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Abstract

In this thesis we discuss challenges and opportunities arising from warping the extra dimensions
of string theory. After reviewing the required background (including the essentials of Type
IIB string theory; flux compactifications; conifolds, warping, and the Klebanov-Strassler and
GKP solutions; and the KKLT and LVS proposals) we will discuss de Sitter solutions in warped
flux compactifications. We revisit some strongly-warped solutions, present a new solution in
a weakly-warped regime and discuss the advantages of weak warping. We then consider the
robustness of the new solution in the presence of subleading corrections to the scalar potential.
We also explore the difficulties of realising alternative quintessence models as quasi-de Sitter
solutions, showing in particular that the generic behaviour of the (single field) scalar potential
arising for different types of string theory moduli does not allow for a slow-roll accelerated

expansion at the tail of a runaway.

We then take the first steps in understanding the effects of warping in gravitational wave signa-
tures of extra dimensions. By considering the tower of Kaluza-Klein spin-2 states arising from
a warped compactification of Type IIB string theory, we study the effects of warping on their
masses and wavefunction profiles, which we then use to compute corrections to the Newtonian
potential that one can compare with current constraints on fifth forces. This allows us to com-
bine theoretical consistency constraints on the parameter space with the range of parameters
experimentally excluded, thereby providing a direct connection between string theory quantities
and observations. Although a careful study of gravitational wave signals is left for future work,
we briefly outline how these results directly apply in that context and suggest which sources

might be more promising for future detection.
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1. Introduction

There is no direct experimental evidence for
string theory.

Joseph Conlon, Why String Theory?

And yet the birth of string theory could not have been more experimental in nature. What later
gave rise to a theory of strings, started as nothing more than a formula that nicely incorporated
both empirical evidence and mathematical properties expected of strongly interacting systems.
Nowhere in Veneziano’s dual resonance model [1] could a string be found, let alone a theory of
quantum gravity — or, at least, so it seemed. The development of string theory seems to be

tied to a series of “accidental discoveries” that would lead to its current form.!

Shortly after Veneziano’s proposal,” it was understood that a possible origin of his formula was
a tower of harmonic oscillators [6, 7] whose properties strongly suggested an interpretation in
terms of strings [8—10]. The oscillator formalism (even without the string interpretation) revealed
many of the “accidents” that would become some of string theory’s most famous properties —
among them the need for extra dimensions [11-15]. Even the massless spin-2 state that inevitably
appeared in the dual resonance models might be seen as an accident, not immediately associated

with a graviton (it was then called pomeron) and considered a shortcoming more than a miracle.

(...) at some point in our deliberations [with Scherk] we said, “Just for the fun of it, let’s see
whether this massless spin-2 particle behaves in the right way to give the standard gravitational
force of the Einstein theory of general relativity.” (...) And it became clear to both of us,

immediately, that this was the way to make a consistent quantum theory for gravity.®

“Schwarz, John H. (2002), in Interview with John H. Schwarz, Caltech Oral Histories

It was the shift from a theory of hadrons to a theory of quantum gravity, and the jump in
energy scales that it entailed, that pulled string theory away from experimental reach — once it

became a theory of gravity its “natural” scale went from the scale of the strong interactions (at

!See [2, 3] for a broad and historical account of string theory’s development.
2And its generalisations such as [4, 5].



2 Chapter 1. Introduction

around 1 GeV) to that of the gravitational coupling, Mp; 10 GeV. The lack of experimental
evidence for string theory is therefore not a characteristic of strings but rather one of quantum
gravity theories and the large scales at which they are needed — it tells us more about the

questions we are asking than the answers we are getting.

Nevertheless, this makes the attempt to connect string theory’s rich and highly constrained
structure to current and future experimental observations one of the main challenges of current
research. Despite the highly theoretical and mathematical tools that boosted the progress in
string theory for decades, this goal was never abandoned — trying to reproduce a 4-dimensional
theory with gravity, a particle content that is consistent with the Standard Model and a cos-
mological history that agrees with experimental data, was the driving force behind many of
the theory’s breakthroughs. Among them, flux compactifications of Type IIB string theory®
gained a prominent role in the context of cosmology and high-energy physics, due to its range of
ingredients that allow us to construct realistic models and address some of the “inconveniences”

of string theory.

One such inconvenience is the presence of extra dimensions and arguably the first step towards
string phenomenology is addressing their fate. Usually this requires 6 of the 10 dimensions in
which the superstring propagates to be compactified in such a way as to hide their effects at low
energies. However, their shapes and sizes still play a role in the low-energy physics and the need
to reproduce current observations can be used as a guide for what geometries one should use to
describe them. In particular, the leftover supersymmetry of compactified Type IIB leads us to
consider Calabi-Yau manifolds as attractive candidates. While most of the extra-dimensional
physics can be pushed to extremely high-energies by making those dimensions small enough,
thereby effectively hiding them from our experiments, a residual clue to their existence is left
in the form of a number of massless scalar fields in the 4d theory. Explaining why these scalars
have never been seen is one of the challenges caused by the extra dimensions and constitutes the
problem of moduli stabilisation. A partial solution to this problem comes in the form of non-
trivial fluxes through the compact space that can generate a potential for some of the massless

scalars and give them a mass.

When one puts together one of the most generic features of Calabi-Yau manifolds — conifold
singularities — and the presence of these fluxes, a rather interesting structure arises which
became know as a warped throat. This warping turns out to be particularly useful in addressing
hierarchy problems, suppressing extremely high energies down to much lower scales. For that
very reason, warped throats have become a crucial ingredient in string constructions that attempt
to address a very phenomenological conundrum — the current accelerated expansion of the
Universe and the cosmological constant problem. While the simplest solution would be to find

a de Sitter vacuum in the theory with a very low vacuum energy, the status of de Sitter vacua

3Interestingly, it took some time for Type IIB to gain its current status. In its early stages, it was thought to
be a theory of gravity only, and it was the Heterotic string that was seen as the most promising avenue towards
realising the Standard Model of particle physics. This changed with the introduction of D-branes as a way to
realise the gauge groups required by the Standard Model.



in string theory has been heavily debated for the past two decades and a consensus is yet to
be found. Not only does a deeper understanding of some of the best proposals require a better
understanding of the dynamics of warped throats and the nature of warping, this would also lead
to a better understanding of their phenomenology and potential signatures. These may include
gravitational signatures that one might be able to probe in the near future through gravitational

waves, using an increasing network of detectors that cover a wide range of frequencies.

The work presented in this thesis focuses on both the challenges and the opportunities arising
from warped extra dimensions in string theory constructions. We begin by discussing moduli
stabilisation in Type IIB supergravity and presenting different proposals for obtaining controlled
de Sitter vacua at low-energies, where different regimes of warping can be exploited in order
to face the challenges of flux compactifications. We also discuss briefly runaway quintessence
models as alternatives to de Sitter vacua. Then we explore the opportunities that might arise
from strong warping when taken together with the advent of gravitational wave astronomy, by
studying the effects of warping on the Kaluza-Klein tower of spin-2 states and its phenomenology.

Below we give a summary of the main points and results discussed in each chapter.

Warped throats have become major ingredients in string phenomenology about which there is
still a lot to learn. The usefulness of warping in addressing concrete problems, such as the
cosmological constant problem, together with its potential to connect string theory effects to
direct observations make warped throats worthy of attention and a well-motivated direction for

future research.

Summary of Chapter 2

In Chapter 2 we review the essentials of Type IIB string theory, starting with the structure of the
bosonic string, comparing it with the new features of the superstring and showing how it leads to
Type IIB strings. We focus on the crucial role played by symmetries and boundary conditions,
obtain the spectrum of closed and open strings, and introduce the GSO projection that results in
the Type IIB theory. We then explain how Type IIB supergravity gives a low-energy description
of this theory, discuss some of its features and introduce the low-energy actions of localised

objects — such as D-branes and O-planes — and their role in tadpole cancellation.

Summary of Chapter 3

In Chapter 3 we introduce the background on flux compactifications that will be crucial for
the following chapters. We start with a general discussion of compactification and how it leads
to discrete infinite (Kaluza-Klein) towers of states, how massless states in these towers are

determined by the topology of the compact space and how the compactified theory can be
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seen as a low-energy effective description of the higher-dimensional one. We then motivate the
use of Calabi-Yau manifolds, describe the dimensional reduction of Type IIB supergravity and
introduce moduli stabilisation with fluxes. Finally, we introduce conifold singularities, review
the warped deformed conifold and the Klebanov-Strassler solution, and finish with the GKP

solution whose use of fluxes can create large hierarchies in the low-energy theory.

Summary of Chapter 4

In Chapter 4 we discuss de Sitter solutions in the context of Type IIB flux compactifications.
After reviewing the cosmological constant problem and dark energy, we introduce the KKLT and
LVS proposals for Kahler moduli stabilisation and the uplift mechanism relying on D3-branes to
obtain de Sitter vacua. We then focus on the conifold modulus and how its stabilisation depends
on the warping regime we consider — we revisit the strongly-warped solutions and outline a new
weakly-warped solution that might help us avoid potential dangers related to the D3-tadpole
constraint. We also discuss the effect of subleading corrections on this weakly-warped solution.
We finish the chapter by considering the alternative to de Sitter vacua provided by slow-roll
quintessence models, focusing in particular on the difficulties to find accelerated expansion at

the tail of (single-field) runaway potentials, which seem ubiquitous in string theory.

Summary of Chapter 5

In Chapter 5 we turn our attention to the opportunities created by strong warping when put
together with the growing investment in gravitational wave astronomy. We start by studying
more carefully the spin-2 tower of Kaluza-Klein states that arises in warped compatifications,
paying careful attention to the interplay between the warping and the size of the compact space,
as well as the masses and wavefunction profiles of the tower of states. We then show how this
can be applied to the study of fifth forces arising from the spin-2 tower and how we can compare
the parameter space of warped string compactifications to the parameter space excluded by fifth
force constraints. We end the chapter with an outline of how the same ingredients can be used

to make predictions for gravitational wave signatures of warped extra dimensions.



2. Essentials of Type IIB

Beginnings are such delicate times.

Frank Herbert

2.1 String Theory

Our current view of string theory started with an interpretation of the dual-resonance model of
Veneziano [1], which originally had nothing to do with oscillating strings. It was a model whose
sole purpose was to explain the Regge trajectories observed in experimental data of hadronic
scattering and it did so by providing a formula for the amplitudes that had the right symmetries
and reproduced observations. One might say that string theory could not have started more
experimentally oriented than it did. Only later was the structure of this amplitude connected
with oscillators [6] and strings [8—10], and the properties of the dual-resonance models derived
from these structures. While nowadays one always starts with a string whose quantisation gives
an infinite tower of states, it is interesting to note that historically it was quite the opposite
— the Veneziano amplitude [1] described an infinite tower of states associated with an infinite

family of oscillators [6] that ultimately suggested it was arising from an oscillating string [8—10].

Just as the action for a relativistic particle is given by the length of its world-line, also the
action for a relativistic string is the area of its world-sheet ¥. The action one obtains in this
straightforward way is known as the Nambu-Goto action [10, 16] and does indeed allow us to
study the dynamics of a string as it propagates in spacetime. However, its form is rather difficult
to work with (especially when quantising the string) due to the square-root that inevitably
appears in the action. A much simpler (classically equivalent) action is obtained by introducing
an additional auxiliary metric field hopg(o, 7) with signature ( ,+) on the world-sheet. The

resulting action, known as the Polyakov action' [17-19], describes d massless scalars X* coupled

IThis form of the action was originally found by L. Brink, P. Di Vecchia and P. Howe [17], and independently
by S. Deser and B. Zumino [18] (as a generalisation including local world-sheet supersymmetry), but it was named
after Polyakov after his application to the path integral quantisation fuelled the development of string theory — it
not only allowed field theoretic tools to be employed, but also revealed the connection between string perturbation
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to 2d gravity,
1

Sp = P Eal20ph ho‘ﬂ(é)aX“)(agX”)nW, (2.1)
where h = det hog, (0, 7) are the coordinates on the world-sheet and 7, is the d-dimensional
spacetime metric. The world-sheet scalars X* tell us how the string is embedded in spacetime
— they are maps from the string world-sheet into the d-dimensional spacetime in which the

string propagates. The action (2.1) is written in terms of the pulled-back metric

oXH oX"Y

a8 = Gou g7 -

(2.2)

The tension of the string is given by T' = 5 L so that ol sets the scale associated with string

DET
dynamics. It is important to distinguish the spacetime theory (whose metric is 7,,) and the
world-sheet theory (whose metric is hog) — from the spacetime viewpoint, we have a single
propagating string; from the world-sheet point of view, we have d free scalars’ propagating
in 2d coupled to a metric h,g which is not dynamical. One should keep this in mind, for
example when discussing symmetries, as some will be spacetime symmetries, while others will

be world-sheet symmetries.

The dynamics of the string and, ultimately, its spectrum is mostly determined by two things:
symmetries boundary conditions

The symmetries of the action will not only constrain the possible solutions, but also determine in
which situations one can consistently quantise the string (e.g. critical dimensions of the bosonic
and supersymmetric string); and the choice of boundary conditions will determine what states

will arise from this quantisation. The Polyakov action (2.1) is invariant under

T Spacetime Poincaré transformations of X# — this is a global symmetry;
¥ Reparametrisations of (o,7) — these are diffeomorphisms on the world-sheet;
1

Weyl rescallings of hqg.

The fact that the action is invariant under Weyl rescallings is of crucial importance — it tells us
that (2.1) describes a conformal field theory (CFT), which is central for a plethora of methods
used to quantise the string and study its interactions. It is also, together with world-sheet
diffeomorphisms, what allows us to choose the convenient conformal gauge in which the world-
sheet metric is flat, hog = 1,s. This gauge is unique to 2d and therefore gravity is completely

gauged away only in d 2. Although the metric h,g is flat and not dynamical, its equation of

expansions and Riemann surfaces, and could be used to study string theory in curved spaces [2]. Ultimately, it
connects all the way back to Liouville, a point which is made very clear in Polyakov’s paper [19].

2This can be generalised by taking a metric G ., (X) rather than the flat metric 7, , which results in a non-linear
sigma-model (an interacting theory).
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motion is still important, as it effectively implements a constraint on the scalar field theory,?

_4m oSp 1 L , 1 e
Taﬁ = p:héhaﬁ = J <8aX aBX 27704587)( X =0. (2.3)

Due to differomorphism invariance on the world-sheet we also have energy-momentum conserva-
tion, r*T,3 = 0. Together with T;,3 = 0, this implies the existence of infinitely many conserved
charges L,, corresponding to the generators of the Virasoro algebra, which is expressing the
conformal invariance of the theory. The generators are defined by 7,5 and therefore X*, and

we can think of L,, = 0 as imposing the constraint Tj,3 = 0.

It is also very convenient to work with conformal (or light-cone) coordinates 0 =7 o, in

terms of which the equations of motion for X* are simply
0+0 XH* =0, (2.4)
which is nothing but a massless wave equation with general solution
XHMo, 1) =XF (1) + Xh(o ). (2.5)

Since these correspond, respectively, to left- and right-moving waves, we refer to X}’ and X/, as
the left- and right-moving modes of the string. While these are totally independent for a closed
string, they are mixed for an open string — this is where the boundary conditions first come
into play. The set of allowed boundary conditions follows from the need to cancel the boundary

terms one would get from varying the action (2.1) with §X#(r9) = 0X*(11) =0,

o=/

T1
sSboundary _ / dar [(@,%,) 6x#] 7. (2.6)

o o=0

for a string of length /. We see that the boundary term vanishes if
Closed string XM o+ L) = XH (o)

o X"| _y, =0 (Neumann)

Open string o
5X*| _,,=0 (Dirichlet)

for closed strings® and open strings, respectively. For open strings, either Neumann or Dirichlet
boundary conditions must be imposed at each end of the string (o = 0,/¢) for each X* (u =
0,...,d 1), for a total of 2d independent choices. Whereas a Dirichlet boundary condition

(D) fixes the end-point of the open string in the corresponding spacetime direction, a Neumann

3This constraint is what makes the Polyakov action classically equivalent to the Nambu-Goto action.

4These are the only periodic boundary conditions which are Poincaré invariant. However, if we consider
strings propagating on a background which is not Poincaré invariant (e.g. in string compactifications), more
general periodic conditions X*(o + ¢) = M*, X" (o), with constant M 2 O(1,d 1), are allowed for some X*.
Non-trivial M leads to the so-called twisted states [20].
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boundary condition (N) forbids the string from moving in the o-direction at the end-point. Dif-
ferent boundary conditions can be chosen in different directions; for example, one can choose (N)
boundary conditions along (p 4+ 1) directions and (D) boundary conditions along the remaining
(d p 1) directions, so that the end point of the string is confined to a (p + 1)-dimensional

subspace.

This leads to a very satisfying connection between boundary conditions and symmetries. Since a
Dirichlet boundary condition fixes the end-point of a string, it spontaneously breaks translation
invariance, which implies that the momentum carried by the string is not conserved. However,
spacetime Poincaré invariance requires the total momentum to be conserved, which forces the
string to exchange momentum with the (p 4+ 1)-dimensional subspace on which it ends. Hence
this subspace must be a dynamical object extending in p spatial directions — these objects
are known as D-branes and are important ingredients in modern string phenomenology.” The
transverse fluctuations of such a D-brane correspond to massless scalar fields living on the world-
volume of the brane, which are the Goldstone bosons of the spontaneously broken symmetry
[20].

Let us see how all this structure leads to the spectrum of the string — the spacetime states arising
from its quantisation. Interesting and important as it is, it could hardly be justified including
an exhaustive discussion of all cases here. We will focus on the specific case of the open string

with (N) boundary conditions along (p 4+ 1) directions z® and (D) boundary conditions along

(d p 1) directions z’ on both ends, for which the general solution of the wave equation is’
2 0 pi 1 ;N
(NN) X o, 1) =2+ %par +i 2al Z —ay e "7 cos (m;a) , (2.7)
n2Z/f0g
. ) 1 . ) P— 1 ‘nx_ . (MO
(D) X (o,71) =24+ Z(azlg zg)o+ 2l Z ;aﬁl e "t Tsm( 7 ) , (2.8)
n2Z/f0g

when the end-points are fixed at xf) and J:z; x® and p® are the centre-of-mass position and
momentum of the string along the (N) directions. The a}, are the Fourier modes of oscillation
and encode eigenmodes of vibration of the string. Because X* is also a coordinate in spacetime,

it must be real, which implies the relation

o, = (of) (2.9)

®D-branes were proposed as dynamical objects by Polchinski in 1995 [21] and were key ingredients in the
second string revolution that followed.

SFor this we refer to [22, 23] for a short and approachable introduction to the bosonic string, including the
essentials of CFT and the occasional nod to the superstring. Although somewhat longer, [24] is also a good place
to start and covers more advanced topics as well. For a more in depth dive into the topic, where the bosonic and
supersymmetric case can be nicely followed in parallel, [20] is a good place to go; it is also a great resource for
the CFT methods so relevant to string theory and string interactions. Of course, the classic textbooks [25-29]
are also valuable references.

"The centre-of-mass momentum along the (d p 1) directions is zero and the centre-of-mass position xf, ; =

ot 4zt |
—05—£ is fixed.
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and so positive frequency oscillator modes (n < 0) are not independent of negative frequency

modes (n > 0). From the classical Poisson brackets X* (o, 7), X*(0', 7)gp.p. We can derive
fal,, an0pB. = imdpminn™”, (2.10)

which will become commutation relations upon quantisation. The Virasoro generators, can then
be defined as

1
L = §Zam n O, (2.11)
n2Z

p__ . ; 4 S
as long as we define o = = 2a%p* and o = p%, with Az* = x;  xp, so that the Poisson

bracket between two such generators becomes
fLlp, LoOp. = i(m  n)Lpyin. (2.12)

We include these to emphasise a point that will be relevant in a moment: although not everything
about the quantum string is present in its classical description, a lot of its consistency is tied to
it. So let us jump to the quantum world and see what exactly we mean by this — it is time to

quantise the string.

We will work in terms of operators.® That means that the functions X* (o, 7) are now quantum

mechanical operators and the Poisson brackets become commutators,

SR

f ., o [ , | (2.13)

This imediately leads to

[ad,, an] = m Smynn (2.14)

m

while the reality condition becomes ()Y = o'

n- This leads us to the following conclusion:
the oscillator modes of the vibrating string, once quantised (and rescalled), behave as familiar

m

,, and annihilation operators aj, for

quantum harmonic oscillators with creation operators «

n > 0. Its ground state is defined as the state for which a4, jOi, 8n > 0, and we create states by

m

acting on jOi with the operators o' ,,.

It turns out that there is some residual freedom in our choice of conformal gauge. The specific

gauge fixing which allows us to work with physical degrees of freedom only is known as the light-

cone gauge” and it is chosen such that X+ = 2”70‘07, in terms of spacetime light-cone coordinates

8Polchinski would surely be the first to point out the usefulness of working with the path integral instead and
it is indeed a powerful approach. For our purposes though it will suffice to take the operator approach, which is
easier and more direct.

9The gauge fixing is performed through a specific world-sheet coordinate transformation. This gauge pro-
vides unique representatives for physical states and makes unitarity explicit at the expense of manifest Lorentz
covariance [23].
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X :E%(XO x1). (2.15)

On the one hand this means that the only non-zero oscillator mode in X is aar . On the other,
in the light-cone gauge, the constraints alone fix all «,, in terms of the transverse oscillators o/,

which are therefore the only independent variables [23].

Great care must be taken in bringing the Virasoro generators L,, in (2.12) to the quantum
theory, due to its definition in terms of products of o4, that are now non-commuting operators.
These products are only well-defined once we specify their appropriate ordering, and the classical
theory does not necessarily tell us anything with regard to this. Let us define the L,, in terms

of normal-ordered products,
1
Lm:ig T o Ot (2.16)

Since a;f =0, 8n 6 0, leaving out the n = 0 term in the sum (after all, oy commutes with all

aly), we can write

_ + + i j
5 Qm n Qp = E [ U nOn Oy Oy + 6ij Oy na%]
n&0 n6&0

= aga,, + 6 Z ol ol (2.17)
n6=0

and working out the last term in terms of normal-ordered products using the commutation
relations (2.14),

E:z j_E:i 7 E:z 7
O‘m nan_ am nan+ am nan

n&0 n<0 n>0

= (@, g, wad])+ ) ral, ol
n<0 n>0

= Z cabal, —1—2 cal, ol —l—Z(m n)0m.0 0%
n<0 n>0 n<0

' a1

= Z cabad o 46Y Z(m +1)0m.0, (2.18)

n6=0 n=1

we see that the normal ordered definition matches the classical definition for all L,, apart from

1 d 2
Lo:2;:an an:—i—znzzzln. (2.19)

This looks like trouble — the last term is a divergent series! At face value, having a divergent
series to which no value can be assigned would mean that our classical definition of Ly simply

does not define its quantum version. However, this divergent series can in fact be regularised
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and uniquely assigned the value

> n= % : (2.20)

24

- =24 Ny, (2.21)

AziN? d 2
24

:Oéopapa+040<

where the first two terms correspond to oy for the (NN) 2% and the (D) 2 directions, respectively,

and Ny, is the transverse number operator
1
Nu =65 > o ,0d, (2.22)
n=1

counting the total number of transverse oscillators in a state. Having properly defined the

generators Ly, in terms of the oscillators, one can use the commutations relations (2.14) to find

im(mz Ddmin - (2.23)

[Lm, Ln] = (m n)Lm+n + 12

We immediately see that there is an extra term compared to (2.12), which followed from the
conformal invariance of the classical theory. The extra term seems to break this conformal
invariance and is therefore known as the conformal anomaly. The constraints are imposed on

physical states as

Ly, jphysi=0, m 0, (2.24)
which for Ly implies that a physical open string state will have a mass (m? =  p%p,)
2 = Ny 1 of [ 22 T a2 (2.25)
am” = Q@ .
o 2wl 24

determined by the number of transverse oscillators Ny, the separation between the Dp-branes
along which the ends of the string can propagate Az’ and the number of spacetime dimensions
d. It shows that a string that oscillates more (i.e. containing more modes of vibration) results
in more massive states and that stretching a string a distance Az’ costs energy, which can be

seen as potential energy trying to pull the D-branes together.

We can now determine the spectrum of the open bosonic string. Let us specify to the simpler

case in which both ends of the string end on the same Dp-brane, i.e. Az’ = 0. The mass relation
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(2.25) tells us that the ground state with no oscillators has a mass

d 2 d 2
0 2 Y .= — =
a'm”joi = <Ntr 51 >]O| 51 joi | (2.26)
determined by the number of spacetime dimensions d — for any d > 2 the ground state is a
tachyon with m? < 0. The first excited states with Ny, = 1 are a®;j0i, a = 2,...,p (NN) and

o' 1j0i, i=p+1,d 1 (DD), with

d 2 26 d
0 2 Y e = — e =
am®joi = <Nt]r 51 )]OI o7 joi . (2.27)

But here is the key point: the (D) boundary conditions along (d p 1)-directions broke
the theory’s d-dimensional Poincaré invariance down to a (p 4+ 1)-dimensional one — any state
will only carry momentum along the (p 4+ 1)-directions parallel to the brane and can never be
translated along the transverse directions. Since we can make Lorentz boosts along the (p + 1)-

directions preserving the symmetry, we can always choose a frame in which

(massive) p! = (m,0,...,0,0,0,...,0), (2.28)
—_——
P
(massless) p* = (E,0,...,0,F,0,...,0), (2.29)
1
P

whose invariance subgroups (or little groups) are SO(p) and SO(p 1), respectively, correspond-
ing to the allowed rotations that leave the momentum unchanged. The upshot is that any state
preserving covariance must fall into representations of one of these groups, depending on its

mass.

Since the state a®,jOi transforms as a vector of SO(p 1) (while the of | jOi transform as

scalars), it must be massless, which requires
d=26. (2.30)

Any other spacetime dimension would not be compatible with a covariant theory. The bosonic

string must therefore propagate in 26 dimensions. '’

At this point, we can create more states by acting on the vacuum with different combinations
of oscillators. All other states will have Ny, > 1 and therefore o/m? = N 1 > 0. In particular
all those states will have masses proportional to the scale 1/ o and will fall into irreducible
representations of SO(p).!" We show the first 2 levels in Table 2.1.

10T his critical dimension can be found in a number of different ways, for example by requiring that the commu-
tation relations for the Lorentz generators are preserved or, using the path integral approach, by requiring that
the conformal anomaly in (2.23) is cancelled by the ghost system (which is ultimately determined by the local
symmetries of the theory, nicely tying the critical dimension with the symmetries on the world-sheet).

" Combinations of oscillators ailm...aj ,» JOI will form representations of the transverse group SO(p 1) which
will combine into representations of SO(p).
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a'm? States Little group rep.

1 joi (1)

. a®  jOi (p+1)

at 4 joi fd p 1g (1)
a®, joi ot ,joi ((P 1)2(10 2))
1 a® lozj 1J0i  af ja%joi 2 fd p 19 (p+1)
a®a’j0i o 1aj 1 joi fd p 1g fd p 29 (1)

Table 2.1: Spectrum of the open bosonic string up to level 2, with (NN) boundary conditions along
(p + 1) directions X and (DD) boundary condition along the remaining (¢ p 1) directions X*.

Now it is fairly simple to get the closed string spectrum. Since for a closed string the left-
and right-moving modes are independent, we now have two sets of oscillators, which we can
call o, and @ . Because the closed string is free to move in all directions, these states will
simply correspond to tensor products of the states of an open string with only (NN) boundary
conditions. The only extra constraint we have is known as level-matching, Ny, = Ny.. This
condition is rooted in a translation invariance along the string, following from the periodic
boundary conditions.'? Acting with the creation operators and respecting level matching, we
find for the first levels the states in Table 2.2.

a'm? States Little group rep.
4 joi (1)
0 ol & | joi (299) (276) (1)
) ol ol Hjoi ot o @k @ | joi (20150)  (32175)  (52026)
ol o @ | joi Ly (] (324)  (300) (1)

Table 2.2: Spectrum of the close bosonic string up to level 2 — it can be obtain from tensor products
of open string states at the same mass level (due to level matching, i.e. Ny = Ny,).

The ground state of the closed string is still a tachyon. The massless states are a symmetric
traceless rank-2 tensor (graviton), an anti-symmetric rank-2 tensor (Kalb-Ramond 2-form) and
a scalar (dilaton). Just by including these first few levels we see that the number of states and

the size of their representations grow quickly with Ng;.

The presence of the tachyon seems discouraging. In practice, it tells us that the ground state is
not stable, which usually means that we are expanding the theory around the wrong vacuum.
Although the bosonic string already includes several of the important features for string phe-
nomenology — such as the graviton, vector fields and gauge groups that can arise from different

brane configurations — it does not contain any fermions. This together with the presence of the

12See however [30] for a study of closed string field without level-matching.
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tachyon leads us to consider a generalisation of string theory which not only includes fermionic

states as part of its spectrum, but that we can also hope will cure our tachyonic problem.

2.2 Superstrings

2.2.1 Strings with fermions and supersymmetry

The upgrade of the bosonic string that includes spacetime fermions and will ultimately give us
a way to get rid of the tachyon (resulting in more than one consistent theory and allowing us
to study phenomenology) is a descendent of the fermionic dual resonance models proposed by
Ramond [12], Neveu and Schwarz [14]. Already in [14] it was noted that some new supergauge
operator would be the “nicest” way to get a “reasonable” spectrum of states. In the authors’
own words, the proposal that certain states in the spectrum obtained without these supergauge
operators should be absent was called “a conjecture because we have not yet fully proved it, but we
have no doubt about its truth” [14]. It was only in later work [31, 32] that these supergauges were
better understood, with invariance under supergauge transformations being closely connected
to the absence of ghost states in the two dimensional field theory that described the fermionic

models [32], and included in what would become the superstring action [17, 18].

This new symmetry, which became known as supersymmetry,'? is also strong enough to guar-
antee the absence of the worrisome tachyon when imposed as a spacetime symmetry (i.e. as a
symmetry of the spacetime spectrum of the string). To find this spectrum, let us introduce the
generalisation of the Polyakov action that includes bosons and fermions related by supersym-

metry,

1 P— (2 -
S= o / %o h(ozohaﬁ(aaX“)(aﬁXy)ﬁuv"’inupa ot )l

ixw%%“(@(aﬁ)f”) ixw)> . (2:31)

Just as for the bosonic string, a great deal of the properties of the superstring spectrum and
the ability to quantise the string follow from the symmetries of this action. Compared to the

bosonic version, the action (2.31) is invariant under a greater number of symmetries,

¥ Spacetime Poincaré transformations — global symmetry;
¥ Local supersymmetry transformations of (X, h®? " x4);
¥ World-sheet Lorentz transformations;

13Supersymmetry was also introduced in [33] as an extension of the algebra of generators of the Poincaré group
before its appearance in the fermionic dual models.



2.2. Superstrings 15

Reparametrisations of (o, 7) — diffeomorphisms on the world-sheet;

Weyl rescallings of (hag, V", Xa);

Super-Weyl rescallings of x,.

The action (2.31) describes a super-conformal field theory (SCFT) in 2d, due to the Weyl and
super-Weyl rescalings, which we can again use together with the remaining symmetries to choose
a superconformal gauge that fixes both hag = 143 and xo = 0 [20]. These fields are therefore not
dynamical, just as h,g was non-dynamical for the bosonic string. Yet, as before, their equations

of motion are still implementing powerful constraints on the remaining degrees of freedom,

ir 88 1 1 i
Tos = P s = J(aaXMaﬁxu Enaﬂmxuavxy) 5@“,}(&8@%) =0, (232
21 68 1 /2
Ty = P T a1\ @PBPW“(%X# =0. (2.33)

It is worth taking a step back at this point and recall what the bosonic string has taught us. We
saw the crucial role the constraint T,,s = 0 played after giving rise to the Virasoro generators
Ly,, with Ly being ultimately responsible for determining the spectrum of the string and its
critical dimension. We now have two key differences — on the one hand 7,3 no longer depends
only on the bosonic oscillators aly, through the fields X*#, but also on the fermionic degrees of
freedom *; on the other hand we now have a new constraint altogether involving both bosons
and fermions, 7Y = 0 (known as the supercurrent). We shall soon see how these come into play

to determine our new spectrum of states.

In terms of light-cone coordinates o , the equations of motion for X* and * become'”

0.0 XM =0, (2.34)
Dyt = W =0, (2.35)

and thus X* again splits into left- and right-movers (2.5), while ¢/ = ¢/ (6") and " =" (o ).
What about the boundary conditions? For the bosonic fields, we find the same options as for
(2.6) — periodic, Neumann or Dirichlet. On the other hand, the boundary term of the fermionic
fields, after varying the action (2.31) with d¢*(r9) = d¢*(m1) =0, is

mszgﬁwmwwﬁwwﬁ} (2.36)
This boundary term vanishes if
Closed string P (o+0) = Y'(o)
Open string ¢i‘0:0,€ = M \U:M

MMore precisely, for theories with fermions one must work with the zweibein e in terms of which hq B =eq e%nab.
The in " denote spinor components, which we have left out until now for convenience.
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We now have two choices for closed string boundary conditions for each component of the
fermions — the periodic one (+) is known as Ramond (R) boundary condition, while the anti-
periodic ( ) is called Neuveu-Schwarz (NS) boundary condition. Because of Poincaré invariance
the choice must be the same for all directions u, but can be different for the two components
Y and ¢, resulting in a total of 4 different possibilities: (R,R), (R,NS), (NS,R) and (NS,NS).
For open strings, preserving Poincaré invariance in (p + 1) directions requires us to impose the
same boundary conditions in all those directions, although as before we are allowed to choose
the sign independently on each end of the string — choosing the same sign on both ends defines
a Ramond (R) boundary condition, while choosing different signs defines a Neveu-Schwarz (NS)

boundary condition.

Since we will be mostly working with states arising from the closed string, let us focus on that

case. The general solution to the equations of motion for a closed string is

1 0 0 1 ™
Xt o) = §m“ + %p”(T o)+ 1\/52 ﬁaﬁ e Fin(r o) , (2.37)
n60
Xi(r4o)= Lot 1 T 4 ) + \/J S S e (2.38)
L 2 ¢ 2 4z " ’ ‘

~|

w# (0-77—) = 4 /277[- Z bﬁf e 2771'7«(7— o) ’ (239)
2 — by
Wlom) =y D Be T, (2.40)

where ¢ = 0,3 for (R) and (NS) boundary conditions, respectively, which can be chosen in-
dependently for ¥* and wi. As before, the ok, ak, b, b are the Fourier modes of oscillation
encoding the different eigenmodes of vibration of the string, except that we now have both
bosonic and fermionic modes of vibration. Since the X* and ¥* are real, these modes must

satisfy
O‘Mn = (Oéﬁ) ’ at, = (@M) ’
b =) b, = (),
so that positive frequency modes (n,r < 0) are related to negative frequency modes (n,r > 0).

While the bosonic modes satisfy the same algebra as in (2.10) in terms of Poisson brackets,

for the fermionic modes Poisson brackets must be replaced by Dirac brackets.'® The algebra

16This can be understood in terms of different kinds of constraints in a system. While for the bosonic modes
we are dealing with first class constraints, for the fermionic modes we have second class constraints, which force
us to replace the Poisson brackets by Dirac brackets [20].
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satisfied by the modes is then

f()é%, arng.B. = im nuv6m+n fbff, ngD.B. = inuy5r+s 5
fé#m O?I;Lgp.B_ = m T]“V(Sm_;,_n, fgﬁ, BZgD.B. = in“yér_;,_s, (2.41)
fal,, a,0pB. =0, o', blgp.B. = 0.

The bosonic Poisson brackets will become commutation relations in the quantum theory, but
the Dirac brackets involving fermionic modes will give anti-commutation relations instead. The
Virasoro operators L,, and the new generators G, of the superconformal algebra (following from

TF) can be decomposed in terms of the oscillator modes as

1 1 m
Ln=530 0 tmints > (r+5)b ¢ buir. (2.42)
n2Z r2Z+¢
G, = Za n brin, (2.43)
n
so that classically the generators of the conformal and superconformal symmetries satisfy the
algebra
fLm7 L,9pB. = Z(m n)Lern ) (2.44)
. /m
fL,,G:OpB. = (5 T) Gm+r7 (2.45)
fGra ngD.B. = 2iLr+s ; (246)

with an exact copy for the barred operators.

We are now ready to quantise the superstring. As we did for the bosonic string, we work
with operators and replace the Poisson bracket and the Dirac bracket with commutators and

anti-commutators respectively,

1 1
T 5 gP.B. L] ;[ ) ] ) f ) gD.B. L| ;f ) ga (247)
which results in the algebra'”
[ag,, ap] = m " 6pin ol 079 = ' 4s s
[alrln? @TVL] =m 77’“/5m+n ) ﬂ;'ﬁ, BZQ = 77"“/(57~+5 s (2.48)
[ad,,an] =0, o, blg = 0.

"1t is interesting to keep in mind that, historically, the theory that would later become superstring theory
started with this algebra and only later was it interpreted in terms of oscillation modes of a vibrating string,
analogously to what happened with the bosonic string before it.
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We are still allowed to choose the light-cone gauge for the superstring, with spacetime light-cone
coordinates (X, X ,X%), i=2,...d 1,

X =p=(x° X', v =p=(’ Ph). (2.49)

P
P

This again fixes o, = 0,8n & 0, and «,, in terms of the transverse oscillator o, but we now
also find )™ = 0 (which can be eliminated by residual supersymmetry transformations) so that

b- =0,8r, and b, is also fixed by the transverse oscillators.

We now need to revisit the discussion surrounding the quantum definition of the Virasoro gen-
erators and again prescribe an ordering. As before, we define the L, operators in the quantum

theory in terms of normal ordered products,

1 1 m
Lmziz::an Oém+n:+§ Z <T’+5>3br bmtr 1, (2.50)
n22 r2Z+¢

and note that the G, operators have no ambiguity since the al, and b} commute. We know from
our computation in the bosonic string case that the bosonic modes will only have a subtlety for
the Ly operator (2.19), which we saw was the root of the critical dimension d = 26. However the
operators L,, have now a contribution from the fermionic operators b’ as well that can affect

the bosonic result for the critical dimension. From the fermionic modes we get

Z <7" + %) b r bmgr= Z (T + %) [ b+rbm+r b rbj_n—l-r + 5ijbi rbfﬁw]
r6&0 r6=0

r6=0

which we rewrite in terms of normal ordered products using the commutation relations (2.48),

> () = X (2 s X ()

r6=0 r<0

:Z<’“+%)[ b;‘vﬁrbjﬁfbi,,binwghz<r+%) b

r<0 r>0

= Z(r—{—%) :bin+rbjT:+Z(T+%) 3birbvjn+r:

r<0 r>0

S (4 ) 595

r<0

= Z (r + %) - bt rbzn_H : 5m705ij ZT’. (2‘52)

r6=0 r>0

We can therefore make two immediate remarks. Firstly, we still find that only the definition of
Ly is affected, with all other operators being unambiguously defined by their classical expressions

and Lg differing by a naively divergent series. However, in contrast with the bosonic contribution,
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the fermionic modes contribute with a negative term. Recalling that the range of r depends on
the choice of boundary condition, i.e. r 2 Z for (R) boundary conditions and r 2 Z+ 3 for (NS)

boundary conditions, this contribution will be different for the two sectors,

1

R D or= % (2.53)
r=1
1 1 7

M) > r=> 5= (2.54)

r=1

3
I
N|=

<

where we again use the regularised value of the series (2.20). The definition of Ly for the

superstring is therefore

1 1 d 2
f§z;anan:+52r:b7«br: — (2.55)

n2Z r2Z+¢

We see that for (R) boundary conditions (¢ = 0) the bosonic and fermionic contributions
completely cancel, while for (NS) boundary conditions (¢ = 1) our previous result 42 (2.21)
changes to d1—62 due to the fermionic modes — this will affect the critical dimension of the

string, which will no longer be d = 26. We can rewrite Lg as

d 2 o
Lo = Oéopupu T(b + Nt(r ) + Nt(;)) > (2‘56)

in terms of the transverse number operators

tr - 51] ZO( nQ, s Nt(Il‘)) = 5ij Z r b’ rbi7 (2.57)
127+

whose eigenvalues count the number of each type of oscillators in a generic state. Similarly to the
bosonic case, these definitions allow us to determine the algebra satisfied by the operators L,,
and G,, and we again find conformal anomalies signalling the (potential) breaking of conformal

and super-conformal symmetries. Imposing all constraints on physical states,
L,, jphysi = Ly, jphysi =0, 8 m >0, G, jphysi = G, jphysi =0,8 r > 0, (2.58)
and in particular focusing on the Lo and L¢ constraints, we find that a physical state in the

closed superstring spectrum must satisfy

_ _ d 2 d 2-
o'm? = N+ N+ N+ N St S, (259)
where we must take into account both left- and right-moving modes. The ground states are

again defined as the states annihilated by all annihilation operators,

o joi = b j0i = 0. (2.60)
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However, unlike a ground state of the bosonic operators only, the fermionic operator b}, makes

this ground state more subtle. The reason for this is that
DB §0T) = ( BEb -+ FO BEQ)J0i = BB 0 + 50 = 0, (2.61)

for all annihilation operators by, r > 0, all of which annihilate the state b} jOi — this makes
bl jOi a ground state itself. Note that bf) is an oscillator associated with (R) boundary conditions,
for which » 2 Z, and hence this defines the (R) sector ground state. Moreover, Nt(f )bg joi=0
due to the definition of the number operator (2.57) and therefore a’m?2(bfj0i) = 0, so that
by, jOi indeed gives degenerate (in mass) states that we identify as the ground state. Since the
operators by satisfy the Clifford algebra fbl,b5g = n*¥, these degenerate ground states form
a spinor representation of SO(d 1,1) [20]. The result is a single (NS) ground state jOiyg (a
spacetime scalar) and a (R) ground state which is a spacetime spinor jsig. The fact that all
oscillators are spacetime vectors means that whether a state built out of the ground state (by
acting with a given combination of creation operators on it) is a boson or a fermion is completely
determined by the ground state itself — states built from jsiy will all be fermions and states

built from jOiyg will all be bosons.'®

We are finally ready to build the superstring spectrum. Recalling that for the closed string
we must impose level matching, any state will have the same number of left- and right-moving
oscillators. Since we can choose to start with jsig or jOiyg for the left- and right-moving
excitations, we now have 4 different sectors (R-R), (NS-R), (R-NS) and (NS-NS). From now
on, we drop the labels (R) and (NS) in the ground states, so that we can label them as left (L)
and right (R) instead.

In the (NS-NS) sector, the ground state is the oscillator vacuum jOi;  jOi,. Having no oscil-
lators, Nt(ra) = Nt(f) = Nt(ra) = NS)) =0, it has a mass

. . d 2.. .
o’'m?joi;  jOip = — M0iy joig, (2.62)

resulting in a tachyon for d > 2. At this level it seems like the superstring is not helping us deal
with the tachyon problem we found in the bosonic case. The first excited state in this sector
is B’ 12101, v 12 jOi, since the half-integer oscillators of the (NS) sector give a lower mass
contribution than any integer oscillators. This can be decomposed into irreducible representa-
tions of SO(d 2), resulting in a symmetric traceless tensor (graviton), an antisymmetric tensor
(2-form) and a scalar (dilaton). The same reasoning that led us to conclude that the first excited

state for the bosonic string was massless, once again requires these states to be massless, so that

. . 1 d 2\.. ..
a’'m?joi, jOIR:2<2 16>jOIL joi, =0, (2.63)

18This is true for the closed string, but only in part for the open string — open strings with mixed (ND) or
(DN) boundary conditions actually interchange the (R) and (NS) sectors, with a single (R) ground state and a
degenerate (NS) ground state [20].
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fixing the critical dimension of the superstring to be
d=10. (2.64)

Any other spacetime dimension would be inconsistent with covariance and hence the superstring
must propagate in 10 dimensions. Note how crucial the contribution from the fermions was in
changing the critical dimension of the string, which we can track back to the new definition of Lg
(2.55) and even further back to the appearance of the fermionic fields in the energy-momentum
tensor Typp (2.32). Although less obvious, supersymmetry on the worldsheet was also crucial,
allowing us to decouple ghost states and guaranteeing the consistency of the theory — in our
approach, this is reflected in the possibility to use supersymmetry transformations to fix 9T

when going to light-cone gauge.'’

There is one final subtlety regarding the (R) ground state. Although it can be described by 16
states, we can split it into two possible definite chiralities j+1 and j i, each of which describing
half of the states, and build our states from each of these chirality-definite (R) ground states.
These states all have

a'm?j i, j ip=0, (2.65)

since in the (R) sector ¢ = ¢ = 0 in (2.59). The massless states in the remaining (R
NS) and (NS-R) sectors are then built from the (R) ground states j i, p and the states

b 172001, bt 1/2j0iR. We summarise all states up to the massless level in Table 2.3.

There are a couple of things to note in the closed superstring spectrum. First, we still have a
tachyonic state that appears to signal some sort of instability. On the other hand, the spectrum
with all states included is not spacetime supersymmetric. It turns out that the spectrum of the
superstring including all the states in all the sectors is inconsistent and it must be truncated to
a subset of states in order to be compatible with worldsheet modular invariance. Using partition
functions to study string scattering amplitudes, one can show that this modular invariance indeed
truncates the spectrum in terms of the so-called GSO projection [37, 38], resulting in a spacetime
supersymmetric spectrum. The GSO projection makes use of the operator (1), where F is
the worldsheet fermion number, effectively counting the number of fermionic oscillators in a
given state minus 1 (this is so that ( 1)Fj0iyg = jOiyg). We then require all physical
states in the (NS) sector to have ( 1) = +1, projecting out all other states. For the (R)
sector, we include in the definition of ( l)F the chirality operator, so that the definite-chirality
ground states have opposite eigenvalues, ( 1)¥ j+ig = +j+ig and ( 1)'j iz = j iy, with
the GSO projection keeping only states with eigenvalue ( 1) = 41 or states with eigenvalue

( 1)¥ = 1 and projecting out all others.?’ Note that this truncation is only consistent provided

9The critical dimension d = 10 and its relation to the absence of ghosts was first discussed in [34-36].

20When presented at this level, the GSO projection seems extremely ad-hoc and unnatural. Going slightly
deeper into string amplitude computations with partition functions, however, one can actually see it pop out
from consistency considerations. In summary, when writing down the one-loop partition function, preserving the
modular invariance of the torus (which is the Riemann surface formed by the string worldsheet associated with
one-loop amplitudes) requires us to sum over different spin structures. This is because modular transformations
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a’m? States ( DF | ( DF Reps.
(NS-NS) sector
2 joi, joip 1 1 (1)
0 | B 1pi0i, V000, | +1 +1 | (1) +(28) + (35),
(R-R) sector
j+ip i +1 +1 (1) 4+ (28) + (35)s
0 VA 1 Lo (1) +(28) + (35)c
joip iR 1 +1 (8)y + (56),
j#i, g +1 1 (8)v + (56)
(R-NS) sector
0 jHip, v 172100 +1 +1 (8)c + (56).
i, b ,i0i, 1 +1 (8)s + (56),
(NS-R) sector
. F 1200 g +1 +1 (8)e + (56).
b J0i, g +1 1 (8)s + (56)s

Table 2.3: Spectrum of the closed superstring up to level a’m? = 0, for all sectors. We highlight the
states surviving the choice of GSO projection that results in the Type IIB string theory.

string interactions between the surviving states do not produce any of the states that have been
projected out, which can be shown to follow from locality of the algebra of vertex operators [20)].

We include in Table 2.3 the eigenvalues of these operators for each row of states.

We immediately find that the tachyon gets projected out and we no longer have a state signalling
an instability of the theory. The massless level of the (NS-NS) sector survives, providing us
with the graviton, 2-form and dilaton states. Since we can choose to keep either ( 1)F = 41
or ( 1)¥ = 1 states in the (R) sector, there are two inequivalent but consistent truncations of
the spectrum, ( 1)F = ( DF or ( 1)F = ( 1)F. In practice, these correspond to left- and
right-moving ground states having the same or opposite chirality, respectively. If we choose to
keep ground states with the same chirality, the (R-R) sector after the GSO projection contains
a scalar, a 2-form and a self-dual 4-form. The (R-NS) and (NS-R) sectors are left with one
gravitino and one spinor (dilatino) each sharing the same chirality. This is the massless spectrum
of Type IIB string theory, a chiral theory with N = 2 supersymmetry. It is the theory whose

phenomenology we are going to explore and we therefore highlight its spectrum in Table 2.3.

It is worth mentioning that choosing the left- and right-moving ground states to have opposite

can change the spin structure required by the fermion fields and the partition function can only be modular
invariant if it is written in terms of the right combination of spin structures. This singles out the GSO projection

appearing in the partition function as (1 ( 1)") for the (NS) sector and (1 ( 1)¥) for the (R) sector.



2.2. Superstrings 23

chirality gives us Type IIA string theory, which also has N = 2 supersymmetry. Contrary to
Type IIB, this theory is not chiral as it contains a gravitino of each chirality. The (R-R) sector
is also different, containing a 1-form and a 3-form. Although we will not explore Type ITA much
further, this theory is also widely studied not only in the context of moduli stabilisation and

phenomenology, but also in relation to the string theory duality web.

2.2.2 Worldsheet parity, Type I string theory and Orientifolds

Let us consider the following operation on the string worldsheet
Q:o Wl 0. (2.66)

This is known as a parity operation and it effectively reverses the string. Focusing on the bosonic
fields X* for a closed string, X*(o +¢,7) = X*(o, ), the solution (2.5) is such that acting with
Q gives

QXH(o,7)= X" o,7)=X" o,7)=X(T o)+ Xi(T+0), (2.67)

which has the effect of making the left-movers X/ right-movers (7 ¢) and the right-movers X/,
left-movers (7 + o). Worldsheet parity therefore exchanges left-moving waves with right-moving
waves and consequently it will exchange left- and right-moving oscillators®! &b, $B ok, , 5“,, $
b" .. This is not entirely surprising as our parity operation is precisely to swap what one would
call the “left” and the “right” ends of a string. From the worldsheet perspective (i.e. from
the solution for X*) this is a global symmetry, since swapping left- and right-movers does not
change the solution. However, that is not the case from the spacetime perspective (i.e. from the
states build out of the individual oscillators), since not all of them are invariant under this parity
transformation. For example, the anti-symmetric 2-form that corresponds to the anti-symmetric
(see Table 2.3) is not invariant under the exchange 3 12 B I since

combination 5" 1/ij] 1/2

it picks up a minus sign.

1/2

One may however require that the string spectrum itself respects this symmetry, which leads to
the construction of the unoriented string. In order to do that, one considers the projector Py =
%(1 + Q) that selects the parity invariant states (e.g. while the NS-NS 2-form is projected out of
the spectrum, the graviton and the dilaton survive the projection). As with many other steps in
the construction of string theories, we must take into account any consistency constraints that
would forbid us from performing this projection. An important example of this is the different
GSO projections that lead to Type IIA and Type IIB strings — while the Type IIB projection is
left-right symmetric (in the sense that the left- and right-movers are treated identically), that is
not the case for Type ITA where ( 1)¥ & ( 1)F. Hence it seems we can only define a theory of

21We restrict our discussion to the bosonic coordinates, but the same applies to the fermionic oscillators. One
should keep in mind however that some extra care is required when defining the action of {2 on worldsheet fermionic
fields.
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unoriented strings starting from Type IIB, which is the Type I theory. Importantly, the Type 1
theory only has half of the supersymmetry, i.e. it is an N = 1 theory (indeed, only an invariant

combination of the 2 gravitinos in Type IIB survives the projection).

There is however one powerful property of Type II string theories — they are related by a
duality known as T-duality. This is a duality between two apparently different theories defined
on backgrounds with a direction compactified on a circle, Mg = My S'. T-duality relates a
theory on such a background with a circle of radius R to a theory on a similar background but
with a circle of radius = af/R. This is one of the surprising dualities that lead to the realisation
that all (supersymmetric) string theories are connected to each other. For our current purposes,
the crucial observation is that T-duality flips the sign of the right-moving circle coordinate X}é in
such a way that along this direction in the T-dual theory (here the Type ITA theory) worldsheet
parity acts as

Xiat,o) U Xt l o). (2.68)

This combines our worldsheet parity with a spacetime reflection R along the i** direction. Only
when this combined action leaves the states invariant do we have a truly unoriented theory —
since this happens at the fixed point of (2.68), there is an 8-dimensional surface where the theory
is unoriented. This surface is known as an orientifold plane, which we call O8-plane. Away from
the O-plane, the theory is not unoriented but instead related to its mirror image with respect
to this plane.”” Under this new perspective, we can think of the Type I theory as having an

09-plane which fills the whole of spacetime.

In fact, this is not just a matter of interpretation. Just as D-branes are physical objects which
must be accounted for in the theory (as they couple to fields in the spectrum), also O-planes
are physical objects and need to be included in a consistent description. By studying string
scattering amplitudes, one finds the contribution of both D-branes and O-planes, determining
their effective tensions and charges, and how they couple to the different states in the spectrum.
Unlike D-branes though, O-planes are not dynamical objects in the sense that there are no
modes associated to fluctuations of these surfaces. Taking this into account, one finds that the
Type I theory is only consistent with its O9-plane if there are also 32 D9-branes present (this
guarantees the cancellation of a tadpole?® generated by the O9-plane) [20]. The presence of the
D-branes means that Type I superstring theory necessarily contains open strings and the fact
that the D9-branes are necessarily coincident results in an SO(32) gauge group which is crucial

for anomaly cancelation and the consistency of the theory.

Repeatedly applying T-duality along different directions, one can hop between Type IIB and
Type IIA, and find lower-dimensional O-planes. We find that Type IIB has Op-planes with p odd

22Tn a truly unoriented theory, projection removes half the states locally; in this case, it relates the amplitude
to find a string at some point to the amplitude to find it at the image point with respect to the orientifold plane

ZWe will later apply this logic in reverse: we will use O-planes to cancel tadpole contributions due to fluxes
and D-branes once 6 of the 10 dimensions are compactified. We therefore postpone any more detail about tadpole
cancellation to that discussion.
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and Type ITA has Op-planes with p even. Just as the Type I theory with its O9-plane had half
the supersymmetry of Type IIB, any O-plane will break half the supersymmetry of the original
theory, with different O-planes breaking different combinations of the original supersymmetry.
These different types of O-planes will also couple to different states and are important ingredients
in ITA and IIB phenomenology. We will find in particular that O-planes are extremely useful for
cancelling tadpole charges in a way which preserves N = 1 supersymmetry in the compactified

theory.

2.2.3 Multiple string theories united by duality

While introducing orientifold planes, we briefly mentioned the T-duality between Type ITA
and Type IIB as part of a larger web of dualities relating all consistent supersymmetric string

theories. Let us here say a few more words regarding this powerful structure.

In order to do that, we need to mention two more consistent string theories, apart from the
ones we already encountered. These are the Heterotic theories, which divide into two types
depending on their gauges groups — for consistency, these can only be SO(32) and Eg  FEg [40].
The Heterotic theories are a consistent combination of the bosonic string and the superstring®*
that exploits the independence between left-movers and right-movers. It gives fermionic partners
to the right-movers making them supersymmetric, but not to the left-movers, so that one can
think of them as belonging to a bosonic string. The result is that the critical dimension is
d = 10 for the left-movers but d = 26 for the left-movers, and a consistent 10d theory therefore
requires us to compactify these 16 extra dimensions. Requiring the absence of anomalies fixes

the compact space in such a way that generates either an SO(32) or By  Eg gauge group.?’

The construction of the Heterotic string was actually motivated by two important observations.
The first was the anomaly cancellation result that selected SO(32) and Es  FEjg as the unique
gauge groups that would lead to supersymmetric Yang-Mills theory coupled to N =1, d = 10
supergravity without gauge and gravitational anomalies [41]. The other was the connection
between the low-energy limit of string theories and anomaly-free d = 10 supergravity theories.
Although the Type I theory had an SO(32) gauge group, there was no known string theory with
an Fg FEg gauge group.

These five supersymmetric string theories were shown to all be connected by dualities, changing

their status as independent fundamental theories into a new picture where they are all different

24The name heterotic was chosen precisely because of this hybrid combination. Although the greek word
“heterosis” only means alteration (following from “heteros”, meaning different), the word was actually chosen
because of its use in genetics/biology, where it describes the “increased vigour displayed by crossbred animals or
plants” [40]. P

The compact space must be a torus of common radius R = o, corresponding to a lattice which must
be integer, even and self-dual. Since there are only two such lattices, the one corresponding to the weigths of
Spin(32)/Z, and the direct product of two lattices corresponding to the weights of Esg, this leads to the unique
identification of SO(32) = Spin(32)/Z; and Es  Ejs as the gauge groups of the 10d theory.
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Type ITA 11d SUGRA
Type IIB Heterotic £y Eg
Type I Heterotic SO(32)

Figure 2.1: All consistent supersymmetric string theories were shown to be connected by a web of
dualities — this was a catalyst to the second superstring revolution that happened in the 90’s. Not
only do the dualities relate theories at different couplings and energies, they also relate theories defined
in different dimensions. They are all now seen as different limits of a more fundamental theory which
became known as M-theory.

limits of a common more fundamental one (Fig. 2.1), which became know as M-theory and
is, as of yet, not fully known or understood. The duality web also includes 11-dimensional
supergravity, which suggested that this fundamental theory was actually an 11-dimensional
theory whose low-energy description was 11d supergravity?® [42]. Although we will not explore
these dualities further, they have been widely explored in the string theory literature and are

seen as an important step towards a non-perturbative and more fundamental theory.

2.3 Type IIB supergravity

2.3.1 Type 1IB at low energies

The spectrum of Type IIB string theory includes an infinite tower of massive states — in fact,
the higher one goes in mass, the more states each level possesses. The mass scale of this tower
is
1
MS = ‘p:

i (2.69)
o

defining what we call the string scale. The theory itself does not tell us what this scale should
be and only observations could give its actual value. It therefore depends on what physics
string theory is actually describing — in its original form, it was a theory of hadrons and so
this scale was thought to be around the nuclear scale (M, 1 GeV) [43]; once it became
a theory of (quantum) gravity the “natural” scale became that of the gravitational coupling
(Mp; 10 GeV). We will see that we can indeed relate the string scale of the fundamental

string theory to the Planck mass of a low-energy 4-dimensional description through the coupling

26For this reason, M-theory and 11d supergravity are commonly interchanged, although one is the fundamental
theory of which the other is simply a low-energy description.



2.3. Type IIB supergravity 27

of string interactions and the volume of the extra dimensions.

A string scale which is near the Planck scale is many orders of magnitude above any energy
we can currently (and most likely for a very long time) probe with experiments. Although
cosmological observations may help bridge the gap between our detectors and these extremely
high energies, it is still reasonable to assume that most of the physics we are interested in
describing happens at energies £ M,. One would therefore expect the high-energy states not
to contribute significantly — from the effective field theory point of view, we could integrate
out the high-energy modes and work with a theory describing the physics at low energies. In
the low-energy effective theory only the massless states of the spectrum are propagating degrees
of freedom (since these are the only ones which do not require £ & M;) and interactions with
the massive tower will appear as low-energy interactions between massless states suppressed by
powers of E//Mj (these can be thought of as corrections to the theory of massless states and are
suppressed by this small ratio). The massless states of Type IIB string theory correspond to the
field content of a 10-dimensional chiral N = 2 supergravity theory, which was named Type IIB
supergravity [44-48].

One way of constructing the low-energy action of Type IIB string theory is to take the massless
states and build the most general Lagrangian compatible with the symmetries of the theory
(e.g. diffeomorphisms, gauge invariance and supersymmetry) up to some order in a derivative
expansion. The derivative expansion should be controlled by the scale at which new degrees
of freedom would appear, i.e. by the small ratio §%/M? so that higher-derivative operators
will be less important at low energies.”” We can then compute different scattering amplitudes
within this EFT involving the generic couplings in terms of which we wrote the interactions.
By comparing these amplitudes with the scattering amplitudes of the same states in the full
theory (which are computed as correlation functions of physical state vertex operators [20]),
we can match the EFT couplings with the string theory result at the same order in the E/Mj
expansion. On the string theory side, the amplitudes are computed in terms of a loop-expansion
that turns out to be controlled by the string coupling g, which is determined by the vacuum
expectation value of the dilaton state — the strings are weakly-coupled when this value is small,
and only then is this loop-expansion consistent. In this way, the EFT is constructed such that
the low-energy limit of the string theory amplitudes at a given order in the loop-expansion is

reproduced.

Once all this matching is done and the couplings determined, the action describing the massless

bosonic states of Type IIB supergravity at leading order in g and o/ becomes?®

2TRecall that derivatives in the action are associated with momenta in the scattering amplitudes, so that &°
really represents p> E  M..
28See [49] for the dilaton dependence of the RR sector.
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Figure 2.2: At energies much £ Mg, the physics of Type IIB string theory can be described by an ef-
fective field theory including only its massless states G ., B, ®, Co, Ca, C4 (bosonic) and ', A2, 4, o4
(fermionic). The massive string states whose masses are well above the energies we want to describe are
integrated out and only contribute the low-energy theory through effective interactions between the mass-
less states which are suppressed by the small ratio E/M, 1.

1 1. . 1. . 1.~ . 1.~ .
St = BTN d"zy Gs{e 2@ <R+4(8M<I>)(8“<I>) 2JH312> <QJF1J2 + §JJ-W3J2 + 4JF512> }

1

n /04 ~NH3 N Fy, (2.70)
10

where R is the Ricci scalar for the metric GSM ~» P is the dilaton, Hj is the field-strength of the
NS-NS 2-form By and F), is the field-strength of the RR (p  1)-form C), 1,

HgZdBQ, Fp:de 1, p:1,3,5.
The RR field strengths F3 and F5 appear in the action through the gauge invariant combinations
. - 1 1
F3=F; CyHs, F5 = F5 502’\H3+§B2’\F3,
and we define the contractions as
ifi2 = 1 F At
) = pl :

Note that these definitions lead to the non-standard Bianchi identities

dF3 = H3 ™ Fy (2.71)

dFs = Hy ™ Fy (2.72)

which follow from dH3 = dFy = dF3 = dF5 = 0. Moreover, the type IIB action must be
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supplemented with the self-duality condition®’
Fg) :*Fg). (273)

Apart from the bosonic fields in (2.70) there are also two gravitinos (¢}, 12%,) and two dilatinos
(A1, A2), whose action is rarely shown. The reason is that for most purposes the work can be
done by dealing with the bosonic action only and occasionally referring to the supersymmetry

transformations for the fermions. This work is no exception.

Having matched the amplitudes computed using the low-energy EFT with the same amplitudes
computed using the UV (string) theory, we know precisely how the couplings in Type IIB
supergravity are related to the couplings (and therefore fundamental scales) of the underlying
Type IIB string theory. The relation between the string scale ol and the 10d string frame

gravitational coupling k1q is
2k3, = (2m)a™. (2.74)
A common convention for the string length®? I, which we use below, is
(2m)%ad = 12, (2.75)

although sometimes o = 2 is used instead.

The Einstein frame

Here is an important observation — the low-energy supergravity action (2.70) shows that the
way the graviton and the dilaton states interact is such that, from the field theory point of
view, 10d gravity is not in the canonical Einstein-Hilbert form, but rather more akin to a
scalar-tensor modified theory of gravity. Physically this means that the graviton does not have
canonical kinetic terms and the string-frame metric G;@ n does not directly correspond to the
(field theory) propagating graviton. Only once we write the action in canonical form can we
read off the gravitational interactions of all fields in the way we are used to in GR. The frame
in which the action takes the canonical Einstein-Hilbert form — i.e. the Ricci scalar does not
couple to anything other than =GP — is known as the Einstein frame, which we can choose

by performing a conformal transformation of the 10d metric G° ¥ GF = ¢?Y G (see Appendix

2 Notice the factor of i rather than % in the kinetic term, which accounts for the fact that only half the degrees
of freedom should be present.

3%Note that the string scale (which we defined as the mass of the tower of string states) is My = p%j = %—:
for this choice of conventions. The notation ms = % is commonly used with this convention, with the relation
My = 2mms.
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A.1). The action in Einstein frame becomes
By =L / "G (R 1(aMcb)(aM@) Is o ®mp
B ™92 2 2
/.29 ~ 2 2
/dl%p G <e2jF1j2+ g2seq>jF3j2+gijF5j2> 925/(3'4’\H3’\F3}, (2.76)

after fixing our conventions such that the metric in the string frame and the metric in the Einstein
frame are the same at the vacuum,®' allowing us to discuss quantities in a frame-independent
way at the vacuum. For that choice, the Einstein frame gravitational coupling is related to the

string scale as

262 = 262092 = (2m)"g2a™ or 2k% = ggfg . (2.77)
The constant gs; that now appears in the action and physical quantities is defined by the vacuum
expectation value of the dilaton field, gs  €"®'. Let us emphasise that this does not mean that
the vev of ® is determined by some constant gs which relates the physical scales; it means that
the constant g5 that relates these physical scales and couplings is only fixed by the vev of the
dilaton. In particular, it implies that these couplings are not constants in the theory, but instead

must be dynamically fixed by giving the dilaton an expectation value.

This reflects the fact that the UV theory which completes this low-energy description is a theory
of strings whose only scale is the string scale Mg, meaning that everything else in the theory
is dynamically determined through strings interacting with each other — this unique scale is
simply giving us a ruler with which we can measure different quantities. Hence, string theory
comes with no free parameters and all phenomena will, deep down, be entirely determined by
its internal structure and dynamics. On the other hand, this also means that the dilaton is
not allowed to remain a flat direction. In some way or another, it must develop a potential
which will fix its vev and make it massive.?? In order for the perturbative expansion used in the

computation of string amplitudes to remain valid, this should happen at small values of g;.

It is convenient to write the equations of motion for the scalars and form fields in differential

form language (see Appendix B),

dxdd = 2272 + % (eq’jﬁgj? e ‘I>jH3j2) (2.782)

d(e*® x F) = g,e®F3 ™ «Hs (2.78b)

d(e *yH; ey * Fg) = gsF3 N Fy (2.78¢)
d(e® « F3) = g,H3 ™ Fy (2.78d)

31This can be seen by setting the dilaton ® to its constant vev in the string frame action (2.70), which leaves
a canonical Einstein-Hilbert term with a new gravitational coupling involving this vev (2.77).
32We will see later how this is related to observational constraints on fifth forces.
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dx Fy = H3 N F3 (2.78¢)

and the Einstein equations in component form,

2® 2

1 - -
Ryy = §<8M(I))(6N(I)) + 67(31\/100)(31\!00) + 954' (Fs)mpqrs(F5) 5" @™

+ % <€¢(F3)MPQ(F3)NPQ +e QI)(lrf:;)MPQ(Hs)NPQ)
%GMN (e¢jﬁ3j2 te ‘I’jH3j2) . (2.79)

These must be supplemented by the self-duality condition (2.73), which is compatible with the

equation of motion and Bianchi identity for F3, but is not implied by them.

The way the 3-forms H3 and F3 appear in the action (2.76) and equations of motion appears to
have some underlying structure — it almost seems as if there is a symmetry between them. In
fact, there is indeed a symmetry relating the two fields By and C (which as one might guess
from the equations of motion will necessarily also involve the scalars ® and Cp), which we now

briefly discuss.

The SL(2,Z) invariance

There is no shortage of examples in physics where symmetries opened the door to a deeper under-
standing of theories, phenomena and apparently accidental connections. From understanding the
deeply symmetric structure of Maxwell’s equations as a consequence of their underlying gauge
symmetry, to formulating the Higgs mechanism by which massless particles acquire a mass due
to the breaking of a gauge symmetry, there is a lot to be gained from making symmetries as

manifest as possible.??

It turns out that the Type IIB supergravity action in Einstein frame (2.76) does have a symmetry
which is not obvious from the way it is currently written. While choosing the right field redef-
initions that makes this symmetry manifest requires some hindsight, once these are performed

the symmetry becomes easier to spot. Here is the clever field redefinition [50-53]

7=Co+ie ?, (2.80a)

Gg = F3 1€ <I)I{3 = F3 7‘H3, (2.80b)

33This is not necessarily true when performing explicit computations, as it is possible that keeping symmetries
manifest throughout the computation might make it more technically involved and cumbersome. A nice example
is the derivation of the string spectrum, which is most easily obtained by working in a non-manifestly Lorentz
invariant way and then imposing this invariance on the resulting spectrum. However, when studying string
interactions, a covariant approach is the best way of making progress.
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with which we can write (2.76) as

E _1/ 10, P—= (OuT)(0"T) 9s .~ 2 972-“2
s = 5.5 [ 47w GBS 5 gm0 I

)
ég(hi;qu/cA/\Gg'\Gg. (2.81)
Both 7 and G3 are complex fields: 7 is known as the axio-dilaton (since it encodes both the
dilaton and the RR scalar Cy which appears in the action (2.76) with an axion shift symme-
try) and Gs is often simply called the 3-form field strength (since it encodes both 3-form field
strengths in (2.76)). Written in this form, a symmetry associated with SL(2, R) transformations
becomes manifest in the Type IIB action.?* Such a transformation leaves the metric and 4-form

(Cy4) invariant and acts on the remaining fields as

Ca) g (@ 0) [C2) Ly @) osneR), (2.82)
By c d B cT+d c d

that is, ad bc = 1. This symmetry allows us to mix the two forms, By and Cs, as long as we
transform the axio-dilaton 7 accordingly and choose an SL(2, R) transformation — and because
this is a symmetry, any such choice of 2-forms is equivalent to any other. An interesting special

case is the choice

@R e
Bs 10 By Co

To see why this is interesting, let us set Cy = 0 in order to make the following relation explicit

\]

1 .
—  hlmri ¥ -
Js hIm 7i

Js - (2.84)

This means that the SL(2,R) transformation which exchanges Co & B also inverts the string
coupling g, turning a weakly-coupled theory into a strongly-coupled one or vice-versa. This
type of weak-strong mapping between theories is called S-duality [54, 55] and it was one of the

crucial tools to understand the web of dualities between 10d superstring theories.

It turns out that this SL(2,R) symmetry does not fully survive in the Type IIB string theory,
because the 2-forms By and Cy couple to fundamental strings (F1) and D-strings (D1) respec-
tively. These strings are therefore charged under their respective 2-forms and this charge must

be quantised such that

/H32Z, /ngz. (2.85)
il Y

34Indeed, once the action is written in terms of 7 and Gs, it is possible to start from a generic linear trans-
formation for (Cz B2) and determine, not only which subgroup — SL(2, R) — leaves the action invariant, but also
how 7 must transform in a non-linear way.
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If, for example, the RR 2-form transforms as Co ¥ aCs+bBs the quantisation condition becomes
!
/Fg!a/F3+b/H3:a Z+b 222, (2.86)
¥ v 2l

so that maintaining charge quantisation requires the transformation group to be restricted to
the discrete subgroup SL(2,Z). Note that the S-duality transformation above belongs to this
subgroup and is therefore preserved in string theory (the S-duality group is itself a Zy subgroup
of SL(2,2Z)).*> Since S-duality exchanges By and (s, it also exchanges the fundamental string
and the D-string which are charged under these fields — therefore, in Type IIB, the F1 is S-dual
to the D1. This also makes their magnetic duals, the NS5 and D5 branes respectively, S-dual
to each other, while the D3-brane is self-dual (which follows from the fact that C4 does not

transform under S-duality).

The equations of motion for the scalars and form fields are now

dxdr = m Z%GS e (2.87a)
d+G3 = W igsGs ™ Fj (2.87b)
dx Fy = 2(11; 3 G3 ™G3, (2.87¢)
and the Einstein equations
Ryn = ;(aﬂéz(f)f) 1 934! (FS)MPQRS(F5)NPQRS
A N o

and as before these must be supplemented by the self-duality condition (2.73). The Bianchi
identity for G's becomes
ng = drn H3 . (289)

Although we have a low-energy description of the closed string sector of Type IIB, there is more
to string theory than just its closed strings — in fact, localised objects such as D-branes and
O-planes play crucial roles in modern string phenomenology, and we will therefore close this

chapter by briefly introducing them.

35In fact, the statement that SL(2,Z) is a symmetry of Type IIB string theory is a conjecture and has not
been proven (see chapter 18.6 of [20] for a discussion of S-duality and other non-perturbative dualities). If true,
it implies the existence of (p, ¢)-strings carrying p units of B charge and ¢ units of C5 charge, which would be
stable against decay into two strings when p, ¢ are relatively prime — restricting to transformations in SL(2, Z)
guarantees that a,b are relatively prime and therefore there is always a stable (p, q)-string associated with the
transformation (2.86), which is described at weak coupling as a bound state of p fundamental strings and ¢
D-strings [26].
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2.3.2 Localised objects: D-branes, O-planes and tadpole cancellation

The action (2.81) gives an effective description of the massless closed string states of Type IIB
string theory. However one should also include in this description the localised objects that
we encountered in the previous sections — Dp-branes and Op-planes. These objects have both
tensions and charges, and are therefore crucial for the study of string theory vacua. Both D-
branes and O-planes couple to fields in the (NS-NS) and (R-R) sectors, whose couplings at
leading order in the string coupling are contained in the so-called Dirac-Born-Infled (DBI) and
Chern-Simons (CS) or Wess-Zumino (WZ) actions respectively [39]. These effective actions can
be obtained in a similar way as (2.81) by computing string scattering amplitudes in a loop

expansion and matching the couplings that appear in the EFT.

For a Dp-brane, we find in the string frame’® [26, 39]

SpR = Tby, / dPHie e ‘1’\/ det (P[G + Bs] 27ma'F3) (2.90)
w
7TOZOA
Sk wz = TDP/W{ZP[C’ne B2)e2 FQ}, (2.91)

where W is the world-volume of the brane, with coordinates £, a 2 0, ...,pg, Tp, = lf% the

brane tension, Fb is the field-strength of the gauge field A® which is part of the open string
spectrum, and P[G + Bs] denotes the pull-back of the graviton and (NS-NS) 2-form onto W,
P[G + Ba] = gab + Bap = a;(fale,v(GMN + Bun) - (2.92)
SIS
As for the Polyakov action for the string, X (£%) gives the embedding of W into spacetime.
We can choose the so-called static gauge to align p + 1 of the X coordinates with the p + 1
directions on W, so that X = ¢* and X*, i 2 fp + 1,...,99, are the coordinates transverse to
the brane. As we discussed in Section 2.1, Dp-branes are dynamical objects — their positions
along X can fluctuate,
X' = X} 4 2mdpi(€?) + ..., (2.93)

and these fluctuations are encoded by (9 p) scalar fields ¢ that are precisely the remaining

scalars in the massless spectrum of the open string.

On the other hand, the CS/WZ part of the action describes the coupling of the Dp-brane to the

(R-R) fields and is written as a formal sum where one should only pick out the forms with the

A((QTF)ZQORT)
A(@m2adRy)
curvature) in the CS/WZ action whose leading term is 1 [20, 56]; it would be important if one wanted to take
into account curvature corrections to this action.

36We omit a factor (where A denotes the A-roof genus and Ry /Ry is the tangent/normal
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correct dimension under the integral,
D 0 A
ch/wz = TDP/VV[Cp—l-l Cp 1N (B 2ma’Fy) + ... ], (2.94)

with C), and By properly pulled-back onto W. The in front of the action corresponds to
Dp/Dp-branes, respectively, whose charges have opposite signs but are always the same as the
tension in magnitude. The CS/WZ action identifies Dp-branes as the objects charged under
Cp+1 so that they act as sources to these fields. After compactification, a Dp-brane with the
right configuration of world-volume flux can also look like an object charged under other Cpy

fields — in (2.94) we see the term that can give rise to an effective charge under C), ;.

The action for O-planes is very similar to the one for D-branes, but importantly it does not
include any world-volume fields. That is because O-planes are non-dynamical and have no
degrees of freedom associated with them (their positions cannot fluctuate away from the fixed
points that define them). The DBI and CS/WZ actions for an Op-plane are given by*’

SOh = Top [ atige *P, (2.95)
W
Op
Scsywz = Top /vv Cpi1, (2.96)
where T, = 2P 5 Tp,, is the orientifold tension, from which we can see that an Op-plane has

negative tension and couples to Cp11 with a charge opposite to the one of a Dp-brane. These
properties, together with the way orientifolds break supersymmetry, make O-planes extremely
important in string compactifications involving fluxes and D-branes. We shall further expand

on this point when we discuss flux compactifications in Chapter 3.

If we expand the determinant in the DBI action of D-branes and O-planes, we find a vacuum

energy
SpR b= T / P e (2.97)

with T}, being the tension of a Dp-brane/Op-plane, that will contribute to the Einstein equations
with an energy-momentum tensor
agr agb

T = OXM gx N Iab Ty, e ® 59 P(XY). (2.98)

D-branes and O-planes are therefore acting as sources of vacuum energy with different signs.
We will see that the negative tension of the O-planes in particular will be important for flux

compactifications.

We can now go back to a point that we mentioned in the discussion of the Type I theory —

L(TrzozoRT)
L(W2(X0RN)

As before, its contribution is 1 at leading order and all other terms involve a’-suppressed curvature corrections.

370Once again we omit a term (where L is the Hirzebruch polynomial) depending on the curvature.
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the notion of tadpole cancellation and the contribution of D-branes and O-planes. From their
coupling to Cpy1 in the CS/WZ action, we find that these localised objects contribute to the
equations of motion of the (R-R) form field. In order to see their contribution, it helps rewriting

the action in terms of the Poincaré form dual to W (see Appendix B) for a generic object with
charge @,
Dp/O
ch//w% = Qp/ Cp1 = Qp/ , Cpt1 ™ ow (2.99)
w spacetime

with dw = §° P(X?) dXPH A . AdX? in the static gauge where X* correspond to the transverse

coordinates. Hence there is a contribution to the equation of motion*®

d *dCp41 = non-localised + 22 Z Q}(f) ow , (2.100)

with the non-localised term referring to any contribution coming from the closed-string effective
action and Q;(f) being the charge of each localised object. If we integrate this equation over the

transverse space W~ we find
/ *xdCppi1 Stokes / dxdCpy1 = / non-localised + 2> Z Qz(f) . (2.101)
SW? w? w? :

This is the origin of the tadpole cancellation condition. When W7 is a compact space without
a boundary (5W? = 0), this must be zero. Tadpole cancellation is simply the requirement that
the equations of motion for the (R-R) fields are satisfied once all contributions are taken into
account — it is called tadpole cancellation because a non-zero value leads to non-zero one-point
correlation functions whose Feynman diagrams are known as tadpoles. If any tadpoles are left
uncancelled the low-energy EFT becomes anomalous and therefore inconsistent. As we will see
in Section 3.4, all charges (including fluxes) must be quantised, which means that the tadpole
constraint is an integer condition. It implies that when we consider compactified solutions, there
are consistency constraints relating the flux numbers and the number of D-branes and O-planes,

and we are not allowed to have an arbitrary combination of these ingredients.*’

With Type IIB supergravity and the effective actions of D-branes and O-planes, we have a field
theory description of the low-energy dynamics of Type IIB string theory. Not only does this
make it easier to explore the phenomenology of Type IIB, in the sense that one can use the
vast set of tools and intuition developed over the years, but it also makes it easier to connect
with known (and observationally tested) results which are mostly formulated in terms of field

theories. Nevertheless, if our goal is to connect string theory to phenomenological observations,

38We assume here that all localised objects share the same world-volume, i.e. that they are on top of each
other. In general, there may be other localised objects oriented along different directions. The space over which
we integrate the equation will determine which of these contribute to the tadpole constraint.

39Note that the story is slightly different in the Type I construction where we first encountered O-planes. There
the O9-plane couples to a C1o form whose field-strength tensor must vanish in 10d, dC1o = 0, so that the integral
leading to the tadpole cancellation condition vanishes without need for a compact space with no boundary. Note
also that there are no non-localised terms in that case, so that we simply find (Npg 24)TD9 = 0. This gives 16
D9-branes plus their images under the orientifold, recovering the 32 D9-branes required for consistency.
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we still have to deal with an important aspect of Type IIB: the fact that it is a 10-dimensional
theory, in contrast to the 4 dimensions that we observe. In the next chapter we will explore
the process of compactification, understand how phenomenological requirements can restrict the
set of possible compact spaces and encounter a number of scalar fields in the 4d theory which
naively appear as flat directions and thus are not only completely arbitrary but also massless.
We will find that some of these scalars can get a potential from non-trivial background fluxes,

while the others remain as flat directions, whose stabilisation will be addressed in Chapter 4.



3. String compactifications

(...) a realm where everything is very hopeful,
very beautiful, exceedingly promising, (...)
free of parameters—but with no obvious

connection with experiment!

Murray Gell-Mann

3.1 Extra dimensions as UV physics

As we have seen, Type IIB string theory is a theory of supersymmetric strings propagating
in 10 spacetime dimensions. At low enough energies (F Mg) their inherent “stringyness”
is too detailed to resolve, a statement which becomes more precise from an EFT perspective
— not having enough energy to excite higher vibrational modes of the strings, physics at low
energies is well described by a field theory which encodes only the massless degrees of freedom
and their interactions. For Type IIB string theory, this low-energy EFT is precisely the Type

IIB supergravity we briefly discussed in the previous chapter.

Despite seeming well-equipped to address our phenomenological needs, with its graviton, fermions,
gauge fields and symmetries, this 10-dimensional supergravity still comes with a slight incon-
venience — the fact that it is, after all, a 10-dimensional theory. All our observations so far
point to the conclusion that we live in a 4-dimensional spacetime and thus, if Type IIB string
theory really underlies our reality, our 4-dimensional physics must arise from this 10-dimensional

description.

Before the rise of D-branes and their world-volume theories, the only viable route appeared
to be a compactification of the extra dimensions. Although we will shortly dive deeper on
what it actually means, in practice a compactification of a higher-dimensional theory is a lower-
dimensional description of its low-energy physics. With the possibility of confining open string
states on lower-dimensional subspaces (D-branes), an alternative becomes possible in which our

experience would be confined to these branes, effectively forbidding us to explore the extra

38
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dimensions — this is the braneworld approach [57, 58].

Nowadays, Type IIB phenomenology commonly incorporates aspects of both approaches, rather
than choosing one and only one strategy. Yet, it is the compactification concepts and machinery
that will be key to the phenomenology we will explore and thus we will turn to them and

highlight their main features.

3.1.1 Compact dimensions

As the name suggests, the first step towards compactifying a theory is to consider compact
dimensions. Generically, all 9 spatial directions of spacetime in Type IIB can be infinite in

extent, just as our observed 3 spatial directions seem to be,
1<zM<1, 8M2fF1,9g. (3.1)

Naively, such an infinite extra dimension would have easily observable effects and should have
been detected already.! Although it does not become immediately clear how big the extra

dimensions can be while still remaining hidden, they should at least be finite,
L<zM <L, 8M2f4,9g. (3.2)

To see what this implies, let us take the simplest case of the dilaton of Type IIB (in Einstein

frame and ignoring its couplings to other fields),

1 P
SHB 4/{,2/d10m G GMN(3M<I>)(3NCI>)

1 P ' P )
- W/dl% Gapd o+ [0 GV oue) o (3.3)
N:O min
where we can define the 10d Laplacian operator as
1 pP—
AP = p:G8N ( G GMN8M<I>) . (34)

Equation (3.3) highlights the role of boundary terms in deriving the equation of motion for the
(free) dilaton, Ajg® = 0. After reviewing the construction of string theories, we are now very
used to having boundary conditions determine a lot of the physical properties of the theory.

There are 3 possibilities,

(periodic) GMN(Ooy®) O y_, =GN (OM®) [ N_

(vanishing) 9P| 0

«N= L[

IThe caveat is that certain properties of both the theory and the solutions may in fact hide an extra dimension
even if it is infinite, as in the case of certain braneworld scenarios [58].
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(static) (Om®)| n_ ;=0

analogous to the periodic, Dirichlet and Neumann boundary conditions for the string. While
for infinite dimensions (L ¥ 1) one will typically discard the boundary term by saying that
“the field goes to zero at infinity” (i.e. by choosing vanishing boundary conditions infinitely far
away), compact dimensions require us to dispose of the boundary terms by choosing boundary
conditions at some finite values of V. The most common choice for compact dimensions is
to make them periodic, but it is worth highlighting the alternatives which still arise in many

instances.

For this choice of boundary conditions for non-compact fr#g and compact fy"g directions, the

dynamics of the dilaton is determined by

Apg® =0
O(zt,y™) B0 asat B A (3.5)

GMn(aM(I)) (I)‘yn:L:GM”(aM(I)) @}yn: I

Crucially, the dilaton is still a 10-dimensional field. Simply compactifying the extra dimensions
did not make the problem 4-dimensional. It is now time for symmetry to be taken into account,

in particular maximal symmetry in 4d, which requires the spacetime metric to factorise as

dS%O =f 1(y)glw($)dx”dx'/ + f(¥) gmn(y)dy™dy"™ (3.6)

splitting the Laplacian and hence the equation of motion as
AP =f AP+ f 1 Agd=0 =) A= f 2 Ag®, (3.7)

where A4 and Ag only depend on non-compact fx#g and compact fy"*g coordinates, respectively.
This is extremely useful, as it makes the equation of motion separable and we can therefore focus
on solutions of the form

Dk, y™) = Bu(ah) By (y"), (3.8)

for which the equation reduces to”

= ——= = const. 3.9
o= 1 (3.9)

Solving the equation of motion for the 10d dilaton is thus equivalent to solving

Ayd, = k2 @,

(3.10)
A¢®, =Kk f20,

2This is because the left-hand side only depends on z* while the right-hand side only depends on y™, so that
the equation is only satisfied if these are both constants.
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The first thing we notice is that the 4d equation resembles the equation of motion of a 4d scalar
field of mass k. We also find that the 6d equation is an eigenvalue problem with eigenvalue k —
to solve it we need the metric on the 6d extra dimensions, which represents local information,

and the boundary conditions, which encode global information about the compact space. For
(k)

a solution ®;” depending on £, the boundary conditions will determine which values of £ are

)

allowed, not only constraining the set of solutions @Z(,k

)

but also determining which equation its

pair <I>§Ck will satisfy. Since the Laplace operator is linear, the most general solution is a sum

over all allowed solutions,

ot ym) = Y 2l B, (3.11)
k

where we emphasise the fact that it is a priori unclear whether we have a discrete sum or a

continuous range for k, until the boundary conditions are imposed.

Example: 7% compactification

Let us consider a flat g,,, metric and take f(y) = 1 for simplicity,
dsg = Smndy™dy™ . (3.12)

The 6d torus T° is obtained by identifying the coordinates as y™  y™ + 2w R, which makes
them periodic with period 2w R. This fixes periodic boundary conditions along fy™g, which
become compact directions with L = mR. However, before imposing any boundary conditions,

the equation for ®, becomes

™M 0@y, = k2 D, (3.13)
whose general solution is given by
> e+ ey™ k=0
o, (y") = S . (3.14)
m=4 | 3"V +ege VT k>0

where the index m is not summed. This is a solution of (3.13) for any values of & such that
k? = 6,nk™E™, i.e. we do not yet have a discrete set of solutions. It is the boundary conditions

(periodic, y™  y™ + 27 R, for the T°) that impose the constraints

=0, K"=2_ n2N, (3.15)

R
finally discretising the set of solutions. Since writing ®,(y™) in momentum space would identify
the £™ with the momentum p" along the y™ direction, this is equivalent to the statement that

the momentum gets quantised by these boundary conditions. A general solution for & is then
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of the form
7

O(xH,y™) Z B "R . (3.16)

The reason why we reviewed this standard procedure in detail is to emphasise the following: it is
not the periodicity that discretises the set of solutions, but instead the compactness of the fy™g
directions. Indeed, had we chosen for example to put ® in a 6-dimensional box with boundary
conditions ®(z#,y™ = L) =0, the solution (3.14) would be constrained by

nmw

c1=c3=0, kmzi, n2N, (3.17)
again restricting k™ to integer values. In fact, one can see the discreteness disappear without
compactness by sending R ¥ 1 in (3.15) and noting that in this limit £™ is allowed to take a

continuum of values.

3.1.2 The 4d EFT: Integrating out high-momentum modes

Let us simplify our notation by defining oW () = pr(zh), @ék) (y™) = ur(y™). From our

discussion above, if the extra dimensions fy™g are compact, the solution for the 10d dilaton
field ®(x*,y™) takes the general form

O (2, y"™) = Z(pk(w“) uk(y™), (3.18)
k

where ug(y"™) are eigenfunctions of the operator Ag associated with an eigenvalue k which can
only take a discrete set of values. One way to read (3.18) is that ® is a superposition of modes

labelled by k, each one of which forced to satisfy the equation
(As+ k%) r =0. (3.19)

We could interpret it from two different perspectives. From the 10d point-of-view, the discretisa-
tion of the momentum along the compact directions gives a clear separation between momentum
modes, since the momentum along fy™g can only take a discrete set of values. On the other
hand, we could interpret (3.19) as giving an equation of motion for each of an infinite number of
4d scalar fields g (z#) of increasing mass k, which gives rise to a tower of massive states usually
called the Kaluza-Klein tower. In both scenarios, if we were only able to probe energies much
lower than the smallest momentum/mass scale (E kpyin), we could integrate out all modes

with £ > 0. We could then write the action as
1 P—
Sup 73 /dlo G Apd® @

1

p___
=13 [d / P50 123 [ Daon + Kor] uk o w

k0
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1 P— _
T 4R? d' 94Z[A490k + K] ‘Pé/depgﬁ 2 ug
kol
1 p__
4k d'z ga Z[Asz + /€2<pk] wg Oke
o,
1 [, P ,
=2/ 4T o > [Aupr + K or] o, (3.20)
k

where we used the orthogonality® of the eigenfunctions wuy(y),

/depgg P u=0n, 8k(2Z. (3.21)

Therefore our 10d theory of a single free and massless dilaton @ is equivalent to a 4d theory
describing an infinite tower of free scalar fields ¢ (z#) of mass k. At energies much smaller than
the minimum scale (£ kpyin), we can integrate out the infinite tower of states with & > 0 and

accurately describe the physics with the massless state alone,

E ) , (3.22)

kmin

_ L [P
SEFT—W/dx 91 Ao <P0+O(

assuming k = 0 is allowed (this is the case for the T example, but not for the 6-dimensional
box). We conclude that the low-energy description of a 10d theory for which 6 dimensions are

compact is a 4d theory describing the solutions for which
A6UO = 0, (323)

i.e. modes associated with harmonic functions on the compact space. Although for a function
(0-form) there is a unique solution to this equation (which is in fact a constant), this is not always
the case, as for example when we look at the form fields in Type IIB. It therefore becomes useful

to generalise the discussion to any differential form.

3.1.3 Connection with cohomology

In Appendix B we include a summary of the relevant concepts and theorems that allow us to
relate the set of solutions to (3.23) to the topology of the compact space M. The upshot is
that the space of harmonic p-forms, Harm?(M), is isomorphic to the homology group Hy,(M)
of cycles of M defined up to boundaries, and so the number of solutions to Agu, o = 0 (where

we generalise to harmonic p-forms w, o) is given by the Betti numbers by,

3Here we assume that the eigenfunctions u(y) are already properly normalised. Later on we will see that it
is important to keep track of this normalisation.
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Integrate out
M

Figure 3.1: Compactifying Type IIB supergravity (which was itself an effective description of Type IIB
string theory only valid at energies F My) gives a discrete set of internal-momentum modes whose
scale is given by multiples of Mxk. At energies F Mgy, we can integrate out all modes with non-zero
internal momentum and be left with a theory describing only the modes with zero momentum — this
is effectively a 4d supergravity theory. Since the 10d theory only included massless fields, these zero-
momentum modes are massless in the 4d effective theory. We will soon see that adding non-trivial fluxes
to the compactifications generates a potential for some of these fields, giving them a mass (cf. section
3.4 and Fig. 4.1).

Let us bring back the 7% example. Since dim(7%) = 6, there are 7 homology groups on 7, with

by = (2) : (3.24)

In particular, the number of harmonic 0-forms (functions) on 7% is 1 and therefore dimensionally
reducing the action for a free dilaton on 7% would result in a single massless 4d scalar field ¢.

If instead we were trying to dimensionally reduce the 2-form By we would face 3 distinct cases,

Ae¢B (0-form in 6d),
Ag By (1-form in 6d),
AgBn (2-form in 6d),

depending on the number of components along fy™g. Since by = 6 and by = 15, By can be

decomposed as
By(a",y™) = Ba(a") + Bi(a") wily™) +Bj(a") whly™), (3.25)

with ¢ 2 f1,...,6g, j 2 f1,...,15¢g. Hence, the low-energy description of a free 10-dimensional
2-form on a T° is given in terms of a 4-dimensional 2-form By (independently of the compact
space position), 6 1-form (vector) fields By and 15 scalar fields By (both weighed by a so-called

wavefunction that depends on the compact space position y™).
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We conclude that the topology of the compact space determines how many and which (massless)
fields remain after we integrate out the high-momentum modes of the tower. The properties of
the low-energy description, i.e. the 4d theory whose phenomenology we want to explore, are
therefore tightly connected to the choice of compact space. As we shall see in the next section,

preserving N = 1 supersymmetry will pick a specific type of spaces called Calabi-Yau manifolds.

3.1.4 A comment on strings and winding

Our discussion above was purely field theoretical and did not take into account the stringy nature
of Type IIB. However, the fact that the fundamental degrees of freedom are strings rather than
particles has important consequences when some spacetime directions are periodic. Recall that
a closed string is such that

XMoo+ 1) = XH (o), (3.26)

where ¢ is the length of the string. When a certain direction is periodic, i.e. X? X!+ 27R,

the string can wind around it a certain number of times before closing,
XMo+4)=X*o)+2rR w XM (o), w2Z. (3.27)

Since the string has tension, winding it around the periodic direction will cost some energy,
which is reflected in a contribution to the mass of the string proportional to the winding number

w and the size of the periodic dimension,

R R
Am L we 7 P, (3.28)
ol lg
This gives a discrete tower of modes labelled by w 2 Z and whose mass grows with w. It is in fact
through the connection between Kaluza-Klein modes and these winding modes, that T-duality

reveals itself [59].

3.2 Why Calabi-Yau manifolds?

In Appendix C we briefly describe the necessary concepts and tools related to Calabi-Yau man-
ifolds. In this section we will explain why these spaces are so useful in string phenomenology
and how their topology determines several properties of the low-energy description of Type IIB

supergravity.

As we saw in the previous section, the choice of compact space is tightly connected to the 4d
phenomenology one obtains upon compactifying the 10-dimensional theory — not only does it
determine the number of massless fields that are left, but it also constrains the symmetries that

survive. Rather than blindly studying different solutions of the 10d theory on different compact
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spaces and asking which physics will arise in 4d, one may turn the logic around and specify the
4d physics one is looking for in the first place, asking instead which (if any) compact spaces give

solutions of the 10d theory with these properties.

We are typically interested in solutions for which the 10d spacetime factorises into a 4d spacetime
and a 6d internal space,
Myy=My Msg. (3.29)

We could then require M4 to be homogeneous and isotropic, which is equivalent to saying
it should be maximally symmetric — either Minkowski (M), de Sitter (dS) or anti-de Sitter
(AdS). A direct consequence of this choice is that, not only must any form field either have
a spacetime filling background or only internal components, but also any vacuum expectation
value (vev) must be constant. The most general 10-dimensional metric compatible with 4d

maximal symmetry is
ds® = eZA(y)gW(:):)d:U“dx” + Gmn(y)dy"dy"™, (3.30)

with g, being the metric on one of the maximally symmetric spacetimes, g, any 6d metric
on the internal space and ¢24®) a function known as the warp factor that only depends on the

internal space coordinates.

What about supersymmetry? Our 10d theory, Type IIB supergravity, has N = 2 local super-
symmetry, meaning that at every point there are two operators (Q, that can act on bosons and
fermions, and exchange them in such a way that the action remains invariant. This is a symmetry
of the action, but is not necessarily a symmetry of an arbitrary vacuum solution. Having the vac-
uum break some or all of this symmetry is analogous to how the Higgs potential gives a vacuum
which breaks electroweak symmetry down to electromagnetism, SU(2);,  U(1l)y ¥ U(1)em. In
the Higgs case, U(1)en is the residual group of transformations which do not change the vacuum
configuration of the Higgs field (which is the only scalar in the Standard Model and therefore

the only field which can have a non-vanishing vev).

When the symmetry in question is supersymmetry, the logic is the same — the residual set of
supercharges which do not change the vacuum configuration will tell us how much supersym-
metry remains in our 4d theory. Since a supersymmetry transformation of a bosonic field is
proportional to fermionic fields — whose expectation value vanishes in a maximally symmetric
solution — bosonic field vevs are automatically invariant. On the other hand, the 4 fermions

transform under supersymmetry as

(561/1%/[ = e %(H3)M(U3€)a + ée(bﬁng(Ule)Z + é€¢(300 + ﬁ5)FM(iU26)a, (331)

S A = o @ e®PCy(io?e)” %Hg(a‘ge)a %eéFg(ale)a, (3.32)

where a = 1,2 labels each gravitino 1, and dilatino A%, as well as supersymmetry parameters
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€?.

The supersymmetry transformations € that leave the vacuum invariant are then given by
non-trivial solutions of hé.1},i = hd. A1 = 0. The fully general equations are hard to solve and
a proper treatment requires the tools of generalised geometry, which we will not go into here
(see [60, 61] for an introduction). We will instead consider the simpler case where the vev of the
internal components of form fields — associated with the presence of non-trivial fluxes — are

set to zero, in which case the transformations simplify to
1
(5e¢?\4 == rMEa + geq’aCOFM(inE)a y (333)
A" = JP et ePPCo(ioe)”. (3.34)

Using also the equations of motion for the scalars (2.78a—2.78b) and the fact that their vevs must

be constant in 4d, hd.A%i = 0 is automatically satisfied and the remaining condition becomes
rye*=0. (3.35)

We conclude that without fluxes the supersymmetry transformations that leave the vacuum
invariant are the ones parametrised by a covariantly constant spinor €. From the 4d components
(M = p) of this equation [60],

e’ + %('y,/}% ¥Ae =0, (3.36)
and the relation
(ry, et = ipro,yp%a = gqfw,e“, (3.37)
we find the condition*
(R + (rA)Q)nye“ = 0. (3.38)

This implies that (rA)? is constant, which for a compact space means that the function A(y)
must be constant and (rA)? vanishes. Hence, we also have R = 0, so that a supersymmetric

solution with maximal symmetry and no fluxes can only be unwarped Minkowski spacetime.

On the other hand, the supersymmetry spinors €* will decompose into 4d and 6d spinors,

e(zty™) = M=) 0" (y™). (3.39)

The condition (3.36) with constant A(y) implies that ¢ is actually constant over My and

parametrises global supersymmetry transformations in 4d. In turn, the internal components

“This follows from the relation R0 = % (gupGvo  Guogvp) valid for maximally symmetric spacetimes together
with properties of the 7”7 matrices.
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(M = m) of (3.35) require the internal space to be Ricci flat,”
1
Ve’ =0 =) [y, M0 = ZRmnI’Q'quna =0 =) Rym =0. (3.40)

So the upshot is that without fluxes we can only preserve supersymmetry on a flat unwarped

4d background with a Ricci-flat compact 6d space.

However, requiring the existence’ of a covariantly constant spinor on Mj is a stronger condition
than just asking Mg to be Ricci-flat. The condition ¥r,,n* = 0 tells us that the manifold must
be such that it is possible to define a spinor which never changes when it is parallel transported,
in particular when it is transported around a closed loop. Generically, on a 6d manifold a spinor
can be transported around a loop and end up rotated by a Spin(6) = SU(4) transformation,
which defines the generic holonomy group. However, manifolds with more structure can have
smaller holonomy groups (subgroups of SU(4)) — for example, the 7% we considered before
has trivial holonomy group, since its flatness means that a spinor will never be rotated. As a

consequence, compactifying the 10d theory on T actually preserves all the supersymmetry.

How much supersymmetry is that? A supercharge is a definite chirality Weyl spinor. In 10d
such a spinor has 16 components (supercharges) and Type IIB has 2 independent such spinors,
which determines its 10d N = 2 supersymmetry. In 4d a Weyl spinor of definite chirality has
only 4 components, which means that the 16 supercharges must redistribute between 4 different
spinors. Thus we end up with a total of 8 different spinors with 4 supercharges each. Type 1IB
compactified on a 7% has 4d N = 8 supersymmetry — this is definitely not what we are looking

for.

In order to get the minimum amount of supersymmetry, Mg must allow for no more than 1
covariantly constant spinor. Since this spinor belongs to the fundamental representation of
SU(4), we can write it as [28]

Un Mo
a
0
ne= | ™| , (3.41)
ny 0
73

after performing an SU(4) rotation. The subgroup of SU(4) which leaves n* invariant is SU(3)
— if the holonomy group of Mg is precisely SU(3), one and only one covariantly constant spinor
can be defined on it. Manifolds with SU(3) holonomy — know as Calabi-Yau manifolds — will

take central stage in our discussion of Type IIB compactifications.

One can show this more rigorously by examining how the spin representations of positive and

A proof can be found in Exercises 9.6 and 9.7 of [29].

5The fact that there must exist a nowhere vanishing spinor is in itself a topological constraint on Ms. It
reduces the structure group of the manifold from Spin(6) = SU(4) to SU(3), in order to allow for a spinor which
does not transform under the transition functions [61].
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negative chirality in 10d decompose into 4d and 6d representations, and by looking for the
largest subgroup of SU(4) for which a spinor of definite chirality can be invariant, leading us to
a singlet of SU(3). Since neither the group theoretic tools nor the argument itself will play a

crucial role in the work presented here, we simply refer to [20, 29, 61] for more details.

One thing worth emphasising is that Type IIB on a Calabi-Yau manifold still has N = 2
supersymmetry in 4d, since each of its original supersymmetries €* will give an independent (*.
Hence this is still not suitable for phenomenological applications.” Yet the structure of Calabi-
Yau manifolds and the amount of supersymmetry are so powerful that it is still extremely useful
to work with them — fortunately there is a way to take the N = 2 theory and project out one

of the supersymmetries.

3.3 Counting moduli

3.3.1 Decomposing 10d fields

Putting together the previous two subsections, we learn two important lessons.

1. Preserving the least amount of supersymmetry in 4d requires us to compactify the 10d

theory on Calabi-Yau manifolds;

2. The topological information about the chosen Calabi-Yau tells us how to decompose the
10d fields in a basis of harmonic forms — this gives us the number of massless fields of

each type in the low-energy description of the theory.

The bosonic form fields of Type IIB supergravity are then decomposed as® (see Appendix C for

details on the basis elements)

(2", y™) = (2") 1,
By(a",y™) = Ba(a) 1+0%(2") wa(y™),
Co(z",y™) = Co(2") 1,

(

at,y") = Ca(x) 1+ (") wal(y™),

"As an interesting remark, Calabi-Yau manifolds were originally identified as promising internal spaces in the
context of the heterotic string [62] — a crucial difference with respect to Type IIB is that heterotic theories have
N = 1 supersymmetry, so that choosing Mg to be Calabi-Yau does indeed provide an N = 1 4d theory that is
suitable for phenomenological applications.

8 A 4-form would in general be expanded as

Ca(z",y™) = D5(z") wa+ V(") ax(y™) Vikx(@") BXY™) +pa(z") &*(y™).

However, the self-duality of C4 relates the terms expanded in ax to the ones expanded in ¥, as well as the
terms expanded in @® to the ones expanded in wg, such that only half of them are true degrees of freedom. We
can therefore choose to keep the VIK vectors and the p, scalars.
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Ca(a”,y™) = Vi (a) ax(y™) + pa(z") &*(y™), (3.42)

where a = 1,...,h"! and K = 0,...,h*!. There is, however, one last bosonic field which is not
a differential form: the metric G;y. In terms of its tensorial structure, we can decompose the

metric as
Gun (@, y™) = gu(a") @(y™) + Al(«*) @) (y™) + &' (") @ (y™) . (3.43)

Since w(y™) is just a function, it is by definition a 0-form — h%? = 1 therefore tells us that there
is only one 4d massless graviton g, (z*). On the other hand, any w,(y™) defines a 1-form and
hence A0 = p% = 0 tells us that there are no massless vector fields arising from Gpn. The
only tricky case is wpq(y"™), since this is a symmetric tensor rather than a 2-form. By analysing
the graviton equation of motion a bit more carefully, we will not only understand how to count
the number of scalars £(y™) in terms of the Calabi-Yau Hodge numbers (h'!, h%1), but also set

the stage for our discussion of gravitational waves in chapter 5.

3.3.2 The graviton equation of motion

The whole reason we were looking for harmonic forms in the first place was to find a basis of
solutions to the equations of motion along the internal directions in terms of which the 10d
fields could be decomposed (3.18). The equation of motion for the metric Gy is the Einstein
equation

1
Ryn =Tun gTPP Gun, (3.44)

where Thsn is the energy-momentum tensor including all other fields (cf. (2.76)). Unlike the
equations for the remaining fields, however, the kinetic term for the propapating graviton does
not appear explicitly in (3.44) — in order to find it, one must perturb the metric Gy n ¥
Gy + hyy and expand (3.44) to first order in perturbations. In particular,

Ruyn = Ryn + Ry +O(h?), (3.45)
Tan = Tan + T + O(h?), (3.46)

)P

TPy =Ty WMNTyn +TW p +0O(h?), (3.47)

where background quantities are denoted with a bar (e.g. Ryn ) and terms linear in hysy with
a superscript (1) (e.g. RS\?N). Let us focus on the Ricci tensor, which at linear order takes the
form

Ri)y = (2i0hmn 25790 pr(ythyyg + Yuryh) | (3.48)

N |
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where the covariant derivatives ¥j; are with respect to the background metric Gy, 210 =

GPRrp rg and hip = GPQp pg- Commuting the covariant derivatives using
rpryhng = erPhNQ+RPMNAhQA+RPMQAhNA (3.49)
and contracting the PQ indices with GF'?,

GFe rpryhyg = GPre ryurphyg + RPMNAhPA + RMAhNA ) (3.50)

(1)

we can write R,/ as

1 _ _ 1=
Rg\}[)N = 5210hMN + RP(MhN)P + RPMNQhPQ + VY rr <hN)P 2G]\/)ph10> . (3.51)

Now there are two ways in which this expression can be simplified. Firstly, we notice that the
background equations (i.e. the equations at zeroth order in hpsn) can be used to write
p 1 P

= Trarhy, §TQQGP(MhN), (3.52)

- P
Rparhy,

in terms of the background energy-momentum tensor. Secondly, due to differomorphism invari-

ance not all fluctuations hp;n are actually physical — some can be undone by a coordinate

transformation. We can thus choose a gauge, known as the harmonic gauge, in which
P 15
r th iGNPhlo =0. (353)
The equation of motion for the fluctuations hy;ny then becomes

1 _ _ 1_-5 -
5210hMN + RMPNQhPQ =Tun gTPPGMN

1 - _ _ 1-
+ Tﬁg\[ g (hPQTPQ + GPQTI(DIC)2> GunN gTPPhMN

P (3.54)

(Tear  5T%Grar) iy
This is the equation of motion for the propagating graviton (at linear order) — it is also the
equation for 10d gravitational waves. Note that every term on the right-hand side contains
the energy-momentum tensor, including all other Type IIB fields. Although this may seem
unnecessarily complicated,” not only does it highlight the fact that the right expansion follows
from the graviton’s equation of motion, just as it did for every other field, but it also sets up

the stage for our later discussion of gravitational waves.

Focusing on the internal components, in the absence of fluxes and for the product spacetime we

9Indeed, most textbooks introduce it as a discussion of deformations of the internal metric which preserve its
Ricci-flatness, i.e. for which the manifold stays a Calabi-Yau. The equation one ends up analysing is, of course,
the same, but the picture one gets is slightly different.
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are considering, the equation greatly simplifies to
24hmn + YPC iy, + 2R, P, Thypg = 0. (3.55)

Hence, the internal tensors w?,,, in which we want to expand the metric (3.43) must satisfy the
equation
Y'Y, + 2R, 9, = 0. (3.56)

It is important to remember that the background metric is Kéahler (see Appendix C) because
this means that the only non-vanishing components of the Riemann tensor are the ones with
index structure R,z;. This implies that the w@;; and @z components completely decouple and
can be discussed (and counted) separately,
5kl B
rryw;+ 2R oy = 0 5 Agw; =0, (3.57)

rP Yy + QRTkj—lez =0 :) Aﬁ X”Z =0. (358)

Although @, is not a form, the equation for the components w;; is the same as the component
form of the equation Agw;; = 0 for an actual (1,1)-form w (B.8). Therefore, solutions to
the equations of motion for w;; define harmonic (1, 1)-forms and we know that there are h'!

independent such forms, wy.

The story is similar for the ws;; components. We can use the unique holomorphic 3-form on the
Calabi-Yau to define (2, 1)-forms as

1 - . . F
Y== 592.].]@_,— dzt N dzd ~dF (3.59)

which are harmonic precisely when the equation of motion for w;; is satisfied. Hence, there are

h*! independent solutions defining the harmonic (2, 1)-forms x*.

Due to the way the metric is connected to the Kéhler form J on the Calabi-Yau (C.4), fluctua-
tions of the form h;; correspond to fluctuations of the Kéhler structure itself — for this reason,
these are known as Kéhler deformations and the associated scalars will be called Kéhler moduli.
On the other hand, a change of the form hz; is not holomorphic, which means that the result
can only remain a Calabi-Yau with respect to a different complex structure — these are there-
fore known as complex structure deformations and the associated scalars will be called complex

structure moduli.
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We can finally decompose the metric as'®

= ab
0O
11101

Gun (2", y™) = gu(2") 1+ 0%(@") (wa)(y™) + 2" (2") (Xk)aps(y™) - (3.61)

An important point to make is that harmonic (1, 1)-forms are real, which in turn means that
the hb! scalars v® are also real. In the low-energy description they actually combine with the
hY! real scalars b® arising from the By field to form h! complex scalars, t¢ = b® + iv® — these

k

are known as complexified Kéhler moduli. On the other hand, the h?*! scalars z* are complex

and have 2 real degrees of freedom.

Now that we know how all the bosonic fields of Type IIB supergravity decompose in terms of
harmonic functions on a Calabi-Yau, we can plug this back into the action (2.76), integrate over
the compact space Mg and integrate out the massive towers only keeping the massless modes of
every field. This process results in an N = 2 theory in 4d, in which the massless fields fill several
supergravity multiplets. More precisely, the compactification gives rise to 1 gravity multiplet,
h?! vector multiplets, h''! hypermultiplets and 1 tensor multiplet. This precise structure will
not be crucial for us, so we do not go into the details regarding the action and the multiplets
(see [60, 61] for more details).

3.4 Moduli stabilisation with fluxes

So far we have seen how to find a 4-dimensional low-energy description of Type IIB supergravity,
which itself was already a low-energy description of Type IIB string theory. We found that
breaking most (but not all) of the supersymmetry selected a very special type of compact
manifolds known as Calabi-Yau. On these backgrounds, the 4d theory is an N = 2 supergravity
theory describing a number of massless fields determined by the topology of the Calabi-Yau.
Nevertheless, these results followed from the assumption that the solution of interest had no
fluxes, i.e. that the background values of the form fields actually vanished. Even if curiosity
alone were not enough'!' to explore the case where the solution does have fluxes, there are at

least two phenomenologically motivated reasons that push us in that very direction.

1. A theory with N = 2 supersymmetry cannot contain chiral matter, which is essential to
describe the known particles and forces of the Standard Model — an N = 2 theory simply
does not fit the data. The only acceptable amount of supersymmetry for a theory which
could include the Standard Model is N = 1.

"Note that we had to invert the definition of the (2, 1)-forms,

1 1 5 1 < ab
Xaby = 5 §Qijjwﬁ :) Wiy = ”Q”2 Qf Xabj (360)

where jjQjj* = %Qabcﬁabc and it is useful to use the relation ﬁalazbﬂalazc =2! jjQijj*6? [20].
1 Observations suggest that curiosity alone is typically enough among physicists.
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2. The massless spectrum we found includes several massless moduli. On the one hand, since
4d masses and couplings depend on the vacuum expectation value of these fields, they
are completely arbitrary unless these moduli have a potential that determines their vev,
which is not the case when the moduli are massless. On the other hand, massless fields
with gravitational-strength couplings violate the equivalence principle and mediate fifth

forces that have so far never been observed [63].

A very particular example of how moduli vevs determine couplings comes from the dilaton,
whose expectation value controls the string perturbative expansion itself. As we shall see, it
also appears in the relation between the 4d Planck scale (i.e. the interaction strength of 4d
gravity in our low-energy description) and the fundamental string scale 1/a”. Yet, while it
might be unsatisfying to leave this degree of arbitrariness in the 4d theory, the strongest reason

to fix these moduli is observational: we simply do not see them.

Crucial for us is the fact that fluxes will allow us to have warping and consider warped com-

pactifications, which are the central focus of our work.

3.4.1 N =1 solutions from fluxes

So what happens when we include non-vanishing fluxes? First, everything becomes extremely
more complicated. For one, the supersymmetry variation (3.31) no longer gives simple condi-
tions on spinors and as a direct consequence the solution with fluxes is likely not to have a
covariantly constant spinor. This effectively removes the immediate constraint on the holonomy
of the compact space. However, the mere existence of a globally defined spinor on this space
such that we could have a globally defined solution to the more general equation restricts the
structure group of the manifold (the group of transformations required to glue together different
patches of the manifold) to be contained in SU(3).'? The right framework to discuss these flux
backgrounds is generalised complex geometry,'® which gives a unified description of complex and
symplectic geometries [61]. Since the formalism itself is rather complicated, let us simply state
the conclusion: with these tools, flux backgrounds can be found (configurations which solve the
supersymmetry conditions and consequently the equations of motion) in which supersymmetry is
broken down to N = 1. These correspond to generalised Calabi-Yau manifolds and the breaking
of supersymmetry can be understood as an obstruction to finding a second independent spinor

arising from the fluxes.

12Note that this is not the SU(3) holonomy group we found before, but an SU(3) structure group — it therefore
does not define a Calabi-Yau in general. The globally defined spinor can be used to construct a real 2-form J
and a complex 3-form €2, which for a Calabi-Yau manifold are both closed due to the fact that the spinor is
covariantly constant. In the more general case, however, none of them needs to be closed and the manifold will
not necessarily be a Calabi-Yau [61].

13Generalised geometry gives a manifestly SO(d,d) covariant description, making the symmetries of string
theory (most easily found in the context of torus compactifications) a symmetry of a tangent space at each point
of a generic manifold (in a way analogous to general relativity) [61].
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In particular, reducing the supersymmetry from N = 2 to N = 1 means that the two 4d spinors
¢ in (3.39) must be related to each other. Because of the 4d maximal symmetry this relation

can only be of proportionality and therefore the 10d spinor can be decomposed as

n(z",y™) = (") can(y™), (3.62)

for complex functions c,, a = 1,2, which must be linked in order to give N = 1 supersymmetry.
This is done by the fluxes, whose specific configuration results in only one specific combination

of the 2 supersymmetries being preserved.

Moreover, the SU(3) structure on its own is already a powerful constraint — in fact, on such a
manifold one can always find a connection, possibly with torsion'?, such that I’gnn“ = 0. With
respect to this connection, the manifold does have SU(3) holonomy. In the absence of fluxes,
the connection is torsionless and the result is a Calabi-Yau; but once we do have non-vanishing
fluxes, torsion is generated by the flux configuration. One can decompose a generic torsion into
5 different classes, W;, ¢ = 1,...,5, and classify the resulting manifold according to the set of
non-vanishing components — Calabi-Yau manifolds are the special case for which all torsion

classes vanish [60].

When one puts all this together, a classification of possible N = 1 vacua arising in Type 1B
supergravity with fluxes is obtained. Although the full set of possible configurations is much
richer [64], we will focus on a specific type of solutions which dominate a large portion of the
Type IIB phenomenology literature, belonging to the set of solutions known as type B. Their
spinors are related as ¢y = icy and they have both Hs and F}, non-zero fluxes, related in such a

way that the complex 3-form flux G5 (2.80b) is imaginary self-dual and has no (0, 3) component,
*G3 = ’iGg and G(073) =0. (3.63)

Out of these type B solutions, our focus is the set with Wi 23 = 0 and 2W5 = 3W, = 60A,
where A is precisely the warp factor in our warped metric ansatz (3.30) and is determined by
the Fs flux. These correspond to a conformal Calabi-Yau metric, whose conformal factor is the

inverse of the warp factor,
gmn = € 240y) (gCY)mn . (364)

One advantage of this class of solutions is that we can use our knowledge of the properties of

Calabi-Yau manifolds to study them.

It is important to note that these solutions preserve a specific combination of supersymmetries
and therefore we can only add objects that preserve the same supersymmetry combination.

For type B solutions, the allowed objects are D3/D7-branes and O3/O7-planes,'® as well as

A connection r°, with torsion 7T),, ¢ generates an extra term in the relation [r‘im I"QL]VP = R,,%V,
27,0, V.

15We have seen before that orientifold planes break half of the supersymmetry, since one (combination) of the
supercharges gets projected out. In order to preserve the N = 1 supersymmetry left over by the fluxes, the
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Figure 3.2: The low energy theory arising from compactifying Type IIB supergravity on a Calabi-Yau
3-fold includes a set of scalar fields without a potential, which are therefore massless — these are the
moduli of the compactification. Adding non-trivial fluxes generates a potential for some of these moduli
(in particular h*! complex structure moduli and the dilaton) that may stabilise them at a specific value
with a given mass. For each scalar (or more precisely, each direction in the moduli space), the flux-
generated potential may locally have a (metastable) minimum, (unstable) maximum, or even have no
critical point and develop a runaway towards some limit in the moduli space.

D5-branes wrapped on collapsed 2-cycles (which look effectively like D3-branes) [60]. Adding
O-planes has another consequence on the resulting EF'T — since an orientifold projects out some
of the states in the theory, in the presence of O3/O7-planes only a subset of the moduli survives
the projection. The cohomology groups HP? and hence the set of harmonic forms on a given
Calabi-Yau (see Appendix C) will split between those that are even H_’i’q and those that are
odd H”? under the orientifold involution (i.e. the spacetime reflection defining the orientifold),
such that hAP? = hﬁ’q + AP and depending on how each field transforms under a world-sheet
parity transformation only one of these sets remains in the decomposition into harmonic forms
(see [60, 61, 65] for details).

3.4.2 Moduli stabilisation

In the presence of fluxes, a potential is generated for some of the moduli and those will no longer
be arbitrary and massless. Generically, this potential may or may not have stable minima and
the scalars could either be fixed at a finite value or be sent to either zero or infinity (Fig. 3.2) —
in any case, this process is dynamical (it follows from the fluxes that are present in the solution)
and some of the previously flat directions are lifted. These moduli are then said to be stabilised

and get a mass, through which one can hope to avoid the undetected long-range forces.

In order to discuss the flux generated potential, one should be clear regarding what exactly
is meant by fluzes. So far we have referred to fluxes as the vacuum expectation values of the
(internal) field-strengths Hs and F,, — in fact, this is not totally accurate. What we call flux

is a non-trivial configuration of the field strengths, where non-trivial refers to the integrals of

O-planes must project out the right supercharges and leave the surviving one untouched. Conversely, we could
think of breaking supersymmetry with orientifolds and then restrict to flux configurations that preserve the same
supercharge.
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these field-strength configurations over certain cycles being non-zero,'

(Fluxes) H; 60, F,60. (3.65)
33 Yn

Since a cycle is a manifold with no boundary, Stokes theorem tells us that the fluxes will vanish

whenever the field-strengths are globally exact forms,

/ Hy = / A, Stekes / By 0. (3.66)
3 33 023

which is what one would expect from the definitions of the field-strengths as Hy = dBs, F;, =
dC,, 1. If however there are sources that obstruct the “exactness” of the field-strengths (i.e.
it becomes impossible to globally define form potentials Bs and C), 1 in terms of which the
field-strengths can be expressed as exact forms), the fluxes might no longer vanish. Although
in supergravity these non-zero fluxes could take any real value, in string theory fluxes must be
quantised (analogously to how electric and magnetic charges must be quantised in electromag-

netism),
1
FI in string th — H;2Z7 F,2Z. .
(Fluxes in string theory) o)l /23 3 o ao ~ 1/ (3.67)

In the context of Calabi-Yau manifolds, we know how to count the number of cycles and how to
define a basis of forms which are dual to these cycles (see Appendix C). We can therefore define

electric and magnetic fluxes as

1 1
— Hj; = e Hs = :
2! / 3=m", G /BK 3=¢€K, (3.68)

(27; / Fo = miin. (2752@0/3[{ F3 = (err)K , (3.69)

where K = 1,...,h?! + 1 and (Ag, BY) are pairs of 3-cycles on a Calabi-Yau, related by Hodge
duality. There are no F} and F5 fluxes because there are no non-trivial 1-and 5-cycles (or, in

other words, no closed 1-and 5-forms which are not exact). By considering the basis of Poincaré
dual forms (g, 8%) defined as

/aK—/ ax N = oL, 5L—/ BhNag = ok, (3.70)
A CY BK CY

we can expand the field-strengths as

H; = dBsy + (27?)2a0(mKocK eKBK) , (3.71)

=dCy + (QF)QQO((mRR)KOéK (GRR)KBK) . (3.72)

161t is always useful to have in mind the example of electromagnetism, where one could compute the flux of the
field-strength Fe.m. for example through a sphere (and indeed the sphere S%is a cycle, as it has no boundary —
see Appendix B).
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Since ag and BX are related to each other through Hodge duality, the electric and magnetic
fluxes are swapped in xH3 and *F3 compared to H3 and F3, motivating this identification.'”
We can also use the basis of 3-cycles Ax to define the complex structure moduli z* through the
periods of the holomorphic form €,'®

w28

2 =Z_  where ZK:/ Q. 3.73

It is also useful to define the periods of  through the dual BX cycles as

Fr = Q, (3.74)
BK

which can be expressed as functions of ¥, Fx = Fx(27).

Dimensionally reducing the Type IIB action (2.76) with non-zero fluxes (3.71) and (3.72), one
gets extra terms in the 4d supergravity action that generate a potential for the complex structure
moduli z¥ and the dilaton [60]. This can be understood as follows. As we have discussed, the
fluxes change the equations of motion in such a way that a Calabi-Yau manifold is no longer a
solution. However, it turns out that it is consistent to assume that the resulting spectrum is
the same as the one without fluxes, except that some of the massless modes become massive, as
long as the scale of the fluxes is much smaller than the compactification scale — one could think
of the fluxes as giving corrections to the solution in which they vanish.'” This truncation of the
spectrum was shown to give a consistent gauged supergravity action, in which some of the axionic
symmetries become gauged and a potential is generated for a subset of the moduli. In Type
IIB compactifications this subset includes the complex structure moduli and the axio-dilaton,
but not the Kihler moduli — since there is always at least one Kihler modulus (hb! 1),
this means that fluxes are never sufficient to fully stabilise all moduli in Type IIB and extra

contributions need to be included.?’

For the solutions of interest with N = 1 supersymmetry, this scalar potential can be conveniently

encoded in terms of a holomorphic superpotential W and the Kéhler potential that determines

n other words, a magnetic flux through B, fBK Hs, is equivalent to an electric flux through Ak, fAK *Hs.

8Note that there are h*' complex structure moduli but a total of (h** + 1) 3-cycles Ax. The periods
themselves define a set of projective coordinates Z¥ | in terms of which one can define the actual moduli as the
special coordinates z* = Z¥ /Z0 [60]. The coordinates ZX are projective because complex rescalings of  do not
change the complex structure and should therefore not count as an actual degree of freedom in the moduli space
of complex structures [66].

19 Another way of thinking about it is that, since the KK scale is much bigger than the flux contribution, at
this scale the fluxes appear to be essentially zero. It is only at the massless level that the effect of the fluxes is
felt, so that the net effect is the same spectrum as in the zero-flux solution plus a potential encoding the flux
contribution to the action.

20TIn Type ITA compactifications, the subset of moduli fixed by the fluxes includes instead the Kahler moduli,
but not the complex structure moduli. However, there are manifolds with h** = 0 (known as rigid manifolds)
and it could be that fluxes are the only necessary ingredient for full moduli stabilisation in Type IIA (e.g. [67]).
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the metric on the moduli (field) space,?! which is given in terms of J and Q as K = Kes+ Kkihler,

Kes= log (Z/QAQ) = log (Z5Fx  ZKFg) (3.75)
Kxsner = log <§/JAJ"J> = log (éKabc(t e Bt ﬂc>, (3.76)

where the triple intersection numbers K. are defined as

Kabe = /wa’\wb’\wc. (3.77)

Using the properties of Calabi-Yau manifolds, one can also write Kgznier = 2logV. These
definitions follow from the dimensional reduction of the Type IIB action (2.76), but do not take
warping into account — we will see in particular that the warp factor appears in the Kéhler
potential, but not the superpotential. In terms of W and K, the scalar potential for the moduli
takes the form

V=K (K(DwW)(D;W) W) (3.78)

where the covariant (or Kahler) derivative is defined as

DIW = oW + (8, K)W . (3.79)

The superpotential that reproduces the scalar potential generated by the fluxes and found by

dimensional reduction of the action (2.76) was shown to take the Gukov-Vafa-Witten form [71]

3/2
g/

W/M3, = %/Gg’\ﬂ, (3.80)

in terms of which the dependence on the complex structure moduli (through Q) and the axio-
dilaton (through G3) becomes clear. A derivation of this superpotential from the scalar potential
generated by the fluxes, including the overall factor, is shown in Appendix D.2. One can also

write it explicitly in terms of the fluxes and (Z¥, Ff) as

3/2
W/Mglzp%{((eRR)K ext)Z"  ((mrr)®  m"7)Fi} . (3.81)

In this N = 1 supergravity framework, a solution is supersymmetric if [72-74]

D;W =0 (3.82)

2The moduli field space itself has a rich geometric structure — while the complex structure moduli span a
special Kahler manifold of complex dimension h??! [68], the remaining scalars (complexified Kdhler moduli, the
scalars arising from Co, C2, C4 and the dilaton, and the scalars dual to the 2-forms arising from Bs and C2) span a
quaternionic Kihler manifold of quaternionic dimension h''4-1 [69]. The latter has a special Kiihler base spanned
by the complexified Kahler moduli for which we can write the Kéhler potential Kksnier- This rich structure is
interesting for example in the study of dualities and the signature of spacetime [70].
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for all fields, in which case the scalar potential Vsysy = 3eXjWj? can only be negative (AdS)
or zero (Minkowski). Moreover, at this level (without additional corrections to the potential),
there is no superpotential generated for the Kéhler moduli and therefore D,WW = (9,K)W,
a 2 Kéhler. As a consequence, a solution can only be supersymmetric if W = 0. On the other
hand, Kxanler (3.76) satisfies a so-called no-scale structure giving K%(9,K)(9,K) = 3, so that
the K&hler moduli contribution to the first term in the scalar potential (3.78) perfectly cancels

the second term,
Viooscale = €5 KTJ(DZ-W)(D]—W) , 1,j 2 complex structure. (3.83)

While a supersymmetric solution for the complex structure moduli will then leave all Kahler
moduli as flat directions, a non-supersymmetric solution will leave a runaway for the volume

K 1/V?%). A big part of Type IIB phenomenology involves tweaking these

modulus (since e
properties in such a way as to change some or all of these conclusions. In particular, we need extra
contributions arising from quantum corrections to the leading scalar potential in order to stabilise
the Kahler moduli that include at the very least the volume modulus of the compactification.
Taking into account different contributions leads us to different proposals such as the KKLT

[75] and LVS [76, 77] constructions that we will discuss in Chapter 4.

Before moving on, we should also emphasise that the tadpole cancellation condition (2.101)
associated with the 5 equation of motion (2.78¢) (which is the one involving Hz and Fj fluxes)
should also be satisfied in a consistent solution. In terms of their expansion in the basis of

3-cycles, the constraint reads

2

2922 (27T)40402f mK<€RR)K + (mRR)Kng + Z Q:(;) . (3,84)
Replacing Q:(;) = q:(,f)TDg, with qz(,f) = 1 for D3/D3-branes and qéi) = i for O3-planes, and

using Tpz = %—4” = (273% together with (2.77), we can write it as

N,
K(err)k + Nps  Np3 =98, (3.85)

)< 1

(mRR Exg m

in terms of the number of D3/D3-branes and O3-planes. Note that negative contributions to
the tadpole can come from both D3-branes and O3-planes, but there is an important difference
between them — while O3-planes preserve the same supersymmetry as the fluxes in the Type
B solutions, the D3 will break it. Therefore, if one wants to cancel positive contributions to the
D3-charge tadpole using localised objects, while preserving N = 1 supersymmetry, one must

use O3-planes.
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3.5 The warped deformed conifold

3.5.1 Conifold singularities

We have seen that the topology and geometry of the compact space determine many of the
properties of the low-energy theory, not only telling us the number of fields, but also defining
the field space metrics and couplings for these fields. Before moduli stabilisation, the massless
scalars in our 4d theory are unfixed and their background values are completely arbitrary. Since
some of these fields parametrise the geometry of the compact space (controlling the sizes of
cycles and the complex structure of the manifold), moving around in moduli space corresponds
to exploring different geometries for the compact manifold. An interesting question to ask is
whether moving in moduli space would also allow us to explore different topologies: this would
be much more surprising, as we are no longer thinking of cycles of different sizes, but instead
of different cycles altogether. This would have to correspond not to moving within one moduli

space, but to moving between moduli spaces that could in particular have different dimensions.

The result would resemble a connected web of Calabi-Yau moduli spaces and is exactly what
was found in multiple works [78-80]. The boundaries separating these connecting spaces were
shown to correspond to conifolds, spaces that are smooth apart from a number of isolated conical
singularities?” [80]. The key point is that these conifolds can be seen as the singular limit of
non-singular Calabi-Yau manifolds of different topologies, with each node being either the result
of an S3 or an S? that collapses to zero size (see Fig. 3.3). One can also go in the opposite
direction — from the singular conifold with nodes to a non-singular manifold where each node

was either replaced by an S® (deformation) or by an S? (small resolution) [80, 81].

The study of conifold singularities was motivated in part by efforts to find generic features of
string theory compactifications that could give model-independent predictions and allow us to
test the fundamental principles and their consequences in terms of low-energy observables. The
fact that these singularities arise in most Calabi-Yau compactifications made them a natural
candidate as one of these generic features. In the low-energy EFT, these conifold singularities
manifest themselves in the form of singularities of the moduli space metric, signalling a break-

K in terms

down of the effective description. To see this, recall the definition of the coordinates z
of the periods over the cycles A% (3.73). If the 3-cycle A! shrinks to zero size (in which case it

is called a vanishing cycle), the corresponding coordinate z! will go to zero,

1 1

= o vo. :
7 /., 0 (3.86)

z

Hence we can think of the point z!' = 0 in moduli space as the conifold point where a 3-cycle

degenerates to zero size and the manifold becomes singular — this is the boundary of moduli

22Conifolds are nodal varieties, spaces which have only isolated double points (nodes) where the constraint
defining the space as C(z) = 0 also has a vanishing gradient dC(z) = 0, but a regular hessian matrix [80].
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Moduli space

Figure 3.3: Conifolds can be seen as the singular limit of non-singular Calabi-Yau manifolds of different
topologies, with each node being either the result of an S or an 52 in the non-singular spaces collapsing
to zero size.

space represented in Fig. 3.3. While the cycle A' is well-defined as the 3-cycle that vanishes at
2! = 0, the dual cycle B; can now go around the singularity and is no longer uniquely defined.
Generically, going once around the singular point can shift the By cycle by A! (notice that this
still satisfies the orthogonality conditions defining the By as dual to AX),

B; ¥ B+ A', (3.87)

/Blﬂ+/AlQ:Fl(zk)+zl. (3.88)

D R =/Blﬂ

This is a strong constraint on the form of F; and in fact restricts it to

1
Fi(2F) = %zl log 2! +TIp + O(z'), (3.89)

such that the first term guarantees (3.88) and the remaining terms are single valued when going
around the singularity. Since the K&hler potential on the complex structure moduli space is

given by (3.75) and determines the metric as®® G 7 = 9;07Kcs, we find

1
Gi1 = 5 Tlg log ' 2! 4 const. + O(21)?, (3.90)

which becomes singular at z! = 0. This singularity in the complex structure moduli space
is telling us that the corresponding manifold also becomes singular at z! = 0 and is now a
conifold, but it also means that the effective theory is breaking down at this point (i.e. the

effective description stops being valid when the compact space becomes a singular conifold).

9
oz1

K

Z3Here the derivatives d; are taken with respect to the moduli space coordinates z™ .
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3.5.2 Why is there a singularity?

Typically an effective theory breaks down when the physics we are trying to describe requires
states that are not taken into account by our description. For example, if we are using our
4d EFT obtained from integrating out the massive towers of KK modes, we can only work
at energies below Mpgyxr — that is because at higher energies, the tower of states will start
contributing to the physics in important ways and an effective theory without it will no longer
be a good approximation (Fig. 3.1). Could the breakdown of our EFT near the conifold point
also be associated with a state that we have unknowingly integrated out? In other words, is
there a state not taken into account in the EFT which becomes important near the conifold
point? In [82], it was argued that this is indeed the case and that the missing states are actually
black holes, so that making sense of (and removing) conifold singularities®* in the low-energy
effective theory required that black holes were treated as fundamental particles, in the sense

that they can appear in virtual loops in a way that depends on their mass and charges.

In contrast with our KK tower example, these black hole states do not become important because
we are exploring higher energies, but rather because the states themselves become lighter as we
approach the conifold point, eventually becoming massless at z! = 0 (Fig. 3.4). The 10-
dimensional theory has 3-brane solutions®”[83] that wrap a 3-cycle in the compact space, which
in the 4d compactified theory look like charged black holes whose mass depends on the charges”®

K

(m*™ ng) and periods,

MBH /jmKFK nKZKj . (391)

In the simplest case’” when the black brane wraps a single cycle A!, the only non-zero charge

is n1 and the mass is proportional to the complex structure modulus 2!,
Mgy 7/ j2'j. (3.92)

Therefore when A! is a vanishing cycle, these black hole states become massless as we approach
the conifold point at z' = 0. Once that happens, the effective theory breaks down because we

are no longer allowed to integrate them out. When the black hole state of mass Mgy Z j2'j is

24We should keep in mind that there are two types of singularity involved. On the one hand, we have the
singular points of a conifold, which are singularities on the 6d space describing the internal geometry of spacetime
at these special points in moduli space. On the other, there is the singularity in moduli space itself at the
conifold point z' = 0, which we can see in (3.90). They are of course related to each other, but many discussions
surrounding the conifold become much clearer when one remembers the distinction (cf. Fig. 3.3). Here we mean
the singularity in the moduli space.

Z5These extended black hole solutions were originally not associated with D-branes. Only after D-branes were
understood as dynamical objects in their own right [21], were these solutions interpreted as D3-brane solutions
and the conifold singularity resolution rephrased in terms of D3-branes wrapping vanishing cycles.

26Note that the h*' complex structure moduli belong to N = 2 vector multiplets containing also a vector field
each. These charges are the black hole electric and magnetic charges under these h?! vector fields.

2TThe discussion can be generalised to include P degenerating 3-cycles related to each other through R homology
relations. Such a conifold point connects a Calabi-Yau with Hodge numbers (h*, %) to a Calabi-Yau with Hodge
numbers (' + R, h*' + R P) [84]. Note that the simple case with only one vanishing cycle simply changes
S B
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Figure 3.4: A 3-brane wrapping a 3-cycle in the compact space gives rise to a black hole state in the
low-energy theory whose mass is proportional to the charges and periods (3.91). When the 3-brane is
wrapping a vanishing cycle whose corresponding period goes to zero at the conifold point, the black hole
state in the EFT becomes massless and our theory with this state integrated out is no longer consistent.

integrated out, the gauge coupling g;7 associated with the vector in the same vector multiplet as
2! receives a one-loop correction depending on the mass as g1 gi(%) +log (Mpu) (which is why
these states must be allowed to run in loops in order to resolve conifold singularities). Since the
gauge coupling in the supersymmetric theory is related to the periods as g;7  97F1, the result
is the log-term in (3.88) that diverges as z! ¥ 0 [82, 84]. If instead we do not integrate out
the black hole states and the one-loop correction to the coupling is absent, so is the divergent
behaviour of F; and (G;7 — the effective theory that includes these states is well-behaved even

at the conifold point.

There are (at least) two key points to take from this discussion. The first is that string theory
compactifications can be well-defined even when the compact space is a conifold with isolated
singularities as long as we include all relevant states in the effective theory. The second is
simply the converse statement — if we want an effective theory that is well-defined without

these D-brane massless states, we cannot reach the conifold point.

3.5.3 Deforming the conifold

Let us now describe the geometry near a conifold singularity. Generically, a conifold as originally
defined [80] may have a number of isolated singularities, for each of which we can give a local
description of the geometry, although for the phenomenological applications we are interested

in only one such singularity is relevant. Locally they can be defined by the equation

> wi=0, (3.93)

where w; 2 C*. That this describes a cone can be seen from the fact that when w; satisfies this

condition, so does Aw; for any A 2 C (we could think of w; as coordinates in CP#). To determine
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the base of the cone, we intersect it with a sphere in C* of radius r,
4
diwi’ =% F+7§ =17, (3.94)
i=1

with @ = & 4 iy = (w1, wa, w3, wy). In terms of ¥ and ¥, the two conditions intersect at

2 2

ffz;, 537:5, Z y=0, (3.95)

which describes an S® (first equation) with an S? fibered over it (remaining two equations).
The base of the cone is therefore topologically S® 2, which nicely connects with our previous
discussion of how one can get a singular conifold either by collapsing an S or an S? to zero
size. Indeed, as r ¥ 0 the radius of the S3 and S? in the base vanishes. More precisely, the
base corresponds to the 71! = W manifold for which we can write the Einstein metric

[80, 81]
d32T1,1 = %(ddﬂ + cos B1dgy + cos 92d¢2)2
+ é(d@% + sin? 0, dip?) + é(d% + sin? fad)3) (3.96)
with0 6; <m0 ¢; <2mand 0 ¢ < 4w. The metric on the conifold is therefore

ds>

con

= dr®* + r’dsi.. , (3.97)

which is Ricci-flat and becomes singular at 7 = 0. The metric on 7! can be made diagonal

4
1 1 .
dspin = (") + ¢ D _(d')?, (3.98)
i=1
in terms of the 1-forms [85]
el e e? et el +e3 e? +et
gl:ﬂg?, 92=ﬂ9§—, gg:ﬂg?, g4=ﬂﬁk, g =€, (399
where
el = sin 01doy ,
62 = d91 s
e3 = costpsinbadpy  sinpdbs, (3.100)

et = sin v sin Oadps + cos dbs

e = dip + cos 01dgy + cos Oade .
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This basis is particularly useful to discuss the metric on the deformed conifold. Deforming the
conifold corresponds to changing the defining equation (3.93) in such a way that the S3 in the

corresponding base always has a finite radius. This is achieved by including a parameter € as

> wi=é, (3.101)

in which case the equations defining the base of the cone become

r? 4+ €2 . _,77“2 €2
2 9 ?J y_ 2 9

—

r =

i g=0, (3.102)

sothat ¥ ¥ Orequiresr € and the minimum radius of the S? is now 7y, = €. This effectively
removes the conifold singularity by replacing it by an S® of finite size, which is exactly how we
introduced the notion of deformation. It means in particular that the manifold defined through
(3.101) is not technically a conifold, but instead a smooth manifold associated with a point in
the moduli space on the right in Fig. 3.3. Since sending ¢ ¥ 0 recovers the definition of a
conifold, this parameter must be related to the complex structure modulus z! ¥ 0. The metric
on the deformed conifold takes the form [81, 85, 86]

64/3
dsﬁef con = TK(T) <3K;(7) (dTQ 4 (95)2) 4 Sinh2(7/2) ((gl)2 + (92)2)

+cosh®(7/2) ((¢°)* + (¢*)?) ) , (3.103)

where the function K only depends on the radial coordinate 7 and is defined as

(sinh(27) 27)Y/3

K =
(7) 21/3 ginh 7

(3.104)

The fact that the metric only depends on 7 is reflecting the symmetries of the deformed conifold
whose base is still topologically S S2. For large 7, the metric (3.103) approaches the conifold

metric (3.97), with r? = 25%64/ 3¢27/3 On the other hand, for small 7 the metric approaches

2
1
A3t con = dr” +[(0")? + (7] + R[4 + (6") + 50" ] (3.105)
52 pe
where 72 = 644/3 (%) 1/3 72 and the radius of the S is fixed by € as R? = 642/3 (%)1/3. In principle,

the metric (3.103) describes a non-compact Calabi-Yau manifold and one could ask whether it
may arise as a background of Type IIB — this would require the deformed conifold metric to
solve the equations of motion for all Type IIB fields for a given configuration of sources and/or
fluxes. Such a solution was indeed found in [86], but what lead to its discovery was not the web

of Calabi-Yau moduli spaces that originally motivated the study of conifolds.
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Despite their origin in the context of topology change and boundaries in moduli space [66, 80, 81],
what made conifolds explode in the string theory literature was the proposal of AdS/CFT [87],
which originally described the duality between Type IIB string theory on AdS; S° and the
N = 4 SU(N) theory which was the low-energy limit of the world-volume theory on a stack of
N D3-branes. This gave an explicit realisation of earlier holographic proposals [88, 89] and kick-
started a massive exploration of string theory backgrounds and their possible dual field theories.
A natural generalisation was to replace S° by a 5d Einstein manifold X5, which was argued to
also be related to 4d conformal field theories. Requiring that this new background broke some
(but not all) of the supersymmetries, a dual field theory was first identified precisely for the
case where X5 = T, by noting that this theory was the low-energy limit of the world-volume
theory on a stack of D3-branes placed at the conifold singularity [90]. Further exploration of this
duality, both on the supergravity side and from the field theory perspective, and in particular of
the way the two were mapped onto each other, lead to the introduction of fractional D3-branes
into the original background of N D3-branes at the singularity [91-93]. A fractional D3-brane
is actually a D5-brane which wraps a collapsed 2-cycle in the internal space — on a conifold
background, the D5-brane can wrap the S? which collapses to zero size at the singularity. In
the field theory, adding these fractional branes breaks the conformal symmetry and the gauge
couplings start to flow logarithmically with energy scale; this is related to the supergravity side
through a logarithmic warping of the conifold, which would eventually reach a metric singularity.
However, it was conjectured that this singularity could be resolved by the strong dynamics of
the gauge theory. What happens, then, in the supergravity background? In [86], the conjecture
was proven and in the supergravity side this was shown to correspond to the deformation of the

conifold.

3.5.4 Klebanov-Strassler solution

The background found in [86] is the warped deformed conifold that will form the basis of our
phenomenological explorations. It has a non-singular metric, whose warp factor is well behaved
everywhere and leads to an exponential suppression of scales in the 4d theory. The setup consists

of M D5-branes wrapping the S? of T'h! at the tip of the cone, which act as sources of F3 flux,

1

— F3 =M. 3.106
p

The flux through the 3-sphere created by the M D5-branes is what prevents it from collapsing.
From the supergravity point of view, one may replace the D5-branes brane by M units of F3 flux
through the S2. A solution can then be found for a metric that takes the conformal Calabi-Yau

form

dS%O =H 1/2 (y)gli”dxudxy + H1/2 (y)ds?ief con ’ (3107)
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Figure 3.5: Plot of the function I(7) in (3.108) controlling the behaviour of H(7) for fixed values of €
and gs; M — the warping will be stronger for larger values of M and smaller values of €. In particular, we
will rely on exponentially small values of € later on in order to get exponentially large warping near the
tip of the deformed conifold. Note that the warp factor is biggest at 7 = 0 (tip), where it is regular, and
decays exponentially for large 7.

with a warp factor given by

0 2 1
Hr) = 2239 9M” oy / dx%ﬁ)l(smhm) 22)1/3 . (3.108)
8/3 - sinh” x

This warp factor depends on the F3 flux and the deformation parameter €, but for fixed non-
zero values of these parameters it is regular at 7 = 0 (Fig. 3.5). The dilaton is assumed to be

constant, e? = g, and Hj is related to F3 as
Hs; = gs*¢ F3, (3.109)

in a way which is compatible with a self-dual (2,1) G3 flux (3.63) of an N = 1 theory with a

conformal Calabi-Yau background.

Note that the physical size of the S3 at the tip of the throat is R%;; = gY 2R2, which for this

solution does not depend on the deformation parameter ¢,

22/3
R§3 (31/3[1/2(7— = O)) (gsM)ao (gsM)aoa (3'110)

from which it follows that a well under control supergravity approximation (i.e. such that the
o-expansion with which the Type IIB low-energy supergravity was derived is under control)
requires gsM 1. This consistency condition will have an important role in both chapter 4 on

de Sitter constructions and chapter 5 on gravitational signatures of warped compactifications.

The warped deformed conifold in the Klebanov-Strassler (KS) solution [86] is non-compact.
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From the theoretical point of view, this would be perfectly acceptable and correspond to a 10d
solution of Type IIB. For this 10d solution, € is just the parameter fixing the complex structure
of the deformed conifold. However, for phenomenology we typically require the 6d space to be
compact’® and therefore this geometry is assumed to give a local description of a small region of
a compact space. This region is usually referred to as a warped throat within the compact space,
whose warping creates a hierarchy of scales between the tip and the far away unwarped region
typically called the bulk. A solution of this type was proposed in [94] where it was shown that
the modulus associated with the complex structure deformation e gets stabilised at exponentially

small values, providing exponentially large hierarchies.

3.6 Hierarchies from fluxes

3.6.1 GKP solution

We can finally describe the warped solution on which later chapters are based. It became known
as the GKP solution after Giddings, Kachru and Polchinski, who first proposed it [94], and
consists of a flux compactification of Type IIB string theory, whose compact space contains a
warped throat — a region which is well described by the warped deformed conifold and therefore
the K8 solution. Moreover the solution stabilises the complex structure modulus associated with
the deformation of the conifold at exponentially small values with F3 and Hs fluxes through the
S3 at the tip.

The GKP solution was motivated by the hierarchy problem and was therefore attempting to
provide a construction in which the Planck scale Mp; was connected to the much lower elec-
troweak scale Mgw in a dynamical way. It partly drew inspiration from earlier proposals where
warping was responsible for this connection [57, 58] and where warped metrics would arise in
the context of string compactifications [95], while going further in explaining how the moduli
involved in warped solutions could be stabilised in such a way as to actually provide the large
hierarchy they tried to achieve. Although some work on the stabilisation of these moduli existed
[96, 97], GKP provided the first string compactification realisation of an exponential hierarchy

with a stabilised modulus.

The starting point for the GKP solution is the Type IIB supergravity action (2.81) supplemented
with the action for localised sources such as D-branes and O-planes that we introduced at the end

of Section 2.3, together with a warped ansatz for the metric respecting 4d Poincaré invariance,?’

ds? = eQA(y)nw,dx“dacV +e 2AWg dy™dy" . (3.111)

28 As mentioned before, braneworld theories could potentially lift the requirement that the 6d space is compact
and small.

2For this discussion we will use the notation of [94] with the warp factor denoted as H(y) = e
facilitate comparison. We can then easily change notation back to H(y).

44M) 50 as to



70 Chapter 3. String compactifications

Importantly, Poincaré invariance only allows the background G35 flux to have internal compo-

nents, while the most general form the F5 background is allowed to take is
Fy = (14 %) da ™ voly, (3.112)

with @ = a(y) a function of the compact space coordinates y™ only and voly the volume form
on the (unwarped) 4d spacetime. The axio-dilaton 7 = 7(y) will only be allowed to vary in
the compact directions. Using these in the Einstein equations (2.88) supplemented with the

contribution from the localised sources (2.98),°" the 4d components become®!

_ Ys jG3j2 ﬁ 8A m 2 loc 1 loc
R, = gm,<8 (Tm ) + 1€ (Oma)(0™a) | + K (T;w 89le )

1 - .
= (PP e M Onet (@™ ) (3.113)
where the second line is R, computed for the metric ansatz (3.111). Tracing the equation, this
implies

14 _ 2495 1G3)°
2 (Im)

e +e 64 [gz(ama)z + (Gme4A)2] + —eQA(Tmm T"u)100 ) (3.114)
Since our internal space is compact, integrating the left-hand side over it gives zero. This
simple fact happens to have important consequences for the allowed configurations of fluxes and
localised sources that would give a warped Minkowski solution with a compact 6d space. In
particular, since the flux and warping terms on the right-hand side are positive definite, they
can only be non-zero if the localised source contribution is negative and able to cancel them.
Therefore, in the absence of localised sources, fluxes must vanish and the warping is constant
— this constitutes the no-go theorem of [98]. If we want to find a warped solution we need to

include in the construction the right kind of localised object.

In order to preserve Poincaré invariance, these objects must extend along the 4d spacetime.
Hence a Dp-brane or Op-plane will extend along these 4 directions and wrap p 3 directions in
the compact space. Using (2.98) we find

(T, T =(7T pT,e *6 P(X7), (3.115)
which tells us that a negative contribution can only come from objects with p > 7 or negative
tension. Having a negative tension is precisely one of the interesting properties of O-planes. Due
to the existence of orientifolds, string theory does have a way of evading the no-go theorem of
[98]. From our discussion of supersymmetry in Section 3.4, we can start to see the similarities

between the GKP solution and the type B N = 1 solutions. The objects that preserve the same

39Note that the Einstein equations (2.88) are in trace reversed form, so that this energy-momentum tensor will
contribute with a term x* (T;yny ~ 2GunT p).

31The extra factors of gs follow from our choice of conventions for the Einstein frame metric with ®¢ = h®li,
which differs from the one in [94], where ®o = 0 (see Appendix A.1).
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supersymmetry as the flux configuration in these solutions are D3/D7-branes, O3/O7-planes and
fractional D5-branes. We should therefore consider O3-planes as the objects providing negative
tension. Note also that D7-branes do not contribute to this constraint, at least at leading order
in ol [94].

Importantly, while (3.114) can be satisfied with the inclusion of O-planes and guarantee that
the Einstein equations are solved, we must also solve the equations of motion for all other fields.
In particular, we must solve the equation of motion for Fj which receives contributions from
D3-branes and O3-planes (2.100),

~ ) /\
d*F5_§G Gs , 20" ZQ . (3.116)

(Im )

It will thus give rise to a tadpole cancellation condition (2.101),

2
L9

= A1
42 /]\46 ImT ZQ3 0, (3.117)

known as the D3-charge tadpole cancellation and often conveniently expressed in terms of Hj

and Fj fluxes instead,

’\F3+ZQ3 =0. (3.118)

2%2

Actually, D7-branes wrapping 4-cycles in the compact space can also contribute with an effective

%, in terms of the Euler-characteristic of

charge which in F-theory [99] is given by Q§T =
the corresponding Calabi-Yau 4-fold [94]. Although these contributions can be invoked in order
to cancel the tadpole, they come with constraints of their own related to the growing number
of moduli one will need to stabilise (presumably using fluxes) when one tries to increase Qgﬁ

[100-106].

The equation of motion itself is an equation for the function « in Fj, in terms of which it can

be written as

- 241 Gmnp *6 [E 6A moaay | 267 a4 @ s

which can be subtracted from the Einstein equation constraint (3.114) to give®?

r? (e4A gsa) = 76(1?181 T)62AjiG3 *x6Gsj® + e 6Aje“ gs0j?
267 94 [Ys 1 1
+ e [Z(Tmm T ) Typlee] (3.120)

s

where we introduce T3p¢ = 3, Qgi) dw in the notation of [94]. It was argued in [94] that

32Notice once again the factors of g5 differing from [94], which follow from the Einstein frame convention.
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many localised objects satisfy the inequality % (7™, T ”)IOC Tgpg’c, so that the last term
is always non-negative, just as the first two terms. This is true in particular for D3/D7-branes
and O3-planes, which are the localised objects we are interested in. As a consequence, running

the same argument as before and integrating (3.120) over the compact space, we find that
*x6G3 = iGs et = g (3.121)

The G5 flux must be imaginary-self-dual and the warp factor is determined by the Fy background
— these are (some of) the same conditions satisfied by the type B solutions we discussed in
Section 3.4. If the localised source inequality holds, a solution actually requires it to be saturated,
which happens for D3/D7-branes and O3-planes. Note also that an imaginary-self-dual G5 flux
has important consequences, as it implies that the flux contribution to the D3-charge tadpole
(3.117) is always positive. Hence we must use O3-planes to cancel it, since the alternative

D3-branes would break supersymmetry.

The discussion so far was all about global properties of the flux compactification. To achieve
large hierarchies, one can “zoom in” on a region of the compact space that can be described
by the KS solution, with its deformed conifold and M units of F3 flux. In contrast with the
non-compact KS solution however, in GKP the deformed conifold in “glued” to a compact
Calabi-Yau orientifold and therefore the cycle dual to the S at the tip is now finite. The
presence of the (unspecified) compact Calabi-Yau means that also the Hjz flux through this

cycle can be generically given by K, such that overall we have

1 1
—_ Fo=M d —— Hy =K. 3.122
(2r)%al /A 3 and e /B 3 (8.122)

We already know that the A cycle (the S3) is associated with a complex structure modulus®?

z = S Q7 e, (3.123)

Zo Ja
and we can use Zj to fix jzj = e. This makes explicit the fact that the deformation parameter
€ is really a deformation modulus in the 4d theory and is therefore left undetermined unless
a potential is generated by the fluxes. This is precisely what the non-trivial fluxes M and K
through the A and B cycles will do. Applying our previous results (3.81) and (3.89) to this

setup, we find

3/2

s M .
W = pgii (2n)?’ [ —zlogz K7z + holomorphic | . (3.124)
4 12 271

Since we are not adding any corrections to the flux superpotential, the Kahler moduli remain

as flat directions and satisfy the no-scale structure. Since the potential (3.83) is then positive-

33See Appendix B of [107] for the relation between € and Q that leads to this identification.
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definite, the minimum occurs at D;W = 0, which includes in particular

M
D.W / —Z(l +logz) K7+ holomorphic + (0, K)W
s
M K
i{%logz gs}+0(1)éo, (3.125)

if we assume that € = jzj 1, which we want in order to get a large warp factor (3.108), and

that hri = ig, ! with g 1. The potential is then minimised at

2K

z e oM 1, (3.126)

as long as the ratio of fluxes is large enough. This will indeed provide an exponentially large
warp factor and therefore exponentially large hierarchies between different points in the compact
space, and is at the basis of many attempts to obtain a de Sitter solution in Type IIB flux
compactifications. These typically start as AdS solutions where only the complex structure
moduli and the dilaton are stabilised, while the Kahler moduli are flat directions, and add certain
corrections to the scalar potential in order to stabilise them. A de Sitter vacuum is then achieved
by introducing an D3-brane at the tip of the warped throat, which breaks supersymmetry and
contributes with a warped down vacuum energy. A large hierarchy is usually required in order

to preserve the minimum for the Kéhler moduli once the brane is introduced.

3.6.2 The warped background metric

Before moving on, let us be more explicit with regard to the background metric and, in particular,
the sense in which the deformed conifold is “glued” onto the compact Calabi-Yau. We will
consider vacuum solutions whose background is a warped product spacetime My = R13  , X,
where R'3 is a 4d Lorentzian spacetime and Xg is a 6d compact space. We write the Einstein

frame metric as®*

ds%o =H 1/2(3/) eQw(w)ngx“dx” + H1/2(y) V1/3gmndymdy", (3.127)

where z# (u =0, ..., 3) are 4d spacetime coordinates and y" (m = 4, ...,9) are 6d coordinates on
the compact space Xg, which we will take to be a Calabi-Yau orientifold (CY3). The 6d metric

Gmn = (g6)mn is then Ricci-flat and normalised such that

/ &Pg 1,

34Since we start with Einstein frame metric (A.15) and action (A.17), the volumes V and V., are Einstein frame
volumes.
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with V = Vg(x) keeping track of the physical size of the compact space. We define the warp

factor H as
e 4A0(y)

H(y) 1+W,

(3.128)

which is motivated as follows.

First, the background warp factor in (3.111) that solves the 10d Einstein equations in the

presence of fluxes (3.114) is only fixed up to a constant shift,

This can be seen as an integration constant depending on the boundary conditions — when we
say that the warped deformed conifold is glued onto the compact (unwarped) CY3, we mean
that far away from the tip (7 ¥ 1), the warping should vanish or, in other words, the function
e 44 ¥ const. In this limit, it becomes an overall rescalling of the compact CY3 and must
therefore be related to the overall volume modulus V [108]. Moreover, the fact that gm, ¥ Agmn
together with e24 ¥ \e?4 is a gauge redundancy of the metric (3.111) [94, 109, 110] allows us

4A0(y)

to choose A = ¢!/2 and rewrite e 44W) =1 4 ¢ -

case in the ¢ ¥ A limit and indeed relates ¢ = V2/3 with the unwarped volume of the CYs3.

, which naturally recovers the unwarped

The factor ¢2*(®) is introduced to Weyl rescale to the 4d Einstein frame, with metric Juv- In
Appendix A.2, we explicitly go through this change of frames and discuss how the dimensional

reduction relates the string scale to the Planck scale as

me  PE—Mp. (3.129)
47V

We also introduce other important scales (e.g. Mgkxk and Mfg%) and highlight the convention

independence of physical mass ratios.

The background metric (3.127) will form the basis of the main two chapters of this thesis.
In chapter 4 we will discuss Type IIB de Sitter solutions relying on uplifts, introducing the
KKLT [75] and LVS [76, 77] proposals, and presenting new work in the context of LVS where
a weakly-warped solution can be found that seems to help us circumvent the Tadpole Problem
[100-106]. We will explore this solution and discuss whether potentially dangerous corrections
might prevent us from trusting it. Then, in chapter 5 we will explore the phenomenology of these
warped backgrounds in the context of gravitational interactions. We will discuss their effects
on fifth forces arising from KK towers of spin-2 states and begin an exploration of gravitational

waves in the presence of strong warping.



4. Searching for de Sitter vacua

Large numbers may intimidate, but they
should not scare. What they should provoke is
not flight, but instead reflection on what is the

right question to ask.

Joseph Conlon, Why String Theory?

4.1 Dark Energy: What is it made of?

Towards the end of the 20*" century, as astronomical observations brought more and better data
regarding the evolution of the Universe, it was becoming increasingly clear that a cosmological
constant capable of accelerating its expansion — if there was one — had to be rather small.
So small, in fact, that it disagreed with estimates one could make within particle physics by
many orders of magnitude. This discrepancy came to be known as the cosmological constant
problem [111]. At the heart of this problem was the vacuum energy of quantum fields, which can
contribute to the Einstein equations as a cosmological constant. At one loop, this contribution
depends on the masses of the particles running in the loops and it gives a much larger contribution
from the Standard Model particles alone than what would be allowed by observations — it would
therefore require an extremely fine-tuned cancellation between this vacuum energy and a genuine
cosmological constant A. Yet, it is not the fine-tuning per se that constitutes the cosmological
constant problem, but rather its extreme sensitivity to UV physics reflected by a radiative
instability — trying to improve the computation by including higher loops will bring important

corrections and more extreme fine-tuning would be required at every order [111-113].

What if the vacuum energy of quantum fields could precisely cancel and the cosmological con-
stant was exactly zero? Supersymmetry, for example, provides a mechanism to cancel the vac-
uum energy of bosons with that of their fermionic partners, resulting in a vanishing contribution.
If the cosmological constant had to be so small, zero might have been the most practical and

perhaps even natural value for A. Tempting as it may seem, nature had other ideas — shortly

75
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before the century came to an end, measurements of Type TA Supernovae (SNIa) showed that the
expansion of the Universe is accelerating [114, 115]. Rather than zero, a cosmological constant
(or something behaving very much like one) was required at a scale 10 2003, (10 3 eV)™.
Within the Standard Model of Cosmology (ACDM), such a cosmological constant — or, more
generally, what one calls Dark Energy — should account for ~ 70% of the current energy budget
of the Universe [116].

Its extreme sensitivity to the UV suggests that an explanation of Dark Energy might require a
UV complete theory of gravity, such as string theory. Although not a cure to the cosmological
constant problem on its own, supersymmetry which is an important part of string theory could
prove useful in addressing the problem. The extremely small scale of Dark Energy compared to
scales like Mpj, Mg or even the TeV scale that we can currently probe, makes this a problem of
hierarchies where warped compactifications could be key. There are two questions one should

answer with regard to the cosmological constant:

1. How does it get its measured (and extremely small) positive value, A +10 20047

2. How is it protected from large corrections?

Although specific approaches to the problem may link the two questions together, they are often
addressed individually. In the work we shall present in this chapter, we will only touch on the
first (and within it restrict our attention to the + sign) — we will explore the possibility of
getting a de Sitter vacuum in string theory. At the level of a classical field theory description,
this corresponds to a vacuum solution with a scalar potential which is positive at the minimum

and can therefore contribute as a positive cosmological constant
s /d4:z: P v /d% P—A. (4.1)

Such an understanding of Dark Energy in string theory therefore requires an understanding of
moduli stabilisation. We have already encountered hints of no-go theorems [87] forbidding de
Sitter supergravity solutions in the absence of negative tension objects and we have seen that
in an N = 1 supergravity framework, a de Sitter vacuum must necessarily spontaneously break
supersymmetry. This connects the problem of moduli stabilisation with the one of supersymme-
try breaking, which is anyway necessary to reproduce observations up to the TeV scale. On its
own, moduli stabilisation in string theory is already quite tricky — we have seen, for example,
how fluxes can stabilise the complex structure moduli and the axio-dilaton in Type IIB com-
pactifications, but leave all Kdhler moduli unfixed and massless. Moreover, it was shown early
on by Dine and Seiberg [117] that, in regimes where both the string-loop expansion (controlled
by gs) and the o expansion (controlled by the volume of the compact space) are well under
control, finding a local minimum for the dilaton and the volume modulus requires fine-tuning

between terms appearing at different orders in these expansions.

On the other hand, the role of fluxes in string compactifications actually led to the picture of a
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landscape of vacua [118], so vast that one might hope would contain our own Universe within it
— if one is allowed to explore this string Landscape, the odd fine-tuning of A might be explained
through an anthropic reasoning, in terms of which we as observers (rather than the fine-tuned
solution) are the oddity. These flux compactifications also provided ways to produce hierarchies
[86, 94], which are crucial ingredients in some of the best proposals for de Sitter vacua in string
theory [75-77].

Nevertheless, the proposed constructions are usually so close to the boundaries of control that
consensus over their status within string phenomenology has yet to be obtained (see e.g. [119—
121] for reviews). This lead to the proposal that de Sitter vacua might be in the so-called
Swampland of effective theories® [125, 126], which despite looking healthy at low-energies do not
admit a UV completion into a theory of quantum gravity [127]. These difficulties might tempt
us to consider alternatives to exact de Sitter vacua — among them are quasi-de Sitter solutions
described by scalars fields slowly-rolling in a positive region of the scalar potential. These so-
called quintessence models would provide an effective cosmological constant slowly varying in
time [128]. However, over the years more evidence was gathered suggesting that quintessence
models are also extremely hard to realise in string theory [120, 129-132]. We shall have more

to say about quintessence at the end of this chapter.

4.2 Kahler moduli stabilisation: KKLT and LVS

In order to look for de Sitter solutions, we will focus on Type IIB compactifications with fluxes
and in particular the GKP type of solutions [94] with a region described by a deformed conifold
[93]. As we have summarised in the previous chapter, the low-energy effective theory is N =
1 supergravity and contains a large number of massless scalar fields, out of which only the
complex structure moduli and the axio-dilaton can be stabilised by the fluxes through the GVW
superpotential (3.124). Even if the stabilised moduli do not break supersymmetry, the Kéhler
moduli that are flat directions at this level will do so unless the superpotential vanishes and the

solution is Minkowski.

Our task, if we want a vacuum with full moduli stabilisation, is to find a potential for these flat
directions. Since the potential so far considered was just the leading term in different expansions,
one may look for corrections at sub-leading order in these expansions which would automatically
provide the dominant terms for Kéhler moduli. There are indeed perturbative corrections to the
Kihler potential that can break the no-scale structure and give a non-trivial contribution.? It can
also in general receive non-perturbative corrections. In contrast, the holomorphic superpotential

is protected from perturbative corrections and is therefore independent of the Kéhler moduli to

1See [122-124] for reviews of the Swampland programme.

2Note that the Kihler potential for the moduli fields arises from dimensional reduction of the Type IIB
supergravity action (2.76) which was itself obtained at leading order in g, (string loop expansion) and in o'
(curvature corrections).
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all orders in perturbation theory [72-74]. However, it can receive non-perturbative corrections
from effects such as gaugino condensation on D7-branes wrapping 4-cycles in the compact space
or Euclidean D3-brane instantons [133] which depend on Kéhler moduli. The full Kéhler and

super potentials including these corrections are given by

K= Kcs. + Kxinler + K- + Kp (4.2)

W = Waux + Wap , (4.3)
where the Kéhler potential for the axio-dilaton is
K;= log(t 7). (4.4)

The Kéhler potential Kkgnier can also be written in terms of the volume of the compactification
V=V [0as
Kxinler = 2logV, (4.5)

with the V being a function of the Kéahler moduli. We are now in a position to introduce
the KKLT [75] and LVS [76, 77] proposals. Although they rely on different combinations of
ingredients, both achieve stabilisation in two steps, first fixing the complex structure moduli and
axio-dilaton using fluxes, and integrating them out, and then taking into account corrections to
the flux potential in order to stabilise the Kéhler moduli at subleading order. This logic relies on
the fact that often the masses generated by fluxes for the former are much larger than the scale
at which the latter are stabilised, since this is done at subleading order in the scalar potential
(Fig. 4.1). The difference in the two proposals is in the subleading corrections that generate a

potential for the Kéahler moduli.

4.2.1 KKLT

The KKLT construction® adds non-perturbative contributions to the superpotential and requires
the vacuum expectation value of the flux term to be small enough so that it can compete (as a
constant) with the non-perturbative correction, which requires a fine-tuning of Wy hWqyyi
1.* In [75] the simple example of a single Kihler modulus T is given, for which a superpotential
is generated by either gaugino condensation on D7-branes’ (a = %’r, with N the rank of the
gauge group on the D7-branes) or Euclidean D3-brane instantons (a = 27),

Wkxrr = Wo + Ae 1 (4.6)

3Named after S. Kachru, R. Kallosh, A. Linde and S. Trivedi, who first proposed it.

4See [134] for a proposal of a de Sitter construction that does not require supersymmetry-breaking fluxes Wy
other than those generated by the addition of D3-branes at the tip of the KS throat.

5The supersymmetry-breaking fluxes generated by the addition of D3-branes at the tip of the throat can also
affect gaugino condensation, by giving rise to mass terms for the fermions on the D7-branes. A new bound relating
various parameters of compactifications with strongly-warped throats was derived in [135] and it must be satisfied
in order for Kéhler moduli to be stabilised by gaugino condensation.
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Mgk

Integrate out

Figure 4.1: Adding fluxes to the compactification generates a scalar potential for the complex structure
moduli and the axio-dilaton through the superpotential (3.80), but leaves the K&hler moduli as flat
directions. Therefore, the former can be stabilised and get a mass of order Mp.x Mgk which is often
much larger than the scale of the subleading effects that eventually stabilise the Kahler moduli. When
that happens, one can integrate out the flux-stabilised fields and leave only the ones untouched by the
fluxes. Once warping is introduced in the picture, the warped-down masses of some complex structure
moduli (e.g. the conifold modulus z) might be to small to be integrated out and should therefore be
included in the low-energy theory for the Kéhler moduli.

where A = hA(z%,7)i generically depends on the stabilised values of the fields that were in-
tegrated out.’ In terms of the modulus T we have V. = (T + T)%?2, so that K(T,T) =
310g(T+T), and hence the supersymmetry condition that also gives a minimum for the

potential is

2
DeW =0 =) Wy= Ae aReT{H;ReT} 1. (4.7)

The minimum is supersymmetric and AdS with
a2 AQ e 2ReT

Vaas 4 6ReT

(4.8)

The KKLT solution as been widely studied over the years and whether it provides a construction
which can be realised explicitly and fully under control seems to still be up for debate [136—146].
Several of these discussions also include the final ingredient of this de Sitter proposal — the
addition of an D3-brane whose positive potential is warped down so as to preserve the minimum
for T while bringing it to positive values. This step is usually based on the GKP solution [94]
and the warped deformed conifold [86]. Since it is common to both proposals and will be key

to the work presented in this chapter, we shall come back to this point in further detail.

®Note that here we are sticking to the conventions used in [75], in which the 10d change of frames is performed
with h®oi = 0 (see Appendix A.1).
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4.2.2 LVS

In the Large Volume Scenario [76, 77|, rather than balancing hWg,«1 against quantum correc-
tions, we balance different quantum corrections against each other. It requires more than one
Kahler modulus and works with a Calabi-Yau manifold of “Swiss cheese” form, corresponding
to an overall large volume with other (blow-up) moduli being associated with geometric “holes”.
The case explicitly analysed in [76, 77] is that of a Calabi-Yau 3-fold (CY3) with hl! = 2 and

a volume
V= ang/Q ko2, (4.9)

where 7; is the volume of an internal four-cycle and becomes the real part of T; = 7; + i6; (the

axion #; corresponds to deformations of the RR-form Cj4). Through a suitable redefinition of

0

Tp, one can set K, 1. The LVS construction relies on both perturbative o’ corrections to the

Kahler potential and non-perturbative corrections to the superpotential,

Kisner = 2log [V + g} ; (4.10)
W= Wi + > Aie 57, (4.11)

where £ = %, X(CY3) being the Euler characteristic of the CY3 and ((3)  1.202
[147]. The simplest case is typically studied in which only the leading non-perturbative effect is

considered [76, 77, 148]
Wivs = Waux + Ae 75 L5 . (4.12)

The scalar potential arising from these ingredients will have central stage in this chapter and
we shall discuss it in much greater detail later on. At this level of the discussion, the result is
that the Kéhler moduli are stabilised at

\Y

(4.13)

7_3/2 3Wogsks pTisegisTS r § 2/3
b 4aA ’ y 2K ’

where again Wy = hWWqul, so that the volume of the compact space V is stabilised at exponen-
tially large values. At the minimum, the potential is negative and breaks supersymmetry, and

thus the LVS vacuum is non-supersymmetric AdS.

Note that, although the superpotential for LVS (4.12) is formally the same as the one for KKLT
(4.6) (with T, replacing T'), we have chosen to write it in a slightly different way. Firstly, we
kept Whux rather than W — the reason for this is that, as we shall see in what follows, once
the warped deformed conifold and its modulus z are taken into account, one might not be able
to integrate out z with the rest of the flux stabilised moduli and should therefore include it in
the analysis of the Ké&hler moduli. In practice, this means that Wy, = Wy + W (z) with Wy
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not including z. A second difference is in the factor of ¢gs; appearing in the non-perturbative
term — this follows from our choice of conventions for the change of frames in 10d (®¢ = hQi,
see Appendix A.1), which is also reflected in the non-perturbative correction in Kgspier (4.10).
In Appendix A.3, we give a brief overview of these corrections, highlighting the convention

dependence.”

4.3 The Uplift

The two steps of the KKLT and LVS proposals provide a moduli stabilisation mechanism that
results in an AdS vacuum. In order to get a de Sitter solution, both require a third step that
takes this negative minimum and adds a positive contribution that turns it positive — this is
the so-called uplift. There are several different proposals for the origin of this uplift term — e.g.
Dp-branes [75], magnetised branes [149], T-branes [150], dilaton dependent non-perturbative

effects [151], to mention a few (for more on this, see [121]).%

In what follows, we take an D3-brane as the source of the uplift as is customary in both KKLT
and LVS. The vacuum energy contribution is obtained from the brane action” (2.90), which at

leading order reads'’

Sps = TDS/Wd4€ 9"/ 93 TDs/WC4, (4.14)

with gz being the pull-back of the 10d metric onto the world-volume W of the brane, which
must extend along all non-compact directions (leaving the brane localised at a point in the
6d compact space). Aligning the world-volume coordinates £* with the 4d coordinates z# of
(3.127), we have that ggz = H 1/2(3/])—3) e? g4. On the other hand, the background solution
for Fy (3.112) together with the fact that the Hs and F3 backgrounds can only have internal
components means that the background solution for Cy along the non-compact directions (recall
that we must pull-back Cy onto W in the CS/WZ term) is

Cy=avoly =g, 'H *(yg3) vols. (4.15)

"Both reasons would also apply to KKLT, so we could have just adapted the KKLT discussion in the same
way. However, since we will not work with KKLT in what follows, we chose to present it in the original notation
for easier comparison.

8There are also proposals that incorporate other effects directly in the Kihler moduli stabilisation, rather than
adding an uplifting contribution at a later stage (see [121] for a review). See also [152] for an extended version of
the KKLT scenario without a supersymmetric AdS vacuum.

9The D3-brane can equivalently be described in a supersymmetric way within the low energy effective super-
gravity theory using constrained superfields [153-164], though this is not necessary in what follows.

ONotice that we have set e © = g, !, since the dilaton has already been stabilised.
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Putting everything together, the action for the D3-brane is (cf. Appendix A.2 for Weyl-rescaling)

vo\?
Sz = 2Tpsg, ' [ d'zy/ detgu <VW> H Y(yp3), (4.16)

and using Tp3 = %f, the ratio mg/M, (3.129) and Vy,  V, this leads to the potential

3
Js 2 1 4

This is where the hierarchy in the GKP solution arising from the warp factor on the deformed
conifold comes into play.'! The natural scale of the D3 contribution is of order M, (this is most
easily seen from (4.16) and Tps  M2) and its volume dependence is such that whenever it
dominates over all other terms it results in a runaway for V — if we leave it unsuppressed, the
brane potential will destroy the minimum we started with and push us towards the decompact-
ification limit (V ¥ ). However, when there is a strongly warped region where H(y) 1 the

brane potential may be suppressed enough and uplift the solution without destroying it.

Recall that the position of the brane along the transverse directions (in the compact space),
is associated with world-volume scalars ¢ (z*) that make it dynamical — it is given by the
vacuum expectation value (yg3)™  h¢™i. A term like (4.16), which depends on the scalars
through the warp factor, generates a potential for them whose minimum corresponds to the
region of maximum warping. Hence, at least in the absence of competing effects, the brane is

pulled towards the tip of the deformed conifold (7 = 0). Since most discussions involve strong
tip

warping, at the tip H (ytip) 6\27?2 and so Vg3 becomes (cf. (3.108))
3 4 i s4/3
. (g5 @2m)° g jz 4
Vs = <87r> Vi e M- (4.18)

where " = 218 1.75.

We will, however, be interested in solutions with weak warping where H 1 throughout the
whole compact space and will therefore use the exact expression (4.17). In this weakly-warped
case, there is no large hierarchy suppressing the brane potential and one would expect it to keep
its natural M, scale. Yet, we will see that there are solutions in this regime that appear to be
stable and positive — how can the D3-brane not destroy the minimum for V? Although we
will analyse this in detail in what follows, the key is that the weakly-warped solution is found
when the vev of the flux superpotential W and the scale of the non-perturbative effects A are
large enough to compete with Vg3 and avoid destabilisation. Working with LVS, one can use

the exponentially large volume to suppress the overall scale of the potential and guarantee that

Hnterestingly, recent work as suggested that taking into account (040)2 curvature corrections to the brane
action might be enough to lower the tension, providing an uplifting mechanism where the smallness of the uplift
is achieved by tuning these corrections [165]. If confirmed, this would remove the need for strong warping and
consequently large tadpole contributions.
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it remains within the validity of the EFT.

In order to understand what motivates us to look for a weakly-warped de Sitter solution, we
need to discuss the fate of the complex structure modulus z controlling the deformation of the
conifold. Not only can the presence of warping in the background exponentially suppress the
flux generated mass of z and make it comparable to the scale at which the Kahler moduli are
stabilised (hence forbidding us from safely integrating it out), it also adds important corrections
to its Kéhler potential [166, 167]. These corrections and the fact that the brane potential (4.17)
depends on z through the warp factor will make the brane contribution potentially dangerous,
not only to V, but to z itself — unless certain conditions are met, the D3-brane uplift in the
strongly-warped regime may push z ¥ 0 towards the singular conifold and destroy the solution
[168]. Moreover, a large warping generated a la GKP requires a large flux contribution to
the D3-charge tadpole (3.118) whenever the supergravity approximation near the tip is under
control [86] (it may also be necessary to prevent the D3-brane from annihilating with fluxes
into a number of D3-branes [169]). Such a contribution can be extremely hard to cancel, which
lead to further study of the usual ingredients that can help with the cancellation (in particular
D7-branes in the context of F-theory) and eventually to the proposal of the Tadpole Conjecture
[100-106].

4.4 Conifold modulus

Not long after the GKP proposal [94], the dimensional reduction of Type IIB was revisited in
[170] with warping effects taking centre stage. By rederiving the scalar potential for the moduli
on a warped background, one concludes that while the GVW superpotential (3.80) does not get
corrected by the warping, the Kéhler potential does,

K/M§ = 2logVy log( i(r 7)) log (;/H Q"Q). (4.19)

A more detailed reduction taking into account subtleties related to KK modes, compensator
fields and warping contributions was given in [109], including a deeper understanding of how
one should define the Kéhler moduli in the presence of warping (this was revisited in [108]

focusing on the universal Kahler modulus).

For us, the key point is already present in the corrected Ké&hler potential (4.19). Since the
metric on moduli space is derived from the Kahler potential as G;7; = 0;0;K, warping cor-
rections to K correspond to warping corrections to the moduli space metrics themselves. This
includes, in particular, the metric associated with the complex structure modulus z, controlling

the deformation of the conifold, which gets the following correction (cf. (3.90))

_ 1 A% A 1 (gSM)2
Kzz - 71_”(2”2 (logm + (2,“_)4 V2/3 ij4/3 ) . (420)
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Figure 4.2: The stabilisation mechanism proposed in [94] for the deformation modulus z together with

the metric (3.90) gives a scalar potential that only has the minimum at z e ashr (3.126) (GKP). Once
warping effects are taken into account [166], the Kéhler potential receives corrections (4.21) that bring
the potential down to zero as z ¥ 0 (DST). Although the corrected potential still has a minimum at

(3.126), not only does it become susceptible to destabilisation by the D3 uplift, but it also corresponds
to a much smaller mass for the z modulus.

In Appendix D.3, we review the computation of K,; performed in [166], making explicit the
appearance of the volume modulus in the warping correction term. The final result is valid when
iz Ag, where we define the dimensionless Ay = Ayvy/ls encoding the radial distance from the
tip at which the deformed conifold is glued to the CY3 and the constant ¢ = 1.18. This metric

corresponds to a contribution to the Kéhler potential of the form

1 L o Aj 9 (gsM)* o/
K(z,z) = W [JZJ < gﬁ + 1> + WJ z) (4.21)

Notice that the warping contribution to the Kéahler potential mixes the deformation modulus z
and the volume modulus V, in such a way that large volumes suppress the effect of the warping.
We can combine the Kéhler potentials for the two moduli such that (see e.g. [171])

1 3 (gsM )
_ 2/3 :2/3
K 3log (V G T jz] > . (4.22)

It is interesting to note that despite the mixing between z and V, this correction preserves the
no-scale structure of the Kahler potential [109, 142].

Notice that the correction term in (4.20) does indeed vanish when M = 0, in which case there
is no warping, and becomes more relevant as z ¥ 0 — for small enough jzj, this term will start

to dominate and bring the scalar potential for z down to zero'? (Fig. 4.2)

12Recall that it is the inverse metric that appears in the scalar potential (3.78).
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Let us now turn to the superpotential, which keeps its GVW form (3.80). We use the periods
over 3-cycles (3.123) and (3.74), in particular

3

l A
Z/li’z/ﬂ, F(z) = o + == <1og0+1> , (4.23)
A 211 z

and the 3-form fluxes on the 3-cycles (3.122) responsible for the deformation of the conifold.
While the A-cycle is unambiguisly defined as the S even when the conifold is glued to a compact
Calabi-Yau, the B-cycle could in principle extend into the bulk and the H3 flux K through this
cycle could receive contributions from outside the conifold. However, let us assume that all flux

comes from the conifold region,

1 1
—_— Hy = ——F— H; =K 4.24
o = o [ e (424

with 7p corresponding to the radial coordinate where we glue the deformed conifold to the
compact Calabi-Yau. The integral in (4.24) can be computed for the conifold, using the ap-
proximation of the metric (3.103) in the limit 7 ¥ 1 (3.97), with 72 = 25%64/3627/3 and the
functions (D.41) (see Appendix D.3 for details on 74 and Ay),

1 gsM gsM AS 3. 25/3
K= (27r)2a0/ /S oy Som=f (g gl ). (42)
T TA

Neglecting contributions from the bulk, this relates the parameters gs, M, K, Ay and the value

of the deformation modulus z — in a solution where the bulk does not contribute to the flux,
this topological relation must be satisfied. In the context of the deformed conifold solution of
[86], this would indeed be the case, with the flux number M being the only free flux, since
it is a solution for constant dilaton and therefore satisfies the relation g2jFsj? = jH3j? (3.109).
Interestingly, this relation between K and the cutoff scale Ay takes the form of the GKP solution
for the deformation modulus [94, 166]

. 2nK
jzi A exp{ gﬂM}’ (4.26)

which is therefore consistent with an Hs flux through the B-cycle dominated by the conifold

contribution.

The superpotential (3.80) takes the form

3/2 3
, M A K
W/M;’ = % [Woew 9mi? <log 70 + 1> igz] . (4.27)

with a constant superpotential Wye'® containing all z-independent terms, in particular the con-
tribution from the integrated-out complex structure moduli and the dilaton which are stabilised
by the remaining fluxes, with hri = ig, ' — this is nothing but their flux superpotential evaluated
at the vev, hWyl.
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Combining the Kéahler potential (4.21) and superpotential (4.27), the resulting scalar potential
(3.78) is

3 3 0 2 1
gs \ TYs A 1 c(gsM)
= - 1 -
Vics <8ﬂ> V2 (Ogm MCHREOPTE

2
M, . (4.28)

3
Mlog& K

2t C z g

In addition to this scalar potential originating from the fluxes, we include the contribution from
the D3-brane (4.17) at the tip of the deformed conifold,

1
3 2
_ g5\ 2 1 2 (g:M) 4
Vi3 = cp3 (87r> \/2{1 + (2m)4 @V2/3jzj4/3 My, (4.29)

where ¢p3 = 1 in the presence of the D3-brane and zero otherwise.!> The deformation modulus

appears in the brane potential through the warp factor of the metric, and we see that the

4/3. As we saw, this energy

suppression is provided by the vev of this modulus, through jzj
suppression ensures that the positive energy density from the probe D3-brane uplifts an otherwise
AdS minimum for the volume modulus to a near Minkowki minimum, instead of dominating the
potential and causing a runaway. How much suppression is required, and hence how large the
hierarchy (3.128) needs to be, depends on the stabilisation mechanism of the volume modulus

and, in particular, on the depth of the AdS minimum prior to the uplift.
It is useful to introduce the following constants [172]

_gsM g K? g: cooio_l moYs

= =2 T ==L == 03 = — 4.30
FTnE TN G 2Ts CnTr CCwr BT o 90
as well as the parameter
V2/3logA—(3] 4
B ——mr = CV/PAf ze 57, (4.31)
(2m)* ¢1/3

where we defined z = (e, with ¢ de saxion and @ the axion of the deformation modulus z. We
4 3

% and the variable z  log %, which is useful when

studying different regimes for this scalar potential. Using these parameters and constants, the

potentials (4.28) and (4.29) become (in Planck units, Mp; = 1)

also introduced the constant C' =

V ="Vks + Vg3

1
= \i%Aée |1+ 8) Y1 ex)? + cpsds <1 + 83V Age %m) ] ’ (4.32)

where we assumed that the axion is stabilised at zero, hf#i = 0 (this will be confirmed below).

The parameter § plays a crucial role in our analysis — it measures the suppression of the warping

3More generally, we can also think of ¢ps as the number of D3-branes at the tip of the deformed conifold.
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contribution to the potential. Indeed, it is clear that the warping (3.128) is suppressed by large
volumes, so that larger compact spaces will be less affected by warping effects than smaller ones.
Our definition is such that when 3 is large the warping correction to K?#* in (4.28) becomes
subdominant. Previous works have assumed the regime § 1, where the warping completely
dominates (this is even true in the LVS case studied in [148], where the large volume of the bulk
is still not relevant for the stabilisation of the deformation modulus) — in [172] we explore the

opposite regime 8 1 for which the warping is subdominant. From the definition (4.31),

A3
<’

V2/3 A3

P c =

(4.33)

and we see that leaving the 8 1 regime seems to require us to have weak warping and/or long

conifolds. In fact, due to the solution for (, smaller values of € = gsj\}/é

of z, compatible with smaller warping) rather than long conifolds will be helpful.

(and hence larger values

Before introducing the new weakly-warped solution of [172], let us review the strongly-warped

case, which will give us the motivation to look for solutions at weak warping.

4.4.1 Strongly-warped solutions

In previous studies, it has been assumed that the warping term dominates over the volume term
n (4.21) and (4.28), that is 8 1, in which case the potential becomes'*

0 C 4,
1% v14 sAde 37 [(1 ex)® +epsde] (4.35)
and hence
) 4 a4 3 3
V= V41/3 CA4 3% [(1 + ¢cp3da + 5) (2 + 25) ex + (sx)ﬂ , (4.36)

which shows a minimum at ¢ =0 (x ¥ 1) and may or may not have critical points for ¢ > 0
(x finite). Notice that, in the absence of the brane (cp3 = 0) one immediately obtains the GKP
solution (which corresponds to ex = 1). Once the brane is introduced (¢ps = 1), the condition
that guarantees the existence of a non-trivial minimum is

5o AN 9

—= = — 4.37
g2 gM?2 167 (4.37)

4Note that

53V 3Abe 37 = ) (4.34)
2z

Therefore, for 8 1 and as along as x & 1, this term is subdominant compared to 1.
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and when this is satisfied we obtain the solutions

2rK 3 9  4rdN
3 = — . 4.
¢ =Aj exp { " <4 6 gl ) } (4.38)

The bound (4.37) was first found in [168] and requires the F3 flux M to be large enough in
order for a solution to exist, p@M & 6.8 (see also [173] for a 5d analysis of this bound). When

this bound is violated, the potential for the deformation modulus ¢ turns into a runaway that

drives it towards ¢ = 0 where the singular conifold is recovered (Fig. 4.3). Together with the

requirement that the suppression to the brane potential, through the deformation modulus

. 81K 8$r(MK)
4/3 _
jzjY exp{ 30, } = exp{ 39012 } , (4.39)

be large enough,'® this translates into a lower bound on MK which contributes to the D3-
tadpole cancellation condition (3.85) and makes it difficult to satisfy [168]. Although there is no
demonstrated upper bound for the number of orientifold planes one can have on a given CY3,
all known examples on moduli stabilisation by fluxes have at most 64 O3-planes [168], which
limits their negative contribution to the tadpole. In more generic F-theory constructions, D7-
branes can be taken into account and naively bring a much larger negative contribution — this
motivated further exploration of these ingredients in flux compactifications and eventually to
the proposal of the Tadpole Conjecture [100-106]. The key point is that even in these F-theory
setups, the tadpole can be extremely hard to cancel and a large contribution from M K might

be problematic.

Note that one can trace this back to the warping correction to the deformation modulus metric
(4.20) (or equivalently the Kéhler potential (4.21)), which brings its scalar potential down to
zero as ¢ ¥ 0. Therefore, the validity of the bound (4.37) is tied to the validity of this correction
all the way down to ¢ = 0. Although the result [166] claims this to be the case, recent work as
suggested that a more careful derivation of the Kéahler potential gives a qualitatively different
result, with a potential which no longer goes to zero at small z [107]. It was also argued that
other consistency conditions such as the bound of [169] and the validity of the supergravity
approximation used in [86] already put stronger constraints on M than (4.37). In any case,
the large tadpole danger motivates us to look for weakly-warped solutions which might help
avoid this problem — on the one hand, allowing for weak warping will immediately loosen the
bound on M K that arises from imposing large hierarchies (4.39); on the other, in the absence
of warping one expects the mass of z to take its natural flux value and this modulus to be much
less sensitive to the low-energy ingredients, so that adding the D3-brane would no longer cause
the runaway towards the singular conifold. Of course, this requires a controlled solution to exist
at weak warping for which also the volume modulus stabilisation is safe from a weakly-warped

brane contribution — we will see how this can be achieved in later sections.

5 As we mentioned before, in this argument, “large enough” can only be made precise when one includes the
stabilisation of the volume modulus explicitly.
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Figure 4.3: Comparison between two different choices of M (M = 5, M = 25 with K = M in both
cases) for the potential (4.32) for an example with 8 1, with the choice of parameters Ag = 0.1, g5 =
0.1, V = 10? and given jjQjj> =8, & = 1.18, & = 1.75.

As a final remark, it is important that the solution is consistent with the approximation we
started with, i.e. the non-trivial solution (i, that follows from this analysis must be such that
B 1 given the vev for the volume once it is stabilised (which is verified for the parameters
used in Fig. 4.3).

4.4.2 Weakly-warped solutions

Let us then consider the new regime, where the warping term in (4.21) is subdominant,'® that

is 6 1, so that the potential becomes

y ol {(1 3) (1 sa;)2+ﬁcD352(1+53v2/3Age 390) 1}

V2 B8
4
61 |1 es” 2 CV2BAS
=—|=(1 —————)(1 4.4

V2 L( 0v2/3A3x) ( m) ot e3” + 63V2/3 A4 (440

and thus
(1 (e2)?) & 201 ex)(3 2x(1 ex)) o 4ep3dy02C CL/3
V= 5. (4.41)
z? ¢Vv? 3x3 CT/3C V8/3 " gy4/s (14 63V2/3¢4/3)

16T6 be precise, we are considering a “weakly-but-still-warped scenario”, in which the warping-induced term in
the deformation modulus metric [166] provides an important subleading correction to the scalar potential (4.40),
even though the interplay of all the ingredients is such that the warping is small. Indeed the fluxes needed to
stabilise the deformation modulus will still source some warping near the tip of the deformed conifold and it is
only due to the balance between this effect and the overall volume of the compact space that the resulting warping
is small.
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Without further assumptions, it is difficult to solve V! = 0 analytically. Since we are interested
in the regime where 8 1, we can instead solve the equation perturbatively in powers of 1/5.

Reintroducing § in V! and expanding for large 3, we find

V=

61 (1 (ex)?)  261(2ep362C2%a3 + 652(223€%  da?e+x(2+3¢) 3)) 1 1
Ve a2 30,3¢V 222 5t © (@) ‘
(4.42)
We see that at leading order in 1/ we obtain the usual GKP solution with ez = 1, as one would
expect in the absence of warping. The next-to-leading order correction to this solution can be

determined by writing

Pmin = T + % +0 (;2) : (4.43)

plugging i, into V! and solving at each order in 1/3, which gives

1 N 20,C% 1
) N— g ——
min B D33532€4 B

+ o(—) : (4.44)

z=1/e

or in terms of (,

(4.45)

9K AKe3a cpg
gsM 37TQCOMA3V2/3 ’

Ciin A% exp {
corresponding to a small shift of the GKP solution (gxkp A} exp{ ;’:—ﬁ} towards smaller
values of (. The correction depends on cps, showing that it is coming from the brane contribution
to the potential and is suppressed by 1/, so that if there was no warping whatsoever (8 1 1)
the correction would be absent. Importantly, we always find a solution provided § is large
enough so that the expansion in (4.42) is valid — therefore in the weakly-warped limit there is
no uplifting runaways bound on the fluxes (cf. 4.37) and the anti-brane does not destabilise the

conifold modulus.

Since V' ¥ 0 as ¢ ¥ 0 and we have a minimum, there must be a maximum at some 0 < (pax <
Cmin- If Cuax is sufficiently smaller than (i, we will have expax 1. Taking this limit in
(4.41), we have

5 4C 59¢8/3 3¢2 2

e st B¢z, L (4.46)

Vv4/3 347/3 (1 + 53V2/3<4/3) 4CV2/3 C2 v4/3
In terms of the variable y  Hyp 1= #% and since y 6 0, one can show that V7 is

proportional to
3 16meps 3

Vi/z o3 2 42 - 1 — . 4.47
yo (Qcocoo > y | g AN (g, M?) Y+ 5mm (4.47)

The sign of the discriminant of this cubic equation is only a function of g,M? and always negative

— there can only be one real solution. On the other hand, the variable y = H 1 < 1 and
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Figure 4.4: Potential (4.32) in the regime 5 1, with the choice of parameters Ag = 1, g; = 0.15, M =
20, K = 2, V = 10* and given jjQjj> = 8, & = 1.18, ® = 1.75. Note that (4.45) and (4.48) give
respectively Cmin  1.51 10 2 and Cuax 2.81 10 4

the coefficients are all O(1) or more. Hence, neglecting the cubic term, we find the approximate

solution!”

(3 M) (gsM?) 167mcps
e T (g M) (Al 3)

\/COCOO(COCOO +6)(gsM?)?2  32mep3(gsM?) (3 AW) + 64(27)2cd,
(9sM?) (40 3)

+ (4.48)
In Fig. 4.4 we plot the potential (4.32) in the regime [ 1 for a specific set of parameters,
which shows both the minimum near the GKP solution and a maximum at (pax Cnin 1IN0
contrast with the 1 regime in which these appear near each other (4.38). Note also that
the value of (yin in the weakly-warped case should not be too small in order for 8 (4.31) to be

large.

We can understand this result in terms of the subdominance of the warping-induced term in
(4.20) — by suppressing this term, one is delaying the onset of its effect on the scalar potential
pushing the maximum towards smaller values of (; this allows the potential to grow significantly
before turning around towards zero at ( = 0, which is reflected in a larger mass for ¢ that can

now survive the introduction of the brane uplift.

One should still keep in mind that our weakly-warped solution can only be a true solution if we
are also able to stabilise the Kéahler moduli (including in particular the volume modulus). Since

large volumes favour a regime of large 5 (4.31), we will embed our setup into the Large Volume

7The second solution of the quadratic equation is never positive and hence we discard it.



92 Chapter 4. Searching for de Sitter vacua

Scenario [76, 77], thereby treating the volume modulus stabilisation explicitly. For comparison,
we will use a similar construction to the one in [148] and take the same “Swiss cheese” Calabi-Yau

manifold for the bulk geometry as the one in the example therein.

4.5 de Sitter solutions in LVS

We now study the full moduli stabilisation problem including the coupled system of Ké&hler and
complex structure moduli, by embedding the above system into the Large Volume Scenario. We
therefore extend our bulk Kahler moduli field content to include the two moduli of a “Swiss
cheese” Calabi-Yau. After working out the full scalar potential for this six real field system, we
proceed to find metastable de Sitter vacua in the two regimes explored above, where the warping
dominates or is suppressed in the deformation modulus dynamics. The strongly-warped regime
(8 1) was studied in [148], and we reproduce their results giving some further consistency

checks, while the weakly-warped regime (8 1) was first introduced in [172].

4.5.1 The scalar potential

Putting together our discussion of LVS and the setup outlined in the previous section, we consider

the following Kéhler and super potentials

K/Mg = 2log [V+ﬂ log( i(r 7)) log (jJij2)

1 g A3 1 90(gsM)?.
BT (Jz] <°ng1 ) et e ) (449
3/2 3
, M A K a
WM = B (Woe'” + | ——z(log=0+1) i—z|+de =), (4.50)
p A7 271 z Js
where z = (e”. Below we will use the expression for the gravitino mass that follows from these
definitions'®
2
_K/Zirr 9sWo
mgg = e/ JW — : 4.51
3/2 W) stV p ( )
Using these, we can compute the scalar potential V in the limit V 1 (i.e. we use the

8Note that the exact factors of g, in the gravitino mass are convention dependent when expressed in terms of
the Einstein frame volume V (see Appendix D.2) [174].
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supergravity formula for the scalar potential (3.78) and expand it around 1/V = 0) and ¢ 1,"

9

v g2 8a242Pre 25 N daArse o™
- 8jiQjj? 3rsg3V gsV?

i Oii2 3 0 2. 1 2 3 2
| i) (1ogﬁ+ 1 c(gsM)> [M 02+<M10gA0 K) D

2
Wp cos (;95 + 0’) + 34WV%€ (4.52)

V2 ¢ (2m)* v2/3¢4/3 (2m)? 2w ¢ gs

Notice that the Tj axion, 6, remains a flat direction at leading order and would be stabilised
by subleading non-perturbative effects. Looking at dgV = 0,V = 0, we find the solutions for

the remaining axions

nm g

hgi:(), hesi et

gs, n2Z7Z, (4.53)

and choose n = 1, such that cos (i@s + O') = 1. By inspecting the Hessian matrix in the axion
directions, 0;09V and 0;0p,V, where 7 runs through all fields, we conclude that these completely
decouple from the other moduli and therefore we can fix the axions to their minima and then
analyse the 3-field system (V,7s,¢). In particular, the axion masses are always positive, making

these stable directions. The potential then becomes

Ly gt 8a242P7e 0™ 4aAWyree o7 | 3
- 87jjQjj? 3rsg2V gsV?2 4V3

A V4/3 (gSM ¢ s

3 5y 1
s 2 12 (gsM)
* <87T> \/2{1 * (2m)t Dv2/3caB [ (4.54)

where we introduced our variable 3, defined in (4.31), and the brane potential (4.17).

+7Tjj9jj2 (2m)* C4/3)2 (1+5> 1(£10gAg K)2>

The formal solution for 73, does not depend on the choice of 8 regime, giving always

v 3/2 3W0.gs’isp7_7segis7—s aTs  Js
Tb =

) 4.55
ad dats  gs ( )

However, because it is implicitly given in terms of 75, there is a dependence on the choice of
hiding in the solution for 75. In turn, both ¢ and 74 will have different solutions depending on
the regime of 5 that we look at. We now proceed to study the two regimes of strong warping,

8 1, and weak warping, 8 1.

9Notice that there is a competition between these two limits precisely in K.. and therefore in the term
K**(D.W)(D:W), whose result depends on the S-regime one considers. Usually, it is assumed that the warp factor
completely dominates in K,z (8 1), which is equivalent to taking the limit with the constraint C4/ 3y2/3 1.
In practice, K.z can be written in terms of 8 and the limit taken without choosing the regime of interest.
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4.5.2 Strongly-warped solutions

Let us start by reviewing the usual limit considered in the literature, 5 1. In this limit, the

potential is?"

s gt 8a2A2P7e 20T 4aAWre w0 3WR2e
- 87jjQj2 3ksg2V gsV2 4V3
02 (27)4  A/3 0.0 M A3 K\?
L T oS s (PR S : (4.57)
d V4/3 (gsM)2 Tgs 27 ¢ Js
and therefore the solution is [148]
5/2
3/916aTs(ats  gs) 19 0 8qoCH BT
3/2 = = + 2n)*(7jjQjj}) ——1- 4.58
T ar, g? o, T I o (4.58)
2r K (3 /9 anclcW
C=Aje @M \T VIO ad® ) (4.59)
with the constant gy = ﬁg (% % ‘gg‘}?).
The value of the potential at the critical points is given by
4 2 P—
9s 39sWoks' Ts
Veri o 1 O(gs)) , 4.60
with the uplift parameter « defined as
QQ ) 4 9 4/3V5/3
(mii€4j*) (2m)*  20ago¢*/ V2 (4.61)

gs 2792 Wks' 75

In order to have a dS solution, we must necessarily have o > 1. Whether this corresponds to a
local minimum (rather than a maximum or a saddle point) is related to the masses of the three

fields and is analysed in [148]. Two of the mass-eigenvalues are always positive, but a second

20Notice that our potential differs from the one in [148], apart from the overall factor g*/(87jjjj?), in several
ways: (i) our warp factor (3.108) is e %40 (g.M)? instead of e *40 g .M? and (ii) the moduli 7, and 7, differ
by a factor of gs; both (i) and (ii) are due to our convention for the Einstein metric with the gs = e = e%0
(see Appendix A.1); (iii) we have the factor wjjQjj?, which is coming from the metric G,z and is therefore not
an overall factor, which comes from the contribution of the remaining complex structure moduli stabilised in the
bulk; (iv) a factor of (27)* multiplying ¢*/3 which comes from defining ¢ in units of ls; and (v) Ao is explicit as
opposed to the potential used in [148]. There is, however, a simple way to map the two potentials. We simply
remove the overall factor in (4.57) (which does not affect the stabilisation of the moduli in any case) and perform
the following combined transformation

LY ¥ g R P A por (1 N s
so Vo s = GsTss (Tjijj?) (2m)* (mjQj) (2m)*
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bound is derived from requiring
4 2, P—
9 g 39:Wiks Ts (9
T — O(gs 0. 4.62
" Siif 4aV3 (4 @+ 0Of(g )> > (4.62)

Satisfying the two conditions Viz > 0 and mg > 0 constrains « to be in the range®! a 2]1, %[.

The hierarchy in this regime becomes (3.128)

8TK
Hig e39sM
Hoy AV (163

which depends not only on the flux numbers and string coupling, but also on the volume V
(which is now exponentially large) and the length of the conifold Ag, larger values of which will
decrease the hierarchy between the UV and the IR.

It is worth mentioning that recent works have been tightening the constraints on a fully under-
control warped LVS construction and even questioning whether these solutions can be trusted
at all [176-179]. Although we will not address all these potential dangers in detail, we will
comment on some of them in the explicit example below and provide an analysis similar to [176]

for the new weakly-warped solutions in section 4.6.

Example

Let us give an example to illustrate this solution. Using a set of parameters which corresponds to
the example given in [148], we find the expected minimum and saddle point with one unstable
direction. This is summarised in Table 4.1, together with the relevant physical scales??, and
Figs. 4.5 and 4.6.

Wolo| g5 | M| K Ao Ks X a | A
23 10]02322|4[0071|-2| 260|%|1
Solution | 74 Th ¢ mi mg ms  m3, m3  m3,
Minimum | 1.73 [ 151 [ 2.1 10 %119 10 %166 10 7| 1.75 10 13
Saddle [ 19026321 106 [6.82 10 °|4.82 10 ® 1.82 10 ™
\Y M MKK ms /o Mg midk ms,
1850 [ 948 10 3 [ 271 10 3464 10°|204 10 61908 10 7]9.99 10 °
42711624 10 2155 10 3[201 10°[235 10 [1.04 10 ¢ | 756 10 9

Table 4.1: Solution and masses for the fields (75, 73, ¢), and physical scales associated with the solution,
for a set of parameters with 8 1. The mass scales are expressed in units of Mp;.

2INote that this agrees with [175], which corrects the result reported in [148], and [176]. _
*2The physical scales are M, = 2mm, (3.129), mxx (D.15), ms/» (D.29), MY = 2rmY (A.30), myy
my, =H Y*(0)msgs.

(D.16) and
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Figure 4.5: Plots of the potential (4.54) along the conifold modulus ¢ direction near the minimum (left)
and the saddle point (right), for the choice of parameters in Table 4.1.

Figure 4.6: Plot of the potential (4.54) in the (71, 72) plane (which is just a rotation of the (74, 7,) plane
aligned with the eigenvectors of the Hessian matrix around the saddle point), for the choice of parameters
in Table 4.1, where we can see both the minimum and saddle point solutions.

This solution gives the hierarchy of scales mgv/z < m%( < M < mg/ < mgk < M;, consistent
with a 4d supergravity EFT description with cutoff myb (see also [180])*%. We indeed find
volumes which are exponentially large V 103 (note that, due to our choice of conventions,
these are both Einstein frame and string frame volumes) and the volume modulus turns out to

be the lightest, in particular much lighter than the deformation modulus.

Let us briefly address some possible control issues that have been raised in the recent literature.
Two of them — namely the danger that the throat does not ‘fit’ into the bulk [140], and
that singularities are induced in the bulk with no physical interpretation [144] — were both
introduced in the context of KKLT, with LVS appearing to be safe due to its large volume. If
the warped throat is to be glued to a compact CY3, i.e. it describes a sub-region of the compact

space (which is in particular well separated from the effects responsible for the non-perturbative

231f the masses of the other complex structure moduli and the dilaton are significantly lighter than this scale,
then they should be integrated in.
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contributions), then the (unwarped) radius of the throat should be smaller than the radius of

the CY3. In terms of the radial coordinate r, this means®?

ruv = Auv < Rey =15, (4.64)

which is equivalent to Ay < 1. In [140], this inequality is expressed in terms of the flux numbers
M K by choosing ryy to be the point where the warping becomes negligible — this is indeed the
minimum possible value of ryy. Since far away from the tip the warp factor (3.108) becomes
[181]

L* 3g.M 39, M r
4 Z 1 i Sy 4.65
c rd + STK * K P rov |’ (4.65)
where o MK
4 MG e (4.66)

4 (2m)4
the warping becomes O(1) when e 40 V2/3 =) r  L/V'/6. Therefore, we must have®

L 4
—— <A<l = MK < —(2m)*v?/3. 4.67
One can check using the parameters in Table 4.1 that this is indeed satisfied in our example,
although it is worth emphasising that we are not cutting the deformed conifold at the point
where the warping becomes negligible, but rather at a point farther away from the tip — it
is important to check that the actual choice of Ay (and not just L) satisfies this consistency

condition. This presents a bigger danger for KKLT, where the volumes are much smaller than
in LVS.

On the other hand, the singular-bulk problem [144] arises in KKLT because it is the volume
modulus itself that fixes the size Vy of the 4-cycle ¥ on which the non-perturbative effects that
stabilise it are generated. In order for the D3-brane energy (fixed by the warp factor and thus
the flux numbers at the tip) to uplift the KKLT AdS vacuum to almost Minkowski, we must
have Vags Viplite which translates into a relation between the 4-cycle volume and the flux
numbers that source the warping. A second relation comes from the need to cancel the positive
D3-brane charge sourced by the fluxes within the throat. Together, these relations imply that
the warp factor on X satisfies

20| &gy

al a7 (4.68)

which becomes large when Vs, V2/3 as in KKLT, due to the requirement g,M 1 for a
well under control supergravity approximation. This leads to a singularity that appears to be

far from any sources that might resolve it. The LVS solution (and thus our current example)

% Note that in our background metric (3.127) V is factored out of the metric gmn, which either describes the
deformed conifold of size ryv or the CY3 whose coordinates were normalised such that Voy = lS. One might
want to include a factor of 7 from approximating the bulk with a torus, as pointed out in Appendix A of [144]
and as consistent with the estimate of mxxk made in (D.15) — in that case the size of a circle in the torus
2nRoy > 2ruv =) ruv < mRey.

#5Note the factor of g5, which is related to our choice of conventions for the change of frames (Appendix A.1).
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circumvents this problem due to the hierarchy Vs, =7, 7, V2/3,

There were however also some results specific to LVS. The analysis in [176] shows that several
different corrections to the LVS potential can become relevant in different regions of parameter
space, so that they cannot all be made sufficiently small at the same time. This was used to
argue that the concrete example given in [148] and therefore our current example cannot be
trusted on the basis of parametric suppression of these corrections alone, and one must instead
check the specific coefficients of these corrections in order to judge whether or not they invalidate
this solution. We will have more to say about this in section 4.6, where we perform a similar

analysis for our weakly-warped solution.

Let us here focus on the concrete constraint on the tadpole contribution M K proposed in [178]
based on two of these potentially dangerous corrections. It is shown that taking into account
a warping correction arising from 10d R? terms and higher F-term corrections to the scalar

potential, the negative D3-charge required to cancel the tadpole is bounded from below,

L 1 5 2
jQsj> MK =N <3 log N + 3 logen + loga 3 log ks + 8.2+ O(log(log))> ) (4.69)
where N = 99156]\: 2 and CN 1 for the corrections to be parametrically suppressed. For the

parameters used in our example and staying at the limit of control ¢y = 1, one gets jQ3j & 209
(cf. jQ3j = 149 for the explicit construction in [148] that we are using for this example). Note
that for our choice of parameters M K = 88, which seems to be in contradiction with the above
bound — this is because the corrections that are assumed to be under control when deriving
(4.69) are actually not suppressed in this example [176]. Although this bound already puts some
pressure on specific LVS constructions regarding the topological structure of the CY3, it was
argued in [179] that taking into account all potentially dangerous corrections greatly strengthens
the bound and may require tadpole charges of up to O(10%). This is, of course, problematic in
the context of the Tadpole Conjecture [100].

4.5.3 Weakly-warped solutions

We now consider the new limit where the warping is subdominant in the Kahler metric for the

conifold modulus (4.20), 3 1. In this case, the potential becomes®’

b [8a247PTe T saAWyre T | 363
8mjjQjj? 3ksg2V gsV2 4V3

26Note that the warp factor in Vb3 can be written as

3
2 log %2

H:1+Cocoo 3

(4.70)

3
Here we assume that 8 log % and expand H accordingly.
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e B 2
LI logAj 1 d(gsM)? <M10g Ag k>
95 V2log? %3 ¢ (@mrvBcaBs ) \2r 7 ¢ g,

.e .-2 0 2
i 2(1 2 1 c(gsM)>}’ @

gs V?

which has a minimum at

o 32
16ats(ats  gs) £ 8jiQjj2 1
3/2 b o= 4.72
Ts (dats  gs)? 265 9gsksWE + (6)’ (4.72)
¢ Ae 2rK 1 4Ke B9 0 cD3 (4.73)
X —_— )
0 XP gsM 3m2dMA 7, |

together with the solution for 7, (4.55). Notice that the solution for 7 is implicit, since there is

a dependence on 75 in the second term through 7. If (4.72) is a solution, the function

U P o
& 2% p .

F(ry) = 713/? 5 €us 4.74

where we have substituted 7, (4.55) in the limit ats g5, must have a root. In particular, the

exponential term cannot be too large, since it has to balance against the 753 /

2, which suggests
that the combination AWy must be exponentially large. We can make a better estimate by
noting that F(7s) has a minimum, which must be non-positive for a root to exist. Again in the

limit ars g, this leads to the condition

4jjQjj? a( € \2/3
AWy > =5 % exp gs(%s) : (4.75)

which indeed corresponds to having AW} exponentially large. In terms of the volume modulus

V vev this condition becomes

SO, 0 >”‘°’ (1.76)

995&81/[/02 2 \ 2K
so that the second term in (4.72) can be treated as a correction to the leading order solution
2/3
0
()"
At this solution the vacuum energy is given by

g 3 39skis VV()2 p?s
87jjjj? 4aV3

‘/crit =

( 1+a+0(5)+001/8). (4.77)

where we define the uplift parameter & as

7iiQij? 8a \Y
Js 97msl T:,L(]SVVO2 ’

(4.78)

d:CDg
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Figure 4.7: The plot shows (4.74) for different choices of the parameters Wy and A, with all other
parameters fixed. Critical points for the scalar potential (4.71) exist when F(75) = 0. We see that the
product AW} needs to be large enough for a solution to exist (4.75).

Once again, a dS vacuum requires & > 1. Although the definition of & differs from the one
of o in the strongly-warped case (4.61), it still encodes the brane uplift and its back-reaction
on the solution — this is clear from its dependence on cps. It is here simply adapted to the
weakly-warped regime, making explicit the need for large Wy and/or A (through the solution
for V, cf. 4.55) in order to suppress the effects of the brane. Keeping the solution consistent
with the regime of validity of our 4d EFT requires mg/y < mkx, so that the gravitino mass
remains below the cutoff and is not integrated out. Using the scales (D.15) and (4.51), together
with the solution (4.55) and (4.72), and the condition (4.75) required for a solution to exist, we

can write the ratio

(m3/2>3 . gawg 4gsWo a
= p=

, 4.79
R)HIUPY © 27(2m)3E13 9273, 213 (4.79)

MKK
which, together with large Wy, makes it difficult to find a region in parameter space for which

the supergravity description remains valid. However, we show a working example below.

In order to determine whether this critical point is a minimum, we compute the eigenvalues of

the matrix?’

M = habﬂ (4.80)

DO | crit
where ©* = fr,, 75, (g and hg, is the field space metric defined via Kﬁ@@ia&); = %habawa@b.
Although the procedure is straightforward, we were not able to simplify the result enough to
make the analytical expression useful — we will therefore confirm numerically that for the
example provided below, all eigenvalues are stable and we do indeed have a minimum of the

potential.

2TNote that this is not the mass matrix, but rather a matrix with the same eigenvalues, i.e. whose eigenvalues
correspond to the masses of the canonically normalised scalars (see e.g. Appendix C of [175]).
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Example

We choose a set of parameters which guarantees both V ;i > 0 and that all eigenvalues of the
mass matrix are positive, and thus a dS minimum. We have parameters associated with the fluxes
for the remaining complex structure moduli and the axio-dilaton (W, gs), with the conifold
(M, K, Ay) and with the CY3 and Kéhler moduli (ks, &, a, A), where we recall £ = %
The fixed parameters in the potential are & = 1.18, ¢ = 1.75, jjQjj? = 8.

[ Wo [o] g [MK] Ao [rs ]| x |
12000 001716 2 | 043 ] 2| 280 |

Table 4.2: Choice of parameters for the potential (4.54), with 8 1.

For the parameter set in Table 4.2, the critical points of the full potential (4.54) are summarised

in Table 4.3. While one critical point is a minimum, the second is a saddle point with one

unstable direction. Note that for both cases we indeed find 5 > 1 (Bmin 7 and Ssadale  15).
el ¢ ] Vew [ mf mi [ mi ml [ mi |
1.80 [ 239 | 417 10 *[170 10 3 [923 10°|487 10 *] 432 10
192 (388|519 10 *]1.13 10 2[194 10°[159 10 * 501 10 2

Table 4.3: Solutions and masses (in units of Mp;) for the fields (75, 73, ) for the parameter set in Table
4.2. Since all mass-squareds are positive, the first solution is metastable, whereas the second corresponds
to a saddle point.

tip

‘ V ’ M m%‘ﬁk mg3 /o MY MiK mg’/z
3684 | 496 10 2126 10 3| 1.11 10 2 ]287 10 3] 174 10 ?]6.40 10 %
7655 | 344 10 3 | 776 10 3[533 10 *|258 103156 10 3]3.99 10 ¢

Table 4.4: Physical scales associated with the solutions in Table 4.3, for the parameter set in Table 4.2.
The mass scales are expressed in units of Mp

From Table 4.4 we see that the cutoff for the EFT is now mgkgk

that this solution has weak warping. Note that —2/2

m%’{, which reflects the fact

/
MKK
We can check that the conifold fits the bulk
as in the strongly warped case, although it is longer in this example (Ag = 0.41) [140, 144].
V2/3 this

solution avoids the singular-bulk problem [144, 145]. In section 4.6, we will analyse how robust

0.88, which is marginally consistent with
the 4d supergravity description (see also [180]).
As expected from the fact that we have weak warping and the hierarchy 7, 7
this weakly-warped solution is when different corrections are taken into account, similarly to
what was done in [176] for the strongly-warped case. Applying the LVS parametric tadpole

constraint [178] to this example, again staying at the limit of control cy = 1, we find jQ3j > 79,

which again is bigger than our MK = 32 — we will see in 4.6 that the correction arising
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from higher F-terms is in fact not suppressed in this weakly-warped regime, explaining the

discrepancy.

In Fig. 4.8 we plot the potential along the ¢ direction with (75, 7,) fixed at the minimum and
the saddle point, while in Fig. 4.9 we plot the potential along the (75, 7) directions with ¢ fixed
at the minimum, where we can clearly see both the minimum and the saddle point. We also
see that the minimum for ¢ does not change significantly between the minimum and the saddle

point, although it becomes slightly lighter.

4 4
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Figure 4.8: Plots of the potential (4.54) in each of the 3 directions (75, 73, (), for the parameter set in
Table 4.2, around the minimum (left) and the saddle (right).

4.6 Dangerous corrections?

Although there seem to exist explicit constructions of dS vacua with an D3-brane uplift in the
context of LVS, both in the weakly [172] and strongly-warped regimes [148], these implicitly rely
on the assumption that all supposedly subleading corrections to the scalar potential are actually
subleading and will not destabilise the solutions. The question of whether this assumption
is justified was analysed in [176] in the strongly-warped regime studied in [148], by taking
into account various types of corrections to the LVS potential (including two Kéhler moduli, a
deformation modulus and a nilpotent superfield describing the brane uplift). The conclusion for
the strongly-warped regime was that some corrections do not have any parametric suppression,
and moreover those that do are never suppressed simultaneously for any choice of parameters

— they can therefore never be all self-consistently neglected.

It is worth fleshing out the main point in the argument of [176]. If a correction to the LVS
potential can arise from some string theory effect (e.g. one-loop corrections), one of two things
must happen — either this correction is parametrically suppressed for all quantities in the
solution of interest (e.g. moduli vevs, masses, vacuum energy) and can therefore be neglected
in the appropriate limit (e.g. large volume or weak coupling) within the EFT, or else one must
not only compute this correction explicitly and include it in the analysis, but also worry about

next-to-leading order corrections. While the result of [176] does not show that finding a stable
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1.72

Figure 4.9: Plot of the potential (4.54) in the (71, 72) plane (which is just a rotation of the (74, 75) plane
aligned with the eigenvectors of the Hessian matrix), for the parameters in Table 4.2 (in Planck units).

strongly-warped dS solution in LVS is impossible, it means that one must take at least some of
these corrections into account, compute their coefficients explicitly and keep them in the EFT.
This constitutes a challenge because, not only are these coefficients typically hard to compute
explicitly, but also the known solutions in the LVS may be absent or at least get corrected in

significant ways by these contributions.

It therefore becomes relevant to ask whether this is also the case in the weakly-warped regime
[172]. In order to address this question, we will briefly outline the possible corrections (for
more details see [176]) together with the corresponding terms correcting the scalar potential
computed in the weakly-warped case and revisit the weakly-warped solution outlined in the

previous section.

Curvature/loop corrections to the Kéhler potential

String-loop corrections at order a® from the exchange of KK modes between D7/D3 branes or
O7/03 planes [182-186] enter the Kahler potential (4.50) as [187-190]

2P— 2P—
JK = CKKIs_Ts | okKIs Tb (4.81)
\Y \Y
and thus the scalar potential is corrected as
2 2 42P—_ 29 2 ars
5V — KK 95 8a A" Tse s CKK 9 4aAWyTse 95
s 6KsTs 392ksV s 3KsTs gsV?2



104 Chapter 4. Searching for de Sitter vacua

80092(9 .7\[)2C2/3 32
KK KK s\Js 0
{ (! J{& +C e cud oy (4.82)

Note that in principle the coefficients foK, C?Kg depend on the complex structure moduli;
however, as this dependence is unkown, we will simply assume that CEK,CIFK O(1) and

neglect the derivative contributions.

We write each correction term such that its relation to the terms in the uncorrected LVS po-
tential is manifest, isolating clearly each suppression factor. For example, all the terms above
are suppressed by a factor of g2 compared to their LVS counterparts. The C,FK term is also
suppressed by the ratio ¢2/3/V1/3 but enhanced by (g,M)?.

On the other hand, threshold corrections to gauge couplings lead to the one-loop field redefinition

of the Kéhler modulus 7% = Tsc’ld—l—C’;og log V, which implies a correction to the Kahler potential

once the physical volume is expressed in terms of the corrected modulus, V = 7'5’ /2 Ks(Ts
Ci%8log V)3/2 [191]. Tt contributes to the scalar potential as?®
logV 8a242Pre 2% logV  4aAWyree o
(5V _ Clog gs 108 S + Clog gs 10g a 07s€
s 27 3925V s Ts gsV2
_ 3W?
Clos Ggsmsst =0 (4.83)

4v3

Recalling the LVS solution logV ‘”5 , there seems to be no parametric suppression in the

correction terms in the first line.

There are also corrections at order of? from different sources [183-185, 192, 193], which contribute
at leading order as a redefinition of £ ¥ £ A£ + Clgs logV + C’Sgs in K (4.50),

3WE

oV = ( A§+Clgslogv +C§gs) e

(4.84)

Notice again that there seems to be no suppression for the A§ and the Cf corrections.

Curvature corrections to the gauge-kinetic function

The non-perturbative superpotential which is a key ingredient in the stabilisation of the Kéahler
moduli arises from gaugino condensation on a stack of D7-branes [194-196]. Therefore curvature
corrections to the D7-brane action [197-201], which correct the gauge-kinetic function of the

D7-branes will affect this non-perturbative contribution. The gauge-kinetic function becomes

28This field redefinition leads to a non-linear relation between the volume V and the Kihler moduli (1, 7s).
Treating this redefinition as a small correction, one can solve it perturbatively for V = T; 12 gy O(C#)

and use this leading order solution in the correction. Hence the volume becomes at leading order V T,f’ /2

3/2
KS(Tg Cloglog( 3/2 &:;/2)) .
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fs=Ts 357, s0 that the generated superpotential gets corrected as

Wap=A e w23 (4.85)

aXs
which is equivalent to a redefinition of A ¥ A e249% . It is worth recalling that our weakly-warped
solution required somewhat large values of the parameter A (4.75) and one might therefore
expect that this correction in particular will benefit, rather than obstruct, these weakly-warped

solutions.

Higher F-terms

There are also corrections arising from higher F-terms associated with 4 superspace derivatives in
the 4d EFT [180, 202, 203]. These could come for example from integrating out KK modes [180]
or from 10d 8-derivative terms with powers of G3 [203], which would lead to such a contribution

in the potential. The scalar potential gets corrected as

8g:W§  3Wg§

_ AF
oV =C Ve (4.86)
This correction is suppressed relative to the LVS potential by the factor
My g?WE
5 82/3 , (4.87)
My i \Y

which one would generically want to be small in order to keep the gravitino in the EFT valid at

energies £ mgx (and therefore preserve N = 1 supersymmetry).

Notice that so far only one of the corrections is warping-related, the correction linear in le{K
which depends on the warping due to its dependence on (. It does indeed arise from the warping
correction to the deformation modulus metric, which mixes this modulus with the volume V and
was crucial in the discussion of our weakly-warped solutions. One would therefore not expect
the effect of the other corrections discussed so far to be dependent on which warping regime we
consider and, for those corrections, the only effect of having weak warping rather than strong
warping is on the region of interest in parameter space. However, we will see that in order to
find a solution in the weakly-warped regime, we are driven towards a region of parameter space

where some of these corrections cannot be suppressed.

On the other hand, the two remaining corrections are intrinsically warping-related and one would

therefore expect them to play a more important role in the distinction between the two regimes.
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Curvature/warping corrections from conifold-flux backreaction

The charges responsible for the warping (such as branes, O-planes and fluxes) can have large
contributions to the 10d curvature even at large volumes and result in large curvature corrections
[140, 144]. The charge responsible for the warped KS throat is the flux contribution KM, which
is large in the strongly-warped regime. This leads to corrections to the scalar potential, e.g.
from dimensionally reducing the 10d R* terms of Type IIB, that take the form [176]

59s KM 3W}
V2/3 AVE

oV = ol (4.88)

Since in the weakly-warped regime, one does not require very large charges K M, this correction

is expected to be less dangerous than in the strongly-warped case.?’

Curvature corrections in the conifold region

Since the radius of the S? at the tip of the conifold is R§3 (gsM)a!, one expects o’ curvature
corrections that are suppressed by (gsM) !. E.g. the R? corrections to the DBI action of the
D3-brane in the warped deformed conifold background correct the brane tension with a term

suppressed by (gsM) 2 [176].>" In practice, this corresponds to the redefinition

(o )

7(93]\4)2 (4.89)

cps ¥ cps (1 +
which is easily incorporated in both the potential and the solutions. Although the weakly-
warped solutions do not require large KM, they still require the supergravity approximation
to be under control near the tip of the conifold, which is controlled by the radius of the S2 at
the tip R?gg, 1 — this means that even though the flux number M is in general lower in the
weakly-warped case, it must still be large enough to make gsM 1 and keep this correction

term suppressed in the brane action.

Let us now look at the solutions for the corrected weakly-warped LVS potential, as well as at
the vacuum energy associated with these vevs, and examine the suppression of each correction

on these quantities.

29Tn [178] it is argued that one should expect this warping correction to scale with the Euler number x(CY3),
as long as one assumes a slowly varying warp factor such that cancellation between contributions from different
regions of the compact space is not expected. The form of the correction used in [178] for the LVS parametric
tadpole constraint therefore differs by a factor of €.

30T hese correspond to the (a°)? curvature corrections to the brane action studied in [165] that lower the tension
of the brane and provide an alternative for warped throats.
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4.6.1 Conifold modulus stabilisation

The only corrections involving the conifold modulus and therefore affecting its stabilisation
are the ones associated with fC,f{K, Cng. While C°°" is simply a shift of cpg and so it can be
trivially included in the solution (4.73), the correction C’,FK can be taken into account by solving
perturbatively in a similar way to how the 1/ corrections were obtained. We find that the vev

of { gets corrected as

Ccon 4K KK 200(271')2 27TK 9;1((2;/1§F>W02
1 1 PP
¢ Cokp ( CD3( + (gsM)2> 3200 Cé/}?PVZ/g Cb TiQjj? gsM - VA3 ’

(4.90)

2 K
where (cxp = Ag e 9sM . Notice that the C°°" correction is not only suppressed by its own
control parameter (gsM) !, but also by 1/8 since it arises from the D3-brane backreaction

which itself contributes at O(1/8). As for CKX, it appears to be heavily suppressed by the

2/3 a2
CGrp  9sW§
factor 3F% Sss

In the strongly-warped regime [176], the corrections change the bound on gsM? required to
prevent the brane uplift from causing a runaway for the deformation modulus (4.37) and thus
have a direct effect on the allowed values of M. Since at weak warping the D3-brane backreaction
does not lead to a tadpole bound on the fluxes and this remains true once the corrections are

taken into account, they have no effect on the range of the flux M.

4.6.2 Kahler moduli

Since the formal solution for V follows directly from 0,V = 0, one can also infer that only
a few of the corrections will appear — in particular, it will receive explicit corrections from
fCKK C}gog, xs0 only. Of course, due to its dependence on 75, which will receive corrections from
all terms, V also receives implicit corrections from every term. This is true for ¢ as well, since

the subleading terms in its vev (4.90) depend on V.

Solving perturbatively to leading order in all corrections, we find

Ts (Qi/)32/3 - ! +3?154)gs + O(;) +0(g3) (4.92)
¢ Sg/i o %a <2§5>2/3 + g <2is>1/3 +C5 g (2§> h
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2gst
3a(gsM)2

con

80 (gs M)?  g2¢%/3 /€ N 1/3
KK S s
Gy 27k V1/3 (2/{8)

with & given by (4.78) and € = ¢ A£. The solution for V (4.91) matches®! the one found
in [176] up to factors of g5 — this agrees with our expectation that the explicit form of the
fCKK, C;Og, X0 corrections is independent of the warping regime. One can immediately see that,
although the CXX correction is suppressed by g2, neither the C nor the Xs corrections are
suppressed — following the logic presented above, one must therefore include these corrections in
the EFT analysis. Although the y; correction is not only not suppressed but actually enhanced
by a factor of 1/gs, the fact that we know its explicit form means that it can be taken into
account when looking for a solution and, as we saw in (4.85), it can be seen as a rescalling of
the parameter A in the non-perturbative contribution to the superpotential. In fact, given the
need for exponentially large AW, (4.75), this seems to help rather than hurt weakly-warped
solutions.?> The C.°® correction, on the other hand, is not generically known explicitly and
therefore one cannot follow the same procedure — this coefficient would have to be computed

for the compact geometry of interest in order to be included in the EFT analysis.

The different g5 factors in the solution with respect to [176] arise from our choice of frame
conventions, with 7, and 7 differing from the ones in [176] by a factor of gs, i.e. Ti(ours) = gSTi[mi]
and V(©urs) — gg’/ 2y/[176] (see Appendix A.1). Recall that in these conventions, the Einstein-frame
volumes and the string-frame volumes are the same at the vev, so that deciding e.g. whether
a’-corrections are under control for a given solution can be done directly in terms of the Einstein-
frame volumes.** It also makes explicit the 1/g, factor in the non-perturbative superpotential,
rather than it appearing in the solution for 7, — both pictures are ultimately consistent since
this factor of 1/gs will appear in the potential one way or another. Because of this, however,
our solution for 75 (4.92) differs from the one in [176] by an overall factor of gs, as can be most
easily seen by looking at the terms that behave similarly in both warping regimes. One should
therefore not think of this extra factor of g, as extra suppression of any of the corrections, since

it is really their relative size compared to the leading other terms that is relevant for control.

The first line of (4.92) shows the expected O(gs) correction, with the D3-brane backreaction
on 7 encoded by the uplift parameter &. The corrections on the second and third lines are
suppressed in the same way as in the strongly-warped regime,** as expected from the fact that
they do not involve the interplay between ¢ and V. While the FOXK Cfix CFg terms are

suppressed by powers of g5 and/or V, the fC’;Og, Cf, C’gg are dangerous since they either have

31 Apart from a factor of 3 in the C°® term.

32Indeed, for the CY3 of [148], we have xs = 3 and hence the correction represents a rescalling of A by a factor
of 12, which would naively allow us to choose the much lower value A  70.

33Note that checking whether the a’-corrections are under control, i.e. whether a given solution is consistent
with the supergravity description being used, should be done using string-frame volumes, which are parametrically
(in gs) smaller than the Einstein-frame volumes when the convention Ti<s) = gSTfE) is used for the 10d change of
frames, rather the one we use for which these volumes are the same at the vev. Therefore, one may naively think
that the volumes are large “enough” in Einstein-frame, while the string-frame volumes are actually inconsistent
with the a’-expansion.

34The CI°® corrections again differs by a factor of 5/3.
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no suppression whatsoever, fCle , C’fg; or are only suppressed by one power of gs, fC’gg — this

is still dangerous because of the way the vev of the volume V depends on 7y, i.e.

N 1/3
a a (0)
V/egsTs egsTS 1—|—C§ a < E ) 4 ... . (493)

3ks \ 2Kg

It also follows that the fC’;og, Cfg terms will both appear with a 1/gs power and therefore grow

at small couplings.

Finally, the fFC", C’g(Kg terms explicitly depend on the strength of the warping. While the C'°°

2

correction is suppressed by g5 and (gsM) <, in the ngq term one should pay closer attention

to the gsM 1 factor possibly enhancing it.

It is worth noting that in this weakly-warped regime one never finds the tadpole bounds identified
in [168], which were required in order to avoid a runaway towards the singular conifold at ¢ =0
caused by the brane backreaction. The reason why we do not have it in the weakly-warped
regime is that if the warping is subdominant, the potential for ¢ grows more and more towards
¢ = 0 before ultimately dropping to zero (cf. Fig. 4.2) — in practice, at least around the
minimum, it is as if the potential simply grows for small (. It is interesting to compare this
with the potential found in [107], where it was argued that the { potential does indeed grow
towards smaller ¢ even in the strongly-warped case, in contrast with the behaviour proposed
in [166]. Although this would invalidate the tadpole bound of [168] and change the exact form
of the fC°"g correction in [176], one expects it to still be parametrically suppressed by m
[176] in the strongly-warped case.

4.6.3 Vacuum Energy

With the vevs of the moduli in (4.90-4.92), we can compute the vacuum energy given by the
potential V' at the minimum and look at the effect of each correction,
93 3gs/€sW02 p?s

Viin = 871']]9”2 4aV3 1% (494)

with p defined as

p=a 1+0(gs)+0(1/5) (4.95)

A~

2 2/3 a alogv/ €\ 1/3 g
e < ) clos 211 4121 cs (5-) cs &
S Brg \2h, +OE UL 2logr) + O == {5 2 3¢

A~

10aKM< ¢ ) V3 o 16a gSWOQ( ¢ ) 1/3

Ok, V2/3 27rs V2/3 \ 254

flux

2K
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ceon o CKK SCOQ(QSM)Q 9842/3( é ) 1/3
(gsM)? b ks V1/3 \ 2k, )
where
39sks W é V8
o shvsVV O
v=—o (2%) . (4.96)

The first line reproduces the leading order result (4.77) and requires & > 1 provided all cor-
rections can be safely neglected. The corrections appears in the vacuum energy with the same
parametric suppression as in the strongly-warped case. In particular, the terms fC}gog, Cfg ap-

pear unsuppressed and are thus the most dangerous.

Note that the non-perturbative no-scale behaviour [176] is manifesting itself in the way the
factors FC1"™ CFg are suppressed relative to the leading LVS solution in p compared to their
suppression in the off-shell potential, (4.86) and (4.88) respectively, having acquired a 1/gs

enhancement in the vacuum energy suppression factors (see discussion below).

It is worth pointing out that the unsuppressed corrections FCL8, Cf , ng are independent of the
presence of the conifold modulus and the D3-brane — these appear to be dangerous corrections
for pure LVS, even before the uplift is considered. Supposing it is possible to choose a specific
model (i.e. a compact space geometry) for which these unsuppressed corrections to the vevs
and vacuum energy are not present, one can check whether the remaining corrections are all
consistently suppressed and the solution is parametrically under control. Note that both CXK
and C°" are automatically suppressed as long as the string loop expansion (gs 1) and the
supergravity approximation (gsM 1) are under control, which we must require for consistency

of our analysis. In order to suppress the remaining corrections fC’?K7 cfivx O0Fg we require

2 gsC2/3 KM gsWo2

(9sM) V1/3 0 V23 23

1, (4.97)

simultaneously. While the first two corrections are less dangerous for weakly-warped solutions
that do not require large flux contributions, recall that a solution in the weakly-warped regime

must also satisfy (4.76)

\Y
——— < 0O(1). (4.98)
92§

This condition, together with the one following from C¥', implies

VA g, (4.99)

which is never consistent. One can check explicitly using the parameter set of Table 4.2 that
taking into account all numerical coefficients fa, ms,é ,1iQj%g does not change the conclusion.

Therefore the C¥' corrections is unsuppressed unless C¥ 1.
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It is worth noting that already in the strongly-warped case, the C¥ correction seemed to be the
main obstruction to smaller values of g5, which may not be obvious from the suppression factor
/ gSI/VO2 /V2/ 3. One would naively expect that since V / g5 e'/% smaller values of g5 would
suppress this correction the strongest. However, it is important to note that one is not free to
choose Wy independently — in particular, in the strongly-warped case [176] (adapted to our

conventions)
2/3\/5/3
W2 / Cig D W/
a g

s

2/3 .
A (4.100)
ags

with @  O(1). Plugging this into the C*¥" suppression factor,

gsW()2 gg/g 6 %71
V23 044926 g , (4.101)

shows that indeed it grows for small g5 contrary to our initial expectation.

In summary, although the warping corrections are alleviated in the weakly-warped solutions,
as one would expect, both the pure LVS corrections fore , C’f , C’gg and the F-term corrections
present a danger (see Table 4.5). While the former behave in the same way in both warping
regimes, the F-term corrections cannot be suppressed in the weakly-warped regime due to the
requirement of large values of Wj. This is consistent with the discrepancy between the flux
contribution M K following from the parameter set in our example and the LVS parametric
tadpole bound that we found in the previous section, since the bound assumes higher F-term

corrections to be parametrically suppressed.

4.6.4 Non-perturbative no-scale structure

In [176], a property of the LVS potential called the non-perturbative no-scale (NPNS) structure
is emphasised due to its effect on the balance between leading and subleading (correction) terms
for a given solution. The danger is that corrections to the off-shell scalar potential suppressed
by what might be a small factor € relative to the LVS terms, but which do not themselves satisfy
the NPNS structure will appear in quantities such as Vi, only suppressed by a factor €/gs.

The root of the NPNS is the fact that, due to the structure of the LVS potential, the minimum
only appears at subleading order in gs. Consider the change of variables V. = v g, e!/% and

Ts = t/a, in terms of which the LVS potential can be written as

V=gs e #'f(t,v), (4.102)
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Parametric

Correction —— Origin Dangerous? | c.f. strong warping
log threshold corrections to .
C, gs logV gange couplings yes similar

backreaction of 7-branes .
ct logV es similar
1 9s 208 and exchange of KK Y
modes with D7/07
C’g Js planes yes similar
integrating out KK
F g>we modes yielding 4 .
¢ v2/3 superspace derivatives yes similar

in EFT

200 M2e2/3 exchange of KK modes
CIF K g‘*(gsv% between D7/D3 branes can be similar
or O7/03 planes

backreaction from

fluxes, branes and
Cftux gs KM ’ can be better
v2/3 O-planes that source
warping

exchange of KK modes
CKK g? between D7/D3 branes no similar
or O7/03 planes

1 curvature correction in

con
¢ (gsM)? conifold region no better
. e curvature corrections to
Xs Ae v (s 7i5) D7 gauge kinetic no — it helps! better

function

Table 4.5: Summary of subleading corrections considered, their origin and their parametric suppression
(or not) in the off-shell scalar potential for the weakly-warped de Sitter vacuum. Note that the LVS
volume stabilisation satisfies logV ~ 1/gs.

where f(t,v) does not depend on gs.>° A minimum of this potential therefore requires

3 3¢ 3
oV = ; gs € 9s f(t’ y) +gs e 9s (&tf) (4.105)
3 3¢ !
— ;V+gs e 9s (8tf) =0, (4106)

35Explicitly, we have
3/2 42P7 2

F(tw) = 8a”/ At AAWLt n 3Ws

T 3k V2 413

One might wonder whether Wy and A in particular can be important for the argument we outline below. Note

however that rescalling v ¥ % v, the function becomes

£. (4.103)

. N o}
ftv) = A7 {& ﬁ+§} . (4.104)

o Wo 3KV v2 o 4u3

Since the ratio A* /W only appears as an overall factor, these parameters will not affect the argument for the
NPNS.
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which implies that the scalar potential at the minimum is suppressed by a factor of g; compared
to the off-shell potential (4.102),

Viein = % gs € ') (4.107)

In other words, if one solves equation (4.105) perturbatively in gs, i.e. t = to + t19s, the leading

order solution ¢y would result in a vanishing potential (which would leave v a flat direction).

A
. . . Ay
Now consider adding a correction suppressed by € e 9",

A

V=g e a5lf(t,v)+gs € e niglty), (4.108)

where ¢(t,v) does not contain gs or any other small parameters, so that

8tV: g3 gs € 935 f(t y>—|—gs e 95 (atf) (4109)
A Ay
; gs € € 9s g(t,u)—i—gs € e % (8159)
s
3 3 A
= = {gs e w'f(t, V) +gs € e gitg(t,u)} (4.110)

A
tgs € 5Of) tgs € e B@YHB N € et oglty)

= *V+gs e o “Of) +gs € e o “(Drg)

s

+(3 A €ee ot g(t,y)éo, (4.111)

which now implies for the vacuum energy

gs 3 )\ At
Vinin =3 Us ¢ o “ouf) + gs € € o “0g) + g Ys e e g(t,v). (4.112)

Note that, unless A = 3 (i.e. the correction satisfies the NPNS structure), the last term is the
leading correction contribution and it is not suppressed by the extra factor of gs that appears
in the first two terms — the g, suppression characteristic of LVS (4.102). Therefore, to safely

neglect this contribution from the correction one should have®’

A 3 € (@) S)t

gs e e ' g2 ewn' D) — e 1, (4.113)

[C.N:))
rather than the naively expected € e 9s L1 To compare with (4.95) one should look at p,

3
by taking out the suppression factors gg e o' asin (4.77),

1 (2 3)t

1 03 3 A &3
0/ L) 5o ag B t

— e 9 = g(tv), (4.114)

A 3
36Note that we must include the exponential e 9 °, which corresponds to the volume suppression (whose
power is given by A 3). In practice, € counts all factors apart from powers of the volume.
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where we can explicitly see the factor of (4.113).

This is why terms like FC', C1"*g, which do not satisfy the NPNS structure (A & 3), appear
to be enhanced by 1/gs in (4.95) compared to their suppression factors in the off-shell potential
(4.86) and (4.88), while terms like FCI°%, C%, C5g, which do satisfy the NPNS (A = 3), show the
same suppression in Vipin as they did in the off-shell potential (4.83) and (4.84). As an explicit

example, for C1"™ we have

.2 23 Dgs KM 3
)\—3+§, € € 9gs —C W, g(t,l/)—?, (4115)
breaking the NPNS, while for C5
A 3y ¢ 3W02
A=3, e e 9 =0C5¢gs, g(t,v) = W (4.116)

As a final remark, note that whether a correction breaks the NPNS structure or not, does not
determine how dangerous it will be — indeed FOXK, C’;Ogg both have an NPNS structure, but
only Ci® turns out to be dangerous; conversely, FC"* CFg both break the NPNS structure,
but only CF appears to be dangerous. While the NPNS has interesting implications for the

string loop expansion, one ultimately needs to check the way each correction is suppressed.

4.7 Runaway Quintessence

Given the challenges in constructing metastable de Sitter solutions in string theory, and the
number of scalar fields whose potentials often develop runaway directions in moduli space [117],
it is very natural to suppose that Dark Energy might be due to a slowly rolling or frozen runaway
quintessence field. In quintessence models, one or more scalar fields have a scalar potential that
is flat enough to allow them to either be frozen in place away from a minimum or to slowly-roll

in such a way that their potential energy closely mimics a cosmological constant (Fig. 4.10).

The equation of motion for a single scalar field ¢ in an expanding Universe described by the flat
FLRW metric,
dsprpw = dt* +a?(t)da?, (4.117)

with scale factor a(t) encoding the time evolution of the spacetime, is given by
¢+ 3Ho + g**V(¢) = 0. (4.118)

The Hubble parameter H  a/a provides a friction term (proportional to c;S) that can slow down

the field in its trajectory along the potential V(¢). The energy density of such a scalar is the
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sum of its kinetic and potential energies,

po = %éﬁz +V(9), (4.119)

with <;52 g¢¢<z5<z5 depending on the normalisation of the kinetic term for ¢ (i.e. it will generically
depend on the metric in moduli space). In the slow-roll approximation, $? 2V (¢) and

(ﬂ VO(QS), so that the scalar field equations are approximately

V()

¢ 3H

and ps  V(¢). (4.120)

Therefore, in this approximation, the scalar field energy density enters the first Friedmann
equation as an effective cosmological constant, in the same way a vacuum energy would. If we

also assume that it dominates over other contributions, we find

V(o)

H? )
3M3,

(p¢ + other contributions) (4.121)

1

- 2
3Mg,

However, having the scalar field contributing with an approximately constant and positive energy

density is not enough to guarantee an accelerated expansion. In fact, it follows from the definition
of H that

i H
a_ H2<1 —) , 4122
and thus accelerated expansion (¢ > 0) requires
H

One can use the expansion parameter € to determine whether and when a certain scalar field
system that dominates the energy density of the Universe will source an accelerated expansion
and explain Dark Energy. In general, this requires us to know the dynamical evolution of
the scalar field system and to take into account their kinetic energy as they move along the
potential — one does not necessarily need slow-roll in order to have accelerated expansion.®”
Nonetheless, if one does have slow-roll, the expansion parameter is approximately given by the

slow-roll parameter €y that is only a function of the scalar potential,

2 0 2
ey = MQPIgM’ (‘1//((;)))> <1. (4.124)

We conclude that a quintessence field that slowly rolls along a runaway tail of its potential must

satisfy both V(¢) > 0 and ey < 1 in order to give accelerated expansion.

Moreover, not only must this field result in accelerated expansion, it must also do so with an

effective energy density that agrees with current observations ps  pa (10 3 eV)%, which

3"For example, for scaling solutions, the slow-roll approximation is generically not valid and the slow-roll
parameter ey should not be used to determine whether there is accelerated expansion as was emphasised in [204].
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V() ¢ ¥ 0 Runaway

Figure 4.10: In runaway quintessence models a scalar field can either be frozen or slowly-roll along a flat
region of a potential which is at the tail of a runaway. This is an expected behaviour for the asymptotic
regions of moduli space and provides an effective cosmological constant.

generically forces the quintessence field to be extremely light, with a mass mg - 10 33 eV 38—
as we will see in much more detail in chapter 5, such light fields will mediate fifth forces unless
their couplings to the Standard Model fields are somehow suppressed so as to evade current
observational constraints. On the other hand, the usual string theory relation between scalar
fields and couplings in the low-energy EFT means that a rolling quintessence field can lead
to time variation of fundamental constants, which is also highly constrained by current data.
These problems may be addressed if the quintessence field comes from a hidden sector that is
sequestered from the visible sector (e.g. due to a separation in the compact space; we will see
a concrete example of suppressed couplings in chapter 5), although there are as yet no explicit
constructions that realise the degree of sequestering that would be necessary (see [205] for some

challenges, [206] for a more optimistic point of view, and [207] for recent work in this direction).

Arguably the simplest class of runaway moduli are those originating from supersymmetric flat
directions. However, it is impossible for such a runaway tail to play the role of Dark Energy
and source an accelerated expansion. To see why, suppose some early Universe scenario, such
as inflation, which ends in a supersymmetric Minkowski minimum in which most of the string

moduli, ®;, are stabilised and heavy,
hDiWiusyi =0 and  hWiysyi = 0, (4.125)

and we can safely integrate them out, leaving only an EFT describing the remaining flat direc-
tions. Assume for simplicity a single flat direction, corresponding to the chiral superfield ® with
scalar component also labelled ® = ¢ + 6, with saxion ¢ and axion 6. As we have seen, the

scalar potential in a supergravity framework (3.78) will depend on both the Kéhler potential K

38This follows from requiring the second slow-roll parameter

00 V2 (0)
V(o)

in order to maintain slow-roll, together with V(¢) (10 ® eV)* and m}  ¢g*?V"(¢).

nv Mg |g -1
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and superpotential W responsible for lifting this flat direction. These will in turn depend on the
origin of the modulus ® and one might hope that among the many moduli of string theory com-
pactifications, there will be some that allow for slow-roll quintessence at the runaway tail. Let
us therefore consider different types of moduli and explore their ability to provide accelerated

expansion.

Bulk moduli

A bulk modulus may have the leading Kahler potential

K= nh(®+d), (4.126)

with e.g. n = 3 for the overall volume modulus, or n = 1 for another K&hler modulus, a complex

structure or dilaton, or some other n < 3 for a fibre modulus.

As we are in a supersymmetric Minkowski background, the flat direction is protected to all finite
orders by the non-renormalisation theorem — the axion shift symmetry forbids dependence on
0, and holomorphicity of the superpotential implies a dependence on ¢ alone is also forbidden
[208] (see [209] and [161] for interesting generalisations). Even if K can receive perturbative
corrections, the flat direction cannot be lifted so long as W = 0. However, as we saw in the
previous sections, the axion shift symmetry is broken by non-perturbative effects, so that at

some scale a leading order non-perturbative superpotential can be generated

W = Ae *®, (4.127)
which leads to a scalar potential
A? 2a¢ 2 2 42
VZWS ¢ " (n®+4a’¢* +n( 3+4ag)) . (4.128)

Thus the flat direction for ¢ is lifted. The axion, 6, at this leading order remains a flat direction,
but can also be lifted by subleading corrections. The overall scale of the potential energy is
fixed by the constant A, and the exponential suppression in ¢. In a complete string theory
model, A = hA(®;)i and could itself be exponentially suppressed in the heavy moduli ®;.
For example, when the superpotential is generated through gaugino condensation in a hidden
sector, W = p2e %, where p is the scale at which the gauginos condense, a is determined
from the hidden sector beta function coefficient [210], and the gauge kinetic function is given by
[ =P+A1 100p(Pi), with one-loop threshold corrections depending on heavy moduli. Thus one
would expect to be able to obtain a non-perturbatively generated potential with energy density

of order the observed cosmological constant A e QSOME%I.

However, it is very simple to show that such a scalar potential cannot source an accelerated
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n=1

V(@) (1072 M)

0.0

Figure 4.11: Potential (4.128) for n = 1 (left) and n = 3 (right) with a = p§ and A = e 109/8 ip
Planck units.

expansion at its tail. Note that so long as the field is frozen by Hubble friction, it mimics
effectively a cosmological constant, but as the Hubble parameter falls the field will eventually
begin to roll. As we have just reviewed, the Friedmann and Klein-Gordon equations imply that
in order for a frozen or slowly rolling field to dominate the energy density of the Universe (over
matter and radiation) and drive an accelerated expansion, the slow-roll condition (4.124) must
be satisfied. Plugging the potential (4.128) into (4.124) and considering the tail of the runaway,

one finds

ey ¥ éa2¢2 as ¢ ¥ 1. (4.129)
n

Therefore it is impossible to satisfy the slow-roll condition ey < 1 (4.124) and drive an acceler-
ated expansion at the tail of the non-perturbative runaway. Another way to state this is that

the scalar potential for the canonically normalised field, ¢ = Mpl\/g log ¢,

p_
442q2 ot T\
\% e 2a¢ Pl eV n ip at large o, 4.130

T M, ge ( )
with its double-exponential dependence, is too steep to allow a slow-roll accelerated expansion.
Note that with suitably fine-tuned initial conditions, it is possible to obtain viable models of
frozen quintessence at the hilltop of the potential V(¢) with n = 1 plotted in Fig. 4.11 (a
fine-tuning of around 4% for the parameter space studied in [211] is sufficient). However, it is

difficult to find an explanation for such special initial conditions, even an anthropic one.

One may be tempted to think that the failure to get accelerated expansion at the tail of the
runaway is caused by the non-perturbative nature of the superpotential. Rather than considering
a non-perturbative correction to W, one could try combining the Kéhler potential (4.126) with

a perturbative superpotential (later we will extend the superpotential to W = Wy + A®P),

K= nhh(®+®) and W = AP, (4.131)
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for which

A2
V() = m¢ M@+ 6%) TP ((( 3+n)n  4np+ 4p2) >+ ( 3+ n)n«92) . (4.132)

If we consider the potential around 6 0,

AZ
— 4 4 2 n+2p
VO) = g ((3+mn s 4?)o
A2
t——p(( 34+n)n dnp+4p* +4(n p))¢ 2 "T*? 4 0O(6%),(4.133)
2nn Mg,

it is easy to see that 6 = 0 corresponds to a metastable minimum as long as

<n+1 pn+1 >n+1+pn+1 (4.134)
r .
P=5 9 O PoTy 2

while the scalar potential is positive, V(¢) > 0, at § = 0 provided

o
n 3n
or p>—+ ——

<7
p 2 " 9

n = 3n
4.135

For example, if n = 1 and p 2, then 6 is stabilised at § = 0, and the potential for the

canonically normalised ¢ becomes V(¢) = 2;;2 (2 4p+4p?)el 1420) 20/Mp1 > () — however,
Pl
the slow-roll parameter ey = (1  2p)? is always greater than one. For general n > 0 and p,
assuming € = 0, the slow-roll parameter is
(n 2p)?

=~ 7 4.136
€V n ) ( )

such that it is impossible to have simultaneously ey < 1 and V(¢) > 0.

If we relax somewhat the constraints from a supergravity description of the action, a Kéahler
potential (4.126) implies that any power-law scalar potential for ¢ will lead to a standard expo-
nential scalar potential for the canonically normalised field

2p2 o

Vig)=Ap P =D  V(p)=dAe V n ¥ni . (4.137)

We have seen above that the structure of supergravity scalar potentials imposes relations between
its coefficients, such that it is impossible to have both ey < 1 and V' (¢) > 0. However, for (4.137),
a slow-roll accelerated expansion is possible for?
2
LAY (4.138)

n

39See [212, 213] for a dynamical systems analysis of such potentials. In [214], observational constraints on the
dark energy equation of state w(z) were used to constrain the constant in the de Sitter swampland conjecture
jrVj&cV toc - 0.6. Here, we consider the simplest scenario of a frozen field mimicking a cosmological constant,
w = 1, for most of the cosmological history.
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For the value n = 1 often seen for bulk string moduli, then we would need p - 1. A fibre
modulus with e.g. n = 2 [215] would need p . = 2. It would be very interesting to identify
such perturbative runaways in explicit, well-under-control string constructions, though the lack
of supersymmetry might make this particularly difficult. If successful, one would then have to
furthermore explain how the hierarchy in the vacuum energy and mass are stable with respect
to the ultraviolet cutoff (the second part of the cosmological constant problem as we reviewed
in section 4.1), and how to avoid fifth forces (note that, even if not sequestered, fundamental

constants would not vary with time so long as the quintessence field is frozen by Hubble friction).

Local moduli

Bearing in mind the need to suppress fifth forces, it is interesting to consider a local modulus,
which may be sequestered from the Standard Model using geometric separation within the extra
dimensions. However, once again the simplest models within supergravity do not allow for slow-
roll quintessence. Consider for example a blow-up modulus with Kéahler potential (see e.g. [216]

for explicit string examples of such moduli)

K =ky 2 ln<k1 o (@ + <i>)3/2> (4.139)

N

ko 2In(ky) + 2%(@ +®)2, (4.140)
1

where in the second line we assumed small values of the blow-up modulus, ’,%gbg/ 2 1. Then,

214 [k 5
¢:p§1/ﬁ¢4. (4.141)

ad

the canonically normalised field is

As before, consider a non-perturbative superpotential, W = Ae %®. The full scalar potential

becomes

A% ko 209422 (20)3/2 a¢ ko
V() = 0 2 9+ 8(ad)———— 24 1 1822(24)3/2 4.142
(®) 392 Mgle 1 (ad) £ (20)3/2 (ad) kl( o) ( )

When a¢ < %(2@% 1or %(2@% < a¢ 1 this leads to negative potential energy

3A2eko
Vi(g) —. (4.143)
Kt M,
When instead a¢ & 1, the potential has an exponential dependence in ¢
1% 0 20 a?¢?, 4.144
O mamT ket )
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Figure 4.12: Potential arising from blow up modulus with K given in (4.140) and a non-perturbative
superpotential, W = Ae %®, for kg = 265, k; = 2075, ky =1, A= 1.5 and a = 0.1, in Planck units.

which gives the slow-roll parameter

kq

2
= W5(1 4agp)* (4.145)

37

and thus ey > 1 (so that slow-roll quintessence is impossible) unless ¢ ﬁ, which corresponds
to fine-tuning the initial value of ¢ to the hilltop (Fig. 4.12).

Another candidate amenable to sequestering is the complex structure modulus responsible for
the deformation of a conifold, which has been one of the main characters of the de Sitter

constructions discussed in the previous sections. Its Kéhler potential takes the form (cf. (4.21))
- kQ ]
K = ko + k1j®j° | In i) + 1+ k3j®js, (4.146)
and, in the presence of fluxes, a superpotential is generated which is given by (cf. (4.27))

W= iw® <1n (?) + 1) + iwa P . (4.147)

Assuming a strongly-warped scenario with j®j 2, the k3 term dominates over the k; term in

(4.146), and the slow-roll parameter becomes

1
o O, 3 ) o, (4.148)
3 4k3j®j3

not suitable for slow-roll quintessence.

More generally, a local modulus with Kéahler potential of the form

'(I)'2n P (I) 2n
kl kl

K =ko+ (4.149)
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with a non-perturbative superpotential W = Ae %® (below we will extend this to W = Wy +

Ae C”‘I)) leads, respectively, to the scalar potentials

2 2n 2n
V(g) = e 20T (( L 32 2n<a¢)+n2¢) for 0 =0

n2 MI%I ¢2” k‘l
A2 2n
Weko 2a¢ (a2¢)2) ;;n when ¢?"  kj and a¢ & Q;ﬁ (4.150)
Pl
and
A? k 2a¢+(2¢)2n< k1 (29)%"
\%4 = e’ k1 a 6n(2n 1) 8n(ag) + 4n? >
@)= G120 I (00 Gy On(n 1) Snfag) + 4nt =)
A? ko 2aé (42,2 1 2 (29)%"
9 (4 — hen (2¢)" k dap & ——, (4.151
(for ap < % 1, we instead have a negative potential energy V(o) 3‘]‘\43  for both
potentials). The corresponding slow-roll parameters are approximately
1 2k
ev ("njaqb)d);n >1 (4.152)
and -
2 1+2
o 2n 142097 k1, (4.153)

(2n Dn  (2¢)*
Combining instead the Kéhler potentials (4.149) with a perturbative superpotential W = A®P
(extended to W = Wy + APP below) leads, respectively, to the power-law scalar potentials

V(g) = A €k0+ k1 ¢2p u (p2 n(3n )ﬁ +n ¢4n> for # =0

n? MP2’1 (b n k?l ki2
A2€k0 kl 2
D2 h n L 4.154
n2 MP2’1 ¢2n¢ p”  when ¢ 1 ( )
and
A? o+ 222" k1 (29)*" (2¢)*"
Vi(g) = 0T TR 2P <4p2 +2n(3  6n+4p + 4n? )
() (2n  1)2n M3 (2¢)2n ( ) k1 k?
AZ ko k‘
#*P(4p*) when (2¢)%" k. (4.155)

(2n  1)2n MPQ,1 (2¢)2m

In the first case, the deformation-like modulus, the slow-roll parameter is

2n 4n 6n 2
k1 (Pz(p n) + 3n(p n)‘if1 n?(2n 3p)¢;€72 + n3¢;€7%>
EV = T)Qn ¢4n
n? (P2 n(3n  2p)%" +n? )

2n 6n 8n
:(nn2p) ¢2"+O(i‘1> or q;g +O(i;4) forn=rp

(4.156)
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2n
and ey < 1 is only possible for p = n, where V(¢) = %ekﬁ% (1 ki: + %) > 0. In this
example, 0 remains a flat direction. Unfortunately, for the well-known string theory example
of the deformation modulus of the deformed conifold, n = 1/3 and p = 1, so slow-roll is not
possible in agreement with our previous conclusion. Again, it would be extremely interesting
to identify string theory constructions where p = n (e.g. by generating a contribution to the

superpotential W ®'/3 which could dominate at small j ).

In the second case, the blow-up-like modulus, the slow-roll parameter is

2 2n 2 4n 2 6n 2
ket (8p2(n p) + 12np(2n 1 2p)7( iz +n%(2n 3 6p)7( ‘Ii% n3 28" >

k3
v = n . N2
(2) on(2n 1) <4p2 2n(6n 3 4p)2" 4 4220 )
1
A(n p)?* k (2¢)"
= f 4.1
on )2 20)% +0 . orn6p, (4.157)
or
_ (29)* 9 (2¢)*" _
ey = b 2n@n 1) +0 2 forn=rp, (4.158)

so that ey < 1 is only possible for p = n, for which

A%k Ko+ 227 29)" | (29)*"
= - 3 0.
o(n 1) MZ° <” O >>

We must moreover have n > 1 in order for the axion value 8 = 0 to be metastable.

Generalising the analysis

So far we have assumed that the light quintessence field starts as a flat direction, and that
along the runaway direction (¢ ¥ 21 for a bulk or fibre modulus, and ¢ ¥ 0 for a local
modulus) W ¥ 0. We may extend the analysis to include a non-vanishing constant term, Wy,
in the superpotential originating from the stabilisation of the heavy moduli, e.g. from fluxes
Wy = hWhuki. Motivated by the simplicity of a runaway tail, we will assume in this analysis that
there is no particular fine-tuning between the different ingredients. We will also not consider the
possibility of fine-tuning initial values of ¢ to hilltops, but focus on sourcing quintessence along
the runaway tail. The axion 6 will be set to zero throughout. It will be helpful to introduce the

following dimensionless variables

W W
x:TO, y=K k 1, z=a¢, (4.159)
0
where y only applies to the local moduli (y = % for a deformation modulus and y = (zii%

for a blow-up modulus; we always assume y 1 for consistency) and z only applies to the
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non-perturbative superpotential (in actual string theory constructions, one usually needs z > 1

in order to neglect higher order non-perturbative effects), while x always measures the hierarchy

Ae ¢
Wo

r = A—d): for the perturbative one; see [217] and [152] for recent work on hierarchically small

for the non-perturbative superpotential and

between the terms in the superpotential (z =

and large Wp). We can then explore the parameter space for regions that allow, simultaneously,

V(¢) > 0 and ey < 1. The results are summarised in Tables 4.6-4.7.

K = nlog(@—i—@), W =Wy + Ae *®
V= WE n(n_ 3)(14+x)%+4nz(1+x)z+4a222
- MF2>1 n2n¢n
_ (n(14x)+2x2)%(n(n 3)(1+x)+4xz(n 1+2))3?
v = n(n(n_3)(1+z)2+4nz(1+z)z+42222)2
Parameters V1 ey 1 V>0 ey<1
W2 42,2 422
.1 z 1 M—El;ﬂxTin >20 =—>1 No-go
W5 (n 3)x
z 1 ]\;[—1(231 S g n 1 No-go
W, Ax2 52 422
1 zz 1 M—Elnfn;n >0 = >212 No-go
W5 (n 3) (n(n 3)+4xz?)
A o ap ! No-go
K= nlog(®@+®), W =W+ AP
_ WE (n(z+1) 2pz)? 3n(z4+1)?
V - Milgl n2n¢n
_ (n(+2) 2pz)*(n(n_3)+n(n_3)z 4dpz(n_p))?
v = n(4p2z24+n2(1+2)2 n(l+z)(3(1+=x)+4px))?
Parameters vV ey 1 V>0 ey <1
W2 22((n_2p) 3n) (n_2p)?
v 1 ME e T No-go
Wg (n_3)
x 1 M—gl Qn%n n No-go

Table 4.6: Summary of interesting parameter space for string inspired supergravity models of runaway
quintessence with a bulk like or fibre like modulus. The parameters z, y, z are defined and discussed in and
around eq. (4.159). Note that when W, = 0, one should take the limit Wyz? ¥ Ae 9 or Wya? ¥ Ag¢P
respectively. In actual string compactifications, one usually requires z = a¢ > 1, to be able to neglect
higher order non-perturbative terms.

This analysis shows that non-perturbative runaway potentials for bulk-like and fibre-like moduli
with K =

malised saxion, are too steep to source slow-roll quintessence along their tails. Although one

nln(fb + ‘i), which contain exponentials of exponentials in the canonically nor-

might have expected that a bulk-like modulus with a perturbative runaway W (®) = A®P could
lead to an exponential-like quintessence model for the canonically normalised saxion, we find
that it is impossible to satisfy simultaneously ey < 1 and V(¢) > 0 (Table 4.6). The same is

H)2n idi2n
true for a local modulus with K = kg + % or K = kg + % with a non-perturbative
runaway, which despite having an exponential potential can never realise slow-roll quintessence

(Tables 4.7 and 4.8). However, if a local modulus develops a perturbative runaway, it can source
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slow-roll quintessence within supergravity in very special cases, where the leading power in the
superpotential, p, is equal to the leading power in the Kéhler potential, n. As we explicitly
checked, the conifold deformation modulus does not satisfy this relation (p = 1,n = 1/3). It

would therefore be very interesting to find concrete string theory realisations of this scenario.

Different approaches to realise quintessence in string theory, including generalisations to multi-
field models, seem to point in the same direction — just as with de Sitter vacua, one seems
to be pushed towards the boundaries of control and require a large degree of fine-tuning (e.g.
[120, 130-132, 204, 205, 207, 218-224]; see [121] for a review). This is in line with the swampland
de Sitter conjecture [125, 126] which constrains the behaviour of any scalar potential arising from
a consistent UV completion and translates into a lower bound on the slow-roll parameter ey
(making quintessence difficult to achieve, at least in the slow-roll regime). The conjecture has
since motivated both scenarios that embrace its consequences (combined with other conjectures,
such as the distance conjecture) and explore the resulting phenomenology — e.g. the Dark
Dimension proposal [225-230] — and those that try to evade these constraints altogether —
e.g. expanding bubble braneworlds on non-SUSY AdS vacua [231-237], or coherent states over
a supersymmetric Minkowski vacuum [238, 239]. At the moment, it is probably fair to say that
more work is needed in order to obtain a fully under control scenario of accelerated expansion

within string theory (see [121, 240] for reviews).
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K=k +3"  W=Wy+Ae @
2 o P
V= ngl 81:;? M2(1+2)%(y 3y 2nz(l+2)yz + 222?)
_ (n(42)y 2)’(n*(1+2)(y 2y+na(l 2y)z+(z D=zz)*
v = n2y(n2(1+z)2(y 3)y 2nz(l+x)yz+x222)2
Parameters {78 | ey Y V>0 e/y<1
WG ko o22 2 (n_142)% 22232 .
. 1 Z Y Ml__z,1 n? (y 3n ) n2(§ 3n2) ¥ (y) No g0
2
z oy XZEI %xQ (Bn+22)<0 %’ No-go
WS eko 1 (x2)? 2 (n_1+42)* (z2)? (2232 No-
. 1 Tz Yy Ml%l n? ( Yy 3n ) n2(3n2 (IZ)Q 2 Y ( Yy ) 0-80
2
xz oy J\V}I%l % (B3n+2z22) <0 oog (% 2n2)2 No-go
K=ko+ 37 W =W, + AP
2 ko+
V= 3o (pr+n(l+2)y)?  3n°(1+2)%)
e, — PP 43n7pr(lta)(y Dyt+n®(i4e)’(y 2)y*+np’s(y+z(3y 1))?
V= n2y(p?z?+2npr(l+z)y+n?(1+2)2(y 3)y)?
Parameters vV ey ¥ V>0 ey<1
W§ ko p2 o? (p )1
& r 1 Mglef)%%>0 3 §>1 No-go
W3 p2efo (2 on? (n_p)®  2?(zy2 .
. ) T Yy M2, n? (y 3;02) n2(% 3§)2y(y) >1 No-go
2k
Ty SVK/?%&I <0 %y <1 No-go
Parameters V1 ey 1 V>0 ey<l
. WG ko 2 2
z 1 M—gleo%>0 (14+zy)Q <1 Yes
2
x? Y 1‘31/(2] ekox—; >0 i—g <1 Yes
p=n|lz 1 = .
3w 2eko 2
22y Jv?gi <0 4gy(l + %) <1 No-go

Table 4.7: Summary of interesting parameter space for string inspired supergravity models of runaway
quintessence with a deformation like modulus. The parameters z,y, z are defined and discussed in and
around eq. (4.159). Note that when Wy = 0, one should take the limit Woz?2 ¥ Ae *® or Woa? ¥ AgP

respectively. We always assume y 1 for consistency. In actual string compactifications, one also usually

requires z = a¢ > 1, to be able to neglect higher order non-perturbative terms.
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521
K=ko+ &5 W =W + Ae o®
W2 ekoty
V= am oy (L +2)%(y 3)y+20222 +n(l+2)y(3 23 42)))
€ — 2205 (142)%(y 2)y? 22%(z 1)22 3n2(14+2)y( 2zz4y( 1422z 1)))4nzz( 2zz4y( 54+2z+z( 5462))))2
V= n(2n 1)y(2n2(1+x)2(y 3)y+22222 n(l4+z)y( 3+z(4z 3)))2
Parameters 178 | ey X V>0 ey <1
W02 2¢k0 2(2% 3n(2n 1) 2(n 1+z) 22 2\2 No-
" 1 Z Y M2 n(2n 1) ( y 2 ) n(2n 1)(% 377.(2;1 1))2 y (y) 0-g0
3Wieko 2n(4n_ 3)*
z oy jES 22 <0 %y <1 No-go
W3 2¢ko (z2)? 3n(2n 1) 2(n 142)? (z2)> xz\2 ~
. ) Tz Yy ME n(2n 1)( y 2 ) n(2n 1)(<z;)2 an(zn 1))2 y (y) No-go
3W2eko 2 (If,z n(4n  3))>
xz oy 1\/?151 <0 o TRV No-go
K=k + @27 W =W, + AP
w2 ekoty
V=1 71,(27(; 1y (20°2° + dnpa (1 + @)y + n(1 +2)*(3 + 2n(y  3))y)
e = 2020722420 (142)* (y_2)y*+3n° (14+2)y(2pe(y D +(1+2)y) +npr(3(1+a)y+2p(y+a(3y 1))
v n(2n 1)y(2pz?+dnpz(l+z)y+n(l+z)2(3+2n(y 3))y)?
Parameters |78 | ey 1 V>0 ey <1
Wg 2pZeko 2 2(n p)? 1
P &n z 1 véln(‘;n 1)y 0 n(2n 1)y >1 NO-gO
WE 2p%eFo g2 3n(2n 1) 2(n p)? 2 /2\2
T Y| e R : S Z(z)2 > No-go
M vt 00y ) | o (2w v G
3w2eko n(4n 3)2
T oy N?; <0 Hy <1 No-go
Parameters 178 | ey 1 V>0 ey <1
W3 ko _2n =z 9,
z 1 M§1€°2n 1y >0 ng)<1 Yes
= 2 w3 ko_2n =z (4n 3>2 2 ]
p " T 1 z Y Mgl ’ 2n 1y >0 2n(2n 1) m% <1 Yes
3w2eko n (4n 3)2 z\2
oy vz, <0 (L)Y No-go

Table 4.8: Summary of interesting parameter space for string inspired supergravity models of runaway

quintessence with a blow-up like modulus.

The parameters x,y,z are defined and discussed in and

around eq. (4.159). Note that when Wy = 0, one should take the limit Woz? ¥ Ae 2 or Woaz? ¥ AP

respectively. We always assume y

requires z = a¢ > 1, to be able to neglect higher order non-perturbative terms.

1 for consistency. In actual string compactifications, one also usually
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The problem is nature, not string theory!
What I mean is that nature (...) seems to
predict that the fundamental length is far

beyond experiment.

Joseph Polchinski

The recent success of the LIGO and Virgo collaboration in directly observing gravitational
waves (GW) from the merger of two black holes [241] kick-started the era of GW astronomy.
Since then several signals were detected, not only originating from black hole mergers [242—
245], but also from black hole-neutron star [246] and binary neutron star [247] mergers, with
associated electromagnetic signals which can be used to extract more information from these
events. In particular, the study of GW signals can be used to test General Relativity (GR) in an
unprecedented way [248-254], constraining deviations from GR and therefore alternative theories
of gravity and quantum gravity completions, such as string theory. With several ground and
space-based experiments, such as the Einstein Telescope (ET) [255] and LISA [256, 257], planned
for the near future, and interest in GW searches at ultra-high frequencies (UHF) in the range
MHz—GHz [258] not covered by these experiments, the gravitational signals of modifications to

GR will have the potential to test any theory (such as a UV completion) in which they arise.

This exciting progress in gravitational wave detection is complemented by a host of other diverse
experiments and observations. From torsion table-top experiments, astronomical tests [259]
and atom interferometry [260], to the Event Horizon telescope [261, 262] and collider searches
[263], GR is being tested in all possible regimes, with strong and weak field tests. One should
ultimately combine all these results, looking for how they match, differ or complement each
other, in order to know what kind of deviations of GR are still possible and which are excluded
[264]. A useful way to combine some of these tests is by choosing a common parameterisation,
e.g. expressing the results in terms of a correction to the Newtonian potential [263] — in that way
one can compare a specific string theory compactification setup with several experimental and

observational results by looking at such corrections in the form of a single Yukawa interaction.
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Has we have seen in the previous chapters, one of the main features of string theory is the
presence of extra dimensions that need to be made compatible with all available observations
— in particular, a typical step in a string theory construction is to hide the extra dimensions
which have so far never been observed. As reviewed in chapter 3, one usually considers the
compactification of the extra dimensions onto an internal compact space, which results in a
4d EFT in which each higher-dimensional field gives rise to an infinite KK tower of massive
modes’ (cf. Fig. 3.1), whose UV cutoff is the mass of the lightest KK state (or lower if lighter
moduli have been integrated out, cf. Fig. 4.1). Since in string theory gravity is described by
the ten-dimensional graviton, the KK towers include a tower of massive graviton KK modes
which might have direct effects on gravitational waves and other gravitational effects [265-272].
These massive graviton states are usually integrated out as their masses are much higher than
the energy scale of interest, such that the low-energy 4d theory gives simply GR. However, for
high enough energies, i.e. for energies close to the masses of these states, the first KK modes will
start contributing with corrections to the effective theory and, in particular, with corrections to

the Newtonian potential?.

On the other hand, within string theory, our Universe could be confined to a (341)-dimensional
brane (or stack of branes), since the states giving rise to the Standard Model can come from open
strings which end on different types of branes (cf. chapter 2) — these states are then confined
to live on the brane and cannot directly probe the extra dimensions. The brane itself could
be located at the tip of a warped throat in the internal compact space — the warped throat
allows the natural high scale of the higher-dimensional theory, typically the string scale, to be
suppressed on the brane, helping to bridge the gap between the UV scales considered in string
theory and the observed IR scales of the 4d theory — this was precisely what motivated the GKP
solution of section 3.6. Chapter 4 was all about applying these warped throat constructions in
the search for de Sitter solutions — in proposals such as KKLT [75] and LVS [76, 77], strong
warping is invoked in order to suppress the naturally high scale of an D3-brane responsible for
uplifting an AdS minimum into dS. Moreover, the Klebanov-Strassler (KS) solution [86] gives
an explicit construction of such a background using a warped deformed conifold (cf. section 3.5)
— this is a non-compact solution, but one usually considers smoothly gluing a finite portion of

this solution to a compact Calabi-Yau 3-fold CYg, such that the internal space is compact.

With this in mind, in [273] we started exploring the following question: how does the strong

warping in these string compactifications affect the gravitational signatures of extra dimensions?

'Recall that the existence of such a discrete tower of states relies on the compactness of the internal space
— if the extra dimensions are not compact, the spectrum will be a continuum of states (e.g. the spectrum of
[58] is continuous whereas the very similar setup in [57] gives a discrete spectrum because the extra dimension
is now compact). This has a direct impact on the form of the corrections to the Newtonian potential that arise
from these extra-dimensional models, which will take a Yukawa-type form for compact cases such as [57] but a
power-law form for non-compact cases such as [58].

2In principle, light moduli and higher string modes could also contribute with corrections to the Newtonian
potential. We will show below that the higher string modes are typically heavier than the KK modes for our
constructions, and so present subleading corrections. We will further assume no light moduli; alternatively their
contributions could also be worked out in concrete constructions (e.g. taking into account the deformation modulus
or volume modulus).
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By considering a flux compactification of Type IIB supergravity in the presence of a warped
throat, we studied its effects on the gravitational sector of the 4d EFT. Although this work was
motivated by the prospects of GW astronomy, our main focus in [273] were the corrections to the
Newtonian potential which can be compared to observations across diverse scales [263] — while
the ingredients entering this analysis are also required for the prediction of GW signals in these
models, this provides a simpler but important comparison between this setup and observational
data.

The effects of extra dimensions in gravitational wave signals were also studied in [269], where the
dimensional reduction of a D-dimensional gravitational theory down to 4d was performed, with
warping taken into account. The effects of the warping were further explored in [270, 271] in the
context of warped toroidal backgrounds. Here we will focus specifically on Type IIB supergravity
and dimensionally reduce the 10d action down to 4d by considering the warped background to
be described by a compact CY3 with a warped throat described by the KS solution. The effects
of this warped geometry on the tower of KK states were previously considered in [274] (see
also [275]), where the mass spectrum of graviton KK modes was obtained. We reproduce the
results found in [274], paying careful attention to the normalisation of the graviton KK mode
wavefunctions which provide the couplings to other modes in the theory. The importance of
this normalisation was already emphasised in [276], where it was noted that higher KK modes
have stronger couplings when considering a KS warped throat rather than the Randall-Sundrum

model (RSI) [57], the latter giving a good approximation only away from the tip of the throat.

We will consider a braneworld model within this warped Type IIB setup and study the cor-
rections to the Newtonian potential between masses living on the brane due to the presence of
the KK tower (this was done in the context of RSI in [277, 278]). We obtain direct relations
between the phenomenological parameters characterising a Yukawa-type correction to the New-
tonian potential and the parameters defining the string compactification. By combining this
with consistency conditions on the compactification, we identify the exclusion region in the pa-
rameter space for a Yukawa-type correction to the Newtonian potential arising from a Type I1B
brane model in which the Standard Model hierarchy is achieved by placing the brane somewhere
along a KS warped throat. We will end the chapter with some implications of warped throats
for gravitational wave experiments, identifying points in the parameter space of the KS solution

which bring gravitational wave frequencies down to observable scales.

5.1 Dimensional reduction of Gravitational Waves

We have already encountered the equation describing 10-dimensional GWs (3.54), when we

studied the equation of motion for the 10d graviton of Type IIB supergravity in section 3.3.
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This wave equation can be conveniently rewritten as [273]

_ _ 1, -
210han + 2Ry, "y Chpg = 2T + 2hpu Ty ¥ + Z(GPQng)GMN : (5.1)
in terms of .
TuN SGMN (5.2)

such that the energy-momentum tensor is given by Thny = 2Ty v + GyvL, with L being the
Type IIB Lagrangian that couples to the metric (i.e. not including the Chern-Simons topological
term), which gives

20 2

1 - -
Tun = 5(0n®)(On®) + 67(3MCO)(3N00) + 934, (F5)mpqrs(Fs)y O

* gf (eq)(ﬁi”)MPQ(FB»)NPQ +e <I)(Iifa)MPc;)(Hs)NPQ) , (5.3)

whose linear order perturbation in Ay is

TJ\(411)V = (%s <€¢’(F3)MRS(F3)NRP +e q)(HB)MRS(H3)NRP>

2 ~ ~ —_
+ %(F5)MSIJR(F5)NP1JR> GFhsq . (5.4)

Although in 10d the fluctuation hpsny described by these equations is indeed a GW, it does not
look like one from the point of view of our 4d EFT — at low energies, when a 4-dimensional
theory is a good description of the physical phenomena, only the h,, components correspond
to GWs; the others will instead manifest as vectors or scalars (some of these scalar degrees
of freedom were precisely the geometric moduli that we encountered in the previous sections).
Using the background metric (3.127)? we can rewrite the wave equation (5.1) in terms of 4d and
6d operators, as equations for the different components h,,, h,n and hp,,. It is also important
to recall that each of these 10d degrees of freedom gives rise to an infinite tower of KK modes,
including the spin-2 fields h,,, that do describe 4d GWs. We will come back to this point in the

next section.

On the other hand, the requirement that the 4d spacetime in (3.127) is maximally symmetric

implies that the background solutions for Hs, F5 and F5 take the form

1

H3 _ gHmnp dym N dyn N dyp , (55)
1

F3 = ganp dym n dyn n dyp ) (5'6)
1 p— v g

Fs = 5(14—*10) gs da ™ dzt N da” N da? N da? (5.7)

3In this chapter we slightly change notation in order to match the one used in [273], and will use ¢ = hvi?/3.
Since we are working on a background solution, we will also set the 4d Weyl rescaling e2*(®) = 1 in accordance
with our conventions (cf. Appendix A.2).
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where we also use the self-duality condition that must be imposed on F5 (2.73). Since we
are interested in the type B solutions of Type IIB flux compactifications that preserve N = 1
supersymmetry (cf. section 3.4), the function a = a(y) in the F5 background is related to the

warping, gso = H ! (3.121). We can write these background fields in component form as

(H3)munp = 031080 p Hinnp (5.8)
m smw oP—
(FS)MPQRS = 6M5P5225?{5,5‘ 94(8ma)67rnpo
Pap
OO R (Om)emnpo ™ - (5.10)

Similarly, the background values of 03y ®, 0y Cy are only non-zero for internal components. We

can therefore compute the different components of Tysn (5.3) and T ]\(/[1])\7 (5.4),

T _ gs 2
Tw= W(OH) Juv s (5.11)
Tun =0, (5.12)
Tom = 2 (8 @)(a¢)+£(a Co)(0nCo) + L6 ®(Hy) g (Hz), P
mn — 2 m 0 2 m<“0 n“0 4CH6 3)mpq 3/n
Js &7 = gz
B (B (F3)," 15 (0nH) (O H) (5.13)
1 1 o
Tu(l}) = W@H)Q(hw h? \Gpu) mfg Pg"1(Op H)(Og H ) hipn 99y » (5.14)
1 m
TY = Tz ggoya umd" (O H) (O H) (5.15)
9s rs rs 1
T8 = saag© THun  Hurp + € F " Fup)gPhag o h? (O H)(OuH), - (5.16)

where (0H)?  ¢P4(9,H)(d,H ), from which follows the trace

2 2
1 9 g
GPQTIgQ) = arm W, (OH)? g d 9" (OpH) Oy H ) o
=L (e P Hpy  H™ 4 e Frpps ™) g*Ph, (5.17)
22 2 mrs mrs g pPq - '

When decomposing the wave equation (5.1) into the three equations describing the 4d dynamics
of the tensor, vector and scalar modes, we are only taking into account fluctuations of hpsn,
whereas all other field fluctuations are set to zero for simplicity. One should ultimately check that

this is consistent — e.g. because the fields are heavier than the first KK modes of the graviton
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— or take into account such fluctuations. Under this assumption, the equations become

Amh huw Ay H gPiv (,h,y, 0, H
. 1/2 My M ac (u"v)pYq
s B 2aby Tt s 2Head™ B 2c1/2H3/2 (5.18)
9P 0phyu Oy H 1 2 h’, 2
cl/2 fF3/2 4¢l/2 F5/2 (0H) hl“’ 8cl/2 H5/2 hW(aH)
gpqgrs 1
+ Gy (hm(H O H  9,HOH) + tharHasH)
862?—;5/2 gltl/(e ‘I)HmrsHmTq + e<I>FstFmrq)gsphpq = Oa
Anmh Pahy W pOn H 1
) 1/2 Mn G up ¥ pOn 2
s HY 22400 + A/2[1/2 901/2 [13/2 /2 [5/2 (OH) hyun (5.19)
9P 0 H 1y gPOH W yjhyp
sz gl 9% ¥ phyoOnH + L2 [73)2
1 pap,  (0) gs OH)2h 9s hym g™ (0O, 0, =
armd et gz o O e 5 7 pra g™ OpH)OnH) =0,
Amh hynAMH — 2¢"%hy,RP
. 1/2 M/ tmn mns=M g pril mns
mn: H" 24l + AZH12  9.1/2[3)2 /212 (5.20)
g7 rpha(man) H g™ rphq(man)H g*1 r(nhm)paqH
H1/2 /2 F3/2 /2 [3/2
P phyn O H N 1 (OH)2h 5GP R (1, Oy H Oy H
cl/2 fF3/2 cl/2 {H5/2 mn 4¢l/2 F5/2
U’ 0 OmHO ! P40, HO,
hrsa Ha H rs T QS TS
1 2 1 mp n
<Whpp(3H) + azgo? Pg"(0pH )(0gH ) hinn
gs (] mr (] mr s 2 =
2¢3/2 F3/2 (€ 7 Hurs H™ + €7 Py s F)g pth>gm" cl/2 1/2 9" g(mTnyp
Js rs rs 1
+ W(C (I)Hm nrp + G(I’Fm Fnrp)gpqhsq Whpp(amH) (8nH) = 0,

where 24 = g"'r,r,, Am = ¢’r,r, and the covariant derivative ¥, (r,) is with respect to
the 4d metric g, (6d metric gpq).

The resulting equations (5.18-5.20) couple Ay, hyun and Ay, which makes it hard to find a
general solution. Since we are most interested in the 4d gravitational modes h,,, we may
consider the simpler case where h,;, = hp, = 0, i.e. a solution for which the vector and scalar
modes vanish.” We also make the field redefinition h,, ¥ H 1/ 2Ry, so that (5.18) describes

4Note that by choosing this simple solution, we are missing some possibly interesting effects, e.g. the breathing
mode identified in [269] will not be present. We should also recall the relation between hmy, and the complex
structure and Kéahler moduli. See also [275] for an analysis of the spin-0 modes on a Klebanov-Strassler back-
ground.
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fluctuations of the 4d (unwarped) metric g,,,. The equations become

Amhy huh’,
01/2H 801/2H5/2

pn: OnH(g” ¥yhue) =0, (5.22)

pv s 24hy, + 2hpag*° R 6 (¢*10,HO,H) =0, (5.21)

1
mn : hpp <H r,.0o,H 0,H0,H -+ ngngpqapﬂﬁqH>

1
+ 5771’0 (OH) g 2(0m H) (00 H)) = 0. (5.23)
Although we set h,, = hpy, = 0, the equations describing these fluctuations must still be

satisfied to ensure that this is indeed a solution. For a non-constant warp factor, which is the
case we want to study, the vector equation implies that g?? ¥ ,h,, vanishes. Tracing the scalar

equation we find

W (HAMH +2(0InH)?) =0, (5.24)

which gives h”, = 0. Therefore, the vector and scalar equations impose conditions on h,,, which

correspond to the 4d transverse-traceless gauge [269],

97 rohus =0, hpp =0. (5.25)
The equation for hy, is then
Anmh
24hp0 + CIT; 2hpag® R’ e = 0. (5.26)

On the other hand, for a 4d spacetime that is maximally symmetric, we have the following

relation A
4
Rp/uza = ?(659;10‘ 5§9uu) ) (527)
where Ay = Ry/4, which gives
R? TRy = % h h? 5.28
wvod ap = 73 ( uw Guu p)? ( . )

and using h”, = 0 the wave equation becomes

Al 2,

=0. (5.29)

This equation describes the 4d tensor components of hpsn, but we should remember that
hyw(x#,y™) is still a function of both external and internal coordinates, which means it prop-
agates in the 10-dimensional spacetime. In the 4d EFT, we must express it in terms of modes
which are only functions of external coordinates h,,, (z*) and therefore only propagate in the 4d
spacetime. More precisely, equation (5.29) corresponds to an infinite tower of 4d spin-2 modes
hf“,(l"“), where k labels each mode in the tower (cf. (3.18)). We should also note that (5.29)
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only describes the propagation of each mode in this tower, but not how it interacts with other
degrees of freedom (including other modes in the same tower) and therefore how gravitational
waves are sourced. It does however tell us the properties of the propagating degrees of freedom
which carry information about how gravitational waves propagate in this warped background
and the way they will couple to sources once these are taken into account. In the next section
we will study these properties, which include the masses of each mode, their wavefunctions in

the extra dimensions and the respective normalisations.

5.2 Warping the graviton tower

5.2.1 KK mode equation

Let us rewrite (5.29) in the following suggestive way
24h/ﬂ’ + OMh;w =0, (5.30)

with Om CIATMH %A4. In the 4d EFT, we must express hy, (z#,y”) in terms of modes which

are only functions of external coordinates hfw(:c“), where k labels each mode in an infinite tower,

and a complete basis ®* of eigenmodes of Op,
Py (2", yP) Zh (") Pr(yP) . (5.31)
The decomposition is such that
Omyu = Om(hy, (2 @r(y")) = hjt, OmPr(y?) = mihl, Pr(y?) (5.32)

where there is an implicit sum in k, following from the eigenvalue equation OpmPx(yP) =

mi®(yP). Since @y, is a scalar,”
1 P pq
AMCI)k = ﬁjap( ag 8q<I>k), (5.33)
and hence the eigenvalue equation can be written as
1 P 1/2 o 2
p=0,(" 99"10,Pk) + ¢ H(mk §A4> O, =0. (5.34)
g
We should remember that the compact space contains two pieces glued together — a warped

throat described by the Klebanov-Strassler solution and a compact bulk, which is usually chosen

to be a Calabi-Yau whose metric we do not explicitly know. Therefore the 6d metric g,, which

®Notice the difference in the form of the Laplacian An compared to [269, 279], which follows from the different
choice of metric conventions in (3.127).
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Figure 5.1: Warp factor H(7) (in log scale) for different choices of 7.. We can see how the choice of 7,
is directly related to the strength of the warping and the size of the warped throat (defined as the region
with non-trivial warping).

appears in (5.34) will be different inside the throat and in the bulk — it corresponds to the metric
of the warped deformed conifold in the throat region and (usually) to the unknown metric of
a compact CY3 in the bulk. However, we can still solve the equation in the region where the
metric is unkown if ®; = 0 in the CY3 bulk, which for consistency implies that the modes
must vanish at the point where these two regions meet. We will motivate further this boundary

condition below.

Importantly, the question of whether a region is warped, through H(7) (3.128), depends not

only on the solution e 440(") but also on the size of the bulk to which the throat is glued.

4Ap(T) 4Ap(T)

The warping will dominate when e c and be negligible when e ¢, so that

4A0(T)

effectively the warped throat ends at e ¢ (recall the change in notation, ¢ = hVi?/3).

This interplay between e 440(7) and ¢ gives an interesting intermediate regime of weak warping
which was a key point of our discussion in chapter 4 of the new weakly-warped solutions [172].

For concreteness, we can define the gluing point 7. such that e 440(7e)

= ¢, keeping in mind that
the gluing must involve a smooth transition between the warped throat and the bulk around 7.
Therefore 7. can be defined implicitly in terms of the conifold parameters (cf. (3.108))

e 4A0(7e) (O[UQSM)Q 1

c L=>2 c €8/3 I(r.)’ (5:35)

which allows us to rewrite the warp factor as

I(7)

H, (r)=1+ ()

(5.36)

This highlights the fact that the warp factor depends on one parameter only, 7.. Even though
it is implicitly determined by a specific combination of the more familiar parameters through
(5.35), it is a convenient parametrisation since a choice of 7. has a clear physical interpretation.

In Fig. 5.1 we show how the warp-factor H(7) behaves for different choices of 7.
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Figure 5.2: The internal space consists of a 6d compact manifold with a warped region described by
the Klebanov-Strassler solution (i.e. a warped deformed conifold). We split the bulk into two different
pieces: one piece is a generic CY3 and the other takes the metric of an unwarped deformed conifold and
serves as a transition between the warped throat and the CYs (with 7. < 7 < T, where 7 is the radial
coordinate in the deformed conifold metric (3.103)).

However, gluing the warped throat directly onto a compact CY3, would not let us take the
interesting limit where there is no warping and the whole internal space is the CY3 whose
metric we do not know, since the wavefunctions will be identically zero. In order to consider
this regime, we may split the bulk region into two different pieces: one piece is the generic CY3
and the other takes the metric of an unwarped deformed conifold and serves as a transition (with
7. < 7 < T) between the warped throat and the CY3 (see Fig. 5.2). While we still solve the
equation in the CY3 with ®; = 0, we can now have a non-vanishing wavefunction in the piece
of the bulk described by the unwarped deformed conifold. Whereas 7. determines the size of the
warped throat, T determines the portion of the bulk in which the wavefunctions do not vanish®
(more precisely, T' 7. determines the extension of the wavefunction into the bulk). Notice that
a fully warped conifold corresponds to the limit 7. ¥ 7" and an unwarped conifold corresponds,

roughly, to 7. ¥ 0.7

Therefore we will write (5.34) explicitly using the metric (3.103) in terms of the warp factor
H,.(1). We consider splitting the 6d coordinates y™ into a radial coordinate 7 and angular
coordinates 0%, a = 1,...,5 (these are related to the 1-forms g’ in the conifold metric (3.99)).

This will split the Laplacian into two pieces, one for 7 and one along the angular coordinates.

5Note that T is nothing but the cutoff 7o (related to the scale Ap) where the deformed conifold metric was
glued to the compact CY3 in the notation used in chapter 4. Also there, in the context of the new weakly-warped
solutions, this cutoff was not necessarily determined by the warping and could be chosen such that at least part
of the deformed conifold was effectively unwarped.

"Strictly speaking, the unwarped limit corresponds to H(7) = 1 for all 7, whereas when 7. = 0, H(0) = 2. At
7. = 0, the second term in (3.128) becomes of the same order as the first term, marking the boundary between a
warped and an unwarped regime.
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With this in mind, we can decompose the functions ®x(7,0%) as (see [280])
Oi(7,6%) = G(r) *By(r)pr(60%) (5.37)
such that (5.34) becomes a Schrodinger equation for By(7)
BY VgB,=0, (5.38)

with an effective potential given by

) o) i) (G1/2)00
_ 1/2 2 4 ang ¥k
Vet = Grr (c H(mk 3A4> + B, ) + i (5.39)
where we factorise (geon)mn = Kmn(T)Ymn(0) (with no summation) and define
G(r) = 2P = K()? sin(r) (5.40)
T _68/39 Jeon = K(7)?sinh?(7), )
ab 1 P— ab
Ougr K (T)f%aea( 7 (0)Dgr k) » (5.41)

with g.r = % following directly from the metric (3.103), the operator Oapng containing the

angular information of the metric and the sum in a,b implied. Since the contribution from the
angular coordinates is more complicated, we look at modes with® Oungr, = 0 (usually known
as the s-orbital). In this case, we have p(6%) = const. and we can absorb it into the overall
normalisation of the wavefunction. Notice that trying a constant wavefunction (i.e. with no
dependence on the internal coordinates) requires By(7) = G(7)"/2, in which case (5.38) reduces

to
Grr (mi §A4) ~0, (5.42)

from which it follows that mi = %A4. We see that for a flat Minkowski background, i.e. Ay =0,
the constant wavefunction ®g corresponds to a massless 4d graviton, which no longer exists if

A4 6 0.Y In what follows we assume a Minkowski background and set A4 = 0.

Defining also Ey, = é2/3¢Y%my, the effective potential can be written as

. 1/2,\00
HTC(T) E;% 4 (G ) ,
6K(T)2 G1/2

Vet = (5.43)
which we can think of as a family of potentials, each member of which is determined by a choice
of 7. and is only a function of 7 (Fig. 5.3). There is no analytical solution for the corresponding

Schrodinger equations — it can either be solved numerically (Section 5.2.4) or we can consider

8These s-orbital modes will be the lightest ones [280, 281]. The isometries in the KS throat imply that KK
modes carry conserved angular momenta, which can have interesting cosmological consequences as explored in
[281-283]. Although gluing to a compact CY breaks the isometries, as the wavefunctions of the KK modes are
localised at the tip (or even vanish in the bulk), the effects of this isometry breaking should be small [281].

9Interestingly, if we choose a de Sitter background the zero mode mass matches the Higuchi bound [284, 285].
Note that this is consistent with current constraints on the graviton mass [286].
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Figure 5.3: Effective potential Vog corresponding to the first mode for different choices of 7. (left) and
for the first 3 modes when 7. = 9 (right), both with T = 10.

approximations to this potential (Section 5.2.5).

5.2.2 Boundary conditions

In order to obtain the wavefunctions, we must also impose boundary conditions, which we choose

as follows.

1. The wavefunction is finite at 7 = 0, i.e.

lim ¢ 1 =) limB =0:
lip 4(r) < 1 = ligs By(r) = 0;

2. The wavefunctions vanish as they approach the CY3 region, i.e.

®,(T) =0 =) By(T)=0.

As we discussed below (5.34), the boundary condition at 7 = T' is useful if one wants to re-
main agnostic with respect to the geometry of the bulk beyond the conifold. Moreover, it is
a well-motivated approximation thanks to the following arguments. Locally, a vanishing'®>!!
wavefunction in the bulk is certainly a solution to the KK wave equations (5.34) irrespective of
the metric. With limited knowledge of the compact CY region and gluing, we could not exclude
a global obstruction to such a solution. However, the localisation of the KK modes at the tip
of the throat where they minimise their energy & la Randall-Sundrum [57, 58] suggests that the
solution is a good approximation, at least in the warped case. Moreover, it connects to the in-
finite throat limit (7. ¥ 7" ¥ 1), for which the wavefunction must decay towards zero in order

to be normalisable. Note that in the unwarped case an alternative boundary condition would

"Note that a non-vanishing constant wavefunction would not be a solution to equation (5.34) for the massive

modes in the tower.
1 Although other KK modes will be present that are not suppressed in the bulk, we would expect these to be
heavier than the modes considered here [170].
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be 0P, (T) = 0, motivated e.g. by the conifold ending on an O3-plane [280]. We would not
expect the mass spectrum to change qualitatively and the precise predictions could be worked
out easily following the same methods used here. However, we choose to explore the boundary
condition ®(T") = 0 also for the unwarped case as it clearly demonstrates that the localisation
of the wavefunctions in the warped case is a consequence of the warping and not the boundary

conditions.

5.2.3 Normalisation of the wavefunctions

Although the normalisation of the eigenfunctions ®(y) does not affect the propagation of each
mode, it does encode the strength of their gravitational couplings. In order to fix the normalisa-
tion, we canonically normalise the kinetic terms of each mode (even though the kinetic term for
. is a sum of terms involving the different possible index contractions, it is sufficient to look at
one such term; the full kinetic term can be conveniently encoded in the so-called Lichnerowicz
operator [287]),

S=:5 / d%z G Ry

1 _
d4 P— g4 03/2/ d6ypg6 HRy + ...

=5+ 212/d4xpg4{c3/2/ 6, P r,h, ,,r”h*“’} +
K
1
= S+/d4 P 94{2r—phlkwrﬂhk07wf<c3/2/ p g6 H (I)k( )@ko(y)) —I—} . (544)

In the last line, we make the usual field redefinition h,, ¥ & hy,, which gives the standard mass
dimension of 4 for a 10d bosonic field A, (notice that this means dg,, = K hy, = M—Zvlvhw,), and
substitute the decomposition (5.31), with an implicit sum in the indices k and k'. Being the
eigenmodes of the operator Oz, the functions ®;, @ (y?) form an orthogonal basis'? under

the inner product weighted by H
[ E5P% H w00l = s, (5.45)

In order to have canonical kinetic terms for each spin-2 mode in 4d, k¥, we include a normali-

uvo
sation constant in each wavefunction ®; = N(k)q)k, with N, defined as

N(S = 63/2/d6yp96 H j®u(y)i?, (5.46)

120ne can show this by noting that (5.38) is a regular Sturm-Liouville problem, which guarantees (i) real eigen-
values, (ii) a unique (up to normalisation) eigenfunction for each eigenvalue and (iii) normalised eigenfunctions
which form an orthonormal basis under the inner product [ gs H ®x(y)®ro(y). This is equivalent to verifying
that the Hamiltonian for the corresponding Schrodinger equation is hermitian.
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where ®4(y) = G(1) Y2B(7) is the wavefunction obtained by solving (5.38). This gives a

canonically normalised action (at this order in perturbations)
S = / &P 9 { rohy, PR kh"‘ h“”} (5.47)
from which the decoupled equations of motion for each h/]‘jy could be derived,
24hy,  mihy, =0. (5.48)
This is an infinite set of equations describing spin-2 modes of mass my, in 4d. For the zero mode,
o (1) = const, which we can set to one by absorbing the constant in the normalisation Ny,
Dy(7) = Nipy®o(7) = Ny , (5.49)
so that we have
N = 3/2/d6yp96 H="V,. (5.50)
Hence the graviton zero mode wavefunction is simply
Po(7) = P=, (5.51)
constant over the compact dimensions — the graviton zero mode does not localise.

We are interested in the contributions from higher modes with mygo & 0. For these modes we
find

Ny = * / d*yPgs Hjdy(y)}? (5.52)
3/264 sinh2
< / Hg) [ ar B (i (553)
271'
= 3/2¢ 4|\|( )(TC,T), (5.54)

where we used [ [], g’ = 647 and the fact that ®;, = 0 in the CY3, and with 7. given by (5.35).
We also define N(7¢, T) as

T T
N(k)z(TC’T) /0 dT}}ZC;)Q)jBk(T)Fa (5.55)

which only depends on the pair (7., T"), the known functions I(7), G(7) and the wavefunctions

By(7). Note that one can easily take the limits 7. ¥ 0 (unwarped conifold) and 7. ¥ T (fully
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warped conifold). In particular,

Te 7). ) T . - )
N I(ch)/O drKI((T))ZJBk(T)Ju/ dfw, (5.56)

where we split the integral between the warped throat (7 < 7.) and the unwarped portion of
the deformed conifold (7. < 7 < T).

As we mentioned before, the Schrodinger equation (5.38) that determines the masses and wave-
functions of the modes hfw does not admit an exact analytical solution. Therefore one can
either solve it numerically or study some analytical approximations in order to get some in-
sight into the behaviour of the solutions. We will start by presenting some numerical solutions,
which will qualitatively set our expectations for the different limits, and will then give analytical

approximations for the fully warped and unwarped conifold limits.

5.2.4 Numerical solutions

We can solve (5.38) with the effective potential (5.43) and the boundary conditions chosen above,
for different values of (7, 7T’), which may be interpreted as the strength of the warping, given by
T¢, and the proportion of the conifold that is warped, given by 7./T.

In Fig. 5.4 we plot the eigenvalues E}, as a function of the ratio 7e/T for T =10 and k= 1,2,3
(left), and for T = 150 and k = 1 (right). We can see from the left plot that the effect of the
warping only starts influencing the masses once the warped throat dominates over the (unwarped
conifold) bulk 7./T & 1/2, with higher modes starting to feel the effects of warping for smaller
values 7./T. In the right plot we clearly identify the dominant behaviour of the masses in the
different regimes (throat dominated vs bulk dominated) — they are suppressed by the warping

when the throat dominates and by the volume when the bulk dominates.

In Fig. 5.5 we plot the wavefunctions ®(7) prior to normalisation (left) and the normalised
wavefunctions @ (7) (right) for the first three modes (k = 1,2, 3), when 7" = 30 and 7. = 0, 15, 30,
representing the unwarped, partially warped and fully warped regimes, respectively. Without
the warping, 7. = 0, the wavefunctions will spread throughout the internal space, much like
the zero mode, only being forced to go to zero by our choice of boundary conditions. When we
increase the warping by setting 7./7 = 1/2, we see the wavefunction starting to localise near the
tip, but reaching a plateau in the bulk — this is a transition between a warping dominated and
a bulk dominated regime. When the warping completely dominates, the wavefunctions localise
at the tip and quickly decrease as they approach the bulk. This illustrates how the balance
between a strong warping and a large bulk may influence the localisation of the modes, i.e. the
profile of their wavefunctions — this is reflected in the couplings to other modes, as we discuss
in Section 5.3. Finally, we see how the normalisation affects the wavefunctions, with higher

modes having larger amplitudes than lower modes — this will translate into stronger couplings
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Figure 5.4: (Left) Eigenvalues Ey, for the first 3 modes obtained by solving the Schrédinger equation
numerically with Vg (5.43), for fixed T = 10 and different values of 7.; (Right) Eigenvalues E; for the
first excited mode obtained by solving the Schrodinger equation numerically with Vog (5.43), for fixed
T = 150 and different values of 7.

for higher modes, which was also found in [276]. We also see that the wavefunction amplitudes
will be smaller for weaker warping and larger volumes, which can be understood by noting that
in the absence of warping the wavefunctions will spread through a larger region and therefore

have smaller overall amplitudes — this translates into weaker couplings.

5.2.5 Analytical approximation

Now that we have a qualitative expectation of what the solutions should look like in different
regimes, let us study some analytical approximations. In order to find an approximate analytical
solution for the Schrodinger equation (5.38), we split the potential into two pieces, the warped
region when 7 < 7, and the unwarped region when 7 > 7., and approximate each region using
the corresponding dominant term in H. (7) (5.36). The asymptotic behaviours of the functions

appearing in Veg (5.43), as 7 ¥ 1 are given by

I(T) ¥ 3 27/3

K2 | 5T , (5.57)
(G1/2)00 ' 4 16 oy
W = § ?Te (558)

and K(7) ¥ 21/3¢ 7/3. Notice that the subleading term in the second line goes as 7(e 27/3)3,

which is subdominant compared to 7e 27/3 in the first line. In this limit the effective potential
becomes o
1 F 4
1 i g T
T=
Vveff Vasym ¢ A (559)
2 27/3 =
5 22/3Eke +9 Te<17<T

We plot Viasym in Fig. 5.6 together with the exact form of V.g. We can see that this is a good
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Figure 5.5: Plot of ®;(7) (left) and ®(7) (right) with k = 1,2,3, for different values of 7, = 0, 15,30
and fixed T = 30. When 7. = 0 (unwarped case) the wavefunctions spread as much as possible (given
our boundary conditions) through the conifold, being constant for most of values of 7, and when 7. =T
they localise at the tip 7 = 0. Wavefunctions for modes with higher k always have a larger amplitude
than lower modes.

approximation for large 7, as expected, but it behaves rather differently at small 7. This can be
problematic since we are dealing with an eigenvalue problem, which depends crucially on this
behaviour. For small 7, Te ¥ 7, so that (5.59) will approach the positive constant 4/9 as
7 ¥ (. If instead we have only the exponential behaviour, the negative contribution at small 7
remains, which means we can better approximate this regime (Fig. 5.6). For larger 7, however,
this makes the approximation less accurate. We can modify this approximation by including a

couple of free parameters, as suggested in [280], to obtain a Vipprox that looks more like Vog at
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Figure 5.6: Effective potential Vog (5.43) for the first excited mode, obtained numerically for 7, =
15,T = 25, together with Vsym (5.59) and Vapprox (5.60) for the best fit values (a,v) = (1.96,2.45). We
see that for small 7, Visyn, this behaves rather differently from Veg. Using Vipprox (5.60) we can better
approximate this regime. Notice that a better fit could be achieved by introducing further terms, but
this would not allow for an analytical solution, which is the main goal of this approximation.

small 7. Using the notation in [280], we write the potential as

e %2%4-4 9, T<T

Vapprox 2r
( Aes +4)/9, Te<1<T

— 4 F 1/2 o _ (1+2)%
where \y = aEy/I(7.)"/*, with free parameters a and v, and Ao = A\je )73 such that Vipprox

is continuous at 7. (in the absence of the throat region, we would have \y = %Ek, which is what

we use in the limit 7. ¥ 0). These free parameters should be thought of as a compensation for
changing the asymptotic (7 ¥ 1) form of the potential. They should be chosen by comparing
the analytical solution obtained with Vypprox (5.60) with the numerical result obtained with Vg
(5.43).

The wavefunction will have a profile @lgl)(T) inside the throat (7 < 7.), a profile <I>§€2) in the

unwarped piece of the conifold (7. < 7 < T'), and will vanish <I>,(€3) (1) =0 in the CY3 (7 > T).

We therefore choose the following boundary conditions

1. The wavefunction is finite at 7 = 0, i.e.

. 1 . 1
l1£%<1>§c)(7')< 1= lliI(l)B]E:)(T): ;

2. The wavefunctions match at 7 = 7, i.e.

oW (r) =0 (r.) and 0,9 (r.) = 0,0 (7.);
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3. The wavefunctions vanish as they approach the CY3 region, i.e. <I>§€2)(T) =0.

The Schrodinger equation in the warped region is

2 4
(BO)" 4 {916 4r /30 9] BY =0,

whose solution is a linear combination of Bessel functions
1) VA1 27/3v VAL 27/3v
B/ (1) =C1J, — € + D1Y, — € , 0 T 7,

and the Schrodinger equation in the unwarped region is

A3 4
(B’(f))oo‘i‘ |:92627'/3 9:| B](f) — 07

with solution
B (1) = Cyy (AzeT/P’) + DY,y (AgeT/g) Cor.<T T,

(5.61)

(5.62)

(5.63)

(5.64)

where C 2, D12 are integration constants that are fixed using the boundary conditions 1-3 as

follows

1. The wavefunction is finite at 7 = 0 (hence we use B (7)),

v, <”2A1) + DY, <”2A1) -0 Dy = i”gigcl
with x1 = ”T)‘l
2. The wavefunctions match at 7 = 7.. The first condition <I>,(€1) (1e) = <I>,(€2) (Te)
Bl(;)(Tc) = B,S?) (1e) (cf. (5.37) with trivial angular dependence), which gives
C1dy(z2) + D1Yy (w2) = CaJa(x2) + D2Ya(22),
with z9 = VT’\le 27¢/3v The second condition 87-@’(;)(7'0) = 8T<1>,(€2) (1c), after using
8,2 (r) = ;Cé;((:)) oW (r)+G(r) V?0,BO(r), i=1,2,

(5.65)

=)

(5.66)

(5.67)

and (I)](;)(Tc) = (D,(f) (7e), implies 8, BY (1.) = 8, B (7.). Moreover, we can use the relation

«
Zfa) = 2 Za@)  Zana(a),
for a Bessel function Z,(z), to rewrite 8, B (1.) = 8, B (7,) as

)\1f01JV+1(1I2) + D1JV+1(:c2)g = /\QfCQJ3(.T2) + D2Y3(:E2)g.

(5.68)

(5.69)
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3. The wavefunctions vanish at 7 =T, i.e. CIDI(f) (T') = 0, which implies

JQ(.CCg)

CQJQ(/\QeT/S) + DQYQ()\Q@T/3) =0 :) Dy = Cy, (5.70)
Ya(3)
with x3 = )\2€T/3.
Putting all these together, we find
Jy(wl)
Dy = 71
1 Yy(.%'l)Cl (5.71)
Yo(z3) Ju(x2)Yo(z1)  Ju(x1)Y,(x2)
Cy = C1, 5.72
2= Y, (1) Jalea)Yalws)  Jalas)Ya(za) ! (5.72)
Jo(x3) Yo(z3) Ju(x2)Y(21)  Ju(x1)Y,(22)
Dy = cy, 5.73
2 Yo(23) Yy (1) Jo(w9)Ya(x3) Jo(ws)Ya(wa) ' (5.73)
as well as the quantisation condition (cf. [280])
J(1+2) J2(22)Ya(zs)  Ja(zs)Ya(za) _ Jo(w3)Ys(wa) Js(wa)Va(zs) (5.74)

Ju(22)Yy (1)  Ju(w1)Yo(z2)  Jut1(x2)Ye(w1)  Ju(w1)Yiy1(z2)

Notice that this is an equation for A\ = aBy, depending on the choices of 7. and T. Once more,
this cannot be solved analytically. Instead, we can look at the different limits 7. ¥ T (fully

warped conifold) and 7, ¥ 0 (unwarped conifold) for which there are analytical solutions.

Fully warped conifold (7. ¥ T)

Let us start by exploring the limit 7. ¥ 7T'. This corresponds to a fully warped deformed conifold,
so that the whole region where the wavefunctions are not forced to vanish is significantly warped.
In practice, one should think of this as the limiting case of a warped throat that dominates over
the bulk contribution (cf. Fig. 5.4).

In this limit 2o ¥ w3, so that Jo(z2)Ya(x3) Jo(x3)Ya(x2) ¥ 0 which, together with the Bessel
function property Jo(z3)Ys(zs) Js(x3)Ya(xs) = %xz & 0, implies

VA1

Jo(22)Yy (1) Jo(x1)Y(a2) =0 = J, <2> =0, (5.75)

where we assume zo 1. For large z, J,(z) can be approximated by

Ju(z) — o8 <z — —) , (5.76)

whose roots are
z:kw+<u )g. (5.77)
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”T’\l and recalling the definitions of A\; and E},, we have

By = 1(70)1/2{1% + <1/ 1) 1} , (5.78)

Hence, for z =

av 2 ) av

or in terms of the masses my,

g Mgt g2 EAp
= Hyy Py {Wk+<u 2) W}. (5.79)

We can fit to a numerical solution with 7. =T 1 to find the best values of ¢ and v for this
analytical approximation,'® which gives v 2.45 and @  1.96. Notice that the masses (5.79)
are not only suppressed by the warping, as we would expect for a warped throat, but also depend
on the characteristic length scale at the tip of the throat Rgs DW (3.110), setting the
KK scale associated with this tower (cf. (D.16)),

M;
mxx  mi Hy)! 4pg—M . (5.80)

The quantisation condition also implies D1 0, so that in this limit the wavefunction takes the

simpler form

N A
(k) VAL 2r/30
® J, : 5.81
K(7) (sinh(27) 271)Y/3 (2 ¢ ) (5-81)

which peaks near the tip of the throat and quickly decays towards the bulk (Fig. 5.7), in good

agreement with the corresponding regime in our numerical solutions (bottom plots in Fig. 5.5).

Notice that, while the wavefunction profiles constitute a local property of the solution, i.e. the
way hfw is weighted by ®x(y) (5.31) depends on the position in the extra dimensions, the mode
masses only depend on the strength of the warping and are not influenced by the internal space
coordinates. Since the peak near the tip of the throat corresponds to a peak in the coupling
strength of these modes, as we shall see in the next section, we say that the warped throat

localises the fields at the tip and warps down their masses.

Unwarped conifold (7. ¥ 0)

The opposite limit, 7. ¥ 0, corresponds to a fully unwarped conifold. Again, we should think

of this as the limiting case of a warped throat which is dominated by a large bulk (cf. Fig. 5.4).

In this limit o ¥ 7, so that J,(x2)Y,(z1) Ju(z1)Y,(z2) ¥ 0. Together with the Bessel
function property J,41(x1)Y,(z1)  Ju(21)Yoq1(x1) = -2 & (), this implies

T

Jg(xl)}/g(xg) J2($3)Y2($1) ; 0 :) JQ()\QGT/B) = 0, (582)

13The difference between our result and the one in [280] comes from an extra factor of 2!/ in our Ej.
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Figure 5.7: Wavefunctions obtained analytically in the limits 7. ¥ T (5.81) and 7. ¥ 0, with T = 25.
Notice the localisation near the tip in the limit 7. ¥ T and the spreading of the wavefunctions in the
limit 7. ¥ 0.

where we assume z; 1. Using the same approximation for J,(z) (5.76), these roots are given

approximately by
3m

z=kmw+ ik (5.83)
Hence, for z = Age?/? and recalling that in the 7. ¥ 0 limit we have Ay = %Ek, we find
25/6 . 3
e )
k=51 wk + e (5.84)
or in terms of the masses my,
! {mh+ 37r} (5.85)
my = T — .
*7 Reon 4 )

where Reon = Y47 is the physical size of the conifold, with 7 the value of the radial coordinate
r = %62/367/3 at which the conifold meets the CYgs, i.e. at 7 = T. Notice that the masses
are now suppressed by the size of the conifold, R¢on, which is the overall volume of the compact
space felt by these modes (recall that their wavefunctions vanish in the CY3 portion) — this
corresponds to the usual definition of mkg fixed by the characteristic scale of the compact space.
This quantisation condition also implies Dy 0, so that in this limit the wavefunctions take the

form!*

Nk

(7 (sinh(27)

ISTERE ()‘267/3> ‘ (5-86)

In Fig. 5.7 we plot the approximate wavefunctions in the two limits described above. We can
clearly see the localisation near the tip in the limit 7. ¥ T and the spreading of the wavefunctions
in the limit 7. ¥ 0, as one would expect from the physical interpretation of the two regimes.

These should be compared with the wavefunctions obtained numerically (Fig. 5.5).

Now that we have a full description of the tower of spin-2 KK modes, which are the 4d mani-

festation of the extra dimensions, we may study its effects on 4d gravitational interactions. As

1 this limit, it is actually important to keep the Dy term in the wavefunction at small values of 7, otherwise
it will not be regular at 7 = 0.
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we mentioned at the beginning of the chapter, an interesting application is to the prediction of
gravitational wave signals of these warped extra dimensions. We will have more to say about
this in section 5.4. As a starting point, we will study the new interactions mediated by the mas-
sive modes in the KK tower, which contribute at low-energies as corrections to the Newtonian
potential between two masses. This will allow us to introduce and explore several important
features that will also be useful in the study of GWs, and compare quantities derived from this

string compactification with current observational constrains on fifth forces.

5.3 Fifth forces

In Type IIB constructions, the Standard Model degrees of freedom typically arise from open
string states which are confined on some intersection of D-branes. As a consequence, these states
are not allowed to travel in all directions and directly probe the compact space, but will rather
be localised in some specific region. Depending on its position, the coupling between Standard
Model particles and the tower of KK states that we studied in the previous section may be either

suppressed or enhanced. Let us see how this works in practice.

We will consider the corrections to the Newtonian gravitational potential between two point
masses living on a (3+1)-dimensional brane sitting somewhere along the deformed conifold
region of the compact space and compare with experimental and observational constraints. In
Section 5.3.1 we derive the modifications to the Newtonian potential induced by the KK tower
of spin-2 modes, which can be parameterised by a Yukawa-type interaction with a single-massive
field and parameters (o, A). In Section 5.3.2, we relate these phenomenological parameters to
the parameters of the Klebanov-Strassler solution. By fixing the warped-down scale at the
brane to be  TeV scale, and bearing in mind the need for D3-tadpole cancellation (3.85), we
explore the predictions for (a, \) for a range of string parameters and compare with current
constraints. Then, in Sections 5.3.3 and 5.3.4, we restrict to the fully warped and unwarped
cases, respectively, where we can obtain clear theoretical bounds on the (o, A\) parameter space

depending on where the brane lies along the conifold.

5.3.1 Modified Newtonian potential

In order to study the effects of the KK tower of spin-2 modes obtained in Section 5.2, we picture
a braneworld scenario, with the Standard Model fields localised on a (3+1)-dimensional brane
(stack/intersection) at Yprane in the compact space. We want to consider the corrections to
the Newtonian potential between masses living on the brane due to the presence of the infinite
tower of massive KK gravitons. The (Fourier transformed) potential is obtained by looking at
a scattering diagram where two particles interact through the exchange of a virtual graviton, in

the limit where the energy of the graviton goes to zero [288], For this we need both the graviton



5.3. Fifth forces 151

N ’
N / \ ;‘_ e
~ h " , ~ h* s
Vig) = hm ok L = 11111 Dy (1 R
j SN
q?—0 e N qg?—0 4 b
—_— s —
P s (1 N N , s (1 N N

e \ e N

propagator and the interactions with matter on the brane. Using the decomposition (5.31) and
normalising the wavefunctions such that (5.45) is satisfied, each propagator is simply the 4d
propagator for a spin-2 field. Assuming the spacetime is approximatly flat Minkowski, we have
[289]

A4 P(mk)( ) .
(4,my,) 0 _ d’q pwap\d iq (z )
D = d .
s () / @2m)*qg? mi+ ie" ’ (5-87)

where DLV;nB")(a:, 1Y) is the 4d propagator of the k*" mode (with mass mj) and with the polari-

sation tensor

-0 1
P;S:/naﬁ )(Q) = i(nuanuﬁ + NupTlva nuunaﬁ) , (5.88)
(m>0) o 1 1
Pp,yaﬁ (Q) = §(nuanuﬂ + NupMva nuunaﬂ) w(nua‘b/@m + M8 qa + n,quMQa)
1 2 2
+ 6 Nuv + W‘Luqy Nap + EQQQB . (5.89)

We now consider the brane action, which contains the fields living in the world-volume of the

brane at y; and their interactions with the graviton,
(o M
Sbrane = /d4ﬂf g LM) (590)

where g,,,, is the pullback of the metric Gy onto the (3+1)-dimensional brane (cf. (2.92))

IOXM oxN
Ozt Ozv ’

g = GuN (5.91)

for 10d coordinates X and 4d coordinates on the brane £* = z#, which we align with the 4d
coordinates x# of (3.127). Recalling that the brane positions can fluctuate, we have 9,X M —
5?/ +(27a?)9,¢M, with brane fluctuations ¢M (z#) (2.93), which gives for the pulled-back metric

9w = G +2(2ma")Grr(,0,) 0™ + (21" 2Gn 0, 0™ 00" . (5.92)
We may therefore expand p79 in the action'® and express it in terms of Gy,
1
Sbrane = /d4x\/ det G, Ly (1 + (QWQO)GM“anbM + 5(27ra0)2GMN8u¢M8"¢N) . (5.93)

We will neglect the fluctuations of the brane and study the interactions between graviton KK

15We use the known result det(1 + €A) = 1+ eTr(A) + O(()¢?), when ¢ 1.
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modes and matter fields only, so that the action is simply

Shrane = / d*zy/ detG, Ly . (5.94)

When we perturb the bulk metric Gyyxy ¥ Gun + 0Garw, the action becomes

_ 1 — ~
Sbrane = Sbrane 5 / d4$ \/ det Gul/ T“V(;G,uu ) (5.95)

where TW is the energy-momentum tensor with respect to G,,. Using the background metric
(3.127) and the fluctuations in terms of (canonically normalised) perturbations of g,,, with

0Gu =K H /2 by,
- 1
Sbrane = Sbrane 5 d4l‘ V det Guv Z (’{ q)k’(yb Tuyhﬁy7 (596)
k

where T}, is now defined with respect to g,,,,

) 5(y/ det Gl
T 2 et Cubar) i y3/2 — = Ty H (). (5.97)

e det g, dghv

From this action we conclude that the ™ mode couples to matter with a coupling (x ®x(ys))

that depends on the 10d gravitational coupling k = = V4, /Mp) and its wavefunction evaluated at
the position of the brane y,. For the zero mode, with constant wavefunction (5.51), the coupling

is therefore the usual 1/Mp) no matter where in the compact space the brane is located.

Using Sprane, We can also see how the warping affects the energy scales on the braneworld theory.

Taking Ljs to include a single scalar field ¢ with a Higgs-like potential [57],
Sorane = [ d*zy/ det Gy TG (D) (Do) Aigl® )%
= /d4$\/m FH(y) 29" (Dup)’ (Do) MH(w) Vigi®  Hly) V*03)%g
d'zy/ det gy, Tg" (Dvp)  Aigi®  ©*)%g, (5.98)

with the field redefinition ¢ ¥ H (yb)l/ 40, so that the field is canonically normalised. The mass
scales are then warped down as v = H(yp) /499, which again depends on the position of the
brane in the compact space — the biggest hierarchy is achieved by placing the brane at the tip

of the throat (y, = 0) where the warping is maximised.
Putting everything together, the gravitational potential in momentum space is given by
TW’ P( )Taﬂ

praf
jq?

] : (5.99)

" %0

V(‘]) M2 qu)k yb
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where T/ = my 664 and Ty - m258‘55 are the energy-momentum tensors of two point particles

(

of masses m1 and my at rest, so that only Pogéz) is relevant, which in the ¢ ¥ 0 limit simply

gives
1
pm gz "= 5.100
oon(@) 4 2 (5.100)
Inserting this in the potential, we obtain
mlmQVW 1]‘1)0 j(I)k yb
Vig) = — 7 { Z 7 (5.101)
Mp 2 k>0 + mk
or in position space
mim
V(r)=Gn——Vs {J% Wit + 5 Zybk uy)j2e mk} , (5.102)
k>0

where we used MP12 = 871Gy, together with the factor of 47 coming from the Fourier transform,
to write the potential in terms of Newton’s constant GGy. The first term gives the contribution of
the massless graviton, which is independent of the position of the brane due to (5.51) and repro-
duces the Newtonian gravitational potential. The second term contains the contribution from
the tower of massive KK-modes, weighed by their respective wavefunctions and suppressed by

the exponential e """

, which corrects the Newtonian potential and becomes negligible for large
distances and larger KK masses. The range of these new interactions is therefore determined by

the masses of the KK modes.

Using the zero mode wavefunction (5.51) we have

mim 4 . .
V(r)=Gn—— {1+3VWZJ¢k(yb>J2e m} : (5.103)
k>0

Figure 5.8 shows the experimental bounds on deviations from the Newtonian gravitational po-
tential — from laboratory, geophysical, astrophysical and collider constraints'® [263, 292] —
parametrised as V(r) = Gn™72(1 + V) with

5V =ae ", (5.104)

where « is a dimensionless parameter describing the strength of the interaction and A\ has
dimensions of length and is given in meters (m). This parametrisation arises from considering
the correction coming from a Yukawa-type interaction involving a single massive field, which
takes the exponential form above. Since we have an infinite tower of massive scalars, we will
have an infinite sum of such Yukawa terms. We must, however, either keep only the first mode,

which is the dominant contribution due to the exponential suppression for larger masses, or

16See [290, 291] for cosmological constraints from overclosure and the diffuse cosmic gamma ray background,
which however assume Planckian couplings with the KK tower.



154 Chapter 5. Gravitational signatures

o . e e -
F Collider Atom ]

102 4

Astrophysics

1019:— Casimir

100 Cantilever .

Torsion Balance
o1 Geophysics

Lunner

10" I I I I I | I I I 7
10720 1071 10712 10°¢ 107 1 10 108 10"
A(m)

Figure 5.8: Experimental constraints on the parameters o (coupling strength) and A (range) of a
Yukawa-type interaction, with the shaded area indicating the excluded region of parameter space at 95%
confidence level. Figure adapted from [263, 292]. See [263, 292] for details and further references.

rewrite the sum of Yukawa terms in the form of §V given above if we want to compare our

predictions with the experimental constraints.

After exploring the general case, we will consider in detail the fully warped (. ¥ T') and
unwarped (7. ¥ 0) limits, with the brane located at different points in the compact space —
either at the tip (7 = 0) or away from the tip (7 1). In these limits we are able to exclude
large portions of parameter space by taking into account the usual control requirements in string
compactifications: gs < 1, gsM > 1, and well-motivated upper bounds on the flux number M

coming from the flux contribution to the D3-tadpole.

5.3.2 (General case

As discussed in Section 5.2.4, solving numerically the Schrodinger equation (5.38) with the
potential' ™ (5.43) for a given choice of (7., T) we find a set (Ej, Bp(7)) of eigenvalues and

eigenfunctions. We then substitute

D (1) = Ngoy@i(7) (5.105)
N, 2= 2—”3(;3/264N 2(7,T) (5.106)
k) ~ 73 (k) \Ter ) ’
G(r) = (sinh(27) 27)%/3, (5.107)
my, = B,/ (e3¢, (5.108)

17With trivial angular dependence, i.e. s-orbital.
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with N(k)2(7'c,T) as defined in (5.55) and @ (1) = G(1) Y2By(7), into (5.103) to obtain

2 Vi O A
5V = 5 >0 NG (7o, Didu(m)fPe Hmiars. (5.109)

k>0
Defining A(7p, 7., T') and pu(7.,T) such that

N )
A(ry, 7, T)e Mo @ D NGy (7e, T)ir(m)j%e P omar (5.110)
k>0

we can write the parameters (a, A) in (5.104) as

2 Vi

w(7e, T)
a= 5 apatmeT) A= (5.111)

2/3c1/4

It will be useful to replace V;, with the hierarchy between the brane and the bulk, which has a
direct physical interpretation. From (5.98) we know that the hierarchy between the fundamental
scale and the world-volume theory on the brane is given by the warp factor (5.36) evaluated at

the position of the brane,
I(n)
I(1e)

For string theory, the natural scale in the UV is the string scale ms. If My is the scale on the

H: (m) =1+ (5.112)

brane, using (3.129), we can write it in terms of the known Planck scale Mp,

v My M, P v,

. 1/4 _ _
(1) vo ms  Mp  gs

: (5.113)

where Mp; = 2.14 10" GeV. This implies that the hierarchy between the known scales M,
and Mpy,

M, 1/4 oy s
H —2=H MpLs 5.114

depends on the volume and string coupling, as well as the warp factor H; (7). If we choose
M, = 1 TeV, trying to solve the hierarchy problem, the hierarchy takes the value H 10 1°.
Although we will use this as a concrete example in what follows, one could consider more general
cases where either the hierarchy problem is not explained by the warping or the UV scale is not

necessarily the string scale ms. Our analysis can be easily adapted to these cases.
Using this in (5.111), we find

(271‘)2 2A(Tb77—67T) 1 293
=P I B P (5.115)
_ i 27 HTC(Tb)1/4 (7, T)
V6 TG M I(r)V4

Y 1

(5.115b)

The free parameters in (5.115) are six in total (7., 7T, gs, M,H, 7). We should remember that
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M Tb VW m'f&k H(Tb) 1 4mllo<1i£k MKK MK
Ay 75 0196 10 600 3 10 10333
As | 20 ] 15[ 3.0 10% 3 8 10 ¢ 0.253 | 806

Table 5.1: All points A; have 7. = T = 40 (corresponding to the fully warped conifold) and fixed
H =10 ', g, = 0.2. Masses are given in TeV and volumes are in string units. See main text for
discussion.

H is keeping the dependence on Vi, which is fully determined by the choice of (7,7, gs, H)
through (5.114) — one should check that a choice of these parameters is consistent with the
supergravity requirement Vy, 1. Note also that 7, is determined by the deformation modulus
jzj = €%/12, which means we can think of a choice of 7. as representing a choice of jzj (which
in turn depends on the flux parameter K via z ¢ Gt [94, 142, 148, 166, 168, 172]). We
will fix the hierarchy H = 10 '® as explained above and give two examples for the position of
the brane 7, which leaves four free parameters. In principle, the position of the brane should
also be determined dynamically, since it becomes a modulus that experiences a potential due to
several different ingredients [293-295]. In this work we assume that the position can be fixed
to a certain value due to the balance between these ingredients, without addressing the issue

explicitly.

Notice that generically
Vi Vbuik + Veonifold ; (5.116)

so that the value we end up fixing for Vy, includes both contributions. On the other hand, we
are choosing T' independently of V,, which means that in general Vi,  Veonifolq. Due to our
boundary conditions, the scale mgk associated with our graviton KK tower will not feel the
Viulk contribution and thus it will be different from the scale mﬂ‘ﬂk one would find from the
size of the whole compact space (D.15). Moreover, the characteristic size setting this scale will
also depend on the warping regime, as we explicitly saw in the previous section. Therefore, in
the examples below we show both scales for comparison, although only mgk corresponds to a
physical scale in our (albeit restricted) case. We also show the value of a warped down m%ﬂk

(when warping is significant) which can be compared with the actual value mgxk.

In Fig. 5.9 we show a sample of predictions (\;, a;) for different choices of the parameters,
divided in three main groups: the fully warped limit, with 7. = T'; the unwarped conifold limit,
with 7. = 0; and a mid-regime with 7. = T'/2 — in this regime we see the competition between
the throat trying to localise the modes and the bulk trying to spread them evenly throughout
the compact space (see discussion on boundary conditions in Section 5.2). The string coupling
is fixed to gs = 0.2 in all parameter sets. Tables 5.1-5.3 summarize the parameter choices and

the relevant quantities for each set of examples.

The first thing to note is that none of these examples lies within the excluded region of parameter

space, both due to the small couplings and small length scales — this means that none of
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Table 5.2: All points B; have 7. = 0,7 = 30 (corresponding to the unwarped conifold) and fixed

M Th VW mlf&ék MKK Rcon MK
By | 20 o7 50275 | 7.0 103 | 556
By | 75 0123 10 710 0.142 | 1.4 10* | 7585
B3| 201532 10 |6 10 °]0.232|7.0 103 | 558

H =10 ', g, = 0.2. Masses are given in TeV and volumes are in string units. See main text for
discussion.
M| Vyy mk | H(r) V*mbuk | mgk | Reon | MK
Co | 75 0110 10 L1 2 10 2.5 243 | 7442
C3|20]15[23 10 |7 10 ° 6 10 ° 0.104 | 125 | 595

Table 5.3: All points C; have 7. = 15,7 = 30 (corresponding a partially warped conifold) and fixed
H=10 ', g, = 0.2. See main text for discussion.

them can be excluded from this large set of gravitational experiments and observations. The
most likely case to be probed in the near future is the fully warped limit, which is not far
from the collider experiments — these need to go slightly up in energy, but mostly be able to
probe smaller couplings, which requires an increase in the statistics (i.e. higher luminosity).'®
By contrast, the case that seems harder to probe is the unwarped conifold (representing an
unwarped compactification),'” which must have all its scale suppression coming from a large

compactification volume, V.

We can see that in all cases, increasing the flux number M slightly lowers both the masses and
the couplings of the graviton KK modes. It also leads to a larger tadpole charge M K, which is
determined through the choice of (7., gs, M) ¥ ¢jzj*/® ¥ MK from (5.35) and z e %, with
Vy being determined through (5.114) by further fixing (H, 7). In fact, we can put this together
to find

3(gsM?) 2'% T gM

MK log {
o (27)5/6 g;/?’

I(Tc)l/ﬁf(fb)l/IQHIB} : (5.117)

From our previous discussion on the tadpole cancellation condition and how it lead to the Tapole
Conjecture [101, 102, 105, 106], we know that large values of M K may be difficult to accomodate
in these string flux compactifications. If we restrict to O3-planes, all examples in the literature
have a number of O3-planes less than or equal to 64, which gives a tadpole charge contribution®’
JQos3j 32. Note
however that, even staying close to the boundary of control (e.g. gs =05, M =4 =) gsM = 2)

32. With no other ingredients, tadpole cancellation would require MK

180f course, the fact that we are close to the collider energies is not fully surprising, since the hierarchy H plays
a crucial role in determining the masses and roughly matches the current reach of colliders (1 TeV). What is much
less obvious is that the couplings are enhanced by the warping in such a way that brings these predictions closer
to the parameter space reached by the colliders.

9This can be compared with the ADD models [296, 297], with n = 6 large extra dimensions. Note that we
cannot model n = 1,2 ADD models with the conifold.

29There is an extra factor of 2 arising from the Zy action of the orientifold when the fluxes are those of the
un-orientifolded space [168].
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and with very small warping 7. = 1, (5.117) gives MK 47 > 32. Relaxing the hierarchy such
that it connects the string scale with e.g. 103 TeV rather than 1 TeV still gives MK 38 > 32.

If one doubles gsM for better control of the supergravity approximation (e.g. gs = 0.25, M =
16 =) gsM = 4), (5.117) gives MK  360. For the choice of parameters in A; we find
MK 755 as reported in Table 5.1 (in choosing the parameters for the sample points A; we
also require mgg < m}){‘ﬂk and ryy > ls, which is why we actually use different values of g5 and
M giving the same gsM = 4). Just asking for the hierarchy to come (at least partially) from the
warping requires a large tadpole contribution M K, requiring us to take the Tadpole Conjecture

into account when judging the vality of our setup.

We also see that moving the brane away from the tip of the throat has a big effect on the
gravitational corrections. For Ag the effect is more intuitive, being due to the localisation of the
modes, since the couplings depend explicitly on the wavefunction profile (Fig. 5.5). Graviton
KK modes will therefore have much weaker couplings to modes living away from the tip of
the throat. However, (5.115a) tells us that the coupling strength also depends on the warp
factor, with weaker warping giving stronger couplings, which explains why the coupling actually
increases for Cs, rather than decrease — in this mid-regime the wavefunctions reach a constant
plateau rather than quickly decaying towards zero (see Fig. 5.5), so that the biggest effect will

come from the decrease in the warp factor and the coupling increases.

Although the A; have strong warping, one still requires a large volume Vy, to meet the fixed
hierarchy, even if significantly smaller than in the unwarped examples B;. Having lower values
of Vy, would require stronger warping and therefore larger tadpole contributions MK > O(103).
Note also that in C; a big part of the hierarchy is coming from the volume rather than the warp
factor, which is why the volume is much larger than in A; (thereby allowing for smaller tadpoles

MK) and why it does not change a lot from C; to C3 when moving the brane away from the

tip.

In all cases, the scale mgk associated with the graviton tower is around the TeV scale, which
is reflecting our choice of hierarchy. One might expect that this alone would be enough to
make these modes detectable since we are able to access these energies at colliders like the
LHC. However, as is well-known, the energy scale (masses of the modes) alone is not enough to
determine whether new effects are detectable. The way these extra modes couple to Standard
Model particles (which in our setup are confined on the brane) is extremely important — the KK
gravitons might be extremely light and yet couple so weakly to Standard Model particles that
they are still undetectable with current experiments and observations. This makes the details
of the compactification crucial when studying these effects, not only because they determine the
masses of the modes, but also because they will affect the profile of the wavefunctions over the

extra dimensions and consequently the couplings to other states.

When looking for examples to show in Fig. 5.9 we could not find any points within the excluded
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Figure 5.9: A few examples of the corrections §V (5.104) to the Newtonian potential for different choices
of the free parameters in (5.115). The hierarchy is fixed to H = 10 !® and g, = 0.2 in all parameter sets.
All points A; have 7. = T = 40, corresponding to the fully warped conifold limit. All points B; have
7. = 0 and T' = 30, corresponding to the unwarped conifold limit. All points C; have 7. = T/2 = 15,
corresponding to a mid-regime with a warped throat and a piece of the bulk described by an unwarped
conifold. We also choose M = 20 and 75 for i = 1,3 and 7 = 2, respectively, and 7, = 0 and 15 for i = 1,2
and ¢ = 3, respectively. We notice in particular that all predictions are outside the excluded region, with
the couplings being too small to be probed at colliders and the length scales too small to be probed by
large scale experiments. See main text for detailed discussion. Figure adapted from [263, 292], with the
shaded area indicating the excluded region of parameter space at 95% confidence level.

region, despite apparently having a lot of freedom.?! In the next two sections, we will focus
on the fully warped and unwarped limits, through which we can gain further insight into the

allowed region of parameter space.

5.3.3 Fully warped deformed conifold

The fully warped deformed conifold corresponds to the limit 7. ¥ T'. In this limit, the solution
pair (Ek, ®;.) only depends on 7., so that A(m, 7., T) = A(m, 7c) and u(1e, T) = p(7e). In par-
ticular, we know from the analytical approximations (confirmed using the numerical solutions)
that in this limit

A

P 1
By I(r)Y%er,  en="Tk+ (1/ > T (5.118)

av 2 ) av

with v 2.45,a 1.96. Notice that we must always have 7, < 7. since our boundary condition

&1 (T = 7.) = 0 would imply vanishing contributions to a brane at 7, 7., and hence

H; ()

(5.119)

21The conifold background we are considering does not allow for an anisotropic compactification, which would
be required to realise an unwarped ADD model [296, 297] with less than 6 large extra dimensions.



160 Chapter 5. Gravitational signatures

1oF T T T T T T T
~
h S
~. e Ao I(%,)
~
‘\
~
\\
\\
| .\
101 F N E
£ ‘\. |
—_~ \\
) SS
o) ~
NS “\
Z o
~
‘\
~
F S~ 1
1079 . E
r S 1
r N ]
. k|
LNy ]
N 1
SN 3
Se. 1
~ ]
ol ]
r ®
10-597 | 1 1 1 | 1 1 1 | 1 1 1 | L L L | [
0 20 40 60 80 100
Tc

Figure 5.10: Plot of N(Ql)(rc) in the fully warped limit 7. ¥ 7. We see that the normalisations fall with
AQI(TC), with AO 0.3.

Assuming that only the first massive mode has a relevant contribution,?? we find A(7, 7.)
N(Ql)(rc)ji)l(Tb)j2 and p(re)  I(7.)"/?e;, where N(Ql)(rc) ApI(1.) and Ag 0.3 (see Fig. 5.10)
— physically this implies smaller masses for modes living in longer warped throats (i.e. with
stronger warping); as for the couplings, they will depend strongly on 7, (cf. left panel of Fig.
5.7). Notice that taking the leading contribution to be the first KK mode rather than the
massive string states is well-justified as, in this strongly warped limit, we have (5.80)

M

MKK pP——, 5.120
7 (5.120)

that is, the first KK mode is suppressed with respect to the warped string scale by the factor
gsM. Since the supergravity approximation requires gsM 1 and masses appear exponen-
tially in the corrections 6V (5.109), effects from the warped down tower of string states should

be suppressed with respect to leading effects from the first KK mode on which we focus here.
The parameters («, A\) become

(2m)% 2j®1(7)j? g2

s 121
9MP 1(m)1/2 H2 (1212
H 2 e
L 22 ()42 121
)\ 21/6 gsM <Tb) lp (5 b)

For fixed (7, H), the bounds gs < 1 and gsM > 1, required for control of the string loop

22 Although higher modes have larger couplings at the tip, as emphasised in [276], the exponential suppression
from higher masses will dominate, so that the net result is an exponential suppression of the contributions from
higher modes to the gravitational potential compared to the first mode in the tower.
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expansion and supergravity approximation, respectively, translate into direct bounds on («, A),

(27)2 4j1 (1)}
122
H2  I(n)l/2 (5.122a)
A< P onyin) e (5.122b)
51/6 L .
However, there is a stronger bound on « given by the combination
1 40y (m)j? g2 15
axs = 121(7)I” 95 L (5.123)

(2m)* I(1)2 HB8 €S’
which is bounded from above and is a diagonal line with fixed negative slope in Fig. 5.11.

Finally, one can find a lower bound on the combination

o 23210y (n)i? I 1

= = 5.124
H*  I(n,) 3 M?’ ( )

by putting an upper bound on the flux number M. Thinking in terms of the tadpole contribution
MK and since the flux numbers are both positive and no smaller than 1, we have MK <
(MEK)max =) M < (MK)pax. Imposing the bound M < (M K )yax allows us to connect with
the tapole cancellation discussion. Inspired by the examples given below (5.117) we choose three
reference bounds, M < (MK )max = 32,100,1000. Note that all of these will include point A;
in Fig. 5.9 (M = 20), although MK 755 — for a given choice of bound M < (M K )max, all
points with MK < (MK )pax clearly lie within the allowed region M < (MK )pax, even though
there are also points inside that region with MK > (M K )pax, such as Aj.

The allowed regions of parameter space are shown in Fig. 5.11. The points (A4, B, C') correspond
to the specific choice g; = 0.2 and M = 20, for each choice of 7, = 0, 20,40 (note that o and A
in (5.121) are independent of 7., though recall that a combination of 7. and Vy, is fixed by our
choice of hierarchy via (5.114)). Putting the brane away from the tip allows the KK graviton
modes to have lower masses due to stronger warping without affecting the hierarchy between the
bulk and the brane (which we keep fixed), while at the same time suppressing their couplings to
matter on the brane, which depend on their wavefunctions (see Fig. 5.5). This means that we
can move to regions of larger A but at the expense of also moving to lower o« — this gives rise
to the diagonal dashed line in Fig. 5.11, which is an upper bound for the allowed regions which

never crosses the excluded region of parameter space.

The upper right bounds on each region follow from (5.123) and gs; < 1, while the left bounds
follow from (5.121b) and gsM > 1. The lower lines in each triangle represent the lower bound

on (5.124) with M < 32,100, 1000 (with larger values giving weaker bounds, i.e. lower lines).
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Figure 5.11: The shaded triangles correspond to the allowed regions of parameter space for the fully
warped limit 7. ¥ T, for different choices of 7, and fixed H = 10 5. All points (4, B,C) have g, =
0.2, M = 20. The upper right bounds on each region follow from (5.123) and g; < 1, while the left bounds
follow from (5.121b) and gsM > 1. The lower lines in each triangle represent the lower bound on (5.124)
with M < 32,100,1000 (with larger values giving weaker bounds, i.e. lower lines). Figure adapted from
[263, 292], with the shaded area indicating the excluded region of parameter space at 95% confidence
level.



5.3. Fifth forces 163

100 F e

10740 - ~

10760 - ~

10780 | e

T

Figure 5.12: Plot of N (21)(T ) in the unwarped limit 7. ¥ 0. We see that the normalisations fall with T'

as ye T, with y 193 and @ 2. See main text for further discussion.

5.3.4 Unwarped deformed conifold

The unwarped deformed conifold corresponds to the limit 7. ¥ 0. In this limit, the solution pair
(Ej, ®) only depends on T, so that A(m, 7e,T) = A(m, T) and (7., T) = p(T). In particular,

we know from the analytical approximations (confirmed using the numerical solutions) that

. 25/6 37
T/3 _
E, e ek , e = 312 {ﬂ'kﬁ-i- 1 } . (5.125)

Again notice that we must always have 7, < T since our boundary condition ®(7") = 0 would

imply vanishing countributions to a brane at 7, 7. In this limit

H p¥_. (5.126)

The general result (5.115) is expressed in terms of 7., whose (implicit) definition is (5.35).
However, this follows from the condition H(7.) 1 = 1, whereas a fully unwarped conifold
would have H(7) =1 for all 7. This is not possible for the deformed conifold, since the presence
of fluxes necessary to deform the conifold will automatically source some warping, i.e. H(7) 6 1

for any finite 7. Nevertheless, we could still have a deformed conifold for which

0 2
H(r) 1:22/3%1(7) 1 87, (5.127)
C €

which gives H(7) 1 as we would expect from an unwarped compactification. In this case, the

definition of 7. (5.35) is no longer useful — one should instead substitute back in (5.115) the
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parameters of the conifold and remove 7, completely. This gives

1 8A(n,T) g2

= @)t SR HE (5.1282)
H  u(T)
1 _
One can now relate ¢'/4jzj'/3 to the physical size of the conifold,
3/ 1/4; i1/37 \ . T/3
Reon = ﬁ(c / 12) / ls)e / > (5129)
such that the parameters become
1 27A(m,T) op (s 6 g2
31/2 l w(T)
A ="_H < : ) el (5.130b)
25/6 Reon L,

Assuming that only the first massive mode has a relevant contribution (as all other modes
will be exponentially suppressed), we find A(r,, T') N(21)(T)j§>1(7'b)j2 and N(21) xe 2T, with
x 193 (see Fig. 5.12), and u(7.) e T/3e; — we can interpret this physically by noting that
larger conifolds (larger Rcon el/3 =) Veon RS 2T

oon will lead to mode wavefunctions

e
spreading over a larger volume, and since they spread evenly throughout the internal space,
they consequently have a smaller amplitude at each point. This means that modes living on
larger unwarped conifolds have weaker couplings to fields living on the brane. Again, neglecting

contributions from massive string states is well-justified as now

M,

AL (5.131)

MKK

which gives the usual hierarchy between the KK and string scales in the absence of warping,

with the characteristic scale of the compact space given by Reon.

With these simplifications we find

L 27xj@(m)i® (1 \° o2
@en! 8 Reon) HZ’ (5.132a)
31/2 l €1
Al H( J ) (5.132b)
25/6° "\ Reon ) lp

Once again we can put bounds on these parameters by using the consistency conditions that
must be satisfied in our setup. First, we note that the conifold cannot be arbitrarily small,

since the validity of our supergravity approximation requires any region of interest to be at
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Figure 5.13: Allowed regions of parameter space for the unwarped limit 7. ¥ 0, for different choices of
the parameters (7, Rimin/ls) and fixed H = 10 5. See main text for further discussion. Figure adapted
from [263, 292], with the shaded area indicating the excluded region of parameter space at 95% confidence
level.

least bigger that the string size l;. This gives us the absolute minimum value that R.o, could
take, but for better control of the approximations one may actually want to have larger lower
bounds Rumin < Recon, With Runin = Is corresponding to the boundary of control. Each choice
of Rpin directly puts a bound on A. On the other hand, the strongest bound on « comes from

eliminating R.on through the combination

Axj®(m)i® (1, \° 62
6 _ p S
aXs = et (2) b (5.133)

which is bounded from above by g5 < 1.

With these bounds we can plot the allowed region of parameter space over the experimental
and observational constraints (see Fig. 5.13). The points (A, B, C) correspond to the specific
choice g5 = 0.2, M = 20, with Reon = 10 I, for A and B, and Reon = 10* I, for C. Notice that
the upper limit following from (5.133) is only a function of 7, (once the hierarchy H has been
fixed) and in the unwarped limit the wavefunctions are constant for most values of 7 (see Fig.
5.5). Therefore the allowed regions in this case are only functions of Ry, larger values of which
decrease their size within the region with Ry, = ls (bigger triangle). One should remember
that the example points in Fig. 5.9 have ¢'/4jzj/3 fixed by (gs, M, 7. = 0) through (5.35) — for
T = 30 as in Fig. 5.9, this implies Reon 5 103 l;. There is again no overlap between the

theoretically allowed regions of parameter space and the experimentally excluded regions.
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5.4 4d Gravitational Waves

All the available and planned GW experiments give us the opportunity to probe regimes of
strong gravity, which could potentially give interesting constraints to explicit models [265, 266,
268, 269, 272]. Although [273] did not include a careful study of GW signatures, we do work
out how a warped throat affects the scales involved in GW detection. In particular, we identify
points in the Klebanov-Strassler parameter space where the hierarchy problem is solved by
warping and the gravitational wave frequencies corresponding to the graviton KK tower reach
LISA, LIGO-Virgo/ET and UHF windows.

From (5.48) we obtain a wave equation for each mode k& in an infinite tower, whose frequency is
given by??

wiy = mj, + i (5.135)

where pj, is the momentum of the wave. When an event (e.g. a black hole merger) generates
gravitational waves it does so by exciting hy, (#,y”), which is decomposed into an infinite tower
of modes in the 4d EFT (5.31), all of which are excited. For the zero mode we have my = 0, h?“,
corresponds to the massless graviton and the gravitational wave will have a frequency associated

to the source event. Higher modes h?~" belong to the tower of massive spin-2 states, which have

my > 0. If my  jpkj, the frequency of the wave is given by the mass of the respective mode,
W Mg . (5.136)

When these frequencies are much higher than the frequency range covered by GW experiments,
we can only probe the zero mode, while the massive tower remains out of reach together with
the extra dimensions that it encodes. If on the other hand the masses of the KK modes are low
enough to give frequencies covered by current or future experiments, then one might hope to
detect a characteristic signature of the extra dimensions — a tower of signals whose frequencies
are separated by a constant gap Aw = m;  mggk. For reference, we give in Table 5.4 the

frequency ranges and corresponding myy for some current and future GW detectors.**

We focus on the fully warped case studied in Section 5.3.3. Since my = A 1, (5.115) is fixed by
choosing a value for my that could potentially be detected by one of these GW experiments. In

23This follows from
(e (pr) = mi =D Ep+ipd® = mi, (5.134)
and by noting that for a wave Ey = ~wy (with ~=1 and ¢ =1 in all equations).
24We obtain fow by reintroducing factors of ¢ and ~, which were set to 1,

mKK02

fow = , (5.137)

27~

where mkk must be in (kg) such that the result is expressed in (Hz).
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fGW (HZ) MKK (eV)
LISA 10% 100|103 10 7
LIGO-Virgo/ET | 10! 10* |10 26 10 23
UHF 10 102 |10 2t 10 '8

Table 5.4: Frequency range of different gravitational wave experiments and the associated mass ranges
for the case in which the wave corresponds to the excitation of a massive spin-2 mode of mass mkxk.

fow (Hz) | mgx (eV) | 7 T, 21/3 rov | Vin | MK

LISA 109 10 27 195 [ 239 | 1.51 10 %7 | 1.70 | 290 | 3259
LIGO-Virgo/ET 10% 10 % 168 | 211 | 1.51 10 43 | 1.64 | 240 | 2906
UHF 109 10 18 133 [ 176 | 1.51 10 38 | 1.57 | 183 | 2464

Table 5.5: Explicit examples of parameters and scales associated with GW signals covered by LISA,
LIGO-Virgo/ET and UHF. We fix H = 10 '® and V,, = 10 in all cases. Lengths and volumes are given
in string units.

this limit my, is given by (5.121b) and we can fix the ratio

MKK I(Tb)1/4 27 e
_ p el 5.138
H 21/6 gsM 1’ ( )

by fixing both mkxxk  mi1 and H, and choosing the values of the parameters g; and M. In
what follows we choose g; = 0.2 and M = 20 as before. This determines the position of the
brane 7,. One can then use (5.114) to determine jzj/Vy, which emphasises the fact that only
a combination of these parameters is fixed by our choices. To have a concrete example, we fix
the volume to Vi 10, which uniquely fixes jzj and therefore M K. In Table 5.5 we give
three examples by taking the upper bounds on the frequency ranges for LISA, LIGO-Virgo/ET
and UHF. We see that all these examples require tadpole contributions of O(10%), which brings
us back to considering the Tadpole Conjecture [100]. The lower the frequency, the larger the
warping must be to suppress mgg, which we can see by the larger 7. that results in longer
throats. Since we are fixing the volume to Vy,  10' in all cases, this also requires a larger 7, in
order to keep the hierarchy fixed — if the warping is stronger, the brane must be farther away
from the tip. Different values of V will require different values of M K, since the strength of the
warping depends on the combination Vvlv/ szjl/ 3 (5.35). For the UHF case, choosing V,, 102
would require MK 2021, while Vy, 1030 would require MK 2847, which is always O(10?).

It is important to note that even if the warping is such that mxk is low enough to give frequencies
that lie in the ranges of any of these GW experiments, one is not guaranteed to make a detection
— we must also take into account the amplitude of the waves. This requires a more careful
analysis of the wave equations, which includes in particular the GW source,

24h/]jy m%hﬁy = 03/2/d6ypg6 H @, (y) T (x,y) . (5.139)

It is clear that how strongly a given mode is sourced depends on the overlap of its wavefunction

®;(y) and the energy-momentum tensor 7),,(x,y) of the source. Hence, most of the lessons we
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learn from our (simpler) analysis of fifth force signatures — including the wavefunction profiles
of the KK modes in different limits and the dependence of both masses and wavefunctions on the
parameter space of the compactification setup — are crucial in understanding GW signatures

as well.

For example, one would expect a source localised on the Standard Model brane, T}, (z,y)

T, (2)6) (y) (e.g. a neutron star merger) to have very small couplings (cf. (5.96)), due to
the large suppression of the KK mode wavefunctions away from the tip of the throat (where
the hierarchy H would not be inconsistently large even when the warping is strong enough
to significantly lower the GW frequencies). Even if such an event was energetic enough to
source higher KK modes, the amplitudes of those signals would likely be too small for detection.
Conversely, we would expect a source localised on a brane at the tip of the throat, T),,(x,v)

T (2)0(ytip), to have its signals enhanced by the peaked wavefunctions of the KK modes.
Interestingly, whereas the former example with suppressed amplitudes could be accompanied by
an electromagnetic signal carrying more detailed information about the source, the latter with
enhanced amplitudes would not contribute with this companion radiation. On the other hand, a
source which is higher dimensional (e.g. a higher dimensional black hole) might be able to couple
strongly to the KK modes, not being confined to the brane far away from the tip. Bulk moduli
(e.g. complex structure and Kéhler moduli) might also source the wave equation and these could
have wavefunctions with big overlaps with the KK modes, and may therefore provide signals
with higher amplitudes. It would also be interesting to understand if any resonance effects,
which are not obvious at this level of our discussion, can enhance the wave amplitude in either

case.

One could also consider events in the very early Universe, where it is natural to consider higher
energy sources, for which large redshifts might help lower the high frequencies and thus somewhat
relax the need for strong warping. This might be particularly relevant in relation to the large
tadpole contributions and the Tadpole Conjecture [100]. As a final remark we also note that
there are proposals of experimental setups capable of detecting frequencies much higher than

the ones covered by the detectors we have been considering [298-301].
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Deep in the human unconscious is a pervasive
need for a logical Universe that makes sense.
But the real Universe is always one step

beyond logic.

Frank Herbert

And the way we make sense of the Universe has become increasingly more abstract over the
course of history. Partly because of that, string theory often faces criticism for its reliance on
mathematical consistency and apparent detachment from experience and the real world. Despite
its recurrent serendipity, it is likely that full consensus will only be reached upon experimental
verification, in line with the traditional view of empirical science — more importantly, exper-
iments and observations might be the only way to take that one step beyond the logic of the

equations and make sense of our Universe.

At the start of this thesis, we highlighted the reason why one should not be surprised that there
is no direct experimental evidence for string theory. Let us reiterate: the lack of experimental
evidence is not a characteristic of strings, but one of quantum gravity theories and the large scales
at which they are needed. While these scales remain out of reach of our detectors (potentially
by many orders of magnitude), so will the stringy effects inherent to string theory. Although one
can not rush the technological development that might slowly close this gap, there are structures
within the framework itself that naturally arise when addressing concrete problems (such as the
hierarchy and cosmological constant problems) and could help us do just that — warped extra

dimensions are a perfect example and were the focus of our work.

We have seen how “warped throats” naturally arise in the context of flux compactifications
of Type 1IB string theory on Calabi-Yau manifolds, which constitute a promising arena for
phenomenological studies of high-energy particle physics and cosmology. Moreover, we have
studied how warped throats play a crucial role in some of the best proposals for de Sitter vacuum
solutions, whose status in string theory has been heavily debated for over two decades and has
recently been put into question in the context of the Swampland programme. Motivated by

recent works regarding the (in)consistency of these constructions (e.g. the Tadpole Conjecture),

169
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we introduced a new de Sitter solution on the same deformed conifold background as in previous
proposals, but in a region of parameter space where the warping is weak due to the interplay
between the conifold dynamics and the overall size of the compact space. While this new solution
evades several potential issues (e.g. large tadpoles, the singular-bulk problem, conifolds that do
not fit in the compact space), we have also found that it cannot be fully trusted without further
investigation that takes into account potentially dangerous corrections to the scalar potential
(this is similar to what was previously shown for the strongly-warped solutions). These results
suggest that one should take a closer look at these corrections and study how they affect current
de Sitter constructions — more than just preserving the solutions, these may even benefit them

or replace some of their (potentially problematic) ingredients.

By studying warped solutions in different regimes — strong warping vs weak warping — one can
also gain some insight into what ingredients are actually playing crucial roles. It is commonly
believed that strong warping is necessary in order to suppress the D3-brane uplift in the KKLT
and LVS proposals, and avoid destabilising the moduli. However, our weakly-warped solutions
show that the minimum can be maintained even in a weakly-warped regime, by balancing
the unsuppressed brane contribution with a large scale in the superpotential. Despite looking
promising, as it does not require strongly-warped throats and the consequent large tadpoles, it is
precisely this large superpotential scale that makes higher corrections to the potential important.
Motivated by the difficulty to find a de Sitter vacuum, we briefly discussed runaway quintessence
models as an alternative explanation of dark energy, concluding that these are (at least) equally

hard to achieve.

Warped throats also present opportunities for experimental searches due to their power to bring
down unaccessible large scales. Given the current growth of gravitational wave astronomy, it is
natural to ask what signatures these warped extra dimensions would leave on gravitational waves.
Since the extra-dimensional effects would naively give rise to frequencies that are extremely large
(in contrast with the range covered by many of current and future GW experiments), warped
throats might just be the mechanism that makes these effects observable. In the second part of

this thesis, we started an exploration of these signatures.

By determining the masses and wavefunction profiles of the tower of spin-2 KK modes in the
presence of a warped throat, we studied their effects on the ranges and coupling strengths of
fifth forces mediated by these modes. This allowed us to compare concrete predictions based on
the parameter space of consistent Type IIB warped compactifications to current observational
constraints, finding that none of it can be excluded — despite the smaller masses of the KK
modes achieved through warping — once one takes into account the effect of warping on the
KK mode couplings. This teaches us important lessons for the prediction of gravitational wave
signatures. Although we do not go into the details of GW predictions, we ended with a brief
comparison between the scales covered by the LVK/LISA /ET detectors and the parameter space
that allows the KK mode masses to be suppressed enough for detection and a discussion of how

the location of both sources and detectors within the compact space affects the amplitude of
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GWs. This suggests different scenarios (e.g. sources localised at the tip of a warped throat with
the Standard Model living away from it) as the most promising for detection, which motivates

future work in this direction.

Warping has become one of the main characters in the string phenomenology endeavour of
connecting string theory to the Universe we observe. One can either start with the data that
needs to be accommodated by the theory — such as the observation that the expansion of the
Universe is currently accelerating — or, conversely, with the existing warped constructions whose
signatures we might try to observe — e.g. using gravitational waves. Explaining the nature of
Dark Energy and exploiting our recent ability to detect gravitational waves have become major
goals in high-energy physics, which makes warped throats extremely relevant and interesting
objects among those that string theory has to offer. One may hope that by understanding them
better, one might not only be able to solve long-standing problems but also finally find some

evidence for string theory, getting us one step closer to decoding the logic of our own Universe.



A. Conventions

A.1 Changing frames in 10d

In the string frame, the gravitational part of the action is not in the canonical Einstein-Hilbert
form. Physically this means that the graviton does not have canonical kinetic terms and the
string-frame metric G° does not directly correspond to the propagating graviton — only once
we write the action in canonical form can we read off the gravitational interactions of all fields
in the way we are used to in GR. The frame in which the action takes the canonical Einstein-
Hilbert form — i.e. the Ricci scalar does not couple to anything other than =GP — is known
as the Einstein frame, which we can choose by performing a conformal transformation of the
10d metric G5 ¥ GF = 2T G, with a conformal factor

o O
T = 0. (A.1)
4
where the constant ®q is a choice of convention.! Hence the two metrics are related by
® P
Giiv =€ 2 : G s (A.2)
and the first term in the action (2.70) becomes, in the Einstein frame,
1 9
Sk =55 [ % vV GF{R"  S(G")*(0,0)0.9)}, (A3)

where K e®0k1g is the rescaled coupling. Including the contribution from the kinetic term of
®, which also transforms under this conformal transformation, the Einstein frame gravitational

plllS dilaton action becomes
S = 71 le \/TE R *1 0,P) (0" A4
grav+® 952 T { 2( Y )( )} : ( : )

Note that the dilaton is canonically normalised in Einstein frame.

!Choosing the Einstein frame fixes the required conformal transformation up to a constant, which is a simple
rescaling of the coupling constant k, so that one still obtains the Einstein frame — this constant therefore is a
matter of convention.
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The kinetic terms of the NS and RR form fields include an implicit metric associated to the

index contraction of the forms. For a generic p-form n we have

.. 1
J77L29 = H(GS)Hlyl"-(Gs)upypnul...upnul...up

1 1% V. -
= E(ezT)p(GE)m 1~--(GE)MP PNt ooy Mo vy = e2rr 177]}25~ (A.5)

Putting everything together, with the appropriate choice (A.1), the action (2.70) in Einstein

frame becomes

1 1 e®o o
SEB:M{ dz\/ GE (RE 5(@(1))(8“(1)) - ‘PJHgJ%) (A.6)

20 ¥y 2By 20y
e“® . . e L e“®0 . e
dzy/ GF <21F11% + € iBE + = JF5J%> 5 / Cy ™ Hs ’\Fg}.
Note that the Chern-Simons term in the action does not transform, apart from via the constant
relating x and k19, as it is a topological term, independent of the metric. A common choice of
® is such that the metric in the string frame and the metric in the Einstein frame are the same
at the vacuum, i.e. &g = h®i — this allows us to discuss quantities in a frame-independent way

at the vacuum. For that choice, the action in Einstein frame reads
1 P— 1 Js e
Shs :M{ / % G (R 5 (0u®)(0"®) e q’Jng?)
P—. [e2® s Be AP 2
/dmﬂ«" G <21F1J2 + %€¢JF3JQ + 94]F5]2) % / CiNH3NFy o, (A)

where we dropped the E, as all metrics are in Einstein frame. With this choice, the gravitational
coupling is related to the string scale as
9 I3

262 = 2k309% = (2m)"g2 ™M or 2k% = o (A.8)

Another common choice of convention is &y = 0. In this case, volumes are frame-dependent in
the vacuum (A.14) and one needs to be careful in using the right frame, e.g. when checking
whether the o-expansion is under control for a certain vacuum, which should be done using the

string frame volume. For this choice the gravitational coupling is related to the string scale as

lS

K Ko = (2m) '« or K=o

(A.9)

In terms of the fields G3 and 7, i.e. in its manifestly SL(2, R)-invariant form, the Einstein frame
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action (2.70) takes the form

g _ 1 10, P—= (OuT)(0"T) e s M
Sit = 2K? e GR 2(Im 7)? 2(Im T)JGBJ 4 JE5)
1 ie*®o 1 —
—— [ ——C4 "G5 G3. Al
2k2 4 / (Im7) Ca7 G G (A.10)

Another occasionally used convention (see e.g. [164, 302-304]) is to redefine the RR forms in

Einstein frame as C’f = e®o Cg , so that the action becomes

1 dr ™ xd G3 MG 1~ ~ '
SEB_M/<R*1 T xar 3 X3 F5A*F5 !

Q(ImT)Q 2(11117') 1 4(Im7') Cy ™G3 Aég) , (A.ll)

where the axio-dilaton was also redefined as 77 = ¢®07r5 = e‘I’OC'@g +ie ¥, withe »=¢ (2 ®0)
and GF = e®GY = FF  7PH;. Note that in terms of 77 we have hIm 7§ = 1, rather than

him 79§ = g, !, and flux quantisation takes the form

1
——— | FF2e*Z. A.12

(27)2 /cp p <€ ( )
Although with this field redefinition the action looks the same regardless of the choice of con-
vention, one must keep in mind both of these differences and the fact that also the gravitational

coupling x will depend on the convention in use.

It is worth emphasising that volumes measured using a string frame metric may differ from

the ones measured using an Einstein frame metric, depending on the convention used, i.e. on
o P
the choice of ®j. To see this, recall that the two metrics are related by GJ\E4 N=€ 2 ’ Gﬂ N-

Therefore, a generic d-dimensional volume can be written as

Vi = /ddy 9§ Iy /ddy\/> AP0 py), (A.13)

where we allow for some function f(y), such as H(y) in the definition of Vi (A.20). Therefore,
. d
the volumes in the two frames (assuming ® is stabilised) are related as V' = ("' ®0)ayF

which for the volume of the 6d compact space in string compactifications means
Vg = e2(®i Po)y/ (A.14)

Hence, it is important to note the convention being used for the Einstein frame metric and how it
relates to quantities that are obtained in either string frame or Einstein frame (e.g. perturbative

and non-perturbative corrections).
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A.2 Changing frames in 4d

In order to obtain a 4d EFT at low energies, we consider a compactification (or dimensional
reduction) of the 10d theory down to 4 dimensions. The 4d theory describes perturbations
around a 10d vacuum solution and is valid for energies much lower than the compactification
scale’. We consider a vacuum solution which corresponds to a warped product spacetime My =
R'3 |, Xg, where R is a 4d Lorentzian spacetime and Xg is a 6d compact space. The Einstein

frame metric takes the form?
ds%o =H 1/2(y) eQw(“")ngx“de + Hl/z(y) V1/3gmndymdy”, (A.15)

where z# (u = 0,...,3) are 4d coordinates and y™ (m = 4,...,9) are 6d coordinates on the

compact space Xg. The metric gmn = (g6)mn is the 6d metric of a Calabi-Yau (Ricci flat)

/ P51,

with V = Vg(z) keeping track of the physical size of the compact space, and the warp factor H

manifold normalised such that

is defined as
e 4A0(y)

(A.16)

The factor 2“(*) is introduced to Weyl rescale to the 4d Einstein frame, with metric Juv, a8 We

now describe.

Dimensionally reducing the 10d Einstein-Hilbert term (in Einstein frame)
1 P—.
E _ 10
SHB = 2,{2 /d X G RlO (Al?)

down to 4d using the ansatz (A.15) gives, among other contributions, the term

1 P o _
Sy 5.2 d*x ga e2w( )(V/dﬁyng H(y))R4. (A.18)

Any choice of e2¢(#) that leaves a non-canonical coupling of the volume modulus V to Ry is said
to be in the Jordan frame. Requiring a canonical form for the Einstein-Hilbert term instead —
which defines the 4d Einstein frame — fixes the Weyl rescaling €2“(*) up to a constant factor

e2%0 | as
2w(x) 20 lg € — ¢ (Alg)

2wo l6
B Vfd6yp% H(y) Vi Vi

e

2Depending on the details of the compactification, this scale could correspond to different scales.
3Since we start with Einstein frame metric (A.15) and action (A.17), the volumes V and V., are Einstein frame
volumes.
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where we defined the warped volume Vi = Vi, ZS as?
Ve V / P Hy) . (A.20)
hHise 16

This definition of V4, only differs from V 18 by the factor hHi,y, the average of the warp factor
over the compact space. If the integral is dominated by the unwarped bulk, then hHi,, 1 and
Vo VIS

Note the similarities with the conformal transformation in 10d to go from string frame to Einstein
frame, where we also had some freedom in the form of a constant. There a convenient choice
was the one for which the two metrics matched at the vacuum. Here we are going from the
Jordan frame, in which some scalars couple to the Ricci scalar in the action, to the 4d Einstein
frame, in which we recover the canonical Einstein-Hilbert term. The two metrics will match at

the vacuum if we choose €?*© = hVi. The action in Einstein frame for general wy becomes

ewo [6 P M?2 P
Sia M/d4$ 94 Ry QH/d4$ 94 Ru, (A.21)

which defines the relation between the string scale® (mg = 1/ls) and the Planck scale as

®q
e
ms = ‘p:MP] . (A.22)
4me2wo

For the convenient choice e?o = gs and e2“0 = hVi, this relation becomes

ms = PL Mpy = hHi V2 pL My . (A.23)
47V 47V

Note also that in the unwarped limit the warped volume tends to the volume modulus of the
compactification, Vi, ¥ V., and — with these choices of convention for the Weyl rescalings —
we recover the common expression for the ratio mg/Mp). If instead we choose conventions
®o = 0 = wp, then my, = Mp)/ 4n. This convention dependence arises from the fact that we
are comparing quantities measured in different frames, as mg is the string mass measured in
the string frame. This can be immediately seen for string states localised in regions of constant
warp factor, H(yp) (these states could arise, for example, from open string states localised on a

brane at the tip of a warped throat). The mass of a string state with momentum p* measured

“Note that this differs from the volume of the 6d compact space in the ansatz (A.15), which is
v [ P51

5See footnote 30.
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in Einstein frame would then be

((ms ) ) =9g Pubv = (vo) Vg E PuPv
2wo >
_ 1/2 € — -0 uv
= H(yo) Veol@ e G pupy
20 20
=H(yo) '* - Gw () (A.24)

from which follows a warped string scale given by

o
e

m¥)F  H Y(y) p——=Mpi, (A.25)
4mVg

whose relation to Mp; is fully convention independent in terms of string frame volumes. For
closed string states that are allowed to propagate along directions of varying warp factor, one
needs to take into account their dimensional reduction (see section D.1 for details). Let us take

the scalar field 1 to represent a closed string state of mass mSS measured in the string frame,

57 [0y GS{ JGHN@uw)ony) + (mS)ur)

/ / a0/ GF{ %e‘b =GN (0n) (0w ) + (m$) %0 }

1 @ 2

w(T pi - w(x 12
7 [ata P g [P ] S e 2 0g 0,000

+ internal momentum + (mss)21/12}

> D

/ /d4:1;pg4 e 2 OeZ“J(m)V/depgﬁ H(y){ %g“”(@uw)(ayw) + internal momentum

P By

te RO 2y)m)2t) (A26)

Following the same steps as for the KK modes and using (A.19), we find for the lowest mode

g in the tower

eV / P @0 @) [dPa By )
@ @) 2wo _
ve TS g [ PR HE) @ 0}
— [aP ol Sor@an@m + mE)ug), (a.27

and we identify the Einstein frame mass as

62<1> 620-70 -
w2 = G { [P5 1) @7 1P md e
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Therefore, assuming again that most of the compact space is unwarped (or in the absence of

warping, H = 1) and using (A.23) we find for the Einstein frame string scale

[
mP = P Mpy (A.29)

47V
so that its relation to Mp; is fully convention independent in terms of string frame volumes.
Finally, we recover the standard relation between the warped string scale for localised states
(A.25) and the bulk string scale (A.29) as
(m)F =H Y(y) mP. (A.30)

S

A.3 Quantum corrections in different conventions

Since the flux superpotential leaves all Kahler moduli unstabilised, either leaving them as flat
directions or generating runaways, one must resort to higher-order corrections to the EFT in or-
der to stabilise them. Both perturbative and non-perturbative corrections have been considered
in the literature — while the former are computed at the level of the 10d EFT and in string
frame, the latter are obtained directly at the level of the 4d EFT and are computed in Einstein
frame. One must therefore be careful with the conventions being used to change frames, i.e. the

choice of ®(, in order to remain consistent.

Perturbative corrections

In [147], it was shown that a'-corrections to the Type IIB effective action (A.G) manifest as
corrections to the 4d volume modulus Kéahler potential and spoil the no-scale structure of its
scalar potential. These corrections arise from higher-derivative terms at order (a')? appearing

in the type IIB effective action,

1 3
Sitp =5 [ dsV GFe ** (RS 408} + (afyp L) J[)) , (A.31)
10

where the higher-order term is schematically given by

Jo  (Runpo)*. (A.32)

One must also add a term
553 / 92/ GSe 22 (a3 (r2a) Q, (A.33)

where @ (RMNPQ)3 is a generalisation of the 6d Euler integrand [ Xe dﬁyp% Q@ = x, with
x the Euler characteristic of Xg [147]. This term corrects the 10d solution to the equation of
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motion for @, such that ® = &9+ %?Q. It is then shown in [147] that this leads to a correction
to the Kéahler potential of the form

K= 2log (VS + §) = 2log (VE e3(® o) 4 g) (A.34)

2
= 2log (VE+§e 2(® ‘1>0>)+..., (A.35)

where we have used (A.14), keeping ®q unspecified, and ¢ is defined as’

¢ = . (A.36)

Note in particular that the correction expressed in Einstein frame depends on the convention

one chooses for &g,

295
Oy =h®i =) K= 2log (V + g) , (A.38)

where we have assumed as usual that the dilaton has been stabilised by fluxes.

Non-perturbative corrections

Although the superpotential W does not receive perturbative corrections, it may receive non-
perturbative corrections from either instantons arising from Euclidean D3-branes wrapping 4-

cycles or gaugino condensation on the world-volume theory of D7-branes wrapped around in-

27

ternal 4-cycles. Let us consider the latter case in some detail. In what follows, T, = AT

is the brane tension. The DBI action for a Dp-brane, in the string frame, is given by (2.90)
[20, 26, 29, 39]

l2
Spbi = Top / o e ‘I’\/ det (gs +B+ 27TF> , (A.39)

where ¢g° and B refer to the pull-back of the string frame metric (G )mn and 2-form By
onto the world-volume of the brane and F to the field-strength Fy; of the brane gauge fields.

Rewriting the action in terms of the Einstein frame metric,

12
SOBI — Tp/dp“g e ¥/ detgS det<1+(gs) 1(B+5F)) (A.40)

2T

In [147], we find the definition & = % The missing factor of (27)* comes from their conventions
for the volume, V(117 = Vs/(2ma")?, whereas we are using V = Vg/IS = (27) * Vi/(2ma’)?, with the convention
(2m)%a” = I2. There are also instances in the literature where the factor of 1/2 is absorbed into the definition of

I3
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+1 1 13N\2, Svac S\bd
&oe * detgS (—) (9%)%(9°)" FapFeq (A.41)
4\ 27
T
41)(;3) o \/ detgF e T 2(® o) e PF,F%, (A.42)

where the indices in F,, F% are contracted with Einstein frame metrics. This is the kinetic
term for the brane gauge bosons (see Appendix A.2. of [163]) and tells us the gauge coupling
of the corresponding theory, which is a key parameter for gaugino condensation. If the brane is
wrapping a (p  3)-cycle ¥, 3, we find the corresponding 4d term (assuming that ® is constant

over the cycle)

Sy py— 3/d4 \ detglf "5 (® 0 (/dp Soy/gE ) Fop F™ (A.43)
p 3

E

sz 3lS
4 s, 3 233 @ b
/d r 4/ detgl 5 "% (@ 20) b pab (A.44)
and we can read off the gauge coupling g.,
E
L 755 2 3mai o)
? = T e 1 0 , (A45)

where we have assumed as usual that the dilaton has been stabilised by fluxes at some higher
scale. Gaugino condensation on the world-volume theory of D7-branes will then give a non-

perturbative contribution to the superpotential [210],”

82 1 2771'7' eh®i @
Wpp € 925 =e N °, (A.46)
where we used "' = g,. Holomorphicity of W then leads to the general contribution
‘7‘7, h<I> D E
np - ZA € ¢ I 0T s (A47)
where the sum is over the contributing cycles, a; = ]QV—’T and the fields T; = b; + i7; are the

complexified Kahler moduli. Hence, we can compare the two most common conventions for ®,

D=0 =D W= AT (A.48)
By = @i =D W,y = ZA el (A.49)

"Here N is the number of branes stacked on top of each other, responsible for the gauge group. It appears
through the beta-function coefficient [210].
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The superpotential as written, in terms of Einstein frame 4-cycle volumes, appears to depend
on the choice of convention for ®¢, but one should recall that the 4-cycle volumes also depend
on this choice of convention. The convention-independence becomes manifest if we express the
4-cycle volumes in terms of the string frame metric (A.13),

i

TZ-S — M1 P B (A.50)



B. Differential forms and Cohomology

The spectrum of string theory includes several differential form fields, such as By already present
in the bosonic string and (Cq,Cy) that arise in Type IIB. Strictly speaking, also the scalars
(®,Ch) are differential O-forms. The machinery of differential geometry is therefore extremely
useful when discussing the physics of string theory'. We will therefore compile here for easy
reference some of the concepts and results which are crucial for string compactifications, briefly
describing the map between harmonic forms on a compact space and cohomology and homol-
ogy groups. We leave to Appendix C an equally brief discussion of Calabi-Yau manifolds and
Dolbeault-cohomology, crucial for Calabi-Yau compactifications of Type IIB. A detailed presen-

tation of these and many other topics in differential geometry can be found in [305, 306].

A differential r-form w, on a manifold M is a totally antisymmetric tensor of type (0,7) and

can be written as

1

Wy = ﬁwmm,umdw’“ Ndxh2 NN dahr (B.1)

The vector space of r-forms at a point p 2 M is denoted Q;(I\/I) The exterior product between

two forms &, and 7, gives the (¢ + r)-form

1
é-q N 777‘ _= M&}LL.-quyln.yrd:ﬂ#l N N d$,u4q N dl‘yl N n dxl/r 9 (B2)
which is only non-zero if g+7  m = dim(M). A form wy, 2 Q7'(M) is known as a top form and
is the only type of form that can be integrated over M. We can also think of smooth r-forms
on M, w, 2 Q" (M), for which the exterior derivative operator d : Q"(M) ¥ Q"*1(M) can be
defined as )

dw = mﬁywmmwdx” Ndght NN dah (B.3)
r !

If we have a metric g defined on M, we can also define the Hodge star operator as

VAl 1 i -
0= G (e ) a2 (B4)

mapping an r-form to an (m r)-form with the help of the totally antisymmetric tensor e#1-#m =

gl gt e, L =g 16#1,.,%. This gives us a natural way to define an inner product of two

n fact, differential geometry is an extremely power tool to study almost any physics.

182
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r-forms w,,n, 2 2"(M) as the integral over a top form (the only forms which one can integrate
over M),

1 _ .
(w,n) /w"*n = T'/wmmmn“l“"“ Vigi dxt...dx (B.5)

The inner product is symmetric and, if the metric is Riemannian, positive definite, i.e. (w,w) 0
and only 0 for w = 0. The adjoint exterior derivative, d¥ : Q"(M) ¥ Q" (M), is then defined

with respect to the inner product such that
(dw,m) = (w,dn) =D @ (DD (B.6)
Finally, we can define the Laplacian, A : Q"(M) ¥ Q"(M), in terms of d and d¥ as
A =dd¥ + dd. (B.7)

The Laplacian acting on the components of p-form w can be expressed as [20]

1

7p(p 1)Rf17”[m1m2('dqrmg...m;J ’ <B'8)

— q q
Awml...mp = F'Yrqwnm,.m, +qu[m1w ma...myp 2

in terms of covariant derivatives, the Riemann and the Ricci tensors. This expression is useful

in section 3.3.

Differential forms can then be classified in terms of how the operators (d,dY, A) act on them,

(closed) dw =0 (co-closed) dYw=0
(exact) w=dn (co-exact) w=d¥¢
(harmonic) Aw=0.

One can show that a form w is harmonic if and only if it is both closed and co-closed?.
Aw=0 O dw=0anddw=0. (B.9)

It also follows from d? = 0 = (d¥)? that any (co-)exact form is also (co-)closed. The converse
statement is not true in general (at least globally”®) and there may be closed forms dw = 0 which

are not exact w & dn. Let us define the equivalence class
[wp| = Fp, : @p = wp +dnp 19 2 HP(M), (B.10)

by identifying all closed forms w which differ by an exact form. These equivalence classes form

the so-called de Rham cohomology group H"(M).

2See section 7.9 of [305].
3Poincaré’s lemma determines that on any contractible region of M, any closed form is also exact, which
means that locally all closed forms are also exact.
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On the other hand, the homology group is defined in a very similar way for manifolds CP and

submanifolds C? ! through the boundary operator 6 : CP ¥ CP . We can again define
(closed = cycles) oCP = fg

(exact = boundary) cr=4cP L.

Since the boundary operator is also nilpotent, §2 = 0, all boundaries are cycles, but not all
cycles are necessarily boundaries. Homology equivalence classes are defined by identifying all

cycles (closed manifolds) which differ by a boundary (exact submanifold),
[CP] = fCP . CP + 6CPg 2 H,,. (B.11)

A p-form w, and a p-dimensional submanifold C? can be paired by integrating w, over C?,

(CPLwp) = /cp Wp (B.12)

which relates the exterior derivative d and the boundary operator § as dual operators through
Stokes theorem. Precisely because of Stokes theorem, this inner product is well-defined in
H,(M) HP(M), since the elements differing by exact components integrate to the same value.

This leads to the important result of de Rham’s theorem.

(" )

de Rham’s theorem

If M is a compact manifold, then H?(M) and H,(M) are finite dimensional and the
dual vector space of each other. They are therefore isomorphic, H?(M) = H,, ,(M).

This means in particular that we can learn about cohomology classes [w)] by thinking about
homology classes [CP], i.e. from the topology of the compact manifold. Another important

connection comes from Hodge’s decomposition theorem.

( )

Hodge decomposition theorem

Let (M, g) be a compact orientable Riemannian manifold without a boundary. Then

any r-form w 2 Q" (M) can be (globally) uniquely decomposed into

w=dnp+d¢+v, with v a harmonic form. (B.13)

This theorem is useful because it leads to the following connection between the space of harmonic

forms on M and the cohomology group HP(M).
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Hodge’s theorem

On a compact orientable Riemannian manifold (M, g), HP(M) is isomorphic to the

space of harmonic p-forms, Harm?(M).

Hence, the set of harmonic forms, cohomology groups and homology groups are all isomorphic
Harm?(M) = HP(M) = Hy, ,(M). (B.14)

The reason why this result is so useful is that it relates the number of independent solutions of

a differential equation to the topology of the underlying manifold,
Aw,=0 ¥ dim Hg ,(M) bg ,, (B.15)

in particular the number of cycles which cannot be deformed into one another. The numbers b,
are called Betti numbers and are defined as the dimensions® of the homology groups H,(M).

They are related to a topological invariant known as the Euler characteristic by

X(M) =3 ( 1)? by(M). (B.16)

p=0

For completeness, let us also mention Poncaré duality, which relates cohomology classes in
HP(M) with cohomology classes in H™ "(M) through the inner product

hw,ni:/ wNn. (B.17)
M

This establishes the isomorphism HP(M) = H™ P(M) and, consequently, the identity b, =

bm p. Thus, the number of harmonic p-forms on M is b,,.

Combining the two inner-products (B.12) and (B.17), we can also define a duality between

(m  p)-forms and p-cycles, which we also call Poincaré duality.

( N

Poincaré duality (between forms and cycles)

An (m p)-form w,, , is Poincaré dual to a p-cycle C? if hn,, w,, ,i = (CP,n,), for any

/ 77102/ Mp ™ Wm p - (B.18)
cp M

p-form 7, i.e.

4More precisely, they are defined as the rank of the homology groups, but the distinction will not be important
for our purposes.
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HP(M) de Rham’s theorem Hy (M)

-

Hodge’s theorem

Harm? (M) H™ P(M)



C. Calabi-Yau manifolds

Requiring that some supersymmetry is preserved in a compactification of the 10d theory puts
strong constraints on the allowed compact spaces. In particular, preserving the minimum amount
of supersymmetry fixes the holonomy group of the compact space to be SU(3), i.e. the space
should be a Calabi-Yau manifold. In this appendix we briefly outline the characteristics of a
Calabi-Yau manifold, including the structures that determine its holonomy and the counting of

harmonic forms through Dolbeault cohomology classes.

( )

Calabi-Yau manifolds

Calabi-Yau manifolds are Kéahler manifolds (complex and symplectic) on which the first

Chern class is trivial (¢; = 0). These manifolds always admit a Ricci-flat metric.

Let us define each of these terms. One point worth emphasising is that each of them is adding
structure to the manifold and therefore restricting the group of allowed transformations upon
parallel transport — this is what reduces the holonomy group and in turn the number of super-

symmetries that remain in the compactified solution.

A complex manifold is a (2n)-dimensional manifold that admits a complex structure, which is
perhaps not extremely enlightening. A complex structure is a map I on the tangent space such
that I2 = 1, which is also integrable. The map is called a(n almost) complex structure because
its n (4+¢) and n (i) eigenvalues allow us to define holomorphic and anti-holomorphic vectors,

such as

0 0 0 0 0 .0
5: oo Vo 5 el e (C.1)

This effectively splits the tangent space into two pieces, a holomorphic space and an anti-
holomorphic space. However, it does not guarantee that there are globally defined holomorphic
coordinates z*, unless the (almost) complex structure is also integrable so that holomorphic

one-forms dz* give holomorphic coordinates z*.

Complex manifolds look locally like C". They have holonomy (at most) GL(n,C) because

187
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parallel transfort must preserve its complex structure. Any r-form on a complex manifold can

be decomposed into its holomorphic and anti-holomorphic components,

1 ) . -1 .
o ) S 1 N N p A\ A5] N\ N\ A7)
Wp,q = | lwu...zph..‘]q dz L NdzP N dz L NdZe (CQ)

as can the exterior derivative d = 9 4 0, with 9: (p,q) ¥ (p+1,q) and 9: (p,q) ¥ (p,q+1).

On the other hand, a sympletic manifold is a (2n)-dimensional manifold on which a nowhere-

vanishing 2-form J can be defined, such that

dJ=0 and JN..~NJ6O. (C.3)
—_—

n

As before, preserving this extra structure reduces the set of allowed transformation upon parallel

transport, which is this case gives a holonomy group (at most) Sp(2n).

Kahler manifolds are manifolds for which both structures are compatible, i.e. complex and

sympletic manifolds on which
J=Jiy de" NdF . =g d2P N dF (C.4)

Having to preserve both structures at the same time, the holonomy group must be contained in
the intersection of GL(n,C) and Sp(2n), which is U(3). This is not yet the SU(3) holonomy we
are after, so we will require one more condition to get there. The metric on a Kéhler manifold

can be derived from a real scalar function K, the Kéhler potential,

Not only can de Rham cohomology classes be defined in terms of d-closed and d-exact (p, q)-
forms (cf. Appendix B), we can also define Dolbeault cohomology classes in terms of 9-closed

and 0-exact (p, q)-forms. On Kéhler manifolds,
HY = HY = Hg’q, (C.6)

so that the cohomology groups coincide. The numbers hP¢  dim H”? satisfy the conditions

p
Sohr Bk —p,, ppa = per = propnod (C.7)
k=0

The Hodge numbers are commonly presented in the form of a Hodge diamond, which highlights

their several symmetries.
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| . .
Complex conjugation
1

0.0 = bo

- hl’o 3 hO,l = [)1

% h2:0 pLl 0.2 = by
’A;;’’*h‘?‘*ﬂ””hm”i”h’2””7%‘373 ****** = b3

é p3:1 R2:2 pl:3 = by

A 3.2 3 h2:3 = by

h::)“’?’ = bg

Finally, we can define the Ricci 2-form,
R = iR;; d' ~d#, (C.8)

which is closed, dR = 0, on a Kéhler manifold with metric (C.5). Being a closed form, it must

belong to some cohomology class — the class that includes R is called the first Chern class

1

= IR (C.9)

C1
Calabi-Yau manifolds are precisely those Kéahler manifolds on which the first Chern class is
trivial, i.e. for which the Ricci 2-form belongs to the class of exact forms and is therefore a
globally exact form itself. This means that on a Calabi-Yau manifold there exists a globally
well-defined one-form A such that R = dA. Note that this would not necessarily imply that
the metric is Ricci-flat, Ry, = 0 — however, it was conjectured by Eugenio Calabi [307] and
later proved by Shing-Tung Yau [308] that these manifolds do indeed always admit a Ricci-flat

metric.’!

On a (2n)-dimensional Calabi-Yau manifold there exists a unique covariantly constant holomor-
phic (n,0)-form Q, which must be preserved under parallel transport around closed loops. This
restricts the holonomy further down to SU(n). The Hodge numbers are also further constrained
[20],

W0 =1

WP9=0, for 0<p<n,

'n fact, the theorem is more general and does not restrict to manifolds whose first Chern class is zero — these
simply turn out to be the immediate application of interest to us. The construction of Calabi-Yau manifolds was
also generalised by Yau, shortly after his original proof, to non-compact manifolds.
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together with h%° = 1 for connected manifolds. From h%? = 0, it follows that there are no
continuous isometries on Calabi-Yau manifolds. The Hodge triangle on a 6d Calabi-Yau takes

the simple form

1
0 0
0 pbt 0
1 h2’1 h2’1 1
0 Rt 0
0 0
1

with only 2 free Hodge numbers, h'' and h%!, characterising the topology of the manifold. They

are related to the Euler characteristic as
X(M) = 2(hbt - p>h). (C.10)

Here is the upshot of all this: on a Calabi-Yau manifold we know a lot more about the forms that
enter the decomposing of harmonic forms. For example, in the decomposition of By (3.25) in
section 3.1, we included harmonic 1-forms w? (y™), but since a Calabi-Yau has by = h%04+hr%! = 0,
there are no harmonic 1-forms in which we could expand. Hence, By will not give rise to massless

spacetime vectors.

The elements of H'! (i.e. the representatives of the independent cohomology classes in H'1)
are commonly denoted as wq, @ = 1,..., A", while the elements of H?? are denoted as &%, and

these can be chosen such that

/wa/\a)b:(sg. (C.11)

Likewise, ax and g%, K = 0,...,h%!, are commonly used for the real 3-form elements of H3,

which can also be chosen such that
[axnst =k, (C.12)

while x; denotes the basis of complex elements of H?! alone (with ¥, Q and Q completing the
2(h*! + 1) elements of H3).



D. Details of Flux Compactifications

D.1 Kaluza-Klein (KK) scale(s)

Let us determine the Kaluza-Klein (KK) scale at which the towers of massive states associated

with the compact dimensions appear. Considering the simple case of a 10d scalar field p,
10, P— L N
S=[d7z Gy SGTT(Omp)(Onp) (D.1)

:/d4x/d6y H 1(y)ez“’pﬂ H*2(y) Vp%

1

{ 3P0 0@ 1 PN Perenen| 02

1 2w

= [aP v [ePa{ SHue@nen immenen] 03

€2w
— [aP v | d%p%{ S HW)G 0u0)00p) + 5 o1 H(0) D) p}, (D.4)

where in the last step we integrated the second term by parts and defined the internal space

Laplacian operator

H '(y)

96 9" Onp) - (D.5)

Decomposing the field p(z,y) in a basis of eigenfunctions of Ag (i.e. AgéF = )\igk, with no

sum over k),

p(x,y) - Z Qk(x)fk(y) ) (D'G)
k

the action for the 10d scalar p becomes an action for infinitely many 4d scalars o (z),

s=[aaP gy [ dﬁypgﬁz{ S H()g" (0,00)(0,0) (€"€)

k.l

1 62w

§mﬂ(y))\i 0k 01 (fkfl)} (D.7)
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:/d4xpg4VZ{ %gﬂy(a,ugk)(augl) /dﬁypgt‘) H(y) gkgl

Jol
1 e? _
V1/3/\kaQl /dﬁyp% H(y) fkfl}- (D-8)

Since the eigenmodes &* satisfy the orthogonality condition

&Py 1 H(y) &¢ = 16, (D.9)

the KK modes decouple and the action reduces to

1 1 e
S = Z/d4 T { 59" (Ouer) (Gver) (V) + 2V1/3/\k9k(01V)} (D.10)
P— Lo c c 1 Af e c
= Z/d4w 94 { 59" Oudi)Ou0i) + 5 sy (@) ¢ (D.11)
kj w

where in the second line we canonically normalise the fields g,. Therefore, the mass of of, is

>\k e2w0 1/2 )\1 e2w0 1/2
mk:\/l/ﬁ(\/w) =2 k=i |\, ) (D-12)

where we identify the KK scale, mgyk, with the mass of the lightest mode m;.

To determine \; (and the eigenfunctions') one must solve the eigenvalue equation

Pos g™m0,6") + H(y) A2 & =0, (D.13)

together with appropriate boundary conditions. It is therefore not possible to give a fully generic
expression for Ay, and thus mgg, as it depends on the details of the compactification. If we
consider the case of a torus with a single common radius as the prototypical example of an
isotropic compact space’ with characteristic scale I, and constant warp factor® H = 1, the

eigenvalue is \; = (27) ms. Then the KK scale becomes

2w \ 1/2 2 At 6(1)0

!These are commonly referred to as the wavefunctions of the modes oy.

2More generically one could consider different scales in different directions, which would result in different KK
scales.

3This is consistent with our normalisation for the coordinates 3™, such that J d6ypgs =15 —it corresponds
to an identification of the normalised coordinates y™ y™ 4+ 1 (with ds§ = 12 dy™dy..), rather than y™
y™ + 2m. Moreover, with a constant warp factor, H ( ) Hy, the eigenfunctions respecting the (periodic)

boundary conditions on the torus would be f J 2k ¥, with a vector of integers k labeling the modes, and

hence Age" Hy ' (27)%k% ms § giving A\ = H, 1/2 (27rjkj) ms. On the other hand, a constant warp
factor can always be absorbed in the definition of the overall volume and so we can set it to H = 1.
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We should note that generally there are two distinct volumes appearing in mgg (D.12). One usu-
ally takes Vi,  V, i.e. one assumes that the unwarped region of the compact space dominates the
volume integral, in which case we recover the well-known volume suppression mgg  Mp;/ v2/3
(of course, this is not an issue for the constant warp factor case H = 1 where V = V). For the
convenient choice e®® = g, and €?*° = hVyi, and approximating Vy, V, we have

27 2mgs

MmKK = mms == BWMPI, (D15)

while for the common alternative choice ®3 = 0, the factor of g5 will be absent.

When the warp factor is not trivial, its functional form will qualitatively change the eigenvalue
equation (D.13) and the solutions Ay will depend, in particular, on the balance between warped
and unwarped regions of the compact space. When the warping dominates over the unwarped
bulk, the eigenfunctions will localise near the region of maximum warping (typically the tip
of a warped throat) and the KK scale will not only be warped down, but also depend on the
characteristic scale of the tip geometry rather than that of the overall compact space,

ik H 1/4 27

tip 1/6
tip

ms . (D.16)

In the classic example of a Klebanov-Strassler throat (cf. section 3.5), the characteristic scale is
the size of the S® at the tip, Rgs pm, and hence this is what sets the KK scale for towers
whose eigenfunctions localise near the tip. In section 5.2 we find this explicitly by solving the
eigenvalue equation in the fully warped limit, which represents the regime where the warping
dominates over the bulk (cf. (5.80)).

One also often finds in the literature another scale

mi H Y (yo) migk (D.17)
where m%‘gf( corresponds to a KK scale associated with modes localised on a subspace at some
fixed y = yo (e.g. the tower of states associated with fields living on the world-volume of a brane

wrapping an internal cycle of the compact space).

Finally, it is interesting to note that the ratio mgk/ms is manifestly independent of the choice

for e®o

, i.e. on the convention used in changing from string frame to Einstein frame, whereas
the ratio mgk/Mp is manifestly independent of the choice for e*°, i.e. on the convention used
in going to 4d Einstein frame. After taking into account the dependence of the Einstein frame
volume on the frame convention, the ratio mkxk /Mp) is also actually independent of the choice for
e®0 as it must be. Approximating V,, V and expressing the ratio in terms of the string-frame

volume, the convention-dependent factors fall out,

MKK 2mgs
=p—7- D.18
Mpy Evg/?’ ( )




194 Appendix D. Details of Flux Compactifications

D.2 Flux scalar potential

The scalar potential for the moduli fields and the dilaton comes from the terms R, jG3j? and
jF5j? in the action (2.76), after dimensional reduction to 4d. The contributions from the R and

Fs terms can be shown to give (see section 5.3 of [170])

1 e2®o _ ~ e®o P— Gy N iég
— [ [R¥1 ——F5"«F5) = dix 4w(z>/H 1= = D.19
212 /< A R R 5> 22 94 o(Imr) ’ (D-19)
which we can put together with the G3 ™ «G3 term to give in total

q>0 pi H 1 _ o
Sy o [ dt () / Gs ™ (iGs + %G D.20
B 5,3 g4 € > () (iGs +*x6G'3) (D.20)
eq> d4 P— 4w(z)/ H ' G-‘r Ny a"' (D 21)

— e .
T 2k2 9 (Im7) 3 613

with G§ = 1(G3 + i x¢ G3) such that ¢G5 = G4 [170]. Using the metric (3.127) we can

rewrite this action in terms of g,

@ G Ay GF -
E 4, P—— )€ aw@ [ g1 C3 " HeGs / 4 P D.29
Siip /d g4 {2/@2 e / (Tmr) d*x gV, (D.22)
which defines the 4d scalar potential V as
1G+ ( lé'*‘)
V= i— H 32, D.23
! 2/@2 e / (Im7) ( )

It is now possible to rewrite this potential in an N = 1 supergravity form, by defining [71]

= 1/03/\9, (D.24)
a

where a is a normalisation constant to be determined below, and using that

(Z2
/H HGhH~H 'GH = mmﬁ(p W)(DT7) (D.25)

where «, 8 run over the complex structure moduli and the axio-dilaton. Using this, the scalar

potential becomes

e®o 640.;(:1:) a2

V=52 (Im7) [H Q~Q (GODW)DW) - HWF)

2 l6

e®o e [6\2 1 g i — S
)¢ (D)D) BW)

:ﬁ( Vi ImT)EifHQ’\ﬁ
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2 (emoMgl 12 lg) 1 a? 1
18 (

Z] T . )
AV Im ) l6 ZfH OO (G (D; W)(DJW) 3jWj )

= e‘bo

e3%o a? 16 1 l6 GY — 3
= MA (== M, D,WYD-W) ——jWij>
dm 3P (VW> (m7)i [ H QA Q P1<M§1( DWW 3] J)

e3%o 2 - — 3
= ——— Mg, pel/Me <K”(D1~W)(D—W) jo2>, (D.26)
{47r 110 ’ ME

where now ,j run over complex structure moduli, Kéhler moduli and the axio-dilaton, the

Kahler potential K is given by
) _ ) _
K/M3 = 2logV, log( i(r 7)) log <l§/H Q’\Q> (D.27)

and K% is the inverse field space metric that follows from K;; = 0;0;K. Note that the volume
term in K includes not only the overall volume modulus V, but also the other Kéhler moduli.

This scalar potential leads to the normalisation

§<I>0
e2
W/M3, = pm/Gg’\Q. (D.28)

We can see that the normalisation constant, a, is convention-dependent through the choice of

e®o.

An important scale in string flux compactifications is the gravitino mass, which for this super

and Kéahler potentials is given by

1hoi 39
QMQ jo e2 e2 OWO
49— D.29
M2 Vi i b (D-29)

m3/2 =€

e
where e2"®!

comes from hIm 71, jjQjj2 16 =i [ H Q™ Q and we define

Wo /M3, <11?/G3"Q> . (D.30)

A consistent 4d supergravity description requires that the gravitino remains in the theory, i.e.
its mass is not above the EFT cutoff — typically mxkx — and therefore integrated out.? It
follows from (D.29) and (D.14) that the important ratio (assuming the bulk dominates all the
integrals, so that Vi,V and jjQjjw  Jj€2))

mz2 -
mKK VB T 2(emiiol

(D.31)

where we highlight the fact that the volume being used is the Einstein frame volume, Vg. Note

41t was shown that the ratio m3/2 /mix also serves as a control parameter for certain corrections to the scalar
potential, e.g. from higher F-terms [180].
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that this mass ratio, as written in terms of the Einstein frame volume, seems to depend on the
convention used for the 10d change of frames, i.e. the choice of ®g. It is however convention-
independent, as it must be, since the Einstein frame volume also depends on the choice of ®.
If we express the mass ratio in terms of the string frame volume instead, which corresponds to
the volume perceived by the string itself, using (A.14) we find

My 1y e Wo

= H p— , D.32
mik 0 v T 2(2m)jj0j] (B-32)

which is manifestly independent of conventions®.

D.3 Conifold modulus metric on moduli space

Here we will review the computation of the metric component Gz for the conifold deformation
modulus, z, following closely [166] and making explicit the appearance of the volume modulus in
the warping correction. Let us save the notation z to denote the dimensionless complex structure
modulus that we will introduce below and refer to the coordinate defined through the periods

(3.123) as S (this is also the notation used in [166], which will hopefully facilitate comparison).

The metric in the complex structure moduli space can be computed using

ZfH XaAXB

_ X D.33
BT THQNQ (D-33)

with the warp factor defined in (3.128), which corresponds to the warping corrected Kéhler
potential [170]

Koo = log <;6/H Q/\Q) . (D.34)

We assume that all complex structure moduli are stabilised in the UV, i.e. in the bulk, except
for the deformation modulus S that governs the Klebanov-Strassler geometry and lives in the
highly-warped region. In particular, this means we can split the Kahler potential into two

different contributions

Kes. = 10g <;6/H QAQ>

- 1og<;6 HQ O+ HQ"Q>
s Jbulk s J conifold

®Note that we give mass ratios for canonically normalised fields defined in the Einstein frame. Whilst these
mass ratios must be invariant under change of conventions, a change in frame would come with field redefinitions,
and new masses and couplings. In a setup in which all couplings, including the gravitational coupling, are
constant (e.g. assuming that the dilaton and volume modulus are stabilised and integrated out), the change of
frames becomes a change of convention from one Einstein frame to another Einstein frame, and the mass ratios
would be invariant.
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7 ~ 7 ~
log</ QNQ+ — HQ"Q)
lg bulk lg conifold
) _ zf L HQNO
—_ log ( / QNQ <1 + c?mfold _ )>
18 Jou @ﬂmU)AQ
i _ if o HQAQ
= lo !/ QAQ) lo G+—C@®M - )
g(@ bulk & i Lo 20

uv
eKc.s

i hQ™Q
lg /conifold

= Kes +K(8,9), (D.35)

KUY +

where the first approximation follows from H 1 in the bulk and the second assumes the contri-
bution from the bulk is much bigger than the one from the conifold. Since the UV contribution

only depends on moduli that were integrated out, it is simply a constant in our EFT,

‘ ) .
KUY — ]og(étélkﬁ’\ﬂ>:: bg(” % 6), (D.36)

and we should recall that jjQjj? = %Qmm,ﬂm"p = 8 is fixed by the normalisation of the globally

defined covariant spinor which is a requirement for preserving N = 1 supersymmetry in 4d [309].

We can now find the conifold contribution to the metric following the computations in [166]
PG

lﬁ

s

Ggg = z/ H xs”™x3s. (D.37)
conifold
For the deformed conifold (3.103), the (2,1)-form xg is given by
Xs=g" Mgt Mg +dF(T) (g N g+ g N g ddlf(T)(g! N g?) +R(T) (9P N g, (DY)

where the functions F, f, k were computed in [86]

sinht 7

Flr)y= —— D.39
(7) 2sinh 7 ( )

Tcotht 1
f(r) = ~Semhr (cosht 1), (D.40)

Tcotht 1
k()= e (coshT+1). (D.41)

It will be useful to look at the limits 7 ¥ 0 and 7 ¥ L of these functions,
Frvo=" frro =" Wero =1, (D)
TV T 1 TE VT 1 TV Ty '
1 - T T

F(T!l):§ Te 7, f(T!l):§, k’(T!l):§. (D.43)
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Surprisingly the combination we need, xs " xg, is a total 7-derivative

(Hg) [f+F(k 1) (D.44)

Xs X5 =

from which we find for Ggg (with all integrals performed over the conifold region)

KUV
= /HXS X3s
ijmm/HXS“Xé
1 2
_JJQJJV64/ (Hg) [f+F(k )
2 7
:64uszuv</ﬂg)/dﬂ I+ F(kf)]

2
WIYIRE

o
kel

</d7dd[Hff+F(k Nl /dﬁffj £/ 4 F(k f)g>, (D.45)

where in the last step we integrate by parts and use f 1L g' = 6473, We are left with an integral
in 7, whose domain corresponds to the conifold region only, which is glued to the bulk at some
finite value 7o that constitutes the integral upper bound. In terms of the coordinate defined in
the limit 7 @ 1A,

r? = 3 82/3627—/3 (D.46)
this corresponds to a cutoff scale Ayy,

3 3. 2°/3 A3
A%V r%v 25/352/3 e2Ta/3 =) TA—2logT+log —u (D.47)

We see that the first term in the integral is just a boundary term, so it suffices to evaluate
Hff+F(k f)gatT ¥ Oand 7 ¥ 75 (where we can think of 74 1 and use the approximations

for 7 ¥ 1). Tt is useful to recall the warp factor for the deformed conifold, now written in terms

of the complex structure s = jSj = €2

a1
e Aol — 22/3MI(7), I(T) / dx %ﬁ)l(sinh(%c) 20)1/3 (D.48)
s4/3 - sinh® x

At 7 % 0,1(0) 0718 and f+ F(k f)=0,and at 7 ¥ 74 (in the bulk), H 1 and

3. 25/3 1 A3
FrFE f) A= = " log —o— + S log =0V,

5 ; (D.49)
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As for the second term, all we need is the derivative of H
dH 1 de *oW 52/ (lgM)? 1 dI(7)
dr V2B dr s4/3 V23 dr
2 (@gM)? 1[4 F(k )

= 4 , D.50
s4/3  V2/3 (sinh(27) 27)2/3 ( )
and so the integral (which is well approximated by taking 74 ¥ 1) gives
M2 1 (™ Ff+ F(f  k)g? (lgsM)? 1
4 oM’ 1 / 0.093 ( 4 22329 ) _— (D51
s4/3 v2/3 (sinh(27) 271)2/3 ( ) s4/3 v2/3 ( )
Putting everything together, the metric G g5 becomes
1 3. 293 A} (g, M)? 1
5 log —— + log =¥ AR R L —— D.52
Gg5 = Ve ( 0g —5— +log =V +0.093 8 TR vTe (D.52)

Defining the constant ¢  0.093 8 23 1.18 and for s A} (which is equivalent to the

assumption 74 1), we can neglect the first term

1 A%V O(QOQSM)2 1
GSS = m <10g s +c 54/3 V2/3> . (D53)

This metric corresponds to the Kahler potential

1 . A3 9 (algs M)?. .
K = (jSj? (log =¥ +1) + ==L jS5j?/3 ) . D.54
(5.5) T2 Vs <JSJ (Og isi * )+ e ) (D54

We can now make a field redefinition, introducing a dimensionless deformation modulus z = S/I2

in terms of which the Kéahler potential becomes

18 . A3 9c( M)?.
K(z,2) = ———=5— Z{log =2 +1 S P D.

where now Ay = Ayvy/ls is expressed in string units of [;. With this redefinition we can say that

“z is small”, i.e. the dimensionless quantity jSj/I2 1 or jSj is small in string units.

= 15. Keeping it allows us to keep track of Vg and remember

Finally, we can make the choice Vg
where this factor comes from but, being just a volume integral, we can always choose to normalize

it in this way and let the volume modulus keep the overall volume dependence.
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