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Abstract

Plasma accelerators provide unique opportunities to generate high-brightness, short-pulse
electron beams, which are an ideal basis for high-quality radiation generation. Beam-driven
plasma wakefield accelerators (PWFA) have demonstrated significant progress during the
past two decades. Facility for Advanced Accelerator Experimental Tests II (FACET-II) at
SLAC National Accelerator Laboratory is a state-of-the-art facility that is used to study the
properties of particles and their interactions at the highest energies. In order to accomplish
the experimental goals, such as reducing energy spread, high energy transfer efficiency from
drive to witness beam, and emittance preservation, at FACET-II, sophisticated diagnostics are
required to characterize the beam. One important diagnostic tool is betatron radiation which
will measure the spectral and angular properties of the incoming photon stream produced by
these intense beams in plasma. Radiation diagnostics could also be used to reconstruct the
properties of the beam and photon energy distributions.

This thesis presents new numerical methods, spectrometer hardware designs and beam
parameter and spectrum reconstruction methods for betatron radiation. First, three numer-
ical models are developed for characterizing beam properties using different methods of
computing particle trajectories. These models are then used to numerically integrate Lié-
nard–Wiechert (LW) potentials to compute their emitted radiation. Progress is made towards
solving the computational challenges of recovering beam information from radiation diag-
nostics. Using the particle-in-cell (PIC) codes, simulations for planned FACET-II PWFA and
Trojan horse experiments are numerically simulated. Some practical aspects of implementing
radiation diagnostics using the models mentioned above for generated witness beams are
discussed.

Second, a photon spectrometer at FACET-II is built at UCLA to measure betatron radiation.
Measuring the beam’s emitted betatron radiation can be valuable in studying the matching
dynamics. This spectrometer will detect high-energy photons from Compton scattering



iv

and pair production methods. The design for both spectrometers is presented to record a
single-shot gamma spectrum at FACET-II for a full suite of gamma measurements.

Third, data from two types of simulated scenarios – PWFA-derived betatron radiation
experiments and high-field laser-electron-based radiation production – are used to determine
which methods could most reliably reconstruct these key properties of the beam. The
data from these two scenarios provide a large range of photon energies; this variation of
characteristics increases confidence in each analysis method. In both cases, the performance
of maximum likelihood estimation (MLE), neural networks, and a hybrid approach combining
the two are compared. Furthermore, in the case of higher energy photons, above 30 MeV,
where electron-positron production is used as the basis of the spectrometer, the efficacy of
matrix decomposition is examined. As such, the ML-MLE hybrid approach proves to be the
most generalizable of the methods.

Fourth, PIC codes are also used to compare betatron radiation in various scenarios, including
strong and weak blowouts, asymmetric beams relevant to experiments at FACET-II, and
Argonne Wakefield Accelerator (AWA) facility. Finally, ion collapse experiment is also
studied, which aims to study how ion motion in a PWFA has nonlinear focusing effects due
to nonuniform ion distributions, is extensively studied.
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Chapter 1

Introduction

The discovery of the Higgs Boson also called higgs particle was a major scienti�c achieve-

ment in 2012 in particle physics [1]. Accelerators have contributed directly to 26 Nobel

Prizes in Physics since 1939 and another 20 Nobel prizes in chemistry, medicine, and physics

with X-rays. Currently, the Large Hadron Collider (LHC), a synchrotron-type accelerator in

Europe, produces the highest energy beams of 6.8 TeV per beam (13.6 TeV center of mass

energy at collision) [2]. It is 27 km in circumference, and the beams available are protons

and heavy ions. The challenge with building particle accelerators larger than the LHC is their

high building cost and large size. The amount of power required to operate such an extensive

facility is massive. Nevertheless, innovation and new ideas are signi�cantly important for

continued progress [3]. Scientists are now working on developing low-cost accelerators

and small-size particle colliders. In order to make advancements in the �eld of high energy

physics and science as a whole, the properties of the accelerators are manipulated beyond

the limits of their performance, inventing new ideas of accelerator technology along the way.

Future potential colliders, both radio-frequency and plasma-based, could help answer some

of these fundamental questions [4, 5]. One such innovation is the use of plasma wake�elds

for particle beam acceleration. Research is being conducted worldwide to demonstrate the

feasibility of accelerating and preserving the quality of beams in plasmas [6, 7]. Plasma

wake�elds are interesting for the ef�cient acceleration of particle beams and the radiation gen-

erated in the process, which can be used as a diagnostic tool. Plasma wake�eld accelerators

(PWFAs) have already demonstrated [8] acceleration gradients orders of magnitude higher

than the limits for conventional radio-frequency acceleration. PWFAs could one day be used
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to build compact high-energy particle accelerators. PWFAs have already demonstrated high

acceleration ef�ciency [9], as well as emittance preservation [10].

Fig. 1.1 Schematic of plasma wake�eld accelerator.

A plasma wake�eld accelerator drives an electron wave in plasma using a relativistic beam of

charged particles or an intense laser pulse as shown in Fig. 1.1. Robust plasma accelerating

structures can be excited over meter scales using ultra-relativistic particle beams. Tens of

GV/m accelerating �elds can be sustained over these lengths. As a result, PWFAs can lower

the cost and shrink the size of the accelerator to reach the same particle energy. For plasma

wake�eld acceleration in the blowout regime [11], a dense drive beam made of electrons

generates a linear focusing force by repelling the plasma electrons away from its path while

leaving the more massive plasma ions nearly uniformly distributed. The concept of PWFA

came from the idea that electrons can surf on the waves of plasma created by ionizing the gas

with a laser or intense electron beam, gaining large amounts of energy over short distances.

Therefore, the trailing bunch, usually called the witness beam, should be smaller in the

longitudinal direction than the drive beam in plasma for loading the wake, and it must contain

suf�cient charge which can �atten the wake so that the energy spread will be narrow. In a

witness beam subject to this focusing force, electrons undergo harmonic transverse betatron

oscillations giving rise to betatron radiation. Because information about the properties of the

beam is encoded in the betatron radiation spectral and angular distribution, measurements

of this radiation can be used to reconstruct beam parameters, mainly through the changing

characteristics of the radiation with the strength parameterK. The blowout regime's excellent

acceleration and focusing properties make it a signi�cant research focus in PWFA.

In PWFA, beam electrons undergo betatron oscillations with wavenumberkb determined by

plasma parameters. The emitted radiation depends on the undulator parameterK, which is

proportional to the amplitude of betatron oscillation. Three regimes exist: weak undulator

for K � 1, strong undulator forK � 1 with higher harmonics, and wiggler forK � 1 with
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smooth spectrum. In E-310 experiment parameters, most beam particles fall in the wiggler

regime with K� 1.

1.1 Scope of the work

The upcoming experimental program at the Facility for Advanced Accelerator Experimental

Tests-II (FACET-II) has ambitious goals which require emittance preservation, ultra-high

brightness beams with less energy spread, analysis of incoming photon stream from relativis-

tic beams for reconstructing energy distributions and the original electron beam's parameters.

Via simulations, several processes, such as the space-charge effect, uncontrolled injection

schemes, beam perturbations, hosing, and beam mismatch in varying plasma, have been iden-

ti�ed as responsible for the emittance growth of the driver and witness beam in a PWFA. The

diagnostic in this thesis is based on the emitted betatron radiation, which allows collecting

information about the beam dynamics that ultimately lead to the emittance growth during the

plasma acceleration.

In this thesis, numerical models for the emission of betatron radiation for different methods

of computing electron trajectories are discussed, which will then be used to characterize

the incoming beam. First, macroparticles are randomly sampled from the beam distribution.

Next, the particles are tracked through idealized acceleration and focusing �elds using a

4th order Runge-Kutta method. Finally, the particle trajectories are used to integrate the

Liénard–Wiechert (LW) potentials to compute the radiation spectrum numerically. Rather

than compute radiation from every particle trajectory output usingQuickPIC, a quasi-static

particle in cell code explained in detail in Chapter 3, a subset of those trajectories was

randomly sampled, and the result was scaled to the number of physical particles.

As high-energy particles interact, they emit gamma radiation in a wide range of energies,

which can help determine the nature of the interacting particles. When intense particle

beams propagate in dense plasma or gas, ionization effects play an important role in particle

dynamics. Due to ionization mechanisms, plasma electrons are generated, causing different

instabilities, and dif�culties in achieving the overarching physics goals of wake�eld acceler-

ators. Achieving these goals requires sophisticated beam diagnostics enabled by betatron

radiation. Gamma rays emitted from the betatron radiation process in under-dense plasma

wake�elds produce unique experimental signatures that reveal interaction physics at the

challenging ultra-short spatial, and temporal experimental scales [12]. Conventional methods

could not measure the emittance inside the plasma, which requires new indispensable emit-
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tance diagnostic tools. A preliminary study has examined the possibility of using betatron

radiation to reconstruct the accelerated electron beam transverse pro�le [13]. The betatron

radiation from the underdense focusing plasma channel can provide a prominent diagnostic

tool for various electron and proton beam experiments worldwide.

The thesis presents methods to reconstruct the primary spectrum from the data of the energy

and angular position of the incoming photons recorded by observing the momenta and

position of Compton scattered electrons via machine learning (ML) and the Expectation

Maximization (EM) algorithm. A multi-layer, fully connected neural network is used to

perform the regression task of reconstructing both the double-differential spectrum (DDS)

and the photon energy spectrum incident. Data is analyzed to determine ML, Maximum

likelihood estimation (MLE), or QR matrix decomposition methods (where Q and R are

the matrices) [14] that could reconstruct these fundamental properties most reliably for the

parameter and spectrum reconstruction. Betatron radiation that arises during PWFA can

be measured by a UCLA-built spectrometer, which records incoming photon's energy and

angular position. In this thesis, the designs of Compton and pair spectrometers are presented

for use at FACET-II. In addition, a sextupole is used for magnetic spectral analysis, giving

a broad dynamic range and the capability to capture an energy-angular double-differential

spectrum in a single shot. The work done with Compton and pair spectrometers assumes

the data to be analyzed derived from the single-shot case, where only one measurement

will be taken for a given electron beam-laser interaction. However, in the multi-shot case,

the same interaction can be repeatedly measured with different horizontal positions of the

converter target wired to obtain DDS, yielding more information about these high-energy

interactions.

1.2 FACET and FACET-II

FACET at SLAC began its operation in April 2012 to test the possibilities for next-generation

particle accelerators [15]. The �rst 2 kilometers were used to generate high-energy electron

and positron beams that could be used for experiments in the FACET area. Magnets and

magnetic chicanes were used to direct, focus, and compress these electron and positron

beams such that they could reach the speci�c area where they interact with the gases and

generate plasma. The �rst experiment in the 1990s in the plasma wake�eld area [16], Final

Focus Test Beam (FFTB), demonstrated that electron high energy beams could surf on

plasma waves created by the drive beam and can gain very high energies in short distances.
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FACET achieved several milestones toward realizing practical PWFAs. This includes high-

ef�ciency acceleration [17], high total energy gain [18], acceleration of positrons [19], and

the demonstration of a plasma photocathode [20], also known as Trojan horse. Also, the

beam-driven plasma could produce an accelerating gradient of 50 GeV/m [21], three orders

of magnitude higher than a conventional accelerator (charged particles are accelerating using

electric �elds in conducting metallic cavities) in the one-meter length of the plasma channel.

Nowadays, laser wake�eld accelerators (LWFA) can achieve few-MeV to few-GeV level

electrons throughmm to cm length plasma cells [22, 23]. Research at FACET primarily

focuses on high-intensity GeV scale beams suitable for bright light sources. FACET operated

from 2012-2016; however, it ceased operation in April 2016 to make room for the Linac

Coherent Light Source II (LCLS-II), as shown in Fig. 1.2. This presented an opportunity

to upgrade FACET to FACET-II, bringing new capabilities to the accelerator community.

FACET-II is a new experimental facility at SLAC aiming to study plasma acceleration, beam

plasma interactions, and novel light sources [24].

Fig. 1.2 Top: SLAC accelerator landscape view with three different facilities FACET-II,
LCLS-II, and LCLS. Bottom: Sketch of the FACET-II LINAC and image adapted from [25].

FACET-II [26, 27] provides a signi�cant upgrade over FACET and includes novel research

programs. This facility will operate several unique, coherent radiation techniques with
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high accelerating gradients and develop advanced acceleration. FACET-II aims to build on

these accomplishments by demonstrating the high beam quality of accelerated and plasma-

injected beams and testing several new concepts for acceleration, manipulation, and radiation

generation. However, measuring the results of these experiments is a signi�cant challenge for

conventional diagnostics due to the extremely low emittances, and potentially large correlated

energy spread and jitter of anticipated beams [28]. Therefore, in addition to heavily using

ML [ 29–31], FACET-II will rely on betatron radiation as a diagnostic. Most of the work

presented in this dissertation falls within the research programs surrounding FACET-II, as

shown in Fig. 1.3. This accelerator facility delivered 10 GeV electron beams during its �rst

commissioning with nearly expected beam parameters in terms of peak current and emittance,

taking us one step further in the experimental progress of PWFA. Furthermore, these extreme

parameters open new opportunities for studying beam plasma interactions and generating

gamma-ray radiation, which will help to study the ultra-relativistic regime of beam plasma

instabilities.

Fig. 1.3 FACET-II diagnostic beamline downstream of interaction point (IP). The IP is located
13.12 m upstream of the dipole magnet center [32, 33].

The gamma-ray measurement requirements for FACET-II have been the subject of continued

discussion during the recent years of preparation before and during the commissioning of this

important research facility. It is apparent from the recently published work [25, 27, 34, 35]

that the user community in the �rst phase of FACET-II research will be concerned with

measurements centered on higher energy beam processes and relatively large emittances.

Betatron radiation and related processes provide uniquely powerful probes of high-energy

beam-plasma and beam-radiation interactions. They arise in two most relevant ways: in the

case of electron-plasma interactions, the oscillations arise from strong focusing �elds; in the

case of intense laser-electron interactions, the radiation is closely related to undulator radia-



1.3 Thesis overview 7

tion, with the oscillation driven by electromagnetic wave �elds. In both cases, approximately

sinusoidal transverse motion results in radiation with well-understood properties.

1.3 Thesis overview

Chapter 1 brie�y discusses the scope of the thesis in Sec. 1.1 and provides the details of

FACET and FACET-II facilities in Sec. 1.2. Chapter 2 introduces PWFA and the evolution

of plasma wake�elds from linear to nonlinear regimes. The betatron radiation generation

mechanism in PWFA using PIC simulations is also discussed. Chapter 3 works out the

numerical models for betatron radiation, all based on different methods of computing particle

trajectories which are then used to integrate Liénard–Wiechert (LW) potentials to compute

the radiation numerically. Various benchmarks are performed using analytical expressions,

and the PIC codesQuickPIC [36, 37],OSIRIS[38], andEPOCH[39].

Chapter 4 provides the numerical simulations to study the Trojan horse experiment known

as E310 at FACET-II. This chapter mainly covers the colinear laser injection and different

injection schemes for the FACET-II run. The experimental work will be conducted with

colleagues from the E310 collaboration, which includes members of UCLA, the University

of Strathclyde, the University of Liverpool, and other institutions. Chapter 5 lays out the

hardware development of the Compton and pair-spectrometers. Compton spectroscopy

becomes increasingly challenging at low gamma energies below 1 MeV. Therefore, the

design for a pair spectrometer is presented that can record a single-shot gamma spectrum

spanning 10 MeV through 10 GeV, which will complement the Compton spectrometer at

FACET-II for a full suite of gamma measurements.

Chapter 6 utilizes the data from simulated PWFA betatron radiation experiments and electron-

positron pair production to determine which methods could most reliably reconstruct these

fundamental properties. Both cases compare the performance of MLE, a statistical technique

used to determine unknown parameters from the distribution of observed data, machine

learning, which detects patterns between datasets through repeated training, and a hybrid

approach combining the two. Chapter 7 lays out the outcomes of the beam perturbation effects

on the betatron radiation. The idea behind studying the perturbations is to study the observed

behavior, spectrometer acceptance angle, and angular distribution of the spectrum. Chapter 8

describes the �at beam scenarios for radiation calculation. A case study is performed on a

system containing a plasma lens and adiabatic PWFA.
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Chapter 9 summarizes the theoretical and computational approach undertaken to understand

the physics of critically important phenomena in PWFA. Betatron radiation is the most robust

and accessible experimental measurement capable of revealing fundamental aspects of the

beam-plasma interaction. Spectral and angular characteristics of the radiation spectra are

determined through sophisticated gamma-ray spectrometer output analyzed with advanced

ML and MLE techniques. MLE and ML can effectively use betatron radiation data in

implementation to extract beam diagnostic information.

In Appendix A, other projects that could use radiation diagnostics are discussed. Section

A.1 describes wake�elds generated from dielectric structures driven by relativistic beams

that have demonstrated utility for high-gradient acceleration, phase space manipulation, and

generation of THz radiation. The produced THz radiation is also valuable for probing the

electromagnetic �elds during the DWA interaction. Finally, section A.2 presents an X-ray

laser oscillator called XLO, a recently started project at SLAC to build the �rst population

inversion X-ray laser. XLO will provide fully coherent, transform-limited X-ray pulses. This

work focuses on optimizing medium gain delivery in the XLO cavity.



Chapter 2

Basics of plasma wake�eld accelerators

Accelerator physics is a branch of applied physics that studies ways to accelerate, manipulate,

and use charged particle beams. The size of the accelerators is quite large and costly, like

the LHC, SLAC, Relativistic heavy ion collider (RHIC) [40], the Tevatron [41], and many

more. Because of their large-size, accelerators are typically found in National Laboratories

and not in Universities. Particle accelerators use electric �elds to increase the energy of a

beam of charged particles to be accelerated and focused by magnetic �elds. Accelerators are

starting to be widely used in medical and industrial applications [42] and are characterized

by their topology (linear vs. circular), waveguide metal cavity (electromagnetic accelerators)

[43, 44], plasma for plasma-based, species (electrons, protons, ions), and energy.

Electromagnetic accelerators send microwaves into conducting cavities which bounce back

and forth. When the timing and phase of the wake are correct, the beam will surf the wave

and accelerate. Some other acceleration schemes are currently being developed, such as

inverse Cerenkov acceleration [45], inverse free electron laser acceleration [46], vacuum

laser acceleration [47], plasma-based acceleration [48, 11], and laser-driven plasma-based

acceleration [49].

Accelerating charged particles lose energy via synchrotron radiation [50]. For a more detailed

description of synchrotron radiation, the reader is referred to [51]. A particle traveling around

a circular accelerator loses energy according to the following equation.

(DE per turn) µ �
E4

m4R
(2.1)
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whereE is the beam energy,m is the particle mass, andR is the machine radius. Heavier

charged particles have high momentum, and bending their trajectory into a circle requires

more powerful magnets. RF cavity breakdown, pumping electric �elds greater than a few

10s of MV/m into an accelerating cavity causes RF breakdown and permanent damage to the

cavity.

The study of plasmas started a century ago in laboratories [52] and has now become a source

of new techniques with societal applications. Plasma is one of the state of matter, with

the other being solid, liquid, and gas. A plasma may be formed by vigorous collisions

between the atoms and molecules if we heat the gas to an extremely high temperature. In

this, the electrons are ripped free, yielding ions and electrons. The big focuses of plasma

physics research are on harnessing plasmas for fusion [53] and studying plasmas in space

[54, 55].

Plasmas play a vital role in accelerator physics, nuclear fusion, astrophysics, and high-power

laser technologies. The acceleration of particles using the electromagnetic �eld of the plasma

wave was �rst described in 1956 [56]. One of the most remarkable applications of plasmas,

�rst proposed around four decades ago, is plasma wake�eld accelerators. Tajima and Dawson

of UCLA in 1979 [49] originally discovered the basic concepts of plasma acceleration and

its possibilities. The plasma wake�eld concept has been developed over the years to provide

a new high-energy particle source. An acceleration gradient of 10s of GV/m has been

demonstrated in experiments [21]. Electrons can be accelerated to GeV energies with these

accelerating gradients in acm scale plasma. However, PWFAs are not easy to use as they

need to improve their output beam quality, stability, and reproducibility [57]. A laser pulse

close toc in plasma can be used to drive a strong wave behind it [58]. This will improve

the quality of the PWFA by increasing the phase velocity and possibility of more controlled

injection schemes.

These are high-frequency oscillations, the ions do not move, and we can have strong electric

�elds. The wake structure is destroyed when the wave is driven beyond the wave-breaking

threshold (nb � n0). This process can be used to generate high-quality beams of electrons.

This occurs because when the wake crosses the wave-breaking threshold, the nature of

wave-breaking changes, and some electrons from the background plasma get trapped in the

wave without destroying the wave structure in a controlled manner, and this process is called

self-injection [59]. These electrons are all injected at the back of the plasma blowout to

accelerate to the same energy quasi-monoenergetic electron beams [60].
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There are two main types of plasma-based accelerators: a PWFA that uses a charged particle

beam to drive the wake�eld, and a Laser Wake�eld Accelerator (LWFA), in which a laser

pulse drives the wakes in plasma. The dynamics of the wakes generated by a laser pulse or

particle beam are almost identical if the driver beam is short [59]. In self-injection, a small

part of the background plasma electrons can be trapped in the blowout bubble. In particular,

theg factor of the bubble back is essential for self-injection as it can be different from theg

factor of the blowout bubble front because of the evolution . The injection can be preceded

by trapping via longitudinal self-injection [61].

A driver electron beam in PWFA or laser pulse in LWFA produces a plasma blowout bubble,

and then a witness electron beam behind it, inside the bubble, gets accelerated. Massive

acceleration has already been demonstrated [21], and reliability and preserving beam quality

are major goals. With our understanding of the basics of beam-based wake�elds, we can

analyze wake�elds excited in plasmas in Sec. 2.1.

2.1 Wake�eld generation

This section describes the wake�elds generated by a driver propagating through a plasma.

A driver can either be space charge �eld from a charged particle beam or pondermotive

force from an ultrafast laser pulse. Wake�elds are generated in three regimes: linear, quasi-

nonlinear, and nonlinear or blowout. We will only focus on linear 2.1.2 and nonlinear

2.1.3 regimes. We examine the linear case and then expand our analysis to the nonlinear

regime.

2.1.1 Envelope equation and Twiss parameters in PWFA

In order to understand accelerator physics, we must be familiar with the particle's dynamics

and the classical theory of electromagnetism. The magnetic �eld does not change the

particle's energy; only the electric �eld can change particle energy. Under linear forces,

any particle moves in an ellipse in phase space (x;x0). General equations of the ellipse are

functions of distance:

bx =
< x2 >

ex
(2.2)



12 Basics of plasma wake�eld accelerators

ax = �
< xx0>

ex
(2.3)

Fig. 2.1 The transverse phase space(x;x0) portrait of a particle beam with areaA = pex,
whereex is the emittance. The intercepts, extrema, and correlation of a trace space ellipse
are indicated in the Twiss parameters. Plot adapted from [58].

whereex;bx;ax, andgx/gx are referred to as the Twiss parameters. The RMS envelope

description has the additional bene�t of allowing a concise de�nition of the emittance in a

phase plane or trace space. The emittance is a bene�cial concept that allows parameterization

of the beam envelope motion. This scaling of the beam envelope with the square root of

the beam emittance leads to the introduction of the Twiss parameter formalism, which gives

insight into the single particle dynamics and beam envelope. We use an ellipse corresponding

to a contour of constant probability density to visualize the area occupied by the distribution

in trace space. The most practical choice from the standpoint of our present discussion is the

RMS trace space ellipse.

gx(z)x2 + 2ax(z)xx0+ bx(z)x02 = ex; (2.4)

gx =
1+ a 2

x

bx
(2.5)
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sx =
p

bxex; sx0 =

s
bx

ex
(2.6)

In the Gaussian notation,sx andsx0 are the RMS beam size
p

hx2i and angular spread
p

hx02i ,

respectively. The input �les forQuickPICcode were written with the Twiss parameters in

mind. The Twiss parametersa andb govern the initial RMS valuehs r i of the beam in thex

andy directions assuming beam propagation in thezdirection as well as the initial amount

of convergence the beam experiences when it enters the lens (discussed in detail in Chapter

8). The Twiss parameters at any point during the beam's propagation in Eqs. 2.2 and 2.3

become

ax =



sxs

0

x
�

ex
g bx =



s 2

x
�

ex
g (2.7)

with correspondinga andb values in they direction determined bysy, s
0

y, andey. In the

input �le, a dictates the initial convergence of the beam, andb controls the initials of the

beam. Careful tailoring of these three parameters,a , b , ande in the transverse directions,

can effectively produce any desired beam. Regarding theb function, a special case arises

when the matching condition holds and the beam is matched to the plasma. Achieving

matching of this type is desirable, as a matched beam does not undergo emittance growth

and oscillations of the beam's RMS width become signi�cantly more manageable [62]. In

the matched case, theb-function can be directly related to the plasma skin depth through the

equation [58]

br =
p

2g� k� 1
p (2.8)

and related to matched sigma through the following relationship

s r =

s
br � er

g
(2.9)

wheres r is the transverse beam size. It is important to note that for any plasma densityn0,

its matched beta function is the same in both transverse directionsx andy. Consequently, it



14 Basics of plasma wake�eld accelerators

is impossible to perfectly match asymmetric beams to symmetric plasma pro�les about thez

axis.

There are a few ways the Twiss parameters help describe beam evolution. InQuickPIC, a

converging or diverging beam can be simulated by modifying the value ofa at the start of

the simulation. Manipulating the parameterb in an input �le allows for the variation of a

beam's initials r values while holding emittance constant. Trackingb over the length of a

simulation provides insight into the evolution of a beam's beta function and how the beam

responds to the plasma's effects. If matching is desired, the initial values of these parameters

that will match a beam to a speci�c plasma can be derived by numerically integrating the

beam's envelope equation given in Eq. (2.10).

d2s
dz2 =

e2

s 3 � K0r (z)s (2.10)

WhereK0 is the focusing strength given byK0 = 2pren0
g , s is the spot size, andr (z) is the

density of the plasma as a function of longitudinal distance [63], re is the classical electron

radius. Using Eqs. (2.8) and, (2.9), the matcheds can be easily calculated and used to

determine the properties of a beam when it is at a waist. Integrating Eq. (2.10) from the

matched state back to the initial condition gives the initialb required to achieve matching

later in the plasma, and Eq. (2.11) from [64] is used to determine the initiala0.

b (zw) = b0 � 2a0zw (2.11)

whereb(zw) is the beta at the waist,b0 is the initial beta value,zw is the distance the beam

travels before it becomes a waist, anda0 is the initial alpha, and the evolution ofb here is

in vacuum. From Eq. (2.11), the initial convergence required for the beam to arrive at the

desired waist can be computed, allowing beams and plasma pro�les to be tailored to meet

the matching conditions.

2.1.2 Plasma wake�elds in the linear regime

Now we assume a model where we inject the drive beam into a quasi-neutral plasma of

initially stationary electrons and permanently stationary ions with no external magnetic
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or electric �elds1. We assume the electron beam is moving through the plasma at nearly

the speed of light withnb(beam� density) � ne(electron� density). We can calculate

the electron density and electric �elds using Maxwell's equations. In my thesis, I have

utilized CGS (Centimeter-Gram-Second) units as the primary unit system. However, for the

sake of simpli�cation, I have also occasionally employed MKS (Meter-Kilogram-Second)

units.

Ñ � EEE = 4pr (2.12)

Ñ � BBB = 0 (2.13)

Ñ � EEE = �
1
c

¶BBB
¶t

(2.14)

Ñ � BBB =
1
c

�
4pJJJ+

¶EEE
¶t

�
(2.15)

whereJJJ = r vvv is the current density,r is the charge density andvvv is the �uid velocity.

Substituting the differential form of Gauss's law forEEE by taking the divergence ofÑ � BBB we

get the continuity equation

¶r
¶t

+ r Ñ � vvv = 0 (2.16)

We ignore the magnetic �eld in the Lorentz force and Maxwell's equation. We calculate

a linearized version of the Gauss equation for the plasma response. The charged particle

density at any point in a beam-plasma interaction consists of plasma ions, plasma electrons,

and beam electrons such thatr = e(ne � ni + nb). Plasma ions move much slower than

electrons due to their large mass, so we assume they are immobile. In the case of a neutral

plasma,ne = ni = n0 is the unperturbed plasma density. In the linear regime, wherenb � n0

is the initialne, plasma ions neutralize plasma electrons. We concern ourselves with small

perturbations in the electron density where change is small and expand the plasma electron

1The derivation for linear and nonlinear regimes are derived using [65–67]. For a detailed description, the
reader is referred to [67]
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velocity, ve ! v0 + v1 (andv0 = 0). We calculate a linearized version of the continuity

equation for the plasma response.

¶n1

¶t
= � n0Ñ� vvv111 (2.17)

The Lorentz force equation determines the evolution of the plasma electrons for collisionless,

cold �uid elements of the plasma (Newton-Lorentz equation)

me
¶v
¶t

+ mev � Ñv = � e(E+ v � B=c) (2.18)

in the linearized form, we can write

me
¶v1

¶t
= � e(E+ v1 � B=c) : (2.19)

Pure longitudinal [65] electromagnetic waves (B = 0) are present in the plasma because

waves are electrostatic.

¶E
¶t

= � 4pJ (2.20)

me
¶v1

¶t
= � eE (2.21)

If we take the time derivative of the continuity equation 2.17 and substitute it in Newton-

Lorentz equation 2.18,

¶2n1

¶t2 =
en0

me
Ñ� E = � w2

p (n1 + nb) (2.22)

wherewp is the characteristic plasma frequency de�ned by

wp =

s
ne2

e0me
(2.23)
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Heren is the electron number density. Rearrangement of the equations gives a wave equation

for the perturbed plasma density.

¶2n1

¶t2 + w2
pn2

1 = � w2
pn2

b: (2.24)

As we know, wake�elds in plasmas are generated by a laser pulse or a charged particle driver

beam, seeding an electron density perturbation while propagating through the plasma. The

restoring forces respond to this perturbation, leading to a periodic density perturbation behind

the driver, similar to waves trailing a boat on the water. Hence, the wake shows a periodicity

depending on the plasma system and propagates at a phase velocityvf equal to the driver

velocity.

vf = vb

It is convenient to make a Galilean Transformation of the coordinate system from the lab

frame to the co-moving frame, which moves along with the wake and the drive beam. In this

transformation, the transverse coordinatesx andy are not changed andt andz are written in

a new co-ordinate

x = z� vb t

which for drive-beams withg � 1 can be approximated to

x = z� ct.

For the transformation into the co-moving frame that moves withc, there is no Lorentz

transformation into the rest frame of the electron beam that has taken place. All �elds and

length scales are still described in the lab frame. In Quasi-static approximation (assumes

beam evolves very slow with respect to the plasma, equations keep a static form even if

beam vary slowly with time.), plasma perturbation is a function of the longitudinal variable

x = z� vbt, vb = c.

Also for general knowledge, transforming from(x;y;z;t) to (x;y;x ;s) co-moving coordinates

making the derivatives to transform as

¶
¶z

= �
¶

¶x
+

¶
¶s

� �
¶

¶x
(2.25)
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¶
¶t

= c
¶

¶x
(2.26)

we have separated the longitudinal and transverse components of the vector �elds and

introduced the pseudo-potential

y = f � Az;Ñ? � x̂¶=¶x+ ŷ¶=¶y: (2.27)

Our �nal linear wave equation through the change of variables in a Quasi-static frame is

given by

¶2n1

¶x2 + k2
pn1 = � k2

pnb (2.28)

wherekp = 2p=l p = wp=vb and l p is plasma wavelength. The overall beam geometry

still needs to be considered. We consider an azimuthally symmetric beam with separable

density pro�lenb(r;x ) = s (r)l (x ). Perturbations to the plasma should have a corresponding

separable formn1(r;x ) = S(r)Z(x ) [67]. Now the wave equation becomes

¶2Z(x)
¶x2 + k2

pZ(x) = � k2
pl (x ) (2.29)

where we have assumed thatS(r) = s (r). We observe that the transverse beam pro�le is

proportional to the transverse plasma response. We �rst examine a delta-function-like beam

to calculate the longitudinal plasma responsel (x ) = d(x ). If we integrate overx = 0, we

�nd that

¶Z
¶x

�
�
�
�

0+

0�
= � k2

p: (2.30)

Plasma perturbation follows the solutions to the homogeneous wave equation where the beam

is present. The solution is sinusoid behind the beam(x > 0), thus the longitudinal plasma

response is
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Z(x) =

8
>>><

>>>:

0 x < 0

� kp
2 x = 0

� kpsin(kpx) x > 0

(2.31)

and the full plasma perturbation functional form is given by [67]

n1(r;x ) =

8
>>><

>>>:

0 x < 0

� kps (r)
2 x = 0

� kps (r) sin(kpx) x > 0

(2.32)

and the wake�eld is calculated from Gauss's law

Ñ� E = 4pe(n1 � nb) (2.33)

Fig. 2.2 Plasma density perturbation in the linear regime from a (left) long bunch and (right)
short bunch. In the case of the short bunch, the plasma oscillates even after the beam has
passed. Plot adapted from [68].

First, we can consider a 1-D response wheres (r) = s , meaning no transverse density de-

pendence. Here our �eld divergence simpli�es toÑ � E = dE=dx and the resulting wake�eld

is

Wx (x ) =

8
>>><

>>>:

0 x < 0

2ps x = 0

4ps cos(kpx) x > 0:

(2.34)
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This analysis of wake�elds can be applied to wakes in the linear plasma regime. To solve for

the plasma perturbation from an arbitrary current distribution, we convolve these solutions

found for a delta function with the longitudinal pro�le to get

n1(r;x ) =

8
>>><

>>>:

0 x < 0

� kps (r)
2 x = 0

� kps (r)
R¥

x l (x ) sin(kp (x0� x )) dx0 x > 0:

(2.35)

In �g. 2.2, the plasma has time to cancel out the beam charge imbalance for long beams but

not for short ones. The wake�eld is calculated from Eqn. 2.21 [67]

Wx (x ) = � W0

Z ¥

x
l

�
x0� cos

�
k

�
x0� x

��
dx0: (2.36)

2.1.3 Plasma wake�elds in the nonlinear regime

In the previous section, we have discussed plasma wake�elds in the linear regime; now, we

will focus on the nonlinear or blowout regime2. For intense driver beam, the radial �elds

become strong to expel all electrons that are then attracted back on axis by the restoring

forces of the plasma, forming an electron-free ion column behind the driver bunch. We

transition into the blowout regime because the formation of an ionic region is the main aspect

of nonlinear behavior in response to an electron driver beam. This ion column gives rise

to characteristic uniform focusing and accelerating �elds [11]. In this situation, the driver

beam is so intense that it pushes away all the plasma electrons and leaves behind a pure

ionic column, also known as plasma blowout. The blowout regime is essential because of

the high accelerating gradient and �elds. In Fig. 2.3, wake�elds are plotted where focusing,

acceleration, and useful phase for achieving high accelerating gradient are shown.

Pioneering work in 1970-1980 opened a brand new �eld [49, 71–74]. Dawson examined 1D

oscillations of uniform charge sheets in a plasma. The analysis found that electron sheets

oscillate with a simple harmonic motion until the oscillation amplitude increases. When the

oscillation amplitude increases, the electron sheets intersect, and linear oscillation analysis

breaks down. This oscillation limit refers to an electric �eld known as the wave-breaking

limit, discovered in [75].

2The derivation in this section are derived using [11, 66, 67, 69, 70]
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Difference between linear and nonlinear regime in PWFA is the ratio between the number of

plasma electrons in a cube and the number of drive-beam electronsNb, which is

eQ =
Nbk� 3

p

ne
: (2.37)

For values ofeQ � 1 a linear wake is excited, and foreQ � 1 the wake is in the blowout

regime.

Fig. 2.3 Transverse and longitudinal wake�elds on-axis. Plot adapted from [67].

In [76] analytical description of 3D plasma response in the nonlinear regime was found.

Certain aspects of the energy transformer ratio can be determined in the �rst blowout before

phase mixing occurs (transition from linear to the nonlinear regime). When we increase the

overall density of our relativistic particle beam relative to the unperturbed plasma to be of

the same order of magnitude, or greater [76]. This regime is interesting when a large beam

density creates a pure ionic region behind the drive. In this region, the electrostatic �elds

are for controlling the beam quality as the radial �elds con�ne beam particles like a linear

focusing magnet. The accelerating �eld is independent of the transverse position.

In the co-moving frame, plasma particles move in ther direction due to being still in the

stationary frame. A plasma particle starts atx = 0 with a radius ofr(0) = r0. Suppose

these particles evolve so that their trajectoriesr (x ; r0) never cross. In that case, the �ow is

considered laminar, and a particle starts at a radiusr0 > 0 and will always see electrons on

either side. Wherer0 � 0 is the radially outer side andr0 � 0 is the radially inner side. On

the other hand, if trajectories do cross [70], then there will be a particle that does not see any
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plasma electrons on either side. In the nonlinear regime, the �elds are nearly on the order of

the wave breaking �eld and the wake is fully electromagnetic.

We will now follow the approximation used in [77]. In the blowout regime, due to the ionic

channel, the longitudinal electric �eld does not depend on the radial component. Therefore,

from the Panofsky-Wenzel Theorem [78] one can conclude that

¶Ez

¶r
=

¶ (Er � cBq )
¶x

= 0 (2.38)

which predicts equal focusing forces over the entire length of the blowout. Now, the �elds

inside the blowout can be approximated as

Ez =
kpEw

2
x (2.39)

Er =
kpEw

4
r (2.40)

Bq = �
kpEw

4c
r (2.41)

Er � cBq =
kpEw

2
r (2.42)

whereEw is wave breaking electric �eld. The linear radial focusing �elds keep electron

bunches compressed inside the blowout and preserve their transverse spread in size and

momentum. If we assume that the electric �eld is solely a function of the charge inside our

sheet [72], then the electric �eld is calculated using Gauss' law integral form, giving the

equation of motion.

d2r
dx2 = �

�
r
2

�
c(r0; r;x )

r

�
(2.43)

The net electron charge per unit length inside the trajectoryr(x ) from both the beam and the

plasma is given by
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c(r0; r;x ) =
1
2

r2
0 +

Z r

0
r0nb

�
r0;x

�
dr0: (2.44)

nb is normalized to the unperturbed plasma densityn0.

Fig. 2.4 Plasma electron trajectories with three different beam distributions. (a) Bi-Gaussian
distribution with a peak density ofnb0 = 2. (b) A bi-Gaussian distribution withnb0 = 10. (c)
A transverse Gaussian withnb0 = 10. Plot adapted from [67].

We plot plasma electron trajectories for different longitudinal distributions in Fig. 2.4.

The plots show the transition from a linear (non-trajectory crossing) regime to a nonlinear

(trajectory crossing) regime. Plot Fig. 2.4(a) is Bi-Gaussian distribution withs r = 0:1;sz = 1,

and a peak density ofnb0 = 2. Plot Fig. 2.4(b) is a bi-Gaussian distribution but with a peak

density ofnb0 = 10. Plot Fig. 2.4(c) is a transverse Gaussian withs r = 0:1 and a linear ramp

for l (x ) with a length ofL = 2p and a peak density ofnb0 = 10. Following [72], we assume

that the electric �eld is solely a function of the charge, then the electric �eld is calculated

using Gauss' law, giving the equation of motion

d2r
dx2 = �

"
r
2

�
1
2r2

0 +
Rr

0 r0nb (r0;x ) dr0

r

#

(2.45)

Now we will study the transverse forces in the blowout regime. The electric �eld inside

the ion region acts as a focusing force on the beam because the equation for the transverse

electric �eld is

E? = � Ñ? y = �
¶
¶r

r2

4
= � r=2: (2.46)
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The focusing strength is given by

K = �
eEr

gremec2 =
2pren0

g
: (2.47)

According to [51], this parameter dictates the transverse RMS envelope of the beams r as it

travels through the plasma.

s 00
r + Ks r =

e2

s 3
r

(2.48)

wheres r is beam radius. As we know, the Twiss parameter isb = s 2
r =e, once substituted

into the above equations gives

b00+ 2Kb =
1
b

�
b0

2
+ 2

�
(2.49)

wheree is the conserved transverse geometric emittance of the beam. For stable propagation

through the plasmabeq = constant, hencebeq = K� 1=2 as a solution. If a beam enters the

plasma with a transverse size of

seq =
q

beqe =
�

e
2pren0g

� 1=2

; (2.50)

it will remain same size throughout the interaction. We expect the beam envelope to oscillate

at betatron frequency if the beam is mismatched when propagated through the plasma

interaction. It has been found that tuning the plasma density over several betatron oscillation

periods matches the beam to the �nal plasma density without growth in the emittance [34].

Signi�cant work [63, 79] has been done exploring how to match beam size effectively into

the plasma to prevent unwanted emittance growth.

When the density of the driver, either laser pulse or electron beam, increases with respect to

the plasma, linear approximation breaks down, and the wave becomes nonlinear. The scale

for the electric �eld is called wave breaking �eld, which is denoted by

Ez =
mecp

e
=

s
mec2n0

e0
(2.51)
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In the blowout region the beam head is focused differently than the beam's main body. As a

result, the beam has three distinct regions: a freely expanding head, a pinch region where the

plasma electrons have had time to respond to �elds from the beam, and a body region that

feels the entire focusing forces in the ion column. These differences throughout the beam

result in several transverse instabilities in a long beam. Further complications evolve from the

�nite energy spread induced in the drive beam by the wake�eld. During betatron oscillations,

particles with different energies will oscillate with varying frequencies. The different slices

of the beam will eventually �ll the projected phase space envelope if it undergoes oscillations.

This can be reduced by better beam matching (discussed in detail in chapter 8) that prevents

betatron oscillations.

2.2 Overview of betatron radiation from a beam propagat-

ing in plasma

Betatron radiation refers to the electromagnetic radiation emitted by charged particles as

they are accelerated within a plasma wake�eld. Here, we will discuss how to mathematically

calculate betatron radiation and understand the general physics behind the betatron radiation

generation mechanism. For an underdense plasma, where the plasma density is less than

the beam density, plasma electrons are blown out to approximately the plasma skin depth,

k� 1
p = c=wp, wherewp is the plasma frequency. Within the bubble formed by this blowout,

the uniformly distributed plasma ions generate strong, linear, transverse focusing �elds [11].

The betatron motion of beam electrons in these �elds generates characteristic X-ray radiation.

Betatron radiation from plasma accelerators can be used to create novel compact X-ray

light sources [80] as well as for single-shot, non-destructive diagnostics of beam-plasma

interactions. It will be used to provide diagnostics for this experiment and other plasma

acceleration experiments at FACET-II.

Gamma rays emitted from the betatron radiation process in dense plasma wake�elds and high

�eld-laser-induced Compton scattering produce unique experimental signatures that reveal

interaction physics at the very short length and time scales of the interaction. In addition,

as these are extreme high-�eld environments, such radiative, non-intercepting diagnostics

provide a robust way of exploring experimentally hostile environments. The gamma-ray

measurement needs for FACET-II have been the subject of continued discussion during the

last year of preparation for commissioning.
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In the case of betatron radiation, the nominally linear focusing in the ion channel formed

in a blowout regime PWFA; these oscillations have a wavelengthl b = l p
p

2g, wherel b

is the betatron wavelength,l p is the plasma wavelength, andg relativistic Lorentz factor.

In betatron oscillations, the amplitudexb is related to the parameterK = gkb xb , which in

turn is related to the fundamental radiation wavelength in the undulator limit (K < 1), by

l r =
l b

2g2 (1+ K2=2). At FACET-II, the plasma wavelength ranges froml p � 300mm down

to 3 mm, whileg extends from2� 103 to 4� 104. For the drive beam, particularly during

commissioning, however, the spectrum is notably and universally different asK � 1. The

emitted spectrum is then of synchrotron type, with a characteristic maximum at the critical

energy} wc. This spectrum is broad, and as such, it has low-energy components that cannot

be ignored in the radiation environment. In order to appreciate the photon intensity involved,

we note that the number of photons emitted per electron is approximateNg=Ne� ' a
4p K2Nb ,

whereNb is the number of betatron oscillations in the interaction, which is typically a number

of the order of 100 in FACET-II experiments. This scaling indicates about one photon per

electron and, therefore, approximately1010 photons. These will be emitted in an angle

of orderK=g (or g� 1 for K < 1). Furthermore, we will also obtain angular information

about the incoming gammas, critical for understanding the upstream physics, via their lateral

displacement at the conversion target. In this way, a double-differential spectrum is to be

experimentally obtained.

There are two types of focusing forces, one is weak focusing and another is strong focusing.

Here, we will focus on analysis methods associated with strong focusing, especially when the

restoring force is periodic. Particle accelerators can provide high beam quality and energy

spread in the range of 1-10%, low emittance� 1 mm-mrad, and low building and managing

costs. However, conventional accelerators are limited by their peak power and breakdown at

20-100 MeV/m and 20 km/0.8 TeV, whereas plasma has no breakdown limit, with an energy

gain of 10-100 GeV/m. Figures 2.5(a) and 2.5(b) illustrate a drive pulse, either an intense

laser or a short electron bunch propagating through the plasma, pushing away electrons. The

much heavier ions are left behind, and charge separation creates a vast electric �eld. As the

plasma electrons rush back to their initial position, they overshoot and form a plasma wave

that induces a strong electric �eld behind the driver. If a trailing bunch is placed at the right

spot seeing the correct longitudinal wake�eld phase behind the driver, it can be accelerated.

Electrons in plasma undergo collective oscillation performing wave-like behavior. These

plasma waves can have different wavelengths and different phase velocities. When the phase

velocities of some waves are near the speed of light, the longitudinal �eld is also signi�cant

for these waves, which could be used to accelerate electrons of the trailing bunch.
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