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Abstract

An analytic construction of 1:1 resonances around irregular bodies is here in-

vestigated. A SPH-Mas based gravity model allows a semi-analytic expression

of the linearised equations around the equilibrium points. Depending on the

sphere packing distribution, the SPH-Mas model can retrieve the same dynami-

cal objects common to others gravity models (i.e. spherical harmonics and poly-

hedron) or for non uniform density objects. This model has the advantage to

define the same particles mesh distribution for both astrophysical and astrody-

namics tools and it is computationally optimised for Matlab. The Hayabusa2’s

Small Carry-on Impactor operation is used as a scenario to study the ejecta

particle dynamics around an irregular body. The goNEAR tool was used to

simulate the impact operation in a non-linear sense when the effect of the solar

radiation pressure perturbation is taken into account for particles size of 10 cm,

5 cm, 1 cm and 1 mm in diameter.
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1. Introduction

In June 2018, the Japanese Hayabusa2 spacecraft successfully arrived at a

C-type asteroid. This date marked the start of a 18 months mission exploration

around the asteroid Ryugu [1]. Hayabusa2 mission is currently contributing to

answer fundamental questions related to the formation of our solar system and5

the origin of Life [2]. JAXA’s Hayabusa2 and NASA’s OSIRIS-REx missions

[3] are the only two active sample and return missions to small celestial bodies.

After the successful deployment of Minerva-II-1A and -1B rovers [4] and CNES-

DLR’s MASCOT lander [5] last year, 2019 marks the second exploration phase

for the Hayabusa2 mission. This year milestones include the first touchdown10

operation in February 2019, the Small Carry-on Impactor (SCI) operation in

April 2019 [6] and the deployment of the Minerva-II-2 rover in August 2019.

Japan has set a new first when the Hayabusa2 spacecraft deployed and activated

the explosive SCI to successfully form an artificial crater.

The scope of this article is to study the dynamics around Equilibrium Points15

(EPs) of irregular bodies with application to the asteroid Ryugu. Understand-

ing the natural dynamics around an irregular shape body is a necessary first

step to understand for example (1) the fate of particles ejected into space from

asteroids, the so called “ejecta” after artificial (e.g. asteroid Ryugu [6]) or nat-

ural (e.g. P/2010 A2 [7]) impact events and (2) the fate of ejecta from “active”20

asteroids (e.g. asteroid Bennu [8]). To the core of our study, we aim to gain a

general insights on the dynamics around irregular shape bodies. Moreover, we

are looking into a generalised gravity model of celestial bodies that can be easily

extended not only to any irregular shape bodies but also to arbitrary density

distributions inside the bodies. The selected generalised gravity model should25

provide a mass distribution that can be used for both hydrodynamics impact

simulations and orbital dynamics around EPs.

To study the dynamics around EPs of irregular shape bodies, different ap-

proaches have been proposed in literature and three gravity models [9] have

been extensively used by several authors:30
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(a) The spherical harmonics model and its second order approximation (tri-

axial ellipsoid) have been studied [10, 11, 12, 13]. For the homogeneous tri-axial

ellipsoid, Lara and Elipe [11] and Feng and Hou [12] derived the semi-analytic

linear solution around EPs. An analytic solution was derived for inhomogeneous

bodies by Ceccaroni and Biggs [13].35

(b) The polyhedron model is a high-order fidelity gravity model for uni-

form density asteroids developed by Werner and Scheeres [14]. A generalised

linear analysis around EPs for the polyhedron model has been carried out in

[15]. However, the coefficients are not an explicit function of the polyhedron’s

properties (density, edges and facets).40

(c) The multi-point mass [16] or mass cluster [9] or mascons (“mas”s “con”

centrations) [17] has been mainly used for explaining the Lunar gravity anoma-

lies [17] originally detected in 1968. In literature, the same gravity model shares

different names therefore, in this paper, we will refer from now on to Mascons

model. Conversely, Smooth Particles Hydrodynamics (SPH) codes are often45

used to simulate asteroid impact events [18] and share the problem to handle

the transition between a SPH simulation and N-body simulations [19]. Since

the SPH and Mascons make use of the same mass conservation law and we are

interested to interface the SPH simulations with the N-Body simulations, in

this article, we will renamed the selected gravity model as the SPH-Mascons50

(SPH-Mas) model. The SPH-Mas has been proposed in the past as an inter-

face model between impact physics (SPH simulations) and orbital dynamics

(N-Body simulations) to study the ejecta of asteroid (243) Ida [16], however,

an analytic expression of the linearised equations was not derived in [16]. Most

recent studies on Mascons include the following works [20, 21, 22, 23, 24].55

(d) Since the gravity perturbation allows summation of terms, a combination

of (a), (b), and (c) models are possible as shown, for the case of Harmonics and

Mascons in [25].

When studying the dynamics around asteroids, the (a) and (b) models are

widely used. The spherical harmonics and polyhedron model share also some60

limitations [26]. The harmonics give a global information about the asteroid
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gravity but they fail to provide a good representation of the gravity inside the

Brillouin sphere. Conversely, the polyhedron model gives a precise solution in-

side the Brillouin sphere but it experiences information loss at higher altitude

[26]. The polyhedron model assumes uniform density and it requires to evaluate65

the gravity field even in local areas, that is computationally inefficient for our

purposes. We understood that the SPH-Mas model has the advantage of al-

lowing to write a semi-analytic expression of the linearised equations of motion

around EPs. Those linear equations are derived, in this paper, for the first time.

We follow a numerical expansion similar to the well-known linear approxima-70

tion around the EPs of the restricted three body problem [27] but following the

methodology presented in Soldini et al [28]. The coefficients of the derived lin-

ear equations are a function of the mass distribution (density) and coordinates.

Therefore, in this paper, only the knowledge of a number of spheres packed in-

side the polyhedron shape is required to find the 1:1 resonances in a simple and75

fast manner. This implies that not only the methodology has been generalised

for any irregular shape body but also for any particular density distribution.

The question now would be: what is the best SPH-Mas sphere packing rep-

resentative of the mass distribution of an irregular shape body?

Although the study of the SPH-Mas sphere packing is out of the scope of80

this paper, we demonstrated and outline few suggestions when choosing how to

pack SPH-Mas spheres within an irregular polyhedron shape. For the scope of

demonstrating the validity of our method, we selected a shape model of Ryugu

[1] and assumed uniform density. In this case, we aim to use the polyhedron

gravity model (or alternatively the spherical harmonics can be used) as our85

reference model and find an SPH-Mas distribution capable to reproduce the

gravity field of the polyhedron and its dynamical objects (EPs and POs). We

noticed for example that a uniform distribution even when for 1.4 million masses

are used. The implication of this result is in choosing a distribution that is

compatible between hydrocodes and astrodynamics codes to correctly make use90

of the output of the impact physics simulation as input to the N-body planetary

equations [18]. Therefore, it is fundamental that the SPH packing can be related
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to the overall gravity properties of the asteroid as suggested in this paper.

Finally, the Hayabusa2’s Small Carry-on Impactor scenario was selected and

a high-fidelity N-Body code (goNEAR) was used to predict the ejecta particle95

dynamics under effect of solar radiation pressure. Four size of particles (10

cm, 5 cm, 1 cm and 1 mm in diameter) were selected to verify whether ejecta

can be temporary capture into Ryugu orbit and pose a treat to the spacecraft.

The paper is organised as follow: in Section2 the SPH-Mas gravity model is

presented with attention to sphere packing, Section 3 shows the equations of100

motion and the algebraic equilibrium point equations. In Section (4), we derive

the linear equations for the generalised case of irregular shape and non-uniform

density asteroids. The application to Ryugu case of the semi-analytic formula

is given in Section (5). The results of goNEAR for the SCI impact scenario are

presented in Section (6).105

2. SPH-Mas Gravity Model

Quantity Definition Value

Nf Polyhedron’s Number of Faces 6144

Ne Polyhedron’s Number of Edges 9216

TB [h] Rotation Period [1] 7.6326

! [rad s−1] Angular Velocity
�

2�
TB 3600

�
2.2867�10−4

VB [km3] Volume from Polyhedron shape 0.378

�B [kg km−3] Density [1] 1.1907�1012

mB [kg] Mass (�B VB) 4.4975�1011

� [km3 s−2] Gravitational Parameter (G mB) 3�10−8

rB [km] Equivalent Radius 0.448442

Table 1: Asteroid Ryugu’s Properties.

In this article, the gravity of an irregular shape body is modeled with a

cluster of spheres, SPH-Mas. Each spherical particle contribute in the overall

gravity field of the body. The exterior gravity potential of each sphere behaves
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as a single point mass. The potential of the irregular body is the result of

the summation of each point mass's potential that contributes to the overall

potential �eld such that:

Usph =

N sphX

i = 1

�
Gm i

jr � r i j

�
; (1)

where mi (i = 1 ; : : : ; Nsph ) is the mass of each SPH-Mas for a total ofNsph

masses. r is the distance from the �eld point and the center of the reference

frame (centered in the center of mass of the asteroid) as shown in Fig. (3).r i

is the distance of each masses with respect to the center of the reference frame

as shown in Fig. (3). The total mass of the asteroid is conserved and given by:

mb =
N sphX

i = 1

mi : (2)

For the SPH-Mas model, the gradient of U is simply given by:

r Usph = �

N sphX

i = 1

0

B
B
B
@

Gm i

jr � r i j3

8
>>><

>>>:

X � X i

Y � Yi

Z � Z i

9
>>>=

>>>;

1

C
C
C
A

; (3)

where the acceleration of the SPH-Mas gravity model isasph = r Usph . The

Laplacian of Usph is given by:

r 2Usph =

NsphX

i = 1

2

6
6
6
4

� Gm i
( r � r i )3

h
1 � 3(X � X i )2

( r � r i )2

i
Gm i

3(X � X i )( Y � Yi )
( r � r i )5 Gm i

3(X � X i )( Z � Z i )
( r � r i )5

Gm i
3(X � X i )( Y � Yi )

( r � r i )5 � Gm i
( r � r i )3

h
1 � 3(Y � Yi )2

( r � r i )2

i
Gm i

3(Y � Yi )( Z � Z i )
( r � r i )5

Gm i
3(X � X i )( Z � Z i )

( r � r i )5 Gm i
3(Y � Yi )( Z � Z i )

( r � r i )5 � Gm i
( r � r i )3

h
1 � 3(Z � Z i )2

( r � r i )2

i

3

7
7
7
5

:

(4)

Note that Eq. (1), Eq. (3) and Eq. (4) can be written in a vector form when

using Matlab. As previously pointed out by Russel and Arora [25], we can con-

�rm that using Matlab for SPH-Mas allows a fast computation of the gravity

�eld due to the use of Matlab's matrix and vector operations. In Matlab, it is110

recommended to avoid \for loops" and when possible to use matrix operations

for speeding up purposes. In that respect, we noticed that even for 1.4 mil-

lion masses our \fun UDUmas.m" is way faster than computing the polyhedron
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model [14] also when using the optimised speed .mex �le generated with Matlab

coder for the polyhedron. This happens because the polyhedron model requires115

\two for loops" to evaluate the vector �eld r with respect to each faces and

edges. Table 1 show the reference properties of the asteroid Ryugu that are

used throughout the paper.

2.1. Packing of Spheres

We consider Ryugu's polyhedron model published in Watanabe et al. [1]120

as our \high �delity" gravity model 1. We distribute the SPH-Mas within the

asteroid shape such that we can approximate Ryugu's \high �delity" gravity

�eld. For the scope of testing our semi-analytic formula, we compared a uniform

sphere packing approach with a random packing approach for di�erent numbers

of SPH-Mas. Figure 2 shows the comparison between the uniform distribution125

in the left panel and the random distribution in the right panel for Nsph = 19,

58, 1,605 and 1,406,146. To construct the uniform sphere packing distribution,

we follow the following steps:

� First, we consider a sphere of size slightly bigger than Ryugu such that

Ryugu shape is inside the sphere;130

� Second, we uniformly distribute points inside the selected sphere and we

construct a grid of points by using the function \ball grid.m" developed by

Burkardt [29]. The grid is de�ned by specifying the radius and the center

of the sphere, and the number of subintervalsh into which the horizontal

radius should be divided. Thus, a value ofh = 2 will result in 5 points135

along that horizontal line ( y = 0) as shown in Fig. 1;

1The same approach can be used for the spherical harmonics.
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(a) X -Y view. (b) 3D View.

Figure 1: A spherical grid of radius 0.65 km for h = 2 results in 81 points inside the sphere.

� Third, we select the SPH-Mas that are inside Ryugus's polyhedron and

discard the other points by using the function \inpolyhedron.m" developed

by Holcombe [30]. For h = 2, the spherical grid has 81 points in which

only 19 are inside Ryugus's shape as shown in Fig. 2.a;140

� Fourth, we uniformly distribute 2 the overall asteroid mass within the se-

lected SPH-Mas such that Eq. (2) holds true andmi = m b
N sph

. Note that

a non uniform density distribution can be easily applied here. Table 2

shows the number ofNsph as a function of h for a sphere of radius 0.65

km. The grid resolution and the vale of each mass,mi , is also listed.145

For the case of random sphere packing, the procedure is simpler. We consider

a random number of points within the Ryugu's polyehdron. We presented two

possible sphere packing approaches where our analysis turns to be su�cient for

the scope of this paper. Further studies on sphere packing should be investigated

in future works. Examples of possible sphere packing can be found in literature150

and we refer to the work of other authors [20, 21, 24, 18, 23, 22].

2Note that a non-uniform density distribution is also possible.

8



Figure 2: Examples of SPH-Mascons packing inside the Ryugu's polyhedron shape. A com-

parison between the uniform and random packing for N sph = 19, 58, 1,605 and 1,406,146.
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h Grid Res. Ngrid Nsph mi � 107

[m] [kg]

2 259.37 81 19 2,367.11

3 185.27 179 58 775.43

10 61.75 4,945 1,605 28.022

50 7.96 540,113 178,415 0.25

100 4 4,252,701 1,406,146 0.032

Table 2: Uniform sphere packing in a sphere of radius 0.65 km.

3. Equations of Motion

The equations of motion are written in the asteroid �xed rotating frame

(marked as FIXED in Fig. 3) and are given by:155

8
>>><

>>>:

•X � 2! _Y = 
 x + asx

•Y + 2 ! _X = 
 y + asy

•Z = 
 z + asz

(5)

where 
 is the e�ective potential and it is de�ned as:


 =
1
2

! 2(X 2 + Y 2) + Usph ; (6)

with the angular velocity, ! , de�ned as in Table 1. The SPH-Mas potential,

Usph , is given in Eq. (1). The acceleration of radiation pressure (SRP accelera-

tion), as is de�ned as:

as = � (1 + � )P0
A
m

(d � r )
jd � r j3

; (7)

whered and r are the position vectors of the Sun and dust particle respectively

from the asteroid center. Note that the position of the Sun is time depen-

dant and the Sun's ephemeries are taken from SPICE Toolkit in J2000 Equa-

torial (J2000EQ) centered at the Solar System Barycenter (SSB) through the

SPICE's \skezer" function. The position of the Sun is then expressed in the160
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J2000EQ@Ryugu as shown in Fig. 3. The coordinates of the Sun are given in

J2000EQ and transformed in asteroid �xed frame though the rotation matrix

C J 2000toF IXED though the SPICE's \sxform" function.

Figure 3: Reference frames: J2000EQ centered at Solar System Barycenter (J2000EQ@SSB),

at the Sun (J2000EQ@SUN) and at Ryugu (J2000EQ@RYUGU) and asteroid �xed (FIXED).

The position of the i -SPH-Mas is marked in red, r i and the position of the vector �eld in

black, r .

3.1. Location of the Equilibrium Points without the e�ect of SRP165

In this section, we compute the location of the equilibrium points when the

SRP perturbation is neglected and therefore Eq. (5) is no longer time depen-

dant. Although the computation of the equilibrium points around asteroids is

not new, the equation of equilibria for the SPH-mas model,r 
 = 0, are a
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