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GRADUAL-IMPULSIVE CONTROL FOR CONTINUOUS-TIME
MARKOV DECISION PROCESSES WITH TOTAL UNDISCOUNTED
COSTS AND CONSTRAINTS: LINEAR PROGRAMMING
APPROACH VIA A REDUCTION METHOD

ALEXEY PIUNOVSKIY* AND YI ZHANG f

Abstract. We consider the constrained optimal control problem for a continuous-time Markov
decision process (CTMDP) with gradual-impulsive control. The performance criteria are the expected
total undiscounted costs (from the running cost and the impulsive cost). We justify fully a reduction
method, and close an open issue in the previous literature. The reduction method induces an
equivalent but simpler standard CTMDP model with gradual control only, based on which, we
establish effectively, under rather natural conditions, a linear programming approach for solving the
concerned constrained optimal control problem.
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1. Introduction. The present paper investigates continuous-time Markov deci-
sion processes (CTMDPs) in Borel state and action spaces, where the decision maker
can control the process via its local characteristics (transition rate), and also can con-
trol directly the state of the process. Such a model is called the gradual-impulsive
(control) model. For the gradual-impulsive CTMDP model, we are concerned with
the following constrained optimal control problem: the expected total undiscounted
cost is to be minimized, subject to other performance measures (objectives) in the
same form not exceeding predetermined levels.

The gradual-impulsive CTMDP model is quite general. It has two important
sub-models. One is the standard CTMDP model, in which the decision maker only
controls the transition rate of the process. The other one is the impulsive control
model, in which the decision maker can only control instantaneously the state of the
process. Fach of them has a vast literature: for standard CTMDP models, see the
monographs [16, 18, 25] and the more recent one [21], which is influenced by [12, 13];
for the impulsive control model, see e.g., [7, 15, 24]. (The latter references actually
dealt with a more general class of processes than what is of concern here, namely,
piecewise deterministic processes (PDPs), see [6].) The optimal stopping problem
is an important example of impulsive control models, where the decision maker can
decide when to stop the process, applying the impulse once and for all, see e.g., [2, 4].
Compared to the aforementioned two sub-models, there is relatively less literature on
gradual-impulsive CTMDP models, see e.g., [9, 10, 23, 26, 28, 29].

Most of the previous literature on gradual-impulsive CTMDP models allows one
to apply at most one impulse at a given time moment, and the effect of the impulse
is often deterministic, as in the recent work [19]. In the gradual-impulsive CTMDP
model considered in this paper an impulse can be applied at any time moment, and
one can apply multiple impulses at a single time moment. Such gradual-impulsive
CTMDP models were considered in [28, 29] and more recently in [9, 10]. The analysis
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in [9, 10, 28, 29] as well as in [19] is direct, in the sense that no connection with the
standard CTMDP model was explored therein. A different method (the so called time
discretization method) was taken in [23, 26], where the gradual-impulsive CTMDP
model and the associated optimal control problem were studied as the limit of a
sequence of discrete-time problems (for the skeleton models). The skeleton models
are with complicated transition probabilities.

The present paper differs from the previous literature in terms of the problem
statement and the method of investigations. The concerned optimal control problem
for the gradual-impulsive CTMDP considered in the majority of the previous literature
is unconstrained (with a single objective), as is the case in [9, 19, 23, 28, 29] as well as
in [5, 8, 17]. The main optimality result in these papers was the establishment of the
Bellman (optimality) equation, which is used to characterize and show the existence
of optimal strategies (often known as the dynamic programming method). One of the
relatively few works dealing with constrained problems for gradual-impulsive CTMDP
models is [10], where the performance criteria are the expected total discounted costs,
and a linear programming approach was established. The linear program formulation
in [10] is a consequence of direct investigations of the occupation measures and their
characterizations. For their arguments, extra conditions (e.g., bounded transition
rate) are needed, and the role of the positive discount factor is important. In this
connection, we point out that the discounted problem is a special case of the total
undiscounted problem considered in the present paper, and the method of investiga-
tions here is quite different from [10], and consequently, we do not need to impose
any conditions on the growth of the transition and cost rates. More precisely, our
investigation is based on the reduction of the gradual-impulsive CTMDP model to an
equivalent but simpler standard CTMDP model. The reduction of gradual-impulsive
model for PDPs to an equivalent model with gradual control only was proposed in [8].
The reduction method in [8] is different from the one here. In greater detail, in PDPs,
apart from natural jumps, the process also jumps when it hits the active boundary
of the state space. In the gradual control model of PDPs, apart from controlling the
transition rate, there is also boundary control, corresponding to when the process
hits the active boundary. The target in [8] was to reduce the impulse control to a
boundary control in the new model by introducing, along with other extra compo-
nents, fictitious time in the state of the induced model. The idea is to replicate the
original impulse epoch when the fictitious time component in the new model hits a
suitably introduced boundary. When applying this method to a CTMDP, the induced
model will be a PDP (no longer piecewise constant), with additional boundary control
(besides the control of the transition rate) and a much more complicated state space
than the original one.

Our main contributions are as follows.

(a) We fully justify that the gradual-impulsive CTMDP model can be reduced to
an equivalent and simpler standard CTMDP model with the same state space. This
reduction method was partially addressed and justified in [22], where it was assumed
that the transition intensities are separated from zero at each state. This condition
was essentially used in the argument in [22]. Here we manage to remove this extra
condition, which, in our opinion, is a significant improvement. In fact, this turns out
to be a delicate issue, and calls for a new and different proof. The proof is based on the
investigation of several new classes of control strategies, which can be of independent
interest in their own right, and were not considered in [22]. The situation is much
simpler if one only deals with strategies in a simple form (e.g., stationary), but we
consider general strategies.
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(b) We establish the linear programming approach to solving constrained gradual-
impulsive optimal control problem for CTMDPs with total undiscounted cost criteria.
The linear program formulation itself is interesting, and was not reported in the
previous literature, to the best of our knowledge. Moreover, no extra conditions on
the growth of the transition and cost rates are needed. This is achieved by referring
to the relevant results for the equivalent standard CTMDP problem, and thus also
demonstrates the effectiveness of the reduction method fully justified in (a).

The rest of this paper is organized as follows. In Section 2 we describe the
gradual-impulsive CTMDP model and the standard CTMDP model, and state the
constrained optimal control problems under consideration. In Section 3 we present
the main statements concerning the reduction method as well as the linear program-
ming approach to the constrained optimal control problem. The justification of the
reduction method is postponed to Section 4, which also introduces some new classes
of strategies and the auxiliary statements for them.

2. Model descriptions. In this section, we describe the gradual-impulsive con-
trol model M and the model M%© with gradual control only, as in [22], which also
goes back to [27, 29].

2.1. Gradual-impulsive control model. We describe the primitives of the
gradual-impulsive control model M =: {X, A% AT ¢,Q, {5, ¢!}7,} as follows. The
state space is X, the space of gradual controls is AG, and the space of impulsive
controls is A. Tt is assumed that X, A% and A! are all Borel spaces, endowed
with their Borel o-algebras B(X), B(A®) and B(A'), respectively. Furthermore, we
assume without loss of generality that A% and A! as two disjoint measurable subsets
of a Borel space A such that A = A9 UA’. The transition rate, on which the gradual
control acts, is given by ¢(dy|z, a), which is a signed kernel from X x A%, endowed with
its Borel o-algebra, to B(X), satisfying the following conditions: ¢(T'|z,a) € [0, c0)
for each T' € B(X),z ¢ T; ¢(X|z,a) =0, x € X, a € AY; @, := sup,cac ¢z(a) <
00, & € X, where g, (a) := —g({z}|z,a) for each (z,a) € X x AY. We introduce the
post-jump measure §(dy|z,a) = q(dy \ {z}|z,a), V z € X, a € A®. If the current
state is € X, and an impulsive control b € A is applied, then the state immediately
following this impulse obeys the distribution given by Q(dy|z, b), which is a stochastic
kernel from X x A’ to B(X). We assume, without loss of generality that

(2.1) Q({z}|z,b) =0, Vz e X, be Al

Finally, there are a family of cost rates and functions {c, ¢!}/, with J being a

fixed positive integer, representing the number of constraints in the concerned optimal
control problem to be described below, see (2.3). For each i € {0,1,...,J}, ¢ and
¢! are [0, oo]-valued measurable functions on X x A% and X x A’ respectively. We
underline:

REMARK 2.1. The assumption on the positivity of the cost functions is relevant
to optimality results and for brevity. The reduction results, see Theorem 3.1 below,
actually hold for [—oco, oc]-valued ¢! and c&: one only needs apply the reduction to
the two performance measures induced by the positive and negative parts of ¢! and ciG
separately.

The description of the system dynamics in the gradual-impulsive control problem
is as follows. Assume g, (a) > 0 for each z € X and a € A“ for simplicity. At the
initial time 0 with the initial state x, the decision maker selects the triple (¢, ISO, %)
with é € [0,00], by € A, and p° = {p?(da)}ic(o,00) € R(AS). Here, R(AY) is the
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collection of P(A%)-valued measurable mappings on (0,00) with any two elements
therein being identified the same if they differ only on a null set with respect to
the Lebesgue measure, where P(AG) stands for the space of probability measures on
(A% B(A%)). Then, the time until the next natural jump follows the nonstationary
exponential distribution with the rate function [, ¢ gz, (a)p?(da) =: gz, (p}). Here and
below, unless stated otherwise, if p € R(AG), then ¢ (pt) = [po z(a)pi(da) and
q(dylz, pt) :== [pe @(dy|z, a)pi(da). If by time ¢, there is no occurrence of a natural
jump, then the first sojourn time is ¢ég, at which, the impulsive action lA)O e Al is
applied, and the next state X follows the distribution Q(dy|xo, 30). If the first natural
jump happens before ¢y, say at t;, then the first sojourn time is ¢1, and the next state

G(d i 0
X, follows the distribution %Oop“)
qz( (ptl)

occurs immediately after a sojourn time. At the next decision epoch, the decision
maker selects (¢é1, 131, pt), and so on. It is thus natural to embed the gradual-impulsive
control problem into a discrete-time Markov decision process (DTMDP) (but with a
complicated action space involving the space of relaxed control functions.) This way of
describing gradual-impulsive control problems for CTMDPs goes back to Yushkevich
[29].

. Except for the initial one, a decision epoch

The state space of this DTMDP is X := {(00, Zso ) }U[0, 00) x X, where (00, 20 ) is
an isolated point in X. The first coordinate of & = (0,x) € X represents the previous
sojourn time in the gradual-impulsive control model, and the state of the controlled
process in the gradual-impulsive control model is given in the second coordinate. The
inclusion of the first coordinate in the state allows us to consider control policies that
select actions depending on the past sojourn times.

The action space of the DTMDP is A := [0,00] x AT x R(AY). Recall that
R(AY) is the collection of P(AY)-valued measurable mappings on (0,00) with any
two elements therein being identified the same if they differ only on a null set with
respect to the Lebesgue measure, where ’P(AG) stands for the space of probability
measures on (A%, B(A%)). We endow P(A®) with its weak topology (generated
by bounded continuous functions on A®) and the Borel o-algebra, so that P(A%)
is a Borel space, see Chapter 7 of [3]. An element p of R(A®) is understood as a
relaxed control function, and its value p, € P(A®) at t > 0 can be understood as the
distribution of the gradual control after time duration ¢ from the moment when this
relaxed control function is selected. In case p:(da) does not change with ¢ > 0, i.e.,
the relaxed control function is a constant one, with slight abuse of notation, we often
write it as p(da), omitting the subscript ¢. According to Lemma 3 of [27], each element
in R(AY) can be regarded as a stochastic kernel from (0, 00) to B(A®). According to
Lemma 1 of [27], the space R(AG), endowed with the smallest o-algebra with respect
to which the mapping p = (p;(da)) € R(AY) — Jo7 e tg(t, pe)dt is measurable for
each bounded measurable function g on (0,00) x P(A%), is a Borel space.

The transition probability p in the DTMDP is defined as follows. For each
bounded measurable function g on X and action a = (&b, p) € A,

[ sttt < agle,2),0) = [ [ gttmpatdyle. pie e
X 0 Jx
+I{e = 00}g(00, oo)e ™ I #2005 1 [{o < oo}e Ju x(oo)ds / 9(&,y)Q(dylw,b)
X
for each state (6,z) € [0,00) x X; and [5 g(t,y)p(dt X dy|(c0, T ), @) := g(00, Too)-

The object p defined above is indeed a stochastic kernel from X x A to B(X), see
4
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Lemma 2 of [27] and its proof therein.
Similarly, the cost functions {/;}7_, defined below are measurable on X x A x X:

(2.2) Li((0,2),a,(ty)) :=1{xre X} {/0 S (x, ps)ds + I{t = ¢ < oo}l (x, 13)}

for each i = 0,1,...,J and ((,x),4, (t,y)) € X x A x X. Here, the generic notation
a = (¢, b ,p) € A of an action in this DTMDP has been in use, and we have used the
following generic notation: for each probablhty measure j, on B( ) and measurable
function f on A%, we put f(p) =/ ac f(x)u(dx) whenever the right hand side is well
defined. This notation is only for brev1ty7 and will be used when there is no potential
confusion regarding the underlying space AY. The interpretation is that the pair
(¢, l;) is the pair of the planned time duration until the next impulse and the next
planned impulse (provided that no natural jump has taken place before then), and p
is the relaxed control function to be used during the next sojourn time. Without loss
of generality, the initial state is (0, (), with some zy € X.

Let {X,}°%, = {(6n, Xn)}22, and iAn}ZO:o be the controlled and controlling
process in this DTMDP model, and {(C,,, B,)}52, the coordinate process correspond-
ing to {(¢y, I;n)}%ozo in {an}plo-

DEFINITION 2.1. (a) A strategy in model M is given by o = {07(,0),13‘“};’;0, where
for each n > 0, oV )(dc X db|h ) is a stochastic kernel, and E, is a R(A®)-valued
measurable mapping in (hn, ¢, b), where hy, = (Zo, (¢o, 50),£17 (é1, 51), ceey ).

(b) A strategy o = {O’»ELO), E 2 in M is called stationary if for each n > 0,

O (dé x dblhy,) = 05O (dé x dblay), Fn(hn, & b)i(da) = FS (x,)(da), ¥V t > 0,

where 05O (dé x dblx) and FS(x)(da) are some stochastic kernels on B(]0,00] X
AI) concentrated on {0,00} x A’ and on B(AAG) giwen x € X. Here, in line with
the interpretation of the element of R(A®), F*(zy)(da) is understood as a constant

relazed control function. We identify such a stationary strategy in M with o° =
(o5 5.

Under a strategy o in M, having in hand h,, the decision maker selects (én,l}n)
accordlng to 07(l )(dc X db|h ), and after that, chooses the relaxed control function
p" = Ey(hp,én,by) € R(AC) to be used during the next sojourn time. Note that the
class of strategies defined above covers the particular case when one apriori determlnes
a fixed time moment say T of applylng an 1mpulse this corresponds to O'n (dc X

Allh,) =6, ¢ (dé) provided that t, < T, wheret, =", 0,, is the realized time of
the nth jump moment, induced by either natural or active (impulsive) jumps.
Given 29 = (0,29) € X and a strategy o, let P7 be the strategic measure in

the DTMDP, and Ego the corresponding expectation. Then the concerned gradual-
impulsive control problem with constraints reads

(2.3) Minimize over o € X : Wy(z0,0) such that W;(z,0) <dj, j=1,...,J,

where for each 0 < j < J, Wj(wo,0) =B |07 1 1;( X0, A, Xpi1) |, {dj}, € RY
is a fixed vector of constants, and xg is a fixed element of X.

2.2. Standard CTMDP model. In a standard CTMDP model, there is only
gradual control. Its system primitives are MO := {X A, ¢%° {cFO}L ‘] o}- Here the

5
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state and action spaces X and A are Borel spaces, ¢©© is the transition rate from
X x A to B(X), and {cf°}/, is a collection of [0, oo]-valued measurable functions
on X x A, representing the cost rates, J > 0 is a fixed integer. The superscript “GO”
abbreviates “gradual only”, as the model only allows gradual controls.

In the standard CTMDP model M€, a decision epoch occurs after each natural
jump of the controlled process (except for the initial decision epoch at time zero).
At each decision epoch, one selects the relaxed control function p € R(A), where
R(A) is understood as R(AY) with A® being replaced by A, until the next decision
epoch occurs. We sketch the more rigorous construction as follows. The sample
space ) is taken as the union of (X x (0,00))> and the collection of sequences in
the form (g, 01,21, ..., 0m_1, Tm—1,00, Too, 00, Lo, - - - ), Where m > 1, and o, ¢ X
is an isolated point. We endow 2 with the o-algebra F obtained as the trace of
B((Xso % (0,00])°) on Q, where X, = XU{Z }. The generic notation for an element
of Q is w. For each w € , define 6y := 0, t,, := Z?:o 0, hy, = (0,01,21,...,0n,x,)
for each n > 0. The collection of all possible h,, is denoted as H,, for each n > 0.
Let us put to := lim, o t,,- When regarded as coordinate variables, we use capital
letters ©,,, T,,, X,, and H, corresponding to 6,,t,,x, and h,. The state process
{X(t)}+>0 is defined by X (t) := X,, if T), <t < T}, 41 for some n > 0, and X (¢) := x5
if t > To. As usual, we omit w whenever the context excludes confusion.

_ DEFINITION 2.2. A strategy S in the standard CTMDP model MEO s given by
S = {F,}5,, where for eachn > 0, F',, is a measurable mapping on H,, taking values

in R(A). It is called Markov if Fp,(hy,) = Fﬁl () for some measurable mapping Fi/f
from X to R(A). In this case, we identify S with {FnM}nZO —. 5" 4 strategy
S = {Fn}nso in MO s called stationary if F,(hy)i(da) = Fs(xn)(da) for some
stochastic kernel Fs(x)(da) on B(A) given x € X. In this case, we identify such a

stationary strategy S with FS.

Given a strategy S ={F,}>, and initial state zo € X, there is a unique proba-
bility measure P3 on (2, F) such that P3 (Xo € dz) = 8,,(dz), and for each n > 1
and I'; € B([0,00)), I'y € B(X),

P5 (0, €Ty, X, € Ty|H, 1)
s GO gnl J—
= [ R GO0,y Ty (Hy). )
I

— o GO ¥l
Pfo (671 = 00, Xn = JToolHn—l) = 6_ fo anil(anl(anl)t)dt;

and P3 (0, = oo, X,, € To|H,1) = P5 (0, € 1, X,, = 2o|H,—1) = 0. Let the
expectation corresponding to Pfo be denoted as Efo.

We consider the following optimal control problem corresponding to problem
(2.3):

(2.4)  Minimize over S : Wy(zo, S) subject to W;(xo,S) <dj, j=1,...,J,

with W;(z0,9) = ES, [ZZ":O T, < oo} [ cg’O(Xn,Fn(Hn)t,Tn)dt] for each

1=0,1,...,J Here, the constants J and {dj}jzl. are the same as in problem (2.3).

3. Main results.
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3.1. Reduction results. In the rest of this paper, we consider the following
standard CTMDP model M%© induced by the gradual-impulsive control model M,
defined as follows

A = ATUAY; ¢O(dy|z,a) == q(dy|z,a), ¥ (z,a) € X x AY;

‘jGO(dy|xaa) = Q(dy\x,a), qfO(a) =1V (:c,a) € X x AI;

GO (x,a) == cC(x,a), V (z,a) € X x AY; 9z, a) := ¢! (x,a), V (z,a) € X x AT,
(3.1)

(Equality (2.1) guarantees that ¢“© defined in the above is indeed a transition rate.)

One purpose of this paper is to show that the gradual-impulsive control model
M can be reduced to this induced model M%? in the following sense. We say that
the model M can be reduced to the model M%© if each strategy in M is replicated
by a strategy in MY, and each strategy in M%© is replicated by a strategy in M,
where a strategy in a model is said to replicate another strategy in a possibly different
model if the performance measures of the two strategies in their respective models
coincide. We formulate our first main result as follows.

THEOREM 3.1. The model M can be reduced to the model MEO . That is, for
each strategy o in M (or S in MEC), there is some strategy S in MO (respectively,

o in M) such that W;(zo,0) = Wi(zo,S), i € {0,...,J}.
Proof. The proof of this theorem is postponed to Section 4. ]

This reduction issue was partially addressed in [22]. where it was established
that any strategy in M can be replicated by a strategy in M%?, see Theorem 3.2 of
[22] therein. The opposite direction is more delicate. The corresponding statement,
collected as Proposition 3.2 below, was established in [22] under the following extra
condition:

CONDITION 3.1. For each x € X, there is some € > 0 such that q,(a) > € > 0 for
alla € A,

PROPOSITION 3.2. Suppose Condition 3.1 is satisfied. Then each strategy in
MO can be replicated by a strategy in MO e, for each strategy S in MEO,
there is a strategy o in M such that W;(xo,0) = W;(x0,S), i € {0,...,J}.

Proof. See Theorem 3.1 of [22]. 0

Let us describe a simple example where Condition 3.1 is not satisfied. Let X = Z.
The state € {0,1,...} represents the number of infected population. The subset
{0,—1,—2,...} can be viewed as a cemetery, but instead of merging them to a single
state 0, we keep it in the current form, so that (2.1) is satisfied. Each individual
gives an infection rate A > 0, and one may (gradually) vaccinate the population to
reduce this infection rate. Suppose ¢({z + 1}|z,a) = e~ *XxI{zx > 0} = ¢,(a) for

ae A% = [0,00). Here a € A€ is the intensity of vaccination. One may also remove
the virus carriers impulsively (at a certain cost), and so Q({z — b}|z,b) = 1 with
be Al . — ={1,...,7} for some T € {1,2,...}. One may consider the following

cost functions. Let c§(z,a) be a function that increases in x for fixed a, cf(x,b) be
an increasing function in b, ¢’ (z,a) be an increasing function in @, and ¢! (x,b) = 0.
Note that g;(a) = 0 for z € {0,—1,...} and inf,cpc g, (a) =0 for z € {1,2,...}, so
that Condition 3.1 is violated.

The main contribution of this paper lies in showing that Condition 3.1 can be
withdrawn from Proposition 3.2, and that removal would also complete the proof

7
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of Theorem 3.1. We underline that the argument in the proof of Theorem 3.1 of
[22] essentially made use of Condition 3.1. Here we will get over this difficulty by
introducing and investigating in Section 4 auxiliary and new classes of strategies in
M and in M%© which can be of independent interest.

The situation is simpler if we only consider stationary strategies in M%©. They
can be replicated by stationary strategies in M as observed in the next statement.
Its proof can be done directly without assuming Condition 3.1 or involving auxiliary
strategies, though the argument cannot handle the case of general strategies. For this
reason we omit the details. (They can be found in the preprint of this paper available
at arXiv:2112.02674.)

ProrosiTiON 3.3. Each staﬁonary strategy FS in MC© is replicated by the sta-
tionary strategy o° = () F9) in /\/l defined as follows: for each © € O with

0= {2 € X: [y 0 (@F (@)(da) + F(@)(A") >0}, on B(a"):

o O x dblz) =0V T € B(0,0),

is o
US’(O)({O} ~ di)|x) ( )(db) —,
[ s (@) F (x)(da) + F* () (AT)
R F° (2)(db) JuG 42(a)F° (z)(da) . FS AN >0
%O ({00} x dblz) = { F~@)(41) [46 4:()F" (2)(da)+F " (a)(AT) iFE(@)(4)
p**(db) otherwise,

where p** is an arbitrarily fized probability measure on B(AI );

Fi@)(dana®) TS (1A% > 0
FS(x)(da) = { T (2)(49) if I (x)(A™) >
p*(da) otherwise,

where p* is an arbitrarily fized probability measure on B(AG); whereas for each x €
X\ O, 650 (dé x db|z) = 6o (dé)p**(db), FS(x)(da) = Fs(ac)(da).

3.2. Optimality results. Theorem 3.1 and Proposition 3.3 assert that if one
can obtain a stationary optimal strategy for the standard CTMDP problem (2.4) in the
induced model M%?, then a stationary optimal strategy for the gradual-impulsive
optimal control problem (2.3) can be constructed. In view of this observation, we
present conditions that guarantee the existence of an optimal stationary strategy for
problem (2.3), and establish a linear program, solving which, one can produce such
an optimal stationary strategy.

CoNDITION 3.2. A% and A' are compact; {c I, and {cI}]_, are [0, 0o]-valued
and lower semicontinuous on X x A% and X x A', respectwely, and for each bounded
continuous function f on X the functions (z,a) € X x A% — Ix f)a(dy|z,a) and

(z,0) € X x Al — Jx f(y)Q(dy|x,b) are continuous.

Suppose that Condition 3.2 is satisfied in this subsection. Let v* be the minimal
nonnegative lower semicontinuous function on X satisfying the first equality in

J
U*(x)_aigg{zj =0 J fx O(dy|z,a) + ev* (x )}

c+qf <> e+q O(a)
_ XL GO @) | v )iyl @) t et @)
e +afo(f* <x>> e+qGO(f()) ’
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379
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(recall A = A% U AT), where f* is a measurable mapping from X to A. Note that
v* is actually independent of ¢ > 0, and the existence of v* and f* is guaranteed
under Condition 3.2, according to, e.g., Theorem 4.2.1 of [21] and its proof. Put
R := {x € X : v*(z) > 0}. (The intuitive meaning of R® is the part of the state
space, at which it is optimal to apply f* in the model M%©: the process will remain
there with no cost being incurred. Thus, the nontrivial part is to determine the control
in M%9when the process is in R.) Now consider the following linear program:

/ c§(x,a)v(dx x da) +/ cb(x,a)v(dx x da) — min
RxAC RxA! v

s.t. /AG qy(a)v(dy x da) + v(dz x A') = 6,,(dz) + / q(dz|y, a)v(dy x da)

RxAC

(3.2) + /RxAI Q(dzly, a)v(dy x da);

/ ¢ (x,a)v(dx x da) +/ cH(x,a)v(de x da) < dj, j€{1,2,...,J};
RxAG RxA!

v is a o-finite measure on B(R x A) : [p . 4c ¢z(a)v(dz x da) + v(R X A" < .

Here the set of o-finite measures v on B(R x A) forms a positive cone in a
suitable vector space of certain set functions, which can be identified as sequences
of finite signed measures on a countable measurable partition of B(R x A). (The
partitions may be different for different set functions.)

THEOREM 3.4. Suppose that Condition 3.2 is satisfied, and there is a feasible
strategy for problem (2.3). Then the following assertions hold.
(a) There exists an optimal stationary strategy for problem (2.3).
(b) The linear program (3.2) has an optimal solution, say v*. Consider the stochastic

kemelfs(x)(da) on B(A) given x € X satisfying v*(dx x da) = v*(dx x A)Fs(x)(da)
for eachT' € B(R), and Fs(gc) (da) = 0f+(z)(da) for each x € X\ R. (Such a stochastic
kernel exists because v* is o-finite on B(R x A).) Then the stationary strategy o° =
(5O ['S) defined in terms offs in Proposition 3.3 is optimal for problem (2.3).

Proof. By Theorem 3.1, problem (2.3) can be reduced to the induced standard
CTMDP problem (2.4). Statement (a) follows from this reduction, Theorem 4.2.2(b)
of [21], and Proposition 3.3. Statement (b) further follows from the proof of Theorem
4.2.2(b) of [21]. 0

DEFINITION 3.5. A stationary strateqy o° = (JS’(O),FS) in model M is called
pure stationary if

5O (dé x dbla) = 6,2 (dE)¢(y(db), F(x)(da) = §ps (4 (da), ¥t > 0,

where ¢ (or ¢, f3) is a measurable mapping from X to {0, 00} (AT, AY, respectively).
We identify such a pure stationary strategy in M with (o, ¢, f%).

Pure stationary strategies are the easiest for implementation. They are often
sufficient for problems with a single objective, i.e., when J = 0, see e.g., [9, 17] or when
the model satisfies additional structural conditions, such as being convex or atomless,
see e.g., [11, 14]. The next example demonstrates that without further conditions,
pure stationary strategies are often not sufficient for the constrained problem (2.3).
This is a typical situation in the constrained optimization when J > 0: see [1].

9
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EXAMPLE 3.1. Let X = {0,1,2,...}, AY = {a}, AT = {b} with a # b, so that
we may put A = {a,b} = A° U AT, Let qo(a) = 1 = q({1}|0,0a), gz(a) = 0 for all
ze€{1,2,...}, Q{x + 1}|z,b) =1 for all x € X. Finally, fit J =1, d1 =1, 29 =0,
and consider the cost rates and functions defined by

c§(0,a) =1, c§(z,a) =0V xec{l,2,...};
c(x,0) =0; F(r,a) =0V 2e€{0,1,2,...};
c0,b) =2, d(z,b)=0vVze{l,2...}

Apparently, since the process is essentially only controlled at the state x = 0, (once the
process leaves the state 0, no further cost will be incurred), as far as the performance
of pure stationary strategies is concerned, one only needs to consider pure stationary
strategies in the following form: oP% = (¢, ¢, f%) with ¢(0) = 0 and o PS5 = (', ¢, %)
with ¢'(0) = co. We may compute

Wo(0,0P%) =0, W1(0,06P5) =2 >dy =1; Wy(0,0 P%) =1, Wy (0,6 P%) = 0.

Consequently, o5 is not feasible for problem (2.3). Now consider o° = (650 F'S)

such that o501 ({0} x {b}|0) = 0.5 = o3 ({oo} x {b}]0). Then one can wverify

that Wy(0,0°%) = % < Wo(O,O'/DS), W1(0,0%) = 1, which is feasible and strictly
DS

outperforms o , and thus strictly outperforms any feasible pure stationary strategy.

4. Auxiliary statements and proof of Theorem 3.1. The proof of Theorem
3.1 goes in several steps, and makes use of auxiliary classes of strategies in the model
M and the induced model M%©, which are introduced in separate subsections below.

4.1. Pseudo Poisson-related strategies in M%P. In what follows, we fix
some strictly positive constant A > 0. Consider the induced model M%C. Let A(a) :=
M{a € A9} ¥V a € A. For each n > 0, consider a sequence of stochastic kernels
{Pnk}k>0 on B(A) given x € X. By a pseudo Poisson-related strategy in MEO we
mean (X, {P,, 1 }n.k>0)- Under such a pseudo Poisson-related strategy, at the beginning
of a sojourn time, when the state is x,,, a marked point process is generated according
to (A, {Pn.k}nk>0), and during the sojourn time, we use actions as the marks and
change actions only at the arrival times of that marked point process. We illustrate
the implementation of such a pseudo Poisson-related strategy as follows.

e At the initial time with the initial state z(, generate CIJ(()O) ~ Do o(dalzo) and
\I/go) ~ Exp(X(@(()O))), where Exp(y) represents the exponential distribution
with rate y € [0,00); an exponential random variable with rate 0 is co. Use
(I)go) as the action during [0,77 A \Ilgo)). Recall that T3 is the first sojourn
time in MO,

o If \1150) < T, then generate <I>§0) ~ Py 1(dalz), \I/éo) ~ Exp(X(CDEO))). Use
<I>(10) as the action during [\Il(lo), T N \I/go)).

o If \Ilgo) > T3, then generate (I>((Jl) ~ P1o(dalX;) and ‘Ilgl) ~ Exp(X((I)gl))).
Recall that X is the state variable in MS© after the first sojourn time. Use
@gl) as the action during [T1,75 A (Th + \I/(ll))).

e And so on.

Below we give a more precise definition of a psuedo Poisson-related strategy, and
introduce notations to be used throughout this subsection. We first fix the canon-
ical sample space of the aforementioned marked point process: EFC := [0,00) x
A x ((0,00] x A)* be the countable product. The generic notation for an element

10
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141

442
443

444
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449

of 29 is ¢ = {(¥n,@n)}n>0. Consider the coordinate random variables (viewing
(ECO B(EF)) as a sample space): for each & = {(¥y,, an) ns0 € ECY, U, (€) := 1,
and ®,,(§) == ap, and 7, 1= > _ k.

DEFINITION 4.1. A pseudo Poisson-related policy in MY© is given by a sequence

of stochastic kernels §" = {Po(dé|z)}ns0 on B(EYC) from x € X, where for each
n >0 and z € X, under p,(dé|x), P, (Vo € dt|x) = do(dt), and the random vectors
(®o, U1), (P1,P3)),... are mutually independent satisfying

Pn (P € dalz) =: Py, y(dalz) ¥V k € {0,1,2,...},
D, (k. € da, Upyq > tla) = e_’\(a)tpn p(dalz), V ke {0,1,2,...} t € (0,00).

(Note that Uy, may take +oo with a positive probability under p,, (d¢|z). If Ma) = A
then {Z?zo U tnso forms a standard Poisson point process, justifying the use of the
prefiz “pseudo” here.)

Given a pseudo Poisson-related policy 5" = {P, 152 and initial state zy € X,
=P =P
there is a unique probability measure Pfo on (Q,F) such that Pgo (Xo € dzx) =
3z, (dx), for each n > 1 and T'; € B([0,0)), I's € B(X),

PS (0, €Ty, X, € To|H, 1) :/ PS (0, €Ty, X, € Ts|H,_1)p,(dé|z)
=GO

s GO
::/ {/ I3 a%0¢ (tdt GO0 (T X, 1,3)ds}pn(d§|x);
EGO 1"1

P50, =00, X, = xo|H,_y) = PS40, = 0o, X, = 2| Hy1)P, (d
10( n = 00, Ap xoo| n71> co O ( n = 00, An moo| nfl)pn( f‘l’)

= [T REO g gl

and Pg: (0, =00, X, eT5|H,_1) = Pg: (0, €Ty, X, =xoo|Hp—1) =0, where

¢4 (dylr, ) == q%O (dylz, an) I{s € (i, Trs1]},
k=0

GO (dyla, s) ==y G7° (dylw, an) I{s € (7, o]},
k=0

and qGO §(s) = Y pe0 a9 (ar)I{s € (74, Tk11]}. Let the expectation corresponding
to Pfo be denoted as Ef:

The system performance under 5" is measured by
Wi(z0,S") fES [ZI{X £ oo}
/ / / GOL(X,, 5)dsPS €(Ons1 € dt|X,)P, (dE|X,)
=GO 0 OO

where P§P’5(6n+1 € dt|X,,) is defined in (4.1), see the terms inside the parentheses
therein, and cGO x,s) = S a0 (@, ) I{s € (Thy Tht1]}-
11
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THEOREM 4.2. Each Markov strategy Y = {F,]\:I}nzo in MYC can be replicated
by a pseudo Poisson-related strategy gp in MGO.

Proof. Let some Markov strategy s = {FnM}nZO in M%© be given, and define
. =P _
the following S° = {P,, }n>0 by

(42) Py o(dalz) = /Owe I3 O (P 9045 (450 () 4 R (a))F™ (), (da)dt

where (X + ¢¢ = [a(X( GO(a))FQ/[(x)S(da); and for each k > 1,

NEY w~, =M k—1
e A

J2° e B0l T s (46O (q) 4 X(a))F,) (2),(da)dt

(4.3) X dw

OoX(F ,w)<f0 n,u)du)k71 [+ GO)(F s)ds
fo &= e” Jo AATd ¥ dw

if the denominator does not vanish, otherwise p,, ;. (da|z) is put to be a fixed probability

measure 7* on B(A), concentrated on A’
For notational convenience, let us introduce

k—1
(f 0 du) — J O+aSO) (T, 5)ds

Cn(w, @) = (k — 1).

so that

k—1
ooX(Fi/[,w) wa(F?f,u)du
Psldale) = | ( = )
([ e BOHENE 0 (60 (@) 4 X(@) () (da)et
fO Qn,k w,x)dw

dw.

It is useful to observe that if

/000 Qn.i(w, z)dw
alu)k_1

(4.4) = /°° <f0 e~ S 4SO (T 1) ds dw
0 (k — 1).

vanishes for some k& > 1, then so does fooo Qn(w,z)dw for all 1 € {1,2,...}.
First of all, let us verify that

5P gM
(4.5) Py (X, €dy) =P, (X, €dy)

as follows. The case of n = 0 is evident. Suppose it holds for some n > 0, and let
_p =M

us prove PY (Xn41 € T|X,, = 2) = PJ (Xn41 € I'X,, = 2) for each € X and
12

This manuscript is for review purposes only.



481

482

483

484

485
486

487

488

489
490

491

492

493

494

495

196
197
498

199

(S ot (S

I' € B(X), as follows. Note that

q _ SGOE - _
(16)  PE (Xup € TIX, =) = /_ e OGO, s)dsp, gl

Mz I[V]2

/ Oz, ) He pena () o= (s=m)a (@) 4, (de]x)
=GO (Tk77'k+1)

0’8 i=0
k—1 Prp1
- i H e~V alC (@) Ly < oo}qGO(F|x,ak)/ e9 (@RS qsp (dE|z).
k=0"Z%% i=0 0

Since (g, ¥q), (P1, Ps),... are mutually independent under p,, (d¢|z), we see, upon
computing the integrals with respect to p,,(d€|z) in the above, that

57 _
PS (X1 € F|Xn = 1)

oo k-1
a|x —(F|x a) D, alxr
40 =S I [ 5 sdoPe ) [ 5oy ool

where we recall that A(a) + ¢¢°(a) > min{1,A\} > 0 for all a € A. Let us verify for
k > 1 that

k—1 X(a) - s
(4.8) E)/A/W(Mpn,i(da|x)—/o Qn.k(w, r)dw

as follows. When k = 1, the left hand side can be written as

[ g k)

A Aa) +q79(a)

_ Aa) Ooeffot(Xqufo)(fy,s)ds GO M "
—/AA() / (45 (@) + Ma) P (2)e (da)dt

a) +q§°(a)
= / X(FQ/I’ t)e_ fJ (X+QSO)(Fyvs)dsdt = / QnJ(w’ l')d'w7
0 0
as desired. (Again, we used here the fact that A(a) + ¢S (a) > min{1, A} > 0 for all

a€A)
Now assume that (4.8) holds for some k > 1, and we now need show that

H/ +qGO )pmi(da\x) :/o Qn k1 (w, z)dw.

The case when the right hand side vanishes is trivial, because it implies the same for
the left hand side by the definition of p,, ;, see (4.2) and (4.3), and the observation
below (4.4). Thus, we assume that [~ Qn kt1(w,z)dw > 0, which is equivalent to
that [~ Qnk(w,z)dw > 0 for all k > 1 as was observed below (4.4). Then, by the
inductive supposition,

H/ Na _|_ GO )pnz (da|z) = H/ Na +qGO )pn’i(da|x)

13
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507 x/ )\()/\(a)pnk(da|x / Qn.i(w x)dw/ %pmk(dah).

+q5°(a) A Aa) +¢7%(a)
508 The above expression is equal to
XF (f w)d )kfl
L o0 Ma) o° 0 u
509 /0 ka(w,x)dw/ Na )+qGO(a)/o (k—l).
o [ e O 0 (4EO(a) - X)) F ()i (dayd |
' fO Qn,k wa‘r)dw v
- _ k—1
511 = / Aa) /OO )\(Ff’w) (fow /\(F’]Y’u)d@
A X@+eg0(a) Jo (k—1)!
k([T BOEIE o) + X F (o:)t(da)dt) du
: o (3 )
00 [e’e) _ u
513 :/O {/w NEY t)e Jo OraZ )y ’S)dsdt} ((;f — 1). dw.

514 Integrating by parts the above integral, we may write the previous expression as

k- °°

ot
ot

00 _ _ wXF ,u)du
/ )\(FTAL/[7t)6fJ(A+q§O)(Fﬁ4,s)dsdt<fO (Z' u) )

w
0

du) *

516 +/0 (fO Il

517 where for the equality, one may apply routine analysis based on A(a) + ¢$°(a) >
518 min{l, A} > 0 for all @ € A. This thus proves (4.8) for all k£ > 1.
519 We may substitute (4.8) back in (4.7):

771\/[ o
MEM e i eSO FL ) gy, /0 Qo (w, z)dw

—_p ~GO(F|$ a) o oo
520 Pf X1 el X, =2 :/ ,q—’j)n dalz) + / Qn i (w, x)dw
0 ( +1 | ) A )\(a) +quO(a) 7O( | ) k; 0 ) ( )

I o0 _
o [ 5 wm(dam J A S e
0

Aa) +q79(a )
- —M k—1
oo X /\ Fn s (fO du) M 7 M
22 ) / 9O (T2, F 1) / e S OHaZ NI )5 gy,
— 1).
k=17 w
523  with the above equalities being valid no matter fooo Qn.i(w, x)dw vanishes or not:
524 indeed, if fooo Qn.k(w,z)dw = 0, then the summands in the last one of the previous
525 equalities vanish, too.
526 Note that, for & > 1,
~ =M w~ =M k=1
oo A(F,, ,w AMF, ,u)du oo _ _
527 / ( ) ({2 (1)' ) ) (‘ZVGO(F|ZE,F7]\L/I,t)/ e fg()\+qgo)(Fﬂ,/I,S>dsdtdw
0 - : w

14
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ot
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N}

t (wa(FM u)du)ki1
:/ / PYRTRES (1:_7 1! dwi®® (Tlw, T t)e Jo OraZ Il 0)ds gy

oo t k—1
= / / X(Ff, w)/ H X(Fi/l,vj)d’l)ld'UQ oo dvg_1dw
0 0 {0<vy Swp << <w} g

., GOy FM
~Go(F|x Fn , ) — [E+4SO)(F,, ,s)dsdt

oo k—1
_ / / [IXEY o)XFLY  w)dvidos ... dvx—rduw
0 {0<v1 Swp <o S Sw<t} g

. GO\ TM
%GO (|2, FM  t)e Jo Orad )@l o)ds gy

k

oo (f n,udu) o oM

:/ 0 - GO (D), FY  t)e Jo Ora ) Fnlo)ds gy
o [

where the first equality is by the Fubini-Tonelli theorem, and for the second as well
as the last equality, recall the following equality, which is valid for any real-valued
integrable function f:

(/Ow f(u)du> =t = (k- 1)!/{ H f(vj)dvidvs . .. dvg_;.

0<v) <wa <+ <wp 1<w}j 1

With the above equalities, (4.9) can be written as follows:

k
—p o0 N ,u)du } Y
(410) Pfo (Xn+1 € F|Xn = :c) = ZA = ) qGO(F|m,Fn ,t)

xe™ Jo Craf )T )ds gy — / GEO |z, T t)e= Jo O (Pl oyds gy
0

= P5 (Xpp1 € D)X, =
— Tz n+1 n — $)7

as desired.
The rest verifies

=P t =P
ES, [I{X sy / 04X dSPY (O € ] X, (0]
= 0,00] JO

=M n+l —
411) =ES lI{X ;éwoo}/ Xn,FnM,s)ds],

which would complete the proof of this theorem. It is sufficient to assume in the rest
of this proof that ciGO is nonnegative and bounded on X x A: the general case can
be handled based on this simpler case with the help of the monotone convergence
theorem.

Note that on {X,, # z},

t _ _
/o ]/ COY(X,, 8)dsPS $(O,11 € di|X,) =B €

15

®n+1
/ ciGo’g(Xn, s)ds| X,
0

This manuscript is for review purposes only.



ot ot Ot
ot Ot

ot

(LTS V)

ot

J03

o 0 = = =
S © W N O

o]
SR

ot Ot Ot Ot Ot Ot Ot Ot

at
0]
w

where Egp’fHXn] is understood with respect to ng’f(G)nH € dt|X,,), which is de-
fined in (4.1), see the terms inside the parentheses therein.
Now, the left hand side of (4.11) can be written as

5P
EZ,

I{X, ¢xm}LGO /0 / GOL( X, 5)dsPS €(On41 edt|Xn)pn(df|Xn)1

e [ et [ B[ [T o, )I{s<en+1}dsxn] padelx, )|

:/ PS (X, € dx) {/ / EO%(z, s)e Jo @ go’s(t)dtdspn(dﬂx)}.
x =GO

Note that the term inside the parenthesis is in the same form as the term on the right
hand side of (4.6), where §#9+¢(T'|z, s) is replaced by CGO 4(z, ) with the latter term
having been assumed to be nonnegative and bounded. Therefore, the calculations in
(4.6)-(4.10) apply with obvious modifications (more precisely, replacing ¢“°(I'|z, a)
by ¢¢O(z,a)), leading to

/ (Xn € dz) ilﬁ/ =~ 7, ,(dalx) /M;ﬁ (da|z)
x k=0 i=0 a)+qGO a) ™ A Na) +q§°(a) ™"
(4.12) :/ pff (X, € dz) {/ G0 (o, TN 1)e Js qEO(Fﬁ?,S)dsdt}’

x 0

where for the first and the second equality, compare the corresponding terms in the
parentheses with (4.7) and (4.10).
On the other hand, the right hand side of (4.11) can be written as

— . oo
B [I{Xn £ 2o} ES [ / GO (X, FY ) I{s < ®n+1}ds|an
0
= / Pg:l (Xp € dx) {/ CZ-GO(x,FZ\L/I,t)e_ 0tqGLG'O(F?f’s)dsdt}.
X 0

Since Pf;w (X €dx) = Pg: (X, € dx) as was verified earlier in this proof, c.f., (4.5),
we see that the previous expression coincides with the term on the left hand side of
(4.11), as required. |

4.2. Poisson-related strategy in M. Recall that A € (0,00) is a fixed con-
stant. Let E := [0,00) x A x ((0,00) x A9)> be the countable product. The
generic notation for an element of = is still £ = {(¢n, @n)}n>0, and the coordinate
random variables are still denoted, for each & = {(¢y,, ) }n>0 € &, by U, (&) := ¢,
and ®,(¢) := a,. The context should exclude any confusion with 2. For each
n € {0,1,...}, let p,(d€|z) be a stochastic kernel on B(E) given x € X, which is
specified by the following: for each x € X, under p,(d¢|z), the coordinate random
variables U, @, ¥y, ®q,... are mutually independent and

(W € dt|x) = do(dt), pu(Vp <tlz)=1—eM VEke{l,2,...},
o (P € dalz) =: ppr(dalx) ¥V k € {0,1,2,...}.
(Hence, under p,(d€|z), {3 f_o Yk}n>1 is a Poisson point process.) Let oy’ O)(d X

db|z, €) be a stochastic kernel on B([0, 0c] x A) from (z,¢) € X x E.
16
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DEFINITION 4.3. The pairs {(05’ ,Dn)tn>0 = 0 s called a Poisson-related

strategy in M.

Given & = {(¢n, ) }n>0 € &, with the generic notation 7, := >_;_ ¢ for each
n€{0,1,...}, we put

(4.13) ¢ (dy|z, s) Zq (dylz, ax)I{s € (T, Tht+1]}s
k=0

i (dylz,s) =Y _ ddylz, ar)I{s € (s, Tis1]}, (s qu o) I{s € (Th, Th1]}-
k=0 k=0
Under a Poisson-related strategy of = {( P(O), pn)}n>07 the transition law of

Xn+1 (®n+1,Xn+1) given H,, depends on H,, only via (@n, X,) = (0,2) € X. Tt is
denoted by G’Z , and is defined for each bounded measurable function g on X by

(4.14) /X o(t,y)GS (dt x dy|(0,2)

- / / / 9(t, y)qg(dy|$7t)e_ﬁ qg(s)dsdt
[0,0]x Al xE 0 X

+1{é = co}g(00, za0)e™ Jo~ da(s)ds

+I{e < coje Jo ai()ds / 9(&,9)Q(dylz, 13)} oP O (dé x dblz, €)py (d€|x)
X
- / { / ot )G S (dt x dy|(6,2). ¢, 6)} PO (dé x dbl, €)pn (dé]z)
[0,0]xAIxE (/X

for each (6, z) € [0,00) x X; and [5 g(t,y)G%P (dt x dy|(00, Zx0)) 1= g(00, Too)-

REMARK 4.1. Note that, G°" (dt x dy|(6,z)) and G £ (dt x dy|(6, x), ¢, b), which
is defined in (4.14), see the terms inside the parentheses therein, depend on (6,x)
only through = € Xoo := XU {0}, and therefore, we will write G°* (dt x dy|z) and
GoE(dt x dy|x,é,b) for GO (dt x dy|(0,x)) and G° S(dt x dy|(0,z),¢,b) in what
follows. The same applies to lfp’n(:iz) = lfp’n(x) introduced below.

P

The cost function under o' over the corresponding sojourn time is given by

177 () = / /oo [z € X} {/t G (i, s)ds + T{t = & < oobel (x, b)}
[0,00]xATxE JO 0
(4.15)  x GZ &(dt x Xoo|z, 6, 0)0 PO (dé x db|z, €)pa(délz) ¥ & = (0, ) € X,
where Xo, = X U {2}, and ¢4 (z, s) := Yoo ¢ (, ar)I{s € (Thy Tht1]}-
The sequence {GZP tn>0 together with the initial distribution d,(dy)do(dt) de-
fines a probability Isg: on {UnZI([O, 00) x X)™ x {(oo,xoo)}w} U ([0, 00) x X)*°. Let

Ei: be the expectation with respect to f)gf. The system performance under o’ is

measured by
(w0 0”) = B [0 (X))
n>0

where we recall the generic notation Xn = (@n, X,,) for a state variable in M.
17
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623

624

625

626

627

628

629

630
631

633
634
635

637
638
639
640
641
642

643

644

645

646

647

648

THEOREM 4.4. Each pseudo Poisson-related strategy 5" = {Potnso in MEO can
be replicated by a Poisson-related strategy o = {(o ’(0),pn)}n20 in M.

Proof. Let a pseudo Poisson-related strategy S = {Pp}tn>0 in MEO be fixed.

Consider the P01ss0n related strategy of = {(an’(o),pn)}n>o in M defined by the
following: on B(A®), for each z € X,

ﬁn,k(da‘x) = G
(4.16) Puldalz) i { Prr &%l Pp(AT]2) >0
7 p*(da) otherwise,

where p* € P(A®) is fixed; for each z € X and & = (¢, g, 91, v1,...) € E with
Tn = ZZ:O 'l/}kv

(4.17) o2 O (de x dbl, €)

[e'S) k—1
= Z(STk (de)pp, x( db|z) H Prm (A%|2) + 000 (dé) H Prm (AC|z)p** (db),
k=0 m=0 m=0

where p** € P(AT) is a fixed probability measure. Observe that oy ’(0)(dé x db|x, €)
defined above depends on £ € E only through £~ := (¥o, ¥1, 2, ... ).

In what follows, we will show in two steps that o defined above is a required
replicating strategy.

Step 1. Firstly, let us verify that

(4.18) po” (X, € dy) = PS. (X, € dy).

Since the above is clearly valid when n = 0, both sides being equal to d,(dy), using
an inductive argument, it is sufficient to verify that for an arbitrarily fixed I' € B(X)
and z € X, for all n > 0,

P <P
(4.19) G% ([0,00) x T'|z) = P35,

x

(Xpns1 €T|X, =2),

as follows. (Recall (4.14) and Remark 4.1 for the definition of G"P’g(dt x dy|(x, ¢, b)
with a generic of.)

Recall that the right hand side of (4.19) was computed in (4. 7) which can be now
written out more explicitly using A = AT UAY ATNAY =0, ¢5°(a) = q.(a)I{a €
A%} + I{a € AT}, G9O(T|z,a) = Q(T|z, a) for each a € Al and Na) = M[{a € A}
on A:

—pP OO
Py (X, €T|X, =2) = / - (dalz
2o (Xnt1 €T LH()AGAJF% Pn.i(dalz)

([ dale) + [ (Tl a)p p(dale))

G A _ ((T|x,a) _
(1.20) =;[1_1 /. Mz(a)pn,xdam] [Tt dalo

)\ —
+Z H/AG m n,i(dalx)] /AI Q(T|z,a)p,, ,(dalz)
= Bl + BQ.

18
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653

660
661
662

663

664

665

666

667
668
669
670
671

672

On the other hand, the left hand side of (4.19) may be written as

677 ([0,00) x TJ) = / p(de]2) / { / E (T, t)e J3 £ gy
= [0,00]xAT | Jo
HI{é < cote™ Js BTz, 13)} oP O (dé x db|z, £)

k—1

t gt S S — -
/ Pldgz) (Z / (Dl t)e 0 %15, (AT 2) [ B (ACI2)

m=0

+ / G (Dlz, t)e Jo a2 ()ds gy H P (AC|2)
0

m=0
k—1
(4.21) +Ze Jo* k() / Q(T|x,b)p,, 1. (dblz) Hpnm AG|x>>7

where the first equality is by (4.14), and the second equality is by the above definition
of o7 see (4.17). Thus,

67" (0, 00)  Tlx) = / P dﬁlxz / §(Tfe, t)e J3 5 Oarp . (A]z)

k—1 00 0o
_ - [t o€ (s)ds _
% T P (A%]2) + / pu(de]2) / # (Tl e 5 504y T] 5.0 (A%]2)
m=0 E 0

m=0
[e%) k—1
+ /_ pul(dels) 3 e W s / Q1 5)5r 1 (db]) T] B (A1)
= k=0 m=0

(422) =01+ Cy+ (5.

We analyze the above summands term by term as follows.
As for C3, we see

k—1

Cui= [ patdele) e W50 [ Qb la) [ 710
= m=0

k—1

oo k—1
/pn(dﬂl‘ (lH e_wl+1(Iz(Oél)‘|/ Q(T|z, b)pnk db|x Hpnm AG|x)>
0

k

o

_;[H/AG)\-F% )pnlda|x]/ QTz, b)pnk db|z) HpnmAG|x)

—Z [H/G ol pw(dam)l /A Q(Ul2,5)p,,(dblz) = Ba,

where the second to the last equality holds by the definition of p,;: b, (da|z) =
ﬁn,l(AG|x)pn7l(da|x) (see (4.16)), no matter whether an_:lo T)n,m(AGh‘) vanishes or
not, and the same remark applies to the calculations for C'; and C5 below, which will
not be repeated.

As for C7, we have

> k-1 -1
C] = Z/ d€|x (Z F|x704l) (H e_’/)qulth(a,,))
k=07 & = pi

19
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673

674

676

678

680

681

682

683

684

685

686

687

688

689

690

691

g1 -
x/ t‘h("”)dtp k A |) H AG|x>

0 m=
oo k—1 B
_ 4Tz, a) - »
_kZ_OZZ/Ac e (a) + Pni(dalx) (]:[ AGH%( )pn,u(d | ))
k—1
%Py (AT12) T] P (A1)
m=0
k—1

(le 95

m=Il+1

It is convenient to introduce the following notation:

= 7(F|x a) CLI’ a|xT

Then By in (4.20) can be written as

-\ T A Tz, a) _
By —kZ:O (g /AG )\_qu(@pn,i(dam)) /A m .k (dalz) = ZDz,

which is finite because so is the left hand side of (4.20).
With the notation of D;, now we write

oo k—1 k—1
Cr =33 " Di(1 =P (A%2) [ Bom(AC|2).
k=0 1=0 m=Il+1

By a similar calculation as for C, we may write

Cy = / P () / @ (Cle, ) o =%t [T ,,,(A%a)
= 0

m=0

l"|xa
7Z/AG A—Fq da|x (HAGA+Q pnyda|x>ml;[+1pnmA \x)
_ZDk H pnmA |).

m>k+1

Thus, C7 4+ Cy equals

oo k-1
k=0 1=0 m=Il+1 m>k+1
oo 00 _
ZDl Z 1 _ﬁn,k(AG‘x)) H ﬁn,m ‘JZ +ZDZ H pnm
=0 k=Il+1 m=[+1 m>1+1
20
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692

693

694

695
696
697
698
699

702
703
704

705

o

I
NE
S

Z ( H pnmA |£C H pnmA |1‘>—|— H ﬁn,m(AGm‘)
k>1+1

m=Il+1 m=Il+1 m>l+1

Il
o

o)

M

D, = B;.

I
=)

(Recall that Y, D; converges.) Combining this with the previous observation, we
see that C7 4+ Cy + C5 = By + Bs, and by (4.20) and (4.22), we see that (4.19) holds.
Consequently, (4.18) follows.

Step 2. In view of the definition of Wi(xo, of) and W; (o, ?P), it remains to show
that

Eo’ [lo »”(Xn)] :Eg: [I{X #xoo}/_co AO ]/OtciGO,g(ers)dS
(4.23)  xP5 (@11 € dtX,)5,(d€|X,)|

for bounded [0, co)-valued functions {7, ¢!,

using the monotone convergence theorem.
Note that for each x € X

= [ //G%smu-mwwt
[0,00] x AT

+I{é = OO} / CiG’é (;z;, s)d,g@* i a5 (s)ds
0

because the general case can be handled

+I{¢ < co}e” Jg di(s)ds (/ CZ-G’E(SC, s)ds + ¢l (z, 5)) } o (dé x dblz, §)pn (d€|z)
0

e ot
= lim // //c?’g(m,s)efidsqi(t)effoqi(s)dsdt
m=o0 J= J[0,00]xAl | Jo Jo

+I{¢c= oo}/ &z, s)e  mdse™ o7 ai(s)ds 4 I{é¢ < oo}e™ J§ a3 ()ds
0

X (/ ’g(x s)e”m wds + i (337l;)> } 05’(0) (dé x dl;|x,§)pn(d§\m),
0

where the first equality is by (4.15) and (4.14). Applying legitimately integration by
parts, we see

¢ gt
/ / C'iG’f(xv 8)6_%dsq§,(t)e— fot Q§(S)dsdt
0 Jo

¢ ) é
= / G, t)eme Jo E@ds gy =I5 qi(s)ds/ em e (w, 5)ds,
0 0

where all the terms are finite, ¢ being finite or not, because so are ¢!, ¢ assumed. Sub-

171

stituting the previous equality back in the above formula and applying the monotone
21
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N
—
~

convergence theorem, we see

718 lfp’"(a:) :// {/ G (@, t)e Jo T gr 4 T{e < Oo}efoéqi(s)dsc{(x,i))}
= J[0,00]x AT

0
719 (4.24) xo PO (dé x db|x, €)py (d€|z).

720  Observe that the term inside the parenthesis in the above expression is in the same

721 form as the one in the first equality of (4.21), where ¢ (I|z,t) and Q(I'|z,b) are now
722 replaced with ch75 (z,t) and c!(z,b), respectively. Therefore, by repeating the calcu-
723 lations below (4.21) in Step 1 with obvious modifications, we see that the following
724 equality holds, which is corresponding to (4.19) (or more precisely, the established
725 equality C7 + Cy + C5 = By + B, see more explanations below):
p 9] k—1 A
726 7 "(x) = 7 Pnild
> SCEDY ([[ Lo ax))
=0 \i=0

a

¢ (z,a) _ / -
727 X ————=D,.;(dalr) + ¢, (z,a)p, i(dalz) | .
f ([ 2, tafo) + [l ap(dalo)

728 Indeed, the term on the right hand side of the above equality corresponds to the term
29 on the right hand side of the first equality in (4.20), which coincides with the right

730 hand side of (4.19), whereas it was observed earlier that lfp’"(x) corresponds to the
731 left hand side of (4.19).
732 Consequently, the left hand side of (4.23) reads

e fol ot n ol ofn ol
733 EQE0 [li (Xn)] = XPIO (X, € dx)li (CE) = xPxO (X, € dx)

00 k—1 A B
734 X {kz_o (E) /AG an,i(daW)

([, ala) + [ el ptaaln))

736 On the other hand, by (4.12), we may write the right hand side of (4.23) as

-~
w
ot

o0

5° ‘“‘1 Ma) )
5 X VN \aa|r
Jor e {kg (g T agoaP )

e 9 x,a) _
738 XA)W_(MPn,k(da|x)}

=
w

oo

k—1
_ [ ps” - A =l
739 /XP“’ (X, €d ){I;) (H) /AG g il ))

0 y (/AG mpn,k(dam) + /AI cf(m7a)Pn,k(da|x)> },

741 where the equality is by the definitions of A(a), A, cf© and ¢%©. In view of (4.18)
742 which was established in the above, we see from the previous equality that (4.23
743 holds, as desired.

O
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744 4.3. Proof of Theorem 3.1.

745 Proof. In view of the discussions below Proposition 3.2, we only need show that
746 each strategy S in M can be replicated by a strategy in M.

747 According to Theorem 2 of [20] (or Theorem 4.1.1 of [21]), for each strtegy S in
718 MGO, there is a replicating Markov strategy S in the same model MO (recall
749 Definition 2.2). Theorem 4.2 and Theorem 4.4 imply that the Markov strategy §M
750 in M9 is replicated by a Poisson-related strategy of in M. To complete the proof
751 of the statement, it remains to show that this replicating Poisson-related strategy
752 of in M can be replicated by an (ordinary) strategy ¢ in the same model M. This
753 is justified as follows. Without loss of generality, we assume that ¢ and c! are
754 nonnegative and bounded in this proof.

755 Let some Poisson-related strategy of = {(of p,)}n>0 in M be fixed. Let

~
o

0&0)(dé x db|z) := J= 05’(0)(dé x dblz, €)py (d€|x). Then, by Proposition 7.27 of [3]
757 (or Proposition B.1.33 of [21]), there is a stochastic kernel p,, (d€|x, &, b) on B(Z) given
758 (2,6,D0) € X x [0,00] x A satisfying

759 (4.25) o PO (de x dblx, €)pn(de|z) = pn(de|a, e, b)oD (dé x db|x).
760 We define a strategy o = (0%0), Fn)nzo in M as follows. Let 0%0)(dé X dblhy,) =

761 0&0)(dé x db|z,,) (Recall the generic notation &, = (6,,,2,) for the state in the model
762 M.) Let

fE e Jo a5, () Zkzo O (da)I{Tk <t< Tk-‘rl}ﬁn(dglxn’ ¢, 6)
Je e o OOt (del, ,0)

7635 Fy(hn, & b)i(da) =

764 =: F (2, &,b),

765 where the generic notations & = {(n, @) }n>0 € E and 7, = Zf:o 1; are in use.
766 We will show that

767 (4.26) P? (X, € dx) = P7, (X, €dr) V¥ n>0.

765 (Recall the generic notation X,, = (6,, X,,) in the model M.) Since the initial states
769 are the same, with an inductive argument, it is sufficient to show for I' € B(X) and
770 x € X,

771 (4.27) P? (Xpi1 €)X, =2) =P7 (X1 €T|X, =) ¥ n > L

772 Then,

773 G0z, Fn(m,é, l})t)

m _ / (Tl a2 Dz b (d0) s < t < 7Y (el 1)
AC ’ Jg e Joaidup (de|a, ¢, b

t &

S B (T, e S0 (dgla ¢, b)
J e Jo ai (I, (dg|a, ¢,b)

)

776 recall (4.13) for the definition of G°. Applying the above equality to I' = X, we see

_ Jz gt (e Jo i, (dea, &, b)

fs e—Jo qi(u)duﬁn(dﬂx’ é, (})
23
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d ~
779 =——1n / e Jo i widup (dg|z, ¢, b)
dt  J=
780 for almost all ¢, and thus e~ o % (Fn(@.&:0):)ds — J=e PEHC Pn(d€|z, &, b). Now,
781 Pgo (Xn+1 e F|X’I’L = l‘) = / / (F|x F ( é b))t)e_ fO’ Qw(Fn(f,C,b)s)dsdt
[0,00] x AT 0

782 +I{é < 00}6_ foé %(Fn(%é,l”ﬁdSQ(rlx, 8)} 0_7(10) (dé « di)‘(ﬂ)

783 :/ //qg(ﬂx,t)e’fotqi(“)“ o (d€|z, ¢, b)dt
[0,00] x AT =

784 +1{¢ < oo}/ e Jo S wdup (dg|z, ¢, D)Q(T), b)} o0 (deé x db|z)

785 / / / (F|$’ t)e_ fot qg(u)dudt + I{é < 00}6_ foé qg(u)duQ(F|x’ (;))
[0,00] x AT
756 (4.28) x o2 O (dé x db|z, €)pn(d€|z) = PS. (Xp41 € T|X, = ),

1]

787 where the second to the last equality is by (4.25), and for the last equality, c.f., (2.2).
788 Thus, (4.27) is verified, and (4.26) follows.
789 Finally, one can show with a similar argument as for (4.24) that

790 Ego [Zi(Xn,An,Xn+1)\Xn = x} :/ {/ S (x, Fy(x, ¢, l;)t)

[0,00] x AT 0
791 se Jo as(En(@eb))ds gy I{¢ < co}e™ I q’(ﬁn(”’é’B)S)dscf(x, l;)} a0 (deé x db|z),
792 where I; was defined by (2.2). Having inspected that the term in the parenthesis of

793 the last equality is in the same form as the term on the right hand side of the first
794 equality in (4.28), we see now

é
795 kg li(Xm/ln,XnHﬂXn:x] = / / / & (2, t)e Jo B (wdugy
= J[0,00]x AT 0

796 +1{e < oo}e™ B Bl (b)) b o O (de x dbfe, )pu(dgla) =17 " (@),

797 where the first equality corresponds to the second to the last equality in (4.28), and
798 the last equality holds by (4.24). The previous equality and (4.26) imply that

- o % A % o ap,n

799 108 [zi(Xn,An,XnH)} =57 {zi (Xn)}

800 for all n > 0. The statement is thus proved. O
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