined with respect to a finite, non-empty set ¥ of names of agents.
The elements of ¥ are commonly denoted by the natural numbers from 1 to |3| (the cardinality of
Y). Subsets of ¥ are called coalitions.

The language of XATL is based on

e a set of atomic propositions Pp;
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propositional constants true and false;
boolean operators A,V,=, and — (A and V are associative and commutative);
a temporal operator O (at the next moment in time); and

a coalition quantifier ((4)) with A C ¥ and a coalition quantifier [A] with A C X.

The set of (well-formed) formulae of XATL is inductively defined as follows:

1.

2.

3.

true and false are XATL formulae;
all atomic propositions in Pp_ are XATL formulae; and

if p and v are XATL formulae, then so are —p, (o A1), (0 V), (¢ = 1), (A)Op, [A]Op.

5.2.2 Semantics of XATL

Formulae of XATL over Pp_ are interpreted in concurrent game models (CGM).

Definition 5.1 Concurrent game model [{1)]
A concurrent game model is a tuple (X, 5,d, 0, PpL, L), where

e Y is a finite, non-empty set of agents;

e S is a finite, non-empty set of states;

e dis a function assigning to every agent a € X and every state s € S a natural number d,(s) > 1

of mowves available to agent a at state s; these moves are identified with the numbers from
1 to d,(s). For every state s € S, a move vector is a k-tuple (01,09, ...,0%), where k = |X|
and 1 < o, < d,(s) for every agent a,1 < a < k. Therefore, o, denotes an arbitrary move of
agent a € 3. Given a state s € S, D,(s) denotes the set {1,...,d,(s)} of all moves available
to agent a at state s; D(s) denotes the set II,exD,(s) of all move vectors at state s; and o

denotes an arbitrary member of D(s).

d is a transition function assigning to every state s € S and move vector o € D(s) a state

d(s,0) € S that results from the state s if every agent a € ¥ plays move o,.
PpL is a set of atomic propositions;

L : S — 2P% is an interpretation function mapping each state s € S to the set of atomic

propositions which are true at state s.

Next, we give a number of auxiliary definitions which are used in either semantics of XATL or

many proofs in the remainder of this chapter.

Definition 5.2 Successor and predecessor

For two states s, s’ € S, the state s’ is a successor of the state s and the state s is a predecessor of

the state s’ iff for some o € D(s),s’ = d(s,0).
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Definition 5.3 Reachable

For two states s, s’ € S, the state s’ is reachable from the state s iff
1. s and s’ are the same state;
2. s’ is a successor of s; or
3. s’ is a successor of a state which is reachable from s.

The reachable relation is, in short, the reflexive and transitive closure of the successor relation.

Definition 5.4 FEdge in a CGM
Let M = (%,S,d,0,Pp, L) be a CGM, s and s’ be states in S, and o be a move vector in D(s).
Then the tuple (s,0,s’) is an edge in M iff 6(s,0) = '.

Definition 5.5 Run

A run in a CGM is an infinite sequence A = sg, $1, So, . . . of elements of S such that, for all ¢ > 0,
the state s;41 is a successor of the state s;. Elements of the domain of A\ are called positions. For a
run A and positions 0 < 7 and 0 < j < 4, we use A[i] and A[j, 4] to denote the ith state of A and the
finite subsequence s;, sj41,...,5; of A, respectively. We use A, 0o] to denote the infinite sequence

Siy Sit1, Sit2, -~ A run with A[0] = s is referred to as an s-run.

Given a tuple 7, we interchangeably use 7; and 7(i) to refer to the ith element of 7. We use the
symbol * as a placeholder for an arbitrary move of a given agent and the symbol —n, where n € N,
as a placeholder for some move of a given agent. Intuitively, * acts like an universally quantified
variable while —n acts like an existentially quantified variable.

We now define the notions of A-moves and negative- A-moves as well as an operator & on A-

moves and negative- A-moves.

Definition 5.6 A-move [{1]
Let s be a state in S and let A, A C X, be a coalition of agents, where [X| = k. An A-move o4
(or for brevity, a move) at state s is a k-tuple o4 such that o(a) € D,(s) for every a € A and

oa(a’) =« for every a’ ¢ A. D (s) denotes the set of all A-moves at state s.

Note that by Definition B, for a state s € S, Dy(s) = {0y}, where oy is the unique k-tuple

(*,%,...,%). Every ¥-move oy, is also a move vector. For brevity, we usually write o instead of oy.

Example 5.1
Let M = (%,5,d,d,PpL, L) be a CGM. Assume that ¥ = {1,2,3}, s is a state in .S and for every
agent a € 3, Dy(s) = 3. Then

o (1,%,%),(2,%,%) and (3,x,*) are valid {1}-moves at state s; and
e (1,%,2) and (2,%,3) are valid {1, 3}-moves at state s.

Note that if a k-tuple 7 with & = |X| and 7(i) € {*} UN for every i,1 < i < k, is an A-move
for some coalition of agents A C X, then there is no coalition of agents A’ C ¥ with A’ # A such
that 7 is also an A’-move. That is, 7 uniquely determines the coalition A of which 7 is an A-move.

Consequently, we will often not explicitly state the coalition A for a given k-tuple 7.
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Definition 5.7 Negative-A-move
Let ¢ be a natural number, s be a state in S, and A, A C X, be a coalition of agents, where |X| = k.

Then a negative-A-move oY (or for brevity, a negative-move) at state s is a k-tuple such that

o for every a € A, ol (a) = *,

e for every o’ ¢ A,oY (a') € Dy/(s) or oY (a/) = —i, and
e there exists at least one agent a” ¢ A such that 0¥ (a”) = —i.
Example 5.2

Let M = (X,5,d,d,Pp., L) be a CGM. Assume that ¥ = {1,2,3}, s is a state in S and for every
agent a € 3, Dy(s) = 3. Then

e (x,1,—10) and (x, —5, —5) are valid negative-{1}-moves at state s; and
e (x,—1,%) and (x,—5, ) are valid negative-{1, 3}-moves at state s.

As for A-moves, if a k-tuple 7 with & = |3| and 7(i) € {*} UZ for every i,1 < i < k, is a
negative-A-move for some coalition of agents A C X, then there is no coalition of agents A’ C ¥
with A" # A such that 7 is also a negative-A-move. There is also no coalition of agents A" C %

such that 7 is an A-move. Finally, no A-move o, is a negative-A’-move for some A’ C X.

Definition 5.8 The operation &
The operation & on A-moves and negative- A-moves is defined as follows. Let A, A’ C X be coalitions

of agents.

1. If o4 is an A-move and o4/ is an A’-move such that AN A’ = ), then 04 ® o4/ is an A”-
move o4~ such that A” = AU A’; for every a € A,oar(a) = oa(a); for every o' € A,

oar(a’) =oa(a’); and for every a” ¢ A", 041 (a") = *.

2. If 04 is an A-move and o, is a negative-A’-move such that A C A’, then o4 @ o), is a
negative-A”-move oy, such that A” = A’\ A and o), is identical to o}, except that for every

a € Ao, (a) = oga(a). In addition, we define oY, ® 04 as o4 ® oY..

Note that the operation @ is associative, commutative and has op as the identity element, i.e.
oa® oy =04 and o}, ® oy = ol}, for any A-move o4 and any negative A’-move o).
Before we proceed, we give some examples demonstrating how the operation & works on moves

and negative-moves.

Example 5.3
Let M = (%,5,d,0,Pp, L) be a CGM and assume ¥ = {1,2,3}. Then
@ (x,1,%) = (1,1, %)

=(1,2,%) ® (x,%,3) = (1,2,3)

*, K, 71> D <1a27*> = <*a*771> D <172a*> = <152771>
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Definition 5.9 Submove

Let A C X be coalitions of agents. Let o4 be an A-move, olY be a negative-A-move, and o¥, be
a negative-A’-move. Then (i) o4 is a submove of o4/ (04 C oa/) iff A C A" and for every a € A,
oala) = oa(a), (i) o¥ is a submove of of), (ol T o)) iff A D A/, for every a € X\ A,0% (a) =
oll,(a) and for every a’ € A\ A, 0%, (a) € D4(s); and (iii) o4 is a submove of ol (64 C o¥)) iff
AN A" =0 and for every a € A,04(a) = ol},(a).

We give a few examples illustrating the notion of a submove.

Example 5.4
Let M = (%, 5,d,6,Pp., L) be a CGM. Assume that ¥ = {1,2,3}, s is a state in S and for every
agent a € 3, Dy(s) = 3. Then

e 04 = (%,%,1) is a submove of o4/ = (x,2,1);

e ol = (x,%,—5) is a submove of 0¥, = (x,1, —5); and

e 04 = (1,%,%) is a submove of o}, = (1, %, —5).
Moreover, the following relations are also true: (x,*,*) C (1,*, %) C (1,1,%) C (1,1, 1).

Note that by Definition BEd, oy is a submove of any A-move o4 or negative-A-move ol; any
A-move is a submove of itself, o4 C o04; and any negative-A-move is also a submove of itself,

N N
oy Loy

Definition 5.10 OQutcome of an A-Move [{1|]
Let 04 € Da(s). The outcome of o4 at state s, denoted by out(s,c4), is the set of all states s for

which there exists a move vector o € D(s) such that o4 C o and d(s,0) = ¢'.

Note that oy C o for every move vector o € D(s) and out(s, oy) is the set consisting of all successors
of s, i.e. out(s,op) ={s' | s =4d(s,0¢),0 € D(s)}.

The satisfaction relation = between a pair consisting of a CGM M and a state s € S, and an

XATL formula is inductively defined as follows.

Ep iff p € L(s) for an atomic proposition p € Pp.

e i (M, s:) =

(o V) i (M, si) o or (M,s) =

E (o =) iff (M, si) =~ or (M,si) =1

E (A)Ov iff there exists an A-move 04 € D4(s) such that (M, s") =
for all ' € out(s,04)

Instead of (M, s) | ¢, we also write M, s = ¢ and if M, s = ¢, we say that ¢ holds at state s in
M.
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We use the following equivalence to define the dual operator [A] of (A)).
[A]Op= ~{A)O—¢

In [73], various types of satisfiability for full ATL have been defined. Here we adopt them
to XATL. Based on the satisfaction relation |=, we can define the notion of tight satisfiability as

follows.

Definition 5.11 Tight satisfiability

An XATL formula ¢ is tightly satisfiable iff for some CGM M = (X, S, d, §, Pp, L) and some state
s €S, (M,s) = ¢, and tightly unsatisfiable otherwise. ¢ is valid, written |= ¢, iff for every CGM
M = (2,,5,d,0,Pp, L) and every state s € S, (M, s) =p. A CGM M = (2., S,d,d,Pp_, L) such

that ¢ is true at some state s € S is called a model for ¢.
Besides tight satisfiability, two further variants of satisfiability can be defined for XATL.

Definition 5.12 X-satisfiability
Given an XATL formula ¢ and a set ¥ D X, ¢ is X-satisfiable if ¢ is satisfiable in a CGM
M= (%,8,d,6,PpL, L); ¢ is Z-valid if ¢ is true in every such CGM.

Definition 5.13 General satisfiability
Given an XATL formula ¢, ¢ is generally satisfiable, if there exists a set ¥’ O X, such that ¢ is
satisfiable in a CGM M = (X, S,d, d, Pp, L); ¢ is generally valid if ¢ is true in every such CGM.

In this thesis, we focus on the tight satisfiability problem. An XATL formula ¢ is 3-satisfiable or
generally satisfiable iff there exists a CGM M = (X', S,d, 6, Pp., L), where ¥/ = ¥ U{a} and a & 3,
and a state s € S such that M,s | ¢ [3]. Therefore, ¢ is X-satisfiable or generally satisfiable
iff o A ({a})Otrue, where a ¢ X, is tightly satisfiable. Thus, a decision procedure for tight
satisfiability also provides us with a decision procedure for the other two variants of satisfiability
in XATL. The (tight) satisfiability problem of XATL is known to be PSPACE-complete [27, £8].

In the remainder of the chapter, we usually use the term “satisfiability” instead of “tight sat-
isfiability” if it is clear in its context and, further, use % to denote the set of agents mentioned in

the input formulae ¢, instead of ¥, unless otherwise specified. For every XATL-formula ¢, we

%3
denote the set of agents mentioned in ¢ by . Finally, when we say a set of XATL formulae 71" is
satisfiable in a CGM M = (2, 5,d, 0, Ppi, L), we mean that there exists a state s € S such that

every formula in 7T holds at s.

5.3 Normal form

5.3.1 Normal form for XATL SNFxaTr,

Our calculus RxaTr, operates on formulae in a clausal normal form called Separated Normal Form

for XATL, denoted by SNFxarr,. SNFxaTr, clauses are formulae of the following forms:
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(@) O(start = \/*_ m;) (initial clause)
(0)O(true = \/J L m;) (global clause)
(O)D(AL L = (ANO Vi, my) (step clause)
(((Z)))D(/\l L= [A4]o VJ 1 my) (negative step clause)
where
1. k>0,n>0;

2. start is a propositional constant and only holds at exactly one state in a CGM;
3.1 (1 <i<mn)and m; (1 <j<k) are literals, that is atomic propositions or their negation;

4. A in a step clause is a (possible empty) set of agents, and A in a negative step clause is a

(possible empty) set of agents but not X; and
5. {(@)O is a temporal operator in ATL, which is defined in the next section.

As all clauses are of the form (@) O(P = D) we often simply write P = D instead. In the remainder
of this chapter, the two terms, a set of SNFxaTr, clauses and a conjunction of SNFxary, clauses,
are used interchangeably like we did for SNF¢; clauses.

Note that our intention of developing the calculus Rxarr, is to utilise Rxarr, as a stepping
stone to eventually develop a resolution calculus for the full ATL. Therefore, we design our normal
form for XATL in SNF-style, i.e. each clause in normal form is an implication with the operator
O outside. Thus, we introduce the operator O into our normal form although the language XATL
only contains the next step operator O. Some simpler normal form (e.g. without the operator
0O) for XATL might exist and possibly can be operated by some resolution-style inference rules.
However they are usually very hard to be reused once the operator ¢, 0, U, VW are included in the

language.

5.3.2 Semantics of SNFxaTL,

Before we define the semantics of SNFxaTr,, we need to introduce the notion of agents’ strategies
and the outcomes of such strategies.

Given a natural number n € N, we denote the set of finite sequences of elements of S of the length
n by S™. The length of a sequence x is denoted by |x/|, for every 7,0 < i < ||, the ith element of x
is denoted by x[i] and for all ,5,0 <14 < j < |x|, x[i, 7] denotes the sequence x[i], x[t + 1], ..., x[J]-
The last element of a non-empty sequence Y, i.e. x[|x|— 1], is also denoted by last(x). Given two

sequences Y1 and Yo, the concatenation x of y; and xo is denoted by x1 o xo.

Definition 5.14 A-strategy
Let A C ¥ be a coalition. A strategy for the coalition A (or for brevity, an A-strategy) is a map
Fp: Ui, ™ = U{Da(s) | s € S} such that for every x € ., S™, Fa(x) € Da(last(x)).
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Definition 5.15 Outcome of an A-strategy
Let F4 be an A-strategy. The outcome of F4 at state s, denoted by out(s, Fa), is a set of all s-runs
A such that A[i + 1] € out(A[i], Fa(A[0,4])), for all ¢ > 0.

Note that according to Definition EETH the outcome of Fy at state s is the set of all s-runs A such
that A[i + 1] € out(A[i], 0y), for all ¢ > 0. Thus, the outcome of Fj is the set of all s-runs.

The semantics of SNFx a1, is defined as shown below as an extension of the semantics of XATL
defined in

(M, s) = (A)Oy iff there exists an A-strategy F4 such that, for all A € out(s, Fa)
and all positions ¢ > 0, (M, \[7]) E ¥

A SNFxarr, formula ¢ is tight satisfiable iff for some CGM M = (X, S,d, 6, Pp, L) and some
state s € S, (M, s) E o, and tight unsatisfiable otherwise. ¢ is wvalid, written = ¢, iff for every
CGM M = (3, S,d,6,PpL, L) and some state s € S, (M, s) =¢. ACGM M = (X,,S,d,0,Pp_, L)

such that ¢ is true at some state s € S is called a model for .

5.3.3 Transformation

Before going into the details of the transformation of an arbitrary XATL formula into its normal
form, we first define the notion of an XATL clause as an intermediate form between XATL formulae

and SNFxaT1 clauses.

Definition 5.16 XATL clauses
An XATL formula in the form of (@)O(P = ¢), where P is a conjunction of literals (possibly
consisting of a single literal) or a propositional constant and ¢ is an arbitrary XATL formula, is an

XATL clause or a clause.

It should be noted that a formula of XATL in SNFx T, must be an XATL clause, but the converse
is not necessarily true.

In the following we define a set of transformation rules which allows us to transform an arbitrary
XATL formula into an equi-satisfiable set of SNFx Ty, clauses.

Let nnf denote a function which transforms an arbitrary XATL formula into its negation normal
form by pushing negations “inwards”. Let simp be a function which simplifies an arbitrary XATL

formula by exhaustive application of the following simplification rules:

(¢ Atrue) — ¢ (¢ A false) — false
(p V true) — true (p V false) — ¢

—true — false —false — true

where ¢ is an XATL formula and V and A are commutative and associative, plus the following

rules.
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{(AyOfalse — false {(A)Otrue — true

[A]Ofalse — false [A]JOtrue — true

The correctness proof for the simplification rules above straightforwardly follows from the semantics
of XATL.

Let nit(¢) be the set of XATL formulae {(0))D(start = p), (0)O(p = simp(nnf(¢)))}, where
p is a new proposition that does not occur in . Then the transformation of an arbitrary XATL
formula ¢ into SNFxarr, consists of a sequence Ty, T, ..., T, of sets of XATL clauses such that (i)
To = init(p) and (ii) for every t,0 <t < n,Tyy1 = (T3 \ {}) U Ry, where 1 is a clause in T} not
in SNFxarr, and Ry is the result of applying a matching transformation rule to ¢. Moreover, for
every 1,0 < t < n, T; contains at least one formula not in SNFxarr, while all formulae in T,, are in
SNFxATL.

Note that for each rule of Trans below containing a proposition p, p represents a new atomic
proposition which does not occur in Ty, when we apply the rule to a clause in T;. Furthermore, in

the presentation of the rules let

e ¢ be an atomic proposition,

[ be a literal,

D be a disjunction of literals (possibly consisting of a single literal),

v, o1 and @s, be XATL formulae,

3 be the set containing all the agents occurring in Ty and A C X be a coalition.

The rule set Trans consists of the following rules:

=
Trans(l)  q= @1 Nps — 1=
q= P2
= 0V
Trans(2) q= @1V 2 — @=L vp if ¢ is not a disjunction of
P = 2 .
literals.
Trans(3) q=D — true= —qV D
= (A
Trans(4) q= (A)Op — { a= (A)or if ¢ is not a disjunction of
=
p= literals.
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q= [AJop
p=¢

if ¢ is not a disjunction of literals

Trans(5) q= [A]JOp — {
and A # X.

Trans(6) q =[]0y — q= (0)O¢

We now give an example illustrating the transformation of an XATL formula into a satisfiability

equivalent set of SNFx a1, clauses using our transformation rules.
Example 5.5
Let ¢ = ([1]JO[1]Oq V (1,2)Or) A [2]O—g. First, we apply the function init to ¢.

To = init(p) = {{0)B(start = po), (M)O(po = ([[O[1]Oq V (1,2)Or) A [2]0—q)}.

Then we transform the set Ty of XATL clauses into a set of SNFxaT1, clauses.

1. start = po

2. po= ([1JO[1JOg Vv (1,2)Or) A [2]O~q

3. po = [1]JO[1]Og V (1, 2)Or Trans(1) — 2
4. po = [2]O¢ Trans(1) — 2
5 po=p1V{1,2)0r Trans(2) — 3
6. p1 = [1JO[1]Ogq Trans(2) — 3
7. po=p1VDp2 Trans(2) — 5
8. p2= (1,2)0r Trans(2) — 5
9. p1 = [1]Ops Trans(4) — 6
10.  p3 = [1]Og Trans(4) — 6
11. true = —pg V1V p2 Trans(3) — 7

where Trans(z) — y indicates that we apply the transformation rule Trans(z) to the clause labelled

by y. In total, the transformation requires five applications of one of our transformation rules.

The set T5 of SNFxaT1, clauses we obtain as the final result is

1. start = pg

4. po = [2]O~q

8.  p2 = (1,2)0r

9. p1 = [1]Ops
10.  ps = [1]Oq
11. true = —po V p1 V po

and ¢ = ([1JO[1]Oq Vv (1,2)0r) A [2]O—q is satisfiable iff T5 is satisfiable (as will be shown in
Section BAT]).
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5.4 The clausal resolution calculus Rxarr,

The clausal resolution calculus Rxary, is based on the calculus RETSL we presented in Section Bl but

it is not a trivial extension of this calculus. The calculus Rxarr, consists of (i) seven step resolution
rules, SRES1 to SRES7, and (ii) two rewrite rules, RW1 and RW2. All the rules of RxaTr, operate
on formulae in SNFxaT1,. Below we present the definition of the step resolution rules of Rxary, and

present some examples illustrating the application of those rules to SNFxar, clauses.

5.4.1 Step resolution

In the following, let P, @ be conjunctions of literals; C, D be disjunctions of literals; [ be a literal;

() be an empty set of agents; A, A’ C X be a set of agents.

SRES1 SRES2
start = C V[ true = C V1
start = D V =l true = D Vv =l
start == CV D true=CVD
SRES3 SRES4
true = C VI P = {(A)o(C Vi)

start = D V =l
start == CV D

Q= (A)O(D V)
PAQ= (AUANYO(CV D)

where ANA =10

SRES5

P = (A)o(C V)
Q= [A]o(D v —l)

PAQ=[A\ AJO(CV D)
where A C A’

SRES7

true = C VI
Q = [A]Jo(D Vv —l)
Q = [A]Jo(C Vv D)

SRES6

true=C VI
Q= (A)o(D Vi)
Q= (A)o(CV D)

RW1 A, m; = (A)Ofalse — true = \/|_, —m;

RW2 N, m; = [A]Ofalse — true = \/]_, ~-m;

where n > 1 and each m;, 1 <1 <mn, is a literal.
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It should be noted that we assume SNFxaTr, clauses are always in their condensed forms, i.e.
there are no duplicate literals in the left-hand side or right-hand side of clauses. For example, for
SNFxaTr clauses p Ap A q = (A)O(r V ¢) and p = [A]O(q V =l Vv =), their condensed forms are
pAqg= {(A)O(rVq) and p = [A](q V —l), respectively.

We now introduce some useful definitions which allows us to discuss the calculus Rx a7y, precisely.

Definition 5.17 Derivation
A derivation from a set T of SNFxaTy, clauses by Rxarr is a sequence Ty, T7,Ts, ... of sets of
clauses such that T' =Ty and Ty11 = Ty U Ry where R, is a set of SNFx a1y, clauses obtained as the

conclusion of an application of a rule of Rxary, to premises in Ty.

Definition 5.18 Refutation

A refutation of a set T of SNFxatr, clauses (by Rxarr) is a derivation from T such that for some
t > 0, T; contains a contradiction, where a contradiction is either the formula true = false or
start = false.

Definition 5.19 Termination
A derivation terminates iff either a contradiction is derived or if no new clauses can be derived by

further applications of resolution rules of Rxarr,.

Definition 5.20 Saturation with respect to Rxarr,
A set T of SNFxaTr, clause is saturated with respect to Rxar, if all clauses that can be derived by

an application of a rule of RxaTr, to premises in T" are contained in 7.

In the following, we give two examples of refutations of unsatisfiable sets of SNFx a1, by RxaTL.

Example 5.6

Consider the set T' of SNFxar1, clauses consisting of the clauses 1 to 4 shown below.

1. start = po

2. po= (1)O(p1Vp2)
3. po = (2)Op1

4. po = (3)O—p2

We are able to derive a contradiction start = false using step resolution and rewrite rules as

follows:
5. po = (1,2)Op2 2,3, SRES4]
6. po= (1,2,3)Ofalse  [4,5 SRES4]
7. true = —pg [6, RW1]
8. start = false [1,7,SRES1]

Example 5.7
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Consider the set T' of SNFxar1, clauses consisting of the clauses 1 to 6 shown below.

1. start = pg

2. po= (1)Op:

3. po= (2)Ops

4. po = (1,2,3)Opa

5. po = [1,2]O(=p1 V —p2 V —p3)
6. true = —p; V p2

We are able to derive a contradiction start = false using step resolution and rewrite rules as

follows:
7. po=[1,2J0(=p1 vV -ps)  [5,6,SREST]
8. po= [2]O-wps 2,7, SRES5]
9. po = [P]Ofalse [3,8,SRES5]
10. true = —pg [9, RW2]
11. start = false [1,10,SRES]]

5.5 Correctness of the calculus Rxary,

5.5.1 Correctness of the transformation

In Section we have presented rules for the transformation of an arbitrary formula of XATL
into a set of SNFxaryr, clauses. In the following, we show that our transformation (i) preserves
satisfiability, (ii) is terminating, and (iii) allows only a polynomial bounded number of applications

of transformation rules.

Lemma 5.1 Let T be a set of XATL formulae, and let M = (3, 5,d,0,Pp., L) be a CGM such
that T is satisfiable in M. Let p € PpL be an atomic proposition not occurring in T, and let
M = (%,8S,d,0,PpL, L") be a CGM identical to M except for the truth value assigned by L' to p in
each state. Then T is also satisfiable in M’.

Proof. By the inductive definition of the semantics of XATL, the truth value assignments to propo-
sitions not occurring in 7' do not influence whether 7' is satisfiable in a model. Therefore, T is
satisfiable in M. 0

Lemma 5.2 An XATL formula ¢ is satisfiable iff the set of formulae Ty = {{(0)O(start = p),
(0»a(p = )}, where p is a new atomic proposition that does not occur in @, is satisfiable.

Proof. Assume {((0))O(start = p), (0)0(p = ¢)} is satisfiable in a CGM M = (%, S,d, d, Ppr, L),
ie. M,so = (O)O(start = p) A (0)O(p = ¢), for some state so € S which also satisfies start.
From the semantics of =, (D)0, A, M, so = (start = p) A (p = ¢). From the semantics of =, A,
M, sg |= start = ¢. Because start holds at sg, M, so = . Thus, if {{#)D(start = p), (D)0 (p = ¢)}
is satisfiable, so is .

Assume ¢ is satisfiable in a CGM M = (%, S,d, 6, PpL, L), i.e. M, sg | ¢ for some state sy € S.
Let M’ = (X%,S5,d,0,PpL, L") be identical to M except that start and a new proposition p not
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occurring in ¢ hold only at so. From the semantics of =, (0)0, M’ s = (0))O(start = p).
From Lemma Bl M’ s = . From the semantics of =, (0)0, M’,so = (0)D(p = ¢). From
the semantics of A, M’,so = (0)O(start = p) A (0)O(p = ¢). Thus, if ¢ is satisfiable, so is
{()D(start = p), (D)B(p = ¢)}- o

Now we show every transformation rule preserves satisfiability, starting with rule Trans(1).

Lemma 5.3 Let T, = A U {¢}, where ¢ = {(0)0O(q = ©1 Ap2), and Ty+1 = AU Ry, where
Ry = {{(0)D(q = ¢1), (0)O(q = ¢2)}, be two sets of XATL clauses such that Ty41 is obtained by
an application of Trans(1) to the formula v in Ty. Then Ty is satisfiable iff Ti11 is satisfiable.

Proof. Assume T; = A A {(0)0(q = p1 A 2) holds in a CGM M = (%, S,d, d, PpL, L) at a state so
in S. Based on the semantics of the logical connectives involved, we have that

(M, s0) = AN{D)O(g = o1 A p2)
iff (M, s0) = AN(O)O((q = ¢1) Alg = ¥2))

iff (M,s0) E A and there is a (-strategy Fy such that for all A\ € out(s, Fp) and all positions
1> 0,M,\[i] = q= p1 and M, \[i] &= q= @2

iff (i) (M,so) E A, (ii) there is a (-strategy Fy such that for all A € out(s, Fp) and all positions
1> 0, M, \i] = q= ¢, and (iii) there is a (-strategy Fj such that for all A € out(s, Fy) and
all positions ¢ > 0, M, A[i] &= ¢ = @2

iff (M, s0) EAA(D)D(g = ©1) A(0)D(g = ¢2)
Therefore, T} is satisfiable iff T} is satisfiable. O

Next, we show that the transformation rule Trans(3) preserves satisfiability.

Lemma 5.4 Let Ty = AU {¢}, where v = (0)0(q¢ = D), and Ty41 = AU Ry, where Ry =
{{@)O(true = —q Vv D)}, be two sets of XATL clauses such that Ty is obtained by an application
of Trans(3) to the formula 1 in T;. Then Ty is satisfiable iff Tyy1 is satisfiable.

Proof. {(0)0(q = D) is obviously equivalent to (@) J(true = —q V D) as ¢ = D is propositionally
equivalent to true = —q Vv D. Therefore, T} is actually equivalent to T}41. a

Next, we consider the transformation rule Trans(4).

Lemma 5.5 Let T} = A U {¢}, where ¢ = (0)0(q = (A)Oyp), and Tiy1 = A U Ry, where
Ry = {{(0)O(¢q = (A)Op), (0ND(p = )}, be two sets of XATL clauses such that Tiy1 is obtained
by an application of Trans(4) to the formula v in Ty. Then Ty is satisfiable iff Ti11 is satisfiable.

Proof. We first show the ‘if” part. Assume 741 holds in a CGM M = (X%, S,d, d, Pp., L) at a state
50, 1.e. M,so E AAN(D)O(qg = {A)Op) A (D)O(p = ¢). From the semantics of A, (1) M, sg E A;
from the semantics of (@)0, for all states s; € S reachable from sg, (2) M, s; E ¢ = {A)Op and
(3) M,s; Ep= .



128 CHAPTER 5. RESOLUTION FOR THE NEXT-TIME FRAGMENT OF ATL

e If ¢ does not hold at the state s;, then M,s; = ¢ = (A)Op.

e If, on the other hand, ¢ holds at the state s;, it follows from (2) and the semantics of ((A))O that
there exists an A-move 04 € D(s;) such that M, s;11 = p for each state s;11 € out(s;,04).
From (3) and the semantics of =, we obtain that M, s;11 = ¢ for each state s;11 € out(s;,04).
Therefore, from the semantics of (A)O, M, s; = (A))O¢. From the semantics of =, we obtain
that M, s; = q = (A)Op.

From the semantics of (()))0, we obtain that M, sq = {(0)0(q = (A)Op). From (1) and semantics
of A, M,so = AA{D)DO(qg = (A)Op). Thus, if Ty is satisfiable, so is T;.

Next, we prove the ‘only if” part. Assume T} is satisfiable in a CGM M = (%, S,d, §,PpL, L) at
a state sg, i.e. M,so = AN{D)O(q = (A)Op). Let M’ = (%, S,d, §,PpL, L') be a CGM identical
to M except that p is true at a state s; € S iff ¢ is true at the state s;. By the definition of M’
and the semantics of ()0 and =, we obtain that (4) M’,so = (0)0O(p < ¢). By Lemma BTl
as M, so = (0)0(q = (A)Op), M’,so = (0)0O(g = (A)Owp). From the semantics of ()0, for
every state s € S reachable from sg, M, s |= ¢ = (A)Op.

o If M' s~ q, then M',s = q= {(A)Op.

e If, on the other hand, M’', s = ¢, then M’, s = (A))Op. From the semantics of (A)O, there
exists an A-move g4 € D4(s) such that M’, s’ = ¢ for all states s’ € out(s,04). From (4),
M’,s" |= p. Therefore, from the semantics of (A)O, we obtain M’ s = (A)Op. From the

)

semantics of =, M’, s E q = (A)Op.

As s is an arbitrary state, from the semantics of (0)0, M’, sy E (0)0(q = (A)Op). From (4),
M’ sp = (0)O(p = ¢). By Lemma BJl as p does not occur in A, M, sy = A. Thus, if T} is
satisfiable, so is T}41. O

Finally, we show that Trans(6) preserves satisfiability.

Lemma 5.6 Let T; = AU {4}, where ¢ = (0))O(q = [E]Oy), and T4y = AU Ry, where Ry =
{{0)3(q = {(@)Op)}, be two sets of XATL clauses such that Ty11 is obtained by an application of
Trans(6) to the formula v in Ty. Then Ty is satisfiable iff Ti11 is satisfiable.

Proof. In [7] (see also Appendix [B]), the equivalence [X]O¢ = (0) O is shown. By propositional
reasoning, the formula ¢ = [X]O¢p is equivalent to the formula g = {(@)Oep. O

Theorem 5.1 Let T} = AU{¢Y} and Tir1 = AU Ry be two sets of XATL clauses such that Tiiq
s obtained by an application of a transformation rule of the form v — R; in the set Trans to the
formula ) in Ty. Then Ty is satisfiable iff Tyy1 is satisfiable.

Proof. To prove this theorem, we need to show that every transformation rule in the set Trans
preserves satisfiability.
Lemmas B3 B4l B3 and B0 show that the transformation rules Trans(1), Trans(3), Trans(4),
and Trans(6) preserve satisfiability, respectively.
The proof that Trans(2) preserves satisfiability is analogous to the proof for Trans(1) in Lemmab3]
The proof that Trans(5) preserves satisfiability is analogous to the proof for Trans(4) in LemmaBAl
O



5.5. CORRECTNESS OF THE CALCULUS RxaTrL 129

Weight functions for XATL formulae

To show that the transformation terminates, we assign weights to XATL clauses and sets of XATL
clauses and prove that every application of a transformation rule strictly reduces the weight of a
set of XATL clauses.

In particular, we define the following three weight functions
1. w(T), which assigns a weight to an XATL clause T

2. w(L, ), which assigns a weight to an XATL formula ¢ occurring on the left-hand side of an
XATL clause; and

3. w(R, ), which assigns a weight to an XATL formula ¢ occurring on the right-hand side of
an XATL clause.

Except for the case of atomic propositions, w(L, ¢) and w(R, ¢) have identical definitions. There-
fore, to ease the following definition, we use w(z, ¢) where a case of the definition applies to both

w(L, ) and w(R, ). Then the inductive definition of the three weight functions is as follows.

For every XATL clause I' = (0)O(p1 = ¢2), the weight w(I') of I is defined as follows.

L w((@)0(p = 1)) = w(l, ) +w(R 6) + 1

2. w(z,start) = 1;

3. w(z,true) = w(x, false) = 1;

4. w(L,p) = 5;

5. w(R,p) = 1;

6. w(z,~p) =w(z,p);

7. w(z, 9 A) = wlz, 9) + Wiz, BT,

8. w(x,o V1) =w(x, )+ w(x,¥)+1, where both ¢ and 1 are disjunctions of literals;

9. w(z, o V1Y) =w(x, ) +w(x,¥) + 9, where only one of ¢ and 1 is a disjunction of literals;
10. w(z, o V) = w(z, @) + w(x, 1) + 17, where neither of ¢ and ¢ is a disjunctions of literals;
11. w(z, (A)Oyp) = w(z, ) + 9, where ¢ is not a disjunction of literals;

12. w(z, (A)Op) = w(z, ¢) + 1, where ¢ is a disjunction of literals;
13. w(z, [A]O¢) = w(z, ) + 10, where ¢ is not a disjunction of literals;

14. w(z, [A]Op) = w(x, p) + 2, where ¢ is a disjunction of literals;
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It should be noted that a disjunction of literals can consist of a single literal.

For every set A of XATL clauses, the weight of A is

TreA

In the following, we prove that each application of a transformation rule to a clause I' in a set
T of XATL clauses results in a set 7" of XATL clauses that weights strictly less than T

Lemma 5.7 Let T, = AU {T}, where T = (0)0(q = 1 A ¢2), be a set of XATL clauses. Let
Ty = AUA{T,To}, where Ty = (0)0O(q = 1) and Ts = (0)O(q = ¢2), be a set of XATL
clauses such that Tyyq is obtained by an application of Trans(1) to the formula T in Ty. Then the
weight of Ty is strictly greater than the weight of Tyy1.

Proof. We need to show that w(T3) —w(Ti11) > 0, ie. w(A)+w(l) — (w(A)+w(y) +w(T2)) > 0.
According to the definition of the weight function for XATL clauses, we have

w(l') = w(L,q) + w(R, o1 Ap2) +1
=5+ w(R, 1) +w(R,p2) +7+1
= ’LU(R, (Pl) + ’LU(R, (PQ) +13

w(l'1) = w(l,q) + w(R, 1) +1
=54+ wR,p1)+1
= w(Ra (Pl) +6

w(l2) = w(l,q) + w(R,p2) +1
=54+ w(R,p2)+1
= ’LU(R7 (,02) + 6

Therefore, w(A) + w(T') — (w(A) + w(Ty) + w(T2)) =1 > 0. O

Next, we consider the transformation rule Trans(3).

Lemma 5.8 Let T; = AU{T}, where ' = (0)0O(q¢ = D) and D is a disjunction of literals, be a
set of XATL clauses. Let Tyy1 = AU{T"}, where T’ = (0)O(true = —q V D), be a set of XATL
clauses such that Tyyq is obtained by an application of Trans(3) to the formula T in Ti. Then the
weight of Ty is strictly greater than the weight of Tyy1.

Proof. We need to show that w(T}) —w(Ti41) > 0,i.e. w(A)+w(T)—(w(A)+w(I”)) > 0. According
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to the definition of the weight function for XATL clauses, we have

w(l) =w(L,q) + w(R,D) +1
=5+ w(R,D)+1
=w(R,D)+6

w(I") = w(L, true) + w(R,—¢V D) +1
1+w(R,~q) +w(R,D) +1+1
=w(R,q) +w(R,D)+3
=w(R,D) + 4

Therefore, w(A) + w(T') — (w(A) + w(I')) =2 > 0. O

Lemma 5.9 Let T, = AU{T'}, where T' = (0)0(q = [X]O¢), be a set of XATL clauses. Let
Tiv1 = AU{T'}, where TV = (0)0O(q = (D)Owp), be a set of XATL clauses such that Ty+1 s
obtained by an application of Trans(6) to the formula T in T;. Then the weight of Ty is strictly
greater than the weight of Tyy1.

Proof. We need to show that w(T;) — w(Ti41) > 0, ie. w(A) + w(T) — (w(A) + w(I”)) > 0.

If  is a disjunction of literals, then we have

w(I')

(L g) +w(R, [X]Op) +1
+w(R, )+2+1
w(R,

¥) +

w
5

A
—
\ \

w(L; ) + w(R, (0)Op) +1
5+ w(R, )+1+1
w(R,

v) +

Otherwise, we have

( ) = (L’ (R’ [[ZHO(P) +1
=5+w ( ©)+10+1
=w(R,p) + 16

w(l') = w(L,q) + w(R, (0)Op) + 1
=5+w ( ©)+9+1

w(R, ) + 15

Therefore, for both cases, w(A) + w(T') — (w(A) + w(I’)) =1 > 0. 0
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Theorem 5.2 Let the set of XATL formulae T;+1 be obtained by an application of a transformation
rule in Trans to a formula T in the set of XATL formulae T;. Then the weight w(Ty) of Ty is strictly
greater than the weight w(Tiy1) of Tit1.

Proof. To show this theorem holds, we need to prove that w(T;) — w(T¢41) > 0 for each transfor-
mation rule. For the transformation rules Trans(1), Trans(3) and Trans(6) we have already done
so in Lemma B, and 3 respectively. For the remaining transformation rules the result can

be computed analogously. Below we only list the result of w(T;) — w(Ty41) for each rule.
Rule | w(T}) — w(Ty11) | Rule | w(Ty) — w(Tyi1) | Rule | w(Ty) — w(Ti41)
(1) ‘ ! 2) ‘ ! (3) ‘ 2

(4) 1 (5) 1 (6) 1

Lemma 5.10 Let T be a set of XATL clauses. If T contains a clause I' which is not in SNFxaTr,,

then there exists a transformation rule, which can be applied to T" in T.

Proof. According to the definition of the syntax of XATL formulae and SNFxarr, formulae, the
possible forms of formulae occurring on the right-hand side of an XATL clause are the following:
true, false, p, ~¢, (¢ AV), (¢ V), (¢ = V), {(ANOwp, and [A]Op, where p is a proposition
and ¢ and ¥ are XATL formulae. As we apply the functions simp and nnf at the beginning of
the transformation, XATL formulae of the form true, false, ~¢ (for a formula ¢ which is not a
proposition), and ¢ = ¢ can not occur on the right-hand side of XATL clauses in T. For the
remaining possible forms that I' might take, the table below shows that if I' is not a SNFxaTL,

clause, then there exists a transformation rule which can be applied to T'.

Form Trans
q=7p (3)
q=p (3)
=AY (1)
q=> oV (2) or (3)
q= (A)Oyp (4)
q= [A]Oy (5) or (6)

O

Theorem 5.3 Let Ty, Th,... be a sequence of sets of XATL clauses such that Ty = init(p) for
some XATL formula ¢ and Ti11 is obtained from Ty by applying a transformation rule to a clause
in Ty. Then the sequence Ty, Th, ... terminates, i.e. there exists an indexr n,n > 0, such that no

transformation rule can be applied to any clause in T,. Furthermore, all clauses in T, are in
SNExATL-

Proof. Follows from Lemma BE-T0 and Theorem O

Using the notion of the size of an XATL formula we are able to characterise the computational

complexity of the normal form transformation for XATL.
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Definition 5.21 Size of an XATL formula
Let ¢ be an arbitrary XATL formula. The size of ¢ is the number of occurrences of constants,

propositions, boolean operators and temporal operators in .

For examples, the size of ((A)Op is 2, the size of start = p V ¢ is 5, and the size of ¢ =
[AJO((A)Op V (p A q)) is 9.

Theorem 5.4 Let ¢ be an arbitrary XATL formula and T, be a set of SNFxarL, clauses obtained
from Ty = init(y) by n applications of our transformation rules. Then n is linearly bounded in the

size of ¢ and the set T,, can be computed in polynomial time in the size of .

Proof. Let ¢ be of size m and we assume ¢ is already in negation normal form. By the definition of
the weight function, we know that the weight of Ty = init(p) is w({(0)) O(start = p))+w((0)O(p =
1)), where b = simp(nnf(p)). Furthermore,

w({(@)DO(start = p)) = w(L, start) + w(R,p) + 1
—14+1+1
=3

and

Therefore, w(Tp) = w(R, 1) + 9. It is not hard to see that the function simp only reduces the size
and weight of ¢. Thus, the size and weight of ¢ is bounded by the size and weight of ¢, respectively.
As the maximal weight of a constant, proposition, boolean operator, or temporal operator is 17, the
weight w(R, 1) is bounded by 17m+9. Since, by Theorem -2 each application of a transformation
rule to a set of XATL clauses T; results a set of XATL clauses Ty+1 with w(Ti41) <w(Ty) — 1, T),
can be computed in less than 17m + 9 applications of the transformation rules.

Regarding the complexity of each application, we assume XATL clauses are stored in a tree data
structure. For example, the tree in Figure Bl represents the XATL clause p = (AYO(q1 V [A]Og2).
Then according to our transformation rules, by reusing the subtrees representing subformulae as
appropriate, generating the XATL clauses resulting from an application of a transformation rule
can be accomplished in constant time in the size of ¢. The pattern matching procedure determining
which rule to apply to an XATL clause, which is not in SNFxaTr,, requires linear time in the size
of ¢ in the worst case.

Therefore, the set T}, can be computed in polynomial time in the size of ¢. O
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Figure 5.1: p = (A)O(q1 V [A]Oq2) stored in a tree structure

Theorem 5.5 Let ¢ be an arbitrary XATL formula and T,, be a set of SNFxar1, clauses obtained
from Ty = init(p) by a linearly bounded applications of our transformation rules in the size of .
Then ¢ is satisfiable iff T}, is satisfiable.

Proof. Follows from Theorem B3, Lemma B2 Theorem BTl and Theorem 41 O

5.5.2 Soundness and completeness

We now establish the soundness of Rxatr, via the semantics of XATL. Before we state and prove
the soundness theorem for Rxarr,, we first establish a number of properties of the ordering = on

A-moves that will be used in the proof of that theorem.

Lemma 5.11 Let M = (X,5,d,6,PpL, L) be a CGM, s be a state in S and A, A" be coalitions.
If the operation @ is applicable to an A-move o4 € Da(s) and an A'-move o € Das(s), then

oA oaDoa andoa Eog Doar.

Proof. Let g4» be 04 @ oa. By the definition of the operation &, A” DO A and for every agent

a € A, oa(a) =oar(a). Therefore, 04 C o4r. Analogously for o4 and o4.. O

Lemma 5.12 Let M = (3, 5,d,6,Pp., L) be a CGM, s be a state in S and A, A" be coalitions. If
there exist an A-move o4 € Da(s), an A'-move o4 € Das(s), and a move vector o € D(s) such

that oo C o and o4 C o, then o4 C o.

Proof. From o4 C o4 and 04 C o, we obtain that (i) for every agent a € A,04(a) = oas(a);
(ii) for every agent @’ € A’ o4 (a’) = o(a’) and (iii) A C A’. Therefore, for every agent a €
A,o04(a) =0o(a). Thus o4 C 0. m]

Lemma 5.13 Let M = (%,S5,d,6,PpL, L) be a CGM, s be a state in S and A, A" be coalitions.
If there exist an A-move o4 € Da(s) and an A’-move o4 € Dar(s) such that cx T o/, then

out(s,oa) C out(s,04).
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Proof. Let A and A’ be the set of move vectors {o | 04 C o} and the set of move vectors
{o’/ | car C o'}, respectively. As o4 C o4/, by Lemma EIA every ¢/ € A’ must also be an
element of A. Therefore, A’ C A. By the definition of the transition function ¢, we obtain
{6(s,0") | 0’ € A’} C{d(s,0) | 0 € A}. By the definition of the outcome of o4 and o4+ at state s,

we obtain out(s,o4/) C out(s,c4). O

Theorem 5.6 (Soundness of Rxatr). Let T be a set of SNFxarr, clauses. If there is a refutation
of T by RxarL, then T is unsatisfiable.

Proof. Let Ty, T, ..., T, be a derivation from a set of SNFxary, clauses T = T by the calculus
Rxarr. We will show by induction over the length of the derivation that if T} is satisfiable, then
so is T5,.

For Tp, the claim obviously holds. Now, consider the step of the derivation in which we derive
Ti41 from T} for some ¢ > 0. Assume T} holds in M = (X, 5,d, d, Pp., L) at a state sg € S.

Assume (O)O(P = {(AYO(C V1)) and (HO(Q = (A’)O(D Vv —l)) are in T; and that the
coalitions A and A’ are disjoint. Let T;y1 be obtained by an application of SRES4 to (@)O(P =
{AYO(C'VI)) and (DHD(Q = (A'HO(DV-I)), that is, Ty 1 = T,U{{ONO(PAQ = (AU A")HO(C'V
D))}. We show that M also satisfies T;;.

Consider an arbitrary state s reachable from sy € S. If either M,s £ P or M,s £~ @, then
M,s = PANQ = (AUA)O(C v D). If, on the other hand, M,s = P and M,s = @, then
from M, so = (O)O(P = (A)O(C V1)), M,so E (0)D(Q = (A’ )O(D V 1)), and the semantics
of (0)O, we obtain M,s = (ANO(C V1) and M,s = (A")O(D Vv —l). From the semantics of
M,s E (A)O(C Vv 1), we know there exists an A-move o4 € Dy(s) such that for every state
s; € out(s,04),M,s; = C V1. For an analogous reason, we know there exists an A’-move o4/ €
Dy/(s) such that for every state s; € out(s,04/),M,s; = DV —l. As A and A’ are disjoint,
for A” = AU A’, there exists an A”-move o4v = 04 ® ca. By Lemma BTl 04 C o4~ and
oa T oar. By Lemma B3 out(s,04) C out(s,04) and out(s,o4) C out(s,c4). We know for
every s; € out(s,04),M,s; = C V1 and for every s; € out(s,04/),M,s; = DV =l. Therefore,
for every sy € out(s,oar),M,s | (C V1) and M,s, = (D V —l). By propositional reasoning,
M, s, = CV D. Therefore, M, s = (AU A )HO(C' Vv D).

As s is an arbitrary state reachable from sg, we obtain M, sg = {(0)O(PAQ = (AU A )O(C'V
D)) from the semantics of (#)0. Thus, T} is satisfiable and SRES4 is sound.

Next we show SRES5 is sound. Assume (0)3(P = (AHO(C V1)) and (I)O(Q = [A']JO(D Vv
—l)) are in T; and the coalition A is a subset of the coalition A’. Let T;y; be obtained by an
application of SRES5 to (0)O(P = (AYO(C V1)) and (0)O(Q = [A']JO(D Vv —l)), that is,
Tip1 =T U{ONDO(P AQ = [A"\ AJO(C Vv D))}. We show that the CGM M also satisfies Ty 1.

Consider an arbitrary state s reachable from sy € S. If either M,s &£ P or M,s [~ @, then
M,sE PANQ = [A"\ AJO(C v D). If, on the other hand, M,s = P and M,s = @, then from
(OHo(P = (A)O(C' V), (0yD(Q = [A]JO(D V —l)), and the semantics of ((})) 0, we obtain that
M,s = (AYO(C' Vi) and M, s = [A'JO(D V =l). By the semantics of (A)O, (1) there exists an
A-move o4 € Da(s) such that M, s’ = C VI for all states s’ € out(s,04). By the definition of
[A']O and the semantics of {{A")O, we have, (2) for every A’-move o4 € Da/(s), there exists a
move vector o such that o4 C 0,58” = d(s,0) and M,s” = DV =l. Let A be the set of A’-moves
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{o, | 0%y, € Dar(s) and 04 C 0%y, }. As A C A", A C Da(s), i.e. every A'-move in A is also in
D a/(s). Therefore, for every A’-move afg/ € A, there exists a move vector o* such that 0f4, Col, st =
§(s,0%), M, s" = DV~l. By LemmaFEId 04 C o'. By Lemma T3 out(s, o) = {s'} C out(s,04).
From (1), M,s* = C V1. Thus M, s’ = C V D by propositional reasoning. Therefore, (3) for every
A’-move ¢y, € A, there exists a move vector o’ such that oy, C o, s' = §(s,0%), M, s' = CV D.
(3) is equivalent to that for every (A" \ A)-move o(an ) € D(an a)(s), there exists a move vector
o' such that (i) o4 C 0%, 0(ana) E 0" and (ii) s" = §(s,0"),M,s" = C'V D. From the definition
of [A"\ AJO, we obtain M,s | [A"\ A]JO(C V D). As s is an arbitrary state reachable from sg,
from the semantics of (())3, we obtain M, so = (O)O(P A Q = [A’\ AJO(C V D)). Thus, Tiyq is
satisfiable and SRES5 is sound.

The soundness proofs for SRES1 to SRES3, SRES6 and SRES7 are analogous to those for
SRES4 and SRES5.

Regarding RW1, by the semantics of {A))O and false the formula (@) (A" ;m; = (A)Ofalse)
is true iff (0)O(A?_;m,; = false) is true. This formula is equivalent to (0)0(V!_,—m;) which in
turn, by the semantics of = and true, is equivalent to (0))0(true = VvV ,—m;). The proof for
RW?2 is similar.

So, we have shown that for any derivation Ty, 11, . . ., Ty, if Ty is satisfiable, then T;, is satisfiable.

Thus, if T}, contains a contradiction, then T} is unsatisfiable. O

Recall from Section BX5A that in the completeness proof for the calculus RET‘SL for CTL, we
make use of labelled behaviour graphs, terminal nodes, and reduced labelled behaviour graphs. In

the following, we adapt these notions to XATL.

Definition 5.22 Agent behaviour graph

Let 04 be an A-move, oY be a negative- A-move, and C* be a conjunction of disjunctions of literals
(possibly consisting of only one disjunction of literals or one literal). Then an expression of the
form o40OC* or oY OC* is called a neat formula or negative next formula, respectively.

Let T be a set of SNFxay, clauses. We construct a finite labelled directed graph H = (N, E),
called an agent behaviour graph for T as follows. The set of nodes N of H consists of all valuations
of propositions occurring in 7.

To define the set of edges E of H, we need the following auxiliary definitions. Let n = V be
a node in N. Let Ry(n,T) = {oyOD | true = D € T} U {0yOC | P = (0)OC € T,V &= P} U
{opOtrue}. Assume Ry(n,T) = {oyOC4,090C%,...,090OC}, thenlet X (n,T) = C1ACaA. . .AC.

Let Ry(n,T) = {{A)OC | P = (A)OC € T,A # 0,V E P}U{[B]JOD | Q = [B]JOD €
T,B # %,V = Q}. Then let seq(R,,(n,T)) be a sequence consisting of all formulae in Ry, (n,T)
such that all the formulae of the form (A)OC precede all the formulae of the form [B]JOD. We
use seq(Rp,(n,T))[i] to denote the ith element of seq(R,,(n,T)).

Let next(n,T) be the smallest set of next formulae and negative next formulae such that for

every element seq(Ry,(n,T))[i] in seq(Rm(n,T)),

o if seq(Ry,(n,T))[i] is of the form {(A)OC, then the next formula c4O(C' A X(n,T)) is in the
set next(n,T), where o4 is an A-move such that for every agent a € A,04(a) = i and for

every agent a’ € A,o4(a’) = *; and



5.5. CORRECTNESS OF THE CALCULUS RxaTrL 137

e if seq(R,,(n,T))[i] is of the form [B]OD, then the negative next formula oy O(DAX (n,T)) is
in the set next(n, T), where o is a negative- B-move such that for every agent a € B, o} (a) =

* and for every agent a’ € B, o (a') = —i.

In the following, D% and D% represent a conjunction of disjunctions of literals and we assume
that A is idempotent. We inductively define the closure cls(n,T') of the set next(n,T) to be the set
such that

e cvery element of next(n,T) is in cls(n,T);

o if UAODJ{,UArODé € cs(n,T), AN A" = () and neither A nor A’ is an empty set, then
oA ®oaO(DEA DY) € cls(n, T); and

o if UAOD‘J{,UIJX,ODg € cs(n,T), A C A, A is not an empty set and A" # X, then o4 B
oN,0(D} A DY) € cls(n, T).

Given a node n =V, for every next formula 0 4OC* or negative next formula ¢ OC* in the set
cls(n,T), if there exists a node n’ = V' such that V' = C*, then there exists an edge in E from n
to n’ labelled by o4 or oY, respectively.

Let Ro(T) = {D | start = D € T} and Ry(T) = {C | true = C € T'}. Then any node ng =V,
where V satisfies the set Ro(7') U Ry(T'), is an initial node of H. The agent behaviour graph for an

set of SNFxarr, clauses T is the set of nodes and edges reachable from the initial nodes.

Definition 5.23 Terminal node
A node n = V in the agent behaviour graph for a set 7" of SNFxar clauses is a terminal node
iff there exists a next formula 04OC* or a negative next formula oY OC* in the set cls(n, T') such

that no edge labelled by o4 or ¢ departs from the node n.

Definition 5.24 Reduced agent behaviour graph

Given an agent behaviour graph H = (N, E) for a set of SNFxaT1, clauses T, the reduced labelled
behaviour graph red(H) for T is the result of exhaustively applying the following deletion rule DEL
to H.

DEL If n € N is a terminal node, then delete n and every edge into or out of n.

Outline of the completeness proof

In the following, we present an outline of the completeness proof of the calculus Rxarr..

Lemma 5.14 Let T be a set of SNFxarr, clauses and let red(H) be its reduced agent behaviour
graph. If the graph red(H) is not empty, then T is satisfiable.

Proof (Outline). This lemma can be proved by showing that if red(H) is not empty, then (1) a
CGM M can be constructed from red(H) and (2) M satisfies T'.

We know that all edges in red(H) are labelled with an A-move or a negative- A-move. According
to these edges and their labels, we are able to generate corresponding new edges labelled with move
vectors. We use vec(H) to denote the new graph formed by the nodes from red(H) and those edges

labelled move vectors.
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Let n be a node in vec(H). If there exists an edge from n to n’ labelled with the move vector o
in vec(H), then we say n' is a o-successor of n. We use d(n, o) to denote the set of all o-successors
of the node n. Then, by eliminating unnecessary edges in vec(H), i.e. ensure that for every node n
in vec(H) and for every move vector o available at n, |d(n,o)| = 1, we obtain M. Thus, we have
(1).

Regarding (2), it can be shown that, by the way we construct M from T', M satisfies T'. O

Lemma 5.15 Let T be a set of SNFxatr clauses. If T is unsatisfiable, then its reduced agent
behaviour graph red(H) is empty.

Proof. Follows from Lemma BT4 O

Now we are able to show that if a finite set T of SNFxaT1, clauses is unsatisfiable, then T' has
a refutation using the step resolution rules SRES1 to SRES7 and the rewrite rules RW1 and RW2.

Let T be an unsatisfiable set of SNFxarr, clauses. The proof proceeds by induction on the se-
quence of applications of the deletion rule DEL to the agent behaviour graph of T'. If the unreduced
agent behaviour graph is empty then we can obtain a refutation by applying step resolution rules
SRES1 to SRES3. Now suppose the agent behaviour graph H is non-empty. The reduced agent
behaviour graph must be empty by Lemma [.TH so there must be a node that can be deleted from
H.

We show that for every application of the deletion rule DEL to a behaviour graph H of T
resulting in a smaller graph H”, there is a derivation from T by RxaTr, resulting in a set T such
that the behaviour graph H’ for T" is a strict subgraph of H”. In particular, we can prove that the
deletion rule DEL corresponds to a series of step resolution inferences by SRES1 to SRES7 deriving
a clause of the form true = false, P = ((4))Ofalse or P = [A’]Ofalse. The rewrite rules RW1
and RW2 will replace P = ((A))Ofalse and P = [A’]|Ofalse by the simpler clauses true = —P.

Therefore, if T' is unsatisfiable, then the reduced agent behaviour graph red(H) for T' is empty
and the sequence of applications of the deletion rule DEL which reduces the agent behaviour graph

H for T to an empty red(H) can be used to construct a refutation of 7' by RxaTL.

5.6 Conclusions

ATL [ is a well-known and successful formalism for specification and verification of multi-agent
systems. As the significance of multi-agent systems grows, the research on ATL is increasingly
important and active. Our research focuses on a fragment of ATL, namely XATL, which is also
useful for many applications, for example, specification and verification of a variety of strategic
games [B67 BY. Currently there are a number of methods that have been established for tackling
the satisfiability problem for ATL and XATL, for instance, two tableau-based methods by Walther
et al. [73] and by Goranko et al. ]| for ATL, two automata-based methods by van Drimmelen [70]
and by Goranko et al. [#2] for ATL, and one tableau-based methocﬂ by Hansen [44] for XATL. No
resolution-based method has been developed for ATL or any fragment of ATL so far.

2This tableau method is originally developed for CL. Since the equivalence of the semantics for XATL and CL has
been shown in [39)], it is easy to show that this tableau method for CL translates into a tableau method for XATL.
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In this chapter, we have developed the first clausal resolution calculus Rxatr, for XATL. We
define a normal form SNFxa7r, and a transformation procedure, which can be used to transform
an XATL formula into a satisfiability equivalent set of SNFxaTr, clauses. We have shown that
the transformation procedure preserves satisfiability and terminates, and that the computational
complexity of this procedure is polynomially bounded with respect to the size of the input formula.
The calculus Rxar, consists of seven step resolution rules and two rewrite rules and we provide
a number of examples illustrating deriving a contradiction from an unsatisfiable set of SNFxaTr,
clauses by those rules. Moreover, we have shown that RxaTr, is sound and outlined a completeness
proof for Rxary, using agent behaviour graphs, terminal nodes and reduced agent behaviour graphs.

This approach has been successfully applied to PLTL and CTL to prove the completeness of the
resolution calculus for PLTL in [38] and the resolution calculus for CTL in Section Bl respectively.
Here we have extended this approach to XATL. In future work, it is our intention to reuse the

techniques we developed for Rxarr, in order to develop a calculus for full ATL.
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Chapter 6

Conclusions and future work

In this chapter, we summarise our work on tackling the satisfiability problems for CTL and XATL
by using resolution-based approaches and draw conclusions. We also outline the directions of future
work including more refinements on the calculi we have developed in this thesis, the possibilities
of applying resolution-based methods to other forms of modal logics, and the potential of using

first-order resolution to emulate those methods.

6.1 Conclusions

In this thesis, we have considered the propositional branching-time temporal logic CTL and the
agent logic XATL and have developed corresponding resolution-based calculi, which can be used as
bases of decision procedures for the satisfiability problems for both CTL and XATL.

In the case of CTL, we have provided a refined resolution calculus RE’TSL and a new approach to
automating the inferences of CTL resolution of RETSL using first-order techniques, and, consequently,
have obtained a theorem prover for CTL, namely CTL-RP, which can be used to efficiently verify
various problems encoded into CTL formulae.

The work we have done on the calculus RE’TSL is motivated by Fisher’s calculus [37] for PLTL
and Bolotov’s calculus [I5] for CTL. In 1991, Fisher first proposed a clausal resolution calculus for
PLTL, which provides many important ideas and techniques such as the Separated Normal Form
transformation, step resolution, eventuality resolution, etc. Later, these ideas and techniques were
adapted to a number of other non-classical logics for their corresponding resolution methods. One of
them is Bolotov’s calculus [I5], where he extended Fisher’s calculus from PLTL to CTL. He proposed
the Separated Normal Form for CTL incorporating indices to denote existentially quantified paths.
He also identified different types of eventualities, AO and E<C, and developed the corresponding
eventuality resolution rules for them. Based on Bolotov’s work [IH], we have developed a new clausal
resolution calculus RETSL for CTL. The calculus RETSL contains step resolution rules, eventuality
resolution rules, and rewrite rules. We have shown that RE"TSL is sound and complete, i.e. for a
given CTL formula ¢, ¢ is unsatisfiable iff by applying step resolution rules, eventuality resolution
rules and rewrite rules of REJFSL to the set of SNFZ; clauses representing ¢, a contradiction can

be derived. Compared with [I5], we have the following advantages.
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1. We introduce a new type of clause, global clauses, into the normal form. By doing so, we can
often reduce the number of clauses generated from the transformation as well as those derived

from resolution inferences. We also provide a formal semantics for normal form formulae.

2. We develop a new and improved transformation procedure. In experiments, we observe that
for checking the satisfiability of a CTL formula, the CPU time consumed by our prover CTL-
RP using the improved transformation procedure is usually less than half of the CPU time
used by CTL-RP using our implementation of Bolotov’s transformation procedure for the

same CTL formula.

3. We show the termination of the transformation procedure and determine its computational

complexity, whereas in [I5] the corresponding proofs are absent.

4. The applications of the step resolution rules of REJFSL are subject to an ordering and a selection
function. Therefore, the applicability of the resolution rules is reduced compared to Bolotov’s

resolution rules. Thus, the search space is pruned noticeably.

5. We present a new completeness proof for RE’TSL, which also shows that two out of the four
eventuality resolution rules in [I5] are redundant. Consequently, RET‘SL has fewer eventuality

rules than Bolotov’s calculus for CTL.

6. A complexity analysis for RELFSL is given, which is absent from [15].

Inspired by Dixon’s work on using a propositional/first-order resolution prover to implement
step resolution rules [28] for the calculus Rppyrr, and Hustadt and Konev’s work on the efficient
PLTL theorem prover TRP++ [48], we have developed an approach for using first-order clauses to
represent determinate clauses and then, establish a mapping, which maps resolution rules SRES1 to
SRESS to a first-order resolution rule. Therefore, all inferences of step resolution can be done by a
first-order resolution theorem prover. Finally, we extend the high performance first-order theorem
prover SPASS with an implementation of the eventuality resolution rules to realise the calculus
RELFSL in the theorem prover CTL-RP and according to our empirical study of CTL-RP, it shows

good performance.

In the case of XATL, we have developed a resolution calculus Rxarr,. A number of tableau-
based [ [73, BT] and automata-based methods [0, @2] have been developed for the satisfiabil-
ity problem for ATL or XATL in recent years, however no attempts have been made to develop
resolution-based methods. Thus, Rxary, is the first resolution-based method for XATL satisfiability
checking.

We define a normal form SNFxa7r, and a transformation procedure to transform an arbitrary
XATL formula into this normal form. We prove the correctness of the procedure and analyse its
complexity. Rxary, consists of seven step resolution rules and two rewrite rules. We show Rxary, is
sound, i.e. if there is a refutation by Rxarr, from a set of SNFx a1, clauses representing an XATL

formula ¢, then ¢ is unsatisfiable. We also provide an outline of the completeness proof of RxaTr,.
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6.2 Future work

6.2.1 Further research on XATL resolution

In this thesis, we have presented the resolution calculus Rxarr, for XATL and outlined its complete-
ness proof, but there still are a number of objectives regarding Rxarr, that we have not achieved
yet. We discuss them individually in the following.

Firstly, since the completeness issues are important for a calculus, we should consider the work
on those issues further and also provide a formal completeness proof for Rxarr,.

Secondly, we are interested in realising the calculus Rxarr, in a theorem prover for XATL. We
may be able to apply our implementation approach for the calculus RE’TSL to Rxarr,. To do so,

several issues need to be investigated.

1. We have to find an approach for representing SNFx a1, clauses using first-order clauses. For
this issue, we have already developed some ideas. For example, for a given set of agents
¥ = {1,2,3}, the XATL formula ¢ = r = (1,2)O(p V q) may be represented by the first-

order clause

o = 2Qr(x) V Qp(app(m(1,1,y),z)) V Qqu((app(m(1,1,y),z)))

and the XATL formula ¢ = ¢ = {(3))O—p may be represented by

"/)f = _'Qq(w) \ _‘Qp(app(m(uvvv 1)a w))

Here m is a |X]-ary function symbol, m(1, 1, y) represents the {1,2}-move (1, 1, %) indicating
that agents 1 and 2 each play move 1 while agent 3 can play any move available to it and
m(u,v,1) represents the {3}-move (x, x, 1) indicating that agent 3 plays move 1 while agents
1 and 2 can play any move available to them. The rest of the notation in ¢y and 9y is
analogous to the notation we define in Section

2. We need to utilise first-order resolution techniques to emulate the step resolution rules in
RxaTr, to conduct inferences for XATL. For this issue, it seems that it can be naturally solved
due to the transformation we proposed above. For example, take the following application
of the step resolution rule SRES4 to the SNFxarr, clauses ¢ = 7 = {(1,2)O(p V ¢) and
¥ = q = ((3))O-p, where {1,2} N {3} = 0:

= (1,2)O0(p V q)
q= {3)O-p
rAg= {1,2,3)Oq

The first-order clauses s and 1 f representing the SNFx a1, clauses ¢ and 1), respectively,

o =—Q(z) V Qplapp(m(1,1,y),z)) V Qu(app(m(1,1,y),z)) and
wf = _‘Qq(w) \ _'Q;D(app(m(uv v, 1)a w))
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which can be resolved using first-order resolution:

—Qr(2) V Qp(app(m(l,1,y),2)) V Qq(app(m(1,1,y), z))
jQq(w) V ﬁQp(app(nfl(ua v, 1)’ w))
ﬁC?r(x) \ ﬁC?q(x) \ Qq(app(m(la 1, 1)) $))

As we can see, the resolvent =Q,(z)V—Qq(z)VQq(app(m(1,1,1), x)) represents the SNFxaTr,
clause r A ¢ = ((1,2,3)Oq that we obtain as the result of the application of SRES4. Thus, it

may be possible to emulate all step resolution rules in Rxarr, by using first-order resolution.

3. Last but not least, we need to find an appropriate efficient first-order theorem prover, for
example SPASS [B4] or E [65], and extend the prover with an implementation of the trans-

formation procedure for XATL to realise the calculus Rxarr,.

Thirdly, we intend to extend our calculus Rxary, to ATL. We believe that all techniques we have
developed for Rxary, can be adapted to ATL. It would remain to develop rules and procedure for

handling eventualities in ATL to achieve a clausal resolution calculus for ATL.

6.2.2 Extension to other modal logics

We believe that it is possible to utilise the calculi RETSL and Rxarr, as bases for developing resolu-
tion calculi for other modal logics, in particular Alternating-time Temporal Epistemic Logic [69],
Propositional Dynamic Logic F5], and CTL* [35].

Extension to ATEL

ATL can be augmented with knowledge modalities to deal with agents’ cooperation, knowledge and
time and the resulting language is Alternating-time Temporal Epistemic Logic (ATEL) [6Y]. ATEL
has been useful for the specification and verification of many game-like multi-agent systems. As the
significance of multi-agent systems has grown rapidly in recent years, proof methods for ATEL are
desirable. Fisher’s resolution method Rppry, [37] has been extended to deal with linear-time and
knowledge in [B0] and Bolotov’s resolution method [I5] has been adapted to handle branching-time
and knowledge in [29]. We believe that if we can successfully extend our calculus Rxatr, to ATL,
then it is feasible to further develop the calculus to ATEL with some reasonable effort.

It should be noted that in 0] Goranko shows that ATEL can be reduced to ATL. That is, there
exists a translation of models and formulae of ATEL into ATL that preserves satisfiability. While
the translation preserves satisfiability, it may not preserve other properties of ATEL formulae.
Therefore, a genuine ATEL calculus may still be of use. For example, for the model checking
problem of ATL and ATEL, there are systems for both, namely MCMAS [GI] for ATEL and
MOCHA [§] for ATL. A comparison between the performance of MCMAS on ATEL problems and
the performance of MOCHA [§] on the translation of these problems shows some encouraging results
for MCMAS. Therefore, we believe that it is also worth developing a resolution theorem prover to
address the satisfiability problem for ATEL directly.
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Extension to PDL

Propositional Dynamic Logic (PDL) 5] is a of modal logic, where the modal operators O and <
are indexed with expressions over a regular language of actions. For instance, the PDL formula
[shoot]empty expresses that shooting necessarily results that the chamber of a shotgun is empty,
on the other hand, the formula (shoot)dead specifies that shooting possibly results that the prey is
dead. Tts underlying models involve (i) a set of states, which are labelled with atomic propositions
indicating that such propositions hold on such states, (ii) a set of transitions between states, which
are labelled with atomic actions.

The model structures for PDL are similar to the model structures for CTL. In addition, the
satisfiability problem of PDL, which is known to be EXPTIME [3], has the same complexity
as the satisfiability problem of CTL. Due to the similarities between PDL and CTL, we would
like to investigate the possibility of developing a clausal resolution calculus for PDL, which we
expect to be similar to the calculus RE’TSL presented in Chapter [ i.e. a suitable normal form
for PDL, a transformation procedure for transforming a PDL formula into its normal form, and a
series of resolution style rules for conducting inferences. Then an arbitrary PDL formula ¢ can be
transformed into a satisfiability equivalent set T' of formulae in normal form and a refutation can

be derived by applying those resolution-like rules to 7' iff the original formula ¢ is unsatisfiable.

Extension to CTL*

CTL* was first proposed by Emerson et al. in 1986 and is often referred to as full branching-time
temporal logic, as it is the most expressive language in that category. CTL* extends CTL by
removing the syntactic constraint that path quantifiers must always be paired with a temporal
operator and vice versa, i.e. CTL* allows the path quantifiers followed by an arbitrary linear-time
formula, which can be boolean combination and nesting over temporal operators <&, O, O, U and
W and some subformulae without path quantifiers. For example, ACOp and E(OpU Oq) are
well-formed formulae of CTL* but not formulae of CTL.

Since CTL* is an extension of CTL, it may be possible to extend our calculus RETSL in Chapter B
to CTL*. However the stronger expressive power of CTL* comes at a cost, as the complexity of the
satisfiability problem for CTL* is 2EXPTIME [B1]] instead of EXPTIME for CTL [22]. Due to the
high complexity of CTL* formulae, extending our calculus from CTL to CTL*, we can anticipate
that finding a suitable normal form for CTL* and developing a transformation procedure preserving
satisfiability are very challenging. For example, if the complexity of the transformation procedure
reaches EXPTIME or 2EXPTIME, we have to make sure that it is not the case that for every CTL*
formula the size of the formula grows exponentially after the transformation procedure is applied to
it, in particular, for CTL formulae, the transformation should still be polynomial. Otherwise, even
if we obtain a decision procedure for the satisfiability problem of CTL*, this decision procedure
would not be very practical.

In [I7], Bolotov et al. made the first attempt to develop a clausal resolution calculus for CTL*,
however they also pointed out in [I5] that this calculus for CTL* is incorrect. Consequently, a

sound and complete resolution system for CTL* is still an open area of research.
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Appendix A

The previous transformation rules

In [15], Bolotov provides a set of transformation rules to transform an arbitrary CTL formula into
an equi-satisfiable set of SNFcpy, clauses. The transformation rules defined below are identical to
those in [IH] but modified to allow for global clauses. Moreover the transformation here is imple-
mented in the CTL resolution theorem prover CTL-RP version 00.09. In addition, we also provide
a set of more efficient transform rules for an arbitrary CTL formula in this thesis and compare

these two set of transformation rules in Section B and E241

The definition of the rule set Trans:

e Index introduction rules:

Trans(1) q=EOp — q¢= E(ing) Op
Trans(2) g=Exp—q=>E;q ¢ where x € {0}
Trans(3) q = E(p1 % 92) — ¢ = Einay (@1 * @2) where x € {U, W }.

ind is a new index.

e Boolean rules:

=

Trans(4) q = p1 Npa — 1=

q= ¥2

qg=e1Vp . . .. .
Trans(5) q= 1V s — if o is not a disjunction of

P = ¥2 .

literals.

Trans(6) q= D — true = —qV D
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e Temporal operator rules:

q=Xx%*p
p=

if ¢ is not a disjunction

Trans(7) qg=X*xp— {
of literals.
Xx € {AO,E(ing) O}

q=>Xxp

p=v
X € {zﬁlj7 AO, E(ind) 4, E(znd)o}

Trans(8) g=Xxp— { if ¢ is not a literal.

= X{(p *
Trans(9) q= X(p1 % p2) — ¢ (P 2)
p= ¥

Xk € {AU, AW, Eingy U, Epinay W'}

if 1 is not a literal.

= X(¢1 *
Trans(10) q= X(p1 % p2) — ¢ (p1+p)
D= 2

Xk € {AU, AW, Eingy U, Epinay W }

if 9 is not a literal.

= A
Trans(11) q = AOqg — hmenp
p= AO(q2 A\ p)
= g2 A
Trans(12) @1 = EypgyOge — =P
p= E (ind) (q2 /\p)
@1 = q3V (g2 A\p)
Trans(13) = AU qs) — p = AO(g3 V (g2 A p))

q1 = A<>Q3

Trans(14)  ¢1 = Ejna)(2U q3) — ¢ p = E(inayO(a3 V (42 A D))

@1 = Einay©gs

= \/ A
Trans(15) @1 = Alg2Waqs) — @ = sV (@ Ap)
p= AO(g3 V (2 A p))
q1 = g3V (g2 A\ p)

Trans(16) g1 = Egna)(@@Waz) —
(ind) P = E(ina)O(g3 V (g2 A p))

|
|
{ @ =V (D)
|
|



Appendix B

Equivalences in ATL

The following equivalences between ATL formulae are shown either in [7] or in A2
o [AJOp = =(A)O—e
o [A]Bp = —(A)O—p
o [A]Op ==(A)D-p
o (A)Op = [\ AJOy is true, however [A]Op = (£ \ AYO¢ is not necessarily true.
o (A)Dp = A (A)O(A)Dy
o ~(A)Dp =~ vV -(A)O(A)Dyp
o (A1l 2 =2V (01 A (ANO(ADp1U ¢2)
o ~(Aher1U o2 =2 A (mp1 V =(A)OLA) @1 U @2)
o (ANOp1 A (A )Opa = (AU ANO(p1 A p2) for disjoint A and A’.
o (0)D(0 = (p 1 (A)O0)) = (D)D(0 = (A)Tp)

o (0)B((¢2 V (g1 A (A)OO)) = 0) = (DHD((Ahpr U 2 = 0)
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