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1. Introduction. The present paper investigates continuous-time Markov deci-16

sion processes (CTMDPs) in Borel state and action spaces, where the decision maker17

can control the process via its local characteristics (transition rate), and also can con-18

trol directly the state of the process. Such a model is called the gradual-impulsive19

(control) model. For the gradual-impulsive CTMDP model, we are concerned with20

the following constrained optimal control problem: the expected total undiscounted21

cost is to be minimized, subject to other performance measures (objectives) in the22

same form not exceeding predetermined levels.23

The gradual-impulsive CTMDP model is quite general. It has two important24

sub-models. One is the standard CTMDP model, in which the decision maker only25

controls the transition rate of the process. The other one is the impulsive control26

model, in which the decision maker can only control instantaneously the state of the27

process. Each of them has a vast literature: for standard CTMDP models, see the28

monographs [16, 18, 25] and the more recent one [21], which is influenced by [12, 13];29

for the impulsive control model, see e.g., [7, 15, 24]. (The latter references actually30

dealt with a more general class of processes than what is of concern here, namely,31

piecewise deterministic processes (PDPs), see [6].) The optimal stopping problem32

is an important example of impulsive control models, where the decision maker can33

decide when to stop the process, applying the impulse once and for all, see e.g., [2, 4].34

Compared to the aforementioned two sub-models, there is relatively less literature on35

gradual-impulsive CTMDP models, see e.g., [9, 10, 23, 26, 28, 29].36

Most of the previous literature on gradual-impulsive CTMDP models allows one37

to apply at most one impulse at a given time moment, and the effect of the impulse38

is often deterministic, as in the recent work [19]. In the gradual-impulsive CTMDP39

model considered in this paper an impulse can be applied at any time moment, and40

one can apply multiple impulses at a single time moment. Such gradual-impulsive41

CTMDP models were considered in [28, 29] and more recently in [9, 10]. The analysis42
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in [9, 10, 28, 29] as well as in [19] is direct, in the sense that no connection with the43

standard CTMDP model was explored therein. A different method (the so called time44

discretization method) was taken in [23, 26], where the gradual-impulsive CTMDP45

model and the associated optimal control problem were studied as the limit of a46

sequence of discrete-time problems (for the skeleton models). The skeleton models47

are with complicated transition probabilities.48

The present paper differs from the previous literature in terms of the problem49

statement and the method of investigations. The concerned optimal control problem50

for the gradual-impulsive CTMDP considered in the majority of the previous literature51

is unconstrained (with a single objective), as is the case in [9, 19, 23, 28, 29] as well as52

in [5, 8, 17]. The main optimality result in these papers was the establishment of the53

Bellman (optimality) equation, which is used to characterize and show the existence54

of optimal strategies (often known as the dynamic programming method). One of the55

relatively few works dealing with constrained problems for gradual-impulsive CTMDP56

models is [10], where the performance criteria are the expected total discounted costs,57

and a linear programming approach was established. The linear program formulation58

in [10] is a consequence of direct investigations of the occupation measures and their59

characterizations. For their arguments, extra conditions (e.g., bounded transition60

rate) are needed, and the role of the positive discount factor is important. In this61

connection, we point out that the discounted problem is a special case of the total62

undiscounted problem considered in the present paper, and the method of investiga-63

tions here is quite different from [10], and consequently, we do not need to impose64

any conditions on the growth of the transition and cost rates. More precisely, our65

investigation is based on the reduction of the gradual-impulsive CTMDP model to an66

equivalent but simpler standard CTMDP model. The reduction of gradual-impulsive67

model for PDPs to an equivalent model with gradual control only was proposed in [8].68

The reduction method in [8] is different from the one here. In greater detail, in PDPs,69

apart from natural jumps, the process also jumps when it hits the active boundary70

of the state space. In the gradual control model of PDPs, apart from controlling the71

transition rate, there is also boundary control, corresponding to when the process72

hits the active boundary. The target in [8] was to reduce the impulse control to a73

boundary control in the new model by introducing, along with other extra compo-74

nents, fictitious time in the state of the induced model. The idea is to replicate the75

original impulse epoch when the fictitious time component in the new model hits a76

suitably introduced boundary. When applying this method to a CTMDP, the induced77

model will be a PDP (no longer piecewise constant), with additional boundary control78

(besides the control of the transition rate) and a much more complicated state space79

than the original one.80

Our main contributions are as follows.81

(a) We fully justify that the gradual-impulsive CTMDP model can be reduced to82

an equivalent and simpler standard CTMDP model with the same state space. This83

reduction method was partially addressed and justified in [22], where it was assumed84

that the transition intensities are separated from zero at each state. This condition85

was essentially used in the argument in [22]. Here we manage to remove this extra86

condition, which, in our opinion, is a significant improvement. In fact, this turns out87

to be a delicate issue, and calls for a new and different proof. The proof is based on the88

investigation of several new classes of control strategies, which can be of independent89

interest in their own right, and were not considered in [22]. The situation is much90

simpler if one only deals with strategies in a simple form (e.g., stationary), but we91

consider general strategies.92
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(b) We establish the linear programming approach to solving constrained gradual-93

impulsive optimal control problem for CTMDPs with total undiscounted cost criteria.94

The linear program formulation itself is interesting, and was not reported in the95

previous literature, to the best of our knowledge. Moreover, no extra conditions on96

the growth of the transition and cost rates are needed. This is achieved by referring97

to the relevant results for the equivalent standard CTMDP problem, and thus also98

demonstrates the effectiveness of the reduction method fully justified in (a).99

The rest of this paper is organized as follows. In Section 2 we describe the100

gradual-impulsive CTMDP model and the standard CTMDP model, and state the101

constrained optimal control problems under consideration. In Section 3 we present102

the main statements concerning the reduction method as well as the linear program-103

ming approach to the constrained optimal control problem. The justification of the104

reduction method is postponed to Section 4, which also introduces some new classes105

of strategies and the auxiliary statements for them.106

2. Model descriptions. In this section, we describe the gradual-impulsive con-107

trol model M and the model MGO with gradual control only, as in [22], which also108

goes back to [27, 29].109

2.1. Gradual-impulsive control model. We describe the primitives of the110

gradual-impulsive control modelM =: {X,AG,AI , q,Q, {cGi , cIi }Ji=0} as follows. The111

state space is X, the space of gradual controls is AG, and the space of impulsive112

controls is AI . It is assumed that X, AG and AI are all Borel spaces, endowed113

with their Borel σ-algebras B(X), B(AG) and B(AI), respectively. Furthermore, we114

assume without loss of generality that AG and AI as two disjoint measurable subsets115

of a Borel space A such that A = AG∪AI . The transition rate, on which the gradual116

control acts, is given by q(dy|x, a), which is a signed kernel from X×AG, endowed with117

its Borel σ-algebra, to B(X), satisfying the following conditions: q(Γ|x, a) ∈ [0,∞)118

for each Γ ∈ B(X), x /∈ Γ; q(X|x, a) = 0, x ∈ X, a ∈ AG; q̄x := supa∈AG qx(a) <119

∞, x ∈ X, where qx(a) := −q({x}|x, a) for each (x, a) ∈ X×AG. We introduce the120

post-jump measure q̃(dy|x, a) := q(dy \ {x}|x, a), ∀ x ∈ X, a ∈ AG. If the current121

state is x ∈ X, and an impulsive control b ∈ AI is applied, then the state immediately122

following this impulse obeys the distribution given by Q(dy|x, b), which is a stochastic123

kernel from X×AI to B(X). We assume, without loss of generality that124

Q({x}|x, b) = 0, ∀ x ∈ X, b ∈ AI .(2.1)125

Finally, there are a family of cost rates and functions {cGi , cIi }Ji=0, with J being a126

fixed positive integer, representing the number of constraints in the concerned optimal127

control problem to be described below, see (2.3). For each i ∈ {0, 1, . . . , J}, cGi and128

cIi are [0,∞]-valued measurable functions on X×AG and X×AI , respectively. We129

underline:130

Remark 2.1. The assumption on the positivity of the cost functions is relevant131

to optimality results and for brevity. The reduction results, see Theorem 3.1 below,132

actually hold for [−∞,∞]-valued cIi and cGi : one only needs apply the reduction to133

the two performance measures induced by the positive and negative parts of cIi and cGi134

separately.135

The description of the system dynamics in the gradual-impulsive control problem136

is as follows. Assume qx(a) > 0 for each x ∈ X and a ∈ AG for simplicity. At the137

initial time 0 with the initial state x0, the decision maker selects the triple (ĉ0, b̂0, ρ
0)138

with ĉ0 ∈ [0,∞], b̂0 ∈ AI , and ρ0 = {ρ0
t (da)}t∈(0,∞) ∈ R(AG). Here, R(AG) is the139
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collection of P(AG)-valued measurable mappings on (0,∞) with any two elements140

therein being identified the same if they differ only on a null set with respect to141

the Lebesgue measure, where P(AG) stands for the space of probability measures on142

(AG,B(AG)). Then, the time until the next natural jump follows the nonstationary143

exponential distribution with the rate function
∫
AG qx0(a)ρ0

t (da) =: qx0(ρ0
t ). Here and144

below, unless stated otherwise, if ρ ∈ R(AG), then qx(ρt) :=
∫
AG qx(a)ρt(da) and145

q̃(dy|x, ρt) :=
∫
AG q̃(dy|x, a)ρt(da). If by time ĉ0, there is no occurrence of a natural146

jump, then the first sojourn time is ĉ0, at which, the impulsive action b̂0 ∈ AI is147

applied, and the next state X1 follows the distribution Q(dy|x0, b̂0). If the first natural148

jump happens before ĉ0, say at t1, then the first sojourn time is t1, and the next state149

X1 follows the distribution
q̃(dy|x0,ρ

0
t1

)

qx0 (ρ0t1
)
. Except for the initial one, a decision epoch150

occurs immediately after a sojourn time. At the next decision epoch, the decision151

maker selects (ĉ1, b̂1, ρ
1), and so on. It is thus natural to embed the gradual-impulsive152

control problem into a discrete-time Markov decision process (DTMDP) (but with a153

complicated action space involving the space of relaxed control functions.) This way of154

describing gradual-impulsive control problems for CTMDPs goes back to Yushkevich155

[29].156

The state space of this DTMDP is X̂ := {(∞, x∞)}∪[0,∞)×X, where (∞, x∞) is157

an isolated point in X̂. The first coordinate of x̂ = (θ, x) ∈ X̂ represents the previous158

sojourn time in the gradual-impulsive control model, and the state of the controlled159

process in the gradual-impulsive control model is given in the second coordinate. The160

inclusion of the first coordinate in the state allows us to consider control policies that161

select actions depending on the past sojourn times.162

The action space of the DTMDP is Â := [0,∞] × AI × R(AG). Recall that163

R(AG) is the collection of P(AG)-valued measurable mappings on (0,∞) with any164

two elements therein being identified the same if they differ only on a null set with165

respect to the Lebesgue measure, where P(AG) stands for the space of probability166

measures on (AG,B(AG)). We endow P(AG) with its weak topology (generated167

by bounded continuous functions on AG) and the Borel σ-algebra, so that P(AG)168

is a Borel space, see Chapter 7 of [3]. An element ρ of R(AG) is understood as a169

relaxed control function, and its value ρt ∈ P(AG) at t > 0 can be understood as the170

distribution of the gradual control after time duration t from the moment when this171

relaxed control function is selected. In case ρt(da) does not change with t > 0, i.e.,172

the relaxed control function is a constant one, with slight abuse of notation, we often173

write it as ρ(da), omitting the subscript t. According to Lemma 3 of [27], each element174

in R(AG) can be regarded as a stochastic kernel from (0,∞) to B(AG). According to175

Lemma 1 of [27], the space R(AG), endowed with the smallest σ-algebra with respect176

to which the mapping ρ = (ρt(da)) ∈ R(AG) →
∫∞

0
e−tg(t, ρt)dt is measurable for177

each bounded measurable function g on (0,∞)× P(AG), is a Borel space.178

The transition probability p in the DTMDP is defined as follows. For each179

bounded measurable function g on X̂ and action â = (ĉ, b̂, ρ) ∈ Â,180 ∫
X̂

g(t, y)p(dt× dy|(θ, x), â) :=

∫ ĉ

0

∫
X

g(t, y)q̃(dy|x, ρt)e−
∫ t
0
qx(ρs)dsdt181

+I{ĉ =∞}g(∞, x∞)e−
∫∞
0
qx(ρs)ds + I{ĉ <∞}e−

∫ ĉ
0
qx(ρs)ds

∫
X

g(ĉ, y)Q(dy|x, b̂)182

for each state (θ, x) ∈ [0,∞) ×X; and
∫
X̂
g(t, y)p(dt × dy|(∞, x∞), â) := g(∞, x∞).183

The object p defined above is indeed a stochastic kernel from X̂ × Â to B(X̂), see184
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Lemma 2 of [27] and its proof therein.185

Similarly, the cost functions {li}Ji=0 defined below are measurable on X̂× Â× X̂:186

li((θ, x), â, (t, y)) := I{x ∈ X}
{∫ t

0

cGi (x, ρs)ds+ I{t = ĉ <∞}cIi (x, b̂)
}

(2.2)187

for each i = 0, 1, . . . , J and ((θ, x), â, (t, y)) ∈ X̂× Â× X̂. Here, the generic notation188

â = (ĉ, b̂, ρ) ∈ Â of an action in this DTMDP has been in use, and we have used the189

following generic notation: for each probability measure µ on B(AG) and measurable190

function f on AG, we put f(µ) :=
∫
AG f(x)µ(dx) whenever the right hand side is well191

defined. This notation is only for brevity, and will be used when there is no potential192

confusion regarding the underlying space AG. The interpretation is that the pair193

(ĉ, b̂) is the pair of the planned time duration until the next impulse and the next194

planned impulse (provided that no natural jump has taken place before then), and ρ195

is the relaxed control function to be used during the next sojourn time. Without loss196

of generality, the initial state is (0, x0), with some x0 ∈ X.197

Let {X̂n}∞n=0 = {(Θ̂n, Xn)}∞n=0 and {Ân}∞n=0 be the controlled and controlling198

process in this DTMDP model, and {(Ĉn, B̂n)}∞n=0 the coordinate process correspond-199

ing to {(ĉn, b̂n)}∞n=0 in {ân}∞n=0.200

Definition 2.1. (a) A strategy in modelM is given by σ = {σ(0)
n , F̂n}∞n=0, where201

for each n ≥ 0, σ
(0)
n (dĉ × db̂|ĥn) is a stochastic kernel, and F̂n is a R(AG)-valued202

measurable mapping in (ĥn, ĉ, b̂), where ĥn := (x̂0, (ĉ0, b̂0), x̂1, (ĉ1, b̂1), . . . , x̂n).203

(b) A strategy σ = {σ(0)
n , F̂n}∞n=0 in M is called stationary if for each n ≥ 0,204

σ(0)
n (dĉ× db̂|ĥn) = σS,(0)(dĉ× db̂|xn), F̂n(ĥn, ĉ, b̂)t(da) = F̂S(xn)(da), ∀ t > 0,205

where σS,(0)(dĉ × db̂|x) and F̂S(x)(da) are some stochastic kernels on B([0,∞] ×206

AI) concentrated on {0,∞} × AI and on B(AG) given x ∈ X. Here, in line with207

the interpretation of the element of R(AG), F̂S(xn)(da) is understood as a constant208

relaxed control function. We identify such a stationary strategy in M with σS =209

(σS,(0), F̂S).210

Under a strategy σ in M, having in hand ĥn, the decision maker selects (ĉn, b̂n)211

according to σ̂
(0)
n (dĉ × db̂|ĥn), and after that, chooses the relaxed control function212

ρn = F̂n(ĥn, ĉn, b̂n) ∈ R(AG) to be used during the next sojourn time. Note that the213

class of strategies defined above covers the particular case when one apriori determines214

a fixed time moment say T of applying an impulse: this corresponds to σ
(0)
n (dĉ ×215

AI |ĥn) = δT−t̂n(dĉ) provided that t̂n ≤ T, where t̂n =
∑n
i=1 θ̂n is the realized time of216

the nth jump moment, induced by either natural or active (impulsive) jumps.217

Given x̂0 = (0, x0) ∈ X̂ and a strategy σ, let P̂σx0
be the strategic measure in218

the DTMDP, and Êσx0
the corresponding expectation. Then the concerned gradual-219

impulsive control problem with constraints reads220

Minimize over σ ∈ Σ : Ŵ0(x0, σ) such that Ŵj(x0, σ) ≤ dj , j = 1, . . . , J,(2.3)221

where for each 0 ≤ j ≤ J , Ŵj(x0, σ) := Êσx0

[∑∞
n=0 lj(X̂n, Ân, X̂n+1)

]
, {dj}Jj=1 ∈ RJ222

is a fixed vector of constants, and x0 is a fixed element of X.223

2.2. Standard CTMDP model. In a standard CTMDP model, there is only224

gradual control. Its system primitives are MGO := {X,A, qGO, {cGOi }Ji=0}. Here the225
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state and action spaces X and A are Borel spaces, qGO is the transition rate from226

X ×A to B(X), and {cGOi }Ji=0 is a collection of [0,∞]-valued measurable functions227

on X×A, representing the cost rates, J ≥ 0 is a fixed integer. The superscript “GO”228

abbreviates “gradual only”, as the model only allows gradual controls.229

In the standard CTMDP modelMGO, a decision epoch occurs after each natural230

jump of the controlled process (except for the initial decision epoch at time zero).231

At each decision epoch, one selects the relaxed control function ρ ∈ R(A), where232

R(A) is understood as R(AG) with AG being replaced by A, until the next decision233

epoch occurs. We sketch the more rigorous construction as follows. The sample234

space Ω is taken as the union of (X × (0,∞))∞ and the collection of sequences in235

the form (x0, θ1, x1, . . . , θm−1, xm−1,∞, x∞,∞, x∞, . . . ), where m ≥ 1, and x∞ /∈ X236

is an isolated point. We endow Ω with the σ-algebra F obtained as the trace of237

B((X∞×(0,∞])∞) on Ω, where X∞ = X∪{x∞}. The generic notation for an element238

of Ω is ω. For each ω ∈ Ω, define θ0 := 0, tn :=
∑n
i=0 θi, hn := (x0, θ1, x1, . . . , θn, xn)239

for each n ≥ 0. The collection of all possible hn is denoted as Hn for each n ≥ 0.240

Let us put t∞ := limn→∞ tn. When regarded as coordinate variables, we use capital241

letters Θn, Tn, Xn, and Hn corresponding to θn, tn, xn and hn. The state process242

{X(t)}t≥0 is defined by X(t) := Xn if Tn ≤ t < Tn+1 for some n ≥ 0, and X(t) := x∞243

if t ≥ T∞. As usual, we omit ω whenever the context excludes confusion.244

Definition 2.2. A strategy S in the standard CTMDP model MGO is given by245

S = {Fn}∞n=0, where for each n ≥ 0, Fn is a measurable mapping on Hn taking values246

in R(A). It is called Markov if Fn(hn) = F
M

n (xn) for some measurable mapping F
M

n247

from X to R(A). In this case, we identify S with {FMn }n≥0 =: S
M
. A strategy248

S = {Fn}n≥0 in MGO is called stationary if Fn(hn)t(da) = F
S

(xn)(da) for some249

stochastic kernel F
S

(x)(da) on B(A) given x ∈ X. In this case, we identify such a250

stationary strategy S with F
S
.251

Given a strategy S = {Fn}∞n=0 and initial state x0 ∈ X, there is a unique proba-252

bility measure PSx0
on (Ω,F) such that PSx0

(X0 ∈ dx) = δx0(dx), and for each n ≥ 1253

and Γ1 ∈ B([0,∞)), Γ2 ∈ B(X),254

PSx0
(Θn ∈ Γ1, Xn ∈ Γ2|Hn−1)255

=

∫
Γ1

e
−
∫ s
0
qGOXn−1

(Fn−1(Hn−1)t)dtq̃GO(Γ2|Xn−1, Fn−1(Hn−1)s)ds;256

PSx0
(Θn =∞, Xn = x∞|Hn−1) = e

−
∫∞
0
qGOXn−1

(Fn−1(Hn−1)t)dt;257

and PSx0
(Θn = ∞, Xn ∈ Γ2|Hn−1) = PSx0

(Θn ∈ Γ1, Xn = x∞|Hn−1) = 0. Let the258

expectation corresponding to PSx0
be denoted as ESx0

.259

We consider the following optimal control problem corresponding to problem260

(2.3):261

Minimize over S : W0(x0, S) subject to Wj(x0, S) ≤ dj , j = 1, . . . , J,(2.4)262

with Wi(x0, S) := ESx0

[∑∞
n=0 I{Tn <∞}

∫ Tn+1

Tn
cGOi (Xn, Fn(Hn)t−Tn)dt

]
for each263

i = 0, 1, . . . , J Here, the constants J and {dj}Jj=1. are the same as in problem (2.3).264

3. Main results.265
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3.1. Reduction results. In the rest of this paper, we consider the following266

standard CTMDP model MGO induced by the gradual-impulsive control model M,267

defined as follows268

A := AI ∪AG; qGO(dy|x, a) := q(dy|x, a), ∀ (x, a) ∈ X×AG;269

q̃GO(dy|x, a) := Q(dy|x, a), qGOx (a) := 1, ∀ (x, a) ∈ X×AI ;270

cGOi (x, a) := cGi (x, a), ∀ (x, a) ∈ X×AG; cGOi (x, a) := cIi (x, a), ∀ (x, a) ∈ X×AI .271

(3.1)272

(Equality (2.1) guarantees that qGO defined in the above is indeed a transition rate.)273

One purpose of this paper is to show that the gradual-impulsive control model274

M can be reduced to this induced model MGO in the following sense. We say that275

the model M can be reduced to the model MGO if each strategy in M is replicated276

by a strategy in MGO, and each strategy in MGO is replicated by a strategy in M,277

where a strategy in a model is said to replicate another strategy in a possibly different278

model if the performance measures of the two strategies in their respective models279

coincide. We formulate our first main result as follows.280

Theorem 3.1. The model M can be reduced to the model MGO. That is, for281

each strategy σ in M (or S in MGO), there is some strategy S in MGO (respectively,282

σ in M) such that Ŵi(x0, σ) = Wi(x0, S), i ∈ {0, . . . , J}.283

Proof. The proof of this theorem is postponed to Section 4.284

This reduction issue was partially addressed in [22]. where it was established285

that any strategy in M can be replicated by a strategy in MGO, see Theorem 3.2 of286

[22] therein. The opposite direction is more delicate. The corresponding statement,287

collected as Proposition 3.2 below, was established in [22] under the following extra288

condition:289

Condition 3.1. For each x ∈ X, there is some ε > 0 such that qx(a) ≥ ε > 0 for290

all a ∈ AG.291

Proposition 3.2. Suppose Condition 3.1 is satisfied. Then each strategy in292

MGO can be replicated by a strategy in MGO, i.e., for each strategy S in MGO,293

there is a strategy σ in M such that Ŵi(x0, σ) = Wi(x0, S), i ∈ {0, . . . , J}.294

Proof. See Theorem 3.1 of [22].295

Let us describe a simple example where Condition 3.1 is not satisfied. Let X = Z.296

The state x ∈ {0, 1, . . . } represents the number of infected population. The subset297

{0,−1,−2, . . . } can be viewed as a cemetery, but instead of merging them to a single298

state 0, we keep it in the current form, so that (2.1) is satisfied. Each individual299

gives an infection rate λ > 0, and one may (gradually) vaccinate the population to300

reduce this infection rate. Suppose q({x + 1}|x, a) = e−aλxI{x ≥ 0} = qx(a) for301

a ∈ AG := [0,∞). Here a ∈ AG is the intensity of vaccination. One may also remove302

the virus carriers impulsively (at a certain cost), and so Q({x − b}|x, b) = 1 with303

b ∈ AI : − = {1, . . . , x} for some x ∈ {1, 2, . . . }. One may consider the following304

cost functions. Let cG0 (x, a) be a function that increases in x for fixed a, cI0(x, b) be305

an increasing function in b, cG1 (x, a) be an increasing function in a, and cI1(x, b) = 0.306

Note that qx(a) = 0 for x ∈ {0,−1, . . . } and infa∈AG qx(a) = 0 for x ∈ {1, 2, . . . }, so307

that Condition 3.1 is violated.308

The main contribution of this paper lies in showing that Condition 3.1 can be309

withdrawn from Proposition 3.2, and that removal would also complete the proof310
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of Theorem 3.1. We underline that the argument in the proof of Theorem 3.1 of311

[22] essentially made use of Condition 3.1. Here we will get over this difficulty by312

introducing and investigating in Section 4 auxiliary and new classes of strategies in313

M and in MGO, which can be of independent interest.314

The situation is simpler if we only consider stationary strategies in MGO. They315

can be replicated by stationary strategies in M as observed in the next statement.316

Its proof can be done directly without assuming Condition 3.1 or involving auxiliary317

strategies, though the argument cannot handle the case of general strategies. For this318

reason we omit the details. (They can be found in the preprint of this paper available319

at arXiv:2112.02674.)320

Proposition 3.3. Each stationary strategy F
S

in MGO is replicated by the sta-321

tionary strategy σS = (σS,(0), F̂S) in M defined as follows: for each x ∈ O with322

O :=
{
x ∈ X :

∫
AG

qx(a)F
S

(x)(da) + F
S

(x)(AI) > 0
}
, on B(AI):323

σS,(0)(Γ× db̂|x) = 0 ∀ Γ ∈ B(0,∞),324

σS,(0)({0} × db̂|x) =
F
S

(x)(db̂)∫
AG

qx(a)F
S

(x)(da) + F
S

(x)(AI)
,325

σS,(0)({∞} × db̂|x) =

 F
S

(x)(db̂)

F
S

(x)(AI)

∫
AG

qx(a)F
S

(x)(da)∫
AG

qx(a)F
S

(x)(da)+F
S

(x)(AI)
if F

S
(x)(AI) > 0,

p∗∗(db̂) otherwise,
326

where p∗∗ is an arbitrarily fixed probability measure on B(AI);327

F̂S(x)(da) =

F
S

(x)(da∩AG)

F
S

(x)(AG)
if F

S
(x)(AG) > 0,

p∗(da) otherwise,
328

where p∗ is an arbitrarily fixed probability measure on B(AG); whereas for each x ∈329

X \O, σS,(0)(dĉ× db̂|x) = δ∞(dĉ)p∗∗(db̂), F̂S(x)(da) = F
S

(x)(da).330

3.2. Optimality results. Theorem 3.1 and Proposition 3.3 assert that if one331

can obtain a stationary optimal strategy for the standard CTMDP problem (2.4) in the332

induced model MGO, then a stationary optimal strategy for the gradual-impulsive333

optimal control problem (2.3) can be constructed. In view of this observation, we334

present conditions that guarantee the existence of an optimal stationary strategy for335

problem (2.3), and establish a linear program, solving which, one can produce such336

an optimal stationary strategy.337

Condition 3.2. AG and AI are compact; {cGi }Ji=0 and {cIi }Ji=0 are [0,∞]-valued338

and lower semicontinuous on X×AG and X×AI , respectively; and for each bounded339

continuous function f on X, the functions (x, a) ∈ X×AG →
∫
X
f(y)q̃(dy|x, a) and340

(x, b) ∈ X×AI →
∫
X
f(y)Q(dy|x, b) are continuous.341

Suppose that Condition 3.2 is satisfied in this subsection. Let v∗ be the minimal342

nonnegative lower semicontinuous function on X satisfying the first equality in343

v∗(x) = inf
a∈A

{∑J
j=0 c

GO
j (x, a)

ε+ qGOx (a)
+

∫
X
v∗(y)q̃GO(dy|x, a) + εv∗(x)

ε+ qGOx (a)

}
344

=

∑J
j=0 c

GO
j (x, f∗(x))

ε+ qGOx (f∗(x))
+

∫
X
v∗(y)q̃GO(dy|x, f∗(x)) + εv∗(x)

ε+ qGOx (f∗(x))
, x ∈ X345
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(recall A = AG ∪AI), where f∗ is a measurable mapping from X to A. Note that346

v∗ is actually independent of ε > 0, and the existence of v∗ and f∗ is guaranteed347

under Condition 3.2, according to, e.g., Theorem 4.2.1 of [21] and its proof. Put348

R := {x ∈ X : v∗(x) > 0}. (The intuitive meaning of Rc is the part of the state349

space, at which it is optimal to apply f∗ in the modelMGO: the process will remain350

there with no cost being incurred. Thus, the nontrivial part is to determine the control351

in MGOwhen the process is in R.) Now consider the following linear program:352 ∫
R×AG

cG0 (x, a)ν(dx× da) +

∫
R×AI

cI0(x, a)ν(dx× da)→ min
ν

353

s.t.

∫
AG

qy(a)ν(dy × da) + ν(dx×AI) = δx0(dx) +

∫
R×AG

q̃(dx|y, a)ν(dy × da)354

+

∫
R×AI

Q(dx|y, a)ν(dy × da);(3.2)355 ∫
R×AG

cGj (x, a)ν(dx× da) +

∫
R×AI

cIj (x, a)ν(dx× da) ≤ dj , j ∈ {1, 2, . . . , J};356

ν is a σ-finite measure on B(R×A) :
∫
R×AG qx(a)ν(dx× da) + ν(R×AI) <∞.357

Here the set of σ-finite measures ν on B(R × A) forms a positive cone in a358

suitable vector space of certain set functions, which can be identified as sequences359

of finite signed measures on a countable measurable partition of B(R × A). (The360

partitions may be different for different set functions.)361

Theorem 3.4. Suppose that Condition 3.2 is satisfied, and there is a feasible362

strategy for problem (2.3). Then the following assertions hold.363

(a) There exists an optimal stationary strategy for problem (2.3).364

(b) The linear program (3.2) has an optimal solution, say ν∗. Consider the stochastic365

kernel F
S

(x)(da) on B(A) given x ∈ X satisfying ν∗(dx×da) = ν∗(dx×A)F
S

(x)(da)366

for each Γ ∈ B(R), and F
S

(x)(da) = δf∗(x)(da) for each x ∈ X\R. (Such a stochastic367

kernel exists because ν∗ is σ-finite on B(R×A).) Then the stationary strategy σS =368

(σS,(0), F̂S) defined in terms of F
S

in Proposition 3.3 is optimal for problem (2.3).369

Proof. By Theorem 3.1, problem (2.3) can be reduced to the induced standard370

CTMDP problem (2.4). Statement (a) follows from this reduction, Theorem 4.2.2(b)371

of [21], and Proposition 3.3. Statement (b) further follows from the proof of Theorem372

4.2.2(b) of [21].373

Definition 3.5. A stationary strategy σS = (σS,(0), F̂S) in model M is called374

pure stationary if375

σS,(0)(dĉ× db̂|x) = δϕ(x)(dĉ)δζ(x)(db̂), F̂
S(x)(da) = δfS(x)(da), ∀ t > 0,376

where ϕ (or ζ, fS) is a measurable mapping from X to {0,∞} (AI , AG, respectively).377

We identify such a pure stationary strategy in M with (ϕ, ζ, fS).378

Pure stationary strategies are the easiest for implementation. They are often379

sufficient for problems with a single objective, i.e., when J = 0, see e.g., [9, 17] or when380

the model satisfies additional structural conditions, such as being convex or atomless,381

see e.g., [11, 14]. The next example demonstrates that without further conditions,382

pure stationary strategies are often not sufficient for the constrained problem (2.3).383

This is a typical situation in the constrained optimization when J > 0: see [1].384
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Example 3.1. Let X = {0, 1, 2, . . . }, AG = {a}, AI = {b} with a 6= b, so that385

we may put A = {a, b} = AG ∪ AI . Let q0(a) = 1 = q({1}|0, a), qx(a) = 0 for all386

x ∈ {1, 2, . . . }, Q({x+ 1}|x, b) = 1 for all x ∈ X. Finally, fix J = 1, d1 = 1, x0 = 0,387

and consider the cost rates and functions defined by388

cG0 (0, a) = 1, cG0 (x, a) = 0 ∀ x ∈ {1, 2, . . . };389

cI0(x, b) = 0; cG1 (x, a) = 0 ∀ x ∈ {0, 1, 2, . . . };390

cI1(0, b) = 2, cI1(x, b) = 0 ∀ x ∈ {1, 2, . . . }.391

Apparently, since the process is essentially only controlled at the state x = 0, (once the392

process leaves the state 0, no further cost will be incurred), as far as the performance393

of pure stationary strategies is concerned, one only needs to consider pure stationary394

strategies in the following form: σDS = (ϕ, ζ, fS) with ϕ(0) = 0 and σ
′DS = (ϕ′, ζ, fS)395

with ϕ′(0) =∞. We may compute396

Ŵ0(0, σDS) = 0, Ŵ1(0, σDS) = 2 > d1 = 1; Ŵ0(0, σ
′DS) = 1, Ŵ1(0, σ

′DS) = 0.397

Consequently, σDS is not feasible for problem (2.3). Now consider σS = (σS,(0), F̂S)398

such that σS,(0)({0} × {b}|0) = 0.5 = σS,(0)({∞} × {b}|0). Then one can verify399

that Ŵ0(0, σS) = 1
2 < Ŵ0(0, σ

′DS), Ŵ1(0, σS) = 1, which is feasible and strictly400

outperforms σ
′DS, and thus strictly outperforms any feasible pure stationary strategy.401

4. Auxiliary statements and proof of Theorem 3.1. The proof of Theorem402

3.1 goes in several steps, and makes use of auxiliary classes of strategies in the model403

M and the induced modelMGO, which are introduced in separate subsections below.404

4.1. Pseudo Poisson-related strategies in MGO. In what follows, we fix405

some strictly positive constant λ > 0. Consider the induced modelMGO. Let λ(a) :=406

λI{a ∈ AG} ∀ a ∈ A. For each n ≥ 0, consider a sequence of stochastic kernels407

{pn,k}k≥0 on B(A) given x ∈ X. By a pseudo Poisson-related strategy in MGO we408

mean (λ, {pn,k}n,k≥0). Under such a pseudo Poisson-related strategy, at the beginning409

of a sojourn time, when the state is xn, a marked point process is generated according410

to (λ, {pn,k}n,k≥0), and during the sojourn time, we use actions as the marks and411

change actions only at the arrival times of that marked point process. We illustrate412

the implementation of such a pseudo Poisson-related strategy as follows.413

• At the initial time with the initial state x0, generate Φ
(0)
0 ∼ p0,0(da|x0) and414

Ψ
(0)
1 ∼ Exp(λ(Φ

(0)
0 )), where Exp(y) represents the exponential distribution415

with rate y ∈ [0,∞); an exponential random variable with rate 0 is ∞. Use416

Φ
(0)
0 as the action during [0, T1 ∧ Ψ

(0)
1 ). Recall that T1 is the first sojourn417

time in MGO.418

• If Ψ
(0)
1 < T1, then generate Φ

(0)
1 ∼ p0,1(da|x0), Ψ

(0)
2 ∼ Exp(λ(Φ

(0)
1 )). Use419

Φ
(0)
1 as the action during [Ψ

(0)
1 , T1 ∧Ψ

(0)
2 ).420

• If Ψ
(0)
1 ≥ T1, then generate Φ

(1)
0 ∼ p1,0(da|X1) and Ψ

(1)
1 ∼ Exp(λ(Φ

(1)
0 )).421

Recall that X1 is the state variable inMGO after the first sojourn time. Use422

Φ
(1)
0 as the action during [T1, T2 ∧ (T1 + Ψ

(1)
1 )).423

• And so on.424

Below we give a more precise definition of a psuedo Poisson-related strategy, and425

introduce notations to be used throughout this subsection. We first fix the canon-426

ical sample space of the aforementioned marked point process: ΞGO := [0,∞) ×427

A × ((0,∞] ×A)∞ be the countable product. The generic notation for an element428
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of ΞGO is ξ = {(ψn, αn)}n≥0. Consider the coordinate random variables (viewing429

(ΞGO,B(ΞGO)) as a sample space): for each ξ = {(ψn, αn)}n≥0 ∈ ΞGO, Ψn(ξ) := ψn430

and Φn(ξ) := αn, and τn :=
∑n
k=0 ψk.431

Definition 4.1. A pseudo Poisson-related policy in MGO is given by a sequence432

of stochastic kernels S
P

= {pn(dξ|x)}n≥0 on B(ΞGO) from x ∈ X, where for each433

n ≥ 0 and x ∈ X, under pn(dξ|x), pn(Ψ0 ∈ dt|x) = δ0(dt), and the random vectors434

(Φ0,Ψ1), (Φ1,Ψ2)), . . . are mutually independent satisfying435

pn(Φk ∈ da|x) =: pn,k(da|x) ∀ k ∈ {0, 1, 2, . . . },436

pn(Φk ∈ da, Ψk+1 > t|x) = e−λ(a)tpn,k(da|x), ∀ k ∈ {0, 1, 2, . . . } t ∈ (0,∞).437

(Note that Ψk may take +∞ with a positive probability under pn(dξ|x). If λ(a) ≡ λ,438

then {
∑n
i=0 Ψi}n≥0 forms a standard Poisson point process, justifying the use of the439

prefix “pseudo” here.)440

Given a pseudo Poisson-related policy S
P

= {pn}∞n=0 and initial state x0 ∈ X,441

there is a unique probability measure PS
P

x0
on (Ω,F) such that PS

P

x0
(X0 ∈ dx) =442

δx0
(dx), for each n ≥ 1 and Γ1 ∈ B([0,∞)), Γ2 ∈ B(X),443

PS
P

x0
(Θn ∈ Γ1, Xn ∈ Γ2|Hn−1) =

∫
ΞGO

PS
P
,ξ

x0
(Θn ∈ Γ1, Xn ∈ Γ2|Hn−1)pn(dξ|x)444

:=

∫
ΞGO

{∫
Γ1

e
−
∫ s
0
qGO,ξXn−1

(t)dt
q̃GO,ξ(Γ2|Xn−1, s)ds

}
pn(dξ|x);445

PS
P

x0
(Θn =∞, Xn = x∞|Hn−1) =

∫
ΞGO

PS
P
,ξ

x0
(Θn =∞, Xn = x∞|Hn−1)pn(dξ|x)446

:=

∫
ΞGO

{
e
−
∫∞
0
qGO,ξXn−1

(t)dt
}
pn(dξ|x);(4.1)447

and PS
P

x0
(Θn =∞, Xn ∈ Γ2|Hn−1) = PS

P

x0
(Θn ∈ Γ1, Xn = x∞|Hn−1) = 0, where448

qGO,ξ(dy|x, s) :=

∞∑
k=0

qGO(dy|x, αk)I{s ∈ (τk, τk+1]},449

q̃GO,ξ(dy|x, s) :=

∞∑
k=0

q̃GO(dy|x, αk)I{s ∈ (τk, τk+1]},450

and qGO,ξx (s) :=
∑∞
k=0 q

GO
x (αk)I{s ∈ (τk, τk+1]}. Let the expectation corresponding451

to PS
P

x0
be denoted as ES

P

x0
.452

The system performance under S
P

is measured by453

Wi(x0, S
P

) := ES
P

x0

[ ∞∑
n=0

I{Xn 6= x∞}454

×
∫

ΞGO

∫
(0,∞]

∫ t

0

cGO,ξi (Xn, s)dsP
S
P
,ξ

n (Θn+1 ∈ dt|Xn)pn(dξ|Xn)

]
,455

where PS
P
,ξ

n (Θn+1 ∈ dt|Xn) is defined in (4.1), see the terms inside the parentheses456

therein, and cGO,ξi (x, s) :=
∑∞
k=0 c

GO
i (x, αk)I{s ∈ (τk, τk+1]}.457
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Theorem 4.2. Each Markov strategy S
M

= {FMn }n≥0 in MGO can be replicated458

by a pseudo Poisson-related strategy S
P

in MGO.459

Proof. Let some Markov strategy S
M

= {FMn }n≥0 in MGO be given, and define460

the following S
P

= {pn}n≥0 by461

pn,0(da|x) :=

∫ ∞
0

e−
∫ t
0

(λ+qGOx )(F
M
n ,s)ds(qGOx (a) + λ(a))F

M

n (x)t(da)dt(4.2)462

where (λ+ qGOx )(F
M

n , s) :=
∫
A

(λ(a) + qGOx (a))F
M

n (x)s(da); and for each k ≥ 1,463

pn,k(da|x) :=

∫ ∞
0

λ(F
M

n , w)
(∫ w

0
λ(F

M

n , u)du
)k−1

(k − 1)!
464

×

∫∞w e−
∫ t
0

(λ+qGOx )(F
M
n ,s)ds(qGOx (a) + λ(a))F

M

n (x)t(da)dt∫∞
0

λ(F
M
n ,w)

(∫w
0
λ(F

M
n ,u)du

)k−1

(k−1)! e−
∫w
0

(λ+qGOx )(F
M
n ,s)dsdw

 dw(4.3)465

if the denominator does not vanish, otherwise pn,k(da|x) is put to be a fixed probability466

measure p∗ on B(A), concentrated on AI .467

For notational convenience, let us introduce468

Qn,k(w, x) :=
λ(F

M

n , w)
(∫ w

0
λ(F

M

n , u)du
)k−1

(k − 1)!
e−
∫w
0

(λ+qGOx )(F
M
n ,s)ds,469

so that470

pn,k(da|x) :=

∫ ∞
0

λ(F
M

n , w)
(∫ w

0
λ(F

M

n , u)du
)k−1

(k − 1)!
471

×

(∫∞
w
e−
∫ t
0

(λ+qGOx )(F
M
n ,s)ds(qGOx (a) + λ(a))F

M

n (x)t(da)dt∫∞
0
Qn,k(w, x)dw

)
dw.472

It is useful to observe that if473 ∫ ∞
0

Qn,k(w, x)dw474

:=

∫ ∞
0


λ(F

M

n , w)
(∫ w

0
λ(F

M

n , u)du
)k−1

(k − 1)!
e−
∫w
0

(λ+qGOx )(F
M
n ,s)ds

 dw(4.4)475

vanishes for some k ≥ 1, then so does
∫∞

0
Qn,l(w, x)dw for all l ∈ {1, 2, . . . }.476

First of all, let us verify that477

PS
P

x0
(Xn ∈ dy) = PS

M

x0
(Xn ∈ dy)(4.5)478

as follows. The case of n = 0 is evident. Suppose it holds for some n ≥ 0, and let479

us prove PS
P

x0
(Xn+1 ∈ Γ|Xn = x) = PS

M

x0
(Xn+1 ∈ Γ|Xn = x) for each x ∈ X and480
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Γ ∈ B(X), as follows. Note that481

PS
P

x0
(Xn+1 ∈ Γ|Xn = x) =

∫
ΞGO

∫ ∞
0

e−
∫ s
0
qGO,ξx (t)dtq̃GO,ξ(Γ|x, s)dspn(dξ|x)(4.6)482

=

∞∑
k=0

∫
ΞGO

∫
(τk,τk+1)

q̃GO(Γ|x, αk)

k−1∏
i=0

e−ψi+1q
GO
x (αi)e−(s−τk)qGOx (αk)dspn(dξ|x)483

=

∞∑
k=0

∫
ΞGO

k−1∏
i=0

e−ψi+1q
GO
x (αi)I{ψi+1 <∞}q̃GO(Γ|x, αk)

∫ ψk+1

0

e−q
GO
x (αk)sdspn(dξ|x).484

Since (Φ0,Ψ1), (Φ1,Ψ2), . . . are mutually independent under pn(dξ|x), we see, upon485

computing the integrals with respect to pn(dξ|x) in the above, that486

PS
P

x0
(Xn+1 ∈ Γ|Xn = x)487

=

∞∑
k=0

k−1∏
i=0

∫
A

λ(a)

λ(a) + qGOx (a)
pn,i(da|x)

∫
A

q̃GO(Γ|x, a)

λ(a) + qGOx (a)
pn,k(da|x),(4.7)488

where we recall that λ(a) + qGOx (a) ≥ min{1, λ} > 0 for all a ∈ A. Let us verify for489

k ≥ 1 that490

k−1∏
i=0

∫
A

λ(a)

λ(a) + qGOx (a)
pn,i(da|x) =

∫ ∞
0

Qn,k(w, x)dw(4.8)491

as follows. When k = 1, the left hand side can be written as492 ∫
A

λ(a)

λ(a) + qGOx (a)
pn,0(da|x)493

=

∫
A

λ(a)

λ(a) + qGOx (a)
×
∫ ∞

0

e−
∫ t
0

(λ+qGOx )(F
M
n ,s)ds(qGOx (a) + λ(a))F

M

n (x)t(da)dt494

=

∫ ∞
0

λ(F
M

n , t)e
−
∫ t
0

(λ+qGOx )(F
M
n ,s)dsdt =

∫ ∞
0

Qn,1(w, x)dw,495

as desired. (Again, we used here the fact that λ(a) + qGOx (a) ≥ min{1, λ} > 0 for all496

a ∈ A.)497

Now assume that (4.8) holds for some k ≥ 1, and we now need show that498

k∏
i=0

∫
A

λ(a)

λ(a) + qGOx (a)
pn,i(da|x) =

∫ ∞
0

Qn,k+1(w, x)dw.499

The case when the right hand side vanishes is trivial, because it implies the same for500

the left hand side by the definition of pn,i, see (4.2) and (4.3), and the observation501

below (4.4). Thus, we assume that
∫∞

0
Qn,k+1(w, x)dw > 0, which is equivalent to502

that
∫∞

0
Qn,k(w, x)dw > 0 for all k ≥ 1 as was observed below (4.4). Then, by the503

inductive supposition,504

k∏
i=0

∫
A

λ(a)

λ(a) + qGOx (a)
pn,i(da|x) =

k−1∏
i=0

∫
A

λ(a)

λ(a) + qGOx (a)
pn,i(da|x)505
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506

×
∫

A

λ(a)

λ(a) + qGOx (a)
pn,k(da|x) =

∫ ∞
0

Qn,k(w, x)dw

∫
A

λ(a)

λ(a) + qGOx (a)
pn,k(da|x).507

The above expression is equal to508

∫ ∞
0

Qn,k(w, x)dw

∫
A

λ(a)

λ(a) + qGOx (a)

∫ ∞
0

λ(F
M

n , w)
(∫ w

0
λ(F

M

n , u)du
)k−1

(k − 1)!
509

×

(∫∞
w
e−
∫ t
0

(λ+qGOx )(F
M
n ,s)ds(qGOx (a) + λ(a))F

M

n (x)t(da)dt∫∞
0
Qn,k(w, x)dw

)
dw510

=

∫
A

λ(a)

λ(a) + qGOx (a)

∫ ∞
0

λ(F
M

n , w)
(∫ w

0
λ(F

M

n , u)du
)k−1

(k − 1)!
511

×
(∫ ∞

w

e−
∫ t
0

(λ+qGOx )(F
M
n ,s)ds(qGOx (a) + λ(a))F

M

n (x)t(da)dt

)
dw512

=

∫ ∞
0

[∫ ∞
w

λ(F
M

n , t)e
−
∫ t
0

(λ+qGOx )(F
M
n ,s)dsdt

] λ(F
M

n , w)
(∫ w

0
λ(F

M

n , u)du
)k−1

(k − 1)!
dw.513

Integrating by parts the above integral, we may write the previous expression as514 ∫ ∞
w

λ(F
M

n , t)e
−
∫ t
0

(λ+qGOx )(F
M
n ,s)dsdt

(∫ w
0
λ(F

M

n , u)du
)k

k!


∞

0

515

+

∫ ∞
0

(∫ w
0
λ(F

M

n , u)du
)k

k!
λ(F

M

n , w)e−
∫w
0

(λ+qGOx )(F
M
n ,s)dsdw =

∫ ∞
0

Qn,k+1(w, x)dw,516

where for the equality, one may apply routine analysis based on λ(a) + qGOx (a) ≥517

min{1, λ} > 0 for all a ∈ A. This thus proves (4.8) for all k ≥ 1.518

We may substitute (4.8) back in (4.7):519

PS
P

x0
(Xn+1 ∈ Γ|Xn = x) =

∫
A

q̃GO(Γ|x, a)

λ(a) + qGOx (a)
pn,0(da|x) +

∞∑
k=1

∫ ∞
0

Qn,k(w, x)dw520

×
∫

A

q̃GO(Γ|x, a)

λ(a) + qGOx (a)
pn,k(da|x) =

∫ ∞
0

q̃GO(Γ|x, FMn , t)e−
∫ t
0

(λ+qGOx )(F
M
n ,s)dsdt+(4.9)521

∞∑
k=1

∞∫
0

λ(F
M

n , w)
(∫ w

0
λ(F

M

n , u)du
)k−1

(k − 1)!
q̃GO(Γ|x, FMn , t)

∞∫
w

e−
∫ t
0

(λ+qGOx )(F
M
n ,s)dsdtdw,522

with the above equalities being valid no matter
∫∞

0
Qn,k(w, x)dw vanishes or not:523

indeed, if
∫∞

0
Qn,k(w, x)dw = 0, then the summands in the last one of the previous524

equalities vanish, too.525

Note that, for k ≥ 1,526

∫ ∞
0

λ(F
M
n , w)

(∫ w
0
λ(F

M
n , u)du

)k−1

(k − 1)!
q̃GO(Γ|x, FMn , t)

∫ ∞
w

e−
∫ t
0 (λ+qGOx )(F

M
n ,s)dsdtdw527
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528

=

∫ ∞
0

∫ t

0

λ(F
M
n , w)


(∫ w

0
λ(F

M
n , u)du

)k−1

(k − 1)!

 dwq̃GO(Γ|x, FMn , t)e−
∫ t
0 (λ+qGOx )(F

M
n ,s)dsdt529

=

∫ ∞
0

∫ t

0

λ(F
M
n , w)

∫
{0≤v1≤v2≤···≤vk−1≤w}

k−1∏
j=1

λ(F
M
n , vj)dv1dv2 . . . dvk−1dw530

×q̃GO(Γ|x, FMn , t)e−
∫ t
0 (λ+qGOx )(F

M
n ,s)dsdt531

=

∫ ∞
0

∫
{0≤v1≤v2≤···≤vk−1≤w≤t}

k−1∏
j=1

λ(F
M
n , vj)λ(F

M
n , w)dv1dv2 . . . dvk−1dw532

×q̃GO(Γ|x, FMn , t)e−
∫ t
0 (λ+qGOx )(F

M
n ,s)dsdt533

=

∫ ∞
0


(∫ t

0
λ(F

M
n , u)du

)k
k!

 q̃GO(Γ|x, FMn , t)e−
∫ t
0 (λ+qGOx )(F

M
n ,s)dsdt,534

where the first equality is by the Fubini-Tonelli theorem, and for the second as well535

as the last equality, recall the following equality, which is valid for any real-valued536

integrable function f :537 (∫ w

0

f(u)du

)k−1

= (k − 1)!

∫
{0≤v1≤v2≤···≤vk−1≤w}

k−1∏
j=1

f(vj)dv1dv2 . . . dvk−1.538

With the above equalities, (4.9) can be written as follows:539

PS
P

x0
(Xn+1 ∈ Γ|Xn = x) =

∞∑
k=0

∫ ∞
0


(∫ t

0
λ(F

M

n , u)du
)k

k!

 q̃GO(Γ|x, FMn , t)(4.10)540

×e−
∫ t
0

(λ+qGOx )(F
M
n ,s)dsdt =

∫ ∞
0

q̃GO(Γ|x, FMn , t)e−
∫ t
0
qGOx (F

M
n ,s)dsdt541

= PS
M

x0
(Xn+1 ∈ Γ|Xn = x),542

as desired.543

The rest verifies544

ES
P

x0

[
I{Xn 6= x∞}

∫
ΞGO

∫
(0,∞]

∫ t

0

cGO,ξi (Xn, s)dsP
S
P
,ξ

n (Θn+1 ∈ dt|Xn)pn(dξ|Xn)

]
545

= ES
M

x0

[
I{Xn 6= x∞}

∫ Θn+1

0

cGOi (Xn, F
M

n , s)ds

]
,(4.11)546

which would complete the proof of this theorem. It is sufficient to assume in the rest547

of this proof that cGOi is nonnegative and bounded on X ×A: the general case can548

be handled based on this simpler case with the help of the monotone convergence549

theorem.550

Note that on {Xn 6= x∞},551 ∫
(0,∞]

∫ t

0

cGO,ξi (Xn, s)dsP
S
P
,ξ

n (Θn+1 ∈ dt|Xn) = ES
P
,ξ

n

[∫ Θn+1

0

cGO,ξi (Xn, s)ds|Xn

]
,552
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where ES
P
,ξ

n [·|Xn] is understood with respect to PS
P
,ξ

n (Θn+1 ∈ dt|Xn), which is de-553

fined in (4.1), see the terms inside the parentheses therein.554

Now, the left hand side of (4.11) can be written as555

ES
P

x0

[
I{Xn 6= x∞}

∫
ΞGO

∫
(0,∞]

∫ t

0

cGO,ξi (Xn, s)dsP
S
P
,ξ

n (Θn+1 ∈ dt|Xn)pn(dξ|Xn)

]
556

= ES
P

x0

[
I{Xn 6= x∞}

∫
ΞGO

ES
P
,ξ

x0

[∫ ∞
0

cGO,ξi (Xn, s)I{s < Θn+1}ds|Xn

]
pn(dξ|Xn)

]
557

=

∫
X

PS
P

x0
(Xn ∈ dx)

{∫
ΞGO

∫ ∞
0

cGO,ξi (x, s)e−
∫ s
0
qGO,ξx (t)dtdspn(dξ|x)

}
.558

Note that the term inside the parenthesis is in the same form as the term on the right559

hand side of (4.6), where q̃GO,ξ(Γ|x, s) is replaced by cGO,ξi (x, s) with the latter term560

having been assumed to be nonnegative and bounded. Therefore, the calculations in561

(4.6)-(4.10) apply with obvious modifications (more precisely, replacing q̃GO(Γ|x, a)562

by cGOi (x, a)), leading to563

ES
P

x0

[
I{Xn 6= x∞}

∫
ΞGO

∫
(0,∞]

∫ t

0

cGO,ξi (Xn, s)dsP
S
P
,ξ

n (Θn+1 ∈ dt|Xn)pn(dξ|Xn)

]
564

=

∫
X

PS
P

x0 (Xn ∈ dx)

{
∞∑
k=0

k−1∏
i=0

∫
A

λ(a)

λ(a) + qGOx (a)
pn,i(da|x)

∫
A

cGOi (x, a)

λ(a) + qGOx (a)
pn,k(da|x)

565

=

∫
X

PS
P

x0 (Xn ∈ dx)

{∫ ∞
0

cGOi (x, F
M
n , t)e

−
∫ t
0 q

GO
x (F

M
n ,s)dsdt

}
,(4.12)566

where for the first and the second equality, compare the corresponding terms in the567

parentheses with (4.7) and (4.10).568

On the other hand, the right hand side of (4.11) can be written as569

ES
M

x0

[
I{Xn 6= x∞}ES

M

x0

[∫ ∞
0

cGOi (Xn, F
M

n , s)I{s < Θn+1}ds|Xn

]]
570

=

∫
X

PS
M

x0
(Xn ∈ dx)

{∫ ∞
0

cGOi (x, F
M

n , t)e
−
∫ t
0
qGOx (F

M
n ,s)dsdt

}
.571

Since PS
M

x0
(Xn ∈ dx) = PS

P

x0
(Xn ∈ dx) as was verified earlier in this proof, c.f., (4.5),572

we see that the previous expression coincides with the term on the left hand side of573

(4.11), as required.574

4.2. Poisson-related strategy in M. Recall that λ ∈ (0,∞) is a fixed con-575

stant. Let Ξ := [0,∞) × AG × ((0,∞) × AG)∞ be the countable product. The576

generic notation for an element of Ξ is still ξ = {(ψn, αn)}n≥0, and the coordinate577

random variables are still denoted, for each ξ = {(ψn, αn)}n≥0 ∈ Ξ, by Ψn(ξ) := ψn578

and Φn(ξ) := αn. The context should exclude any confusion with ΞGO. For each579

n ∈ {0, 1, . . . }, let pn(dξ|x) be a stochastic kernel on B(Ξ) given x ∈ X, which is580

specified by the following: for each x ∈ X, under pn(dξ|x), the coordinate random581

variables Ψ0,Φ0,Ψ1,Φ1, . . . are mutually independent and582

pn(Ψ0 ∈ dt|x) = δ0(dt), pn(Ψk ≤ t|x) = 1− e−λt, ∀ k ∈ {1, 2, . . . },583

pn(Φk ∈ da|x) =: pn,k(da|x) ∀ k ∈ {0, 1, 2, . . . }.584

(Hence, under pn(dξ|x), {
∑n
k=0 Ψk}n≥1 is a Poisson point process.) Let σ

P,(0)
n (dĉ ×585

db̂|x, ξ) be a stochastic kernel on B([0,∞]×AI) from (x, ξ) ∈ X×Ξ.586
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Definition 4.3. The pairs {(σP,(0)
n , pn)}n≥0 =: σP is called a Poisson-related587

strategy in M.588

Given ξ = {(ψn, αn)}n≥0 ∈ Ξ, with the generic notation τn :=
∑n
k=0 ψk for each589

n ∈ {0, 1, . . . }, we put590

qξ(dy|x, s) :=

∞∑
k=0

q(dy|x, αk)I{s ∈ (τk, τk+1]},(4.13)591

q̃ξ(dy|x, s) :=

∞∑
k=0

q̃(dy|x, αk)I{s ∈ (τk, τk+1]}, qξx(s) :=

∞∑
k=0

qx(αk)I{s ∈ (τk, τk+1]}.592

Under a Poisson-related strategy σP = {(σP,(0)
n , pn)}n≥0, the transition law of593

X̂n+1 = (Θ̂n+1, Xn+1) given Ĥn depends on Ĥn only via (Θ̂n, Xn) = (θ, x) ∈ X̂. It is594

denoted by Gσ
P

n , and is defined for each bounded measurable function g on X̂ by595 ∫
X̂

g(t, y)Gσ
P

n (dt× dy|(θ, x))(4.14)596

:=

∫
[0,∞]×AI×Ξ

{∫ ĉ

0

∫
X

g(t, y)q̃ξ(dy|x, t)e−
∫ t
0
qξx(s)dsdt597

+I{ĉ =∞}g(∞, x∞)e−
∫∞
0
qξx(s)ds

598

+I{ĉ <∞}e−
∫ ĉ
0
qξx(s)ds

∫
X

g(ĉ, y)Q(dy|x, b̂)
}
σP,(0)
n (dĉ× db̂|x, ξ)pn(dξ|x)599

=:

∫
[0,∞]×AI×Ξ

{∫
X̂

g(t, y)Gσ
P ,ξ
n (dt× dy|(θ, x), ĉ, b̂)

}
σP,(0)
n (dĉ× db̂|x, ξ)pn(dξ|x)600

for each (θ, x) ∈ [0,∞)×X; and
∫
X̂
g(t, y)Gσ

P

n (dt× dy|(∞, x∞)) := g(∞, x∞).601

Remark 4.1. Note that, Gσ
P

(dt×dy|(θ, x)) and Gσ
P ,ξ(dt×dy|(θ, x), ĉ, b̂), which602

is defined in (4.14), see the terms inside the parentheses therein, depend on (θ, x)603

only through x ∈ X∞ := X ∪ {x∞}, and therefore, we will write Gσ
P

(dt× dy|x) and604

Gσ
P ,ξ(dt × dy|x, ĉ, b̂) for Gσ

P

(dt × dy|(θ, x)) and Gσ
P ,ξ(dt × dy|(θ, x), ĉ, b̂) in what605

follows. The same applies to lσ
P ,n
i (x̂) = lσ

P ,n
i (x) introduced below.606

The cost function under σP over the corresponding sojourn time is given by607

lσ
P ,n
i (x) :=

∫
[0,∞]×AI×Ξ

∫ ∞
0

I{x ∈ X}
{∫ t

0

cG,ξi (x, s)ds+ I{t = ĉ <∞}cIi (x, b̂)
}

608

×Gσ
P ,ξ
n (dt×X∞|x, ĉ, b̂)σP,(0)

n (dĉ× db̂|x, ξ)pn(dξ|x) ∀ x̂ = (θ, x) ∈ X̂,(4.15)609

where X∞ = X ∪ {x∞}, and cG,ξi (x, s) :=
∑∞
k=0 c

G
i (x, αk)I{s ∈ (τk, τk+1]}.610

The sequence {GσPn }n≥0 together with the initial distribution δx0
(dy)δ0(dt) de-611

fines a probability P̂σ
P

x0
on
[⋃

n≥1([0,∞)×X)n × {(∞, x∞)}∞
]
∪ ([0,∞)×X)∞. Let612

Êσ
P

x0
be the expectation with respect to P̂σ

P

x0
. The system performance under σP is613

measured by614

Ŵi(x0, σ
P ) :=

∑
n≥0

Êσ
P

x0

[
lσ
P ,n
i (Xn)

]
,615

where we recall the generic notation X̂n = (Θ̂n, Xn) for a state variable in M.616
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Theorem 4.4. Each pseudo Poisson-related strategy S
P

= {pn}n≥0 inMGO can617

be replicated by a Poisson-related strategy σP = {(σP,(0)
n , pn)}n≥0 in M.618

Proof. Let a pseudo Poisson-related strategy S
P

= {pn}n≥0 in MGO be fixed.619

Consider the Poisson-related strategy σP = {(σP,(0)
n , pn)}n≥0 in M defined by the620

following: on B(AG), for each x ∈ X,621

pn,k(da|x) :=

{
pn,k(da|x)

pn,k(AG|x)
if pn,k(AG|x) > 0;

p∗(da) otherwise,
(4.16)622

where p∗ ∈ P(AG) is fixed; for each x ∈ X and ξ = (ψ0, α0, ψ1, α1, . . . ) ∈ Ξ with623

τn =
∑n
k=0 ψk,624

σP,(0)
n (dĉ× db̂|x, ξ)(4.17)625

:=

∞∑
k=0

δτk(dĉ)pn,k(db̂|x)

k−1∏
m=0

pn,m(AG|x) + δ∞(dĉ)

∞∏
m=0

pn,m(AG|x)p∗∗(db̂),626

where p∗∗ ∈ P(AI) is a fixed probability measure. Observe that σ
P,(0)
n (dĉ × db̂|x, ξ)627

defined above depends on ξ ∈ Ξ only through ξ− := (ψ0, ψ1, ψ2, . . . ).628

In what follows, we will show in two steps that σP defined above is a required629

replicating strategy.630

Step 1. Firstly, let us verify that631

P̂σ
P

x0
(Xn ∈ dy) = PS

P

x0
(Xn ∈ dy).(4.18)632

Since the above is clearly valid when n = 0, both sides being equal to δx0
(dy), using633

an inductive argument, it is sufficient to verify that for an arbitrarily fixed Γ ∈ B(X)634

and x ∈ X, for all n ≥ 0,635

Gσ
P

n ([0,∞)× Γ|x) = PS
P

x0
(Xn+1 ∈ Γ|Xn = x),(4.19)636

as follows. (Recall (4.14) and Remark 4.1 for the definition of Gσ
P ,ξ(dt × dy|(x, ĉ, b̂)637

with a generic σP .)638

Recall that the right hand side of (4.19) was computed in (4.7), which can be now639

written out more explicitly using A = AI ∪AG, AI ∩AG = ∅, qGOx (a) = qx(a)I{a ∈640

AG}+ I{a ∈ AI}, q̃GO(Γ|x, a) = Q(Γ|x, a) for each a ∈ AI , and λ(a) = λI{a ∈ AG}641

on A:642

PS
P

x0
(Xn+1 ∈ Γ|Xn = x) =

∞∑
k=0

[
k−1∏
i=0

∫
AG

λ

λ+ qx(a)
pn,i(da|x)

]
643

×
(∫

AG

q̃(Γ|x, a)

λ+ qx(a)
pn,k(da|x) +

∫
AI

Q(Γ|x, a)pn,k(da|x)

)
644

=

∞∑
k=0

[
k−1∏
i=0

∫
AG

λ

λ+ qx(a)
pn,i(da|x)

]∫
AG

q̃(Γ|x, a)

λ+ qx(a)
pn,k(da|x)(4.20)645

646

+

∞∑
k=0

[
k−1∏
i=0

∫
AG

λ

λ+ qx(a)
pn,i(da|x)

]∫
AI

Q(Γ|x, a)pn,k(da|x)647

=: B1 +B2.648
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On the other hand, the left hand side of (4.19) may be written as649

Gσ
P

n ([0,∞)× Γ|x) =

∫
Ξ

pn(dξ|x)

∫
[0,∞]×AI

{∫ ĉ

0

q̃ξ(Γ|x, t)e−
∫ t
0
qξx(s)dsdt650

+I{ĉ <∞}e−
∫ ĉ
0
qξx(s)dsQ(Γ|x, b̂)

}
σP,(0)
n (dĉ× db̂|x, ξ)651

=

∫
Ξ

pn(dξ|x)

( ∞∑
k=0

∫ τk

0

q̃ξ(Γ|x, t)e−
∫ t
0
qξx(s)dsdtpn,k(AI |x)

k−1∏
m=0

pn,m(AG|x)652

+

∫ ∞
0

q̃ξ(Γ|x, t)e−
∫ t
0
qξx(s)dsdt

∞∏
m=0

pn,m(AG|x)653

+

∞∑
k=0

e−
∫ τk
0 qξx(s)ds

∫
AI

Q(Γ|x, b̂)pn,k(db̂|x)

k−1∏
m=0

pn,m(AG|x)

)
,(4.21)654

where the first equality is by (4.14), and the second equality is by the above definition655

of σ
P,(0)
n , see (4.17). Thus,656

Gσ
P

n ([0,∞)× Γ|x) =

∫
Ξ

pn(dξ|x)

∞∑
k=0

∫ τk

0

q̃ξ(Γ|x, t)e−
∫ t
0
qξx(s)dsdtpn,k(AI |x)657

×
k−1∏
m=0

pn,m(AG|x) +

∫
Ξ

pn(dξ|x)

∫ ∞
0

q̃ξ(Γ|x, t)e−
∫ t
0
qξx(s)dsdt

∞∏
m=0

pn,m(AG|x)658

+

∫
Ξ

pn(dξ|x)

∞∑
k=0

e−
∫ τk
0 qξx(s)ds

∫
AI

Q(Γ|x, b̂)pn,k(db̂|x)

k−1∏
m=0

pn,m(AG|x)659

=: C1 + C2 + C3.(4.22)660

We analyze the above summands term by term as follows.661

As for C3, we see662

C3 :=

∫
Ξ

pn(dξ|x)

∞∑
k=0

e−
∫ τk
0 qξx(s)ds

∫
AI

Q(Γ|x, b̂)pn,k(db̂|x)

k−1∏
m=0

pn,m(AG|x)663

=

∞∑
k=0

∫
Ξ

pn(dξ|x)

([
k−1∏
l=0

e−ψl+1qx(αl)

]∫
AI

Q(Γ|x, b̂)pn,k(db̂|x)

k−1∏
m=0

pn,m(AG|x)

)
664

=

∞∑
k=0

[
k−1∏
l=0

∫
AG

λ

λ+ qx(a)
pn,l(da|x)

]∫
AI

Q(Γ|x, b̂)pn,k(db̂|x)

k−1∏
m=0

pn,m(AG|x)665

=

∞∑
k=0

[
k−1∏
l=0

∫
AG

λ

λ+ qx(a)
pn,l(da|x)

]∫
AI

Q(Γ|x, b̂)pn,k(db̂|x) = B2,666

where the second to the last equality holds by the definition of pn,l: pn,l(da|x) =667

pn,l(A
G|x)pn,l(da|x) (see (4.16)), no matter whether

∏k−1
m=0 pn,m(AG|x) vanishes or668

not, and the same remark applies to the calculations for C1 and C2 below, which will669

not be repeated.670

As for C1, we have671

C1 =

∞∑
k=0

∫
Ξ

pn(dξ|x)

(
k−1∑
l=0

q̃(Γ|x, αl)

(
l−1∏
ν=0

e−ψν+1qx(αν)

)
672
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×
∫ ψl+1

0

e−tqx(αl)dtpn,k(AI |x)

k−1∏
m=0

pn,m(AG|x)

)
673

=

∞∑
k=0

k−1∑
l=0

∫
AG

q̃(Γ|x, a)

qx(a) + λ
pn,l(da|x)

(
l−1∏
ν=0

∫
AG

λ

λ+ qx(a)
pn,ν(da|x)

)
674

×pn,k(AI |x)

k−1∏
m=0

pn,m(AG|x)675

=

∞∑
k=0

k−1∑
l=0

∫
AG

q̃(Γ|x, a)

qx(a) + λ
pn,l(da|x)

(
l−1∏
ν=0

∫
AG

λ

λ+ qx(a)
pn,ν(da|x)

)
676

×(1− pn,k(AG|x))

k−1∏
m=l+1

pn,m(AG|x).677

It is convenient to introduce the following notation:678

Dl :=

∫
AG

q̃(Γ|x, a)

qx(a) + λ
pn,l(da|x)

(
l−1∏
ν=0

∫
AG

λ

λ+ qx(a)
pn,ν(da|x)

)
.679

Then B1 in (4.20) can be written as680

B1 =

∞∑
k=0

(
k−1∏
i=0

∫
AG

λ

λ+ qx(a)
pn,i(da|x)

)∫
AG

q̃(Γ|x, a)

λ+ qx(a)
pn,k(da|x) =

∞∑
l=0

Dl,681

which is finite because so is the left hand side of (4.20).682

With the notation of Dl, now we write683

C1 =

∞∑
k=0

k−1∑
l=0

Dl(1− pn,k(AG|x))

k−1∏
m=l+1

pn,m(AG|x).684

By a similar calculation as for C1, we may write685

C2 :=

∫
Ξ

pn(dξ|x)

∫ ∞
0

q̃ξ(Γ|x, t)e−
∫ t
0
qξx(s)dsdt

∞∏
m=0

pn,m(AG|x)686

=

∞∑
k=0

∫
AG

q̃(Γ|x, a)

λ+ qx(a)
pn,k(da|x)

(
k−1∏
ν=0

∫
AG

λ

λ+ qx(a)
pn,ν(da|x)

) ∏
m≥k+1

pn,m(AG|x)687

=

∞∑
k=0

Dk

∏
m≥k+1

pn,m(AG|x).688

Thus, C1 + C2 equals689

∞∑
k=0

k−1∑
l=0

Dl(1− pn,k(AG|x))

k−1∏
m=l+1

pn,m(AG|x) +

∞∑
k=0

Dk

∏
m≥k+1

pn,m(AG|x)690

=

∞∑
l=0

Dl

∞∑
k=l+1

(1− pn,k(AG|x))

k−1∏
m=l+1

pn,m(AG|x) +

∞∑
l=0

Dl

∏
m≥l+1

pn,m(AG|x)691
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692

=

∞∑
l=0

Dl

 ∑
k≥l+1

(
k−1∏

m=l+1

pn,m(AG|x)−
k∏

m=l+1

pn,m(AG|x)

)
+

∏
m≥l+1

pn,m(AG|x)

693

=

∞∑
l=0

Dl = B1.694

(Recall that
∑∞
l=0Dl converges.) Combining this with the previous observation, we695

see that C1 +C2 +C3 = B1 +B2, and by (4.20) and (4.22), we see that (4.19) holds.696

Consequently, (4.18) follows.697

Step 2. In view of the definition of Ŵi(x0, σ
P ) and Wi(x0, S

P
), it remains to show698

that699

Êσ
P

x0
[lσ

P ,n
i (Xn)] = ES

P

x0

[
I{Xn 6= x∞}

∫
ΞGO

∫
(0,∞]

∫ t

0

cGO,ξi (Xn, s)ds700

×PS
P
,ξ

n (Θn+1 ∈ dt|Xn)pn(dξ|Xn)
]
.(4.23)701

for bounded [0,∞)-valued functions cGi , c
I
i , because the general case can be handled702

using the monotone convergence theorem.703

Note that for each x ∈ X704

lσ
P ,n
i (x) =

∫
Ξ

∫
[0,∞]×AI

{∫ ĉ

0

∫ t

0

cG,ξi (x, s)dsqξx(t)e−
∫ t
0
qξx(s)dsdt705

+I{ĉ =∞}
∫ ∞

0

cG,ξi (x, s)dse−
∫∞
0
qξx(s)ds

706

+I{ĉ <∞}e−
∫ ĉ
0
qξx(s)ds

(∫ ĉ

0

cG,ξi (x, s)ds+ cIi (x, b̂)

)}
σP,(0)
n (dĉ× db̂|x, ξ)pn(dξ|x)707

= lim
m→∞

∫
Ξ

∫
[0,∞]×AI

{∫ ĉ

0

∫ t

0

cG,ξi (x, s)e−
s
m dsqξx(t)e−

∫ t
0
qξx(s)dsdt708

+I{ĉ =∞}
∫ ∞

0

cG,ξi (x, s)e−
s
m dse−

∫∞
0
qξx(s)ds + I{ĉ <∞}e−

∫ ĉ
0
qξx(s)ds

709

×

(∫ ĉ

0

cG,ξi (x, s)e−
s
m ds+ cIi (x, b̂)

)}
σP,(0)
n (dĉ× db̂|x, ξ)pn(dξ|x),710

where the first equality is by (4.15) and (4.14). Applying legitimately integration by711

parts, we see712 ∫ ĉ

0

∫ t

0

cG,ξi (x, s)e−
s
m dsqξx(t)e−

∫ t
0
qξx(s)dsdt713

=

∫ ĉ

0

cG,ξi (x, t)e−
t
m e−

∫ t
0
qξx(s)dsdt− e−

∫ ĉ
0
qξx(s)ds

∫ ĉ

0

e−
s
m cG,ξi (x, s)ds,714

where all the terms are finite, ĉ being finite or not, because so are cIi , c
G
i assumed. Sub-715

stituting the previous equality back in the above formula and applying the monotone716
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convergence theorem, we see717

lσ
P ,n
i (x) =

∫
Ξ

∫
[0,∞]×AI

{∫ ĉ

0

cG,ξi (x, t)e−
∫ t
0
qξx(s)dsdt+ I{ĉ <∞}e−

∫ ĉ
0
qξx(s)dscIi (x, b̂)

}
718

×σP,(0)
n (dĉ× db̂|x, ξ)pn(dξ|x).(4.24)719

Observe that the term inside the parenthesis in the above expression is in the same720

form as the one in the first equality of (4.21), where q̃ξ(Γ|x, t) and Q(Γ|x, b̂) are now721

replaced with cG,ξi (x, t) and cIi (x, b̂), respectively. Therefore, by repeating the calcu-722

lations below (4.21) in Step 1 with obvious modifications, we see that the following723

equality holds, which is corresponding to (4.19) (or more precisely, the established724

equality C1 + C2 + C3 = B1 +B2, see more explanations below):725

lσ
P ,n
i (x) =

∞∑
k=0

(
k−1∏
i=0

∫
AG

λ

λ+ qx(a)
pn,i(da|x)

)
726

×
(∫

AG

cGi (x, a)

λ+ qx(a)
pn,k(da|x) +

∫
AI

cIi (x, a)pn,k(da|x)

)
.727

Indeed, the term on the right hand side of the above equality corresponds to the term728

on the right hand side of the first equality in (4.20), which coincides with the right729

hand side of (4.19), whereas it was observed earlier that lσ
P ,n
i (x) corresponds to the730

left hand side of (4.19).731

Consequently, the left hand side of (4.23) reads732

Êσ
P

x0
[lσ

P ,n
i (Xn)] =

∫
X

P̂σ
P

x0
(Xn ∈ dx)lσ

P ,n
i (x) =

∫
X

P̂σ
P

x0
(Xn ∈ dx)733

×

{ ∞∑
k=0

(
k−1∏
i=0

∫
AG

λ

λ+ qx(a)
pn,i(da|x)

)
734

×
(∫

AG

cGi (x, a)

λ+ qx(a)
pn,k(da|x) +

∫
AI

cIi (x, a)pn,k(da|x)

)}
.735

On the other hand, by (4.12), we may write the right hand side of (4.23) as736

∫
X

PS
P

x0
(Xn ∈ dx)

{ ∞∑
k=0

(
k−1∏
i=0

∫
A

λ(a)

λ(a) + qGOx (a)
pn,i(da|x)

)
737

×
∫

A

cGOi (x, a)

λ(a) + qGOx (a)
pn,k(da|x)

}
738

=

∫
X

PS
P

x0
(Xn ∈ dx)

{ ∞∑
k=0

(
k−1∏
i=0

∫
AG

λ

λ+ qx(a)
pn,i(da|x)

)
739

×
(∫

AG

cGi (x, a)

λ+ qx(a)
pn,k(da|x) +

∫
AI

cIi (x, a)pn,k(da|x)

)}
,740

where the equality is by the definitions of λ(a), A, cGOi and qGO. In view of (4.18),741

which was established in the above, we see from the previous equality that (4.23)742

holds, as desired.743
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4.3. Proof of Theorem 3.1.744

Proof. In view of the discussions below Proposition 3.2, we only need show that745

each strategy S in MGO can be replicated by a strategy in M.746

According to Theorem 2 of [20] (or Theorem 4.1.1 of [21]), for each strtegy S in747

MGO, there is a replicating Markov strategy S
M

in the same model MGO (recall748

Definition 2.2). Theorem 4.2 and Theorem 4.4 imply that the Markov strategy S
M

749

in MGO is replicated by a Poisson-related strategy σP in M. To complete the proof750

of the statement, it remains to show that this replicating Poisson-related strategy751

σP in M can be replicated by an (ordinary) strategy σ in the same model M. This752

is justified as follows. Without loss of generality, we assume that cGi and cIi are753

nonnegative and bounded in this proof.754

Let some Poisson-related strategy σP = {(σPn , pn)}n≥0 in M be fixed. Let755

σ
(0)
n (dĉ × db̂|x) :=

∫
Ξ
σ
P,(0)
n (dĉ × db̂|x, ξ)pn(dξ|x). Then, by Proposition 7.27 of [3]756

(or Proposition B.1.33 of [21]), there is a stochastic kernel p̂n(dξ|x, ĉ, b̂) on B(Ξ) given757

(x, ĉ, b̂) ∈ X× [0,∞]×AI satisfying758

σP,(0)
n (dĉ× db̂|x, ξ)pn(dξ|x) = p̂n(dξ|x, ĉ, b̂)σ(0)

n (dĉ× db̂|x).(4.25)759

We define a strategy σ = (σ
(0)
n , F̂n)n≥0 in M as follows. Let σ

(0)
n (dĉ× db̂|ĥn) :=760

σ
(0)
n (dĉ× db̂|xn) (Recall the generic notation x̂n = (θ̂n, xn) for the state in the model761

M.) Let762

F̂n(ĥn, ĉ, b̂)t(da) :=

∫
Ξ
e−
∫ t
0
qξxn (u)du∑

k≥0 δαk(da)I{τk < t ≤ τk+1}p̂n(dξ|xn, ĉ, b̂)∫
Ξ
e−
∫ t
0
qξxn (u)dup̂n(dξ|xn, ĉ, b̂)

763

=: F̂n(xn, ĉ, b̂),764

where the generic notations ξ = {(ψn, αn)}n≥0 ∈ Ξ and τk =
∑k
i=0 ψi are in use.765

We will show that766

P̂σx0
(Xn ∈ dx) = P̂σ

P

x0
(Xn ∈ dx) ∀ n ≥ 0.(4.26)767

(Recall the generic notation X̂n = (Θ̂n, Xn) in the modelM.) Since the initial states768

are the same, with an inductive argument, it is sufficient to show for Γ ∈ B(X) and769

x ∈ X,770

P̂σx0
(Xn+1 ∈ Γ|Xn = x) = P̂σ

P

x0
(Xn+1 ∈ Γ|Xn = x) ∀ n ≥ 1.(4.27)771

Then,772

q̃(Γ|x, F̂n(x, ĉ, b̂)t)773

=

∫
AG

q̃(Γ|x, a)

∫
Ξ
e−
∫ t
0
qξx(u)du

∑
k≥0 δαk(da)I{τk < t ≤ τk+1}p̂n(dξ|x, ĉ, b̂)∫

Ξ
e−
∫ t
0
qξx(u)dup̂n(dξ|x, ĉ, b̂)

774

=

∫
Ξ
q̃ξ(Γ|x, t)e−

∫ t
0
qξx(u)dup̂n(dξ|x, ĉ, b̂)∫

Ξ
e−
∫ t
0
qξx(u)dup̂n(dξ|x, ĉ, b̂)

,775

recall (4.13) for the definition of q̃ξ. Applying the above equality to Γ = X, we see776

qx(F̂n(x, ĉ, b̂)t) =

∫
Ξ
qξx(t)e−

∫ t
0
qξx(u)dup̂n(dξ|x, ĉ, b̂)∫

Ξ
e−
∫ t
0
qξx(u)dup̂n(dξ|x, ĉ, b̂)

777
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778

= − d

dt
ln

∫
Ξ

e−
∫ t
0
qξx(u)dup̂n(dξ|x, ĉ, b̂)779

for almost all t, and thus e−
∫ t
0
qx(F̂n(x,ĉ,b̂)s)ds =

∫
Ξ
e−
∫ t
0
qξx(u)dup̂n(dξ|x, ĉ, b̂). Now,780

P̂σx0
(Xn+1 ∈ Γ|Xn = x) =

∫
[0,∞]×AI

{∫ ĉ

0

q̃(Γ|x, F̂n(x, ĉ, b̂))t)e
−
∫ t
0
qx(F̂n(x,ĉ,b̂)s)dsdt781

+I{ĉ <∞}e−
∫ ĉ
0
qx(F̂n(x,ĉ,b̂)s)dsQ(Γ|x, b̂)

}
σ(0)
n (dĉ× db̂|x)782

=

∫
[0,∞]×AI

{∫ ĉ

0

∫
Ξ

q̃ξ(Γ|x, t)e−
∫ t
0
qξx(u)dup̂n(dξ|x, ĉ, b̂)dt783

+I{ĉ <∞}
∫

Ξ

e−
∫ ĉ
0
qξx(u)dup̂n(dξ|x, ĉ, b̂)Q(Γ|x, b̂)

}
σ(0)
n (dĉ× db̂|x)784

=

∫
Ξ

∫
[0,∞]×AI

{∫ ĉ

0

q̃ξ(Γ|x, t)e−
∫ t
0
qξx(u)dudt+ I{ĉ <∞}e−

∫ ĉ
0
qξx(u)duQ(Γ|x, b̂))

}
785

× σP,(0)
n (dĉ× db̂|x, ξ)pn(dξ|x) = P̂σ

P

x0
(Xn+1 ∈ Γ|Xn = x),(4.28)786

where the second to the last equality is by (4.25), and for the last equality, c.f., (2.2).787

Thus, (4.27) is verified, and (4.26) follows.788

Finally, one can show with a similar argument as for (4.24) that789

Êσx0

[
li(X̂n, Ân, X̂n+1)|Xn = x

]
=

∫
[0,∞]×AI

{∫ ĉ

0

cGi (x, F̂n(x, ĉ, b̂)t)790

×e−
∫ t
0
qx(F̂n(x,ĉ,b̂)s)dsdt+ I{ĉ <∞}e−

∫ ĉ
0
qx(F̂n(x,ĉ,b̂)s)dscIi (x, b̂)

}
σ(0)
n (dĉ× db̂|x),791

where li was defined by (2.2). Having inspected that the term in the parenthesis of792

the last equality is in the same form as the term on the right hand side of the first793

equality in (4.28), we see now794

Êσx0

[
li(X̂n, Ân, X̂n+1)|Xn = x

]
=

∫
Ξ

∫
[0,∞]×AI

{∫ ĉ

0

cG,ξi (x, t)e−
∫ t
0
qξx(u)dudt795

+I{ĉ <∞}e−
∫ ĉ
0
qξx(u)ducIi (x, b̂))

}
σP,(0)
n (dĉ× db̂|x, ξ)pn(dξ|x) = lσ

P ,n
i (x),796

where the first equality corresponds to the second to the last equality in (4.28), and797

the last equality holds by (4.24). The previous equality and (4.26) imply that798

Êσx0

[
li(X̂n, Ân, X̂n+1)

]
= Êσ

P

x0

[
lσ
P ,n
i (Xn)

]
799

for all n ≥ 0. The statement is thus proved.800
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