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Abstract: The study aims to describe a new universal method to identify the relative three-dimen- 25 

sional directions of visual, pupillary and optical axes of the eye and the angles between them using 26 

topography elevation data. The method was validated in a large clinical cohort and ethnical differ- 27 

ences were recorded. Topography elevation data was collected from 1992 normal eyes of 966 healthy 28 

participants in Italy, Brazil and China. The three main axes were defined as follows: optical axis 29 

(OA), as that optimal path of light which passes through the ocular system without refraction. The 30 

pupillary axis (PA) line was defined using X and Y coordinates of the pupil centre with the chamber 31 

depth in addition to the centre of a sphere fitted to the central 3 mm diameter of the cornea. The 32 

visual axis (VA) was taken by its best approximation, the coaxially sighted corneal light reflex. The 33 

alpha angle was measured between the VA and the OA and the kappa angle between the VA and 34 

the PA. The average value of kappa and alpha angles was 3.41±2.84° and 6.04±2.43° in the Italian 35 

population, 2.6±1.53° and 5.87±2.3° in the Brazilian and 2.09±1.22° and 3.85±1.48° in the Chinese. 36 
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1. Introduction 38 

As the human eye can be considered as a non-aligned optical system [1, 2], a number of 39 

theoretical and experimental axes exist which can be used to relate eye alignment and 40 

visual performance [3]. Among many other reasons of this non-alignment, the temporal 41 

location of the fovea and the relative nasal pupil deviation are of great importance. This 42 

led to the presence of three main distinct axes; the visual, the optical and the pupillary 43 

axes [4]. The visual axis is the line that passes through the fixation point, front nodal 44 

point, rear nodal point and fovea of the eye [5], whereas, the line that passes through the 45 

centre of entrance pupil while normal to the corneal surface is defined as a pupillary 46 

axis. Finally, the optical axis is the line that passes through the central corneal and stays 47 

normal to its surfaces [6]. In theory, it is comparable to the path of a light ray that enters 48 
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and leaves the optical system of the eye along the same line [7]. The difference between 49 

the visual and the pupillary axes forms the kappa angle (κ) and between the visual and 50 

optical axes forms the alpha angle (α) [8].  51 

It is known that the existence of these misalignments leads to optical aberrations that are 52 

balanced to improve the retinal image either by different optical elements in the eye or 53 

by the incidence angle of the light rays [1, 9]. However, the new customized laser refrac- 54 

tive surgery and the implants of multifocal intraocular lenses (IOL) disrupt this balance, 55 

these new treatments need to be properly aligned in order to provide the perfect vision 56 

for patients [10, 11].  57 

The determination of these axes is challenging due to the absence of appropriate land- 58 

marks; therefore, some approximations must be done. The closest measurable point to 59 

the visual axis is the coaxially sighted corneal light reflex (CSCLR) [4, 10]. However, the 60 

centre of the limbus is commonly used as a landmark to the optical axis, the limbus 61 

shape is not symmetrical, and its identification requires the acquisition of a sharp image 62 

of the anterior eye [12-14]. Additionally, the optical axis line meets the retina nasally be- 63 

low the fovea missing its central sensitive zone [15], which makes it hard to be identified 64 

clinically [16]. Some new topographers and tomographers automatically measure the 65 

kappa angle (ϰ) [17-19]. But just a few measures the alpha angle whose importance for 66 

IOL planning has been increasingly debated [20]. In brief, the optical centre of the IOL is 67 

generally positioned at the centre of the capsular bag, which is placed on the optical axis. 68 

The higher the alpha angle is the greater the chance of visual complaints in these pa- 69 

tients [20]. The topographic exam is also affected by the physiological misalignment 70 

caused by the kappa angle. The corneal keratoconic pattern can be mimicked in patients 71 

with misalignments as small as 5° [21]. Therefore, some of these patients that could ben- 72 

efit from refractive surgery are excluded during preoperative screening by a misdiag- 73 

nose of ectasia susceptibility [22].  74 

The aim of this study is to introduce a method that allows the identification of three 75 

main axes of the eye and the determination of the angles between them. This is done 76 

through accurate and systematic procedures that can be applied to all topography ma- 77 

chines. This method was validated by clinical data from the continents of South Amer- 78 

ica, Europe and Asia where the variations between the three main axes for three ethnic- 79 

ity groups were studied. 80 

2. Materials and Methods 81 

2.1 Clinical data 82 

The study involved the anonymised records of 343 Italian, 177 Brazilian and 476 Chinese 83 

participants selected from referrals to Vincieye Eye Clinic (Milan, Italy), Instituto de Olhos 84 

Renato Ambrósio (Rio de Janeiro, Brazil), and the Wenzhou Eye Hospital (Wenzhou, 85 

China). The clinical characteristics of participants’ eyes as measured by the Pentacam HR 86 

software were listed in Table 1. 87 

Clinical topography data has been collected from both eyes of normal participants from 88 

three populations in three different countries using the Pentacam HR (OCULUS 89 

Optikgeräte GmbH, Wetzlar, Germany). Participants from Italy, Brazil and China with no 90 

history of ocular disease, trauma or ocular surgery, were selected. Those with intraocular 91 

pressure (IOP) higher than 21 mmHg as measured by the Goldmann Applanation Tonom- 92 

eter were excluded, along with those who wore soft contact lenses less than two weeks 93 

before measurement and those who wore rigid gas-permeable (RGP) contact lens less than 94 

four weeks before measurements. 95 
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Raw Pentacam HR elevation data were used in this study, therefore, it was free of the 96 

effect of using any mathematical extrapolation techniques. Using the raw data in this 97 

study granted the absence of the effect of any smoothening algorithm that could be em- 98 

bedded in the Pentacam HR software. The raw elevation data were exported in comma- 99 

separated values (CSV) format and analysed using custom-built MATLAB ® (Math- 100 

Works, Natick, USA) codes written especially for this study. 101 

Table 1. Clinical data and characteristics of participants’ eyes as measured by the Pentacam HR 102 

 
Italian 

participants 

Brazilian  

participants 

Chinese  

participants 
Participants (eyes) 347 (694) 181 (362) 500 (1000) 

Age in years; mean ± SD (min : max) 37.6 ± 13.5 (6 : 106) 35.6 ± 15.8 (10 : 87) 24.2 ± 5.7 (17 : 48) 
 103 

Clinical features and an-

gles       
Minimum corneal thick-

ness (µm) 

531±420 404:706 550±33 492:660 535±290 453:620 

Flat curvature in the cen-

tral 3 mm zone K1 (D) 

42.3±1.9 36.6:47.8 42.6±1.4 39.4:46.6 42.8±1.4 38.2:48.1 

Steep curvature in the cen-

tral 3 mm zone K2 (D) 

44.3±2.9 37.1:51.4 43.8±1.5 40.3:47.9 43.9±1.6 38.6:49.5 

Index of Bad D  1.2±0.8 -0.7:3.0 0.4±0.5 -0.9:1.4 1.0±0.6 -0.8:3.0 

Kappa angle (ϰ) 3.33±1.97 0.09:12.99 2.60±1.52 0.27:10.26 2.09±1.23 0.07:8.68 

Alpha angle (α) 5.60±2.48 0.57:18.77 5.38±1.74 0.57:11.22 4.34±1.30 0.81:8.45 

 104 
SD: Standard deviation. D: Dioptres. Bad D: final index of Belin Ambrosio display. 105 

 106 

 107 

2.2 Determination of the optical axis 108 

To determine the corneal optical axis as it defined in the literature as that path of light 109 

which goes through the ocular system without refraction, a light raytracing algorithm was 110 

coded in MATLAB software then validated graphically via AutoCAD software. 111 

The light ray tracing performance was obtained by simulating parallel light rays directed 112 

towards the cornea and refracted through the anterior and posterior surfaces according to 113 

Snell's law [23, 24], Figure 1. The incidence angle for each ray in the air, ∅_air, was deter- 114 

mined as the angle between the ray and the normal vector to the corneal surface at the 115 

point of incidence (Figure 1a). The direction of the refracted ray as it passed through cor- 116 

neal depth, ∅_(cornea_anterior), was calculated by Equation 1. Where the refractive indi- 117 

ces of air, n_air, cornea, n_cornea, and aqueous, n_aqueous, were set to 1.0, 1.376 and 118 

1.336, respectively, following Gullstrand’s relaxed eye model [23, 25]. 119 

∅𝑐𝑜𝑟𝑛𝑒𝑎_𝑎𝑛𝑡𝑒𝑟𝑖𝑜𝑟 = sin−1 (
𝑛𝑎𝑖𝑟

𝑛𝑐𝑜𝑟𝑛𝑒𝑎

sin ∅𝑎𝑖𝑟) Equation 1 

Each light ray refracted by the cornea’s anterior surface was then used as an incident ray 120 

on the posterior surface with an incidence angle ∅_(cornea_posterior), before being re- 121 

fracted again when it passed through the posterior surface then left with angle ∅_(aque- 122 

ous) through the aqueous (Equation 2). 123 

∅𝑎𝑞𝑢𝑒𝑜𝑢𝑠 = sin−1 (
𝑛𝑐𝑜𝑟𝑛𝑒𝑎

𝑛𝑎𝑞𝑢𝑒𝑜𝑢𝑠 

sin ∅𝑐𝑜𝑟𝑛𝑒𝑎_𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟) Equation 2 

The next step was to locate the point of intersection between the refracted light ray and 124 

the corneal longitudinal axis. From this point, the focal length f of each light ray could be 125 
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calculated as the distance from this point to the corneal apex. With f determined, the op- 126 

tical power can be calculated as [26]: 127 

𝑃 =
𝑛𝑎𝑞𝑢𝑒𝑜𝑢𝑠 

𝑓
  Equation 3 

In this analysis, it was noted that not all rays intersect the corneal axis due to the exist- 128 

ence of spherical aberration. In these cases, the closest points on the corneal visual axis to 129 

the refracted light rays were taken as the focal points [27]. 130 

Since the optical axis is defined as a straight light ray enters and leaves an optical system 131 

along the same line [7] without refraction, such that line may be located by two points 132 

on the corneal anterior and posterior surfaces. When a light ray penetrates the corneal 133 

both surfaces without refraction, the focal length of this line will be infinity and its 134 

power will tend towards zero according to Equation 3. 135 

Corneal topography data of each eye was rotated in three dimensions in an optimisation 136 

loop while the simulated light rays were kept parallel to themselves towards the cornea.  137 

The optimisation looping procedure was set to end when one of the simulated light rays 138 

record an infinite focal length and, as a result, zero optical power. This process was carried 139 

out by the Levenberg-Marquardt nonlinear least-squares algorithm (LMA) [28, 29] via the 140 

MATLAB Optimisation Toolbox. The LMA algorithm was set to stop the optimisation 141 

process when the smallest ray’s optical power was below 10-20. The optimisation strategy 142 

adopted was to rotate the corneal surfaces around Y-axes and X-axes by angles αx and αy, 143 

respectively, in order to minimise the optical power of a central light ray then select it as 144 

the optimal optical axis. The optimisation process for each eye’s topography produced the 145 

optimal values of the rotation angles αx and αy which can be used to locate the optimal 146 

location of the eye’s optical axis. The rotation was achieved by the following three rotation 147 

matrices [30], where αz was set to zero. 148 

𝑅𝑥(𝛼𝑥) = [
1 0 0
0 cos 𝛼𝑥 − sin 𝛼𝑥

0 sin 𝛼𝑥 cos 𝛼𝑥

] Equation 4 

𝑅𝑦(𝛼𝑦) = [

cos 𝛼𝑦 0 sin 𝛼𝑦

0 1 0
− sin 𝛼𝑦 0 cos 𝛼𝑦

] Equation 5 

𝑅𝑧(𝛼𝑧) = [
cos 𝛼𝑧 − sin 𝛼𝑧 0
sin 𝛼𝑧 cos 𝛼𝑧 0

0 0 1

] = [
1 0 0
0 1 0
0 0 1

] Equation 6 

Following the elemental rotation rule, the rotated coordinates of the corneal surface Xr, Yr 149 

and Zr were calculated as 150 

[

𝑥𝑟1 𝑥𝑟2 𝑥𝑟3

𝑦𝑟1 𝑦𝑟2 𝑦𝑟3

𝑧𝑟1 𝑧𝑟2 𝑧𝑟3

… 𝑥𝑟𝑛

… 𝑦𝑟𝑛

… 𝑧𝑟𝑛

] = [𝑅𝑥(𝛼𝑥) ∗ 𝑅𝑦(𝛼𝑦) ∗ 𝑅𝑧(𝛼𝑧)] ∗ [

𝑥1 𝑥2 𝑥3

𝑦1 𝑦2 𝑦3

𝑧1 𝑧2 𝑧3

… 𝑥𝑛

… 𝑦𝑛

… 𝑧𝑛

] Equation 7 

Then the light ray tracing process resumed in the optimisation loop after each rotation. In 151 

total, 1992 Pentacam comma-separated values (CSV) input data files were managed with 152 

an average processing time of 1.5 hours per file in a 4-core central processing unit (CPU). 153 

The 2988 hours of optimisation time were split among 8 computers worked in parallel for 154 

16 days. 155 
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(a) (b) 

Figure 1: Lightray tracing method. (a) Single light ray tracing, (b) Full resolution light 156 

ray tracing. 157 

2.3 Determination of the pupillary axis 158 

Following the Cartesian coordinate system, entrance pupil XY centre coordinates data 159 

were extracted from the Pentacam elevation CSV files automatically by a custom-built 160 

MATLAB code. In order to locate the centre of the entrance pupil back to its natural po- 161 

sition, the Pentacam chamber depth value was extracted by the MATLAB code. This 162 

value was used to shift the centre of the entrance pupil Z coordinates back to its natural 163 

position. The point located by entrance pupil centre XY data and the chamber depth was 164 

considered as the first point in the entrance pupil axis. The second point in the entrance 165 

pupil axis was calculated by fitting a sphere to the central 3 mm diameter of the cornea, 166 

then finding the centre of this sphere. Then by drawing a line passing through the centre 167 

of the entrance pupil and the centre of this fitted sphere. This line is representing the 168 

pupillary axis, coloured as blue in Figure 2. 169 

 170 

2.4 Determination of the visual axis 171 

During scanning the eye with the Pentacam HR Scheimpflug tomographer, the eye be- 172 

comes oriented in such a way that the coaxially sighted corneal light reflex (CSCLR), 173 

which has been demonstrated in theoretical analysis and clinical studies to be the best 174 

approximation of the visual axis [10, 31]. It aligns with the tomographer’s axis; therefore, 175 

the visual axis was taken as the axis of the rotating Pentacam Scheimpflug camera. The 176 

intersection of the visual axis with both the corneal surface and the entrance pupil plan 177 

were determined as shown in Figure 2 where the visual axis is coloured in green. 178 
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Figure 2: Three-dimension positions of the visual, pupillary and optical axes in a right eye of an Italian participant. N, T, 179 
S and I stand for the nasal, temporal, superior and inferior sides of the cornea respectively. 180 

 181 

2.5 Statistical analysis 182 

Statistical analysis was performed using MATLAB Statistics and Machine Learning 183 

Toolbox (MathWorks, Natick, USA). The null hypothesis probability (p) at 95% confi- 184 

dence level was calculated. Paired and unpaired sample t-tests were used to investigate 185 

the significance between samples of data sets to check whether the results represent an 186 

independent record. The probability p is an element of the period [0,1] where values of p 187 

higher than 0.05 indicate the validity of the null hypothesis [32]. 188 

3. Results 189 

A total of 2,056 eyes from 1,028 patients from three different continents was included in 190 

this study. The age distribution was different among the groups (p<0.0001). The oldest 191 

population was from Italy, 37.6 ± 13.5 (6 - 106), followed by the Brazilian, 35.6 ± 15.8 (10 - 192 
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87) and the Chinese 24.2 ± 5.7 (17 - 48). Table 1 summarizes the distribution of corneal 193 

characteristics among the populations. 194 

The distribution of kappa and alpha angles is summarized in table 2. Regarding the later- 195 

ality of kappa and alpha angles, the Chinese population presented higher values in the 196 

left eye, whilst the Italian and Brazilian population presented higher values in the right 197 

eye. Higher differences between the eyes were found in kappa angle. The only statistically 198 

significant difference in terms of laterality was present in the kappa angle distribution of 199 

the Italian population (p<0.0001).  200 

Since the Chinese population was significantly younger, two age groups were defined 201 

(less than 20 years and from 20 to 40 years) in order to compare all populations. No statis- 202 

tically significant difference was found between the age groups in the same population. 203 

However, there was a slightly decreasing trend in the alpha angle with age for all popu- 204 

lation. And a slightly increasing trend in the kappa angle for the Brazilian and Chinese 205 

population, whilst the Italian group presented the opposite behaviour. 206 

 207 

Table 2. The kappa (ϰ) alpha (α) angles distribution between eyes and with age. 208 

 Italian Participants Brazilian Participants Chinese Participants 

Eye side Right eye  Left eye  

p-value 

Right eye  Left eye  

p-value 

Right eye  Left eye  

p-value 
 Mean±SD 

Min∶Max 

Mean±SD 

Min∶Max 

Mean±SD 

Min∶Max 

Mean±SD 

Min∶Max 

Mean±SD 

Min∶Max 

Mean±SD 

Min∶Max 

ϰ (degree) 
3.80 ± 2.04 2.85 ± 1.76 <0.001 2.70 ± 1.41 2.49 ± 1.62 0.087 2.03 ± 1.24 2.15 ± 1.22 0.022 

0.36 : 9.58 0.09 : 12.99  0.34 : 7.31 0.27 : 10.27  0.07 : 8.17 0.12 : 8.68  

α (degree) 
5.64 ± 2.30 5.55 ± 2.65 0.518 5.40 ± 1.74 5.37 ± 1.75 0.646 4.31 ± 1.28 4.37 ± 1.31 0.284 

0.57 : 14.92 0.57 : 18.77  1.03 : 11.22 0.57 : 11.18  0.81 : 8.45 0.85 : 8.20  

Age Strata 
<20  

years 

20-40  

years 

p-value 

<20  

years 

20-40 

years 

p-value 

<20  

years 

20-40 

years 

p-value 

 (n=38) (n=356) (n=28) (n=230) (n=328) (n=652) 

 Mean±SD Mean±SD Mean±SD Mean±SD Mean±SD Mean±SD 

 Min∶Max Min∶Max Min∶Max Min∶Max Min∶Max Min∶Max 

ϰ (degree) 
3.58 ± 1.93 3.31 ± 1.97 0.409 2.22 ± 1.53 2.63 ± 1.52 0.391 2.00 ± 1.16 2.14 ± 1.26 0.501 

0.94 : 7.95 0.09 : 12.99  0.32 : 7.55 0.27 : 10.27  0.13 : 7.81 0.07 : 8.68  

α (degree) 
5.95 ± 2.72 5.57 ± 2.46 0.418 5.67 ± 1.84 5.36 ± 1.73 0.187 4.38 ± 1.25 4.32 ± 1.32 0.085 

1.92 : 14.92 0.57: 18.77  2.23 : 9.39 0.57 : 11.22  0.81 : 7.81 0.81 : 8.45  

 209 

 210 

4. Discussion 211 

This study introduced a novel method to determine the main axes of the eye, which can 212 

be applied to topographical elevation data from Scheimpflug-based systems. We also 213 

evaluated the distribution of the alpha and kappa angles in three different ethnic 214 

groups, which may play an important role in certain refractive procedures [10]. These 215 

misalignments between the axes of the eye are relevant to ophthalmic surgical proce- 216 

dures and diagnosis. They are increasingly used in clinical practice, but are only availa- 217 

ble in some commercial devices [17-19], especially the alpha angle [20]. 218 
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When taking a topographic measurement, the patient aligns their line of sight with the 219 

optic axis of the device. Since the fovea is shifted temporally the centre of the map will 220 

be slightly nasal. Due to the aspherical shape of the cornea, the peripheral measures pre- 221 

sent bigger radii than those obtained near the central area. [33] The bigger the distance 222 

between the visual axis and the pupillary or the optic axis more distortions on the axial 223 

map will be produced. Hubbe and Foulks, did repeated measurements in patients fixat- 224 

ing at points progressively further away from the visual axis. In some patients, a devia- 225 

tion of less than 5 degrees produced an asymmetric pattern that mimics keratoconus.[21] 226 

The correct determination of the main ocular axes is important to improve the diagnosis 227 

of corneal ectatic diseases.  228 

In refractive surgery higher kappa angle values are related with decentred ablation and 229 

aggravation of visual symptoms.[34] Reinstein et al. demonstrated that high hyperopic 230 

corneal ablations presented similar results in patients with high and low kappa angles, 231 

supporting that the entrance pupil centre is not a good landmark for the centration of 232 

the procedure and the evaluation of ocular axes is essential for a good surgical out- 233 

come.[10] 234 

The correct evaluation of the ocular axes is also fundamental in premium IOL implanta- 235 

tion. Prakash et al, observed a positive correlation with visual symptoms after multifocal 236 

IOL implantation with preoperative kappa angle values. [11] The alpha angle should 237 

also be properly characterized whereas the optical centre of the IOL relies on the centre 238 

of the capsular bag which coincides with the optical axis. The higher the value of the 239 

alpha angle, more decentred the IOL will be. Roop, proposed a new IOL design where 240 

the centre of the lens is nasally shifted producing better optical outcomes experimen- 241 

tally.[20] 242 

Regarding the distribution, the kappa and alpha angles differed among the populations. 243 

The Chinese population presented the lowest values (alpha = 4.34 ± 1.30o, kappa = 2.09 ± 244 

1.23o), followed by the Brazilian (alpha = 5.38 ± 1.74o, kappa = 2.6 ± 1.52o) and the Italian 245 

(alpha = 5.60 ± 2.48o, kappa = 3.33 ± 1.97o). The overall value of the kappa angle was 246 

lower than the ones obtained from different commercial devices reported previously in 247 

the literature [17, 18, 35-37]. However, the values of the kappa angle reported differ 248 

among different devices [17] and between the topographer and the Synoptophore [18], 249 

which exhibit lower values such as the ones reported in this study. 250 

The difference among the population found in our study may rely on the different ethnic 251 

background, but also in the different age distribution of the populations, with the Chi- 252 

nese presenting the younger participants. These results are aligned with the ones from 253 

Choi and Kim, that observed an increase in kappa angle with age in a Korean population 254 

with a mean age of 58.4 years [35].  255 

Gharaee et al, analysed a younger cohort of Iranians from 18 to 45 years. They found a 256 

decrease in kappa angle with age in younger patients. Evaluating our results by two dif- 257 

ferent strata of age, below 20 years and between 20 and 40 years, the trend to decrease 258 

the kappa angle value with increasing age, although not statistically significant, was ob- 259 

served in the Italian population but wasn’t observed in the Brazilian or the Chinese pop- 260 

ulations.  Regarding the alpha angle, it presented a non-significant mild decrease trend 261 

with age in all three populations. This different distribution may be a consequence of 262 

different ethnic background.  263 

Some differences were found between right and left eyes. Regarding the alpha angle, 264 

none of the studied populations presented a statistically significant difference between 265 

the eyes. The kappa angle was higher in the right eye among Italian and Brazilian 266 
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participants with statistical significance in the Italian population (p<0.001 and 0.087, re- 267 

spectively) and was significantly higher in the left eyes among the Chinese participants 268 

(p=0.022). There are some conflicting results in the literature in relation to this subject. 269 

Basmak et al. reported higher values of kappa angle in the left eye, whilst Gharaee et al. 270 

reported the higher values of the kappa angle in the right eye [18, 36]. Some hypotheses 271 

may be proposed to explain this difference, such as correlation to eye dominance and 272 

facial asymmetries or head posture which may affect the distance from the eye to the 273 

topographer and affect the reference angles, but they weren’t evaluated in this study and 274 

further investigations are needed to clarify this aspect.  275 

5. Conclusions 276 

In conclusion, we proposed and validated the consistency in a big cohort of clinical 277 

cases, a new universal method to evaluate the different positions of the ocular axes. 278 

Some variations with age and eye laterality were observed among the different groups. 279 

Some of the variances may be explained by the difference in the ethnic background of 280 

the groups. On average, the younger and the western populations studied, were the 281 

ones that presented the higher values in both kappa and alpha angles. This information 282 

can help clinicians in preoperative screening.   283 
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