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Abstract

This thesis examines the use of an infinite series of
orthogonal polynomials to represent the concentration field of a
finite quantity of material dispersing in a turbulent flow., The
polynomials concerned are generalised, three dimensional Hermite
polynomials, The series is used to represent the instantaneous
distribution of concentration of material and several of its ensemble
mean properties,

Chapter 1 reviews the complete probabilistic description of

the distribution,of‘a‘finite quantity of material dispersing in a
turbulent flow, The complexity of the description and the resulting'
problems associated with investigating the development of the
distribution in space and time are highlighted, The chapter
concludes with an explanation of the purpose and aims of the thesis,

Chapter 2 outlines some of the previous uses of Hermite series
representations. Using a framework of relative diffusion, the
generalised Hermite series to be investigated is introduced. An
explanation is given of how the series can be used to represent the
distribution of concentration and several of its ensemble mean
properties for an arbitrary flow field and initial distribution of
material,

Chapters 3 and 4 develop the use of Hermite series
representations in frameworks of relative and absolute diffusion,
respectively, for particular models of dispersion, Chapter 3
applies a three dimensional series to dispersion in a uniform strain
velocity field, All possible orientations of the principal strain
axes are assumed equiprobable so that the flow is isotropic, A

Hermite series is used to represent (a) the instantaneous



(11)

concentration field, and (b) the ensemble mean concentration. The
effect on the coefficients of the series of the molecular
diffusivity, the initial distribution.of material and the rate of
strain tensor is examined. The effect of particular choices for the
arbitrary tensor of each series is also investigated.

Chapter 4 is concerned with a particular model of dispersion
in the atmospheric surface layer. Working in a framework of
absolute diffusion, a one dimensional Hermite series - analogous to
that investigated in chapters 2 and 3 - is used to represent the
crosswind integrated mean concentration of material released from an
instantangous point source, The anélysis focusses on the use of the
first few terms of the series to approximate the expected deviations
from the Gaussian of the horizontal downwind distribution of mean
concentration. Various choices for the arbitrary functions of the
series are investigated. A numerical scheme is applied to calculate
higher order coefficients, and hence terms, of the series, The
results of the scheme are validated by comparing (a) various
numerically calculated measures of quantity, location and spread of
material, and (b) the numerically calculated lower order
approximations to the horizontal distribution of material, with the
corresponding exact results. The numerical results are used to
establish the development with height and time of the skewness and

kurtosis of the horizontal downwind distribution of material,
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CHAPTER ONE

The Mathematical Description of Turbulent Diffusion

1.1 Introduction

Most flows are turbulent, the flow of the oceans, of blood in
the human body and of the atmosphere are all turbulent, Therefore
the study of turbulent diffusion is vital to many important practical
problems. For example, when a cloud of toxic contaminant is
released into the atmosphere, depending on the nature of the

contaminant and of its effects, interest may lie in

(a) the likelihood of a known lethal concentration or dosage
being exceeded

(b) the concentration of contaminant at any location (usually
ground level) averaged over a giQen period of time

(c) the rate at which the contaminant is removed from the

atmosphere by, for example, chemical conversion or

deposition,.

Consider the following, a situation fundamental to many of
these problems., A finite quantity, Q, of material is released
from a known initial distribution into an incompressible turbulent
velocity field, Assume that the material is passive, so that the
material does not influence the behaviour of the velocity field, and
that Q is conserved throughout the realisation of the dispersion,
so that, for example, no material is absorbed by or deposited on the

boundaries of the flow field. Let TI(X,t) and T(X,t) denote the



distribution of concentration of material and of velocity,

respectively, a time t after release. Since Q is conserved
[ T(X,t) dV(X) = Q . (1.1)
and because the flow is incompressible
v.T =0, (1.2)

Now consider the execution of any number of similar
realisations; in each one of which the quantity Q, the initial
distributions TI(X,0) and T(X,0), and the origin relative to which
X is measured are identical. Since the flow is turbulent, the
value of .I'(X,t) for each fixed X and t will vary from
realisation to realisation. In other words, there is an infinite
ensemble (i,e. set) of possible realisations of the dispersion.,

A description of the variation of T(X,t) with x and t in
any one realisation is not only theoretically impossible - since that
of T(X,t) is not known - it is also useless from a practical point
of view, The only practically useful description is the

probabilistic or statistical description of the infinite ensemble of

realisations:

Moo n=1,2,3,...) ' (1.3)

where F(“)(g,t) denotes the distribution of concentration in the
nth realisation, The problem then is to determine the behaviour of

the statistical properties of T(X,t) in terms of those of T(X,t).



It is worth pointing out that in most problems, because of
practical considerations, the ensemble of realisations is defined
somewhat differently to that above and, typically, includes all
realisations in which the statistical properties of the velocity
field 7(X,t), rather than the initial velocity field T(X,0),
satisfy certain conditions. For example, when material is to be
released into the atmosphere from an industrial plant, the detailed
meteorology cannot be predetermined and interest lies in the
behaviour of the concentration field in all possible meteorological
conditions. In this case the meteorological conditions may be
divided in;o Qarious subsets, for examp;e Pasquill stability class
(Pasquill and Smith 1983), and the behaviour of the concentration
field in each subset determined. The main point is that the
ensemble of realisations must constitute a statistical ensemble
(Monin and Yaglom 1971,.p.210).

As is illustrated in the next section, the full statistical
description of any statistical ensemble, such as (1.3), is extremely
complex, In this thesis, attention is focussed on the use of a
Hermite series representation for some of the simpler components of
the description, viz, the ensemble mean properties of TI(X,t).
Before introducing the Hermite series in Chapter 2, in order to
explain the motivation behind and aims of thé thesis, it is important
in this chapter to review briefly the principles involved in
investigating the ensemble mean properties of 'X,t) and to outline
the information about the concentration field afforded by particular
ensemble mean properties. The chapter is not intended to be an

exhaustive account, rather use is made of references where

appropriate,



Section 1.2 begins with an introduction to probability density
functions (p.d.fs) and an explanation of the relationships between
the p.d.fs and the ensemble mean properties of TI(X,t). The
concepts of relative and absolute diffusion are also outlined.
Section 1.3 introduces both the governing equations for the ensemble
mean properties and some definitions of relevance to Chapters 2 and
3. The chapter concludes in Section 1.4 with an outline of the

purpose of the thesis,

1.2 The Statistical Description of the Ensemble

1.2.1. Probability Density Functions vs. Ensemble Mean Properties

The statistical description of the infinite ensemble of
possible realisations, (1.3), is completely defined in terms of an
infinite set of multi-point p.d.fs. Knowing these p.d.fs it is
possible to obtain all the information required about the dispersion
(Lumley 1970; Monin and Yaglom 1971). For example, in most
practical problems interest lies in the probability - or likelihood -
of the occurrence of a particular event in any one realisation, In
particular, if the contaminant is toxic, interest may lie in the
probability of a known toxic level of concentration, 8r say, being

exceeded at (X,t). Denoting this probability by p(Bng,t)

00
p (eng.t) =J p(e;X,t) de (1.4)
7

where p(8;X,t) is the one-point p.d.f. defined such that



p(B8;X,t)88 (88 small and positive) represents the probability

that TI'(X,t) lies between 6 and (8+88) 1i.e.
p(8;X,t)88 = lim 1 (no., of measurements where B‘F(g,t)<e+ae)}.

Moo

Since TI(X,t) must lie between zero and infinity

p(e

5

,t) de = 1, (1.5)

O e 8

From (1.4) we see that knowing p(8;X,t), p(8p;X,t) can be
determined. Note that for generality, the upper limits of the
integrals in (1.4) and (1.5) have been set to infinity and the lower
limits to B and zero respectively. However, in practice, for
each (X,t) there will be maximum and minimum attainable
concentrations, © and Bmin sa&, such that for B>emax or

max

8<Bni,» P(BiX,t)=0, Therefore (1.4) and(1.5) may be written

2]
max
p(853X,t) =I p(8;X,t) de

Ot
and
]
max
I p(63X,t) d8 = ]
8

min



respectively,

Generalising (1.4) somewhat and by way of another example,
consider a flammable gas which will only combust within a limited
range of concentration in air, 8,¢I'(X,t)¢8, say. Then the

probability that ignitable conditions exist at (X,t) is given by

)

probability that (Bl‘r(g.t)‘az) = 9(31’82;§’t) = I p(83X,t) de,
0
1

As an example of a higher order p.d.f. consider the two-point p.d.f.
p(B,O;g.X,t). defined such that p(B,O;K;!,t)GBSO represents the
probability that TI'(X,t) 1lies between 6 and (8+88) if TI(Y,t)
lies between ¢ and (9+8)., Knowing p(8,%;X,¥,t), we can find
the probability, p(BT,OS;K,X,t), that T(X,t) will exceea 8 if

'(Y,t) exceeds 2 since

00 00
p(BT,oszg.x,t) = I I p(8,9;X,Y,t) dedse,

B 9

Unfortunately the investigation of the p.d.fs is a complex
problem both theoretically and practically (Lumley 19703 Monin and
Yaglom 1971) and, as discussed below, although it is receiving
increased attention, in the past = following the seminal work of
people such as Reynolds (1894) and Taylor (1921) - most workers have
focussed on a simpler set of parameters associated with the
statistical description of the ensemble, viz, the ensemble mean

properties of I'(X,t) (see Monin and Yaglom 1971, 1975 and Pasquill



and Smith 1983 for reviews of the literature),

There are an infinite number of ensemble mean properties of
r(x,t), each is a mean of a function of TI(X,t). In order to
illustrate how each is defined, consider a subset of the infinite

ensemble of realisations (1.3)
™, n=1,2,3,...M}. (1.6)
Since (1.3) is a statistical ensemble, for large enough M and for

each fixed X and t, the mean value of T(X,t) derived from the

spbse; (1.6) varies little as M 1is increased. That is, letting

r=1
and
N
F(X,t) = C(X,t) = lim {;1]- 2 r(”(}_c.t)} (1.7
[ r=1
then

B {(y -C)2}(X,t) ~0 as M=

where an overbar has been used to denote the taking of the mean of an
infinite ensemble of values and E represents the expected (or mean)
value, Equation (1.7) defines C(X,t), the ensemble mean

concentration and the simplest ensemble mean property of TI'(X,t).



Similarly, for any function of T (X,t), f(I') say, it is possible to

define an ensemble mean f(I)(X,t) by

N
i, = e & 2 ek (1.8)
N0 r=1

Expressing T'(X,t) as the sum of its mean and deviation from the

mean, c(X,t) say, we have

rx,t) = c(X,t) + c(Xx,t)

(1.9)
F(X,t) = C(X,t) ; c(X,t) =0,
Some elementary properties of C(X,t) and c(X,t) now follow,
Taking the ensemble mean of (1.1) and using (1.9b and ¢)
[ C(X,t) dv(X) = Q ; [ e(X,t) dVv(X) = 0, (1.10)

In other words, for any fixed t, the total amount of "C-stuff" is
conserved and is equal to Q whilst the sum of the fluctuations from
the mean is identically zero so that c¢(X,t) must take on both
positive and negative values. Since TI(X,0) is fixed from

realisation to realisation, using (1.9)

r(x,0) = C(X,0) ; c(X,0) =0, (1,11)

It is important to emphasise that, in general, without making

simplifying assumptions (Birch, Brown, Dodson and Thomas 1978; Hanna



1984a; Lockwood and Naguib 1975; Sawford and Stapountzis 1986), the
ensemble mean properties cannot be used to calculate the probability
of the occurrence of a particular event in any one realisation, such
as p(@g;X,t) defined by (1.4). However each ensemble mean
property can be expressed in terms of the moments of p(8;X,t) and
therefore gives information about the distribution of p(8;X,t) with
8 (Lumley 1970; Monin and Yaglom 1971). For example, C(X,t) is

the first moment of p(8;X,t) 1i.e.

o0
c(x,t) = F(x.0) [ @ p(asx,t) de. (1.12)
| 0

Therefore for each fixed X and t, C(X,t) locates the position’of
the centroid of the distribution of p(8;X,t). The shape of the
distribution of p(8;X,t) 1is given by its higher order moments about
C(X,t). For example, the mean square fluctuation, zi(g,t). is the

variance of p(8;X,t) and gives information on the spread of

p(8;X,t) about C(X,t) 1i.e.

A = T - 0o = 2 - A = [ 0 - 0? pesx,0) ae.

0
(1.13)
C(X,t) and zf(g,t). especially C(X,t), are the most
studied of the ensemble mean properties of T (X,t). However
:i(g,t) is of fundamental importance to most problems, for example

assessing the effect of the release of a toxic material, since it

gives information on the spread of concentration levels about the

mean, The ratio
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20X, 1)
- — (1.14)

is commonly used as a measure of the variability between realisations
(Csanady 1973; Hanna 1984a; Wilson, Robins and Fackrell 1985), If I
is much less than one, the fluctuations can be considered negligible
and knowledge of "'C(X,t) alone is adequate, However, as discussed
by Chatwin (1982) and Carn and Chatwin (1985), there is plenty of
experimental evidence of values of I of the order of 1-10, so
knowledge of C(X,t) alone is often inadequate. Recently, in
recognition of the significance of Zf(g.t), more work has been
devoted to developing and assessing appropriate models, in particular
in the context of modelling plume dispersal in the atmospheric
boundary.layer (see Hanna 1984b for a review also Carn and Chatwin
1985; Sawford and Hunt 1986), Such work has also been prompted by
the'developments of better theoretical and practical techniques for
studying p.d.fs, in particular p(8;X,t). It is not the purpose of
this work to detail these developments, rather just to indicate that
the study of p.d.fs is accelerating and is likely, eventually, to
receive as much attention as has the study of C(X,t) in the past,
Detailed references to the pioneering papers in the study of p.d.fs
and to subsequent developments are given by Birch, Brown, Dodson and

Thomas (1978), Fackrell and Robins (1982) and Kowe and Chatwin
(1985),

1.2.2 The Choice of Coordinate Framework

Finally in this section, it is important to describe briefly

one aspect of the ensemble of realisations (1.3) which has profound
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implications, in particular for the value of the ensemble mean
proﬁerties.

So far the only restriction that has been placed on the choice
of coordinate framework is that it is well defined and does not vary
from realisation to realisation, For a long time it has been
recognised that there are at least two distinct types of framework

which can be used profitably to study turbulent diffusion

(a) absolute diffusion

and (b) relative diffusion,

These are also known as Fulerian and Lagrangian frameworks
respectively, In a framework of absolute diffusion, the identifying
property of the material - such as its temperature or concentration -
is measured relative to a point either fixed in space or moving with
a uniform velocity, For example, the concentration of the cloud
considered above could be measured relative to the initial position
(t=0) of the centre of mass of the cloud. In a framework of
relative diffusion, the identifying property is measured relative to

a point which moves with the material, for example the instantaneous

position of the centre of mass of the cloud.

The implications of, and advantages associated with evaluating
the ensemble mean properties in this latter framework have been
~ discussed in detail by several authors (Batchelor 1952; Chatwin 1982;
Chatwin and Sullivan 1979a; Csanady 1973; Monin and Yaglom 1975),
The essential point to recognise is that with X measured relative
to the centre of mass of the cloud, as is evident from (1.7) and
(1.8), at any time t after release, the distribution of C(X,t) or

any ensemble mean property is only evaluated once the centres of mass
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of each instantaneous distribution F(")(g,t). n=1,2,..., have been
made coincident, Now in many practical problems, at least in the
early stages of dispersion, the displacement of the cedtre-of mass of
the cloud in a given time, predominates the distortion of the
material about its centre of mass in the same time, That is,
because the linear dimensions of the cloud are much smaller than
those of the energy containing eddies of the flow, the cloud of
material meanders through the flow with the shape of its distribution
changing relatively slowly. Ensemble mean properties evaluated
within a framework of relative diffusion are not subject to the
smearing effects of this meandering which are inherent in, and often
doﬁinate, the distributions of those evaluated in any framework of
absolute diffusion. In particular, the magnitude of the ensemble
mean concentration in relative diffusion is often much closer to the
actual concentration than that evaluated in a framework of absolute
diffusion (Chatwin 1982; Csanady 1973, p.82), In spite of this
advantage of relative diffusion, it must be acknowledged that in many
problems the distribution of concentration relative to a fixed
structure, such as a gas storage container, or a particular
topographical feature, is the main concern, In these cases a
framework of absolute diffusion is obviously appropriate.

In this thesis, and for the reasons explained later in the
text, both types of framework are considered. The analyses of
Chapters 2 and 3 are performed in a framework of relative diffusion
whilst the problem considered in Chapter 4 uses a framework of
absolute diffusion. For clarity, in the remainder of this Chapter
and in Chapters 2 and 3, lower case characters, such as X and y,
will be used to denote vectors measured in a framework of relative

diffusion and upper case characters, such as X and Y, will be
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reserved for denoting an arbitrary framework,

1,3 Equations and Definitions

1.3.1 The Governing Equations of the Ensemble Mean Properties

The problems involved in the theoretical investigation of each
of the ensemble mean properties of T (X,t) are typified by those of
C(X,t),

Using the summation convention over repeated subscripts, the
governing equation for TI'(X,t) may be written (Monin and Yaglom

1971, p.581)

2
ar ar a’r
at * i axg K 3% ;3K (1.15)

where K 1is the molecular diffusivity, Let T(X,t) be expressed
as the sum of its ensemble mean, U(X,t), and its deviation from

this mean, u(X,t), so that (compare (1.9))

(1,16)

Then, substituting (1.16a) and (1.9a) into (1.15), taking the
ensemble mean and using (1.2), (1.16b and ¢) and (1.9b and c) leads

to

2
ac , _d = 3°C
Pyl (e + uic) =K (1.17)

i axjaxj ¢
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This is the governing equation for C(X,t). Since it involves
c(X,t) it is not closed, nor is any finite subset of the infinite
set of equations which govern the ensemble mean properties of

rx,t). For example, subtracting (1.17) from (1.15), multiplying by

(2¢) and taking the ensemble mean leads to the governing equation for

cz(z,t)
— 55 —
9;2 +U 993 . 2 (u ci) + 2u.c €. . K 2 C2 - 2K [QQ-] (1.18)
at iaexy a&X; i i7 axy axJaxj axj '

which includes (uc) and (9Yc¢). This fundamental problem has led
to a substantial amount of literature devoted to the analyses of
closure hypotheses (Monin and Yaglom 1971, 1975). The majority of
this work has been devoted to investigating closure hypotheses for
the equation for C(X,t), (1.17), although recently more attention
has been paid to closure hypotheses for (1.18) (see discussions by
Hanna 1984b and Sykes, Lewellen and Parker 1984). The application
of many of these hypotheses can only be. justified for simplified
flows, in particular homogeneous or stationary flows., One major
advantage of the Hermite series representation to be examined in this
thesis is that its applicability is not restricted to simplified

flows, This point is discussed further in Section 1.4,

1.3.2 Properties and Definitions of Ensemble Mean Properties in

Relative Diffusion

By definition, the concentration field of a cloud of

contaminant measured relative to the centre of mass of the cloud,
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I'x,t), satisfies
[ x4 r(x,t) dv(x) = 0, (1.19)
Therefore, using (1.9) and (1.19)

[ x4 C(x,t) dV(x) = 03 [ x4 c(x,t) dv(x) = 0. (1.20)
As well as C(x,t) and cz(g.t), two other ensemble mean
properties‘of I'(x,t) will also be discussed in Chapter 2, namely
the distance-neighbour function p(y,t) (Batchelor 1952; Chatwin
and Sullivan 1979a, 1980a; Richardson 1926; Sullivan 1971, 1975,
1976) and the correlation function r(y,t) (Chatwin and Sullivan

1978, 1979b, 1980a) defined by

ply,t) = Q2 [ X, 0 T(x+y,©) dV(x)
= Q72 [ {C(x,t) C(x+y,t) + C(X.t) cl(x+y,t)} dV(x) C(1.21)
r(y,t) = p(y,t) - Q"2 [ C(x,t) C{x+y,t) dV(X)

Q™2 [ Tlx; T c(x+y,T) avV(x). (1.22)

In order to interpret p(y,t) and r(y,t) consider Q.1 F(x,t)dv(x)
and Q"1 F(x+y,t)dv(y). These represent the proportions of
contaminant in volume elements of size dV(x) and dv(y)

surrounding x and (x+y) respectively, Thus when molecular
diffusion, K, is negligible p(y,t)dV(y) 1is the average of the

proportion of the volume of contaminant within which the origin of



16

the vector y must lie so that a volume dV(y) surrounding the
other end of y will also contain contaminant, r(y,t) is the
contribution to p(y,t) from the fluctuations in concentration.

Its Fourier transform is the energy spectrum of | c2(§,t) dv(x).

1.4 Purpose of the Thesis

The purpose of this thesis is to show how a series of
generalised Hermite polynomials can be used to represent T (X,t) and
several of its ensemble mean properties; and investigate the use of
the represgntations.

The previous sections have given an overview of the ;omplete
mathematical description of a cloud of material dispersing in
turbulent flow. Some of the problems associated with examining the
development of the distribution of the material in space and time
have been highlighted, The aim of doing this was to identify
several points which emphasise the advantages of the Hermite series
representations to be investigated here, | Before introduéing the
representations in Chapter 2, it is useful to summarise these
advantages.,

First, the representations can be applied in frameworks of
absolute or relative diffusion (Section 1.2.2). Second, the
applicability of the representations is not restricted to simplified
flows, Rather, in theory the representations can be applied to any
flow although, in pra;tice, their use may be more suited to
particular types of flow (Section 1.3.1). Finally, the use of the
general representation is not restricted to C(X,t), rather it can

be applied to TI(X,t) or any one of its ensemble mean properties
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which satisfies some fairly simple rules. Many of the ensemble mean
properties satisfy these rules, including zikg,t). .

It is not worth elaborating further on these points at this
stage since they will be justified in subsequent chapters. As will
become clear in Chapter 2, a comprehensive investigation of the use
of the representations is beyond the scope of this work. However,
the work does attempt to develop various, selected strands of the
investigation in a way that accentuates the advantages of the

representations.
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CHAPTER TWO

A Three Dimensional Hermite Series Representation for TI'(x,t)

and its Ensemble Mean Properties

2.1 Introduction

The aim of this chapter is threefold. First, to show how
I'(x,t) and a number of its ensemble mean properties, for example
C(x,t), :7(§,t) and p(y,t), can be represented by a generalised
three dimensional Hermite series, Secondly, to explain why it
appears worthwhile to investigate the use of these representations,
Thirdly, to explain the rationale behind the approach adopted in the
rest of the thesis to beginning this investigation.

A Hermite series representation, in the form of a
Gram-Charlier series or Edgeworth series, is conventionally used in
turbulence to analyse deviations from the Gaussian of a non-random
function., However, Chatwin and Sullivan (1980a) have shown how a
generalised three dimensional Hermite series can be used to represent
a correlation function of the cloud (r(y,t)), which by virtue of
its invariant properties can never be Gaussian, not even approximate-
ly so. Their results suggest the representation should be of
practical value, In Sections 2,3-2.5, the use of this representa-
tion is extended to TI(x,t) and several of its other ensemble mean
properties,

Initially, in Section 2.2, in order to emphasise both the
naturalness of the representations and the ease with which they can
be handled, brief descriptions are given of the one dimensional

Gram~Charlier and Edgeworth series, Some simple examples are used
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to illustrate their conventional use and the analogous three

dimensional series are defined,

2.2 The Gram-Charlier and Edgeworth Series Representations

2.2.1 The One Dimensional Series

The Gaussian distribution is the solution to many simplified
models of problems in turbulence (Batchelor 1952; Pasquill and Smith
1983; Taylor 1953, 1954a). For example, in one of the simplest
models of dispersion in the atmosﬁheric surface layer, the ensemble
mean concentration, X(x,y,z,t), of a quantity, Q, of passive,
conserved material released from a ground-level point source is given

by the three dimensional Gaussian distribution (Csanady 1973)

2 pJ 2 ~
X(x,y,z,t) = 3/2Q exp{- % [55 N 53}} (2.1)
(2m) Og % 9 Oy 2

where the Xx,y,z axes are taken in the horizontal downwind,
horizontal crosswind and vertical directions, respectively, with the
origin fixed at the centre of mass of the cloud. oy, 0, and o,
represent the root mean square deviations of the distributions in the

appropriate directions. For example

2 I x2 % dxdydz -1 2
o, = =Q ° [ x* X dxdydz,
[ X dxdydz

Integrating (2.1) over y and t, the corresponding one'dimensidnal

Gaussian model of diffusion from an infinite, continuous, crosswind
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line source is obtained i.e.

SR SN N I
XglX:2 727 U o, PI=9 2
z

Q

where the axes are now taken fixed at the source, the mean velocity,
u, 15 assumed constant and parallel to the x axis and Qx represents
the quantity of material released per unit length per unit time,

In many of these problems (Chatwin 1970, 1980; Chatwin and
Sullivan 1981;'Lupini and Tirabassi 1983; Smith 1978, 1982a, 1982b,
1982¢c, 1985) the deviations from the Gaussian have been investigated
by represehtiﬁg the actﬁal propérty by the first few terms of its
Gram~Charlier series (type A) - hereafter referred to simply as the
Gram-Charlier series - or Edgeworth series (Cramer 1946; Kendall and
Stuart 1969; Mihaila 1968).

In order to illustrate the main features of each series it is
sufficient to consider their omne dimensional forms. Higher
dimensional Gram-Charlier series and Edgeworth series are considered
in depth elsewhere (Chambers 1967; Kampé de Fériet 1966; Kendall and
Stuart 1969; Mihaila 1968) and are therefore defined in Section 2,2,2
without detailed consideration.

First, consider an arbitrary well-defined function £(z) (the
conditions f(z) must satisfy to be represented by a Gram-Charlier
series or FRdgeworth series are discussed by Kendall and Stuart 1969),

For simplicity, let f(z) be expressed in standard measure i.e.

00 00 «

[ t@az=1; [zt@dz=0; [Pt az=1. 2.2

00 -—00 -0
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The Gram-Charlier series of f(z) may be written

0o

1 12
£(z2) = 57 rEO FH (2) exp[ 7 2 ] (2.3)

where the one dimensional Hermite polynomials Hn(z). n=1,2,..., are

defined by (Kendall and Stuart 1969)

Hn(z) exp [- % 22] = (-1)n ig; {exp[--% 22]}.

0 2

Using the orthogonality property of the polynomials

L

_-!-2 = 't &
71 Hn(z) Hm(z) exp[ 5 2 ]dz n! &

L——qs

3

the following expression for the coefficients of the series is

obtained

*xy

[

Io—o
“— 8

Hn(Z) f(z) dz n=1,2,ce00 o (2.4)

3

In other words, if n is odd, Fn is dependent on all the odd

moments of f(z) of order ¢n and, if n is even, F, is

dependent on all the even moments of f(z) of order ¢n., For
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example, using (2.2) and (2.4)

Fo“l
F1=F2=0
00 00
L i 23 f(z)dz
F3 = I H3(z) f(z) dz 31 J
-0 -00
00 00
1 - 1. 4 dz - 3} .
Pl [n@ @ a1 e }
-“

3

Thus the first few terms of (2.3) may be written
1 2
1 . _1
f(z) = Ty {1 + F3H3(z) + FQHA(Z) + e } exp[ 7 2 ]

So that the first term of the Gram-Charlier series of f(z) is the
Gaussian distribution with the same mean and variance as f(2),
subsequent terms represent the deviation of f(z) from the Gaussian,
In many practical and theoretical problems it is not possible
to determine completely the behaviour of the function f(z) but the
behaviour of the lower order moments of £(z) can be determined,
hence so can the approximation to £(2) afforded by the correspond-
ing initial terms of (2.3). In these problems therefore, interest
lies in whether the initial terms of (2.3) give a better approxima-
tion to f(z) than the Gaussian, in particular whether (2.3) is an
asymptotic representation for f(z). In most practical problems

interest lies in the approximation to f(z) afforded by the first

five terms of (2.3) viz.
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8 B
1 3 4 12
fo(2) = o= {1 + ST H(2) + gy Ha(z)} exp[- X ] (2.5)

since moments of order higher than four calculated from measurements
are usually subject to large errors (Kendall and Stuart 1969), In
(2,5) the dimensionless parameters By and B, represent the
skewness and kurtosis of f(z) respectively (Kendall and Stuart

1969; Lumley 1970) i.e.

53 = 3! F, =] 27 f(z) dz; 54 = 4 F4 = | 2z f(z) dz - 3,

%‘——sa
$ — 3

If f£(z) is Gaussian, 0B, and B, are identically zero.
An example application of (2.5) is shown in Fig. 2.1 where

f(z) has been taken equal to the normalised gamma function expressed

in standard measure

f(z) = T;f¥77 exp(~s) s(p'l), z = Légﬂl' s >0, p a constant >0,

(2.6)

It is seen that for p=16 (Fig. 2.1a), B3 and B, are both fairly
close to zero (0.5 and 0.375 respectively) and (2.5) appears to give
a satisfactory approximation to f(z). However, for p=2 (Fig,
2.1b), B3(=/2) and B,(=3) are further from the Gaussian values and
the approximation is unsatisfactory.

For a class of frequency functions often encountered in
statistical theory, the Gram-Charlier series (2,3) is not an

asymptotic representation, Edgeworth has proposed an alternative
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series which is an asymptotic representation for this class (Cramer
1946 Kendall and Stuart 1969), The important point to make here is
that the Edgeworth series is in fact a rearrangement of the terms of
the Gram-Charlier series (2.3). The first few terms of the

Edgeworth series are

B B
1 3 By 10 42 L2
() = oz {1 e @ @ g @y ()} exp[- 3 2%).

(2.7)

For the same reasons as for the Gram-Charlier series, only these

terms are considered in most practical problems.

In Figs. 2.1¢ and 2.1d, the approximation given by (2.7) to
the previous example function, (2.6), is compared with the
corresponding Gram-Charlier series approximation and with the exact
function. For both p=16 and p=2, "the Edgeworth series

approximation is more satisfactory than the Gram-Charlier series

approximation.

2,2.2 Higher Dimensional Series

Higher dimensional Gram~Charlier and Edgeworth series may also
be defined (Chambers 1967; Kampée de Fériet 1966; Kendall and Stuart
1969; Lumley 1970; Mihaila 1968), In particular, the three

dimensional Gram-Charlier series of a function F(z) where

[ F(z) av(z) =1; [ z4 F(2) dav(z) = 03
(2.8)

] 2424 F(z) dv(z) = Sij
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may be written

00
(m . (m) 1
F =nig 2 B D @@ ew[-Fo 2 2] 29

m=0

In (2.9) the summation convention over repeated subscripts has
been used, n(g) 1is given by equation (A5) of Appendix A, m
represents the number of subscripts ij...k and the

positive-definite, symmetric tensor °ij is such that
Sij %jk = ik

where 814 is given by (2.8c¢).

. n
The Hermite polynomials of three variables Hijz..k(g’ g),

n=1,2,..., are defined by

" Ca p[- 1

(n) ex ¢z 2

1 = (=~
Hij...k(g‘ g) exp[- > cpquzq] (-1

Some properties of the polynomials are given in Appendix A alomng

with further references. Using equations (A10)-(Al12), (2.8) and

(2.9)

(1 _ (2)
Froli= Fy Fyg =0

Thus (2.9) may be written
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00

- (0) (m) (m) 1
F(2) = n(g) {F + m§3 Fij...kHij...k(E' g)} exp[- 2 opquzq}.

(2.10)

2.3 The Hermite Series Representations

In Section 2,2 evidence was given of the practical and
theoretical value of two particular Hermite series representations,
the Gram-Charlier series and Edgeworth series. It is now possible
to appeal to this evidence and other results to suggest general
representations for TI'(x,t) and several of its ensemble mean
properties, in particular C(x,t), zf(g.t). p(y,t) and r(y,t).
Here, the word 'general' is used to signify a representation which
requires no assumptions to be made about the turbulent nature of the
flow or the initial distribution of material.

Before introducing the representations, it is important to
emphasise the point made in Section 1.4, namely that the arguments
below can be extended to derive analogous Hermite series representa-
tions for a concentration field measured in an arbitrary framework,
F(X,t), and its ensemble mean properties, This extension is
discussed in Chapter 4, However, because of the importance of
relative diffusion and in order, in the first instance, to justify
the representations as clearly as possible, it is sensible initially
to focus on relative diffusion.

First, consider the conditions which must or should preferably
be satisfied by a general representation for C(x,t). Any
representation must decay to zero as |X| = o, Observations suggest

that in some flows C(x,t) decays to zero like exp(-A |x|%) for
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some constant A. In addition, there is evidence that under certain
conditions C(x,t) is Gaussian (Batchelor 1952; Csanady 1973; Monin
and Yaglom 1975, p.577; Sullivan 1971),.

As a second condition, it is at the least preferable that any
representation is mathemtically easy to handle and has interpretable
coefficients, Whilst a representation in wave-number (or frequency)
space using Fourier integrals would be possible, such a representa-
tion is of most value in the special case of homogeneous (or
stationary) turbulence (Frost and Moulden 1977; Monin and Yaglom
1975) and, furthermore, would not explicitly reflect the observed

exponential decay of C(x,t). On the other hand, the Gram-Charlier

series of C(x,t) (see (2.9)) viz.

L
1
C(x,t) = n(y) 20 Bi?z..k(t)ﬂﬁ?fo.k(g,g) exp[- E'upq(t)xpxq]
ms

(2.11)

where
#ij Njk = 84k
and
Ny(E) = Q7! [ xjx; C(x,t) AVx)

satisfies both conditions and reflects this exponential decay but
evidence suggests its practical value is restricted to near Gaussian
C(x,t) (Chatwin 1980; Kendall and Stuart 1969). Theoretical
evidence of a Gaussian or near Gaussian C(x,t) depends on certain

simplifying assumptions, in particular that the flow is homogeneous
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and that molecular diffusion may be ignored (Batchelor 1952; Monin
and Yaglom 1971, p.540 and 1975, p.567-578)., These assumptions are
sufficient for many problems for several reasons, For example, the
eddies responsible for relative diffusion often lie within the
equilibrium range - or even in the inertial subrange - so that local
isotropy and therefore homogeneity can be assumed (Monin and Yaglom
1975, p.337). If the same eddies lie within the inertial-convective
subrange (Monin and Yaglom 1975, p.383) or if only the large scale
statistical structure of I'(x,t) is of interest (Chatwin and
Sullivan 1979a; Monin and Yaglom 1971, p.591) there is evidence to
show that molecular diffusion may be neglected. However, most

naturally occurring flows are inhomogeneous and evidence of

non-Gaussian C(x,t) is available (Chatwin and Sullivan 1979b; Monin
and Yaglom 1975, p.578; Pasquill and Smith 1983). For these reasonms,
and since we are seeking a general representation for C(x,t), (2.11)
must be regarded as unsuitable,

However, it is possible to generalise (2.11) and represent

C(x,t) by the series

o0
1
C(x,t) = Q n(@) 2 Bi?) k(t)Hi?) k(g, g) exp[- i'ﬁpq(t)xpxq]
mzo LR N ] LI N ]

(2.12)

where Bij(t) is now an arbitrary, positive-definite, symmetric,
non-random tensor and Q has been taken out of the summation for
later convenience. The choice of Bij(t) is discussed in Section
2.5, For now it is important to stress that, given the evidence

outlined above and in Section 2.2, for any well-behaved Bij(t).
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(2.12) appears to be a natural representation for C(x,t).

Granted this naturalness and granted that the conditions
specified above for C(x,t) typify those which must be satisfied by
a general representation for many ensemble mean properties of I'(x,t)
it is now natural to propose that each of these ensemble mean
properties be represented by series like (2.12). In particular,
using pij(t). nij(t) and zij(t) to denote arbitrary, non-random,
positive-definite, symmetric tensors :7(5.t). p(y,t) and r(y,t)

may be represented by the series

[
2 2 pm 7 (m) -1
Zix,t) = o? nip) nzo M om] e exp[- ppq(t)xpxq]
(2.13)
]
1
p(y,t) = n(y) m§0 ™ or™ gy exe[- 3 RGYRN
(2.14)
[
1
r(y,t) = n(a) §0 o™ e[~ A0y
m== '
(2.15)

Similar representations for other ensemble mean properties of
IF(x,t) could be defined. Attention will be focussed on
(2.12)-(2.15) because evidence of the behaviour of C(x,t) c2(§,t).

p(y,t) and r(y,t) is available.

The evidence for C(x,t) has already been discussed, As

might be expected, there is less evidence for the other ensemble mean
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properties, First, for cz(g.t), whilst there are no known
measurements from clouds, measurements of the appropriate analogue of
zi(g,t) in a steady plume have shown an approximately Gaussian
distribution, except near the centre of the plume (Chatwin and
Sullivan 1979b), Assuming these results generalise to clouds, they
support the use of the general representation (2.13). Further

support can be drawn from the theoretical investigation of the

particular velocity field

TJ = Tijxi (2.16)

where by (1,2)
ii

i.e. 7T(x,t) a pure straining motion. The sole random feature of

this 7TY(x,t) is that the direction of the principal strain axes vary
from realisation to realisation. This velocity field is considered
in detail in Chapter 3, all that will be noted here is that the
results suggest that in some flows zi(g,t) decays like exp(-B |x|?)
for some constant B,

As for 'zi(g,t), there are no known measurements of p(y,t)
in clouds. However (2.14) is consistent with measurements of the
analogue of p(y,t) in steady plumes which show a Gaussian
distribution in the bulk of the plume (Sullivan 1971), A Gaussian
distribution for p(y,t) 1in homogeneous turbulence is also proposed
by Batchelor (1952).

Evidence from the measurements of plumes is also available for
the representation for r(y,t), (2.15). Indeed, the representation

has already been suggested by Chatwin and Sullivan (1980a) following
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an examination of such measurements and the use of the analogue of
(2.15) to represent the one dimensional analogue of r(y,t) in a
plume. Their results suggest (2,15) will be of practical use and
are discussed in more detail in Section 2.4.5.

Finally, to complete the mathematical representations to be "
investigated in this thesis, it remains to introduce one further
extension of the generalised Hermite series, namely that the random

concentration field, TI'(x,t), be represented by the series

(m) (m) 21 -~
r(x,t) = Q n(e) mgo Aij,..k(t)ﬂij...k(z'ﬁ) exp[ 2 «pq(t)xpxq]

(2,17)

where aij(t) is an arbitrary, positive-definite, symmetric tensor
which may now be chosen random, The reasons for introducing (2.17)
are obvious, The conditions specified earlier for C(x,t),

:7(§.t), p(y,t) and r(y,t) typify those which should be satisfied
by any representation for I'(x,t). The series (2.17) is therefore a
natural representation to investigate, It provides, in conjunction
with (2.12)-(2.15), a more complete mathematical representation for
the concentration field and its ensemble mean properties and is
therefore of inherent interest.

The aim of this thesis is:

(a) to investigate the use of the representations (2.12)-

(2.15) and (2.17),
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and (b) to generalise the investigation to frameworks other than

frameworks of relative diffusion.

For the reasons given at the beginning of this section, (b) is
considered in Chapter 4. To achieve (a), it is essential in the
first instance to outline the basic properties of (2,12)-(2,15) and
(2.17). This is done in the next section, Section 2.4, 1In Section
2.5, by way of discussing the practical and theoretical value of

(2.12)-(2.15) and (2.17), the important questions to be addressed in

this thesis are raised.

-
2.4 Properties of the Representations for TI(x,t), C(x,t), c”(x,t),

p{y,t) and r(y,t).

Continuing to make no artificial or restrictive assumptions
about the nature of the turbulent flow or the initial distribution of

material, in this section

(a) the expressions for the first few coefficients of each of
the representations (2.17), (2.12)~-(2.15) are derived in
2
terms of the moments of TI'(x,t), C(x,t), ¢"(x,t), p(y,t)

and r(y,t),

(b) the relationships between the coefficients of each

representation are illustrated.

The results of Appendix A are used throughout the section.
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2.4,1 The Representation for T(x,t)

Let aij(t) denote the inverse of the symmetric tensor uij(t)

in (2.17), i.e,
agy *ik = Bik

(n)
(so that ajj(t) is also symmetric) and let Mij...k(t) denote the

nth order moment of TI(X,t)

(n) ol Loox. Tix,t) dv(x). (2.18)
Mij...k(t) Q xixj X X =

Hence, using (1.1) and (1.19)

M@y =13 MV =0, (2.19)
(n)

Using (A10)-(Al13) (with Cﬁ??..k’ Sij...k and ?ij replaced by
A(n) (t) M(n) (t) and a, (t) respectively)

13,00k Tif.. .k it
A0 (¢) =
AV =0

(2) 1 (2 _
Aij (t) > (Mij aij)
AR(®) = 57 M (2.20)

ijk 3t ijk
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ROW (4) (2) y(2) (2) (2)
Aj ke (t 4' {“ ke T CigMe” tAaMpe t 3 M T oag My,
(), , (D),

agMie tAkeMiy )t (B T Ay,
aizajk)}' (2.20)(contd.,)

Thus A(O)(t) and A§1)(t) are invariant., The first few terms of

(2.17) may now be written

,; (2)_ (2) 1 .(3) .(3)
Fe,e) = Qo {1+ g o= a ) 1P + 37y
+ ..;} exp[— %'upqxpxq]. (2.21)
In (2.20) and (2.21), the dependency of Mi?z..k(t) wgy(8)  and

aij(t) on t has been omitted for simplicity. The same will be

done in subsequent equations wherever practicable.

2.4.2 The Representation for C(x,t)

Following the same procedure as in Section 2.4,1 for the

representation for C(x,t), (2,12), let bij(t) denote the inverse

Of Bij(t)' ioeo
81k | (2,22)

bj By =

and let Ni?) k(t) denote the nth order moment of C(x,t), i,e,

(n) (n) N
Nij.'.k(t) = M. j...k(t) Q ! xixj"'xk C(x,t) av(x) (2.23)
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where M(?) k(t) is given by (2.18). Thus, using (2.19)

NO )y =15 8Dy = o, (2.24)

(n) (n)
From (A10)-(A13) (with C_ 500K’ Sij...k and ?ij replaced by

pim (n) 1
1j... (t), Nij...k(t) and bij(t) respectively)

80 (t) = a@ () = 4@ (g) =1

Bil)(t) - Aiijlt) - Ail)(t) -0

(2) (2)
1j (t) = ( ij - bij)
(2,.25)
3) 21 (3
Bkt =37 Mijk | '
(4) (4) (2) (2) N(2) + b N(2)
By ke (V) a' {"nm b5 k& * by N T PNk jK12
(2) (2)
* DNt DNy )t (Pt DypPye bizbjk)}
so that B(O)(t) and Bgl)(t) are invariant. The first few terms

of (2.12) may now be written

(2) L) L)
C(x,t) = Q n(@) {1 + -‘2- (Nﬁ) - byy) Hyy (K@) * 37 Ny Hyj (0@

et exe[- 3,0k ] (2.26)



36

Note that since the initial distribution of material is the same in

each realisation, using (2.23)

(n)
Nij...k©@

Therefore for each n?d¥0,

(r)

the Mlj...k

(r)

Afy.. .k

(0), rén, b,

11(0)

non-random), For example

(2)(0) (?)

ij 2 (M

(n)

For general t, each B,

joook
Mi§ g(t)s rén, and bij t) and therefore in terms of the
i example

Aij...k( ), rén, bij and aithi. Fgr p

@D (¢ o1 D (0 -y, (0

Bjy (1) =5 (M (1) = byl
j (t) + "(_—_T—T - b (t))
(2.28)
g(3) D BV &) PN
Bk = 37 Migk(
- a0 ().

(0) - b,

=-x (0 for all n30 (2.27)

ijoook

é?) k(0) can be expressed in terms of

(0), rén, and b, . (0) and therefore in terms of the

i]

. (0 must be chosen
and aij(O)‘ (alj( )

(2) 1 _
(0)) = 4377 (0) + 3 (a3,(0) = by (0)),

ij

(t) can be expressed in terms of the

Af K
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2.4,3 The Representation for cz(g,t)

Let dij(t) denote the inverse of Pij(t) in (2.13), i.e.

dij Pyx = Bik

and let Q(n) (t) denote the nth order moment of cz(g,t). i.e,

j.tok
(n) ) ' ]
Q.. (8 = Q7 [ xyxgeaux cTx,t) dVix), (2.29)
Using (Al10)-(Al13) (with C(n) | S(n) and ¥ replaced by
& with ...k’ ).k 1]
(n) (n) : .
Dij...k(t)' Qij...k(t) and dij(t) respectively)

(1) (1)
Dl (t) = Ql
(2)

(2) 1l

() = @i} - ap
(2.30)
NEI PR (3) oV (M, 4 o
Dij(®) = 37 {Qljk Ay " )}
(%) (4) (2) (2) (2) (2)
Dy ket = 77 {Qljkl (dy Qe * 93k * d5aQi * 94iQy
(2) , , o
* 4y keQig )t igge * dydy, * d5d0) }
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untike A@ (), a{D(v), 8@ 1) and B{M(v), D@ ¢t) ana
Dgl)(t) are not invariant., The first few terms of (2.13) may be

written

(1) H(l) 1 .(2) (2)

Fixt) = 2 i) {!? « oV wVxie) ¢ 3 (@) -4y BT x0p)

1 [,(3) (1 (1) (1))] (3
Tl CE ARG MU g JERMERY
+ ...} exp[— %-ppqxpx ]. (2.31)

Using (1.11b)
2(x,0) = 0

so that

(n) - p(m = for all n30,
Uy, k(@ = Py, (@ 70

In addition, since (Chatwin and Sullivan 1979a)
! :§(§.t) dv(x) =0 as t = =

it follows that

p{®(t) 20 as t = w,
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2.4.4, The Representation for p(y,t)

The first few terms of the representation for p(y,t), (2.14),
like that for C(x,t), can be simplified somewhat. Let e;(t)
denote the inverse of nij(t) so that
eij5 Njk = Bike

(n) .
Denote the nth order moment of p(y,t) by Pij...k(t)' i.e,

(n) . e
Py, k(B = [ vy ooy D) dVOy

=Q2 g yi¥yee ¥ T(Z 0 TxFY, 1) dV(x) dv(y),

(2.32)
Clearly, from (1.21), p(y,t) is even in y so that
p(y,t) = p(-y, t),
It follows that (Chatwin and Sullivan 1980a)
(2n+1) = for all n30., (2.33)
Pijo.k(t) =0

In addition (Batchelor 1952)

POV (1) = | ply.t) av(y) =1, | (2,34)
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Using (A10)-(A13) (with c(’;‘f”k, Si?)k and ¥;, replaced by
(n) (n) .
13...k(t) Pij...k(t) and eij(t) respectively), (2.33) and (2.34)
(O (¢) =1
Eg?t};(t) -0 for all n30
(2.35)
(), 0y o1 p(2) _
Eij (t) > (Pij eij)
p(4) (4) (2) (2) (2) (2)
it 4- {Pnu - CeyPre *eiPie T %Pk CykPie
(2) p(2)

eePik * ®kePiy )t (Cig%ke * Cik®ye T eizejk)}

so that E(O)(t) and E(2n+l)(t) are invariant, Equation (2.14)

ij...k

may now be written

(2m) (2m) 1
p(y,t) = n(yp {1 + 2 ALY Hij.”k(x,g)} exp[- p npqypyq]

(2) 4 (2) F L@ e,

p(y,t) = n(p) {1 + L (p! ij eij Hij (2.2 * 37 Pijie ij ke

. (&)
+ 5 similar terms) + (ej e, *+ 2 similar terms)] Hyjie ()

+ ...} exp[ ; npqypyq] (2.36)

Looking at the relationships between the Ei?n) k(t) n3! and the

.coefficients of the representations for I(x,t) and C(x,t),
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(m) (m)

1j...k(t) and Bij...k(t) respectively, since (Batchelor 1952)
(2) (2)
= . t .
Pij (t) 2Nlj (t) (2.37)
where N(2)( ) is defined by (2.23), then using (2.35¢), (2,37),

i)
(2.25¢) and (2.28a)

(2) -1 (2) _
Eij (t) 2 (2Nij eij)
(2) . 1 -
= 2Bij * 3 (2bij eij)
) , 1 o _
= 2Aij * 3 (2aij eij)' (2.38)

More generally, letting the nth moment of r(y,t) be denoted by

(n) .
Rij...k(t)’ l.e.
(n)
Riy.. k(8 = [ yyyyeeey rlg,t) vy (2.39)

for each n32

(2n) (2n)
{Pij...k( v - ...k(t)}

is a function of the Ni?) k(t), mé2n (Chatwin and Sullivan 1980a).

n
Hence for general t, relationships between the E§§.3.k(t). n2,
and the coefficients of the representations for C(x,t) and r(y,t)
(and therefore I (x,t) and r(y,t)) can be derived. This is done

in Section 2.4.5, after developing the representation for r(y,t),.
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However using (1,22) and (1.11b), for t=0 we have
r(y,0) =0

s0 that

(n) - 3
Rij...k(O) 0 for all n30 (2.40)

Hence, for each n3l, Pi?n) k(0) is a function only of the

(2m) (2m)

Nij...k(O)' mé2n, and therefore, using (2.26), of the Mij...k(O)'

‘mé2n, It follows that for each ndl, Eiin)k (0) can be expressed

. (m) i
in terms of the Aij...k(O)' mé2n, aij(O) and eij(O)' As a simple
example, from (2,38) it follows that

’

E(2)

(2) 1 - 0
ij (0) = 2A_77(0) + 3 (2aij(0) eij( ))

iJ

2.4.5 The Representation for r(y,t)

Finally, consider the representation for r(y,t), (2,15),

Let lij(t) dfnote the inverse of )ij(t) so that
iy M ™ Bike

As demonstrated by Chatwin and Sullivan (1980a) there are several
invariants of r(y,t). First, from (1.10), (1.22) and (2.39) it

follows that
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r(y,t) = r(-y, t)

(2.41)
RO (t) = 0.
From (1.10), (1,20), (1.22) and (2.39)
R (1) = 0. (2.42)
Finally, from (2.41a) and (2.39)
RGN0 = 0 for all n0 (2.43)

Note that (2.41) and (2.43) are true for relative and absolute
diffusion whilst (2.42) only holds for relative diffusion, Using

(2,41)-(2.43) the representation for r(y,t) can be simplified to

(2m) (2m) 1
r(y,t) = n(3) m§2 L, j...k(t)H §.. .k RS2V exp[ 2 quypyq]

(2.44)
As explained in Section 2.4.4., for general t, relationships between

the coefficients of the representations for r(y,t), p(y,t) and

C(x,t) (i.e. L{n) E(") and (n) respectively) can be

11"'k' ijoook ljoock

derived, As an example consider

(4) (4)
{Pijkz( ijkz(t)}

(n) (n) .
where Pij...k(t) and Rij...k(t) are given by (2,32) and (2.39)
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respectively, Now (Chatwin and Sullivan 1980a)

(4) (4) (4) WD) | ((2) | () (2)

Pijia(t) = Byjpe (V) = 20N + Ny "Ny ik Ve ie Ny)
(2.45)
From (2,35d) and (2.37)
(4) (4) (2) (2) (2) (2) (2)
Pigie(t) = 41Bjqpp + 2(ey N v ey Moy Y eV " CuiMip * CgNiy
.o §(2) ) (2.46)

CreMij ) = (egife * e ie t Cig®yx

Using the equation for Liﬁi& analogous to (2,35d), and (2.42) gives

-

(4)
ijke

(4)

- . (2.47
igie ~ Tiglie ¥ litye ¥ lalpd )

R (t) = 4t L

Substituting (2.46) and (2.47) into (2.45), using (2.25¢ and e)

(4) (2) , (m)
ijkz(t) and Nij (t) in terms of the Bij...k’ mé4, and

rearranging leads to the following relationship between the fourth

to express N
order coefficients of the series for r(y,t), p(y,t) and C(x,t)

(&) %) )
SR e = Ligie) - {(eijekz PP IR CHR PR FIRSTY

MELFPL T lizljk)}

(4) (2),(2) (2),(2) | (2)8(2))

=241 By, ¢ 8(B B, v B Byt By By

(contd.)
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2) (2) (2) (2) (2) (2)
v 8Dy By * PiBye * PigBi DByt t DBy’ t BBy )

(2) (2) (2)
- 2{311(281(: ¢ b))+ ey (282 + by v e (282 4 b )

(2) (2)
Yoo 2By, ¢ by,) v ey (2B +by) * ey, (2BY0 4 bij)}

+ 4(b, b (2.48)

) + bi b, +Db.b

k2 iz jk)'
(* see footnote on page 48)‘

The series (2.44) was first suggestéd by Chatwin and Sullivan
(1980a), They applied the corresponding one dimensional series to
the analogue of r(y,t) in a plume dispersing on the surface of a
lake, r(y,x). Here, x denotes the distance from the source along
the instantaneous centre line of the plume and y denotes the
perpendicular distance in the surface of the lake from the centre of
the plume. Figuré 1 of their paper is reproduced in Fig. 2.2. It
compares the approximation obtained from the first térm of the one
dimensional series, after suitably choosing the analogue of lij(t).
with the corresponding cturve for r(y,x) derived from the plume
measurements, As discussed by Chatwin and Sullivan, the level of
agreement between the curves is very good considering the experimen-
tal errors involved and certainly appears to suggest that the three

dimensional series (2.44) will be of practical value,

2.5 The Way Forward

Sections 2.2-2.4 have shown how a series of generalised three

dimensional Hermite polynomials can be used to represent TI(x,t)

and many of its ensemble mean properties, An investigation of the
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use of these representations needs to address a number of important
questions, These questions divide naturally into those relating, on
the one hand, to the potential practical uses of the representations,
and, on the other, to their potential theoretical uses, Initially,
the former will be identified by considering the representation for
C(x,t), (2.12).

Consider a problem in which the behaviour of several of the
lower order moments of C(x,t) is known but that of C(x,t) itself
is not. Without loss of generality we may assume that the behaviour
of the moments of order 64 is known, a reasonable assumption given
the errors typically associated with moments of order >4 calculated
from measurements (Kendall and Stuart 1969). Then (2,12) will be of
practical value if there exists a choice for Bij(t). and thereby a

choice for bij(t), which

(1) ensures that a satisfactory approximation to C(x,t) 1is
obtained from, at most, the first five terms of (2.12)
(the option of approximating C(x,t) by a rearrangement

of the terms of the representation is discussed below)
(2) can be determined from measurement and/or theory
and (3) is such that the accuracy of the approximation can be
quantified in terms of the parameters of the flow and/or

the variables x and t.

Any bij(t) satisfying (1)-(3) will be called 'suitable',
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Experience of the use of a Hermite series representation, or
more precisely of the one dimensional analogue of (2,12), suggests we
should not expect to find a suitable choice for bij(t) for each
flow, rather that there may exist choices for bij(t) which are
suitable for certain classes of flow. For example, given the
observed Gaussianity of the one dimensional analogue of C(x,t) in
a plume (Csanady 1973; Sullivan 1971) one choice for bij(t) of

particular interest is

) = 83 () (2.49)

by if

where Néi)(t) is given by (2.23). As discussed in Section 2.3,
with this choice for bij(t). (2.12) is the Gram-Charlier series for

C(x,t) (see (2,11)), Then, one needs to ask
(1) for which flows is (2.49) of practical use?

(2) Given the previous uses of the Bdgeworth series (Chatwin
1970, 1980; Kendall and Stuart 1969; Smith 1978, 1982b)

are there flows which require the rearrangement of (2.12)

for it to be of optimum practical use?

(3) Are there flows for which a choice other than (2,49) is

suitable?

These questions typify those that could be asked of the

Hermite series representations for zf(g.t), p(y,t) and r(y,t),
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(2.13)-(2.15), Consequently, it is important to examine if
governing equations like (1.17) and (1.18) can be used to express the
coefficients of (2.i2)-(2.15) in terms of the statistical properties
of the velocity field 7T(x,t). If this is possible, the existence
of any practically useful criteria for choosing the arbitrary tensors
of the representations, bij(t). dij(t). eij(t) and lij(t), can be
investigated. Unfortunately, since the hierachy of governing
equations for the ensemble mean properties is not closed (Section
1.3.1), substitution of, for example, (2.12) and (2.13) into (1,17)
and (1.18) obviously leads to a complex system of non-closed
governing equations for the coefficients,

There appear to be two particularly interesting ways of making
progress., The first is to choose a particular 7TY(x,t) random in
some specified way and thereby investigate the use of the representa-
tions (2.12)-(2.15) and (2.17), especially the choices of the
arbitrary tensors of the representations. In this way the analysis
can be kept exact and the practically important questions simplified
somewhat, The second is to use a particular closed model equation
for one (or more) of the ensemble mean properties of TI(x,t) and
investigate the resulting form‘of the coefficients of the representa-
tion(s). In this case the analysis cannot be exact., The former
option is tackled in the next chapter, Chapter 3. The latter is

addressed in Chapter 4.

If we assume that C(x,t) and p(y,t) are Gaussian (Sullivan 1975),
and choose b'j (t) and e;5 (t) such that each is represented by the
first term of'their respegtive Gram-Charlier series, using (2.37),
(2.48) may be simplified to give

4y (¢ _ 1
Fiske T3 %5t * Aidye® A
Hence, from (2.47), the fourth order moment of riy,t), Rigﬁx(t), is

identically zero. This result follows directly from equation (3.21)
of Chatwin and Sullivan (1980a).



{a) p=16
B,=05
-40.5 BL = 0.375

Fig2.%a) and (b) The Standardised Gamma Function (*—', Equation 2.6) and Gram-Charlier Series
Approximation ('e’, Equation 2.5)

v B



(c) p= 16
By= 05

Fig2.1ic) and (d) The Standardised Gamma Function (‘—', Equation 2.6), Gram-Charlier Series (‘o’, Equation 2.5)
and Edgeworth Series {‘+', Equation 2.7) Approximations



Key: ———  derived from measurements

————— Hermite series approximation

L{x) is a measured mean plume width

Fig22 Hermite Series Approximation to the Analogue of rly,t) in a
Two Dimensional Plume, rlyx). Reproduced from Chatwin and
Sullivan (1980a)
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CHAPTER THREE

Dispersion in a Linear Strain Velocity Field

3.1 Introduction

In this chapter the use of a Hermite series representation for
I'(x,t) and C(x,t) is investigated for a particular choice of
velocity field, T¥(x,t). The aim is to explore the nature of the

influence on the first few terms of each representation of:

(1) the velocity field
(2) the molecular diffusivity, K
(3) the initial distribution, T (x,0)
and (4) particular choices for the arbitrary tensor in the

exponential of each representation.

Sections 3.2 and 3.3 introduce the chosen velocity field and

develop and solve the governing equations for the coefficients,

(n)
ije.k

to arbitrary and particular axes, respectively. Section 3.4

A (t), of the Hermite series for I(x,t), (2.17), with respect
illustrates the way in which equations for the small or large time
behaviour of the coefficients can be derived for arbitrary uij(t)

of (2.17). The small and large time behaviour of the coefficients
of the Gram-Charlier series for TI(x,t), that is for a particular
choice of “ij(t)' is examined in Section 3.5. The influence of

the initial distribution, TI(x,0), 1is addressed in Section 3,6,

Sections 3.7 and 3.8 discuss and show how the Hermite series

for I(x,t) can be used to derive a Hermite series for C(x,t).
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The series for C(x,t) is developed for an arbitrary initial
distribution (Section 3.7) and for a spherically symmetric initial

distribution (Section 3.8). The summary of and conclusions from the

chapter are given in Section 3.9.

3.2 The Velocity Field and Hermite Series Representation for TI'(x,t)

With Respect to Arbitrary Axes

This section introduces the chosen velocity field and derives
the resulting general governing equations for the coefficients,

(n) (t), of the ngmite series for TI(x,t).

Ay ok

3.2.1 The Velocity Field

The velocity field chosen is the pure straining motion

(Batchelor 1970, p.79; Monin and Yaglom 1975, p.421)

Ti = Tijxj
where (3.1)

STi ) aTI .

T, ;0
3X ax4 ij

TS is the rate of strain tensor and is assumed symmetrical, The
axes with respect to which 7j; is diagonal are the principal strain

axes, By incompressibility, (1.2),

Ty = 0. (3.2)
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We will assume Tij is constant in time and does not vary from
realisation to realisation. In addition, the orientation of the
principal strain axes will be fixed throughout each realisation,
Then TI(x,t) is a random function of X and t solely because the
orientation of these axes varies from realisation to realisation,
The ensemble mean properties of TI'(x,t) then follow from averaging
I'(x,t) over all possible orientations of the axes.

The velocity field (3.1) is an idealised flow which has been
applied widely in the literature (Batchelor 1959; Chatwin and
Sullivan 1979a, 1979¢c, 1980b; Kowe 1982; Kowe and Chatwin 1983, 1985;
Saffman 1963; Townsend 1951), A summary of how it is conventionally
justified as a suitable, though idealised, flow will illustrate why
it has been so widely used.

On release into a turbulent flow, a small, finite quantity of
material is spread by both turbulent and molecular diffusion.

Because of incompressibility, (1.2), the material is‘stretched in at
least one direction and compressed in another (Chatwin and Sullivan

1980b; Corrsin 1959; Kowe 1982; Monin and Yaglom 1971, p.592).

Schematic of the effect of turbulent diffusion on a finite quantity of material

t=0 t» 1
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Eventually, the large scale eddies of the flow cause the material to
form distended threads or filaments. These filaments, in turn, are
spread out by molecular diffusion which smoothes out the large
gradients in concentration caused by the filaments and increases the
volume occupied by the material. In most flows the turbulent
diffusivity is many orders of magnitude greater than the molecular
diffusivity. For example, in the atmospheric surface layer, the
turbulent diffusivity, which ranges from ~1-102 mzs'l, is
approximately 105-106 times greater than the molecular diffusivity
(Monin and Yaglom 1971).

Let the velocity at a point X+r in the vicinity of a point

X be denoted by T+8T. Then

aT

T, = —r

2
i axj i +0(|x]") .

Now aTi/axj' may be written as the sum of symmetrical and

anti-symmetrical tensors Ty and Tij respectively, i.e.

where

. ,1[5’.’.1.311]
ij 2 axj axi

ari ar }

1 {
T., =5 |75 -
ij 2 axj axi
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so that

N P + . e
6T1 lerj lerJ
The two contributions to 6Ti. Tijrj and Tijrj' are distinct in

character (for a detailed discussion see Batchelor 1970). First, we

may write

i3}

where w=WT is the local vorticity of the fluid. The contribution
Ti47y therefore represents a rigid body rotation about x with
angular velocity %-g.

The other contribution to aTi, Tijrj. represents a pure
straining motion., In reality, the principal axes of strain - with
respect to which Tij is diagonal and which may always be chosen
since T4 is symmetrical - will rotate (as a consequence of w)
and the components of i will change with time (Batchelor 1959),
However, we may use the two parameters which characterise the
smallfscale structure of the flow, namely»the kinematic viscosity,

v, and the mean energy dissipation rate, £, to construct time and
length scales over which the velocity field (3.1) is valid, Then we
find that the orientation of the principal strain axes and the
constancy of Tiy persist for times of the order of xts(v/e)llz.
Similarly, because of the assumed linearity in ry, (3.1) is only
valid over distances of the order of the viscous cut-off length, or
Kolmogﬁrov microscale, 1x=(v3/8)1/&. In the planetary boundary
layer, Ay 1is of the order of 10'3m (Pasquill and Smith 1983, p.61),

2

Using a value for v of 0.14x10°4 m s"1 (Batchelor 1970) for air at



54

10°C leads to an estimate of ~0.ls for Ape In contrast, Kowe
(1982) found values of O.SXI0'3m and Js, respectively, for L™ and
A in a freon jet, and refers to similar values found by other
authors. The validity of L and A, as measures of the
applicability of (3.1) has been confirmed by work of several authors,
Fuller references to and discussion of the relevant results are given
in the works already referenced, Suffice it to say here that the
velocity field (3.1) has proved to be a useful, simple field with
which to examine several aspects of the small-scale structure of the
statistical properties of turbulent motion.

In the remainder of this section and Sections 3.3—5.6, with
the velocity field given by (3.1), the Hermite series for F(g,t) is
developed, Sections 3.2.2 and 3.3-3.5 illustrate how the governing
equations for the coefficients, Ai??..k(t)’ can be derived for
general t, and develop the expressions for small and large times,
Ultimatgly (Section 3.,6), it will be shown that for the most natural
choice for uij(t) of the Hermite series, (2.17), namely uij(t)
such that (2,17) is the Gram-Charlier series for T(x,t), and with
respect to the principal strain axes, for any initial distribution

and large enough times the series reduces to its simplest form in

which only the first term is non-zero.

J.2.2 The General Governing Equations for the Coefficients

A;?) k(t), of the Hermite Series for T(Xx,t)

With 7Y(x,t) given by (3.1), the governing equation for

rix,t) is
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2
ar ar )
ot * quxq axp K axpaxp r. (3.3)

Substitution of the Hermite series for TI(x,t), (2.17), gives

a_ (m) (m) _1
at {n(g) mgo Ast...v“st...v exp[ 2 “abxaxb]}

00
(m) 3 Jy(m) _1
+ nle) quxq E Ast...v ax {Hst...v exp[ 2 “abxaxb]}
m=0 p
< 2
- (m) 3 (m) 1
Kn (o) § A e {H exp[- 2 “abxaxb]}

meg  SteesV X 8X, ['st...v

(3.4)

In (3.4), the dependency of H;T) v(g,g) on x and « and of

A(m) (t) and o, .(t) on t has been omitted for simplicity.
SteasV ij
(n)

Multiplying by G (x,x) and integrating over x leads (after

ijcco‘ -

(n)

if...e(V

some algebra) to the governing equation for A

aﬁg?) 2 (n) (n)
—1 [N N ] - n n
n(n-l){a‘ [Tiquj--.z e T TaqhadL ik }

% 4 (n-2) 8 (n-2)
2t 24730 % 3qTiq k.2 T ot T let T PkqTeq %eqTkq [RiL ..

(n=2) (n~2)
2K[6ijAk...£ toeeee Y B AL

(3'5)

where there are n terms in the first set of square brackets, [...],

on the left side of this equation and 1/2n(n-1) terms inside each of
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the remaining square brackets. In (3.5), aij(t) is given

(0) (1)

as in Section 2.,4.1 and A "7 (t) and Ay (t) are given by

(2.20a) and (2.20b) viz.

aj 1™k = Bik
AQ) (p) =1

AP =0

Whilst for n=2, 3 and 4, (3.5) gives

aal2)

(3.6)

(3.7)

® - [TiqAﬁ) ' TJch(li)] ' %[:—:ij " %iq74q" aquiq] = K84
T g i el o
aAg?ix (4) (4) (4) (4)
st - [righaske * Tioadke * Tiafatse * Teabadsi)
+'%5 .[ggij T 3q73q” ajq’iq]Aif) * [S;ik- 3iq"kq” aquiq:Agz)
' :;;i& " %iqTeq” azq*iq:Agi) ' T:: " %ja"kq” akq*jq_A§f)
’ :;jz " %3qTeq” athqu Aél? ' :-Z%u " %kqTeq T atq*kq]“ii)

_K (2) (2) (2) (2) (2)
6 [e’ij"u M PR T L R T PR PR S L

(2)]

(3.8)
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In general, the odd order coefficents, A€2n+1)

1j...k(t)' ﬂ=0,1..... dO

not depend on K.

3.3 The Velocity Field and Hermite Series Representation for [I'(x,t)

With Respect to the Principal Strain Axes

To simplify the algebra, the behaviour of the coefficients
with respect to the principal axes of rate of strain will be
examined, As will be seen, these axes represent the most convenient
to use for discussion of the choice of the arbitrary tensor uij(t),
and hence aij(t),‘ of the series for TI'(x,t), (2.17). Choosing

axes such that Tij has components

Tl 0
1’2 0
0 T3 (309)

(3.5) may now be written

aAﬁ‘;‘) . o |
1Jees - n
n(n-l) {at [Ti+Tj+ se o0 +7£]Aij...£}

da, da
ij _ (n=-2) R (n-2)
+ {at aij(7i+7j)}Ak...z + heee t {et akz(Tk+T£)}Ai...j

[ (n-2) (n-2)]

KB A et e A (3.10)

where now there is no summation over repeated subscripts, Using the

same notation, (3.6)-(3.8) simplify to give
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3A) . 3.
i} (TATiYN ) %o LN P “ 4 (3-11)
3A(3)

'] / * x \.(® n
afk = ~ (v Ti+Tk)Aijk " (-12)

4
Fi“i(j?a / . . . A@

SF m (Ti TJ k TE)AijWw
aamnt —a.jJix."n) €y 5 similar terms
k + 5 similar terms
z & (3.13)

For example, for i*j*1, (3.11) gives

so that

AID@® ~ AN +  all] (O)exp(2T1D) + [exp2TjY) - I] -~ an »
(3.14a)

Similar equations for A( )(t) and A( )(t) can obviously be

derived. For i-1, J*2, (3.11) gives

Al2)() * [JAiI2™ + "2 an] ( )exP(iTiI+T M) ~ *2 al2 (3.14b)

and similarly for A( )(t) and A( )(t). Following a similar
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procedure for the third and fourth order coefficients,

and (3.13) we obtain

ATTI(D) “ AjI}(0)exp(3Tjt)

(similarly for A”it) and A~U))

A ® " A < Jexp(E TIHT IK)

(similarly for A”it), Ajjj-it)» A223 "7 A331™M

An 3 (> m A123<0’ex™>“ "t 1+t 2+t3

aJ”™0) (using (3.2))

and
AR AL 11@exp(dTiD) + fjjji(0)exp(4TIDH
where
D o B30 e F oo

(similarly for

A2222(t) and A3333*t))

using ( - )

(3.15a)

(3.15hb)

and A332~~7

(3-15c)

(3.16a)

wi 1 £P

"0.R
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AT, (0 = AL (@exp(l3r o7, 1t) + £{1), (Oexp([3r 4, ]¢) - £13), (1)
(3.16b)

where

£1112(0) = 471 [ AR W I 3 CAVEL a2hp * 3 ayy2,)

(similarly for A} 0y, ald) (o), a3 (), a3 (0) and al¥) (o))

al®) (1) = alt) (@expialr +r,10) +-f§f;2(0)ex§(2[71+721t) - £ (o)

(3.16¢)

where

£ () (2) |1 K] .. K_ [, .1 K
11221 = 1o 422 * 3 252 412] " Tar, O T 471]
1 (2) (2) (2) 2 ]
* % [z[alezz * a8y, ] v 8aj A, Y [311322 * 2, ]
(similarly for A§?33(t) and A;g;3(t))
A a8 (4) (&)
1123(t) 1123(0)8XP(T t) + f1123(0)exp(71t) f1123(t) (3.16d)
where
£(4) LK (2 1 1 (2) , (2)
f1123% = o] [Az3 Y3 a23] ‘12 [ 37823 * 3534y



)
137 LihfP 0- 1 238  2a12a13

o @ ©)
(similarly for A2213™ and A3312/"

/ \

XJ--oK(t) is a sum of functions of the moments of

Since each A

r(x,t), K(t)’ m<n, (Section 2.4.1), the right hand side of

Ij -~
each of (3.14)-(3.16) can be expressed in the form of a sum of one or

more of the following:

( ) terms depending on Tj, * 3, t and, through

ij..dc
the initial distribution, f(x, ), only

( ) terms depending on 8+* 8 *8 *t, r(x,Q) and K

(® terms depending on 145> 1 1 and K
and (4 other terms.
For example, from (3.14) and (2.20c)
All>(®) " 2 {IM{ID)O)exp(2T1) + ~ [exp@Tjt) - 1] - an }

(.17

A )@ - | {Mi >( dexp(tTI+T It) " an} *

Following the same procedure for the third and fourth order

coefficients, from (3.15) and (3.16) we obtain

ATLICE) “ 6 MITT(0)exp(3TIY) (3.18a)
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A(3) 1 .,(3)
AL}, (1) = ¢ M 1o(0)exp([27 +7)]t) (3.18b)
REN 1 ,(3)

A1py(t) = ¢ M153(0) (3.18¢)
RO ANV

(1) = = {ul}) (0rexpiar )

1111 onm mvam4an

-u~

Amv

+ 6 -
T a

onmvauq nVmeuﬁna t) - 1]

+3 IM ﬁoxvﬁuq t) - ~uﬁlﬂ mevA~4 t) - 1] - umu__ + ummuv

(3.19a)

4 4 : 2
M_quﬁv N W» ﬁxwuwnﬁovmanﬁu4H+amuﬁv - umquaﬁavﬁ ( Vonm 1exp (T t)
ANVonm mvaaanv_
ANV
+ u = onmvaﬁq +r _nVmevAu4 t) - 1]
-3% 4 fexp2rt) - 11 v 32 0} (3.19b)
™ “12 1 11%12
Apv 1 [.4)
Al (o =1z ﬁz_uunﬁovmxnﬁmma~+4~_ﬂv
(2) (2)
- ﬁ onwnmmvawauﬁv + zmm onmgmmxvﬁnquﬁv
+ Auvﬁovm mxvﬁﬁap+4uuﬁvw

. K ﬂ_ ANVAonvama t)(exp(27.t) = 1]
.1N M

~ 2
+ MNVonmxvﬁma ﬂVmeuﬁmauav - H_g

(contd.)
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K2
172

+ [1 - exp(271t)][1 - exp(272t)]

1 1
- K [Tl azzlexp(271t) - 1) + = alllexp(212t) - 1]]

2.
+ (aua22 + 2a12)} . (3.19¢)(contd,) .

al4) (4)

e (2)
A2t =5 {“1123

(0)exp(rt) = [ (0)a, exp([Ty+7,]0)

(2)(0)a exp(271t)

N (2)(0)a13exp([7 rr 1) 2M(2)

12 (O)a exp([11+13]t)]

+ K (2)(0)exp([r ]t)[exp(QTIt) - 1]

1

K
- = a23[exp(271t) - 1] + (alla23 +. 2a12a13)} .

(3.19d)

From (3.17) and (3.18) (or (3.11) and (3.12) we see that A(§)( )
i#j, does not depend on K; Aiii(t) does not depend on K or

. (3) .
aij(t) and, in particular, 123(t) is independent of K, aij(t)

and Y, and so is constant for all t. .On expressing the left side

of each of (3,17)-(3.19) in terms of the moments of T(x.,t),

(n) (n)
Mij...k(t) we obtain the governing equations for M:j...k(t)’ né4,

with respect to the principal axes of strain. For example, from (3.1%a

and c¢)
4 4 K (2
Milil(t) - il) (0)exp(4r t) + 6 == = Myp (O)exp(2v (Plexp(27,t) - 1]

2
+3 55 [exp(2flt) - 1]2
1

(contd,)
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4) 4) K (2)
M§122(t) = i122(0)8XP(2[T T, jt) + —; M) (0)exp(2T t)[exp(21 t) - 1)
+ K (2)(0)exp(2f t)[exp(27 t) - 1]
kB!
2
+ - lexp(27 t)-1][exp(27,t) - 1] . (3.20)(contd,)

These expressions, and the corresponding expressions which can be

(n)
ij...k

né¢4, could obviously be derived more directly by multiplying (3.3)

?xgx3 for appropriate integers a,b and c¢ and integrating

over X,

derived from (3,17), (3.18) and (3.19b and d) for other M (t),

by x

(n)
ij...k

with respect to the principal axes of strain, it is of interest to

Having developed the general equatlons for A, (t), né4,

examine the behaviour of these coefficients for both small andllarge
t:
(a) for arbitrary uij(t)

(b) for particular choices of uij(t).

Initially, no assumptions about the initial distribution of material,

(n)

I'(x,0), and therefore about M, ij K

(0), will be made.

3.4 Behaviour of the Coefficients, Ai?) K

and Small Times With Respect to the Principal Strain Axes

(t), for Arbitrary uij(t)

For arbitrary uij(t) -~ and hence aij(t) - and initial
distribution, TI(x,0), using the governing equations derived in

Section 3,3, it is obviously possible to examine the behaviour of the

coefficients of the Hermite series, A;?) k(t). for both small and

large times (that is with respect to the principal strain axes).
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For example, from (3.17a), (3.18a) and (3.19a), for small t

() (2) (2) o) , K 2,2 23, 1.
APy =1 { © + 2n [P0+ Efe e wete Sl ] all}
(3.21)
(3) 4y o 1,3 9 22,9 33
s =Dt s e 222 2304 (3.22)

(&) 1 [ @) 2
AL (0 = {[ M -2 0, 11]

' (4) (2) 3 K [(2)
* M@=y a3 [ 0) - all]]af t

(4) (2) K_ (2) - 2.2
+ L 1111(0) 3M (O)a ~3 = [&1*3"11 (0) 311]]4Tlt

(&) (2) S KB (@0 - 8 3.3
+ [ @3 ©a)y03 [3Tl + 1o an]]3 ot
* sees } (3023)

The corresponding equations for other A;?) k(t) can be readily

derived. In general they show that, as expected, to O(1), the
coefficients depend on the initial distribution, T(x,0), only, To
0(t) they depend on TI'(x,0) and advection (via the Ty, 1=1(1)3)
and diffusion separately, Interaction between advection and

diffusion only becomes evident to 0(t2). The results for the

(2)
A

with the analysis by Saffman (1960) of the effect of the interaction

second order coefficients (A (t)) can be shown to be consistent

between molecular diffusion and turbulent® advection on the small
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time dispersion. With the summation convention, using
2 =
LE(t) = [ xyx4T(x,t)dV(x)

as a measure of the spread of the instantaneous cloud about its

centre of mass, from (2.18) and (2.20c) we have

2) ,

1
i v aii](t) .

L2(t) = 2[A§

Using (3.21), the corresponding equations for Agg)(t) and A;§)(t),

and (3.2), for small t

L2(t) = [u‘2)+u(2)+ugz’](0) N 2[1 M2 (0yer M 2 (0)4r M(z)(O)]t + 6Kt

11 722 3 111 222 333

. 2[T%M;f)(0)*T§M;§)(0)+T§M§§)(0)]t2

&[22 01, 32 o, 3(2) )],
2 [P el i P o]

¥ 11 2"22 33

2.2

+ g'K [T% + T
So that the accelerating effect (Saffman 1960) on L2(t) of the
interaction between molecular diffusion and - ‘advection ‘becomes
evident at 0(td),

The above equations have simply served to illustrate the way
in which the small, and by analogy the large, time behaviour of the
coefficients for an arbitrary initial distribution, I'(x,0), and
uij(t) can be investigated. However, it is more illuminating td

examine this behaviour for particular initial distributions and
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choices of the arbitrary tensor «ij(t). This is done in Sections

3.5 and 3.6,

3.5 Behaviour of the Coefficients, Ai?) k(t). of the Gram-Charlier

Series for T(x,t) With Respect to the Principal Strain Axes

As discussed in chapter two, there is one choice for aij(t).

and therefore “ij(t)’ of obvious interest, namely aij(t) such

that Aii)(t)=0. With this choice for aij(t). (2.17) corresponds
to the Gram-Charlier series for T(x,t) (Section 2.2.2). Initially,

the general equation for Ag?) k(t) for this choice of aij(t) will

be developed.

3.5.1 General Fquation for the Coefficents

Choosing

a; (1) = MT(0) = Q7 [ xgx F(x,0dV(x). (3.24)

Then

(D, o ~ |
Ajy () =0 | (3,25)

{(n)

From (3,5) and (3.6) the general equation for Aij z(t) for
arbitrary Tij simplifies to
(n)
QA
_ij...2 {(n) (n) -
at [T A T oseee ¥ quAqi...j] 0

ig qj...4
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where the summation convention has been used, Hence we see that
with respect to arbitrary axes, and unlike the case for arbitrary

aij(t) (Section 3.2.2), for this particular choice of aij(t) each

Ai?) k(t) is independent of aij(t) and molecular diffusion, and
depends only on the advection, via Tijs and the initial
(n)

distribution, TI(x,0), via A k(0). With respect to the

ijooo

principal strain axes, using (3.9), the equation for Aﬁ?) k(t)

simplifies to

(n)

QA

__ij'ooo‘ - (n) -
3t (Ti + ?j + L. + Tl)Aij...l 0

where there is no summation over repeated subscripts. Hence

(n)
11.00‘

(t) = A (0) exp([r.+7.+ ... e1,10). (3.26)

A 1fe0.2 i'7y

Thus with aij(t) given by (3.24) and using the summation

convention, the series for I'(x,t) becomes

L]

(m) (m) 1
rix,t) = Qn(;){l + E A, (t)H, (g.;)}exp -TYy XX
m=3 ij...k ij...k [ 2 "pq’p q]
(3.27a)
where A(m) (t) is given by (3.26) and
ije..k
(), .

rij(t)Mjk (t) aik' (3.27b)
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Using (3.11) and (2.20c¢)

(2) (2) 2K
My (0 = M @exp(lrpem 10 + T2 [expctrgemyie) - 1], .

(3,.28)

Equation (3.27) is the Gram-Charlier series for [(x,t). On the
right of (3.27a), the dependence of T(x,t) on molecular diffusion
is now reflected in the exponential exp[- L Y. X X ] - via the

2'pgpq

dependence of Mii)(t) and hence rij(t)- on K,

3.5.2 Small Time Behaviour of the Coefficients

With aij(t) given by (3.24) and (3.28), the small time
behaviour of the coefficients follows directly from (3,26), For

small t and general Ty i=1(1)3, we have

AN 4y« g

2 .
ij...& ij..,z +..'+T-e)t +ooo}a

(0){1 T Tt +'%(Ti*7

] J

(3.29)

Hence to 0(1), as expected the coefficients only depend on the
initial distribution, TI(x,0), whilst to higher order in t, they
depend on both TI'(x,0) and advection. In particular, using

(2.20c), (2.20d) and (3.24)

A 0y = L 43

1,0 = 5 Mjj (0

and
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(4) (4)

(2),(2) , L (2)(2) | () (2)
Ajike®) = 24 {"1jkz 0) - [“ ](0)}

ij Mot MiMye Y MMy

So that, substituting into (3.29), letting S3 = Ti+Tj+Tk and

34 = 53"’1’&

(3) - (3) 1 .22
Aijk(t) 6 ijk(0)[1 + S3t + > s3t ...]
and

(4) - (4) (2).,(2) . 1.2.2
1jkz(t) —Z{ ijkz(O) [ ij Mk& +2 similar terms](O)}[l+Sat+ 2 Sht +,,]

The difference between these equations and the corresponding

equations for general aij(t) (Section 3.4) is their lack of
dependence on aij(t) and K. Obviously this is a direct
consequence of the independence of the coefficients for all times from

aij(t) and K, (3,26),

J.5.3 Large Time Behaviour of the Coefficients

To examine the large time behaviour of the coefficients (i.e.
as t - w), consider two particular choices for Tyl
(a) Tl < 0, 1'2 = 73 > 0 (i.Ec Tl = ‘273 < 0)

(3,30)

(b) TI'T2<0,1’3>0‘(ioe.Tl"""%'T3<0)o
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These two cases provide simple illustrative examples with which to
examine the time development of the coefficients of the Hermite
series for T(x,t). They have been used by other authors to discuss
various aspects of dispersion in a linear strain velocity field
(Chatwin and Sullivan 1979a, 1980b; Kowe 1982; Kowe and Chatwin 1983,
1985), In order to compare the two cases, consider what happens in
each case, and in the absence of molecular diffusion, to a blob of
contaminant on release into the flow, In the first case, the blob
is compressed in the direction of one of tﬁe principal strain axes
and stretched in the directions of the other two axes. Hence,
adopting the terminology of Chatwin and Sullivan (1980b), the blob is
transformed into a 'discus'. In the other case, (b) above, the blob
is compressed in the directions of two of the principal strain axes

and stretched in the direction of the other, and so is transformed

into a 'cigar' shape.

"discus '
/

T

( ) ‘cigar !

Y



(a)

Tl<0,T2=73>0

The behaviour of A,

and (3,30a):

(3)
A

(3)
Mg

(3)
A3

(3)
133

(3)
A122

(3)
123

(3)

4222

(3)
A333

(3)
233

(3)
322

(t)

(t)

(t)

(t)

(t)

(t)

(t)

()

(v)

(t)

?

3

(n)
ij...k

< exp(-673t)

< exp(-313t)

72

are constant for all t

increase like

exp(373t)

as

2+ 0 as t <4 o

t

(t), n=3,4 as t = e follows from (3.26)

(3.31a)

(3.31b)

(3.31c)
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A(4)

nn'y « exp(-87,t)

(4) ]

ST

> « exp(-574t)

(4)
A113(®) . L 90 as t - w (3.32a)

(4)
A1122(t)

A(4)

1133(t) : < exp(—213t)

(4)
1123

(t) ‘ - J

(4) 1
2222(%)

(4)

Ajqy33(t)

(4)

A2233(t) g increase like exp(a73t) as t *w (3.32b)

(4)

3332(V)

(4)
2223

(v)
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(4) 3
13339

(4)
1222¢%)

: increase like exp(Tyt) as t = (3.32¢)

(4)

A1233(t)

A(4)

1322(%)

(b) T|_= T9 <0, T4 ? q

(3) ]
AV

3)
A112(t)

> o exp[- = t] -0 as t“w (3.33a)

N jw
[

(3)
A122(t)

(3)

222(t)

3) ]
Ajo3(t)

3)

223(t) y are constant for all t (3.330)

A(3)

113(t)
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(3)

333(t) increases like exp(373t) as t - o (3.33¢)

(3)

133(t)

> increase like exp[% -r3t] as t 2 o (3.33d)

A3

233(t)

:
AL (©) « exp(-275t)

(4) y
113

(4) r=+0 as t - w (3.34a)
Ajgp3(t)

4 ® exp [- -;- Tat]

(4)

1223V

(4)
81123V . |

§3;3(t) increases like exp(lwat) as t (3.34b)

A4

1333 (V)

> increase like exp[-g- 1'3t] as t 2w (3,34c)

(4)

A2333(t)
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(4)

1133V

(4)

A2233(t) g increase like exp(73t) as t 2w (3.344)

(4)
1233

(t)

Although it is possible to use these results to examine the behaviour
of the first few (three say) terms of (3.27) for large times, the
resulting expressions are rather complex. As will be shown in the
next section (Section 3.6), because of the nature of the chosen
velocity field, for large enough times, any initial distribution, and
aij(t) given by (3.24), the Hermite series for TI'(x,t) can be
simplified.

(n)

3.6 Behaviour of the Coefficients, Aij k(t), for a Spherically

Symmetric Initial Distribution

By choosing a particular velocity field, the previous sections
have illustrated how the governing equations and properties of the
coefficients of the series for TI'(x,t) can be developed., So far
the analysis has been in terms of an arbitrary initial distribution,
'(x,0), and both arbitrary and particular choices for the tensor
“ij(t) of the series for [I'(x,t). This section demonstrates how,

when referred to the principal strain axes, the Hermite series for

Nix,t) simplifies for:
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(a) any spherically symmetric initial distribution

and (b) a particular spherically symmetric initial distribution.

3.6.1 A General Spherically Symmetric Initial Distribution

The general solution of (3.3) with Tij given by (3.9) is

(Saffman 1963)

3 2
(x, -y, exp[r.t])
r(x,t) = = jexp{- 21 - E }I‘(z.O) av(y)
(3.35a)
where
2 K }
iy (exp(2fit) 1) ‘ (3.35b)

1

Particular solutions of (3.35), corresponding to particular choices

for TI(y,0), have been used by other authors (Batchelor 1959;
Chatwin and Sullivan 1979a, 1979c¢, 1980b{ Kowe 1982; Kowe and Chatwin

1983, 1985; saffman 1963). For example

r(y.,0) = Ay exp(-A2r2) r= |yl (3,36a)
and
: B, for |y| ¢ 82
(y,0) = (3.,36b)
0 othervwise
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where Al’ A2. Bl and 82 are constants satisfying.(l.l).

Initially, a more general choice for TI(y,0) will be of value for

this work.. We shall assume that I (y,0) is spherically symmetric.

With this choice it is obvious that, with respect to the principal

strain axes, TI(x,t) is a function of xi. Ti i=1(1)3, K and t.
(n)

Thus, for any integer n, the moments, Mij k(t), of T(x,t),

given by (2.18), satisfy

(2n+1)

Mij...z(t) = 0

(3.37)
(2n) )
Mg (8 T M0 B 00 (By e By % BypeneByy Honet BypeenByy)

where the number of terms on the right of (3.,37b) is equal to the

number of unique combinations of pairs of subscripts i,j,...,2, 1i.e,

Lnt) (3.38)

2% (n?)

For example

(4) (4) '
= 5 .8
Mijkz(t) M (i,j.k.z.t)(bijakz + 6ikajz ) jk)
so that
(4) 1 .,@4)
M (1,1,1,1,¢) 3 Mllll(t).
Since M§2n) (t) is symmetric in its subscripts then

ij...2
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M(zn)(i.j,...,&,t) is symmetric in i,j,...,%.

With TI'(x,0) spherically symmetric, for consistency uij(t),
and hence aij(t)' of (2.17), when referred to the principal

strain axes, must be chosen diagonal i.e,

«ll(t) 0 0
aij(t) = 10 «22(t) 0 (3,39)
0 0 u33(t) .

It then follows that the coefficients of the Hermite series

representation for TI(x,t), (2.17), are of the form

(2n+1)
Aijo..z(t) 0
(3.40)
(2n) - a(2n) .
A (t) A (l’j’Otog‘c,t)(bijoctau + aik...ajz +oco+ bi"...BJk)

ij...&

for any integer n. Similarly to (3.37), the number of terms on the

right of (3.40b) is given by (3.38). For example

(4)
ijke

(4)

A (t) = A (i.j,k,t,t)(&i & , + & .8 + bizbjk)

J k2 ik j2

so that

(4) . 1,4
A" 7(1,1,1,1,t) 3 A”ll(t) .
: © . (2n) ...
Since A, (t) is symmetric in its subscripts, like

1]...1
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(1,3,000,2,t), A(zn)(i,j....,z,t) is symmetric in i,j,...,%.

M(2n)
Substitution of (3.39) and (3.40) into the Hermite series for

rix,t), (2.17), leads to

(2m)
2 A (i.j,...,z,t)[&i celBl, et B8

m=] i it

F(x,t) = Qn(g){l . Jk]

(2m) 1 2 2 2]
Hij...z(-’-‘-’ﬁ)} e"p[" 2 [“‘11"1 T %go¥y t ¥33Xy ] .

Since the Hermite polyndmials are symmetric in their subscripts,

using (3.38), this equation may be written

o0
F(x,t) = Qn(u){l b2 Bmt Om e )s, B uim’ (5,“)}
- m=1 2"(m!) 1 Joout e

1 2 2 2
e""[‘ 2 [“11"1 T e90% Y ¥33%y ] .

Hence for any spherically symmetric initial distribution, when
referred to the principal strain axes, the Hermite series for TI(x,t)

can be simplified considerably,

3.6.2 A Particular Spherically Symmetric Initial Distribution

Writing the particular initial distribution (3.36a) in the

form
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2
lx
M'y,0) = 33 exp[— > 2] (3.42)

the solution to the governing equation for TI(x,t), (3.3), referred

to the principal strain axes is (Saffman 1963)

x2 x2 x2
Mx,t) = 3Q expi- %' —% + —% + —% (3.43)

J(2%) L1L2L3 L1 L3 L3

- where
2 -1 2
2w = [« rae ww (3.44)
and is given by
2 2, K K

ey = 12+ *i] exp(2mt) - - (3.45)

Indeed, for any initial distribution and large enough times (i.e,
after the effect of the initial distribution has become negligible),
(3.43) is the solution for T(x,t) (Saffman 1963). Equation (3.43)
represents a family of ellipsoids centred on the centre of mass of
the cloud, with principal axes aligned along the principal strain
axes, At any fixed t, the instantaneous concentration is constant
on each ellipsoid and the maximum concentration is located at the
centre of mass of the cloud, which represents the smallest ellipsoid
of the family. Li(t). (3.44), is a measure of the spread of the

cloud along the ith principal strain axis, It is readily seen from
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(3.43) and (3.,44) that the general solution for TI(x,t) is in fact
the first and therefore, in this particular case, the only non-zero
term of the Gram-Charlier series for TI(x,t). So that, when
referred to the principal strain axes, and choosing uij(t) such
that the Hermite series, (2.17), represents the Gram-Charlier series
for I'(x,t), the only non-zero term of the series is the first term,
Having examined and developed various aspects of the Hermite
series representation for TI'(x,t) for the particular velocity field
(3.1), the remainder of this chapter focusses on the Hermite series
representation for the ensemble mean concentration C(x,t), (2.12),

for the same velocity field,

3.7 A Representation for C(x,t)

The next two sections of this chapter examine methods of
deriving a representation for C(x,t) when the velocity field is
given by (3.1). For the reasons explained below, the faqcus
throughouf is on a representation for C(x,t) for an isotropic flow,

Section 3.7.1 looks at some of the methods of using the
results for I'(x,t) (Sections 3,2-3.6), to derive a representation
for C(x,t). Section 3.7.2 applies one of these methods to derive a
Hermite series representation for C(x,t) for an arbitrary initial
distribution, I'(x,0). In Section 3.8 the representation for
C(x,t) for both a general and particular spherically symmetric

initial distribution is investigated.
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3.7.1 Deriving a Hermite Series Representation for C(x,t) for an

Isotropic Flow

Clearly, to develop a representation for C(x,t), we need to
specify the nature of the variable orientation of the principal
strain axes. Given that most turbulent flows possess local isotropy
(Monin and Yaglom 1975, p.337), in this initial exploration of the
representation for C(x,t), it is sensible to consider the relatively
simple case when all directions of the axes are equiprobable,

Other authors have investigated the behaviour of C(x,t) for
T given by (3.1) and for particular initial distributions, rix,0.
The case of isotropic flow was considered by, for example, Batchelor
(1959), Chatwin and Sullivan (197%a, 1979¢), Saffman (1963) and
Townsend (1951), while Kowe (1982), has considered cases of
non-isotropic flow, As was found in the case of the series for
F(x,t) (Sections 3.2-3.6), one advantage of using the Hermite series
representation for C(x,t), (2.12), is that, in order to derive the
series, no assumptions need be made about the initial distribution of
material, The task then is to examine the behaviour of the series,
in particular the first few terms of the series, for particular
initial distributions and for particular choices of the arbitrary
tensor, Bij(t). of (2.12),

The method adopted to derive a series for .C(g,t) makes use
of some of the results of Section 3.3. Before describing the method
in detail, it is worth looking at some other ways in which the
Hermite series for [I'(x,t) can be used to derive an expression for
C(x,t), in particular at the links between these ways and the one

adopted.
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If our aim was to derive an expression for C(x,t), not
necessarily a Hermite series like (2.12), we could attempt to derive
one directly, as follows, from the Hermite series for_ r'ix,t),
(2.17), referred to axes whose orientation is fixed in space and does
not vary from realisation to realisation. For convenience, from now
on we shall call any such set of axes a 'fixed' set of axes and use
unprimed vectors, tensors and components thereof, such as Xy and
%4 to denote quantities referred to such axes. Conversely primes,
as in x! and “ij' will be used to denote quantities referred

1

to any set of axes whose orientation does vary from realisation to

realisation, such as the principal strain axes, Then, in general

uij(t) of (2.17) may be chosen random so that we may write

. . (m) (m) _ 1
c(x,t) = T'(x,0) = Qn(x) < Aij...k(t) Hij..'k(g,g)expf e

X x)
PQapPpq

(3.46)

(Note that in (3.46) n(x), being dependent on the determinant of

™ (see Appendix A, Equation (A5)), has been taken outside the

averaging procedure since any determinant is invariant under any

orthogonal transformation,) The problem is now to average

(m) (t) H(m)

-1- .
ijtook ij'.'k(_x.'g)exp(- o X X )

A 2 papq

for each m over all possible directions of the principal axes of

. (m)
strain, with Aij...k

could solve (3.5), unless we specified the precise functional form of

(t) in general given by (3.5), Assuning wve

uij(t) no further progress could be made, However, assuming that



85

the functional form of uij(t) was specified, we could then use
Euler angles (8,¢,¥) to define the orientation of the principal
strain axes with respect to any fixed set of axes, and integrate over
8, ¢ and v, Indeed, with the additional assumption that all
possible directions of the principal strain axes are equiprobable, we
could even choose to use spherical polars, r, Br' and ’r say, to
define the orientation of the axes. Depending on the form chosen
for uij(t). we may or may not be able to derive analytic
expressions for the integrals involved and, in general, the resulting
expression for C(x,t) will not be an infinite Hermite series.
Obviously this method is equivalent to deriving an expression for
C(x,t) from a Hermite series for F(g.ti fof a particular choice of
random uij(t).

We could simplify things and choose «ij(t) non-random,
Then since (- l'a. X.X.) 1is non-random (3,46) may be written

2 i§7iTj

- - {(m) (m)
C(x,t) = Fx O = Qn(a) mEO ARG

(x,%)exp(~ %’upqxpxq).

(3.47)

Indeed this equation may be simplified further because, having
assumed that uij(t) is non-random, the Hermite polynomials are also

non-random, In other words

o0
(m) (m) 1
C(x,t) = T(x,t) = Qn(x) mgo Aij...k(t) Hij...k(g.g)exp(- 2 "pqxpxq)'

(3.48)
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Using the orthogonality property of the polynomials (A4)

(n) 1 (n)
A5,k JGlj...k ) T, 1) av(x)

= J‘G(?znk(x.ﬁ) C(x,t) dV(x).

(3.49)
Without loss of generality we may let
aij(t) = Bij(t) of .(2.12)
so that
x(t) = Bg(t)
Hence from (3.49) and Section 2.4,2
HRRLIEE
and (3.48) may be written
C(x,t) = Qn(@) mz-o g(’;’f'.k(c) Hi’;‘fnk(x Bexp(~ 3 1 Boq*p¥q)
(3.50)

which is exactly the same as (2.12), In other words, using the

Hermite series for TI(x,t), (2.17),

to derive C(x,t) assuming

that mij(t) is chosen non-random is equivalent to using a Hermite

series representation for C(x,t) directly,
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In this work, the possibility of deriving an expression for
C(x,t) from (3.46) for particular choices of random aij(t) is not
pursued, Rather, attention is focussed on the use of (2,.,12) for
particular choices of Bij(t). It will be show that the expressions

(n)'

derived for the coefficients of the series for TI(x',t), A (t)

ijoo.k *
in Section 3.3 can be used to simplify the derivation of Bé?) k(t).
3.7.2 Behaviour of the Coefficients, Bi?) k(t), for an Arbitrary

Initial Distribution, T(x,0)

In this section, the expressions for the coefficients of the
Hermite series for TI(x',t) referred to the principal strain axes,
and derived in Section 3.3, are used to derive the first few terms of
the Hermite series for C(x,t).

The method as described below is, in theory, identical to that
outlined in Section 3.7.1 and expressed by equations (3.,48)-(3.50).
The differences in practice arise because the starting point of the
discussion of Section 3.7.1 was a series for TI(x,t) referred to a
fixed set of axes, To be able to apply the method of Section 3.7.1,
initially we need to generate a series for I'(x,t) in terms of
tensor components referred to a fixed set of axes, This can be done
by using the expressions for the coefficients of the series for
F(x',t) referred to the principal strain axes derived in Section
3.3,

In order to describe the procedure, consider the second order
term of the series for TI'(x',t) referred to the principal strain

axes, i.e,
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(2)! (2)'
A (t)Hij

1] (x',x') exp(- L. x'x') (3.51)

2 papq

where, as explained in Section 3.7,1, a prime is now being used to
denote tensors (etc.) referred to the principal strain axes, From

(3.14a and b) we see that (3,51) includes terms like

A2 n (x' ) exn(- %'uéqxéx&)
=ﬁ4?'+%athumhﬁ)+ﬁ;mmunw-1)-%qﬁw}

Hip (et exp(- § et xixt) (3.52)
a2 n P xt ) exp(- g wt xixt)

@', 1, _ 1,
{al2"+ Lar ) @exs(treryl) - 22t (0}

H(2)'

12 (El‘gi) exp (= lav x'x') .

2 pedpq

The primed quantities, when expressed in terms of components referred
to a fixed set of axes, vary from realisation to realisation
depending on the orientation of the principal strain axes, Let eij
denote the direction cosine of the ith principal strain axis to the

jth axis of the fixed set so that, using the summation convention,

Then, for example, xi and “ij transform like

P

and
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“ij =0, 6, « (3.54b)

respectively, where xp and %oq are referred to a fixed set of

axes, and, as explained in Section 3.7.1, we will assume that %nq

is chosen non-random. Applying (3.53), (3.54), and similar

transformations to, for example, (3.52b) we obtain

(2)'
A, (t)H

(2)!

19 (x'2") exp(- Lot xix!)

2 pqgpq

2) 1 1
- 6,16, 101820 {(Aij + 3 ag ) @exp(lnyemylt - 3 aij(t)}

.Hﬁi)(g.g) exp(- %'apqxpxq). (3.55)

By similarly treating the other terms of the series for T(x',t)
derived in Section 3.3, we obtain the first few terms of the
géperalised Hermite series for TI'(x,t) referred to the fixed set of
axes. We are now at the starting point of the discussion leading to
equation (3.48)., Following that method, without loss of generality

for the series for C(x,t), let

where Bij(t) is given by (2.22), Then the first few terms of the
general Hermite series for C(x,t) are obtained by averaging the
corresponding terms of the series for T(x,t) over all possible
orientations of the principal strain axes,

We may define the direction cosines in terms of the Euler

angles, (8,¢,¥v), as follows
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[cos®cosy - cosBsinesiny -~cos®siny ~ cos8sinécosy sinBsine)
(eij)= sin®cosy + cosBcos®siny -sin®siny + cosBcosecosy ~sinBcosé
LsinBsiny sinBcosy cosB J
(3.57)

where 0€8éw, 060 y&27, Continuing with the example of (3.55)

above, using (3.56), the contribution to C(x,t) from averaging

' '
Aig) (t)H(2) (x',«') over all possible directions of the principal

strain axes is

(2) . 1 L
2 {(A + b )(O)exp([71+12]t > bij(t)}

ij

T T

(2) (sin@) 6 .6, 6,6, dodedy .

Pqa P S2371k 728

i

O ey u

2
(x,8) exp(- -'B X xq) J
0

(3.58)

The work required to calculate the integrals in (3.58) and those
associated with the other contributions to C(x,t) can be minimised

by making use of equalities like

2 2 «
J J I {sing) epieqjerkesz dedédw
0 00

= & & 8..86 +8. .8
I lapqars(blkajz*sl &Jk) * pr qs( ij ke “ie jk)

+ 8

3 .
PS qr(61j6k£+6iksjz)]

+ I.(8 8 5 )

6.8  + &
2®pq®rs®i3%ke * Bprlas®ik®ie T ®psPqr®is®y (3.59)

where I; and I, are constants, For example, letting p=q=l,
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r=s=i=k=2 and j=2=3 in (3.59), and using (3.57) gives

2 2v ¥ 2
. 4w
Il = I I J (sin8) 612613622623 doededy = - 15 (3.60)
0 0 0
Similarly, letting p=q=1, r=s=i=j=2 and k=£=3 in (3.59), we
obtain
279 29 ¥ 2
. : - 167
I2 J I J (sin8) 612612623623 dededy 15 (3.61)
0 0 O
Letting p=r=1 and q=s=2 in (3.59) gives
2v 27 ®
I J J (sind) eliezjelkezz dededv = Il(bijakz + biz&jk) + I2aik6j&'
0 00
(3.62)

Substituting (3.62) into (3.58), using (2.20c), (2.25¢), (2.27),
(3.60), (3.61) and the fact that the polynomials are symmetric in
their subscripts (Appendix A), gives the following contribution to
(2)* (2)'(x’.g') over all possible

12 12 =

directions of the principal strain axes

C(x,t) from averaging A (t)H

1 (2) | 1
" 30 {(Bii + 2 bii)(O) exp([11+72}t)

21 (2)
5 bii(t)} Hyj (x,8)

(2)
ij

(2) 1 1

1
* 10 {(Bij + 5'bij)(0) exp([Tl+T2]t) -3 bij(t)} H 7 (x,8)

(3.63)
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(2)
Bij

for the contributions from the other terms of second order or less in

where (t) dis given by (2.25¢). Following a similar procedure

the series for TI(x,t), we obtain the following expression for the

first three terms of the series for C(x,t) (i.e. up to and

including B(ﬁ)(t)ﬂ(i) Xx,8))
1,2 .1 (2)
cxt) = an@ {1 « 5 @+ 3o e+ 38 BT e
1,2 .1 ) (2)
s e 1y hoe - e R
Ly gul? (2) 1
+ = KE 3 i (x,8) - j(t) H,{ (x, @)} exp( 2 ﬁpqxpxq)
(3.64)
where
El(t) = exp(211t) + exp(272t) + exp(273t)
E,(t) = exp(-7 t) + exp(-T,t) + exp(-Tjt) G

1l - 1 _ 1 -
E3(t) = [exp(2flt) 1] + - [exp(272t) 1] + = [exp(213t) 1]

and from (2.25¢), (2.27) and (2.18)

(2) . 1 al (2) -2
3+ 25,00 = 2N = F [ xx 0 avim. (3.66)
3.8 Behaviour of the Coefficients, Bi?) k(t). for a Spherically

Symmetric Initial Distribution

In this section the expressions for the coefficients,

(n)

1j k(t), of the series for C(x,t) are derived with the
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assumption that the initial distribution of material is spherically
symmetric (Section 3.8.1). The case of a particular spherically
symmetric distribution is considered in Section 3.8.2. Under these
conditions, and continuing to assume that the flow is isotropic, the
rotation of the principal strain axes which has been neglected in
this work (Section 3.2.1) has no effect on the ensemble mean
properties of T(x,t). Therefore, in considering the ensemble mean
properties of TI(x,t) for T a pure straining motion, it is
sensible initially to consider the case of a spherically symmetric

initial distribution.

3.8.1 ‘A General Spherically Symmetric Initial Distribution

With the assumptions given above, C(x,t) is a function of
r=|x|, t, K and functions like t;; and TijTiie that is scalar

functions of T,

ij* Therefore, for consistency the arbitrary tensor,

Bij(t). of the series for C(x,t), (2,12), must be proportional to

5ij' that is, using @(t) to denote a scalar function to t,

Byj(t) = B(t)8y (3.67)

so that (2.12) may be written

(m)

m)
(OH 7k

00
(
cirot) =an@ 2 8P L

(x,8) exp(= 3 Br%)  (3.68)
m=0

where



re = Xixi.
As described in Section 2.4.2, B§?) k(t) is a sum of functions of
the moments of C(r,t) N(n) (t), ném where N(n) (t) 4dis given
* ’ ij...k ! ijo.ok
by (2.23). Since C(r,t) is spherically symmetric, for any integer

(n)

n, we may write Nij...k

(t), in the form (compare (3.37))

(2n+1)
Nij...2lt) =0
(3.69)
(2n) _ o(2n)
N (t) N (t)(aij"'akz + 6ik..'6j'¢ + ye. ¥ ai&...bjk)

ij...8

where the number of terms on the right of (3.,69b) equals the number of

unique combinations of pairs of subscripts 1i,j,...2, i.e,

Qnl) (3.70)

2%(n!)

For example, letting n=0,1 and 2 respectively in (3.69b)

8Oty =1 (as in (2.24a))

(2),,\ o (2
Ny () = N T nsy

MY 4y = tye. s+ 8, 8. +8..8.), (3.71)

ijke ij ket ik j2 it jk

Letting i=j, k=t and using (2.23)
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¥ = P =7t [ P e avin)
11
(3.72)
(4) ), . -1 [ 4
Nigpy(t) = 158ty = q [ r* crov) avew.

Since @B, ,.(t) satisfies (3.67), in a way similar to that used for

ij
N(n) (t) above, for any integer n we may write B(n) (t) in
ijtook ’ ijo-ok

the form

(2n+1)

Bij..ut

(t) =0

(3.73)

B(2n) (t)

(2n)
ij...z B

(t)(aij".akz 4‘ 6ik..'ajz +~... + 6iz...ajk).

Substituting (3.73) into the series (3.68), using (3.70) and the fact

that the polynomials are symmetric in their subscripts, leads to

o0
(2m!)  _(2m) (2m) 1.2
Clr,t) = qn(p) 2 2mbd g(2m) (2 (x,8) exp(- + pr?).
2 0 ) 151, . ki '8 2

(3.74)

(n)

Looking at the first few Bij k(t), from (2.25) and (3.71) we get

80 (¢) =1 (as in 2.25a)
(2),,, . . (2) _1 o (2)
Byj (1) = 8P (08, = 2 b8,

(contd,)
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(4) _ o (4)
Bijkz(t) =B (t)(bijskz + siksjz + 6izajk)
1 . (4) (2) 2
= 41 (N - 2bN + b )(aijakl + 8ik8j£ + Bizsjk)
(3.75)(contd.)
where
b(t) = p~1(v) (3.76)

and the dependency of N(2“)(t) and b(t) on t has been omitted

for simélicity. From (3.75)

(2) (2) (2)

. _:_j_ _
By (1) =3B 7(6) = 5 b)
(3.77)
(4) (), _15 (&) _ . (2) 2
Bygyy(t) = 15B° 7 (t) = 33 (N 2N 47+ %),

Thus in order to obtain 8(2“)(t). n=1,2,..., Wwe need to calculate

(2m)

-1 2m -
L a® = f 2™ C(r,t) dv(x), m=1,2,...n. (3.78)

N
Since the flow is isotropic and the initial distribution is symmetric

[ e v = [ PP rxn v, wel2. . B079)

Therefore
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y2n) (t) =M

(2n)
11§ kK (t) n=1,2,... (3.80)

iijje..kk "7’

where M;??..k(t) is the nth order moment of TI'(x,t), (2,18),
Hence, the results for the moments of TI(x',t) (Section 3.3) which
followed from the dérivation of the coefficients of the series for
'(x',t), can be used to derive B(2M) (v), Before proceeding to do
this, it is important to point out that the consequences for C(x,t)
and its Hermite series of choosing an isotropic flow and/or a
symmetric initial distribution, as given by (3,68)-(3.80), are
applicable to any isotropic flow and not just the particular flow
(3.1).

Using (3.77a), (3.72a), (3.80), (3.28) and the fact that the

initial distribution of material is symmetric

Dy =L w2
11

6 () - 3b(t))

B

1 [.(2)
13 {Mii (0)(exp(271t) + exp(272t) + exp(ZTat))
L L )
+ 3K [Tl (exp(2r,t) - 1) + T2r(exp(272t) 1)
1
+ = (exp(2v3t) - 1)]

- 9b(t)}. (3.81)

Following a similar procedure for B{¥) (1) we obtain

(4) 1 (4) (2) 2
B (1) 15.41 (Miijj(t) - lOb(t)Mii (t) + 15b7(t)) (3.82)

where
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(4) l (4)
Mii33(0) Mii3

(0) {3 (exp(AT t) + exp(AT t) + exp(ér t))
+ 2 (exp(2[1-1+1—2]t) + exp(2[71+73]t) + EXP(2[T2+T3]t))}

2 ...(2) 3 _ 3
+ 3 KMii (0) {;;exp(271t)(exp(2rlt) 1) + ;;exp(272t)(exp(272t) - 1)

3
+ = exp(213t)(exp(2f3t) 1)

-l-— _ -1— -
+ exp(271t).72 (exp(2f t) 1) + = (exp(2f3t) - 1%
+ exp(2r,t) L (exp(ZT t) - 1) + L (exp(2r.t) - lf
2°m T3 3 -
v exp2r,t) [i= (exp2rt) - 1 + I (exp(2m,e) - 1]}
. 3 _1 1'2 2 J
+ K2 {15 (exp(ZTlt) - 1)2 + 25 (exp(212t) - 1)2 + 25 (exp(273t) - 1)2
i 2 T3

- (exp(271t) - 1)(exp(272t) -1

2
= (exp(271t) - 1)(exp(273t) 1)

¢ 2= (exp(27)0) = D(exp2my0) - 1}
23
(3,83)
and
(2) 1 .,(2)
11 (t) = 3 Mii (0) (exp(271t) + exp(212t) + exp(273t))

1 1
+ K {‘%’—1' (eXP(2Tlt) -1) + -;; (exp(21'2t) - 1)+ "_'_—3‘ (exp(21'3t) - 1)}.

(3.84)
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3.8.2 A Particular Spherically Symmetric Initial Distribution

For the particular spherically symmetric initial distribution

(3.42), the first few coefficients of the series for C(r,t) may be

. . , (2) (4)
derived as follows, Substituting for Mii (0) and Miijj

(3.81), (3.83), (3.84), and hence (3.82), using (3.42), leads to

(0) in

(2) 1.2 2 2 _
B (t) 6 (L1 + L2 + L3 3b)

(3.85)
(4) 1 4 4 4, 2.2 2.2 2.2
BUU(t) = qyar Ly + L)+ Ly) + 2(LLy + LiLy + L7LY)

2, .2 2 2
- lOb(L1 + L2 + L3) + 15b7)

where Li(t). i=1(1)3 is given by (3.45). Hence the series for

C(r,t), (3.74), may be written

. Iy L2020 2 L (2) 1o b, b 4
cir,oy = an@ {1+ d w2+ 2 s awnP e ¢ o)« e Lh
2.2 2,2 2.2 2 2 2 2,..(4)

* 2(LjLy ¢ LiLY + L3L3) = 10B(L] + Ly + L) + 15b)H Y (x.@)+..
}exoi= L ord, (3.86)

Choosing b(t), and therefore B(t), such that 5(2)(:)=0 leads

to the Gram-Charlier series for C(r,t)
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Clr,t) = —3;—375—5 {1 . %6 L‘“((Lf . Lg s Lg) - (Lng . Lng . L%Lg))
)%
4 2
¥ x
(3[L] 10[L] . 5)

- 2
3r

+ eee } exp[- ) L2} (3.87)

where

by =87 ) = 5 [ PP rxt) avim

1,2, 2. .2
-> el eld
=-§ L2(t). (3.88)

Equation (3.87) gives us an expression for the first few terms of
C(r,t) in terms of the three measures of spread of the cloud Li(t).
i=1(1)3, Exact solutions for C(r,t) are available for [I(x,0)
given by (3.42) and for particular representative choices for Ti»
i=1(1)3, such as those considered in Sectiom 3,5.3. For example
T2=T3>0, 11=-273<0 (Chatwin and Sullivan 197Sa). Having developed
the series for C(r,t) for general .Ti. i=1(1)3, it would be of
interest to extend the work to an examination of the practical use of
the Gram-Charlier series for C(r,t) for sueh representative choices
for 73, i=1(1)3, This could be done by analysing the accuracy of
the approximation given by, for example, (3.,87) for various choices

of the ratio LI/L. Other choices for b(t) and the effect of the

inclusion of additional terms in the series should also be examined,
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3.9 Summary and Conclusions

This chapter has developed the Hermite series representations
for I'(x,t) and C(x,t) for a linear strain velocity field., The
nature and quantity of theoretical results presented has been
selected to illustrate, for a given velocity field, various ways of
investigating the Hermite series representation for I'(x,t) or one
of its ensemble mean properties, For each representation, the
governing equations of the coefficients and the form of the first few
terms have been established. The effect of the molecular
diffusivity, and of particular choices for the initial distribution,
I'(x,0), and the arbitrary tensor of each representation has been
examined. The analysis presented for C(x,t) has been based on the
assumption that the flow is isotropic which, given the nature of the
chosen velocity field, is a reasonable initial assumption (Section
3.8.1). However, the work could be extended to anisotropic flows.

Although no practical applications have been presented, the
work has provided guidance on how, for the chosen velocity field, the
series can be simplified for particular ;hoices of axes, initial
distribution of material or arbitrary tensor of the representations,
Indeed, some of the simplifications pertain to general flows (Sectioﬁ
3.8.1). The next obvious step is to develop the practical
application of the series, in particular for C{(r,t) (Section
3.8.2). For the same velocity field, it would also be of interest
to extend this work to an examination of the use of Hermite series
representations for other ensemble mean properties, such as :T(g.t).
for which exact solutions are also available (Chatwin and Sullivan

1979a),
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CHAPTER FOUR

Dispersion in the Atmospheric Surface Layer

4,1 Introduction

In Chapters 2 and 3 attention was focussed on the use of a
Hermite series representation for the concentration distribution of a
cloud of contaminant and its associated ensemble mean properties
evaluated in a framework of relative diffusion. Only brief
references were made (Chapter 1, Section 1.4 and Chapter 2, Section
2.3) to the possibility of using a Hermite series representation for
a concentration field evaluated in frameworks of absolute diffusion,
However, for the reasons discussed in Chapter 1 (Section 1,2.2) many
problems of turbulent dispersion are conventionally analysed in a
framework of absolute diffusion, a case in point being dispersion in
the atmospheric surface layer. Because of the practical importance
of this particular problem, and because of the wealth of relevant
qualitative and quantitative results, it wés of interest to examine
the application of a Hermite series representation to this problem,

The application involves the use of a one dimensional Hermite
series to represent the longitudinal distribution of the ensemble
mean concentration of a cloud released in the atmospheric surface
layer. In Section 4.2 the dispersion model and Hermite series
representation for the mean concentration are introduced, The
detailed aims of the application are also discussed, In Section 4.3
the lower order coefficients of the representation are calculated and

an explanation is given of the numerical scheme used to calculate
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higher order coefficients. Section 4.4 presents and discusses the
results of the application. Section 4.5 summarises the main results

of the chapter and suggests some areas for future work,

4,2 The Model

4,2,1 The Surface Layer Dispersion Model

The model to be used concerns the release and subsequent
dispersion of contaminant in the so-called constant stress region of
the atmospheric¢ surface layer (P;nofsky and Dutton 19843 Pasquill and
Smith 1983). Broadly speaking, the concept of a constant stress
region is valid for the lowest 10% of the mixing depth, its height
depends on atmospheric conditiods and typically varie§ from ~10m on
a clear night, to ~100m during the day time with strong winds
(Panofsky and Dutton 1984, p.113; Pasquill and Smith 1983, p.40).
Under the assumption of neutral stability, the mean wind, U(z), is

given by the logarithmic profile

Usx z z
0z = i tog [, Lo (4.1)

where 2z denotes the height above the ground, u, is the friction
velocity (assumed constant), 25 1is the roughness length and k is
von Karman's constant. uy represents the magnitude of the velocity
fluctuations and typically ranges from 0,1-1.0m s'l. zy formally
denotes the height at which U(z)-=0 although, as indicated in (4.1),
the logarithmic profile is only applicable for heights much greater

than 24, Typical values for z5 range from ~0.0lm for cut grass,
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to ~Ilm for towns and forests (Panofsky and Dutton 1984, p.123;
Pasquill and Smith 1983, p.317). The value of k 1is assumed to be
0.4, a discussion of the uncertainty in its value is given by, for
example, Pasquill and Smith 1983 (p.42).

Taking coordinate axes, Xx,y,z fixed relative to the earth
with origin at the earth's surface, the surface is assumed infinite
in extent in the x-y plane with the mean wind, U(z), parallel to
the x axis., A finite quantity of passive contaminant is released
instantaneously at time t=0 from a point source located at
(0,0,h). Let C(x,y,z,t) denote the normalised ensemble mean

'concentration of the cloud. Then, assuming the quantity of material

is conserved throughout the dispersion

[Il c(x,y,z,t) dx dy dz = 1, (4.2)

all space

If the effects of molecular diffusion are neglected, the governing

equation for C(x,y,z,t) is

ac Uy Z _@gs 'a_. —_— -a—. _— _@_ —
ge[ ] ax {ax (uc) + dy (ve) + . (wc)} (4.3)

where u,v,w and c¢ denote the fluctuations of the x,y,z
components of the velocity and of the concentration about their
respective means. It will be assumed that the longitudinal

turbulent flux of material is negligible compared to longitudinal

advection so that

Us z ac
<< E— logef-q ax

2 (4.4)

o (uc)
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and that the vertical turbulent flux, wc, can be represented by an

eddy diffusivity, K(z), such that

— aC
we = =-K(z) py (4.5)
where
K(z) = buyz, b a constant >0,

Gradient~transfer theory (Panofsky and Dutton 1984, p.120, Pasquill

and Smith 1983) then leads to

s0 that

K(z) = kuyz, (4,6)

The assumptions on which (4.4), (4.5) and (4.6) are based have been
discussed in detail elsewhere (Monin and Yaglom 1971, section 10.5;
Pasquill and Smith 1983; Yaglom 1976),.

Integrating (4.3) over y, wusing (4.4), (4.5) and (4.6),

leads to

X, Bt (2] e 2 [,
at T X 1°ez0 ax 2z K92 5 (4.7)

where
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o0

X(x,z,t) = I C(x,y,z,t) dy. (4.8)

—00

In other words, X(x,z,t) represents the crosswind integrated mean
concentration from a point source or the mean concentration due to an
infinite crosswind line source along the y axis. The initial and

boundary conditions on X(x,z,t) are

X(x,z,0) = 8(x) 8&(z-h) (4.9)

ax
ku,z 2220 as z-0 (4.10)
X0 as 2z (4.11)
X=0 as |x| = . (4.12)

Equation (4.10) corresponds to no loss of material to the ground,
whilst (4.11) and (4.12), respectively, follow from the assumption
that there is no limit to the height to thch material may disperse
or to dispersion in the alongwind direction.

The model defined by Equations (4.7)-(4.12) has been analysed
widely in the literature, Reviews of and references to these
analyses are given by Monin and Yaglom (1971), Pasquill and Smith
(1983) and Panofsky and Dutton (1984), for example, Certain results
of these analyses will be referred to and discussed throughout the
remainder of this chapter, as appropriate, in order to put the
present analysis into context. In particular, in the next

sub-section, and as part of the description of the aims of and
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motivation for this analysis, the limitations on the range of

applicability of the model are summarised,

4.2.2 The Hermite Series Representation for X(x,z,t)

The main aim of the chapter is to examine the use of the

following Hermite series representation for X(x,z,t)

00
1 1.2
X(x,z,t) = e ngo An(Z,T)Hn(X)exp[- 5 X ] (4,13)

where (4.7) is the governing equation for X(x,z,t) and the

dimensionless variables X,Z and T are given by

- kuyt
x=X2,: z<%; - (4.14)
[+ ZO ZO

and, in general, the arbitrary functions m(z,t) and o(z,t) may
each be chosen functions of 2z and t. The one dimensional Hermite
polynomials ’Hn(X) are defined by (Kendall and Stuart 1969; also

discussed in Section 2.2.1)
1.2 . n " 1.2
Hn(X)exp{— 2 X ] (-1) - exp[ X ] . (4.15)

Attention is focussed on the practical value of (4,13), in particular
on the effect of different choices for; m and ¢ on the
approximation to X obtained from the first few terms of (4.13),

The choice of the dispersion model outlined in the previous
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section and of the Hermite series (4.13) was prompted by the work of
several authors. The main criteria were to identify a practical
problem which was suitable for applying a Hermite series and which
offered the opportunity to perform calculations and, in some way,
verify the validity of the results.

The use of a three dimensional Gaussian distribution to
represent the distribution of the mean concentration of a cloud
dispersing in the atmospheric surface layer is well documented (Monin
and Yaglom 1971, pp.579-693; Pasquill and Smith 1983). However,
starting from Equation (4.3) for C(x,y,z,t) and for medium-range
dispersion = that is after the effects of the initial distribution of
the cloud have become negligible but before the existance of any lid
on the atmosphere affect the distribution - the Gaussian model can
only be proved rigorously by assuming a constant mean wind, and by
adopting an eddy diffusivity tensor to represent the RHS of (4.3),
with principal axes parallel to the X,y and z axes, and with constant
components, There are several other methods of deriving a Gaussian
distribution for C(x,y,z,t), for example by using a Lagrangian
description of particle dispersion (Monin and Yaglom 1971,
pPpP.540-579), However, all of these metﬁods are based on certain
simplifying assumptions, in particular they do not account for the
effects of the increase of wind speed with height.

The dispersion model, (4.7), is often used as the starting
point for a more precise analysis of the effects of the increase of
mean wind speed with height. There are three main factors which
limit its range of applicability. First, the use of an eddy
diffusivity to represent vertical transfer, (4.5), is recognised as
being most appropriate for dispersion close to the ground, that is

when the scale of the eddies acting on the cloud are much smaller
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than the vertical scale of the cloud itself, Second, because of the
assumed boundary condition, (4.11), in practice the model will only
be valid while the vertical spread of the cloud is ﬁuch less than the
height of any inversion layer, HI say. Since the vertical spread
of the cloud in neutral conditions is typically =~x/10 and
[U(2)|~10uy, this implies that wu4t<<H;, Third, since the model
equation, (4.7). is parabolic, the assumed rate of vertical spread is
infinitely fast, that is the cloud immediately fills the whole height
of the boundary layer (Monin and Yaglom 1971, Sections 10.3 and
10.6), Thus the model will not give an accurate picture of the
dis;ribution for X(x,z2,t) in the upper edges of the cloud or where
the concentration is relatively small.

Saffman (1962), using a simplified form of the model used
here, has examined the effect on the longitudinal spread of a cloud
dispersing in the atmosphere of the interaction between wind shear
and vertical diffusion. His analysis highlights the difference
between the nature of the spread (a) when there-is a limit on the
height to which material may disperse, for example when an inversion
exists, and (b) when vertical dispersion is unbounded. In order to
achieve analytic results without losinglthe main features of
dispersion in the surface layer, Saffman considered a model in which
the coordinate axes x,y,2z coincided with the principal axes of the
eddy diffusivity tensor Kij(z), and in which the mean wind was
directed along the x-axis and was proportional to a power of z. One
of the conclusions of Saffman's work is that when there is a 1id on
the atmosphere, the longitudinal distribution of material at any
fixed height approaches the Gaussian as t = w, This was a natural
conclusion of applying the results of earlier work by Taylor (1953,

1954b) and Aris (1956) on dispersion in pipes and channels, to
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dispersion in the atmospheric surface layer, On the other hand,
when there is no lid on the atmosphere, Saffman shows that the
horizontal distribution at any fixed height is not asymptotically
Gaussian, For the particular case of a wind profile linear in =z
and a constant vertical eddy diffusivity, Saffman shows that for
dispersion unbounded above, the skewness of the distribution of
material at ground-level released from a ground-level source
approaches ~1,3 as t =+ o, i.e, is significantly different from the
Gaussian value of zero (Kendall and Stuart 1969; also discussed in
Section 2.2.1), Saffman concludes that these results will also
apply, for sufficiently largé times (i.e. t30(1)), to the situation
where the mean wind, vertical and horizontal eddy diffusivities aré
represented by more general, but realistic, power law profiles,

From these results, the model (4.7) obviously represented an
interesting and important practical problem which appeared to be
suitable for applying a Hermite series and for which, as mentioned in
Section 4.1, there was an abundance of relevant qualitative and
quantitive data. It was of interest to examine the practical value
of a Hermite series representation for X(x,z,t), in particular the
ability of a Hermite series to reflect the expected deviation of the
horizontal distribution from the Gaussian, Whilst it might have
been simpler to assume a velocity profile proportional to a power of
2, the logarithmic profile was retained precisely because most other
analyses abandon it in favour of a simpler profile. In addition,
some exact results for various relevant measures of quantity,
location and spread of the cloud as represented by the adopted model,
(4.7)-(4,12), were available (Smith 1957; Chatwin 1968), and provided

the opportunity to compare the results of any numerical scheme which
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might be developed here, with the 'exact' model, These exact
results are introduced in Section 4.3.1.

Turning to the particular form of the chosen Hermite series,
(4.13) involves the one dimensional Hermite polynomials H (X).
Clearly it satisfies the boundary condition, (4.,12), The governing
equation for X(x,z,t), (4.7), and the other boundary/initial condi-
tions, (4,9)-(4.11), will determine the behaviour of the coefficients,
An(Z.T). There are two other natural choices for the polynomial
dependency of any series for X, (a) a series involving one
dimensional polynomials H,(Z4), Zg=(z-my(x,t))/og(x,t) - defined
' analogously to Hn(X) in (4,15) above,‘;nd (b) a series involving the

two dimensional polynomials, Hnm(xl'zl)’ which may be defined by

Hnm(xl,zl)exp{- %‘[X% + 2XIZ1 + Zf]}

(n+m) '
n+m d 1 (.2 2
= (-1 o m &XP {' 2 [xl ST Z1]}
ax? dz
1 92
(4.16)
x-m,(t) z-m,(t)
X, = s Akdd
1 ox(t) 1 oz(t)

where m.(t), m,(t), o,(t) and o,(t) are arbitrary functions of
time, However, since the domain of X is restricted to the
half-space 230, if we were to adopt a Hermite series involving
polynomials dependant on an exponential function of 2z, such as
Hn(zo) or Hnm(xl.zl). complex expressions for the coefficients of
the series would be obtained. For example, let X be represented

by the series
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00
1 E 1.2
X(x,z2,t) = = B (X,,T)H (Z )exp|- <= 2
2n n=0 n "0 n 0 [ 2 0] (4.17)
, - Tt X =X
0 og(x,t) ! 0z ®

With (4.17) we would like to be able to derive expressions for the
coefficients, Bn(XO,T), in terms of the vertical moments of X,

that is in terms of

00
I 2" X(x,z,t) dz; n=0,1,2,... & (4.18)
-0

However, the orthogonality property of the polynomials involves the
domain -w<z<e (Kendall and Stuart 1969; also discussed in Section
2.2.1), Thus, for example, multiplying (4.17) by H,(Z;) and
integrating between 2z=0 and 2= leads to the following complex

integral on the RHS of the equation

0 [
| 1.2
> B (X5, T) I Hy (206 (Z,) exp[- . zo]dz0
n=0 -mg
%

Hence a simple expression for By(X;,T), or for any other Bn(XO.T).
in terms of the vertical moments is not neéessarily obtainable, The
same problem arises if X 1is represented by a series involving the
two dimensional polynomials defined in (4,16),

Having explained the reasons for choosing the particular

Hermite series, (4.13), the remainder of this section looks in
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general at (a) the main aims in examining the series and (b) the
natural choices for the arbitrary functions of the series, m(z,t)

and o(z,t).

4,2.3 Some Natural Choices for m(z,t) and o(z,t)

Clearly, in examining the practical value of (4.13), the main
aim is to examine the value of the approximation to X obtained from

a finite number of terms of the series, Let X_. denote the sum of

P
the first (p+1) terms, so that
P
L 1.2
X (%,2,0) = Sz ngo A,(2,DH () exp[- 1 %7, (4.19)

Then, interest lies in the effect of different choices for m and ¢
on Xp. For any chosen m and ¢, having identified criteria to
define "acceptable", we would like to ascertain if there exists a p
such thaf Xp provides an acceptable approximation to X, In the
discussion below, the following measures of location and spread of
the cloud will be useful. Let Z(t), X(t) and iz(z,t) denote

the z and x coordinates of the centre of mass of the cloud and

the x coordinate of the centre of mass of material at a height z,

respectively, so that

o o0
é [ zXdxdz
-Z-(t)“”—: =[ [ 2z Xdx dz
[ [ Xdxdz 07
0 —» (4.20)
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x X dx dz

00
X(t) = =[ [ x X dx dz
0 -

X dx dz

é""S é"‘“8

[ x X dx

X, (z,0) = = . (4.20) (contd,)
| X dx

Let 3,(t), o.(z,t) and sx(z,t) denote the standard deviation
(s.d.) in the alongwind direction (a) of the cloud about its centre
of mass (b) of material at height 2z about the centre of mass of
material at the same height and (c¢) of material at height 2z about

the centre of mass of the cloud, respectively, so that

(x - ©2 X ax dz

o 8

2
Zx(t)

Q~— g

(]
-L % D)
" [ (x-%X)° X dx dz
I -'“
0

[
| X dx dz
-00

T 12
] (x - Xz) X dx

oz(z,t) ==
X

00
[ X dx
—w
® o2
[ (x - X)" Xdx
Si(l.t) = = P . ) (4021)
[ X dx

-0
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From (4.20 b,c) and (4.21 b,c) it follows that
2 2 o
sx(z,t) =0 . * X - X)), (4,22)

Analytic expressions for some of these measures of location and
spread are available or can be derived and are detailed in Appendix
B,

Using (4.20a and b), and from the Lagrangian similarity

hypothesis (Batchelor 1964), X(x,z,t) is of the form

Lt L b ) G20

7 20" 29" 2

and m(z,t) and o(z,t) must be proportional to |u,t, The choices
for m(z,t) and o(z,t) will strongly influence the shape and

spread, respectively, of any approximation to X, X in the

P’
Alongwind direction, but not of course of the cloud itself. Two
natural choices for m are ¥X(t) and Yz(z.t) defined by (4,20b
and ¢), whilst for o(z,t), the three measures of spread of the
cloud Z2,(t), o.(z,t) and s.(z,t) defined by (4.21) are the
obvious natural choices. Specific examples of X

P

and o0=2,, o, or s, are presented in Section 4.3,2, after the

for m=X or iz

equations for the horizontal moments of X(x,z,t) have been
developed. However, at this stage it is interesting to make some
general observations on the effects of these choices for m and o

on X in particular to indicate the way in which the choices

p'

simplify the first few terms of Xp.
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For arbitrary m, ¢ and fixed (2,T), Xo - regarded as a

function of X - is the Gaussian distribution with zero mean and unit

variance defined by

0 (.4 2

[ X%, ax [ X% %) ax
[ X dx [ Xdx

-00 -0

Multiplying (4.13) by HI(X) and Hz(x). respectively, integrating

over X and using (2.4) and (4.20¢) gives

0
1 =
A (z,T) =T (X, - m) [ xax

-0

(4,25)

0

1 2 _ 2

8,21 = =5 [ 1x = m? - 0% x ax,
-0

From (4.25b) and (4.2lc) it follows that choosing m=X(t) and

o=s,(z,t) ensures A, is identically zero for all (Z,T) i,e.

P
L 1.2
X (xiz,t) = = {ag + AH, 00 ¢ n§3 A 00} exp[- 1 7]

where

X = . ‘ (4.26)
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From (4.25a), choosing m=iz(z,t) ensures AI(Z,T) is identically
zero for all (2,T). Therefore, from (4,24a), xb has the same

mean as X 1i.e,

o0 )
J X XdX = J X Xb dX = 0
-0 —00

and

1 1.2

where

X = . (4.27)

For the same choice of m, X2 is also symmetric about X=0 and
attains its maximum there, Its variance is °x2/°2' where °x2 is
given by (4.21b). From (4.25b) and (4.21b), choosing o=ox(z,t)

ensures that A,(Z,T) is zero for all (Z,T), Then
Xq(x,2,t) = Xy(x,2,t) (4.28)
the Gaussian distribution in X defined by (4,24), In addition,

(4.13) reduces to the Gram-Charlier distribution of X (Section 2,2)

i.e,

p
xp(x,z,:) = 7%; {AO + < Aan(X)} exp[- % x2]
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where

X=—, (4,29)

Obviously these choices for m and o¢ which simplify the leading
terms of the representation for X are of particular interest from
the point.of view of analysing Xp.

In order to examine specific examples of Xp, it is necessary
to attempt to derive exact expressions for the coefficients,
An(Z,T). The next section (Sectioﬁ 4.3)'introduces the éxact.
expressions for the A, (Z,T) that are available from work by other
authors or that can be derived. These expressions are then used to
illustrate some approximations to X, Xp. and to explain the

rationale behind the rest of the chapter.

4,3 Calculation of the Coefficients of the Hermite Series, A _(Z,T)

In this section, the exact expressions for the coefficients,
A,(2,T), n¢2, of the Hermite series for X, (4.13), are outlined
(Section 4.3.1). In Section 4.3.2, these expressions are used to
illustrate approximations to X(x,z,t), Xp, for pé¢2, and thereby
explain why a numerical scheme has been applied to calculate higher
order coefficients and hence higher order approximations to X,

Section 4,3,3 explains the numerical scheme.
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4.3.1 The Governing Equations for the Horizontal Moments of

X(x,2z,t) and Some Exact Expressions for An(Z,T)

Let Nn(z,t) denote the nth order horizontal moment of

X(x,z,t) 1i.e,

]
N (z,0) = [ " X(x,z,0) ax, (4.30)

]

Multiplying (4.13) by Hm(x). integrating over X and using (2.4)

leads to

-}
1
A (2,1) = 7% [0 xtx,z,0) ax (4.31)

)

so that A, depends on Npo mén, For convenience later,
expressions for An(Z,T) will be derived by developing the governing

equations of N (z,t).
Multiplying (4.7) by x", integrating over X, using the
boundary condition (4.12) and transforming to the dimensionless

variables X,2,T defined in (4,14) leads to

aNO 3 ZaN0 -
aT oz aZ

=~ Nn_ IOgeZ n=1'2.100 .
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Using (4.9)=-(4,11), the initial and boundary conditions on N, may

be written

h
aNn
z2 5 0 as 20 forall n (4.33)

Nn -+ 0 as 2 <+ » for all n.

From (4.30), Ny represents the proportion of material at height =z

and is given by (Smith 1957; Chatwin 1968)

ot ol et Yoyt e oot 0 1 {4

No(z.®) = 57 kust J Olkugt) T kuyt XP

(4.34)

where Io is theAmodified Bessel function of order zero (Abramowitz

and Stegun 1965, p.374),

From (4.32b), for n3l, N depends on Np» m<n. The

n
following exact solutions for 14én¢2 can be derived from the known
expressions, given in Appendix B, for the measures of location and
spread of the cloud Z(t), X(t), X,(z,t), 2,(t), o.(z,t) and sg(z,t)

defined by (4.20)-(4.21)., For n=1, from (4,20c) and (4,30)
Ny(z,t) = iz(z,t) No(z,t), (4.35)

Hence from (4.34), (B7) and (B8)



121

(G)(z t) = 2 {El[%] + (logeZ - 2)exp[' %]}

(4.36)

(©0.0 - 5 2,8 + clost - Dem[- 1)

where El(x) is the exponential integral function (Appendix B,
Equation B3).

In (4.36) the superscripts (G) and (E) have been used, as they
will throughout the chapter, to denote ground-level and elevated
sources respectively. Note that (4.36b)'follows directly from
,(4.363) and the reciprocal theorem (Smith 1957) which éhows that the
distribution of concentration at ground-level from an elevated
source, height Hl say, is the same as the distribution at Hl from

a ground-level source, From (4,21b), (4.30) and (4.35)

Ny(z,t) = [02 + X2](z,1) Ny(z,t)

(4.37)
- [s2 ﬁl.z]
[ox * [NO] N0'

Hence using (B9b), (4.36a) and (4.34)

v 0,¢) = E’i 2 - —-2- + [2 - 108, [1e Y]]z} (4.38)

2 K2 *
where y is Buler's constant and is given by (B4),

We can use (4.34), (4.36) and (4.38) to derive exact

expressions for the coefficients AO(Z,T) A%G)(z T), A%E)(O,T) and

4587(0,1) of (4.13). From (4.30) and (4.31)
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_ 1
AO(Z’T)'.ONO
A(2,T) = 1= (N, - mN) (4.39)
12 7 M ™ .

1 _ 2 _ 2
A2(Z,T) = 03 [N2 2le + [m ] ] No] .

Therefore using (4.34), (4.36) and (4.38)

21 = i e 20} 5, )

(c)(z T) = —— {El[i] (log 2 - 2 - G';'{) eXP[ i]}

a2k2
(4.40)
(E)(o T) = g, t)kz {E ["] + (log H - 2 - %ﬁ? ex"[‘ %}}
A;G)(O.T) = ;3:;-:;;3-{u*t (2 - Zz + [2 - log (Te Y)]z)

+ 2m(0,t) (2 - log, (Te "))

u*t - oHo.n} .

However, from these expressions, for ground-level and elevated
sources respectively, and for arbitrary m(z,t) and o(z,t), we can

only obtain at best, that is to the highest order in the Hn(X), the

(G) (E)

approximations X, "(x,0,t) and Xl (x,0,t), where, from (4.13)
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(©) 1 [,(6) (6)
X (x,0,0) = 2= {801 + 1% 0,11, 00

(G)(o T)H (X)}exp[ ; x2] (4.41)

B (x,0,8) = == {a;P 0, 1) + AP o,mur (- 1 %%, a2

For the distribution of concentration at elevated 2, and from the
reciprocal theorem (Smith 1957) it follows from (4.42) that the

(6)

. highest order approximation achievable is for X; '(x,z,t) given by

X(©) L[, © 1.2
(x,2,6) = = {8{P 2,0 « AP @ mH 0 )exe[- L 57

(4.43)

The limitations on the potential practical usefulness of the

approximations (4.41)-(4.43) are obvious, First, (G)

(x,0,t),
(4.41), only includes moments up to order 2 so that, for example, the
effects of skewness in the distribution of material at any fixed
height, discussed in Section 4.2.2, are excluded, More critically,

Xiz)(x.o,t) and X(G)

(x,z,t), (4.42) and (4.43), only include
moments up to order 1 so that even the effects of the spread of the
distribution of material at any fixed height are excluded, It is
also important to note that all of these approximations are based on
arbitrary m(z,t) and o(z,t). Normally, we would want to use one
or more of the natural choices discussed earlier (Section 4.2.3) for
each of these functions, that is X(t) or X,(z,t) for m(z,t),

and Ex(t), o.(z,t) or sx(z.t) for o(z,t), As shown in Appendix

B, expressions for all of these natural choices are only available
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for Xéc)(x,o,t) since, in the case of X%E)(x.o.t), o;E)(o,t), for

example, is not known and, in the case of X{G)(x.z,t), oic)(z,t)
is not known., - Hence only for (4.41) would we be able to investigate
fully the effects of using each of the various natural choices for
m(z,t) and o(z,t)., It is obvious, therefore, that in order to
perform a worthwhile investigation of the practical value of the
Hermite series, (4.13), it will be necessary to derive numerical
solutions for higher order moments of X (i.,e, Nn(z.t), n33)) and
for the, as yet, unknown natural choices for m(z,t) and o(z,t)
(i.e. Nn(g,t). n=1,2, for all z,t and for both ground-level and
elevated sources). Then it will be possible to carry out a fuller
investigation, in particular to examine if the expected asymmetry in
the horizontal distribution for X(x,z,t) can be adequately
replicated by using the first few terms of the series, Section
4.3.3 describes the numerical scheme that has been adopted,

However, before proceeding to explain and appl& the scheme, it is

interesting to illustrate the types of approximations to X that can

be obtained from (4,41)-(4.43), This is done in Section 4,.3.2.

4,3,2 Approximations to  X(x,z,t) Derived from the Exact

Bxpressions for An(Z,T). né 2

The previous sub-section (Sectionm 4.3.1) introduced the exact
expressions that are available for the coefficients of the Hermite
series, i,e, for An(Z,T). né2. This section uses these expressions
to illustrate and discuss approximations to X, xp(x,z,t), for pé2.

The main focus will be on the concentration distribution at the

)
)(p

ground from a ground-level source, (x,0,t), since it is for this
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distribution that the highest order approximation is available,
(4.41). The abscissa of each graph is fixed as x/kuyst, whilst the
ordinate is some suitably chosen multiple of (ku*t)zxp, Throughout
the section, the choice m=X,(0,t), 0=0,(0,t), is used as the main
tool for comparision with, and analysing, other choices for m and
o, The reason for this is that m=iz, o=0, appears to be the most
natural of all the so-called "natural" choices discussed in Section
4.2,3. As discussed there, with this choice, the horizontal
distribution at any fixed 2, Z; say, is then represented by a
Hermite series whose first term is the Gaussian distribution with
mean _fz(zo,t) and variance oi(zo.t). Consequently_ Ay=A,=0,

so0 that x2=x1=xo, the Gaussian (see Equation 4,29), X2 for

m=X,, 0=0, therefore provides a simple and natural approximation

against which to analyse second and lower order approximations to X

based on other choices for m and o.

Most of the graphs presented are for Xéc)(x,o,t) at T=250.
The reasons for choosing this particular T are twofold. First,
the same T is used predominantly in Section 4.4 when examining
higher order approximations to X, Second, as a consequence of the
Lagrangian similarity hypothesis (Batchelor 1964 and Section 4,2,3),
the results presented for XéG)(x.z,t) at any fixed T are
important to the understanding of the variation with o(z,t) of

certain other horizontal distributions. Using the hypothesis, from

(4.23), for fixed z/kuxt (=2/T), o and m, x(G) and therefore

(6)
"p

self-similar (the same shape) for all T, Thus, for any fixed T,

as a function of (x=X(t))/kust (=(x-§(t))/Tzo) is

Tlxku*tl/zo say, the changes effected in X;G)(x,o‘tl) - regarded as
a function of X - by altering o, completely determine the

corresponding changes effected in ch)(x.o.t) at any other
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(non-zero) T. In addition, if

h o
[ry - 2] 225 (ot
X(G)(x,o,tl) represents the similarity form attained by the

distribution of concentration at the ground from an elevated source,

X(E)(x,o,tz), where

ku,t
2 h
=T, =7~ (4.45)
) 1 )
and, if
21
2, = Kty 1 (4.46)

x(G)(x,o,tl) also represents the similarity form attained by the
distribution at 2, from the ground-level source, X(G)(x,zl,tl).

Therefore, subject to the conditions (4,44) and (4.46), the variation

in X;G)(X.O,tl) with o, approximately determines the variation in
Xéz)(x,O.tz) and x;G)(x,zl,tl) with the same 0. respectively,

(G)
Xp

Figures (4.la-c) compare (x,0,t) p¢2, for m=X(t),

o=2,(t) (Fig. 4.1a); m=X(t), 0=s,(0,t) (Fig. 4.1b); m=X(t),

0=0,(0,t) (Fig. 4.10), with X% (x,0,0) (X%

for m=iz(0.t).
0=0,(0,t). For m=X(t) and o0=5,(0,t) (Fig. 4.1b), A,=0, (4.26),
so that only two distributions, X; and the Gaussian X, are shown
for this m and o, Figure 4.1d repeats the highest order

approximation to x(G)  for m=X(t) shown in each of Figs. (4,la~c)

and compares them with the Gaussian curve for m=iz. 0=y From
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(B6), (B7) and (B9), the corresponding values for X(t), iz(o,t),
3,(t), s,(0,t) and o0,(0,t) for Figs. (4.1a-d), that is for X(6)

at 2Z=0, T=250, expressed as multiples of ku,t, are

X(t) = 24,65ku,t
X,(0,t) = 18,40ku,t
Ex(t) = 5,02kuxt (4.47)
54(0,t) = 7.28kuut

From the orthogonality property of the Hermite polynomials it follows
that the mean of each curve in Figs. (4.la-d) is at X,(0,t)/kust.
As expected, the curves illustrate the general behaviour that
for o=oust, o positive, and 2,T fixed, the spread of Xp
increases with «, Likewise as o and hence the spread increases,
the maximum of Xp decreases. The peak value for the chosen
multiple of X, ranges from ~2,2 for 'Xb, m=X(t), 0=s,(0,t)
(Fig., 4.1b), to ~7.6 for X, m=X(t), o=0,(0,t) (Fig. 4.l1c).
Compared to the Gaussian curve for X, (=X9) m=§z(0,t). o=0,(0,t),
for which the maximum is at X,(0,t)/kust, the location of the
maxima of X; and X, for m=X(t), o=2 (t), s,(0,t) or 0,(0,t)
are greater and lie towards f(t)/kq*t. From the Hermite series for
X(G), for m=X(t) and for fixed ¢ and T, it can be shown that
the location of the maximum of ch)(x,z,t), Xpax Say, increases

from its ground-level position with z - as does fz(z,t) though at a

faster rate - so that initially

X,(z,t) < Xpay < X(t)
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until
z ~
KuLt 0.74
when
X,(z,t) - X(t) = A(2,T) =0
(G) . .
so that X2 is symmetric and

X,(z,t) = X(t) = Xpmax

For larger 2

X(t) < Xp.0 < X,(2,t),

The same should also be true of ng)(x,z,tz) subject to

ku,t
h

2 = [T - 23} ;Q_>> 1.

An encouraging feature of the curve for Xl for o=5,(0,t),
(Fig. 4.1b), is the non-zero (though small) positive value at the
source (x=0), Although not illustrated, at earlier times the
analogous curve displays relatively larger positive values at the
source, In other words the curve is reflecting the region of
negative mean velocity below 2/z5=1.

A major feature of the curves for Xl and x2 for m=X(t),
o=§x(t). sx(o,t) or ox(o.t). (Figs. 4.la-d), are the negative

values. The occurrence of negative values in Hermite series
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approximations is a familiar one (Barton and Dennis 1952; Chatwin
1970, 1980; Kendall and Stuart 1969), It is often suggested that,
providing the negative values are relatively insignificant, they can
be ignored. From (4.41), for fixed Z and T, and therefore fixed
m and o, it is easy to show that X, and Xl have three and two
critical points, respectively (i.e. points at which dX/dX=0), The
precise nature of the critical points for any Xp. and therefore the
relative magnitudes of any negative values attained, can obviously be
calculated., Given that our main interest lies in higher order
approximations to X, this line of analysis is not pursued, rather
it is sufficient to make some general observations apout the negative

values.

In general, for any fixed T, the dependency of AI(Z,T) on

iz(z,t) - X(t)
ku,t

(4,48)

ensures that as the magnitude of this decreases, with « fixed, the
negative values of X; become more negligible, that is towards the

'centre' layers of the cloud. This is a reflection of the approach

(G)

of the approximation towards the Gaussian, Xy "(x,2,t) at such z,

This is illustrated in Fig. 4.2 by the plots of X{G)(x,z,t) and

(6)
0

and T=250, Yz(z.t)=27.35ku*t. The negative values of the X

(x,z,t) at Z=375 and T=250, for m=X(t), o=3 (t), At 2=375

curve are much more negligible than the negative values aof the

(6)

corresponding curve for X, (x,0,t) in Fig. 4.1a. However, this

does not imply that the approximation will be "acceptable" for any

choice of o« at such 2z, For example, Fig. 4.3 illustrates ch)

(G)

and >b

at 2=375, T=250 for m=X(t) and o=kust (i.e, o=1
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compared to «=5,02 for Fig., 4.2, see Equation 4.47¢), Figure 4,4a

(6) (G) (G)

illustrates X%, '(x,0,t), X, "(x,0,t) and X3 "(x,0,t) for the same

choice of o, The behaviour of the second and third terms in the

series for Xéc)

(x,0,t) (i.e. the A,(0,T)H;(X) and Ay (0, T)Hy(X)
terms, respectively) are also illustrated seperately in Fig. 4.4a,
Figure 4.4b illustrates the same %5 and contributions to xp for
the same « but for m = X,(0,t) (for this m, A;=0, see Equation
4,27)., Clearly the third term is dominating the behaviour of
xgc)(x,o,t) in Figs., 4.4a and b, Figure 4.5 illustrates the
behaviour of the same terms for m=X(t), o=2,(t) previbusly considered
in Fig. 4.la.

Without trying at this stage to quantify what constitutes
"acceptable" values for Xp or which m and ¢ lead to acceptable
values for Xp, pé2, it is possible to make the following general
observation from Figs. 4.1, 4.3 and 4.4, In the Rulerian framework,
for fixed 2z, each successive term of the series for X represents
a deviation of the horizontal distribution from the Gaussian with
mean m(z,t) and variance oz(z.t). Therefore, although X(x,2,t)
can be represented by (4.13) for arbitrary m and o, it is not
surprising that unacceptable negative values can be obtained when
trying to approximate X by an m and o significantly different
from the corresponding measured characteristics of the horizontal
distribution being considered. For example, Figs., (4.4a,b)
illustrate, what subjectively appear to be, the unacceptable negative
values that are obtained when trying'to approximate X by a >$
with o(z,t) much smaller than a length characteristic of the spread
of the distribution in the alongwind direction., 1In Figs. (4.4a,b)

o=ku.t whereas, from (4.47), the actual spread of the distribution
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Figures 4.6 and 4,7 illustrate the point made in (4,44) and
(4.45) concerning the approach of the distribution from an elevated
source, X(E), to the distribution from a ground-level source,
%x(G),  For simplicity, attention is focussed on two combinations for
m and o, namely m=X(t), 0=2,(t) and m=X(t), o=s,(0,t),
Analogous observations will apply to other combinations for m and

- First, Fig. 4.6 compares

(B) , . (6 . <(6)
Xl (x.O.tz), m=X (tl). o Ex (tl)

o : =(G),. (G)
and XiE)(x,O,tz); m=X (tl). o=s, (O.tl)
(4.49)
) )
where tl = 250 ks (i.e. Tl = 250)
h
H=—= 100
)
29
t2 = 150 Eﬁ: (i.e, T2 = 150)
with
(G) ] - g(6) - s(6)
Xl (x,o,tl), m X (tl). o Ex (tl)
(6) . - 76 - (G)
and xl (x.O,tl). m=X (tl). o=s, (O,tl) (4,50)

respectively, (The latter two Xp have already been considered in
Figs. 4.la and b), Substituting the chosen ty, by and H into

(4,44), we have
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[Tl "'L] %g“’ [k::t - H] ;1;=}—5%= 1.5 . (4.51)

As expected, the distributions for the elevated source are not close
to the corresponding distributions for the ground-level source,
Figure 4.7 compares the approximations for an elevated source
analogous to those in Fig. 4.6 except that now H=10 and

t9=240zq5/ku,. For Fig. 4.7 therefore

[Tl - 1,;_0_] ;_g - (25(1)510)

=24 >> 1 (4,52)
and, as expected, tﬂe distributions for the elevated source are
virtually identical to the corresponding distributions for the
ground-level source,

The examples presented above of the types of approximations to
the horizontal distribution of X that are availablé from the known
exact expressions for the horizontal moments of X, and based on
natural choices for m and o, have served to illustrate several

points:

(1) the choice of m and o, respectively, has a
significant effect on the location of the maximum and on

the spread of Xp, pé2

(2) choosing m and o significantly different from lengths
characteristic of the corresponding measures fér the
cloud, can result in significant negative values for Xp,
pé2
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(3) in order to reflect the expected asymmetry of the
horizontal distribution (Section 4,2.2), it will be
necessary to include higher order terms (i,e, AH,, n33)

in the approximation to X.

Points (1) and (3) were obvious from the structure of the series,
(4.13), and have been discussed in earlier sections. Because our
interest lies in higher order approximations to X, no attempt has

yet been made to quantify:

(a) what represents an acceptable approximation to X, for
example what constitutes 'significant' negative values in

the distribution for Xp

(b) for what choices of m and ¢ will an acceptable

approximation be obtained.
Clearly it will be important to attempt to quantify these problems,

4,3.3 The Numerical Scheme

Sections 4.2.2, 4.3.1 and 4.3.2 have discussed and illustrated
the need to calculate higher order horizontal moments of X, (4,30)
(i.e. N, for n33), and to calculate values for all the natural
choices for the arbitrary functions m(z,t) and o(z,t) of interest
(i.e. N, for n=1,2, for all 2,t and for ground-level and

elevated sources), This sub-section describes the numerical scheme

adopted to achieve these needs.
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The governing equations for Ny» né4 (4,32), have been solved
using the implicit, central difference, Crank-Nicholson scheme
described by Richtmyer and Morton (1967), ppl198-201. The scheme is

unconditionally stable.

For any n, (4.32) may be written in the form

3 a_ a_ =
.2 [z a’Z]} 8(2,T) = g(2,1) logZ (4.53)

where ©6(Z,T) represents any‘one of the Np» n30, non-dimensionalised
by multiplying by an appropriate power of 2z, and g(2,T) is a
function of N _;. For each n, g(2,T) is known since (4.53) can

be used to solve (4.32) sequentially in the n from n=0 and, from
(4.32a), for =Ny, &(z,T) is identically zero. If the finite
difference scheme is developed for (4.53) and applied in the whole of
the space domain 230, problems occur because of the behaviour of
log,Z as Z-0. To avoid these problems, a scheme is developed and

applied in the domain 2Z31. The lower boundary condition (4.33a) is

changed to
aNn
Z 52— +0 as 21 for all n
so that
aNn
55—-* 0 as 2~ 1 for all n (4.54)

The influence on the numerical results of this adjustment to the

boundary condition is discussed in Section 4.4 where appropriate.
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At (2,T)=(1 + jJAZ, (n + %) AT) where OZ and AT are
positive increments in Z and T, respectively, j,n30, (4.53) may

be represented by the finite difference equation

n+1 n+l n+l n n n
- -c.0 = a.f0 - =
a, ej+1 + bjej €84 aj 141 (bj 2)6j + cJBj-l
Ny
+ OT gj logezj (4.55)
where
g? = 8(1 + jAZ, nAT)
a =« 2 1
VR I
b =1 + o + &
1 1
3 J*; J‘;
(4.56)
cC = o
1
S I Y
1 AT 1 AT
o A sl A ="‘_""_-(1+JAZ)
o2 (62)2 2 (AZ)2
"*l' 1 1 1
2 - LNt n
gy = g(1 + jAz, (n+3)AT) 2(gj + gj).

With the aim of deriving an efficient method for solving (4.55), and
through adaptation of the Gauss elimination procedure, we seek a

solution of the form
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n
g8, = ejej+1 + fJ for all jal (4.57)

n .
where ej and fj are known, and which may be solved sequentially
in decreasing j for each n. To this end, denote the RHS of

(4.55) by d? so that

- n _ n n AT [ n+l n
R R NI R

(4.58)
| n+1 n+1 n+l1 '
Using (4.57) to replace ej—l by [ej-laj + fj-l] in (4,55) and

rearranging leads to

n-1 n
8" = . 8" .+ [dj i chJ‘l] 4
3o(by = egeyy) Il by =cqeyy) (4:59)
Comparison with (4.57) gives
n-1 n
e, = 4 ; f7 = eyt for all 3§31
by megeg) T by megeyy)
(4.60)

ey and fg may be calculated, as follows, by applying the lower
boundary condition (4.54). Then, for each n, (4,60) may be solved
sequentially in the j from j=0 (i.e. e; and fo &ive e; and
f13 ey and f; give e, and f,, etc). In terms of @%,

(4.54) may be approximated by
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so that

o] = el . (4.61)

Setting j=0 in (4.55) and using (4.61) gives

n-1
g" = (aO ¥ cO) a® + d0
0 bO 1 bo
Comparing this with (4.57) gives
n-1
. - (a0 + co) e dg .62
3 . .
0 by 0 bq

Finally, having calculated ey and f9, 3§30, (4.57) may be solved
sequentially in decreasing Jj for a? by applying the upper
boundary condition (4.33c) as follows, In terms of 8%, (4,33¢)

may be written
o1 = 0 (4.63)

where J 1is an integer suitably chosen so that JAZ is the height
of the upper boundary. For the results presented in Section 4.4,
JAZ was set equal to ~8000-9000m. Obviously this is much larger
than necessary and could have been reduced appropriately (i.e,
according to the size and number of time steps being considered) by
estimating the height required and testing the estimates on the

computer, However, it proved simpler to set a very large JAZ and



138

so be certain that, no matter what (realistic) dispersion time was
considered, the upper boundary would not be reached. Hence from

(4.57)

which may be solved for 83_1, then reapplied to calculate 93_2,

93_3,' 63_4 etc, To summarise the method:
(1) equation (4.57) is solved for 8=Ny(z,t), for all 231,
by .
(a) calculating ey and fé from (4.62) by using
the initial condition (4,33a) and thus, from (4.60),

calculating eJ, f}, j3l.,

(b) Using (4.63) and sequentially applying (4.57) for

j’J‘l, J'z, J-J’ EEES 0.

(2) Having calculated Ng(z,t) for 231 and T=AT, No(z,t)
for 231 and T=mAT, m>1 can be calculated by following
a similar method to (1) above except that the use of the
initial condition in (a) is replaced by use of the
results for Ny at the preceding time step to calculate

&bl of (4.62).
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(3) Having calculated No(z.t) for Z31, O4T¢T' say,
Nl(z,t) can be calculated for the same range of times by
using a method similar to (2) above and the results for

NO(Z,t).

4.4 Results and Discussion

4.4,1 Introduction

This section presents and discusses the results from the
numerical scheme described in Section 4.3.3, It is divided into
three sub-sections. The first (Section 4.4.2) presents comparisons
between the known 'exact' expressions for various measures of
quantity, location and spread of the cloud and the corresponding
numerical results., Section 4.4,3 applies these numerical results to
compare approximations to the concentration distribution, X, from
the first three terms of the Hermite series (i.e, XP' 0¢p€2), with

coefficients, A derived from the exact and numerical results,

n’
Finally, in Section 4.4.4, the numerical results are used to derive
higher order approximations to X (Xp for 24p¢4), and thus
examines the effects of including higher order terms in the Hermite
series for X on the approximation from the first few terms of the
series,

In examining the numerical results, attention is focussed on
the distribution of material released from a ground-level source
(in the numerical model this implies a release height of H=h/zy=1,
see Fquation 4.54). The reason for this is twofold. First, as

discussed in Section 4.2.2, the assumed dispersion model is thought

to be most suitable for examining dispersion when the scale of the
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eddies acting on the cloud are much smaller than the vertical scale
of the cloud itself, and therefore in particular for examining
medium-range dispersion from a ground-level source, Second, from
the reciprocal theorem (Smith 1957), the distribution of material at
an elevated height, 2; say (Zy>0), and released from a
ground-level source, is the same as the distribution at ground-level
of material released from a source at height Zy. Thus the results
presented in this section for the distributions at various elevated
2 of material released from a ground-level source, may be used to
examine the behaviour of the distribution of material at ground-level
released from an elévated source. Although it is not demonstrated
here, the numerical results do conform to the reciprocal theorem,

In other words, the moments calculated for the distribution of
material, Nj(z,t), (4.30), at an elevated level, 2;>1, released
from a source at 2Z=1, are equal to the moments calculated for the
distribution of material at 2Z=1 released from a source at height
Zy.

In the initial stages of verifying and applying the numerical
scheme, the calculations were carried out using relatively small
space and time mesh steps. Typically{ steps of AZ = 8(z/24)=0,2
and AT=A(kust/2zy)=0.02, or smaller, were used. However, it soon
becamg apparent that in order to carry out calculations to larger T
without consuming large amounts of computer time and memory, it would
be necessary to increase AZ and AT somewhat, Eventually values
of 0.5 and 0,125 were used for A2 and AT respectively, The use
of these larger mesh steps did not have any significant effect on the
calculated magnitude or shape of the resulting distributions for the
moments of the cloud, Ni(z.t). With these mesh sizes, calculations

for the distributions with 2 of Ny, 1=1,2,3,4, for O04T€250 have
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been performed. Using the analytic expression for the vertical
coordinate of the centre of mass of the cloud, Z(t), as given by
the exact model (Equation Bl with H=0), and using typical values for
2y of ~0.01-0,1m, an upper limit on T of 250 implies that Z(t)
reaches a maximum of ~2.5-25m., = At this stage the calculations have
not been extended to larger T, though this might have been thought
desirable, However, as will be demonstrated in Section 4.4.4, as
far as the present application is concerned, limiting the analysis to
T<250 does not severely restrict the main aim of the chapter, viz.
to examine the value of using the first few terms of the Hermite
series to approximate X, )

There is one final point regafding the numerical calculations
that should be made before presenting the results, The calculations
were performed using double precision arithmetic with the mesh sizes
given above. Integrals of the (non-dimensionalised) Ny over 2
were calculated by applying Simpson's rule and stored for subsequent
manipulation for values of T vranging from T=1 to T=250 in steps
of 1. The calculated values for the non-dimensionalised N; were
stored for subsequent manipulation for values of T ranging from
T=5 to T=250 in steps of 5, to an acﬁuracy of 7 or 8 decimal
places (dp) and at each fixed T for values of 2=1,3,5,... etc,

In particular, the value of

»O(Z.T) = zONO(z.t) =2, I X(x,z,t) dx (4.64)

-00

which represents the proportion of material at (2,T), (4,30), was

stored to 8 dp. Since the quantity of material released was
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normalised to 1, (4.2), uy(Z,T)<l for all (Z,T). Consequently,
if uo(Z,T)~10'5-10'6, it was only known relatively inaccurately as
far as subsequent calculations were concerned. This has limited the
range for which sensible curves can be plotted in the graphs

presented below and is noted where appropriate,

4.,4.2. Comparison of Analytic and Numerical Results for Some

Measures of Quantity, Location and Spread of the Cloud

The comparisons discussed in this section are between various
measures of quantity, location and spread for the 'exact' model of
dispersion from a point source at ground-level, as représented by
(4.7)-(4.12) with h=0, and the nearest comparable model considered
with the numerical scheme, namely dispersion from a point source at
h=zy. The measures considered are X(t), X,(z,v), Z (1), o.(z,t)
and Ng(z,t) defined in (4.20), (4.21) and (4.34) and discussed in
Appendix B, The corresponding numerically derived values for X(t),
X,(z,t), 3,(t) and o,(z,t) follow directly from the numerical
results by expressing each in terms of the calculated Ni or
integrals thereof, as appropriate, For example (4,35) and (4,37)
can be rearranged to give X, and o, in terms of the N,

The main difference between the exact and numerical models is
the absence of a region of negative mean velocity in the numerical
model, sin¢e it is applied in the region 231, Hence when judging
the comparisons it is important to bear in mind that certain
differences between the numerical and exact models can be expected,
For example, in the numerical model, the downwind coordinate of the
centre of mass of material at any fixed height, fz(z.t), (4.20¢),

should never be less than zero. This is unlike the exact model
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vhich at lower 2z and for early enough times will display §z<0.
This and other differences are discussed below where appropriate,

Figure 4.8 compares the proportion of material, No(z.t).
(4.30), non-dimensionalised by multiplying by Kkust, at various
fixed heights above the ground (i.e. fixed 2Z) as a function of T
as determined from the exact expression, (4.34) with H=0, and from
the numerical scheme, Given the differences between the physical
models represented by the exact and numerical results, the general
behaviour of the numerical results compares favourably with the exact
results, At 'ground' level (2=1) there is less material in the
numerical model than the exact at all times, At elevated 2, the
numerical and exact results show more similafity. At these 2, and
in the early stages following release, the numerical model ﬁas more
material than the exact model but, at each Z, there is a time
beyond which the numerical model has less material than the exact.
This behaviour is illustrated in another way in the series of Figures
(4.9a-g) showing the distribution with Z of ku*tNo at various
times, as calculated by the numerical and exact models. It is not
immediately obvious why the numerical ku*tNo. for fixed 2, should
approach its asymptotic value more slowly than in the exact model,
but it cannot be due to the different velocity regimes experienced by
the two models since the governing equation for Ny, (4,32a), is
independent of U(2).

Figure 4.10 compares the exact expression (B7) and the
numeriéally calculated values for the downwind coordinate of the
centre of mass of material, X,(z,t), non-dimensionalised by
dividing by ku,t, at various fixed 2 as a function of T. For
the reasons discussed at the end of Section 4,4,1, the range of T

for which each numerically derived curve is plotted varies, depending
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on the amount of material at the corresponding Z and T. Broadly
speaking, each curve is only plotted when p0>10'4 and T35, where
wg 1is given by (4.64). The general behaviour of the numerical iz
curves is consistent with that of the exact model, However, as
expected, for any particular Z, the ﬁumerical fz is greater than
the corresponding exact iz' This is because there is no region of
negative mean velocity in the numerical model so that material at any
2 can only have been transported from the region x30, This is
unlike the situation in the exact model where material may have been
transported from the region x<O0, For example, from Fig. 4.10 we
see that in the exact model, for 2=1 and T<¢10, iz is negative
whereas in the numerical model X, is always positive, At T=250,
the magnitude of the difference between the numerical and exact
results, expressed as a percentage of the exact value, ranges from
~2,5% at 2=301 to 7% at 2Z=1.

As discussed by Chatwin (1968), the centre of mass of material
at any fixed Z eventually lags behind the centre of mass of the
whole cloud, X(t). Figure 4,11 illustrates this by comparing the
development with T of the numerically derived values for fz(z,t)
at various fixed Z and X(t), both non-dimensionalised by dividing
by kugt. Of the iz(z,t) Shown, and within tﬁe range of T
considered, those for 2=1, 41 and 101 do lag behind X(t) for all
or part of the time whilst those for Z=201 and 301 alwayé remain
ahead of X(t).

Figure 4.12 compares the exact expression (B6) and the
numerically calculated downwind coordinate of the centre of mass of
the cloud, X(t), non-dimensionalised as for the previous figure,
The comparison is good., The fact that X(t) as calculated by the

numerical model is always positive and greater than the exact X(t)
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is a reflection of the results discussed for iz(z,t), (Fig. 4.10).

Turning to the measures of spread of the cloud for which
analytic expressions are available, the only known exact expression
for o,(z,t), given by (4.21b), is for the spread of material at
ground-level (Z=0) from a ground-level source (H=0), (BSb),
Figure 4.13 compares the numerically calculated downwind spread of
the cloud, ox(z,t), non-dimensionalised as for the other figures,
at various fixed 231 and the exact expression (B9b). As expected,
at each 2, the numerically derived spread is less than the constant
exact value for all T. This is not surprising since, compared to
the numerical model, the exact value will be augmented by the region
of negative mean velocity bdelow 2Z=1 and, for elevated 2Z, the
exact value is only valid as T = » (Chatwin 1968), Hence we might
expect the numerical model to have an asymptotic value for ox(z.i)
smaller than the exact ox(o,t). Within the range of times
considered here, from the numerically derived curves in Fig., 4.13, it
is interesting to note that for each fixed 2>z5 (i.,e. 2>1), 2
say, there exists a time, tp say, such that for t greater than
tp' ax(zl.t) is greater than the spread at ground-level (i,e,
ox(zg,t)). This is presumably due to the effect of the positive
gradient in the mean velocity, which eventually results in a greater
stretching of the material at elevated 2 1in the downwind direction
compared to that of the material at ground-level, However, the
analogy, for the numerical model, of the approach of the exact
ox(z,t) to ox(o.t) as t = w», 1is that we would expect all the
numerical curves for 2>1 in Fig. 4.13 to converge to that for 2=1
as T = o,

Figure 4,14 compares the numerically calculated values and

exact expression, (B%a), for the downwind spread of the whole cloud,
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Zx(t), non-dimensionalised as for the other figures, The diagram
is consistent with the results discussed for o, (2z,t), (Fig. 4.13),
As emphasised at the beginning of the section, equality

between the numerical and exact models considered above was not
expected, However, the above comparisons do show that the numerical
results are reasonable and, given the differences between the two

models, are consistent with the known analytic expressions,

4.4,3 Comparison of Second and Lower Order Approximations to

X(x,z,t) Derived from the Analytic and Numerical Results

This subsection compares approxXximations to the ground-level
distribution of X, xp for pé¢2, (4,19), (a) where the coefficients
of the series,. A,(Z,T), and the arbitrary functions m(z,t) and
o(z,t), once chosen suitably, have been calculated from the known
analytic expressions for the 'exact' model (as represented by

Equations 4.7-4.12), with (b) the analogous X  for the numerical

P
model, that is where the coefficients and arbitrary functions have
been calculated from the numerical results. The comparisons need
only be considered briefly since, as will be shown below, they merely
reflect the comparisons discussed in the previous subsection (Section
4.4,2) for the various measures of quantity, location and spread of
the cloud. For the same reason, the comparisons are for the
ground-level distribution from a ground-level source (so that:
distributions above ground-level are not considered), and the
comparisons are made at a single fixed time, T=250, that is the

latest time for which numerical calculations are available (Section

4.4.1).
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The comparisons are illustrated in Figs. (4.15a-e)., As in
Section 4.3.2, the abscissa of each figure is x/kuit and the

ordinate is some suitably chosen multiple of (ku*t)2 X Fach

p.
figure compares an analytically derived approximation with the
analogous ﬁumerically derived approximation as follows, First,

each figure is for a particular choice of m and o, viz,

(a) m=X(t) ; 0=2 (t)
(b) m=X(t) ; o=0,(2q,t)
(¢) m=X(t) ; o=s,(zg,t) (4.65)

() m=X,(zg.t) 3 0=3,(t)

(e) m=iz(zG,t) 3 o=o.(zg,t)

where t=25024/kuy (i.e. T=250) and 2z, denotes the ground-level
value of 2. For the approximations based on the exact model, ZG'O
(i.e. Z=0), whereas for those based on the numerical results,

zg=zq (i.e. 2=1), since the numerical scheme has been applied in

the region 23z, (i.e, Z31, see Section 4.3,.3, Equation 4.54).

All of the combinations for m and o in (4.65) have been

considered in varying degrees of detail in earlier sections, and
represent'the main natural choices for m and o (Sections 4.2.3

and 4.3.2). The 'exact' curve in each figure (indicated by a solid
line, '—'), that is the curve based on A, m and o derived from
the analytic expressions, is the highest order approximation known for
the given m and o, namely Xz. Each of these approximations has
already been considered in detail (Section 4,3.2), The numerically
derived éurve in each figure (indicated by a dashed line '«~=') is the
corresponding approximation based on A,, and the same m and o

calculated from the numerical results, As described in Section 4,2.3,
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some of the choices in (4.65) cause one or more of the coefficients,
Ay and Ay, to be identically zero for all Z and T, so that, in

effect, the approximations shown in Figs. (4.15a-e) are as follows:

(a) x2
(b) X,
(¢) X; (since Ay=0, Equation 4.26) (4.66)

(d) X, (where A,=0, Equation 4,27)

(e) Xb (since A2=A1=0. Equation 4,.28)

From Fig. 4,15 it is readily seen that the numerically based
approximations are similar to the curves based on the exact
expressions. This is not surprising given the comparisons discussed
in Section 4.4,2, The main point to méke is that the numerically
based approximations reflect the larger X(t) and iz(z.t), and
smaller 2,(t) and o.(z,t), of the numerical model compared to the
exact model (Section 4.4.2), Thus the location of the peak of each
numerically based approximation is further downwind than that of the
analytically based approximation. The spread and peak of the
numerically based approximations are also smaller than those of the
corresponding analytically based approximation. However, since these
differences are relatively small, we can be confident that any higher
order, numerically based approximation (i.e, Xp, p>2) will reflect
the correct behaviour in the sense that it will behave similarly td
the corresponding analytically based approximation, We can
therefore use such numerically based higher order approximations to
examine the use of the Hermite series, (4,13), to approximate X,

This is done in the next subsection,
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4,4,4 Third and Fourth Order Approximations to X(x,z,t) Derived

From the Numerical Results

Section 4.3.2 illustrated approximations to the horizontal

distribution of X, X for pé¢2, where the coefficients, An(z.T)

p
and the arbitrary functions m(z,t) and o(z,t) of the Hermite
series, once suitably chosen, were derived from the known analytic
expressions. Section 4.4.3 compared these analytically derived
approximations with the analogous approximations derived from the
numerical results. Because of the limited exact results available,
these earlier sections have focussed on the distribution at
ground-level from a ground-level source, Using the numerical
results, this section examines approximations, Xp, for the
concentration distribution at ground-level and at elevated 2z, and
for p>2. For the reasons given in Section 4.4.1, all of the
results presented are for release from a ground-level source,

As discussed in Sections 4.3.1 and 4.3,2, we would expect X_,
p>2, to provide a better approximation to X than Xp, pé2, if X
is significantly different from the Gaussian, From the numerical
results, values for the moments of the éloud Nj(z,t), 1¢4, are
available (Sectionm 4.4.1). Since the coefficient, A (Z,T), of the
Hermite series for X depends on the Ni(z,t). ién (Section 4,3,1,
Equation 4,31), the available numerical results enable Ap(Z,T), péa,
and therefore approximations to X, Xp. pé¢4, to be determined. If
the horizontal distribution of X displays significant skewneés or
kurtosis, we would then expect application of the complete set of
numerical results to provide a better approximation to X than X_,

pé2, Initially in this section, the numerically calculated skewness

and kurtosis of the cloud are examined (Section 4.4,4.1). Then the
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numerical results are used to examine approximations Xp for p>2

(Section 4.4.4.2).

4.4;4.1 The Skewness and Kurtosis of the Horizontal Distribution for

X(x,2z,t)

Figure 4,16 shows the calculated skewness of the cloud in the
downwind direction at various fixed Z, B3(z,t), and of the cloud as
a whole, 83(t). as functions of T, where 63 and B3 are given

by (Kendall and Stuart 1969)

[ ]
I (x = 22)3X dx

-00
Bylz,t) = =3 -
¢
X I X dx
00
1y 43 2 _ 3
- 5 o an " - Ay 20
2 .
(4.67)
0
) =3 [ [ (x - %% axdz (4.68)
3 z3
x 0 —ve

and X,(z,t), X(t), o,(z,t), Z,(t) and Ni(z,t), are given by (4.20c,
b), (4.21b, a) and (4.30), respectively, It should be noted that of
the curves for B;(z,t), those for 2321 have not been extended back
to T=5 (the smallest T for which results were available - see
Section 4,4.1) since in the early stages of their development with T
they exhibit erratic behaviour. This is due to the relative

inaccuracy to which g, (given by 4.,64) was available for use in
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subsequent calculations (Section 4.4.1), and to the dependence of B,
on (No)"3 and hence on (uo)_a. Indeed, B4(z,t) for Z=501 and 601
is somewhat erratic for all or the majority of the time range in Fig. 4.16.

Looking in more detail at the curves in the figure, as
expected, (a) at zZ=1, B3 is always positive, in other words, the
distribution at ground-level has a long "tail" in the downwind
direction, and (b) at elevated 2, By is initially negative (with an
initial magnitude that decreases with increasing Z). At all 2z, B,
appears to be approaching a small positive value (~0.18-0.2) as
T = oo, This behaviour is not inconsistent with Saffman's analysis
(1962),_disqussed in Sections 4.2.2 and 4.4.3. However, the
asymptotic value for By obtained here is soméwhét smaller‘than
Saffman's value of ~1. This is presumably a reflection of the fact
that Saffman used a wind profile linear in 2z, so that the effect of
wind shear in his model will be greater than that for the logarithmic
wind profile used here. It is also clear from Fig., 4.16 that at
elevated Z, and - using the reciprocal theorem - at ground-level
for an elevated source, the distribution of material has a negative
skewness for some or all of the range of dispersion time shownm,

Indeed, extrapolating the results to later times, it would seem that
for the more elevated 2, the distribution will be negatively skewed
for a significant proportion of the dispersion time,

Turning to the curve for the skewness of the cloud as a whole
about X(t), By(t), shown in Fig. 4.16, it would seem that it is
dominated by the material at elevated Z, The approach to a small
negative value (approximately -0.1 to =0.15), at least within thé range
of T considered, is due to the interaction of two main conflicting
factors, First, as noted above, the skewness of the material at the

more elevated 2 1is negative, and iz(z.t) is greater than X(t)
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(Section 4.4.2). Hence the skewness of material at such 2Z, when
measured about X(t) will be even more negative, Conversely, in
the lower 1ayérs of the cloud, the skewness of the distribution at
fixed 2z is positive and iz(z.t) eventually lags behind X(t).
Hence, at these Z, the skewness measured about X(t) will be even
more positive. The resulting curve for B,(t) is consistent with
the numerical calculations of Atesmen (1972), He used a model
slightly different to the one considered here in that longitudinal
diffusion was included and diffusion was limited in the vertical by
an inversion height. Because of these differences, and because
Atesmen non-dimensionalised his results differently to the approach
used here, a direct comparison with his results is not possible.
Nonetheless the behaviour of Atesmen's B3(Tn). where Tn=ku*t/zn

and 2z is the height of the inversion layer, before the effects of

n
the inversion layer are felt, is consistent with Fig., 4.16 in that
By(T,) decreases from -0.5 to zero in the range of times shown
(04Tn‘0.r) and appears to be continuing to decrease.

Figures (4.17a,b) show the calculated kurtosis of the cloud

in the downwind direction at various fixed 2, 8,(z,t), and of the

cloud as a whole, B,(t), where 64(2;t) and B,(t) are given by

j (x - k‘z)“x dx

B, (z,0) = {17 -3
[+
X I X dx
-00
1, -4 3 2 ) 4
- Lz oo - g g™ e a0y - 3ep )
X

-3 (4.69)
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B,(t) =

O e 8

L4
La— f (x = ©X dxdz} - 3 (4.70)
x =00

and iz(z,t). X(t), o.(z,t), 2 .(t) and Ny(z,t) are given by
(4,20c,b), (4.21b,a) and (4.30), respectively. For the corresponding
Gaussian distribution, B,(z,t) or B,(t) is equal to zero (Kendall
and Stuart 1969). Similarly to B;3(z,t) and By(t), we would
expect 64(z,t) at fixed 2 and BA(t) to approach constant values
as T = ., Two separate figures are shown in Fig., 4,17 simply
because a single diagram including all the curves is too cluttered for
easy interpretation. As for Fig. 4.16, the curves for larger 2 are
not extended back to T=5 because of their erratic behaviour, Note
from (4.69) that B, depends on (N0)°4 and therefore on (“0)—4'
(4.64), As a result, the curves are relatively more erratic than

the corresponding curves for the skewness in Fig, 4,16, Although

the erratic nature of the curves for P,(z,t) for larger 2 (Z3401)
makes them unsuitable for determining reliable values for B,(z,t)

for these 2, it is clear that at all Z, as T increases,

Ba(z.t) approaches a small negative value in the range -0.3 to

-0.4, In other words, the distribution at any fixed 2Z is
eventually flatter than the Gaussian, i.e. is platykurtic, Turning
to the curve for the kurtosis of the cloud about X(t), B,(t), it is
not clear that it is approaching a particular value, This is
interesting since comparison with Atesmen's (1972) calculations for
the cloud kurtosis and the comparison made above with his result for
the cloud skewness, By(t) (Fig. 4.16), would suggest that the
approach of B,(t) to its asymptotic value should be observed in

Fig. 4.17. Atesmen's results show Bé(Tn)' Tn as given above,
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approaching a value of ~0.4 at T, ~0.1. There appears to be no

obvious explanation for this discrepancy.

4,4,4,2 Third and Fourth Order Approximations to X(x,z,t)

From the previous subsection (Section 4.4.4.1) it is clear
that whilst deviations from the Gaussian are evident in the
horizontal distribution of X(x,z,t) as t = w, these deviations
are rather smaller than might have been expected from Saffman's
analysis (1962) of the simpler dispersion model with a power-law wind
profile. The table below summarises the numerically derived values
of variﬁus measures of location, spread and shape of the distribution
for X(G)(x,z,t) at T=250, the latest time for which results are

available (Section 4.4.1):

z=1 2=41 z=101 2=201 2=301
(kuat)™! X, (2,t) 19.85 21.81 23.64 25.67 27.13
(kugt) ™} o, (z,0) 3.37 3.59 3.65 3.58 3.47
By(z,t) 0.22 0.14 0 -0.14 -0.22
B,(z,t) -0.31 -0.40 -0.44 -0.36 -0.31
(4.71a)
(kugt) ™1 X(t) 25,48
(kugt) ™! 3, (1) 4,79
By(t) -0.07 (4.71b)
B, (1) -0.25

All of these values are drawn from results presented in Sections
4,4,2 and 4.4.4,1, and have been selected to illustrate the range of
values at T=250 for skewness, 63(z.t). and kurtosis, Ba(z.t), of

the distribution at any fixed height that can be determined reliably
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from the numerical results (i.e, are not unduly influenced by
inaccurately known g, Section 4.,4.1), Given these ranges, in
turning to third and fourth order approximations to X, it is
reasonable to focus on the distribution of material at 2=1, 101 and
301. The values of skewness and kurtosis at these 2 provide sets
of values representative of the different types of deviations from
Gaussianity displayed by X at fixed 2. For the reasons given
earlier, the focus will also be on approximations to X for the five
pairs of choices for m and o given in (4.65).

Figures (4.18a-e) illustrate fourth and lower order
approximations to X(G)(x,z,t) at Z=1., Each figure is for a fixed
choice of m and o, Figure 4,18a corrésponds to the choice given
in Equation (4.65a) (i.e. m=X(t), o=§x(t)), Fig. 4.18b corfes;onds
to the choice (4,65b), and so on. One of the main conclusions that
can be drawn from the figures is that, for the horizontal
distribution at (2,T)=(1,250), and for fixed m and o, the effect
on the approximation of the inclusion of the third and fourth order
terms of the Hermite series, varies in significance depending on the
choice for m and o, In particular, for the most natural of all
the choices for m and o, that is m¥§z(z,t), o=0,(z,t), the
effects are the least significant (Fig. 4.18e),. This is clearly a
reflection of the relatively small deviation of the actual
distribution from the Gaussian, which has a skewness and kurtosis of
0.22 and -0.31, respectively, (4.71a). Note that for this choice
of m and o, as expected, the fourth order approximation, xa,
compared to the second order approximationm, x2, is both positively
skewed and flatter, On the other hand, for other choices of m
and/or o (Figs. 4.18a, c and d), X, 1is peakier than the

corresponding X3 and X,.
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Apart from Fig. 4.18b, all of the approximations are of
reasonable general shape, although, subjectively speaking, the
negative values in the case of m=X(t), o=2 (t) (Fig. 4.18a) and
m=X(t), o=sx(z.t) (Fig. 4.18c) are unsatisfactory, As has already
been noted (Section 4.3.2), choosing m=X(t), o=ox(z,t) (Fig. 4.18b)
also results in significant negative values for Xz. Including the
third and fourth order terms in the approximation for any of these
three choices for m and o, whilst reducing the significance of
the negative values, does not seem to result in an acceptable
approximation for X. This confirms the observation made in Section
4.3.2 that choosing m and/or o significantly different from the
actual mean or.;pread of the materiél. respectively, at the chosen
Z, can result in an approximation with unacceptable negative values.
In particular, the negative values in Figs. (4,18a-c) appear to be a
result of attempting to approximate X by a series with m=X(t),
rather than the more natural m=¥z(z.t) when the difference between
X(t) and iz(z,t). at ~28% (expressed as a percentage of ,iz(z.t),
see 4,71), i§ relatively large, |

From Fig. 4,184, it might at first seem surprising that
approximating X by a series with m=iz(z.t) but with a ¢ ~42%
greater than the actual spread of material at 2=1 (i.e,.
o=2x(t)=4.79ku*t compared with ox(z,t)-3.37ku*t. see (4,71)) only
results in negligible negative values for X, 2¢pé4, However, it
will be recalled from Section 4.3.2 (Fig. 4.4b) that x2 for
mtfz(z.t) but for a o much smaller than the actual spread of the
material does contain unacceptable negative values for xz.
Considering the main role of ¢ in the series (i.e, as the spread of
the Gaussian first term) it seems reasonable that choosing m=§z but

o much larger than the actual ¢ does not result in significant
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negative values for Xp (but clearly will result in an
unrealistically large spread for Xp), whereas, for the same choice
of m, choosing o much smaller than the actual spread does result
in unacceptable negative values for Xp.

To enable a different comparision, Figs. (4.19a-c) regroup the
curves'of Figs. (4.18a-e) to compare approximations of the same order
for the different choices of m and o. Figure 4.19a compares X2
for the choices (4.65a-e), Figs. (4.19b,¢) compare X3 and XA'
respectively, for the same choices., Not surprisingly, it is clear
from Figs. (4.19a~-c) that the differences in the shape, spread and
location of the second order approximatiohs for different m and o
(Fig. 4.1%a), which were observed in the corresponding exact curves
(Section 4.3.2), are also a feature of the third and fourth order
approximations (Figs. 4.19b and ¢, respectively), For example, in
Fig. 4.19c, there is a ~30% difference between the peak value of ><4
for m=X(t), o=2,(t) and that for m=X(t), o=s, (2,t) (expressed as
a percentage of the latter).

Figures (4.20a~-e) and (4.2la-e) show Xye 26pé4, for z=101
and 2=301, respectively, analogous to those already considered for
Z=1 (Figs. 4.18a-e), i.e. for the same choices of m and ¢. For
Z=101 (Figs. 4.20a-e), B4(z,t)=0 and B,(z,t)=-0.44 whilst for
Z=301 (Figs. 4.2la-e), B3(z,t)=—0.22 and B,(z,t)=-0,31, (see
Equation 4.71a). For both sets of figures, and unlike the case for
2=1 (Figs. 4.18a-e), for each of the chosen m and o, the negative

values for any X _, 2¢épé¢4, if they exist at all, are negligible,

p'
In the cases of m=X(t), o=3,(t), o,(2,t) or s,(z,t) (Figs,
4,20a-¢ and 4.21la-¢), this is probably a result of the fact that the
differences between X(t) and X,(z,t) at 2=101 and 2=301 (7% and

6%, respectively, when expressed as a percentage of ﬁz(z,t), see
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4,71), are relatively small compared to the 28% difference at Z=1.
In the case of m=§z(z,t), 0=2,(t) (Figs. 4.20d and 4,21d), the same
negligible negative values were found for Z=1 (Fig. 4.18d). Given
that the difference between Ex(t) and ox(z,t) at Z=101 or 301 is
positive and, in both percentage and absolute terms, of the same
order as that at 2=1 (31% and 37%, respectively, when expressed as a
percentage of o,(z,t), compared to 42% at Z=1), it is not
surprising that X% for 2¢pé4, 1like those at Z=1 do not possess
significant negative values.

Although there are no significant negative values in Figs.
(4.20a-e and 4.2la-e), as was the case for Z=1, soméwof the X,,
namely those for m=X(t), o0=2,(t) or s,(z,t) and m=¥zfz,t),
a=§x(t) (Figs. 4.19 and 4.20, a, c and d, respectively) are peakier
rather than flatter than the corresponding Xz. However, for
m=X,(z,t) and o=0,(z,t), Xy and X, possess all the expected
propérties. At 2=101 (Fig. 4.20e), Xy is identical to Xa,
reflecting the zero skewness at this 2, whilst at 2=301 (Fig.

4.21e), X3 is slightly negatively skewed compared to Xz. In both

cases, X4 is flatter than X2 and X3.

4.5 Summary and Conclusions

As explained at the beginning of this chapter (Sections 4.2,2
and 4.2.3), the main aim of this investigation has been to examine
the use of the first few terms of the Hermite series (4,13) to
approximate X, and in particular to approximate the expected
deviations from the Gaussian of the horizontal distribution of X as
t @ o, For several reasons (Section 4.,4.1), this has been achieved

by focussing on the behaviour of the horizontal distribution of
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material released from a ground-level source, X(G)(x,z,t), for
various natural choices for the arbitrary functions of the series
m(z,t) and o(z,t), and at T=ku,st/2;=250 (i.e. the latest time
for which calculations were available), for various fixed Z(=z/zo).
There are several main conclusions that can be drawn,

First, as t increases, the skewness and kurtosis of the
horizontal distribution of X at any fixed 2 appear to be
approaching values in the range ~0.18 to 0.2 and -0.3 to -0.,4,
respectively (Section 4.4.4.1). In other words, the distribution at
any fixed 2 eventually is more positively skewed (i.e. has a longer
tail in the downwind direction) and flatter than the Gaussian. The
result for the skewness is Eonsistent with éaffmén's analysis (1962)
of dispersion in a velocity field linear in z. The numerically
calculated skewness and kurtosis at T=250 and at various fixed 2,
provided values ranging from approximately -0,22 to 0.22 and -0.3 to
-0.45 respectively, (4.71a), and so were suitable for examining the
use of the series to approximate the horizontal distribution of X
as t - oo,

Whilst no attempt has been made to quantify what constitutes |
an acceptable approximation to X, examination of the u;e of the
first five terms, or less, of the Hermite series for a ground-level

(G)

source (i.e. xp (x,z,t) for pé¢4), for various choices of m and

o, has shown that (Section 4.4.4.2):

(a) choosing m and o equal to the mean, ?z(z.t), and spread;
o.(z,t), of the material at the corresponding 2,
respectively, consistently (i.e. at various 2 and therefore
for various values of skewness and kurtosis) gives the best

approximation for X 1in the sense that, compared to other
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choices for m and o, Xp for 2¢pé4 (i) had only
negligible negative values, and (ii) correctly reflected the

actual skewness and kurtosis at the chosen 2.

() For the same m and o, given the magnitude of the
deviations of the horizontal distribution of X from the
Gaussian as t = », evidence from other applications of a
Hermite series approximation (Barton and Dennis 1952; Kendall
and Stuart 1969) would suggest that, for the chosen model

(4.7)-(4,12), the series (4.13) will be of practical use,

(¢) Other choices for m and o can result (i) in - what
subjectively appear to be - unacceptable negative values for
X%, 2¢p¢4, and (ii). in X, which are peakier rather than
flatter than the corresponding X, and which therefore do not

reflect either the negative kurtosis at the particular 2z,

Ba(z,t). or of the cloud as a whole, Ba(t).

(d) In addition to the effects outlined in (c¢) above, compared to
the choice msiz(z,t), o=cx(z,t). other choices for m and
o can result in significantly different locations for the

maximum and spread of the horizontal distribution of X, pé4,

p*
There appear to be two main ways of continuing to develop the

application of a Hermite se;ies to dispersion in the atmosphere.

The first is to continue with the adopted simplified model of

dispersion, (4.7)=(4.12), and quantify (i) what is meant by

"unacceptable" and "significant" (as used in (¢) and (d) above), and

(ii) when choices for m and ¢ other than ?2 and o,
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respectively, result in unacceptable approximations for X. This
could be done by applying the series (4.13) for various choices of m
and o but for a wider range of values for the measures of location,
spread and shape of the distribution for X than used here, It
should then be possible to derive rules governing when choiées other

than m=§z and o=0 are adequate, Ideally, these rules should be

X
in terms of parameters appropriate to dispersion in the atmosphere
(for example, time since and height of release)., As far as the use

of the series with m=§z and o=¢ is concerned, a limited amount

X
of qualitative and quantitative guidance on when X can be
approximated by XA is available from studies of the application of
Herﬁite series to other problems (Barton and Dennis 1952; Kendall and
Stuart 1969). However, this evidence is in terms of the skewness
and kurtosis of the distribution under consideration. For our
problem, it would valuable to quantify when, for example, XA is of
use in terms of parameters appropriate to dispersion in the
atmosphere. Again this should be possible by applying the series to
a wide range of values for the measures of location, spread and shape
of the distribution for X. One final point concerning the
application of the Hermite series (4.13) to the model (4,7)-(4.12),
it would be of interest to compare the use of the Edgeworth series
with that of the Gram-Charlier series (Section 2,2,1) to approximate X,
This chapter has shown that a Hermite series can be used to
represent the distribution of mean concentration based on a
particular simplified model of dispersion in the atmosphere,
(4.7)-(4,12). As discussed earlier (Section 4.2.2), the model is
somewhat restricted in its range of application, The second way of
proceeding to develop the application of a Hermite series to

dispersion in the atmosphere, is to investigate the application to
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less simplified models. For example, since completing this work the
author has been made aware of a series of papers (Sullivan 1983a and
b; Sullivan and Yip 1985, 1987) describing work, begun independently,
which applies a three dimensional Hermite series to a model
applicable, inter alia, to dispersion in the atmosphere, In the
model, in particular, the principal axes of the eddy diffusivity
tensor Kij do not coincide with the coordinate axes (x,y,z of
Section 4.5). the significance of which is discussed by Monin and
Yaglom 1971, p.666-669 and Sullivan and Yip 1985, The results of

this chapter clearly indicate that such work should prove to be of

practical use.
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APPENDIX A

A Generalised Three Dimensional Hermite Series Representation

This appendix summarises some relevant properties of three
dimensional Hermite polynomials and derives expressions for the
coefficients of a generalised three dimensional Hermite series
representation, Many of the equations are applicable to
n-dimensional Hermite polynomials, further details are given by
Erdelyi (1953),

Define positive-definite, symmetric, quadratic forms ¢(w,y)

and ¢(W,¥)

O, ) = WiWiWg G ¥ig T Vg8 ¥y > 0

such that
1 a¢
Mi T2 ey T V1Y
> Yij¥ie T 84k
1 ad
, o — w
i T2 awg o T1g
.
so that

o(w, ¥) = ¢(W,Y¥)

The complete biorthogonal set of Hermite polynomials

(n)

ij...k(3’¥); n=1,2....} is defined by

w6
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(n) n 1 an 1
Hij.. alep) = (D) exo{+ 3 0wy} B 8wy .. . Auy exof- 3 o(w.p}
(A1)
61,k = (=D expl 3 2w} AW{aW . . AWy exp- 3 2w}
(A2)

where n represents the number of subscripts i,j},...,K. Although
not conventional, on the left hand side of (Al) and (A2) it is
important for this work to denote the functional dependency of the
polynomials op the temsor y.

The evxpressions for the first few polynomials are

(0) (0)

(1) () .
Hi vijwj wi. Gi Yijwj W
(2)
Hij = Yip¥3q¥p¥q ~ Yij ™ ¥i¥j - '1j»
(A3)
Ciy = Yip¥iq¥p¥q T Yiy T Yi¥y T Yig

(3)
HiJi = Wi ¥ = Grg W+ v ¥y v vgiy)

(3)
Gijk wiijk - (?ijwk + Yikwj + ?jkwi)
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(4)

Higir = Wi = Org Wiy # v+ v Wik © vt v
M Ot Yyt YY)
(A3) (contd.)
ng) =wwww = (Y, ww +¥ ww +¥ ww +¥ ww +¥ ww
ijkl = YY) 3% Y Tt Yt Yt Y%

+

* YY) Y Wyta Y Yt Yot o

The polynomials are symmetric in their subscripts and

(n)
ijoook

(n)

Cij...k

(w,y) = H (w,¥) .

The biorthogonal property of the polynomials may pe written

(n) (m) 1
nty) [ A e 6wy exe{- 3 *(w. )} av(w

- n! if n=m and ij...k 1is a permutation of pq...r
= J (A4)
0 otherwise
where

n(y) = (21)-3/2 [6(1)11/2 (A5)

and A(y) is the determinant of y, i.e,
ay) =+ e ey oy (a6)

4 6 ijk pqr "ip jq kr
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where Eijk is the Levi-Civita density or permutation symbol,
Consider any well behaved function A(w) with moments of all

orders defined by

(n)

1j...k = [ WiV eeaWy Aw) dv(w) . (A7)

3

Represent A(w) by the following generalised three dimensional

Hermite series

AGw) = n(y) 5 esh T ey exef- F o} e
m= LI N ...

(n)

Multiplying both sides of (A8) by G (w,y), integrating over w

Pq...r
and using (A4), the following expression for the coefficients
i?) K’ n=1,2,..., of the series is obtained

(n) (n)

Cif.. .k n' [ 65y, k(&Y AMw) dviy) . (A9)

For example, using (A3) and (A7)

c(0) - 5(0) (A10)

cs!) = 55V (A11)
(2) _ 1 fo(2) _ (0)

Cij Sij. ~ ¥y S } (A12)
(3) (3) (N (1) $(D

Cije * 3' {sljk Yii % Y Sy Y Sy )} ‘ (A13)



171

APPENDIX B

Analytic Expressions for Some Measures of Location and

Spread of the Cloud

Using the model for dispersion in the atmospheric surface
layer detailed in Chapter 4, this appendix summarises the expressions
available for the measures of location and spread of a cloud of

material,

Chatwin (1968) has shown that Z(t) defined by (4.71a) is

given by

Z(t) = ke 1+ 3] (B1)

and that X(t) defined by (4.71b) satisfies

g—% - :i {108 1 + El[%]} (B2)

where E,(x) 1is the exponential iniegral function defined for all

positive x by (Abramowitz and Stegun 1965, p228)

.
nn
-t -
B 0o = [ SRR gr - oy - t0g x + n§l Lo (83)

X

and y 1is Euler's constant given by

. 1
Y = llm (l + -;- + ? + 0 + % - logem) = 0057720¢0 . (B!‘)
e
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Equation (B2) may be integrated by parts to give

R(t) =——'{E B) [2+8 + 108, [3] - exo[- 4]} (B5)

which for a ground-level source simplifies to

76 (¢) =-——{1og T (y+ 1)} (B6)

consistent with Chatwin (1968), For a ground-level source ?z(z,t)
defined by (4.71¢) is given by (Chatwin 1968, Equations (23), (29),

(30) and (37))
KO0 S ol wae} o

Thus using the reciprocal theorem (Smith 1957) which shows that the
horizontal distribution of material at the ground from an elevated
source, height h, 1is the same as the horizontal distribution of

material at height h from a ground-level source

(a)(o t) = _“_:_‘_{El[%] exp[%] + log H - 2} . (B8)

In (B7) and (B8) the superscripts (G) and (E) have been used, as they

are in Chapter 4, to denote ground-level and elevated sources

respectively.
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Lastly, for Ex, Oy and s, defined by (4.,72), the following

results for a ground-level source are available (Chatwin 1968)

() vt w2
Ex (t) = ” /(6 1)

(G) Uxt %2
% (0,t) = . J(2 - 6 ) (B9)

ust
(6 Uxt

xl
X (O’t) = /(3 "-6-_) .



