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Abstract

It has been widely documented that the sampling and resampling steps in particle filters
cannot be differentiated. The reparameterisation trick was introduced to allow the sampling
step to be reformulated into a differentiable function. We extend the reparameterisation trick to
include the stochastic input to resampling therefore limiting the discontinuities in the gradient
calculation after this step. Knowing the gradients of the prior and likelihood allows us to run
particle Markov Chain Monte Carlo (p-MCMC) and use the No-U-Turn Sampler (NUTS) as
the proposal when estimating parameters.

We compare the Metropolis-adjusted Langevin algorithm (MALA), Hamiltonian Monte
Carlo with different number of steps and NUTS. We consider three state-space models and
show that NUTS improves the mixing of the Markov chain and can produce more accurate
results in less computational time.

1 Introduction

State-Space Space Models (SSMs) have been used to model dynamical systems in a wide range of
research fields (see [1] for numerous examples). SSMs are represented by two stochastic processes:
{Xi}i>0 and {Y;}+>0 where X, indicates the hidden state which evolves according to a Markov
process p (z¢|xi—1,0) and Y; is the observation (both at time ¢ > 0), such that

Xt|Xt71 ~ p(xt‘$t71»9)> (1)

Yt|Xt ~ p(ytlmm@)- (2)

The initial latent state Xy has initial density denoted pg(zo). The SSM is parameterised by an
unknown static parameter 6 contained in the parameter space ©. The transition and observation
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densities are given by [(1) and [(2), respectively. In this paper we focus on Bayesian parameter
estimation in SSMs using Particle Markov Chain Monte Carlo (p-MCMC), as rst proposed in [2].
This approach combines two Monte Carlo methods that use repeated sampling technigues to obtain
numerical estimates of a target distribution (), for which exact inference is intractable. The two
methods are Markov Chain Monte Carlo (MCMC), as described in [3{5], and Sequential Monte
Carlo (SMC) i.e. a particle lter, as described in [6{8].

MCMC algorithms such as Metropolis-Hastings (M-H) often use random walk sampling within
the proposal. Such proposals can struggle to enable the MCMC to reach the stationary distribution
when estimating large numbers of parameters. A related issue can occur with Gibbs samplers
when the correlation between parameters is high. These issues can result in the sampler getting
stuck in local maxima within (). Hamiltonian Monte Carlo (HMC), as described in [9], is an
approach that simulates from a problem-speci ¢ Hamiltonian system to generate the samples used
in the MCMC. HMC has been seen to be e ective when estimating parameters in models when the
target distribution is complex or multi-modal but is sensitive to hyperparameters which have to be
determined by the user. An adaptive version of HMC called the No-U-Turn Sampler (NUTS) [10]
automates the selection of these hyperparameters. Probabilistic programming languages (ppls) such
as Stan [11] and PyMC3 [12] are tools that have been developed to allow users to de ne and make
inferences about probabilistic models using NUTS.

Particle Iters have been used in many areas of research, such as nance [13], disease mod-
elling [14] and multiple target tracking [15] to infer time-dependent hidden states. The original
contribution of [2] uses a patrticle Iter to calculate an unbiased estimate of the often intractable
likelihood for . A M-H algorithm with a random walk proposal was used to sample from ().
Using such a proposal in p-MCMC will inherit the same issues as described above in the context of
MCMC generically. To make use of more sophisticated proposals the gradient of the log-posterior
of the parameter, , needs to be estimated.

Extensions of the original p-MCMC algorithm have focused on including gradient information
when proposing new parameters. Reference [16] shows how to estimate the score (gradient) of the
log-likelihood and the observed information matrices at in SSMs using particle Iter methods.
The two methods proposed run with computational complexity O(N) and O(N ?), respectively.
The rst has a linear computational cost but the performance decreases over time. The second has
a computational cost that increases quadratically with the number of particlesN but performance
does not deteriorate over time, with [17] theoretically substantiating this claim. [18] built on this
work to compute these terms with computational complexity O(N) and avoids the quadratically
increasing variance caused by particle degeneracy. In [19{22] the authors utilise the previous work
of [18] to recursively estimate the score (gradient) of the log-likelihood at . References [19] and [20]
include Langevin Monte Carlo (LMC) methods seen in [23] whilst [21] and [22] include rst- and
second-order Hessian information about the posterior in the proposal. Use of the Hessian is shown to
improve the mixing of the Markov chain at the stationary phase and decrease the length of burn-in.
However, calculating ad d matrix of the second-order partial derivatives can become infeasible
when the dimensionality, d, becomes large. While [21], [22] do mention using HMC dynamics
within p-MCMC, to the best of the authors' knowledge, no implementation of this approach has
been described in the literature up to now.

We aim to complement the recent literature seen in machine learning that addresses the problem
of di erentiating resampling (see section 6)). In order to obtain the gradient of the log-likelihood
w.r.t , the particle lter needs to di erentiated. However, it has been noted in [24{26] that the
stochastic nature of both the sampling and resampling steps, that are inherently part of the particle



Iter, are not di erentiable. As will be explained in more detail later in this paper (in Sections 3
and 4.1), the reparameterisation trick was proposed in [27] to reformulate the sampling operation
into a di erentiable function by sampling a noise vector in advance and de ning the likelihood
for as being a deterministic function of this sampled noise vector. However, resampling remains
problematic since after resampling all weights are equal. More speci cally, the gradients cannot be
calculated since the new particles' states are not di erentiable w.r.t. the weights that are input to
resampling. Recent work in machine learning has focused on how to modify the resampling step to
make it di erentiable.

Using the reparameterisation trick for resampling has been described in [28] in the context of
xing the random number seed in every simulation to produce common random numbers (CRN).
Our core contribution is to x the random numbers used within the resampling step so we can
condition the input to resampling which results in the subsequent particle derivative calculations
being a function of the parent particle. The gradients can then be e ciently estimated and utilised
within the framework of p-MCMC and speci cally used to calculate gradient-based proposals for

more speci cally, this allows us to use NUTS as the proposal. Another novel contribution,
relative to the previous work on di erentiable particle Iters in the neural network community,
is that we provide full Bayesian parameter estimates (including variances). This di ers from the
present literature on di erentiable particle ltering which focuses exclusively on point-estimates of
parameters. We also compare NUTS' performance with that achieved by HMC and Metropolis-
adjusted Langevin algorithm (MALA).

An outline of the paper is as follows: in Section 2 we describe a generic particle lter followed by
a description of the di culties associated with di erentiating the sampling and resampling steps.
We describe how to calculate the likelihood and gradients in Section 3, the methods to propagate
the derivatives of the particle weights in Section 4 and how we extend theeparameterisation trick
to include the stochastic input to resampling in section 5. We test the likelihood and gradient
estimates, explain particle-HMC (p-HMC) and particle-NUTS (p-NUTS) and detail comparative
numerical results in the context of three applications in Section 8. Concluding remarks are described
in Section 9.

2 Particle Itering background

Assume we have considered timesteps, obtaining data at each increment oft given by y;.;. The
state sequencex;.; grows with time where x; has ny dimensions. The dynamics and likelihood are
parameterised by (which has n dimensions) such that

P(Yut; Xe:t) ) = p(yjX1; Ip(Xaj ) 3)

ply jx ; )p(x jx 1 ):

=2

If is known, we can run a (conventional) particle lter.

2.1 Particle Filter

At every timestep t, the particle Iter draws N samples (particles) from a proposal distribution,
g(X1:tjy1:t; ), Which is parameterised by the sequence of states and measurements. The samples



are seen as statistically independent and each represents a di erent hypothesis for the sequence of
states of the system. Theith sample has an associated weightwt( ) which indicates the relative
importance of each of the corresponding sample. The weights at = O are set to be 1=N. The
proposal distribution is constructed recursively as

\
a(Xwdyne; )= alxajys; ) ax jx 13y ); (4)
=2

such that we can pose an estimate with respect to the joint distribution, p(y1:t; X1:tj ), as follows:

Z X )
Pyre;Xad )f () dxae  —  wiif x{) ®)

This is an unbiased estimate, where (fort > 1)

Gy Pyt g
Wi’ =
H (i )iy, -
a X1" "y
Qtzzp ij(;i); p x il )jX(;il); "
LJt:2 g x“jxC )y
Gy Py X,
Wit g TEEE ; (7)
g Xg" IXg Y
and is a recursive formulation for the unnormalised Weight,w(lfti ) with incremental weight
Py e i
X¢" Xt = TSNES, : 8
g X¢" XM
For t=1 i i
Gy P e o]
Xl:'l = (i) (9)
a X3 IY1
2.2 Choice of proposal
Three commonly used options for the proposal distribution are:
1. Using the dynamic model as the proposal
a x{Mx oy = xPEY (10)
which simpli es the weight update to
wii)=poyex{" wii o (11)



2. In certain situations it is possible to use the \optimal" proposal which is

a x(Vixt e = p o i (12)

with weights updated according to
wii) = powix{(Ys wii (13)

Note that the term \optimal" in this context of the particle proposal means that the variance
of the incremental particle weights at the current timestep is minimized. In fact, this variance
is zero since the weight in (13) is independent ok; (as explained in [29]).

3. Using the Unscented Transform, as explained in [30].

2.3 Estimation with respect to the posterior

It is often the case that we wish to calculate estimates with respect to the posteriorp (x1:tjy1:¢; ),
which we can calculate as follows:

Z
P(X1tiyrt; ) (Xwt) dXa (14)
% p(yrixed )
1ty ALt
= — == °f (Xq¢) dXqy; 15
o0yid ) (X1:t) dX1:¢ (15)
- z - 1 X
P(Yut) )= P(Yrut; X)) dXaxt N Wi (16)
i=1
in line with (5), such that
Z
p(xl:tjyl:t; )f (Xl:t)dxl:t
1 1 X ;
ﬁﬁ Wgtl )f X(l:’tl : (17)
N izt Wit i=1
= owif ) (18)
i=1
where .
Gy _ o Wi
Wi T PR (19)
j=1 Wit

are the normalised weights.
Equation (18) is a biased estimate since it is a ratio of estimates, in contrast with (5).



2.4 Resampling

The algorithm described up to now is called the sequential importance sampling (SIS) algorithm. As
time evolves, the normalised weights will become increasingly skewed such that one of the weights
given by (19) becomes close to unity and the others approach zero. This is an inevitability and
cannot be avoided [31]. As well as the number of e ective sampled\. , eventually becoming 1,
most of the computational e ort will be expended on particles that have very little contribution to
the overall estimate.

It is often suggested that monitoring N , can be used to identify the need to resample, where

There are many resampling methods, some of which are outlined and evaluated in [32] but they all
share the same purpose|stochastically replicate particles with higher weights whilst eliminating
ones with lower weights. Multinomial resampling is commonly used and involves drawing from the
current particle set N times proportional to its weight. The associated distribution is de ned by

wgfti) for i=1;:::;N: (21)

To keep the total unnormalised weight constant (such that the approximation (16) is the same
immediately before and after resampling), we assign each newly-resampled sample an unnormalised
weight
1 X ;
N wh (22)
i=1
Note this is such that the normalised weights after resampling areNl.

3 Calculating the likelihood and gradients

We pose the calculation of the likelihood of the parameter as the calculation of the approximation
in (16), (ie the sum of unnormalised particle Iter weights), with t = T.
Di erentiating the weights gives an approximation to the gradient of the likelihood *:

d . X d

— (. = —wph 2

g PO ) N d Wit (23)
For numerical stability, it is typically preferable to propagate values in logs. Applying the Chain
Rule to (16) and (23) gives

d . 1 1 Gin d (i)

d Iog p(yl:tj ) N p(y]_:tj ) - Wl:t d longZt (24)
1 X iy d .
ﬁ Wgtl )di |Og Wgtl ): (25)

i=1

1We note that this approach diers from that advocated in [20{22], which use a Fixed-Lag Iter (with a user-
speci ed lag) to approximate the derivatives. In contrast, we explicitly calculate the derivatives of the approximation
to the likelihood.



Note that in (25), the weights outside the logs are normalised, while the weights inside are not.
The log weights can be calculated recursively as

logwii’ =logwii’; +log  x{"’;x{"); (26)
)
d . d . d . .
—Iogw(l.’t' )= = Iogw(l.’t' )1 + —log XE ! );x£ "1); : (27)
d : d : d
where
d ; ;
a log XE ! );XE ’Il);

d QY. (i d G
=3 logp x{"ix(") + logp yix{ "/

di loga x{"ix{"); iy (28)

So, if we can di erentiate the single measurement likelihood, transition model and proposal, we
can calculate (an approximation to) the derivative of the log-likelihood for the next time step, thus
recursively approximating the log-likelihood derivatives for each time step. While this is true, there
are some challenges involved, which we now discuss in turn.

If the particle lter is using the transition model as the dynamics (as in (10)), the likelihood in the
weight update does not explicitly depend on and we might initially suppose that dlog =d = 0.
If this were the case, an induction argument using (27) would show that the weight derivatives were
always zero and therefore give an approximation of zero for the gradient of the likelihood for .
This seems intuitively incorrect. Indeed, the aw in this reasoning is that, in fact, the likelihood
(somewhat implicitly) does depend on sincexf ) depends on . Applying the Chain Rule gives

).

d iy _ d . d
g logp yuxi® = - logp(yiix) o d (29)

Sincex§ ") is a random variable sampled from the proposal, we use theparameterisation trick [27]:

we consider the derivative for a xed random number seed. More precisely, Ietﬁi) be the vector

of standard N (0; 1) random variables used when sampling from the proposal such that, iffi) is

known, then x§ ") is a deterministic function (that can be di erentiated) of XE ;il). We then consider
z

d . .
Ep(ylztl )= Q P(Yrt; 1:t) )d 1t (30)
d .
= Ep(yl:t; ut) )d 1t (31)
1 X g -
N d7p Yi:t) (1|;1§ (32)

i=1
where (12 p( 1:t) is considered xed and, most importantly, (32) then involves di erentials that
can be calculated.



As a simple example, consider sampling from the dynamics with a random walk proposal and
being the standard deviation of the process noise. This is such that

(= e D @)
SO
d d iy, @
R L ()

which can be calculated recursively and then used to calculate (29).
More generally, the derivatives of the weight are non-zero and, to calculate these derivatives, we
have to propagate the particle derivativesdxf =g

4 Calculating the derivatives

In order to propagate the derivatives of the particle weights we need to calculate:

" The particle derivatives,

d)il) (35)
" The derivatives of the proposal pdfs,
dglogq xCDjx) ey (36)
" The derivatives of the prior log pdfs,
Tiogp x(Mix("); (37)
" The derivatives of the single measurement likelihood log pdfs,
dg logp yiix{ "y : (38)

In this section, we show how to calculate these derivatives in turn.

4.1 Derivative of New Particle States

We now describe how to calculatedx§ ;il):d . Suppose the proposal takes the following form:

q x{ M ix)yy (39)

=N x{"; xU) sy e xE sy



where (i) and C (:) are functions of the old particle state, the measurement and the parameter.
Such a generic description can articulate sampling from the prior, or de ning a proposal using a
Kalman Iter with the predicted mean and covariance given by the motion model.

If we sample the proposal noiseg') N (;0;In,) in advance, the new particle states can be
written as a deterministic function

xt" =ty )
Coyor cedny (40)

We would like to compute the derivative of this w.r.t. the parameter. Care must be taken however,
sincex! ") is itself a function of (if a dierent  was chosen, a dierentx! ") would have been
sampled).

dx{ ") d., i -
= = gfedya ) (41)
_ ef ') @fd
T er] ¢ @d “2
dx¢i)
- _Of o, Of (43)

ok ¢ @

Note that d=d in (41) is not the same as@f=@in (42) | see Appendix A for the distinction.
Note also that the terms here are matrix-valued in general: @f=@x, is annyx  nx matrix, and
dx; ;=d and @f=@arenx n matrices.

Also note that for t 2, XE :il) implicitly depends on XE ”2), which itself depends on . Hence we
need the total derivative dx!"')=d .

4.2 Derivative of Proposal

To di erentiate the log proposal pdf, we note that we can write it as
logg x{" i)ty = Q x{ iy O (44)
where (dropping the xed values Ei) and y; for notational convenience)

Q XE ;il); , logq f(XE :il); )JXE ;il) (45)

=log N (x5 e ) (46)



where we emphasise again that we assume the proposal is Gaussian. We then get
o d dc

el (') = 245 4+ 2
Q(X )= |09N(f c) ata | (47)
@ @t &'y  @f
@flogN(f ;C) @%.) d @ |
@ . @ o' @
+@IogN(f,,C) @)E(') g +@I
@ @cd%" @c
—logN (f; ;C — 48
* @c%d ( ) at’) d "o (48)
where we denote = (x{"); )and C = c(x!"); ) for brevity. The derivatives of log N (f ; ;C )
are given in Appendix C.
4.3 Derivative of the Prior
We now describe how to caIcuIated logp x( ! )Jx§ '1), . Let
P(X§ |1)1 Y, (i))! |ng f XE Il)i Yt ot o JXE Il)’ (49)
=logN f x{") sa x{); () (50)

where here we assume that the transition model has additive Gaussian noise that is independent of
(i)
X; 7. Then

!
@fd%') @f

d x(i): )=
d—( ;)= IogN(fa) @%I) d @I
@ o @ad%') @a
feaN ) g Td e
@ Ly @
+@IogN(f,a,) @ (51)

where we denote thata = a xf 'l) and = () for brevity. Note that this makes clear that
since the realisation of the sampled particlest ) are, in general, dependent on, (51) includes

(i)
1 Also note that these derivatives of logN (f ; a; ) are evaluated at a(x( | )) (the prior mean)
and not at  (the proposal mean) as was the case in (48).

4.4 Derivative of the Likelihood

We now describe how to caIcuIated logp yth( 1D Let

L™ ); 5y, logp yeixd ! (52)

=log N yi;h(x{"; );R() (53)
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where we assume that the likelihood is Gaussian with a variance that is independent o:fﬁ ") Then

|
@ @h dx§”+@h

d (i), . — Th
d*'— Xg" Yt —@HOQN(Yt,h,R) WT @
+ @QRlogN(yt;h;R)c:TR (54)

where we denoteh = h(xﬁ i, ) and R = R( ) for brevity.

5 Resampling for a Di erentiable Particle Filter

Unlike a standard particle lter, we also need to resample the weight derivatives

d .
CTW(lz’tI ) (55)
as well as the patrticle derivatives
d ..
X (56)
Let
o)
) — = : .
CE )= PJN—(J), (57)
j=1 Wit
be the normalised cumulative weights and the index sampled for particlé be given by
. % th ]
= Lwl o= {>cf) (58)

j=0

where | Uniform((0;1]) are independent for each particle and time step. Note that the particle
indices are sampled according to a Categorical distribution giving a Multinomial resampler, where
each index is resampled with probability proportional to its weight. Other resampling schemes are
possible and could reduce the variance of any estimates.

The resampled weights are set to be the same as each other, while preserving the original sum:

th i) Z XE ; i); (59)
. X
wi) o= wid (60)
j=1
From (60), it is clear that
d . 1 X g .
d*Wg:{I ) = N d*W&tJ ): (61)
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In order to convert this to log weights, applying the Chain Rule gives

. 1 1 X d .
CT |OgWgt'l )= a;i) Wgt] )di |OgW§:’J ) (62)
Wit " j=1
_ (i) d (i)
- Wl:t CT lOg W1:t (63)

where wﬁlt' ) are the normalised weights.
To get the particle gradient note that (where is di erentiable),

g =Sxc s Lt 2 Lwid
+ dgxt L Gwid (64)
Since @ =@ = 0 except where
o= ) for somei;j =1;:::;N (65)
then
Ixao = A (66)

almost surely, so the derivative is obtained by taking the derivative of the parent particle.

5.1 Discontinuities after a Resampling Realisation

Sampling with CRN results in a \deterministic" function f ( ) i.e. evaluating the function twice re-
sults in the same output. Sampling without CRN would result in di erent outputs. A discontinuity
occurs in the estimate of the log-likelihood in Figure 1 (a) when two values of cause a di erent
resampling realisation to occur. On one side of the discontinuity, for some range of values of the
resampling happens at the same times and all particles have the same parents at all resampling
events: the particles for di erent values of all share a single family tree. When is changed to
the other side of the discontinuity the resampling realisations change and so the family tree also
changes. Since the approximation to the likelihood (and its gradient) is a function of the family
tree, the change in family tree results in a discontinuity in the likelihood approximation.

The best approach to limiting these discontinuities is to come up with a high-performance
proposal. This is exempli ed when comparing results obtained using the prior with those obtained
using the optimal proposal (which can, in some settings, be derived using a Kalman Filter). We
choose such a simple example to demonstrate this point. Suppose that the state is a single real
number, with a motion model which is a random walk with zero initial mean and the standard
deviation of both the initial state and each subsequent propagation is . Given the state, the
measurements are not dependent on and are equal to the target state plus errors of known and
xed variance, R:

p(x1)= N x1;0; % ; (67)

PXkixk 13 )= N XXk 15 2 ; (68)
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P(Yk I Xk; )= N (Yi; xi;R) (69)
We show in Appendix B how to calculate the mean and covariance of the optimal proposal for each
particle x} ;, as well as the necessary derivatives.

We run Algorithm 1 and compute an estimate of the log-likelihood and associated gradient
across a range of 500 values of, equally spaced from 1 to 4. The true value is =2. We consider
N = 2000 and T = 250 observations.

The log-likelihood and gradient of the log-likelihood w.r.t. , at each instance of , can be seen
in Figures 1 (a) and (b), respectively. Figures 1 (c) and (d) are zoomed in instances of these plots
that include results from the Kalman Filter, two runs of multinomial resampling (to indicate the
di erence in results when running the simulation twice) and CRN resampling. From looking at
Figure 1 (a), there are no obvious di erences in the graphs of the log-likelihood for the estimates
given by the Kalman Filter and the estimates produced by the particle Iter when using di erent
combinations of the prior and optimal proposal with using CRN and multinomial resampling.
However, there is a notable dierence when comparing the gradient of the log-likelihood w.r.t.

. Using the prior as the proposal results in large discontinuities in the estimate when compared
with the optimal proposal. Figures 1 (c) and (d) show that using CRN and the optimal proposal
produces piece-wise continuous estimates. This is in contrast to using multinomial resampling where
there a lot of uctutations are apparent. We therefore advocate using an optimal proposal, or an
approximation to such a proposal, in conjunction with CRN resampling. A good proposal will
minimise the variance of the incremental weights at the current timestep. The process of selecting
a good proposal can be time consuming but, as outlined in [33], can be critical in obtaining good
results in other contexts.

We also note that, while optimisation algorithms are likely to be sensitive to discontinuities, we
are focused on sampling and using MCMC to correct for the disparity between the proposal and
the target.

6 Dierentiable Particle Filters

6.0.1 Soft Resampling

Soft resamplingwas introduced in [34] and utilised in [24] and considers an approximation which
involves drawing from the distribution g(n) = w gg ) 4 (1 )1=N, with 2 [0; 1], representing
a trade-o parameter. If = 1, regular resampling is used and if = 0 the algorithm performs
subsampling. The new weights are calculated by
(;i)
i Wi
ngtyl ) = Gi) A1 : (70)
wip +(@ )1=N

This gives non-zero estimates of the gradient because the dependency on the previous weights is
maintained. By changing , this method trades resampling quality for biased gradient estimates.

6.0.2 Gumbel Softmax

The Gumbel-Max trick [35] provides a way to sample a variable,z, from a categorical distribution
that contains class probabilities, . If we assume the categorical samples are one-hot vectors,
can be sampled by

z = onehot (argmax; fG; +log( i)g) (72)
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Algorithm 1:  Particle Filter

N -

© 0 N o

10
11

Input:  , yur . '
Initialise: xb, £xb, log(wh), & log(wh)
fort=1,..., T do

If necessary, resamples} 4, log(w}., ;), dxi ;=d, dlog(w}., ;)=d as described in
Section 5. _
Sample the new particlesx; and calculate the partial derivatives
@ i @ i
@f (Xlt IHDE Wf (Xlt MK
Get the proposal mean, (x} ;) and covariance,C(x} ;) for each particle x} ;, as well
as their derivatives
@ , @ (C @ i
— (X ;— (X ; —C(x ; —C(x ;
@ (tl)X,'[l(tl)@ (tl)X{l (tl)
seen in Section 4.1.
Get the particle gradients dix‘t using Subsection 4.1.
Get the derivatives of the prior, proposal and likelihood using Subsections 4.2, 4.3, 4.4.
Evaluate the new log weights logw}., and log weight derivativesdi logw}., using (26)
and (27), respectively.
end
Evaluate the nal log likelihood, log p(y1.7j ), and associated derivative, 2 logp(y1.7j ),

using (16) and (25), respectively.

14



() (b)

(©

(d)

Figure 1: Plots of the log-likelihood (a), gradient of the log-likelihood w.r.t.  (b), a zoomed in
section of the log-likelihood plot (c) and associated gradient (d). All plots: The true values given
from the Kalman Filter (black), particle Iter using reparameterisation trick resampling (red) and

multinomial resampling (blue and orange).
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wherex; = Gj +log( ;) and G; are independently sampled fromGumbel(0; 1). The summation in
(71) is similar to the reparametrisation trick which is described previously however theargmax func-
tion is not di erentiable. The work outlined in [36] and [37] describes a di erentiable approximation
to argmax called softmax which is de ned to be

exp X«

iz EXp =
The temperature parameter, , is de ned by the user and controls how closely the resulting Gumbel-
softmax distribution approximates the categorical distribution.

6.0.3 Optimal Transport

A fully di erentiable particle Iter is described in [38] that resamples by using Optimal Transport
ideas seen in [39]. The method ensures stability by having unbiased gradient estimates whilst
adding a little bias in the log-likelihood. The method needs additional hyper-parameters and runs
in O(N?) time complexity so can be computationally expensive.

6.0.4 Fisher's identity to calculate gradient of log-likelihood

As described in section 1, [16] recursively computes the gradient of the log-likelihood using Fisher's
Identity, which can be summarised as follows:

d 1 d
—lo 4] )= ———— 1] 73
g gp(ytj ) 0O ) d pz(ym ) (73)
1 d .
:mg P(Yit; X1:tj ) dXat (74)
1 d .
:W Fp(yl:t;xl:tj ) dX1:t (75)
—_ p(yl:t;xlitj ) d | . H d 76
= Wdﬁ 0g P (Y1:t; X1:t) ) dXa:e (76)
7 :
. d .
= p(Xl:tJYLI; )di lOQp(Xl:t;yl:tJ )dxl:t (77)
1 X d i .
o Wit g logp xii iy (78)

i=1 : FI {z

(i)
n

Note that we can calculate the term inside the sum recursively as follows:

(i) = (i
n

n =

(5)

d _ d O
+ glogp wixt") + grlogp xVixt'; (79)

)
1
where logp x{"’jx{"); s the derivative of the prior and 4 logp yiix' ") is the derivative of

the log-likelihood (see (8), (4.3) and (4.4), respectively).
Recent work in [40] has outlined how to calculate this in the framework of Pytorch [41] without
having to modify the forward pass. They include a \stop-gradient" operator that stops the gradients
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of the weights owing into the resampling distribution. Much like the method described in this
paper, minimal changes to the particle Itering algorithm need to be employed.

References [16] and [17] focus on having an unbiased estimator of the gradient of the log likeli-
hood: we approximate with the gradient of the logarithm of the expectation whereas they calculate
the expectation of the gradient of the logarithm. A feature of our approximation, perhaps sur-
prisingly, is that it uses all samples from all iterations whereas the approach in [16] and [17] is
recursively calculated along the trajectory of each particle. If, as is likely, the particle trajectories
are degenerate, the approach in [16] and [17] will have a limited ability to use the diversity of states
early in the trajectory to inform the gradient estimate. In short, we perceive that choosing between
using the two approximations becomes a bias-variance trade-o .

7 Estimation of parameters

If we have a prior, p( ), for which the likelihood, p(y:.1j ), or log-likelihood? can be calculated,
we can run p-MCMC to estimate p( jyi.t)/ p( ) p(ywTj ). The gradient of the log-posterior of
is given by

r logp( jywt) = r logp( )+ r logp(ywtj ); (80)

where r logp( ) is the gradient of the log-prior and r logp(y1:tj ) is the gradient of the log-
likelihood. If we know r logp( jyi:t), it is possible to guide proposals to areas of higher probability
within ().

7.1 Hamiltonian Monte Carlo

HMC is a gradient based algorithm which uses Hamilton's equations to generate new proposals.
Since it uses gradients, it is better at proposing samples than a random-walk proposal. It was rst
developed in the late 1980s [42] and in the last decade it has become a popular approach when
implementing MCMC [9]. In the following section we give a high level conceptual overview of HMC
and direct the reader to [43] for a more thorough explanation. Hamilton's equations are a pair
of di erential equations that describe a system in terms of its position and momentum where the
potential of the system is dened by U = log( ( )). HMC introduces a momentum vector m
which moves samples at on a trajectory to ° The total energy or Hamiltonian of a system can
be expressed a8l (;m) = U( )+ K(m), and is comprised of the sum of the Kinetic energyK (m),
which is dependent on where in the parameter space the samples are, and the potential energy
U( ), which is independent on the momentumm.

Hamilton's equations describe how the system evolves as a function of time and are:

d _@Hdm_  @H

G- end . @ (81)
The joint density is
p(;m)/ exp( H(;m))=exp( U()) exp( K(m))
= p( )p(m); (82)

2The log-likelihood is likely to be more stable numerically.
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therefore and m are independent samples from the joint density san can be sampled from any
distribution. For simplicity a Gaussian is often used, and we make that choice here.

Many numerical integration methods exist which discretise Hamilton's equations and can be seen
in [44] with the leapfrog method being the go-to method for HMC. Leapfrog is a symplectic method
which means the Hamiltonian remains close to its initial value, though not equal to it exactly, as
the system is simulated. This means samples are generated with a high accept/reject ratio so the
target is explored e ciently. Leapfrog is also a reversible method which allows detailed balance to be
maintained. Finally, Leapfrog is a low-order method which uses relatively few gradient evaluations
per step and is therefore computationally cheap. Algorithm 1 is run every time a gradient evaluation
is made within the Leapfrog numerical integrator. We note that the Pseudocode for Algorithm 1
is speci ¢ to the problem described in section 5.1 but can be easily applied to other models.

The samples generated are governed by a predetermined number of stepsof size , decided
by the user. HMC is highly sensitive to the choice of these parameters, particularlylL. If too
large, computation time can be wasted as the trajectory can end close to where it started and, if
too small, the proposal can exhibit random-walk behaviour. In some cases it has been shown that
randomising L can be bene cial to avoid periodicities in the underlying Hamiltonian dynamics [45].

7.2 No-U-Turn sampler

NUTS [10] is an extension of HMC which adaptively nds the optimal number of leapfrog steps to
take, for a given stepsize, and therefore eliminates the need to tune this number. NUTS does this
by sampling from a trajectory of generated states in such a way that detailed balance holds. We
outline how this trajectory is built in Section 7.2.1 and describe the stopping criteria in Section
7.2.2. Sections 7.2.3 and 7.2.4 outline how to sample from the generated trajectory and why detailed
balance holds, respectively. We also provide relevant further details in Section 7.2.5.

7.2.1 Generating a trajectory

NUTS generates samples both forwards and backwards in time from the initial state ° using
leapfrog, by rst sampling an initial momentum m°. To ensure reversibility, a Bernoulli trial with
probability 0.5 is undertaken to pick an initial direction d (either forwards + , or backwards )
after which a leapfrog step is taken. Until a U-turn is detected, a new direction is then sampled
after every 2 leapfrog steps wherg , initialized to zero, is incremented by one after selecting a new
direction. In doing so, NUTS builds a full binary tree of height j where the number of steps taken
between tests for a U-turn is double the amount taken since the previous such test and each leaf
node represents states along the trajectory.

7.2.2 Testing for U-turns

The doubling process described above stops when the position and momentum states at the far left
( ;m )and farright ( *;m") of the tree satisfy either of the following conditions:

+ +

m <0 or m* < O (83)

These conditions are met when the trajectory begins to double back on itself, i.e. begins to U-turn.

When building a trajectory, once one of these conditions is satis ed the current subtree being built
is discarded, and a sample from the resulting full tree (without the discarded subtree) is taken. This
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process of discarding means that any state in the tree can move to any other state without breaching
the U-turn: This is important with respect to ensuring that detailed balance is maintained.

7.2.3 Drawing a Sample from the Trajectory

In the original description of NUTS, slice sampling was undertaken to sample a new state from the
trajectory. This was done to account for the fact that by using leapfrog, the Hamiltonian dynamics
are approximated by numerical integration. Practically, an auxiliary variable, u, is introduced which
is sampled uniformly between 0 andH ( °; m®). Once a U-turn is detected (and the relevant subtree
has been discarded) a sample is then uniformly selected from the states which satisfit( ;m) > u.
This e ectively prevents samples being selected for which the dynamics were poorly modelled (and
therefore would have had a poor acceptance probability had HMC been used).

7.2.4 Pertinent Elements of the Proof

In following the steps above, the algorithm satis es detailed balance and is therefore a valid MCMC
proposal. For a complete description we point the reader to Section 3.1.1 in [10]. However we
summarise the more pertinent points here.

For reversibility, a pair of states ( ;m) and ( % m9% must be able to transition to each other. We
require that the subset of states that could be transitioned toB, whereB is a subset of a potentially
larger set of all states observedC, to satisfy:

p(B;Cj;m) = p(B;Cj %m° (84)

This is true if the states in NUTS are generated deterministically, i.e. through doubling the number
of states. In this instance there will always be a series of directions that will produce the required
tree. Furthermore, by discarding the samples in the subtree being generated which contain a U-turn
we remove the possibility of extending the sequence of states such that it contains pairs of states
for which the transition is possible from one to the other but not in the other direction.

7.2.5 Further details

The numerical integrator used to simulate the Hamiltonian dynamics is chosen to preserve the
geometric structure of the dynamics, i.e. has a unit determinant. NUTS uses the leapfrog method,
like HMC, which has this property. As a result, NUTS avoids the situation where, due to numerical
errors, some states in the trajectory are unlikely to be sampled.

To avoid excessively large trees, which can result from choosing too small a stepsize, it is
necessary to upper bound the tree depth. To nd a reasonable initial stepsize we used the heuristic
approach in [10] though we do not use dual averaging to automatically tune between NUTS
iterations. We also elect to not adapt the mass matrix and set the mass matrix to be the identity
matrix. However, we anticipate adaption could improve performance.

Similarly to HMC, were NUTS able to run with an exact integrator, all the states would be
equally likely to be sampled. As the leapfrog step is volume-preserving, running HMC and NUTS
does not require computing of determinants related to the Jacobian. Since using CRN in calculating
the gradient from a particle Iter results in gradients that are a deterministic function of the
parameter, we note that these Jacobian terms still cancel (and we do not need to integrate over the
possible dynamic states).
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An alternative approach to the slice sampling step is to use multinomial sampling where each
leaf node in the tree is attributed a transition probability. This approach is performed in the
probabilistic programming language Stan [11]. While we have not used this approach in this work
we believe it should be considered in the future.

The pseudo-code for p-HMC and p-NUTS can be seen in Algorithm 2. We implement the
Algorithms 1 and 3 in [10] for HMC and NUTS respectively and note that each time a gradient
evaluation is made during the leapfrog step, we run Algorithm 1.

7.3 Metropolis-Adjusted Langevin Algorithm (MALA)

MALA is a M-H proposal that includes gradient information about the log-posterior (as seen in [22]):
0_ 1 H . .
=N+ 5 rlogp(iyur); (85)

where = 2l4, and is the stepsize. In a similar way to [21], we run the algorithm with di erent
stepsizes and chose the one that provides an acceptance rate of around 0.3 in the stationary phase.
Although we have presented MALA as an independent proposal it is a special case of HMC when
L =1

Algorithm 2:  Particle - HMC or NUTS
Input: o, YT, M, L
(), rL () = Run Algorithm 1

= Find Reasonable ( o)
fori=1toM do
HMC = Algorithm 1 in [10] or
NUTS = Algorithm 3 in [10]

end

Function Leapfrog( , m, yi.t, L ()):
m%=m + 0.5 k()

o= + mo

*(), rL ()%= Run Algorithm 1

m°= m%+ 0.5 L ()°

return % m% ()% rL ()°

© o N O 0o N~ W DN P

=
N B O

8 Numerical Experiments

8.1 Linear Gaussian State Space Model

We consider the Linear Gaussian State Space (LGSS) model seen in Section 4 of [46] which is given

by
Xejxe 1 N X Xq 15 25 (86)

yiixe N yoxe 2 (87)
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where =f; ; egare parameters with prior densities Normal(Q 1), Gamma(l; 1) and Gamma(Z; 1),
respectively. The \optimal" proposal is used (see (12)) and can be derived from the properties of
(86) and (87). This results in

axeXe 1Y) =N X 2 v+ Zxy 1 % (88)

with 2= ,2+ _2
The weights are updated using (13), which can be shown to be

Wg:;tl): N Yt X 5 3+ g Wgtl )1: (89)

8.1.1 Results

First, we compare the dierent di erentiable particle lters described in section 6 in terms of
computational run-time and the MSE between the true and inferred values of = f; g in the
LGSSM described in (86) and (87). The true values of and , are 0.7 and 1.2 respectively. We
use NUTS as the proposal and run with di erent numbers of particles, N, and observations, T,
over M =50 MCMC iterations. The results are presented in Table 1 with the MSE and the time
taken in seconds being averages over 10 runs (with di erent random number seeds).

Using CRN and FI (Fisher's identity) consistently results in the lowest time taken to complete
the di erent experiments. One reason for this is that minimal changes to the resampling step are
introduced when compared to the other methods in Table 1. WhenT = 25 and T = 100, using
CRN results in the lowest MSE when running with N = 32, 64 and 128 andN = 16, 32, 64,
and 128, respectively. Using optimal transport resampling results in lower MSE estimates in some
experiments but the computation time is considerably higher than CRN and FI.

Next, we compare the di erent proposals outlined in section 7. It has been explained previously
that using NUTS eliminates the need to manually select the length parameter,L, in HMC by
adaptively choosing this parameter at every iteration. Therefore it is likely that NUTS will make
more than one target evaluation per iteration so is more computationally costly than MALA,
where only one evaluation is made, and HMC with certain values for.. We therefore include the
number of gradient evaluations as well as the average MSE between the true and inferred values of

= f; ; g and the computation time in seconds for the LGSSM described in (86) and (87).
The true values of , | and . are 0.7, 1.2 and 1, respectively. The setup of the experiment was as
follows: T =100, M =10, N =512 and 1024 and CRN resampling was used. Table 2 exempli es
the bene t of NUTS over HMC in not having to optimise the number of steps, L: NUTS obtains
a lower MSE in a shorter run-time than HMC.

Finally, we show results when using NUTS and CRN resampling and present a commonly used
diagnostic to determine if three independent chains that had di erent initial starting values for =
f; v: eghave converged. The particle Iter was initialised with N =750, T = 250 observations,
M =500 (with the rst 100 discarded as burn-in) and the true values were =1[0:7;1:2;1]. The
trace plots and density plots of the accepted samples of can be seen on the left and right of Figure
2 (a), respectively. These plots give an indication of how well the chains have converged to their
stationary distribution. Figure 2(b)-(d) shows the 1-dimensional histograms, plotted using [47], for
the same three chains and the uncertainties associated with these estimates aof The mean estimate
of from the three chains is [067; 1:23; 1:04]. A numerical method for determining if multiple chains
have converged is the Gelman-Rubin diagnostic [48] which compares the variances between chains.
It is a commonly used diagnostic in the probabilistic programming language Stan [11] (where it
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N = 512 N = 1024

T (Secs) MSE NGE T (Secs) MSE NGE

MALA | 4342 0.306 9 | 6.288 0.300 9

2 3.70 036 001 18 14.21 036 002 18

L4 7.26 031 002 36 32.34 031 004 36

Q L6 11.39 027 003 54 57.84 0.26 006 54
I L8 18.86 025 005 72 54.18 025 007 72
L10 24.46 022 006 90 103.80 023 0.08 90
NUTS | 35.77 023 008 106 | 6991 0109 007 66

Table 2: The time taken in seconds, number of gradient evaluations (NGE) and MSE and standard
deviation of = f; ; eginthe LGSS model for di erent numbers of N and MCMC proposals.
T = 100 observations,M =10 MCMC iterations and CRN resampling was used. The results were
averaged over 10 runs using di erent random number seeds.

is referred to asR) to ascertain if the sampler has correctly sampled from the posterior. Stan's
documentation states anR value below 1.05 passes their internal diagnostic check. The calculated
Gelman-Rubin for parameters for , , and . where 1.0091, 1.007 and 1.0094, respectively.

8.2 Stochastic Volatility Model

Stochastic volatility (SV) models are widely used to evaluate nancial securities and prices [49], as
the variance of the latent process changes over time and is not constant. This is modelled with the
state x; being proportional to the observation noise. More speci cally, we use the same model as
seen in [46], which is de ned as follows:

Xo N Xoi; 775 (90)

Xeer JXe N Xers + (e )5 7 (91)

yeixe N (ye; 0 exp (xt)) ; (92)

where =[;; ]are parameters with prior densities Normal(Q 1), Normal(0; 1) and Gamma(2 10),

respectively. The log-returns (observations),y;, are modelled using the formula,

Vi =100log - =100flog(s) log (s 1) (93)

where s; is the price. We note that the data used here is real data and is the daily closing prices of
the NASDAQ OMXS30 index, i.e., a weighted average of the 30 most traded stocks at the Stockholm
stock exchange. The data is extracted from Quandl for the period between January 2, 2012 and
January 2, 2014.

We use the prior as the proposal (see (10)), which is such that the incremental log weight
becomes

log  x{";x{"); =logp yix{") ; (94)
and the associated gradient is

d i ; d o
Tlog x{ i) = Flogp wiix(t (95)

3The data can be downloaded from https://data.nasdaq.com/data/NASDAQOMX/OMXS30
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Figure 2: (a) The trace plots (left) and density estimates (right) of three independent chains with
di erent initial starting positions for . The horizontal black lines indicate the true values. (b)-(d)
1-Dimensional corner plots of the three independent chains seen in Figure 2 for the LGSS model.

The black lines indicate the true values.
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8.2.1 Results

It is here we compare the di erent proposals outlined in section 7 when inferring the parameters
of the stochastic volatility model outlined in (90) - (92). Each simulation was initialised with the
same values of , N = 5000, T = 500 observations,M = 5000 MCMC iterations with the rst 2000
discarded as burn-in and CRN resampling.

The rst and second rows of gure 3 shows the histograms and trace plots of the accepted values
of , respectively. These plots give a visual indication of how well each of the samplers perform but
should not be solely used to asses convergence. Table 3 outlines a humber of MCMC diagnostics
that determine if the sampler has converged to equilibrium. They include the mean of the posterior
samples which on its own is not very informative, especially if the parameter being inferred is not
known.

By looking at the trace plots, it is evident that for MALA and some values of L in HMC, there
is a lot of serial correlation between consecutive draws. This results in the parameter space being
poorly explored. However using NUTS can be seen to have the least serial correlation between
MCMC draws. This observation is backed up by looking at the third row, which shows auto-
correlation function (ACF) plots for the same simulations. These plots show the auto-correlation
for a Markov chain up to a user-speci ed number of lags, which in this case is chosen to be 100. An
ideal ACF plot is large at short lags but quickly drops towards zero. For MALA and a number of
the HMC simulations the ACF plots do not reach O within the speci ed 100 lags. The Integrated
Auto-Correlation Time (IACT) is a measure of the area under the ACF plot. The aim is to minimise
this value since it gives an indication of the mixing within the Markov chain: IACT estimates the
number of iterations it takes to draw an independent sample. It is evident by looking at Table 3
that using NUTS results in lower IACT scores for parameters and , and is comparable with
HMC with L =6 for

The e ective sample size (ESS) is also shown in Table 3. This gives an indication of the number
of independent samples it would take to have the same estimation power as a set of auto-correlated
samples: larger values for ESS are to be preferred. Much like the IACT scores for parameters
and , NUTS provides better results than the other samplers and is slightly worse than HMC with
L =6 for

As explained previously, randomising theL parameter within HMC can avoid periodicities in the
underlying Hamiltonian dynamics. To do this we draw an L value from an exponential distribution
with a mean parameter of 2.5. To ensure this value is an integer we round up. It is evident
when looking at Table 3, randomising theL parameter in HMC provides better results for when
compared with HMC with xed L but is still worse than NUTS.

The mean estimates of di er slightly in each simulation to those presented in [46], which were
[ 0:23,0:97;0:15]. We believe this disparity stems from [46] using the same patrticle lter but a M-H
random walk proposal for the parameters. However, when a reparameterised model (described on
page 29 of [46]) is used, they obtain estimates equal to [0:16; 0:96; 0:17], which are very similar to
those seen in Table 3 when using NUTS, [0:17; 0:96; 0:18].

8.3 Lorenz-63

The Lorenz-63 model is a 3-dimensionalNx) dynamical system widely used in data assimilation [50]
that uses ordinary di erential equations to propagate a state. The model has a state variable which
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