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T. S. Worrall Labour Contract Theory : An Examination 

Abstract 

The purpose of this research is to review and extent that model 
of the labour market which has become known as implicit contract or 
labour contract theory. The extensions examined in this thesis are persued 
at three levels. First a general equilibrium model of a labour contract 
economy is examined. Second the optimal labour contract when participants 
are asymmetrically informed is studied. Finally the introduction of 
imperfectly informed agents into the model is considered. 

Chapter 1 provides an introduction to labour contract theory. 
The assumptions of the theory are delineated and contrasted with the 
assumptions of other more standard models. It is shown that the theory 
presented by Azariadis-Baily-Gordon is both eclectic and descriptive 
because it offers, essentially no new insights. However their 
presentation does provide a basis upon which to build and this is done 
in chapters 2-4. Chapter IA generalizes the model examined in chapter I. 

Chapter 2 presents a general equilibrium model of a labour contract 
economy. A labour contract equilibrium is defined and shown to exist. It 
is also shown that although agents will typically have an incentive to 
enter into labour contracts this will not necessarily be in the interests of 
society. 

Chapter 3 is perhaps the key chapter of this thesis. It examines 
the optimal labour contract when the employer and employee have asymmetric 
information. It is commonly observed that the importance of labour 

contracts derives from the inability of agents to buy and sell labour forward. 
This, however is only justified if potential buyers and sellers are 
asynimetrically informed. It is shown that the optimal labour contract 
under asymmetric information is productively inefficient. In particular 
it is shown that when the employee is better informed than the employer there 
will be underemployment. 

Chapter 4 examines the optimal labour contract when there is 
imperfect information. In the first part of chapter 4 the indexation of 
wages to prices is examined. It is shown how the degree of wage indexation 
depends upon the employers and the employees income elasciticity of demand, 
the employees coefficient of relative income risk aversion and the elasticity 
of the marginal product. The second part of chpater 4 tentatively suggest 
some routes whereby aggregate information can affect output and employment. 



Preface 

The purpose of this research is to review and extend that 

model of the labour market which has become known as implicit contract 

or labour contract theory. The extensions examined in this thesis are 

persued at three levels. First a general equilibrium model of a labour 

contract economy is examined. Second the optimal labour contract 

when participants are asymmetrically informed is studied. Finally the 

introduction of imperfectly informed agents into the model is considered. 

The theory of labour contracts was developed independently by C. 

Azariadis, M. N. Baily and D. F. Gordon nearly ten years ago. The 

development of this theory was to a large extent due to a dissatisfaction 

with the treatment of the labour market by general equilibrium and 

auction market theories. It has been a widely held belief, both by 

microeconomists and macroeconomists that the labour market is somehow 

different from most other conventional commodity and financial markets. 

Both Edgeworth in the 1880's and Hicks in the 1930's devoted considerable 

attention to this problem. Hicks, in particular felt that the equation 

of the real wage and the marginal product of labour was not a sufficient 

condition for efficiency within the labour market. Hicks suggested that 

certain 'social' influences might be important. It is the purpose of 

labour contract theory to elucidate and examine these additional 

conditions of efficiency without however straying from the confines of 

the traditionzi neo-classical paradigm. 

The theory of labour contracts is charmingly simple and can 

be easily summarized. Suppose there are just two time periods t-0,1 

and suppose that at time t-I there are S possible states of nature 

s=1... S. Then consider an employer and employee who plan to trade 

labour at time t-1. If either the employer or the employee are not 

risk netural, then it will be in their interest to negotiate a labour 



contract, at time t=O. The contract will specify how much labour 

the employee isto supply in each state of nature, L(s) and the wage 

he is to receive in each state w(s). of course such a contract will 

be irrelevant if labour can be sold forward contingent upon the state 

of nature s. However the labour market is perhaps the most obvious 

case of a market where comm dities cannot be sold forward. Anyone who 

has tried to borrow against his or her future labour income will vouch 

for this. To be more specific suppose the employee derives utility U, 

from a wage income w, according to a strictly concave function u(w). 

Then, if the employer is risk neutral, a contract that offers a fixed 

wage income w, will always dominate a contract with a variable wage 

income w(s). This is essentially the Azariadis-Baily-Gordon result. 

Chapter 1 provides an introduction to labour contract theory. 

The assumptions ofthe theory are delineated and contrasted with the 

assumption of other more standard models. It is shown that the theory 

presented by Azariadis-Baily-Gordon is both eclectic and descriptive 

because it offers essentially no new insights. However their 

presentation does provide a basis upon which to build and this is done in 

chapters 2-4. Chapter 1A generalizes the model examined in chapter 1. 

Chapter 2 presents a general equilibrium model of a labour 

contract economy. A labour contract equilibrium is defined and shown to 

exist. It is also shown that although agents will typically have an 

incentive to enter into labour contracts this will not necessarily be in 

the interests of society. 

Chapter 3 is perhaps the key chapter of this thesis. It 

examines the optimal labour contract when the employer and employee have 

asymmetric information. It has already been emphasized that the importance 

of labour contracts derives from the inability of agents to buy and sell 

labour forward. This, however, is only justified if potential buyers 



and sellers are asymmetrically informed. It is shown that the optimal 

labour contract under asymmetric information is productively inefficient. 

In particular it is shown that when the employee is better informed 

than the employer there will be under-employment. 

Chapter 4 examines the optimal labour contract when there 

is imperfect information. In the first part of chapter 4 the 

indexation of wages to prices is examined. It is shown how the degree 

of wage indexation depends upon the employers and the employees income 

elasticity of demand, the employees coefficient of relative income risk 

aversion and the elasticity of the marginal product. The second part 

of chapter 4 tentatively suggest some routes whereby aggregate information 

can affect output and employment. 
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with J. Green and 0. Hart. Finally and most importantly I would like 

to thank Mrs. A. H. Postlewhite for her prompt and efficient typing and 

for her correction of my frequent spelling mistakes. The usual caveats 

apply of course. 
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CHAPTER I 

An Introduction to Labour Contract Theory 

Section 0: Introduction 

It is almost ten years since the first articles developing 

the theory of labour contracts were presented and published. 

Azariadis (1975) was presented at Oslo in August 1973. Baily (1974) 

was initially accepted by 'The Review of Economic Studies' in February, 

1973 and D. F. Gordon (1974) was presented at Rochester in April, 

1973. The theory offered by these papers is charmingly simple and 

novel. Consider an employee who derives utility u, from a wage income 

w, according to a concave function u- u(w). Suppose that the wage 

income w fluctuates for some reason so that it is a random variable. 

Then the employee would be better off if he received the certain mean 

or average wage income w instead of the random wage income w. The 

employer will be perfectly willing to pay this fixed wage income 

w if he is risk neutral. To put the point another way the employer 

is able to lower his labour costs and still offer the worker the same 

level of utility. From this analysis it appears that labour contract 

theory rationalizes a fixed wage divorced from the conventional theory 

of supply and demand. This would seem to open up a new vista for the 

theory of employment or unemployment. 

In the subsequent years some fifty to sixty articles elaborating 

the theory have been published. This discussion has provided a 

considerable and valuable contribution to the theory of the labour 

market. Nevertheless the literature has often been confused and 

repetitive, neither apparently has the theory been received into the 

2 
corpus of labour economics. Thus it is necessary to provide a coherent 

introduction to the theory of labour contracts to clear away some 



misunderstandings and irrelevances. This chapter does not present 

a survey or a review of the literature rather the theory of labour 

contracts is presented in its simplest and most abstract form. 

The chapter is organized as follows. Section 1 traces briefly 

some historical detail. The dissatisfaction with previous theories 

of unemployment is emphasized and the aims or goals of labour 

contract theory discussed. Section 2 presents a conveniently 

simplified but hopefully insightful example. Various modes of analysis 

are examined in order to highlight the method and significance of 

labour contract theory. Finally in section 3 some concluding comments 

are offered. 

Section 1: Antecedence 

This section will consider the historical antecedence of labour 

contract theory and examine some of the failure of competing theories 

of unemployment. First the tenets of labour contract theory are 

traced through a brief review of the relevant economic thought. 

Second alternative theories of enemployment are examined to illustrate 

the aims and ultimately judge the results of labour contract theory. 

Labour economics began with Adam Smith! Before Adam Smith 

the mercantilist believed wages 'ought' to be low but they had no 

theory of wages. Similarly. the physiocrats had no theory of wages 

though they did make a clear distinction between labourers and 

capitalists and it is this distinction that is the starting point 

for the theory of labour contracts. 

In the search for the historical foundations of labour 

contract theory many authors have quoted Adam Smith. Yet it is useful 

to remember Alexander Gray's dehortive that Smith has no 

"tenable theory of wages: on the other hand, he suggests many 

trains of thought, and there are indeed few subsequent theories of 

wages which cannot appeal for support to some passage". 



Despite this warning it does seem worthwile to give one 

quote from the "Wealth of Nations" in which Smith devoted a whole 

chapter to occupational wage differentials. He concluded that the 

main reasons for wage differentials were 

"first. The agreeableness or disagreeableness of the 

employment themselves; secondly the easiness and cheapness or difficulty 

and expense of learning them; thirdly the constancy or inconstancy 

of employment in them; fourthly the small or great trust which must 

be reposed in those who exercise them; and fifthly the probability 

or improbability of success in theml'. 

It is true to say that much of this is more relevant to human 

capital theorists, nevertheless the third and fourth points are directly 

applicable and will be the subject of study in subsequent analysis. 

In the nineteenth century Thorton recognized the general 

fixity of wages in his essay 'Paper Credit' in 1802. 

"A fall (in price) arising from temporary distress will be 

attended probably with no correspondent fall in the rate of wages; 

for the fall in price, and the distress will be understood to be 

temporary, and the rate of wages we know, is not so variable as the 

price of goods". 

Of the nineteenth century economists Edgeworth 4 devoted most 

attention to the issue of labour contracts. As suited the time his 

main analysis focussed upon unionization, but he explicitly recognized 

the role of human capital and posed the problem well as a search fors 

"a straightforward answer to an abstract question what is 

the effect of combinations on contract in an otherwise state of perfect 

competition as here supposed". 

This is exactly the question to which labour contract theory 

tries to answer. How are wages and employment determined inside a firm 

- 



which is subject to the outside forces of competition. It is in this 

context that the dichotomy between the long run and the short run 

is most apparent, in the short run labour is immobile. 

It is in this vein that Hicks writes in his 'Theory of Wages 16 

if .. the labour market is ... by nature ... a very special kind 

of market, a market that is likely to develop 'social' as well as 

purely economic aspects. The conditions for this to happen are: 

(1) that the worker should be free to change his employer ... (2) 

that employment should be regular, i. e. non-casual so that there is 

a presumption that the relation between the employer and .. his employees 

will be a continuing relation ... For the purely economic correspondence 

between the wage paid to a particular worker and his value to the 

employer is not a sufficient condition of efficiency; it is also 

necessary that there should not be strong feelings of injustice 

about the relative treatment of different employees and there should 

be some confidence about fair treatment over time ... Compromise 

is necessary with the result that wage rates are more uniform both 

between workers and over time than they would be if the labour market 

worked like a commodity market! ' 

It is precisely the purpose of labour contract theory to 

encompass these 'social' aspects of the labour market into the 

economic sphere. Perhaps the clearest statement of the risk sharing 

role in the labour contract is to be found in Knight's "Risk, Uncertainty 

and Profit". In examining how the introduction of uncertainty affects 

the internal organization of the firm, Knight states 

the most fundamental change of all in the form of 

organization (is) the system under which the confident and venturesome 

(employers) 'assu the risk' or 'insure' the doubtful and timid 

(employees) by guaranteeing the latter a specified income in return for 
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an assignment of the actual results". 

To summarize it has been widely recognized that the labour market 

is dissimilar to a comm dity market in many ways and that this induces 

wages to be more stable than they might otherwise have been. 

Prior to 1973 there were basically two competing theories 

of unemployment. These can be conveniently classified as the new 

microeconomic theory associated with Phelps et al (1970) and the 

neo-Keynesian disequilibrium theory developed by Barro, and 

Crossman (1971). There are a great variety and diversity of 

articles presented in the Phelps volume. The Lucas and Rapping paper 

however is somewhat different from the rest. They start from the 

presumption that participants in the labour market are sufficiently 

well informed so as to be able to substitute leisure for labour 

when the real wage is relatively low. This will tend to stabilize 

the real wage though as an explanation of unemployment and 

particularly youth unemployment it seems unsatisfactory. Nevertheless 

section 2 will show how closely this explanation is related to the 

explanation offered by labour contract theory. 

However for the most part the new microeconomics emphasize 

the dislocated nature of the labour market. In particular if the 

employee is unable to distinguish real from relative price changes 

he may be "fooled" into taking more leisure even though the real wage 

is unchanged. Considerable sophistication can be introduced into 

these models by allowing employees to search among potential employers 

trading-off increased serach costs against possible increased wage 

offers. 

Neo-Keynesian disequilibrium theory attempts to model quantity 

constrained equilibria and hence validate Keynesian unemployment 

theory. To this end the Walrasian price adjustment mechanism is 

replaced by the more Marshallian assumption that prices and wages 



are fixed in the short run. This rationalizes the use of the 

consumption function and investment accelerator in macroeconomics. 

If prices and wages are fixed at a level where there is excess 

supply in both the product and labour market then the usual 

Keynesian comparative statics results apply. 

The usefulness of both theories is undoubted. Nevertheless 

both have been the subject of substantial reservations and criticism. 

It was the nature of these criticisms that stimulated the research 

and development of labour contract theory. The new-microeconomics 

for example adopted a partial-partial equilibrium approach, that is 

they considered only one side of the market, typically the sellers 

side of the labour market. Thus these theories tend to suggest 

that voluntary quits rise as real wages fall even though this is 

empirically unjustified. Equally search theories and more generally 

explanations that assume agents misperceive real and nominal 

variables ignore a wealth of economy-wide information that is readily 

available to employees. R. J. Gordon in particular has questioned 

this assumption, suggesting that agents can and do possess and process 

a considerable amount of economy wide information. At the same time 

the fix-price assumption of disequilibrium, theory needs some rationale. 

It is not easy to see how prices can remain fixed if supply is not 

equated to demand, even in the short run if agents are assumed to 

behave rationally. 

Given these, criticisms labour contract theory seems to offer 

a convenient explanation. The theory lays equal stress on both sides 

of the labour market and the risk-sharing activities of employer and 

employee reconciles a fixed wage with perfect competition. It is 

the purpose of the next section to examine a simple model in which the 

success of labour contract theory in satisfying these criticisms can be 
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assessed. 

Section 2: Model 

Suppose that there is some country or economysay Moravia, 

with just two agents and just two goods. Moravia is famed 

for its tea and the sweat or effort of its menfolk. These are the 

only two goods in the economy. Of the two agents, agent a, called 

Ada is an employer, she supplies no effort but drinks tea copiously. 

Her utility function ua is linear in her consumption of tea or 

a profits 7r, that is u. w. The other agent, agent b, called Bill 

is an employee, he drinks r units of tea and supplies I units 

of labour or effort to Ada. Bills utility function is 

ub= log(l +r y2). This utility function belongs to the class 

of functions u v(r - h(t)) where v is concave and hisconvex. This 

class has some nice properties : (i) the marginal disutility of labour 

is independent of consumption (ii) labour is neither a normal nor 

inferior good. The importance of this class of utility functions will 

become apparent. 

Ada is able to use or transform Bill's effort into the Droduction 

Of OUtDUt V. of tea. Neither Ada or Bill have anv endowments of tea 

so the onlv wav for Ada and Bill to survive is to combine as a firm. 

Output however depends not only on Bills effort but also upon a 

random variable 6. In particular output y -H so that labour exhibits 

constant but random returns to scale. More generally the production 

function may be written y-f (Z 0) where f is concave in X. The 

amount of labour input Bill decides to supply is chosen after the 

result of the random process is known, that is once the state of nature 

is known. The random process 6 may reflect any source of uncertainty 

in the relationship between the employer and the employee. For 

example 0 might be the state of the weather. It is assumed that 0 has 
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has a continuous probability density function g(O) and where it is 

convenient this will be assumed to be normal with a unit mean 

and variance o2. Since both Ada and Bill have to evaluate risky 

prospects it is useful to assume they both obey the Von-Neumann- 

Morganstern axions so that their expected utility functions are linear 

in probabilities. The model is sunanarized in equation (1.1) 

ua. E7r = E(y-r), Ub- Eu 
b- 

Elog(l+r-IZ2) 

y= Ot 0- N(l, a2) 

where E is the expectations operator. 

(1.1) 

There are a number of possible ways of analysing a model of 

this type and the labour contract approach is only one of them. Four 

rethods will be considered below in order to relate labour contract 

theory to some more conventional analyses. The four methods are a) the 

market equilibrium approach associated with Arrow and Debreu, b) the 

bargaining solution that has been suggested by Nash, c) a more sophisticated 

market equilibrium approach in the tradition of Radner or more 

generally auction market theorists such as Friedman and , d) the 

labour contract approach developed by Azariadis, Baily and Gordon. 

Market Equilibrium 

The market equilibrium approach has been fully specified by 

Arrow and Debreu. Perhaps more relevant to the issue at hand the Lucas 

and Rapping paper in Phelps (1970) is in the same basic tradition. 

There are two key assumptions upon which this approach is founded. 

These are a) that every agent acts competitively and, b) there is a 

complete set of contingent claims markets. If agent act competitively 

then each agent will take the set of prices determined by the market 

as a vector of parameters. In this context the price taking hypothesis 

may be justified by assuming that Ada and Bill are simplv representative 

of a large number of like-minded agents. The next question is how 

many prices are there? The market equilibrium economist will 



immediately point out that there are not just two goods in this 

Moravian economy. If there are a continuum of possible realizations 

of the random variable 0, that is there are a continuum of possible 

states of nature then there are a double continuum of goods. 

Effectively tea produced or effort supplied in one particular state 

of nature is a different commodity from tea produced or effort 

supplied in any other. The assumption that there is a complete set 

of contingent claims markets means there is one market for each and 

every commodity that is a double continuum of markets. Each agent 

will then decide how much tea or effort to buy or sell in each market 

that is contingent upon the state of nature. Thus each agent will 

be able to allocate his wealth to any state he wants constrained only 

by market prices. 

Consider how each agent actually will allocate his or her 

wealth across states of nature. Ada chooses how much labour to demand 

from Bill and how much tea to drink in each state of nature in order 

to maximize expected utility. Formally Ada's problem is 

Ew 

ya 

S. t p( 7r a_ ya) + ,a 

a 
y (6) 

where E is the expectations operator over the random variable 

na (0) is Ada's demand for tea in state e 

ya (e) is Ada'ssupply or production of tea in state 6 

P(o) is the price of tea in state e 

Xa (e) is Ada's demand for labour in state e 

W(O) is the price of labour in state 
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aaa and 7r ,y, pZ, are the associated infinite dimensional vectors 

of the demand for tea, supply of tea, price of tea, demand for labour, 

and price of labour in every state. 

Thus Ada's problem, P. 1.1 is to maximize her expected 

consumption of tea subject to two constraints. Equation (1.3), the 

second constraint, simply relates Ada's demand for labour to her supply 

or output of tea in each state, in other words, it is her production 

constraint. Equation (1.2) is more fundamental. In order to understand 

this constraint it is simplest to conceptually separate Ada's demand 

for and supply of tea. For example for a promise to produce ya (0) 

units of tea if state 0 occurs Ada will receive p (0) per unit. Thus 

for each possible state Ada's total revenue for her planned production 

of tea is py 
a. This revenue is used in two ways, to finance her 

planned purchases of consumption pw 
a 

and to pay the wages w of her 

planned labour input a. It is important to notice that Ada's profit 

in any particular state p(O)y 
a(()) 

_ w(e) k a( e) need not equal the value 

of her consumption in that state p(e)7 a (6), this is because Ada can 

trade both tea and labour contingent upon any state. 

To solve P. J.. llet a be the Lagrangian multiplier for equation 

(1.2) and a(e) be costate variables for the set of constraints defined in 

equation (1.3). The first order conditions are: - 

g(e) = ap(e), aw(O) - ame, a(O) = ap(O), V0 (1.4) 

From equation (1.4) it is readily apparent that the marginal product of 

labour, which is simply 0 is equal to the real wage rate w(O)/p(e) 

in every state. It is also apparent that the price of tea in any 

particular state is proportional to the probability of the state occurring. 

Bill has a similar problem he must choose how much tea to 

demand and how much labour to Supply in each state so as to maximize 
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his expected utility. Formally Bill's problem is 

P. 1.2 max E log(l +rb (0) - 10, b (0) 2) 

rb Zb 

S. t pr 
b_ 

wgb =0 

where rb (6) is Bill's demand for tea in state 0 

9. b (0) is Bill's supply of labour in state 

and rb and Pb are the associated infinite dimensional vectors of Bill's 

demand for tea and supply of labour in every state. 

Bill's budget constraint, equation (1.5) has the same 

interpretation of Ada's budget constraint equation (1.2). Bill 

promises to supply Zb (0) units of labour if state e occurs, thus his 

total income from labour supply is wX 
b. 

This income Bill can allocate 

to planned consumption of tea in any particular or possible state. 

Again it is important to notice that Bill's wage income in any 

particular state w(e)k 
b (6) need not equal the value of his consumption 

in that state p(O)r 
b (6). 

To solve P. 1.2let 0 be the Lagrangian mulitplier associated 

with the budget constraint equation (1.5), then the first order conditions 

are 

g(6)u 
b (6) - ßp(6) , 9(O)u 

b (0) x b(0) 
. ya(, ), V0 

b 
where ul(O) is Bills marginal utility in state 0. From equation (1.6) 

it can be seen that the marginal disutility of labour Lb (6) is equal 

to the real wage w(e)/p(e) in every state. 

In equilibrium the demand and supply of each good in each state 

must be equated. Thus there are a double continuum of market equilibrium 

clearing conditions, one of which is redundant by Walrail law. These 

equations are 
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,a(, ) _ jb (6) = RI(e) it a (e) +rb (e) . ya(, ) v 

In words Ada's demand for labour must equal Bill's supply and the 

sum of Ada's and Bill's demand for tea must equal Ada's supply in each 

and every state. Using equation (1.7) equations (1.4) and (1.6) can be 

combined to give equation (1.8) 

£(0) -0ub (0) - ß/a 

Equation (1.8) contains two fundamental relationships. The first condition 

requires that the marginal disutility of labour k(e) should equal the 

marginal product of labour 6 in each state. If this condition holds it 

is impossible to reallocate labour so as to increase Ada's output of tea 

and Bill's utility simultaneously. Any solution that has this property 

is said to be productively efficient. The second relationship in equation 

(1.8) shows that Bill's marginal utility is a constant independent of 

the state of nature. This means there is no way to reallocate income 

across states of nature so as to increase either Ada's or Bill's utility. 

A solution exhibiting this property is said to share risk efficiently. 

To sum-arize the market equilibrium that occurs when agents 

behave competitively and trade contingently is both productively efficient 

and shares risk efficiently. If 0 is distributed normallv the market 

equilibrium has the following properties 

WM/PO) - £(0) -0, r, '0) - (a/ß) + j02 -11 

Ir(0) rz 162 - (a/ß) +1ub (6) - log«cc/ß) + 1) 

E(w(G)/p(0» - Et(6) 1 Er(0) - (a/ß) + j(1 +a2 )-1ý (1.9) 

E(n(0» - j(1 + U2) (a/ß) + 

The Bargaining Game 

The game theorist has a rather different approach from the 
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equilibrium theorist. Instead of assuming that each agent acts 

competitively and trades contingently the game theorist assumes that a) 

each agent or player has full knowledge of the personal utility of the 

other and b) each agent or player can enter into a binding commitment 

with the other player. Which set of assumptions ismost applicable 

depends upon the context, neither one has any prior claim. For the 

present purpose it is useful to consider both the approach of the 

market equilibrium theorist and the game theorist since it will be 

shown below the labour contract theorist is typically e6leetic in his 

choice of assumptions. 

The game theorist is likely to perceive the model as a two-person 

non-constant sum game or contest. The payoffs are in terms of utility, 

no interpersonal comparisons of utility being allowed. Nash (1950) 

developed a method of solving such bargaining problems. Consider the 

utility possibility set or characteristic function of the game 

U= l(Ua, Ub) Ua ý. Ua(o), Ub2: ub (0) ; 

+ ff a (6) -0 MO) ,v81 

where Ua. Eir a (6) = E(E). t(0) -rb (6», ua (E» - EO -0 

Ub- Elog(1 +r 
b(0) 

- it(6)2), Ub (0) - Elogl - 0. 

U is a convex, compact set the Ua and U axis bounding the set on two 

sides. This is drawn in diagram l. l. Ua( 0) and Ub (0) are the fixed 

threat points of the Nash bargaining ganxe. To see this consider how 

Ada and Bill will play this game. Ada and Bill will enter into a contract 

that specifies how much labour Bill is to supply X(G) and how much 

remuneration rb (0) Ada is to pay Bill for this in each state. Ada's 

consumption will then be the residual of output less remuneration. 

The only credible threat either Ada or Bill can make is not to enter into 

any contract but this will leave them both with an expected utility of 

zero. 
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Nash showed that if the contract satisfied the apparently reasonable 

axioms of feasibility, invariance, efficiency and independence then the 

contract chosen solved the problem 

P. 1.3 max (Ua_ Ua(o)); k (-ub (0)) (1-X) 

r, I 

where X represents the bargaining strengths of the two agents. The first 

order conditions for P. I. -3 are 

ub (6) = Xu b/(1_X)Ua 
Z (0) -0Y0 (1.10) 1 

Thus the contract chosen by the two players in the bargaining game is 

productively efficient and shares risk efficiently. Indeed for some 

value of X the bargaining solution and the market equilibrium will 

coincide. Both solutions are pareto efficient though neither may be 

distributionally desirable. For example if X is close to unity 

Ada has considerably more bargaining strength than Bill. This means 

Bill's marginal utility will be very high and hence his total utility very 

low. 

The spot market equilibrium 

The spot market equilibrium approach extends the Arrow-Debreu 

model by dropping the assumption that agents can trade contingently 

upon any state of nature. It is a common observation that the real 

world does not have a complete set of contingent claims markets. 

The number of possible contingencies are innumerable, the number of 

markets is not. For example it is impossible to sell ones labour 

contingent upon ones disposition, that is being on or off form since 

this is not observable at all accurately by anyone but oneself. 

This would seem to be a general problem, in an economy there will 

be a considerable am unt of private information, and it will be difficult 
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for markets to operate, contingent upon this information. 
-Radner 

(1968) 

studied this problem. He suggested that trade between agents be restricted 

to contingencies that both parties can observe or verify. In this 

context it may be assumed that either Ada or Bill can observe the 

outcome of the random variable 0 but not the other. Then it can be 

assumed that trade is restricted or confined to take place only after 

the state of nature has occurred. This type of market arrangement 

will be termed the spot or auction market. 

The assumption that trade cannot be made contingent upon the 

state of nature is clearly justified if the cost to say, Bill of 

observing or verifying the true state of nature is infinite. But this 

assumption has the same status as the assumption that agents act 

competitively which is only justified when there are an infinite number 

of agents. The purpose of this subsection is not to assess the costs 

of trading contingently rather it is to find out what are the consequences 

if trade cannot be conducted contingently. 

In the spot market Ada and Bill trade only after the value of 0 has 

been realized. Thus there are only two prices in the spot market. It 

will be convenient to normalize the price of tea to unity so that the 

price of labour, w is the real wage! If the state of nature realised is 

0 Ada will choose her labour demand Zd to maximize profits or utility, 

that is 

R, lA max 01 d_ 
wt 

d 

z 

Similarly Bills problem is to choose his labour supply, Zs to maximize 

his utility, 

P. i 1.5 max log(l + Wks (ts) 

ts 
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It is important to realize that in the spot market Ada's profits and 

consumption in any particular state are synonymous as is Bill's 

consumption and wage income. Solving P. 1.4 and P. 1.5 and remembering 

that in equilibrium labour demand equals labour supply (, a 
. is . Z) the 

analogue of equation (1.9) can be written 

w(6) £(0) -0 r(E» - 1,7(B) t(6) . 62 iT(O) =0 

u 
b(0) 

log(1 + 102) Ew(6) = EL(O) = 1. 

Er(0) =1+ C2 E7r(6) -0 aw(o)/ae - at(o)/36 -1 

ar(O)/36 = 20 aub(o)/ao ý 6/(, + j62) 

1 
(1.11) 

Equation (1-11) shows that the marginal product of labour 

equals the marginal disutility of labour in each state. The spot 

market equilibrium is productively efficient. However the spot market 

does not allocate risk efficiently since Bill's marginal utility of 

income is not a constant. In particular since au b (e)/DO >0 and 

3Tr(O)/aO =0 Bill is bearing all the risk and Ada none. Then it is 

possible to increase Bill's utility by transferring income from productive 

states, that is states with a high value of 0 to less productive states, 

those with a low value of 6. Since Ada is risk netural her expected 

utility can be kept constant by such a transfer. Graphically the spot 

or auction market equilibrium is in the interior of the utility 

possibility set U. This is not to say the spot market equilibrium 

has no desirable welfare properties. Indeed Radner shows that the 

Spot market equilibrium is pareto optimal given the set of markets 

that are open. 

The labour contract 

It has already been noted that the labour contract theorist 

is typically eclectic in his choice of assumptions. In particular 

the labour contract theorist assu s, a) each agent has knowledge of 

the other agents personal utility, b) the employer and employee can 
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enter into a binding commitment with each other, c) each agent 

acts competitively and d) goods and labour cannot be bought or sold 

contingent upon the state of nature. Each assu=tion will now be 

examined in turn. 

It is most likely that each agent will know the others preferences 

if their trading with each other is continuous and durable. Hicks 

has emphasized that the labour market is more like a durable goods 

market than a commodity or fish market. Labour may be as perishable 

as cut flowers but there are a number of reasons for supposing that 

the relationship between an employer and an employee will be long 

lasting and durable. There are mobility costs in the labour market 

and specific job and occupational skills that inhibit divisibility and 

diversification. Even is these costs were zero however, it will be 

shown that agents have an incentive to contract rather than operate 

in the spot market so that the employment relationship is likely to 

be durable. Then the employment relationship may be stable because 

agents contract, or agents may contract because the employment 

relationship is stable. Needless to say these two factors tend to be 

reinforcing. 

Assumption b is that the employer and employee can enter into 

a binding commitment, that is there is no possibility of default oti 

the contract by either party. Clearly if mobility costs are very high 

then the issue of default does not arise since it is impossible. 

Suppose then that mobility costs are relatively low and suppose that 

the Ada-Bill economy is replicated n times, that is there are n identical 

Adas and n identical Bills. Default in this context essentially involves 

one of the agent reneging on the contract in some state and trying to 

sell and buy on the spot market. Suppose a2- 3 then it is easy to show 

that Bill's income from the spot market is greater than or less than 

his income from the contract as 6 is greater than or less. than two. 

Conversely Ada's profits from the spot market are higher than or 
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lower than her profits from the contract as 0 is less than or greater 

than two. Thus Bill will only wish to default if 0 is greater than 

two, but then there will be no employer who will wish to hire Bill 

on the spot market. The position is not really changed if each 

employer experiences a different value of 6 for in that case the 

state of nature is described by an vector of different O's. 

If employers or employees have different preference, that is not 

all Adas are identical and not all Bills are identical, then default 

may indeed be possible. However if time is introduced into the analysis 

reputation may become important in limiting default. An employee 

say, whose defaults will earn a 'bad' reputation and hence he will 

not be offered such a favourable contract in the future. In the limit 

if the time horizon is infinite there will be no default since 

default can be made infinitely costly. 

Given that each agent knows the otherspreferences and both 

can enter into a binding commitment with each other, Ada and Bill 

will negotiate a contingent contract specifying the amount of effort 

to be supplied and the quantity of tea with which Bill will be paid 
in every state or contingency. This contract will be pareto 

optimal so that there are no unexpected gains to be made. This can 

be formalized by assuming the contract maximizes a weighted sum of 

each agents-utility. 

Pý1.6 max XE(OZ(O) - r(O)) + (1-, X)Elog(l + r(O) - I(Z(6)2) 

r, Z 

The weights may be interpreted in the game theory tradition 

as representative of bargaining strengths. However there is another 

interpretation, more consonant with the assumption that agents behave 

competitively. Consider again the replicated Ada-Bill economy. Then 
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Ada will have to urovide Bill with a certain level of exnected 

utility say u in order to induce him to work for her. This is the 

supply price of employees, it will be determined by the number of 

employees and Ada's demand for each of them. If both Ada and 

Bill behave competitively they will take the supply price of 

employees u, as a parameter. Then P. 1.6must be rewritten in another 

form, essentially the contract will be chosen to maximize Ada's 

expected profit subject to giving Bill an expected utility level of 

U 

2) =u P A. 7 max E(OL(O) - r(O)) s. t. Elog(l + r(O) J(y 

r, t 

if X is the Lagrangian multiplier for P. 1.3 then P. I. 6 and P. 1.7 are 

equivalent if 
ý- 

(1-X)/X . 

Labour contract theorists also recognize that it is unusual 

for labour to be bought or sold contingently because of moral hazard 

problems, hence assumption d. This seems a little strange because the 

labour contract has in fact been made state contingent. Actually 

there is no contradiction. For example suppose that contingent claims 

market cannot operate because Bill the employee is unable to observe 
8 the state of nature 0. Then it might be expected that Ada has an 

incentive to conceal the true value of 0, implying that the contract 

is unenforceable and breaksdown. To see why this is not the case 

examine the first order conditions for P. 1.7 

^býb 
-1 + Xuj(o) -00+ ul(ex-9'(6)) -00 

or t(e) -0X-1+ r(O) j(Z(e))2 eI 

Since the marginal utility of Bills income is constant and 

utility has only a single argumentp this argument (I + r(e) - 1(1(0))2) 

is constant. Then the marginal cost of hiring labour ar(e)/aX(e) is 
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equal to Z(6) which is the marginal disutility of labour. But Z(O) 

equals 0 the marginal product of labour so the marginal cost of 

hiring labour equals the marginal product. Since only Ada can 

observe 0 she can effectively choose that labour input that maximizes 

her profit by reporting or announcing the appropriate value of 0. 

She will clearly choose the level of labour input that equates the 

marginal cost of hiring labour to the marginal product. Since 

the contract derived from equation (1.12) automatically satisfies this 

condition it is incentive compatible, that is Ada has no incentive 

to misreport the true state of nature! Suffice it to say incentive 

compatibility is not a general property and depends crucially upon 

a) the employers risk neutrality b) the employees utility function 

belonging to the class of functions satisfying u= v(r-h(k)). 

Equation (1.12) shows that the optimal labour contract is 

productively efficient and also shares risk efficiently. Notice too 

that Bills wage income always equals his consumption in every state 

but his wage does not equal the marginal product. In the Arrow- 

Debreu approach Bill's real wage always equals the marginal product 

but the value of Bill's consumption need not equal his wage 

income in any particular state. Formally however the labour contract 

replicates the market equilibrium if X- a/$ This is shown in 

euqation (1-13) 

k(e) 0 r(O) .X+ 102 -1 ff (()) . 162 +1-X 

ub (0) logý EL(O) -1 Er(O) - 
^X+ 1(02-1) 

b. log^ 
(1.13) 

E7r(6) - 1(02+3) Eu x WO/38 -i 

3r(e)/30 =e aTr(e)/De -e. I 
It has been traditional in the labour contract literature to 

compare the labour contract to the spot or auction market equilibrium. 

2 To4do this it is convenient to set u- log(i(a +3)), then 

X= J(a2+3) and equation (1.13) can be rewritten 

- 20 - 



£(0) =6 r(0) = j02 + I(g2+1) (0) = j62 - j(g2+1) 

u 
b(0) 

= log(J(02+3)) Et(0) -1 Er(0) = a2+ 1 

En(0) =0 Eu 
b (0) - log(i(a 2+3)) BX(6)/36 -1 

Br(O)/H =0 aT(eme -0. 

(1 - 13') 

The spot market equilibrium and the labour contract with 

u= log(1(02+3)) can be compared by contrasting equations (1.11) and 

(1.13'). Expected profits are zero in both cases. However Bill is 

better off with the labour contract. This follows since the 

logarithmic transformation is a concave function. Therefore 

log(E(Je2+1)) ý loS(I(a2+3)) > Elog(je2+1) (1.14) 

In this context the optimal labour contract (weakly) pareto 

dominates the spot market equilibrium. This reflects the fact that 

the labour contract is onthe frontier of the utility possibility set U, 

whilst the spot market equilibirum is not. Thus there is always a 

potential welfare improvement in moving from the spot market 

equilibrium to the labour contract. 
10 This is a descriptive and not 

prescriptive statement. For the spot market system to work it is not 

necessary that Ada should know Bills preferences or that Ada and Bill 

can enter into a binding commitment. Both assumptions are required 

if the labour contract is to operate. It is best to view the spot 

market equilibrium and labour contract not as competing hypotheses 

but as different tools to be brought out of the tool bag according 

to either tastes or needs. 

Nevertheless there has been a great deal of emphasis placed in 

the literature in comparing the emmployment properties of the spot 

market equilibrium and the labour contract. In the Ada-Bill economy 

exactly the same amount of labour is used in all states in both the 

spot market equilibrium and the labour contract. This is of course 
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not a general property but depends upon Bills marginal disutility 

of labour being independent of his consumption of tea. Since both 

the spot market equilibrium and the labour contract are productively 

efficient, the independence of the marginal disutility of labour and 

the employees consumption means equal amounts of labour will be 

allocated to each potential state in both systems. 

It is interesting then to see why labour contract theory 

might be regarded as a theory of unemployment. Azariadis (1975) 

presents a model rather similar to the Ada-Bill economy. However 

Azariadis assumes Bills utility function is 

ub=u (W) if I=1 up >0 U" :50 (1.15) 

ub= U(w+R) if Z=0 

where w is income. Thus Azariadis assumes labour is supplied indivisibly 

in units of only one or zero. R is the reservation wage which 

represents the gain in utility from not working. In this case the 

reservation wage is simply the marginal disutility of labour and 

is independent of the employees consumption. From the above discussion 

it is clear that labour will be allocated in the same way in both the 

spot market equilibrium and the labour contract. Unfortunately 

Azariadis gives a different result, employment will be more variable 

if labour is allocated via the labour contract. His result obtains 

since Azariadis does not allow the employer to pay unemployment 

compensation to the employee. This effectively means that the 

marginal disutility of labour is not independent of income because 

income is dependent upon the employees employment status. It has 

been pointed out by several authors 
11 that the restrictions on 

unemployment compensation is arbitrary. For more general utility 

functions the relationship between the employment patterns of the spot 
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market equilibrium and labour contract is quite complicated and-very 

little can be said in general. 

Equally the fixity of wage rates noted in the opening 

paragraph to this chapter is only associated with the utility function 

described by equation (1.15). If the employees utility function 

is separable in income and leisure, u= v(r) - h(k), then income 

is fixed and if the employees utility function has the form 

u= v(r-h(k)) then utility is constant. However in the general case 

u= u(r, k) only the marginal utility of income ul(r, Z) is fixed !2 

This section has demonstrated in the context of a very simple 

model how labour contract theory relates to other more conventional 

methods of analysis. It has been shown that labour contract theory 

is both eclectic and descriptive. It is eclectic since it uses 

assuuptions from both game theory and market equilibrium analysis. 

It is descriptive because it describes how agents might reach a point 

on the utility possibility frontier. 

Section 3: Conclusions 

This chapter has illustrated how the theory of labour contracts 

relates to a number of other approachs adopted in economics, namely 

equilibrium theory and bargaining theory. It has been shown that at 

the present level of generality the differences between all three 

approaches is essentially descriptive rather than substantive. 

It was stated in the introduction that the main aim of 

contract theory was to model unemployment and explain a fixed wage. 

However it has been shown that the theory does neither. The optimal 

labour contract is pareto efficient so that whatever allocation of labour 

is chosen is in this sense optimal. Equally the contract maintains 
13 

a constant level of utility rather than a constant wage. In retrospect 

Malinvaud's (1977) conjecture that contract theory provided a choice- 
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theoretic foundation for fixed price models is incorrect. The crucial 

assumption of disequilibrium theory appears to be that quantities 

are rationed rather than that prices are fixed. 

Nevertheless contract theory does represent an interesting 

departure from standard Walrasian analysis. It has been commonly 

observed that the labour market is dissimilar to commodity markets in 

many respects, most importantly because it is impossible to serve 

two masters simultaneously. Contract theory provides an attempt 

to analyse the implication of this to the labour market, rigorously 

and within the context of the neoclassical paradigm .. - There are 

therefore a number of extensions to the present model that deserve 

exploration. 

In chapter IA which is the appendix to this chapter, the 

basic model of the labour contract presented in this chapter is extended 

in a number of directiors. In particular some of the more restrictive 

assumptions of this chapter are dropped. In chapter 2a general 

equilibrium treatment of labour contract theory is presented. This 

builds upon the analysis of chapter 1A and it is shown how a conflict 

between private and social goals might arise. In chapter 3 the 

incentive compatible contracts discussed in section 2 are analysed 

within the more general framework of chapter 1A. It is shown that the 

optimal incentive compatible contracts are productively inefficient 

and share risk inefficiently. In chapter 4 the role of imperfect 

information in contracttheory is examined. This has been extensively 

studied within the market equilibrium framework in recent years. It 

is shown under what conditions real wages are constan-t and how aggregate 

information can affect output and employment. 
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N= Nash bargaining Solution 

Market equilibrium solution 

A= Auction market equilibrium solution 
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Notes 

1. See bibliography page 164 

2. See for example the book of readings, King (1980). 

3. See McNulty (1980) for a concise history of thought of labour 

economics. 

4. Edgeworth (1881) has an interesting and detailed discussion 

about the contract curve when a labourer can serve only one master. 

Hicks (1930) contrasts Egeworth's approach with that of Marshall. 

5. Edgeworth (1881). 

6. This quote is taken from the commentary to the second edition, 

published in 1963. 

7. Notice that w is a scalar whereas w is a vector. Similarly 

in this subsection kd and Is are also scalars. 

8. The same analysis also applies if Bill can observe 0 and Ada 

cannot. 

9. The earliest examination of the incentive compatibility issue 

appears to have been made by Barro (1977) and Calvo and Phelps (1977). 

10. This is not true if there are two goods. Suppose one firm 

produces wheat and the other barley and suppose that both wheat and 

barley are perfect substitutes in consumption, i. e. corn-. In addition 

suppose there are just two states of nature, drought or monsoon. The 

wheat is assumed to survive the drought but not the monsoon and the barley 

to survive the drought but not the monsoon. Then the spot market for 

labour to harvest corn will always dominate the contract market simply 

because labour is mobile. See also chapter 2. 

11. See for example Sargent (1980). Grossman and Hart (1981) show that 

Azariadis' model is incentive compatible when formulated in this way. 

12. The general case is examined in chapter 1A. 

13. See chapter 4. 
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CHAPTER 1A : Appendix 

The purpose of this appendix is to examine the optimal labour 

contract under more general assumptions than those presented in chapter 

one. It was noted in section two of chapter one that the optimal 

labour contract will not typically be incentive compatible. That is 

to say if the employer has more information aboiit the state of nature 

than the emDlovee it will not usuallv be in his interest to reveal this 

information. Indeed the simplicity of the model presented in chapter 

one reflected the desire to avert these problems which will be 

considered in greater depth in chapter three. However as a preliminary 

to that investigation it seems useful to analyse the optimal labour 

contract assuming that all the relevant information is public knowledge. 

The model presented in this appendix extends that analysed 

in chapter one. A single firm will be considered, a general equilibrium 

treatment being deferred to chapter two. Suppose that the firm consists 

of a single risk neutral employer and N risk averse employees. The N 

employees are indexed by xi - 1, ... N. Together the employer and 

N employees produce a single consumption good y, according to a random, 

concave production function f. The arguments of the production function 

are the labour input kn ,n-1, ... N of each of the emnloyees and a 

s. ingle random variable e. 0 has a strictly positive continuous 

probability density function g, over the interval (a, b) where 

g(a) - g(b) - 0. The production function f is assumed to have the 

following properties 

1A. A. 1 
y= f(xj, ... k 

n,... 
k N"e) : ý0'13 N 

x(a, b)-+ R+ ; is C2 and 

f 
N+l > 0, fn>0, f 

nn 
5 0, f 

n, N+l k 0' "m fn n-1... N. 
x ->O n 

where each employees labour input is defined over the unit interval. 
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Each employee has a positive marginal product but his labour input 

exhibits diminishing marginal returns. Since each employees marginal 

product is infinite at a zero labour input. everv emDlovee will SUDDlV 

a strictly DOSitive auantity of labour. The random variable 0 may 

represent many factors, it may represent weather conditions or perhaps 

some random management skill or effort or random market conditions. 

Equally it may reflect randomness in some of the employees ability 

to perform the requisite task. Whichever interpretation is accepted 

it will be assu d that an increase in 0 always increases the marginal 

product of each employee so that 0 is properly considered as a shock 

to efficiency or skill. It should be noticed that any labour input 

provided by the employer is assumed to be fixed and is notationally 

supressed. It is also assilm d that every agent knows the relevant 

probability density function g(e). This is a strong rational 

expectations assumption. It is justified if each agent has observed 

the drawing of the random variable on numerous occasions and hence 

knows the true objective probability that any particular state will 

occur. 

The employer is assumed to be risk neutral so that he has a 

linear utility function v in consumption or profits w. This 

assumption is made principally for simplicity since the analysis 

of this appendix can be carried through without it. Risk neutrality 

is usually regarded as a surrogate for other factors that are not 

modelled. For example if employers are wealthier than employees and 

risk aversion declines with wealth the assumption of risk neutrality 

may be justified. Equally employers may have better access to capital 

or financial markets of diversifying risk. Another common justification 

for this assumption is the Knightian distinction between venturesome and 

and confident employees and inately timid employees. But on reflection 
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this justification does not seem relevant in this context. Suppose 

for example there are a large number of identical agents who at least 

potentially may become employers or employees, that is each agent has 

an occupational choice! Then Knight might argue that entrepreneurship 

was the more risk occupation and therefore would be rewarded by a higher 

than average compensation. If this was the case then the more risk 

tolerant agents are likely to become employers. However in the labour 

contract model risk is allocated optimally among agents, so 

that identical agents will bear equal amounts of risk. This suggests 

that the Knightian justification for risk tolerant employers is not 

appropriate in the labour contract context. Nevertheless for 

pedagogic reason it will be assumed that the employers preferences 

are given by 

1A. A. 2v-v (7r) :e -* R; is c2; V(, T) . 11 .f(. tl ... In- rl.. -r n .. -r 

where rn is the remuneration the employers pay to the nth employee. 

Each employee has a utility function that is concave in 

consumption or remuneration and labour input. It is assumed that 

both consumption and leisure are normal goods and that each employee 

is risk averse. The latter is equivalent to assuming utility is jointly 

concave in consumption and leisure. Formally the nth employees 

preferences are represented by 

1A. A. 3 u, n. Un (r n pn) : R+XLO, 11-ý- R; is C2 and 

nn, nnnn U>0, u, 0, u<0, U :50, (U n, S+U70, 1211 22 11 

uns+un0(un, u n. _( un) 2) 12 22): 5 12 12. 

where snuU /U n is the marginal rate of substitution between 21 

consumption and leisure. 
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Notice that the nth employees utility does not depend on the labour 

input of any other employee. This simplifies the examination of the 

optimal contract. If there are any interactions between the employees 

these are incorporated in the production function. 

A contract is an allocation within the firm that specifies 

the labour input to be supplied by each employee and the recompense 

offered in every contingency or state of nature. The contract is 

thus a 2xN-tuple of labour input and remuneration schedules 

6= {rl (e) .... rn(e) "' r,, (O)' 
'ZI(e) .... Yn ( 0) ..... ya) I 

A feasible contract satisfies the following conditions 
b 

nn fa 
u (r 

n 
(0), zn (0))g(O)dO -u0Vn-I..... N 

n 
(0) ZN (0), G) rl(O) ... r n(G) r N(O) ýý 0V0 

(1A. 2) 

r (6) 0 and Yn-l.... N (IA. 3) 

1 2ý ina) ; -:. 0 and Yn =I.... N (1A. 4) 

Condition (1A. 1) btates that each employees expected utility 

-n should equal some constant u. The constant -Un is best thought of 

as being competitively determined. Suppose that the nth employee 

is representative of a large number of identical potential employees. 

-n Then u is determined by the supply and demand for employees of type n 

-n and both empl6yer and employee treat u parametrically. Alternatively 

-n u may represent the nth employees opportunity cost perhaps in terms 

of home production or it may represent the fixed threat point of a 

bargaining game. Equation (1A. 2) - (1A. 4) are simply non-negativity 

constraints. 

Let A denote the set of feasible contracts, that is the set of 

6's satisfying equations (lA. 4)- (1A. 7ý Suppose 

1A. A. 4 There exist some 6cA 

Then the optimal labour contract 6* is that feasible contract that 
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maximizes the employers profits. Formally P solves 

b 
P. rA. 1 max 

Ja 
(f (9" (0) r, (6) 

6 

-r (6) . .. -rN (6) g (6) d6 

S. t 6 

Lemma 1A. 1 There exists a unique optimal labour contract 

s. t for 7T(O)>O rn (0) >0 and 1>Zn (0) >0n=1... N 

UA. 5) 

(A f ýl(0» .. .9 n, n 
(E» n (r 

n(6) "£n (6»V6, Vn -1... N (lA. 6) 

n ul (r 
nZn 

(0» - constant Vn (lA. 7) 

Proof: The feasible set is convex and compact and the objective 

function is concave. Setting up the Lagrangian function for P-1-k-l 

and (1A. 6) and (1A. 7) to follow immediately. 

Condition (1A. 6) is productive efficiency, the marginal product 

of each employee equals his marginal rate of substitution between 

income and leisure. This is an intrastate efficiency condition it means 

it is impossible to change the employees labour input and increase output 

and each employees utility simultaneously. Equation (1A. 7) 

shows that the optimal labour contract allocates risks efficiently. 

This is an interstate condition, it is impossible to reallocate any 

employees income between any two or more states withouth decreasing his 

utility. Thus the optimal labour contract is productively efficient 

and allocates risk efficiently. 

It is interesting to know under what condition each employee 

will be offered the same contract, that is when each employee supplies 

the same input and remuneration. Lemma 2 provides a sufficiency 

condition. 

Lemma 1A. 2 A sufficient condition for each employee to be offered 

the same contract 
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rn(e) = r(6), Xn (e) = 9'(6) 0 and n=1..... N (3A. 8) 

is MI(e) .... z 
n(e)l ..., tN(O), e) (IA. 9) 

n -n =; and u (r, 9. ) = u(r, Z), u n=l .... N (1A. 10) 

Proof: Define the feasible set of contracts A' satisfying (1A. 1) - (1A. 4) 

and (1A. 8). If A' is norr-empty, a unique equal treatment contract 

exists, the lagrangean for which is 

L jb (f(2i(O)... 2(O).... R(O), O) - r(O)... _rfl(O)... _r(O))g(O)dO 

+y 1(6)(f(£1«»1*** £ 
n(0)9***9N(0)*6) - rl(O)... -r n 

N 
+Enbun (r (6). 9, (0»g(0)d0 + yn2(E»r (6) 

n-1 

[X fa 
nnn 

y5(0)(r (0)-r(0» 
nn 

- 
6(0)(t (6) _ £(0) 

where X-(Xl .... 
n 

... 
XN) is the set of multipliers for equation (1A. 1) 

and y-(yl ... y6) are the multipliers for (lA. 2)-(IA. 4) and (1A. 8). 

Consid; r an interior optimum ylllýy 
2 

-ýy 
3 

lliT 
4ý0. 

then if y5_y6_0 

the first order conditions imply 

fMmnn mýn n-m 
U2 U2 

nun min I 

The conditions UA. 11) and (1A. 12) are satisfied when f 
nýfm' 

n in- un Fu M and ýn=Am which are implied by (1A. 9) and U, =u? 22 

(1A. 10) 

LeTnma 1A. 2 shows that when each employee is identical, both 

in utility terms and in the labour services, he provides and when 

UA. 11) 

(1A. 12) 

the supply price of employees is determined competitively so that -n - u =u, 

then each employee 
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will be offered the same contract. In which case equation (1A. 6) and 

(1A. 7) can be written more succinctly as 

fl(Nt(()), O) = s(r(O), R. (E))) V0 

Uj(r(6), j(e)) = constant = 1/X V0 

(1A. 13) 

(IA. 14) 

The nature of the optimum contract can now be examined more closely. 

Lemma IA. 3 summarizes the labour input and remuneration schedules. 

Lemma 1A. 3 If all the employees are identical and each employees labour 

is a perfect substitute for any other then the following relationships 

hold. 

- xu 11 fI/, & ; -,. 0 
ýUl2fl2/A - U12 

(IA. 15) 

(IA. 16) 

"(0) " U10 + U2i " Ull - SI)m XU1f12(UIIS + VOM l0 (lA. 17) 

f+f2ý Si -i+f2 ('WUl) +f2 ý-* 0 (lA* 18) 

2 
where XIfIlUll + X(UlIU22 - U12)] ýý 0 

Proof: Rewriting equations (1A. 13) and (IA. 14) and normalizing so that 

N-i 

fl(k(()). O) + XU2(r(O), Z(O)) -0o (1A. 19) 

-1+ XUj(r(6), k(O)) -0e (1A. 20) 

Then partially differentiating (IA. 21) and (1A. 22) with respect to 0 

and omitting argiments gives 

11 + ýU220 ýU12 

012] ýIU12 X 11 

which gives (1A. 15) - 

Lemma LA. 3 encapsulates the essence of labour contract theory 

at its most basic. It has been suggested by Akerlof and Migazaki 

(1980) that the employment schedule generated by the labour contract 

is never more variable than the employment schedule generated by the 
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spot or auction market. A simple example will show this supposition 

is incorrect. 

Example: Suppose M10) = OX 

u(r, k) = v(r) - h(t) =re 
/2 

6=e, =J with probability 

ý 02 ý 3/2 with probability 

Then in the spot market w=et=0 /3 r=0 
3/2 

/3 

y= 03/2 /3 7T =0 

and for the contract Z- (20/3X)2 r (X/2 )2 

y= 03(2/3X)2W 63 (2/3X)2 - (X/2 )2 

Letting X-1.3 the results can be tabulated as follows 

ri r2 il 12 7r I Tr 2. 

spot 0.1178 0.6173 0.2357 0.4802 00 

contract 0.4225 0.4225 0.0657 0.5917 -0.3896 0.4651 

Ul U2 Er EL Er Eu 

spot 0.2289 0.5217 0.3650 0.3220 0 0.3573 

contract 0.6331 0.1948 0.4225 0.3287 0.0378 0.4140 

Employment is more variable if on average higher in the contract as 

opposed to the spot market. These results are drawn in figure 1A. 1 

and 1A. 2. These diagram show how the wage is divorced from the marginal 

product in the contract market. 

In Lemma 1A. 3 it was assi, d that each employees labour is 

a perfect substitute for any other employees labour. Equivalently 

there is no distinction made between the number of men employed and 

the hours they work. Thentotal labour input is simply L- NJ. 
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Diagram 1A. 1 = Spot Market 
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Diagram 1A. 2 : Contract Market 
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Indeed up to now it has been assumed that N is exogeneous. Suppose 

however that N is endogeneous so that the emplbyer determines the 

number of employees as well as the contract he offers to each of them. 

Then an augmented or employment contract can be defined as 

(6. N I where 6= {r(O), k(O)j . The employers problem can then 

be redefined as 

b 
P. lA. 3 max 

f 
(f(N. Z(O), e) N. r(e))g(O)de 

a 
S. t 6cA 

To show that a solution exists an additional assumption is needed, namely 

1A. A5 Lim fl(L, O) -0 

L4- 

Lemma IA. 4 Given 1A. Al - 1A. A5 a solution for P. lA-3 exists. 

Proof: The feasible set is compact and convex and by 1A. A5 the set of 

feasible N can be restricted to a compact set. 

Unfortunately uniqueness cannot be proved because the objective 

function is not concave in the choice variables. Notice that the cost 

function is quasi-concave in N and r since the employer determines both 

the per unit cost and the number of units. Although f(NI, O) is also 

quasi-co, ncave in N and L given equation 1A. Al it is not unnatural 

to assume that the production function is concave in N and L3. 

Fundamentally the non-concavity of the objective function is due to the 

fomulation of the cost function. 

To understand the nature of this nonconcavity suppose that 

P. IA. 3 is amlended to 

b 
P. lA. 4 max max (f(NZ(O), B) - Nr(O))g(O)dO cA 

6 

ja 

Lemma 1A. 5 Given (lA. Al) - (lA. A5) a unique solution exists for P. lA. 4 

b 
Proof: Let 7r(N, U) = {max J'a (f(NA(6), G) - Nr(O))g(6)dOj 6cA 
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b 
Then DlT(N. u)/BN = 

fa 
(flt-r) + fjNDZ/3N - N3r/aN)g(e)d8 

b 
= 

fa 
(f li-r)g(O)de 

b 
since 

fa 
u(r(e), k(O))g(6)dO =u 

b 

therefore 3Tr(N, u)/3N = 
fa 

flIX2 g(6)d6 !ý0 

so that P. 1A. 4 is a concave programming problem. 

Lemma 1A. 5 explains how the non-concavity of P. lA. 3 may be 

viewed as a type of market imperfection. Suppose that there are a 

large number of identical potential employees and suppose that there 

are a large number of identical potential employers. Then it is 

appropriate to view the contract 6, as determined by the forces of 

competition. Each employer and employee will take the contract 6 as 

given. In this case u is a consequence of equilibria and not a 

fundamental parameter. Notice that if there were several types of 

employers that is distinguished by their production function or the 

industry to which they belong then though each industry may offer 

a different contract each industry would have to provide each employee 

with the same expected utility level u. 

Thus in the labour market it is possible to distinguish three 

types of competitive behaviour. These are a) the wage-taking hypothesis, 

b) the utility taking hypothesis and C) the contract taking hypothesis. 

The wage taking hypothesis assumes that there are a large number of 

perhaps non-identical employers and a large number of employees. For 

the utility taking assumption to be validated it is necessary only that 

there be a large number of employees since the employee is unable to 

influence the supply of employees in general. The contract-taking 

hypotheiis is only justified if there are a large number of identical 

employers and a large number of employees. It is the utility-taking 

hypothesis that is maintained throughout the remainder of this thesis. 

Despite the non-concavity associated with P. M. 3 it would seem to be a 
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natural assumption to make and it will be used in the general 

equilibrium model of chapter 2. Indeed the implementation of 

the contract taking hypothesis seems much more problematical. 
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Notes 

1. Kanbur (1979) analyses a model of occupational choice. The 

following discussion is based loosely upon his work. 

2. Notice that each labour input Zn will always be strictly positive 

because of assumption 1A. A. l. 

3. This assumption is used by Chan and Ioannides (1982). They show 

that layoffs can occur even when hours can be varied as well as the 

number of men. However they assume each employee is offered the 

same contract although Lemma IA. 2 shows that this is not optimal. 

Nevertheless strong welfaristic grounds can be made for treating 

similar employees in a similar manner and this may justify their 

assumption. That is to say there is a constraint that any labour contract 

be horizontally equitable. 
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CHAPTER 2 

An Equilibrium Model of a Labour Contract Economy 

Section 0: Introduction 

In this chapter a general equilibrium model of a labour contract 

economy is presented and examined. As a starting point the general 

equilibrium model of an economy with incomplete markets developed by 

S. Grossman (1977) is considered. It is thcnsuggested that within the 

context of this market structure agents will have an incentive to combine 

to arrange some form of mutual insurance. The arrangement of mutual 

insurance will be restricted by the same set of factors that cause markets 

to be incomplete. However it is suggested below that one plausible 

mechanism by which mutual insurance arrangements can be made is the 

labour contract in which employer and employee agree to allocate income 

and profits to the benefit of both parties. 

It is important to examine the labour contract economy within 

the context of a general equilibrium model for four reasons: 

(a) It shows that the partial equilibrium models of, for 

example, Azariadis (1975) are amenable to a general equilibrium treatment. 

(b) It illustrates the nature and context of a labour contract 

in a general and rigorous manner. 

(c) It allows the efficiency properties of the labour contract 

economy to be examined in greater detail. 

(d) It serves a basis from which subsequent examples can be 

considered. Most important it motivates the discussion of asymmetric 

and imperfect information models of chapters 3 and 4. 

It is well known that the Arrow-Debreu theory of value was 

originally formulated for an economy without uncertainty. However an 

appropriate reinterpretation allows uncertainty to be introduced without 

fundam ntally altering the analysis. With this reinterpretation a 
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commodity is distinguished not only by its physical characteristics 

and location but also by the date and eventin which the commodity 

is consumed. Therefore the two fundamental theorems of welfare economics 

continue to apply even in an economy with uncertainty. That is every 

competitive equilibrium is Pareto efficient and every Pareto efficient 

allocation can be sustained as a competitive equilibrium. 

However the reinterpretation of the Arrow-Debreu theory of 

value in terms of a complete set of contingent claims markets is 

empirically unjustified. This can be seen clearly from the fact that 

if there were a complete set of contingent claims markets each agent 

would face a single budget constraint. This means that each agents 

decisions are essentially atemporal and that the entire course of 

the economy is determined at the first date. There are a number of 

reasons why complete markets do not exist. These can be generally 

summarized under the heading of set up costs. One example may suffice. 

Consider the possibility of selling labour services contingent upon ones 

disposition. Since only the supplier can know his truedisposition 

this is clearly impossible. 

Suppose however that there are no set up costs in the explicit 

sense, contingent claims markets might still be inoperative. It is 

clear that trading over time or across different states of nature requires 

some degree of trustý For example it is no good buying "jam tomorrow", 

if there is no guarantee that the potential supplier will deliver. 

Of courseeven in a completely static or certain economy there are 

implicitly some legal or ethical codes that make the market system 

tenable. Nevertheless when time and uncertainty are introduced the 

problems become much more acute. Indeed there are some commodities 

and labour is one of them for which the moral and legal concensus 

actually prohibit the establishment of contingent claims markets. 
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If the set of contingent commodity markets is incomplete it 

cannot be expected that agents will react passively to this situation. 

Competition is likely to induce the development of some 'non-Walrasian' 

institutions. The labour contract is one of these institutions. It 

provides a degree of mutual insurance between the employer and the employee 

given the structure of other markets. Clearly the labour contract is not 

the only possible response to a situation of incomplete markets. However 

delineating the optimal response is an impossible task and therefore the 

purpose of this chapter is to examine an economy where the only form 

of mutual insurance arrangement is the labour contract. 

The first point to be considered is why is it that contracts occur 

in the labour market rather than the product market. Casual empiricism 

suggests that relationships in the labour market tend to be more stable 

than relationships in the product market. It is an old maxim that a man 

can serve only one master, and this tends to be bome out upon closer 

examination. Human capital is inherently indivisible and non-diver- 

sifiable. For example, an economist cannot suddenly become a plasterer 

or a plumber, no matter how desirable this may be. Human capital may 

also be firm specific as well as job specific, for instance, familiarity 

with working practices or colleagues etc. may be important. All such 

considerations can generally be subsumed tinder the heading of mobility 

costs which impart a stability to the labour market, that does not appear 

to be so important in the product market. The point was made in chapter 1 

that the observed stability of the labour market is really a chicken 

and egg type problem. Is the labour market stable because participants 

contract or do participants contract because the labour market is stable. 

Whichever is the truth the continuity of employment in the labour market 

fosters an element of trustworthiness between the employer and the employee 

that is not apparent in other markets . Therefore the employer and the 

employee are able to trade risk in the form of a labour contract when 
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perhaps it would be impossible to trade risk on other markets because 

this type of trade would not be credible. 

There are a number of reasons why the employer and employee 

will wish to combine to form a labour contract. First, of course, 

the firm needs the labour that the employee provides in order to produce 

goods. Second, the employer and the employee will trade or share risk 

if there is a local difference in their risk aversion parameters. 

Knight suggested that employers are innately less risk averse than 

their employees and therefore will offer them insurance. Similarly 

it is often suggested that employers tend to be wealthier than their 

employees and have better access to capital markets for diversifying 

risks. Both of these factors indicate a role for employers by insuring 

their employees. Third the employer and employee may have different 

beliefs as well as differences in tastes. Knight also suggested 

that employers are confident and employees timid. Possible differences 

in beliefs make for a good horse race, for example, if the employer 

believes a downturn in demand is unlikely but the employees believe 

that a downturn is more than likely the optimal arrangement or bet 

will indicate that wages should be relatively high if a downturn actually 

occurs! 

Equilibrium models of an economy with labour contracts have been 

studied by Polemarchakis (1979) and Holmstrom (1982). Both Polemarchakis 

and Holmstrom assume that labour is supplied indivisibly, that is either 

one unit of labour is supplied or none at all. Polemarhakis examines 

a single period multi-sector model and shows that a continuum of 

Nash equilibria exists, one of which is the full employment equilibrium. 

Holmstrom studies a multi-period model with a single consumption good. 

He assumes that employees are mobile and can default on any contract in 

the final period. He assumes employers cannot default. He proves that 
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a competitive equilibrium exists and shows that an economy with 

contracts pareto dominates an economy without contracts. 

In this chapter, in order to capture the idea that the employment 

relation is relatively stable it will be assumed that an employee can 

work for only one employer, not just at one particular instant but 

throughout time. This is equivalent to assuming that the mobility costs 

of labour are infinitely high. Since a labour market of this type 

cannot be wage mediated it is important to understand how employees 

are allocated to employers. Each employer must offer each employee 

a labour contract which specifies how much labour is to be provided 

and the amount of remuneration offered in each state of nature or contingency 

and time period. The employee has a single simple choice, either 

accept or reject the offer. The offer or contract will be accepted 

or rejected on the basis of the lifetime expected utility it provides. 

The forces of competition will bid up or bid down this expected level 

of utility until the number of employees demanded equals the supply. The 

level of expected utility is effectively the price of an employee. 

If agents behave competitively this level of expected utility will be 

treated parametrically. The similarity between the price of an employee 

and the familiar notion of the price of a commodity will be exploited 

in the equilibrium analysis. 

This chapter examines an economy with a sequence of markets for 

goods and securities and a set of labour contracts. The equilibrium 

concept adopted is the equilibrium of plans, prices and price expectations 

or rational expectations equilibrium developed by Radner (1972) and 

Hart (1975). In order to keep the analysis relatively simple Grossman's 

(1977) adaptation of this model will be used. The model has two periods 

but there are S possible states of nature in the second period. An 

equilibrium for a given set of labour contracts is a set of prices for 
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the first period and a set of price expectations for the second period 

such that each agents plans given these prices and price expectations 

are mutually consistent. This means that in equilibrium each agent 

will have a common set of price expectations. That is each agents 

price expectations are quasi-rational in the sense that they each 

expect the same price to rule in some state s, but they may widely 

differ in the probability they assign to the occurrence of this state. 

Then if each agent is intemporally consistent the prices they expect 

will be the equilibrium prices. 

It will also be assumed that each agent is atomistic or that 

there is a continuum of economic agents. Despite its unrealism this 

assumption justifies utility and price taking behaviour by agents. There 

are however two more technical reasons why this assumption is made. 

First employers hire employees rather than labour services, and 

although the latter is assumed to be perfectly divisible, the number 

of employees will not be perfectly divisible unless there is a 

continuum of employees, Second it was emphasized in chapter 1A that 

the employers hiring decision was fundamentally non-convex because 

of the form of the cost function. If there are a large number of different 

employers this will tend to convexify the economy, or alternatively 

each individual non-convexity becomes insignificant. 

With suitable modifications a rational expectations equilibrium 

with production can be defined. In particular it is possible to 

allow for inputs or investments that contribute to output in some 

future date-event pair. However in this chapter it will be assumed that 

only contemporaneous transformations of inputs and labour services 

into outputs are possible. The importance of this assumption is 

that it allows the employers consumption and production decisions to 

be treated separately. It is then possible to model the economy as 

if it were a pure exchange economy. 

It has already been noted that there are assumed to be S possible 

- 47 - 



states of nature in the second period. This uncertainty is completely 

exogeneous and is not characterized or specified in any further way. 

Uncertainty may be 4ue to randomnass in either preferences 

or technology, b; ut for convenience it will- be assumed that only production 

is state dependeat. The most important point to realize is that it is 

assumed that not all of the uncertainty or risk is individual. This 

is important because it has been shown by Malinvaud (1973) that if all 

risks are individual then a Pareto optimal allocation can be supported 

by a set of non-contingent prices. 

This chapter is organized in two parts. Section 1 develops a 

model of an economy with labour contracts. assumed that both 

employers and employees are risk averse and that employers have access 

to an asset market so that they can transfer wealth from one period 

to another. In contrast to Polemarchakis and Holmstrom it is assumed 

that labour services are perfectly divisible so that an optimal contract 

allocates both men and hours. The supply and demand functions for 

goods, assets and employees are identified and it is shown that a 

labour contract equilibrium exists. 

In section 2 some of the efficiency aspects of a labour contract 

equilibrium are examined. It is shown that an optimal contract between 

an employer and an employee is both productively efficient and shares 

risk efficiently. It is shown that given this contract the employee 

will be no better off even if he has access to the asset markets in which 

the employer trades. To highlight the nature of the labour market 

equilibrium two further definitions of equilibrium are given. The 

first is the standard auction market equilibrium studied by Radner and Hart. 

The second is the auction market equilibrium with specialized skills, 

(where labour is immobile) suggested by Holmstrom. Theorem 3 contrasts 

these three definitions. An example is then given where at the auction 
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market equilibrium every agent has an incentive to enter into a labour 

contract, but if every agent does do this every agent is made worse off. 

Finally a constrained pareto optimum is defined and it is shown that 

the labour contract equilibrium is not a constrained pareto optimum. 

Concluding comments are contained in section 3. 

Section 1: The model 

In this section a model of a labour contract economy is 

developed. This is done in a number of phases. First the structure 

of the economy is described, this includes the temporal structure, the 

number and type of agents, goods and assets. Second the preferences and 

technology available to each agent is described. Third the price vector 

for this economy is specified and hence each agents budget and demand 

sets are delineated. Finally the labour contract equilibrium is defined 

and shown to exist. 

Temporal Structure 

There are two time periods t-0,1. In the first period 

there is no uncertainty. In the second period there are S possible 

states of nature s-1..... S. It will often be convenient to denote 

the first time period as s-0. It is not known at the first date which 

of the S possible states of nature will prevail in the second period. 

Therefore the time path of the economy is fundamentally uncertain. 

However it is assumed that once the second period arrives each agent knows 

which state ofnature has occurred. Thus each agent has complete and 

symmetric information or each agent has the same information partition. 

This is to be contrasted with the models of asynniatric and imperfect 

information models developed in chapters 3 and 4. The restriction to 

two periods is inessential, more generality can be easily bought, but 

at the cost of some considerable complication in notation. 

Agents 

There is a measure space of agents (A, B, v)! A denotes the set of 
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agents and B the Borel set of subsets of A. The probability measure v, 

is defined on (A, B) where v(A) - 1. 

There are two classes of agents, employers and workers. 

These two classes will be represented by two subsets of A, W the set 

of workers and E the set of employers. It will be assumed that all workers 

are identical. Again this is inessential, W could be sub-divided into 

sets of types of workers. However it will be assumed that all employers 

are non-identical. A representative employer will be indexed by a 

superscript, e and where necessary a worker by the superscript w. Since 

it is assumed that all workers are identical in every respect except 

the employer for whom they work, it will often be convenient to 

distinguish workers by the same superscript e. Whether e refers to an 

employer or a worker should always be obvious from the context. 

The following assumptions about the measure space of agents are 
e 

made 

A. 2.1 MW= ME = {a E Ala ý W} 

(ii) v (W) =Tv (E) -1-r 

(iii) v(fw}) = v({el) = 0. 

Assumption A. 2.1 (i) shows that the class of employers and the 

class of workers are exhaustive and mutually exclusive. In particular 

no agent is both an employer and a worker. The number -r represents the 

relative nunber of workers in the economy. On average each employer will 

employ (T/(l--r)) workers. However the actual-number of employees 

in each firm will be determined in equilibrium by preferences and technology. 

Each agent a is atomless, v(JaJ) - 0, this means that each agent acting 

individually makes no contribution to the economy. This justifies the 

assumption that agents take the economy's price vector as given. It is 

also technically convenient for the reasons outlined in section 0. 

Goods 

There are G physically distinct commodities indexed g-1G, 
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and labour. It will be convenient to denote labour as good 0. Since 

there are (S+l) states of nature, including the initial time periods 

the commodity space has (G+1)(S+l) dimensions. The assumption that 

there is only one type of labour can be relaxed without altering the 

analysis. 

Assets 

There are K assets indexed k-1.... K, where K<S. That 

is to say the economy is not 'spanned' by the set of assets. Associated 

with the kth asset is the vector (b 
k-b ks 

) where b ks 
is a vector of 

comm dities. The gth component of this vector is denoted b ksg* if 

an agent holds ak units of the kth asset in the initial period then 

he has a claim to - I- its of good g if state s occurs in the second 'k'ksg un 

period. If ak <0 then the agent promises to deliver units 'k'ksg 

of good g if state s occurs. It will be assumed that b 
sk 

2: 0 

for each asset and for each state. Defining Bs = (b 
Is ... b 

ks 
) an agent 

holding an asset portfolio a, has a claim to a vector of commodities 

Ba in state s=1... S. 
s 

In the same way that it is assumed that the set of markets is 

incomplete it will be assumed that only employers and not workers can 

trade in asset markets. This rather strong assumption is meant to 

reflect the common observation that employers have greater access to 

capital markets for diversifying risks. 

Preferences 

All workers are indentical, bar. the employer for whomrthey work. 

Therefore it will be convenient to let each workers allocation decisions 

be identified by their employer's superscript e. An employee who works 

ee for an employer e consilmas goods x and supplies labour Z. The 

consumption vector xe has G(S+l) dimensions and xe is the consumption gs 
e of good g in state s of a worker employed by firm e. The vector xs 
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denotes the bundle of goods consumed in states = 0,1 ... S. The labour 

supply vector e has (S+I) dimensions, te is the labour supply S 

of a worker employed by firm e in state s=0,1 ... S. The following 

assumptions are made about the workers preferences 

A. 2.2 (i) All workers have the same consumption possibility set 

X=R 
(G+1)(S+l) 

(ii) All workers preferences can be represented by a twice 

continuously differentiable strictly concave, bounded and 

strictly monotone utility function, i. e., 

U=U(xe,, e) :R 
(G+1)(S+l) 

-* R is c2 and strictly concave 

where au /ax e>0g=1... G, s 0,1... S and VeCE. 
gs 

au 132, e<0s= O'l ... S and Ve CE S 

(iii) lim, au lax e-+- for some g-l... Gs= O'l ... S 
gs 

Xe_,,. 0 and VeeE. 
gs 

The strict concavity of the utility function implies that every 

worker is income risk averse, that is they will never accept a fair 

gamble on their income. Notice that since labour is measured as positive 

and because all goods are 'good' the consumption possibility set can be 

placed in the positive orthant of the commodity space. Notice also 

that it is not assumed that the workers possess a Von-Neumann-Morgenstern 

utility function or that the workers know the objective probability 

distribution over the set of states in the second period. In this context 

the monontonicity of preferences implies that every worker believes that 

every state s=1... S, may occur. Assumption A. 2.2(iii) guarantees 

that every workers wage income is strictly positive. This in turn 

implies that every workers budget set has a non-empty interiorý ' 

ee An employer e consumes goods z. The consumption vector z has 
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C(S+l) dimensions where 

by employer e and ze is 
s 

employer e in state s. 

employers preferences a 

ze is the consumption of good g in state s gs 
the bundle of commodities consumed by the 

The set of assumptions A. 2.3 made about each 

re analogous to the assumptions A. 2.2 made about 

workers preferences and therefore the same comments apply 

A. 2.3 M Each employer ecE has the sane consumption possibility 

G(S+l) 
set Z= R+- 

Each employer eCE has preferences that can be represented 

by a twice continuously differentiable concave and 

strictly monotone, -utility function that 

is 

eee G(S+l) 2 v=v (z R+- -ý- R; is c and concave 

where av e /az e>09G, s=0... S and Ve cE 
gs 

(iii) Lim av e /aze - for some g-1... G, 
gs 

ze -ý- 0 
ys s- O'l ... S and VecE. 

Technology 

Each employer ecE has access to a production technology 

that transforms current inputs into current outputs. It was noted in 

the introduction that this technology does not admit investment. This 

allows a conceptually simple separation between the employers production 

and consumption decisions. In general, however, the technology will 

be both firm specific and state dependent. The total amount of labour 

used by a firm e in state s is denoted This labour input consists 

of the labour supplied by each employee of firm e in state s, Xe 
s 

multiplied by the number of men hired by firm. e, ne. Hence, it is 

being assumed that the number of men employed and the number of hours they 

work are perfectly substitutable in production. It was shown in chapter 1A 
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that this assumption is sufficient for each employee to be offered the 

same contract. The current output of firm e in state s is denoted ye s 
The gth component of ye is Ye which is positive if ye is an output S gs gs 

and negative if it is an input. It is assumed that the technology 

can be defined by a production set F e, S(ye 
,L 

e) ; -> 0 where the production Ss 
frontier F e, s(ye, Le) satisfies ss 

A. 2.4 (i) For each employer eCE and each state s=0,1 ... S 

the production frontier F e, s(ye 
,L 

e) is twice continuously Ss 
differentiable and strictly concave. 

For each employer eC 

aF e, s(ye, Le) /aL e 
sss 

Lim 32 F e, S(ye, 
s 

E and each state s-0,1 S 

0 

L e),, (Ye )2 =0 for some g s gs 
L--* 0 
s 

Lim D2 F e, S(ye 
,L 

e),, (Ye )2 co G 

Le-). -ss 
gs 

s 

(iii) For each employer eeE and for each state s=0,1 .. S 

If e_0, 
ye =,, 0 and F e, s(ye, loe) ; -> 0, then ye .0 sssss 

If some ye and e>0s. t. Fe 9s(yo, L e) 
SSSS 

For 1! ; -> 0Fe 's(O. L) 2t 0. 
ss 

If Le? 0, Fe, s (y eLe) 2ý 0 then for y e, 
--I ye sssss 

F e, s(ye� 2)2: 
s 

Assumption A. 2.4(ii) guarantees that labour will always be used 

as an input into the production process. That is each employee will 

supply a strictly positive labour input. Assumptions A. 2.4(iii) are 

respectively, not free production, the production set has an interior 

point, zero production is always possible and free disposal. 
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Prices 

Consider the G physically distinct coymn dities. The price of 

good g in state s is denoted p gs . PS is the vector of commodity 

prices in state s and p is the collection of all such vectors, one 

for each state. The vector p has G(S+l) dimensions. Notice that 

period two prices, p8, s-1, ... S are essentially expected spot 

prices. This will be made explicit when the appropriate budget constraints 

are specified. For the moment it is important to realize that future 

prices are expected with certainty by every agent and if every agent 

is intertemporally consistent in his decision making these prices will 

equilibriate the market. 

In addition to the G physically distinct goods there are the K assets 

or securities which the employers trade amongst themselves in the initial 

period. The vector of asset prices is denoted qa typical element of 

which is q k* 

The only price left to specify is the price of labour or more 

specifically the price of employees. In a labour contract economy 

where labour is immobile ex post, employees or workers will be 

allocated to employers on the basis of the lifetime expected utility 

the employer offers them. To make this more precise suppose there 

is some initial position, say t- -1, in which a contract market is 

operative. A contract offered by an employer e, 6e will specify the 

amount of labour to be supplied by the worker Xe and the recompence s 

offered re in each state and time period s-0,1 ... S. Therefore 
s 

the contract is specified by the pair 6e. Ir e,., e I. Employees will 

be attracted to the employer who offers the best contract. This will 

be judged upon the expected lifetime utility the contract yields the worker. 

Competition between employers and between employees will force every 

employer to offer a contract yielding the same level of expected utility, 

u. Employers must also and simultaneously choose how many workers to employ, 
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that is they must choose an employment plan 6ee, , e, 
. The 

price of employees u will adjust so as to equate the demand for workers 

to the supply. Since every agent is insignificant no agent will be 

able to alter u or any other price by his own actions. Hence u, p 

and q can each be treated parametrically by agents. Therefore the price 

system for the labour contract economy is the triple (p, q, u). 

Budget Sets 

In this subsection the budget set of each agent will be defined 

for a given set of employment plans that is 16 e le E E. Therefore 

for each employer eeE the vector Xe and re and the number ne 

are taken as given. However this is not enough to define the employers 

wealth which will be specified first. 

Since the employer can only transform contemporaneous inputs 

into contemporaneous outputs the best the employer can do is to maximize 

profits in each state. This is done by choosing the input-output 

vectors that solves 

ee_ Re s. t. F e, s eLe P. 2.1 max Trs Psys s 
(Ys ,s0. 

where Re is the total wage bill of employer e in state s and Le is the ss 

total labour input of employer e in state s. Letting y e, s be 

the Lagrangian multiplier for P. 2.1 the first order conditions are: 

Pgs +Ye, s F e, s(ye, Ie)layeg .0g-1... G (2.1) 
sSs 

The solution to P. 2.1 is ye. xe (psi, Le), where Xe (p, I! ) is the (S+l) 
s YS sy 

e dimensional vector of supply functions. The supply function Yý. (p., lae) 
s 

is unique and continuous. Hence the restricted or variable profit 

function -ff 
e, s (pst Le, Re) can be defined as sS 

e, s eeee 
7T (p ,L, RpX (p , Le) -R (2.2) 

ssss YS sSS 
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Lemma 2.1 The restricted profit function , e, s (p Re) has the 
sss 

following properties: 

(i) Continuous 

(ii) Non-negative variable costs 

, Te, se (iii) Sheppards Lemma, 3iT (p /aps =x sss YS 

(iv) Homogeneous of degree 1 in p and Re 
ss 

(v) Convex in p 

(vi) Concave in Le 
s 

Proofs: (i) Since X(p, L) is continuous lr(p, L, R) is continuous 

(ii) Since y=0 is feasible Tr(p, L, R) R. 

(iii) 3iT(p, L, R)/3p =X+ paX(p, L)/ýp -X since F(y, L) -0 

at the production frontier. 

(iv) Multiplying P and R by a>0, apy - aR =aw , therefore 

the solution to P. 2.1 is unchanged and it( p, L, aR) 

(y7r,. p, L, R) 

(v) For p and p' , p(p", L) - R: 51T (p, L, R) and p'y(p', L) -R 

1T(p', L, R). Therefore IT(p, L, R) ý! IT(p', L, R) + 

(p-p')X(p', L). Consequently X(p', L) is a sub- 

gradient of 7r(p, L, R) at p' and hence w(p, L, R) is 

convex in p. 

Let it(p, L1, R) = py' -R and L= aL + (1-a)L' and 
A 

y ay + (1-a)y' for some a c(0,1). Then because 

F(y, L) is concave F(y, L) 0 and therefore 

7(p, L, R) Z py -R apy aR + (1-ot)pyl - (1-ct)R 

a7r(p, LR) + (1-a)7r(p, L, R). Hence 7r(p, L, R) 

is concave in L. 

Lemma 2.1 specifies the employers wealth in each state of nature 

and time period. Given this information it is now possible to delineate 

the employers budget set. It is fundamental that in an economy with an 

- 57 - 



incomplete set of markets, that is in a sequential economy, each agent 

faces a series of budget constraints rather than just a single budget 

constraint. In the economy outlined above each agent faces S+1 

budget constraints, one for each time period and state. 

Consider first the employers budget constraint at the first 

date t=0. The employers wealth in the first period is simply the 

e profits of the firm that he owns, 7r 0. 
He can allocate this wealth 

in one of two ways. First he can purchase commodities, ze for 
0 

current consumption. Second he can choose to hold a portfolio of assets 

ae that promise him delivery of, or commits him to deliver a given 

vector of goods in the second period. Therefore the first period budget 

constraint of an employer e is 

p ze + qa e :5 IT e 
000 

(2.3) 

In the second period in some state s-1... S the employers 

wealth consists both of the profits of the firm he owns and the 

mplicit interest payments on his portfolio holdings. Therefore an 
I 

employer es budget constraint in state sS is 

zee+pBa ss8Ss (2.4) 

Together the budget constraints of equations (2.3) and (2.4) 

constitute the budget set of employer e 

e) pz+ qa ,e (pq, Tr Qz a1000 

eee 
szz :5 Tr s+psBsas-l... 

S 

Although no employer plans to be insolvent in any state of nature the 

budget set Be (p, q 7re) may still be unbounded. This is possible because 

one group of employers may go very long on one group of assets and 

very short on another group of assets whilst another group of employers 
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does the exact opposite. Therefore in order to make each employers 

budget set bounded it is necessary to place an arbitrary set of bounds, 

c on the employers asset trading possibilities. Then the bounded 

budget set Be (p, q, iT e q)can be defined 

e , ffec) . {(ze, e) I (ze, e^e (p e (p, qaa)cBq, lT 

ae Ck kK (2.5) k 

The worker employed by firm e also faces (S+l) budget constraints. 

However the worker is unable to transfer wealth over time because he 

cannot trade in assets. Therefore the budget set for a worker employed 
6 

by firm e is simply 

De (p, r e) 
. jxej p xe : 5. reS- O'l .... S} (2.6) 

SsS 

Demand Sets 

In this subsection each agents demand sets are examined. First 

for a given set of employment plans the demand of the employer for goods 

and assets and the demand of the worker for goods is considered. Then 

the employers demand for workers is examined. 

Consider an employer e, given his wealth ,e the employer has 

a two stage decision process. In period zero he will chosse a consumption 

bundle and an asset portfolio. In period one the employer allocates 

both profit and portfolio wealth to consumption. However the employers 

decision can be treated as a one period problem that is maximizing utility 

subject to the budget set given in equation (2.5). In doing this it must 

be remembered that the choices of second period consumption bundles are 

entirely hypothetical except for the state of nature that actually occurs. 

Then an employer e solves 

P. 2.2 max ve (z e) S. t (ze ae)cB e(p q, iT e, C) 
ee 

za 

Letting ae denote the set of S+1 multipliers for the budget 
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constraints (2.3) and (2.4) and C be the set of K multipliers for the 

asset bounds the first order conditions for P. 2.2. are 

av e (ze) I; Zes = Ce p 9s sg 
s 

ct 0qk -F'as psb 
sk 

- ýk 
S=l 

s=0,1 ... S and g-1C (2.7) 

k=1.... K. 

A solution or demand set for ze and a e, can be written as 

e (p, q, Tr e, c) and Xe (p, q, Tr e, c) respectively. XZ a 

Lemma 2.2 For every strictly positive price vector (p, q)>> 0 the 

(2.8) 

demand correspondences 
e (pq, Tr 

e 
c) and 

e(p 
q, 7r 

e 
c) are non-empty, xz Xa. 

compact, convex and upper semi-continuous. 

Proof: (1) Consider the budget constraint (2.4). It will be shown below 

that Tr s>0s= 
O'l ... S. Given A. 2.3(iii) it can be assumed 

that Tr s+psBsa>0. 
Therefore for p >>O the budget constraint 

will be non-empty and compact and continuous in pS 7r 
s 

and a. In the 

second period the employer maximizes utility by choosing z; S 
subject 

to (2.4) for a given z0 and a. From the maximum theorem the demand 

correspondence for zS, Xzs (zo, zps, Trs) will be non-empty, compact, 

convex and upper semi-continuous and the maximum value function 

V(z 0 
a, p 

IS 
IT') will be continuous, where pI= (PI 

... ps ) andn M (7T I ... IT 
s 

(2) Consider the constraint (2.3). Since iTc >0 and (p 
0 q)>> 0 

the budget constraint (2.3) is nou-empty, compact and continuous in po, 

q and no The employer chose z0 and a in the first period to 

maximize v(zo, a, pF97r') subject to equation (2.3). By the maximum 

theorem Xz (p, q, 7r, c) and ý(a(P, q, n, c) are non-empty compact convex 
0 

and upper semi-continuous. Then substituting into Xz (z 
0a S*P stir S) S 

proves the Lemma. 

^e e Lemma 2.3 The indirect utility function for P. 2.2 v (p, q, 7r c) has the 

following properties: 
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(i) Continuous 

(ii) Homogeneous of degree 0 in p, q and 7e 

(iii) Non-decreasing and concave in we 

(iv) Quasi-convex in p and q 

(v) Roys identity, 3v e/aps = avla7re(_ze) = _, 
e zes Oll s 

ssss 
a^eeeee v /aq 

k= av/37Ts(-ak) - -asak s O'l ... s 

A 

Proof: (i) From Lemma 2.2 and the maximum theorem v(p, q, 7r, c) is continuous. 

(ii) Multiplying p, q, and 7r by a>0 leaves the budget set 

B(p, q, 7r, c) unchanged. 

(iii) (1) Clearly B(p, q, iT, c) c: B(p, q, Tr', c) for 7r' >- 7T . 

Therefore v(p, q, 7T, c) is non-decreasing in 7. 

(2) Let ac(0,1), and w- an + (1-a)nl Then 
A 

v(p, q, 7r, v) =max{ v(z) I (z, a) E: B(p, q, 7T, c) max{ v(z) Iz+ (1-a)z', 

a= aa + (1-a)a, ' (z, a)e B(p, q, Tr, c) (z, a )C B(p, q, Tr', c)) ýý 

cmmx{v(z) I (z, a) c B(p, q, 7r, c)}+ (1-a)mxfv(z )I (z, a') c BL(p, q, iT', c)j 
A 

ctv(p, q, iT, c) + (I- cc) v(p, q, Tr', c). 

Uv) Let (p, q) and (p', q') be chosen so that v(pq, ir, c) :5k and 
AA 

v(p', q', IT, c) :5k for some nuaber k. Let p- ap + (1-a)p' and 

q- aq + (1-a)q' for a C(0,1). Then B(p, q, ir, c) a (B(p, q, w, c) u 

B(pl, ql, ir, c)). To see this suppose (z, a) c B(p, q, iT, c) and (z, a)jý 
A-A-- 

B(p, q, 7Tc) or B(p", q', Trc). Then poz + qa-: 5iT 
0, pSzs :5w8+pS3S, a, 

pz+ qa > 7ro pz> ff +pBa, p'? z + qla > noand pl z>n+ pB a. 0SsS$0sssss 

Then multiplying the third and fourth inequalities by a and the fifth 

and sixth by (1-a) gives a contradiction. Therefore 
^A 

v(p, q, 7T, c) :5 max{v(p,, q, 7Tc) , v(p', q', 7T, c)) :5k and hence 

v(p, q, Tr, c) is quasi-convex in p and q. 

(v) To prove Roy's identity it is necessary to assume the 

demand correspondences Xz and Xa are differentiable functions. Then 

Dv/ 37f 
SE 

OV/3Z 
S 

Maz 
S 

/37rs, ) - as, using equations (2.7) and (2.8) 
S 
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Similarly 3v/3p ,=E (3v/Bz Mz /Dp )=-az. 
S6ssss s 

and 3v/Dq k `2 E Ov/az 
s) 

(az 
s 

/aq 
k) as ak using equations (2.7) and (2.8). 

s 
Corollary 2.1 Writing 7r 

e= 
,e (p Le, 0) 

and substituting 
SSssa 

ee 
v (p, q 7T , C) .ve (p, q, I!, R!, c), then Ve (p, q, L e R!, c) is concave 

in Le and Re. 

Proof: From Lemma 2.1 IT e is concave in Le and Re and from Lemma 2.3 
sss 

v(p, q, iT, c) is concave in the vector 7T. Therefore v(p, q, L, R, c) 

is concave in L and R. 

The worker employed by firm e has an essentially similar decision 

problem to his employer except that workers are unable to trade in 

assets. Therefore for a given set of employment plans the worker 

solves 

P. 2.3 max u (X e, e 
S. t. xec Dý (p, r e) 

e x 

Letting ýe be the appropriate set of Lagrangian multipliers s 

the first order conditions for P. 2.3. are 

Du (X ex e) �, e. _epSm0,1 ... S and g-1... G (2.9) 
s sg 

It will be shown below that re>0 for all eeE and for 
S 

all s=0,1 ... S. Therefore for p >>O the budget set De (p, r e) is non- 

e empty and continuous in p and r. This means that the workers demand 

function e (pr e) is differentiable. In addition Xe can be XX x 

decomposed into its component functions e (p ,re) because the workers XX 
Ss 

s 
cannot directly trade across time or states. 

Lemma 2.4 The indirect utility function for P. 2.3 ue (p, r eze 

US(Xe (p, r e ), ze) has the following properties 
x 

Continuous and bounded above 

Non-decreasing and strictly concave in re 

(iii) Strictly quasi-convex in p 

(iv) Homogeneous of degree 0 in p and re 
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^e^ee (_ e) ee (v) Roy's identity, 3u /3ps = au /3r 
sxssxs 

O'l S. 

Proof: As Lemma 2.3 mutatis mutandis. 

It is only left to specify how the optimal employment plan 

or contract 6e= {n ere 
'k 

e, is chosen. The employer will choose 

that employment plan 6e, that maximizes his expected indirect utility. 

Competition between employers will ensure that each worker is offered 

the same level of expected indirect utility u. Then the employers 

choice of employment plan is restricted to the budget set 

e e) e e,, e A(p, u) = f(r It u (p, r)au 

The set A(p, u) is convex and continuous in p and u for p >> 0. 

At this stage it is necessary to introduce one further 

assumption 

, e, (P, - 
^eeee 

A. 2.5 3 u) s. t. v (p, q, 7r (p, 6 ) c) >v (p, q, o, r) 

Vc 

Assumption A. 2.5. guarantees that every employer will choose to offer 

a labour contract, that is ne>0. Notice that the employers objective 

function ve (p, q, 6e, c) .ve (p, q, 7r e (p, 6 e ýc) is not concave in the 

choice variables 
e. It was noted in chapter 1A that the revenue 

function is quasi-concave in ne and e and that the cost function 
S 

is quasi-concave in ne and r e. for each state of nature s-0,1 ... S. 
s 

Thus, in general the choice of the optimal employment plan will not be 

unique. 

e... ^e e The employer chooses 6 by maximizing v (p, q, 6 c) subject 

to equation (2.10), that is he solves 
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eeS. t 6ec A (P, - P-2.4 max v (p, q, 6 c U) 
6 

Because of assumption A. 2.5 the constraint ve (p, q , Te,, c) 

ve (p, q, o, c) need not be taken into account in P. 2.4. Similarly 

e it will be shown that u> u(r, 0,0) so that workers will always 

be willing to participate in the optimal contract. The demand set 

for P. 2.4, is defined as 

e{e, , (P, -), ^e(p 
,e X6 (p, q, u, c) =uvq C) 

ke (P, q, 6ey, c) v6 er E A(P, -u) }. 

e Lemma 2.5 The demand set X6 (p, q, u, c) has the following properties 

(i) Non7empty and compact for p >>O 

(ii) Upper semi-continuous in p, q and _u for p >>O. 

Proof: (i) Since u(p, r, k) is bounded A(p, ý) is non-empty and 

compact for p >>O. By assumption A. 2.4. (ii) n can be restricted to 

a compact set. Therefore since v(p, q, n, c) and 7T s 
(ps LsRs) are continuous 

for p >>O. Xs (p, q, u, c) is non-empty and compact. 

This follows from the maximum theorem since v(p, q, 7r, 6) 

IT s 
(ps LsRs) and A(p, u) are continuous for p >>O. 

Lema 2.6 The optimal employment plan arranged between an employer 

and a worker has the following properties 

(i) (r e,, e ne) >>O and ue (p, r e,, e) = -u 

(ii) Risk is shared efficiently between each employer and 

his workers, that is, the ratio of the employers marginal utility of 

income and the workers marginal utility of income is a constant independent 

of the state of nature, or 

aeMe e/n e constant (2.11) 
ss0 

(iii) Within each firm the employment plan is productively 

efficient, that is, the marginal rate of transformation between labour 
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and any good is equal to the marginal rate of substitution between 

labour and that good or 

By e ,,! =_ auelatelauelaxe g=1G and s= O'l 
gs ss gs 

(2.12) 

(iv) Labour is allocated so that the expected marginal product 

of labour equals the expected real wage when weighted by the employers 

marginal utility of income, that is 
s 
r-1 e (, Ye,, e)., e e) .0 L-., as(ps sss-rs (2.13) 
S=O 

Proof (i) From A. 2.5 n>0. To show (r, k) >>O let Ao be the 

Lagrangian multiplier for the constraint (2.10) and let X1 and ; k2 
SS 

be the multipliers for the non-negativity constraints rs2: 0, Ls;?: 0 

respectively. Then the first order conditions for P. 2.4 are 

(3v/a7T )(a7r /ar )+ Xoau/ar + XI -0 (2.14) 
sssss 

av/ aTr 
s) 

(a7t 
s/ 

at 
s)+ 

x0a U/at 
s+ 

X2 
s0 

(2.15) 

s 
av/ aiT 

s 
3TT 

s/ 
@n-) - 0. (2.16) 

s= 

To show r>0 suppose rs = 0. Then X' ý: 0 but this contradicts ss 

A. 2.2(iii) that au/ar, = Os at rs =0. Therefore r >0, X, 0. 
ss 

Similalry if 's 0, X2 0 but then aTr /Rs = nzipsg (32F/ay U 
ss sg S 

(; 2 F/a(y 
sg 

)2) at kS0 from A. 2.4(ii) which is a contradiction. 

X2 . 0. Therefore ks>0 and s 
Since v(p, q, 7r, c) is increasing in 

iT, u(p, r, t) - U. 

(ii) - These follow directly upon substituting 

equations (2.1), (2.7) and (2.9) into equations (2.14) - 

Lemma 2.5 summarizes the nature of the optimal employment contract. 

The most inportant feature for the present purposes is how the optimal 

employment contract depends upon the prices (p, q, u). Using this 
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information each agents demand for goods or assets will satisfy 

ee Tr (P, ZE xz (p, q, u) = XZ(p, q XL (p, q, u), XR (p, q, u» 

eee 7Te(p, ee 
a6 Xa (p, q, u) =Xa (p, q XL (pq,, U) , XR (p,, qu)) 

eeee ye XY(p, q, u)= XY(P, X L (p, q, u)) 

ee. e(p e xc )(x(p, q, ý) XX Xr (p, q, u)) 

ee n E: Xn(p,, q, u) 

for every ecE. 

Equilibrium 

This subsection shows that a labour contract equilibrium exists. 

First the labour contract equilibrium is defined as 

Definition 2.1 An allocation (z eze 
'y 

e 
a, n e) for all ecE and a price 

system (p, q, u) is called a labour contract equilibrium if 

(j) ze Fe (p eeee XZ q,; u), xc Xx(p, q,; u) yc XY (p, q, ý) 

eeee acXa (p, q, u) and nc Xn(pq, u) Ve cE 

fE 
(Z e+nexe_ye) dv - 0, 

fE 
ae dv -0 and 

fE 
ne dv 

Proposition 2.1. A labour contract equilibrium exists. 

Proof (1) Notice it has been implicitly assumed that psm (1sp2s ... pgs) 

for all s-0,1 ... S because profits and wage income have been defined 

in terms of the numeraire commodity good 1. Therefore it is possible 

to redefined p and q in the space A= ((p, q)lZp 0g+Eqk1, 
E Psg 

9k9 
s=0,1 ... S 1. Since it has already been shown that u can be 

restricted to a convex compact set (p, q, u) CT where T is a convex 

compact set. 
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e (2) Each demand correspondence Xi (p, q, u), i-z, x, y, a, n is 

upper semi-continuous, therefore the vector valued excess demand 

function 

eee_eee C(p, q, u) 
fz 

+nxy) dv, a dv, n dv -T 
E 

JE fE 

is Also upper semi-continuous and convex-valued because each 

agent is atomistic. 

(3) Because of assumptions A. 2.2 the only possible values 

of 
fE 

ne dv -T are non-negative. 

(4) It is possible to show that the set of attainable allocations 

for this economy is bounded, therefore it can be shown a la Radner that 

the fixed point of the correspondence C(p, q, -u) is an equilibrium. 

Section 2: Efficiency 

This section examines some of the normative implications of 

the analysis of section 1. This will be done in three stages. First, 

it was assumd in section 1 that only employers and not employees can 

trade in assets. This assumption was made to reflect the common empirical 

observation that employers have better or easier access to capital 

markets than do employees. Proposition 2.2 shows that even if employees 

do have access to capital markets the equilibrium allocation will remain 

essentially unchanged. 

Second the labour contract equilibrium is compared with two 

further definitions of equilibrium, the auction market equilibrium and 

the auction market equilibrium with specialized skills. It was noted 

in chapter 1 that the labour contract equilibrium has been traditionally 

compared with the auction market or spot market equilibrium. In the 

partial equilibrium analysis of chapter 1 it was shown that the labour 

contract equilbrium pareto dominates the auction market equilibrium. 

This is not longer the case in a general equilibrium model. To show 
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this an example is given in which agents taking prices as given, 

have an incentive to contract but ex post each agent ends up in a worse 

off position. Proposition 2.3 contrasts the efficiency properties 

of the three types of equilibria defined. 

Finally the efficiency of the labour contract equilibrium 

is contrasted with the constrained pareto efficient allocation. The 

constrained pareto efficient alllocation is that allocation that could 

be made by a central planner with complete information but constrained 

to operate through the same set of markets that are operative in the 

labour contract equilibrium. Proposition 2.4 shows that the labour 

contract equilibrium is not in fact a constrained pareto efficient. 

Consider the first question. Suppose that the employee can 

trade in k' : 5. K assets. It is immediately apparent that this does 

not change the efficiency properties of the labour contract equilibrium. 

Proposition 2.2 The efficiency of the labour contract equilibrium is 

unaltered even if the employee can trade in k' assets. 

Proof: Suppose the employee can trade in assets. Then the employees 
s 

choice of consumption must satisfy a0qkE ýsp 
sb sk 

k-1... k, 
sw 1 

in addition to (2.10). But this is automatically satisfied from 

equations (2.8) and (2.11). 

Proposition 2.2 suggests that the differences in allocation 

when employees can trade in assets and when they cannot are cosmetic. 

That is to say that any observed difference between an employers and a workers 

access to capital markets in a labour contract economy is unimportant. 

Effectively the employer will trade in assets on behalf of his workers 

or actually offset any asset trading by his workers, by am nding 

their remuneration. 

To examine the efficiency of the labour contract equilibrium 

consider the following definitions of alternative equilibria. 

Definition 2.2 An allocation (z eyeae e) for all eCE and an 
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allocation (x, k) for all weW and a price system (p, qw) is called 

an auction market equilibrium if 

(ye,,, e) 
max ,e. pyewI! s. t. F e, s (ye ,L 

e) 
s 0,1 S. 

sssssssss 

(Z eae) max V e, s (Z e)S. t (Z eae)cB e(P q, iT e) 

(X, Z) max u (x, 9. ) s. t (x, Z) F- ( (x, £) 1 px, =9p 

1 .... SI . 

(ii) 
fE 

(Z e_ ye ) dv - Tx - 

fE 
ae dv 0 

fE Cdv TZ 0 

Definition 2.3 An allocation (z e 
ly 

eae 
9x 

e 
ok 

ene) for all ecE, 

and a price system (p, q, w e ji) is called an auction market equilibrium 

with specialized skills if 

(ye ee. ee e^e e, s(ye, e, ̂e 
ss) max 7r spsys- uýsn Is s. t Fsns 

Sm1 

(Z e, ae) max v e's (Z e)S. t. (Z e 
Da 

e)cB e(P q, 7r e) 

e, je) 
us(xe, 

je) (X max .. t (xe, je), 
{(xe, ke), 

ee -e 
psxsw8 £S s- ob s 

e -e ee n max v (p, q, Tr ) s. t u(p, w u 

(ii) 
JE 

(Z e_ye+nexe) dv -0 

fE 
ae dv 0 

fE 
ne dv T-0 

ee , it Ve c E. 
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The notation used in definition 2.2 and 2.3 should be 

fairly clear from the analysis of section 1. Definition 2.2 is the 

standard definition of a Walrasian allocation in an economy 

with incomplete markets. Notice that the labour market is wage 

mediated at every date event pair so that there is no distinction 

in this definition between the number of hours worked and the number 

of men. 
Jefinition 2.3 has been introduced by Homlmstron (1982). The 

idea behind definition 2.3 is that labour is immobile and therefore 

workers must be assigned to employers at the first time period. This 

is similar to the labour contract equilibrium, however unlike the 

labour contract equilibrium the labour market is wage mediated at 

each date event pair. The equilibrium wage is of course firm 

specific since there i's no labour mobility.. Wage mediation of 

this type can only really be justified if there are a large 

number of identical firms, say in one country, between which 

labour is mobile. Thus labour in the auction market 

equilibrium with specialized skills is pr6perly considered 

industry specific. 
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These definitions are considered in order to contrast them with 

definition 2.1 of a labour contract equilibrium. The following example 

shows that for reasonable parameter values the auction market 

equilibrium may pareto dominate the labour contract equilibrium. The 

example also illustrates, how the equilibrium of definitions 2.1 and 2.2 

are determined. 

Example 1. There are two goods, no assets, two employers and a continuum 

of employees. It is assumed that there is no production and hence 

no trade at t=O. At t=1 there are two equiprobable states of nature 

that directly affect employees preferences. Each employee has a 

utility function 

u=jjalog xj(l) + (1-a)log X2(l) + (1-a) log xj(2) + alog x2 (2) 

-(l-b)t(l) - (1+b)Z(2)] + 2. 

where xg(s) denote, the consumption of good 'g=1,2 in state s-1,2. 

The first employer is risk neutral and consumes only the first good 

so that his utility function is 

VI, I(Zl(l) + ZI(2). ). 

and similarly the second producer consumes only the secondgood 

v 2=1(Z 
2 

(1) + Z2(2)). 

The first employer produces only the first good and the second employer 

produces only the second so that 

y (L) - (L 1 (10 ,y1 (2) - (L 1 (2 2 (1) - (L2 (1)ý 2 (2) - M2 (2)ý 1 
)ý,, Y2 

IY2 

where ye (s) is the output of good g by employer e in state s and 9 

Le (s) is the total labour employed by firm e in state s. 
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Labour Contract Equilibrium: Inthe labour contractequilibrium 

each employer chooses ne the number of men to hire before the 

state of nature is known. Hence Le (s)-n eke (s) where le(s) is 

the labour service provided by an employee of firm e in state 

s. Since there are no assets the price of good one can be 

normalized to unity in each state. Then the price of good two in 

state s can be represented by p(s). An employee of firm e faces two 

budget constrAints one for each state 

e(s) + p(s)xe(s) e(s) xj 2-r s- 1,2 

Therefore the employees demand functions are 

xe (1) = ar e(j), xe (l)-(l-a)r e(, )/P(, ), xe (2)-(l-a)r e (2) ,xe (2)-ar e (2)/p(2). i2-12 

and the indirect utility function is 

^ee 
(1) u-a log a+ (1-a) log (1-a) +2+ I[log r+ log ro-(2) - (1-a) log P(l) 

,, 
e (1) _ -(2)]. -a log p(2) - (1-b) (I+b)kp 

Each employers demand is determined directly from the budget constraint 

ZI'M = (nltl(l))i - nlr'(1) , ZI(2) - (n'9.1(2ý1 - nlrl(2). 

(n 2. Z2 (1) )1 -n2r 
2(1)/P(I). Z2 (2) - (n2 

jt 
2 (2))l -n2r2 (2) /p (2). 

e9e ,e Each employer chooses a contract 6e={re(l), r (2), , (2)) and a 

labour pool ne to maximize his utility subject to offering each 

e. employee a given level of utility u. By symmetry nI and therefore it 

is easy to show that the optimal contract satisfies 

te (1) - (1+b)/(l-b), ke(2) = (1-b)/(I+b) e-1,2. 

rl (s) - Y/2/2v/(I-b 2)r2 (S) . P(S) - Y/2/2v/(l-b 2) s-1,2 
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The two equilibrium conditions that determine p(l) and p(2) are 

j(XI(j) + X2(1)) + ZI(l) =y '(1) 
111 

I(x'(2) + X2 (2)) + Zi(2) = yl(2) 111 

hence p(l) = (1-a)/a p(2) = a/(l-a) 

and u [a log a+ (1-a) log (1-a) +a log (1-a) + (1-a) log a- log (1-b) 

- log (1+b)l -32 log 2. 

VI = V2 = Y'2/4v/(l-b 

Auction Market Equilibrium: In the auction market equilibrium there is 

no way of trading across states of nature so that each state may be 

considered separately. In state ore the employee solves 

max a log xj(l) + (1-a) 109 X2(l) - (1-bMl) 

x2 (1)ý (1) 

St- X1 (1) +P (1) X2 W 

Then the employees demand functions are 

x, -(l) - aw(l)/(I-b), x2 (1) - (1-a)w(l)/(l-b)p(l) ,t (1) - 1/(l-b) 

In state one ach employer chooses total labour input to maximize 

profits and therefore the employers labour demand functions are 

11 (1) - 1/4 (W(j)) 2, L2 (1) - (p(l)f-/4(w(l) )2. 

The two equilibirum conditions that determine w(l) and p(l) are 

xi (1) my 11 (1) -21 (1) 

hence w(l) - yi(I-b)12Va 

2 
(1) 'o YJ (1) - Z2 (1) 

vl(l-a)lVa 

and by symmetry w(2) -vtl+b)/2 (1-a) p(2) - Valvl(l-a). 

A 

u= J[a log a+ (1-a) log (1-a) -I log (1-b) log (1+b)] - log 2. 

A 

V2 v/(l+b)v/a + 
2) 

(1-b) v/(l-a) 
(1-b 

To contrast the auction market equilibtium with the labour contract 

equilibrium suppose a-0.6 and b-0.2. Then it can be sw-p that each employer 

is equally well off in the contract and auction market equilibrium because 

vl(1.2)vl(0.6) + A0.8) wt(O. 4) - (0.6)v/2 + (0.4)V2 - V2. 
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The difference between the employees utility in the labour market 

equilibrium and the auction market equilibrium is 

a log (1-a) + (1-a) log a log(l-b) log (1+b) - log 2] 

0.46. 

Therefore each employee prefers the spot market allocation, so that 

the auction market equilibrium (weakly) pareto dominates the labour 

contract equilibrium for these parameter values. 

This is not, however the end of the story. Consider an employer 

e at the auction market equilibrium. Then it can be shown that 

the employer who takes the spot market prices of goods as given 

will be able to increase profits by offering a suitable contract 

to over half of the workforce. This suggests that if contracting 

is allowed the auction market equilibrium will not necessarily 

constitute a Nash equilibria. This is a similar result to that 

given by Polemarchakis and Weiss (1978) who give an example, *ith 

costly labour mobilitiy, where both the spot market equilibrium 

and the labour contract equilibrium constitute a Nash equilibtia. 

Since labour is mobile in the auction market equilibkium and 

i bile in the labour contract equilibrium a better comparison is 

between the auction market equilibtium with specialized skills and 

the labour contract equilibrium, where labour is immobile in both. 

However such a comparison does not negate the validity of the discussion 

following example 1. Indeed it is a general proposition in second 

best theory that multiple equilibria may be pareto ranked (see Hart (1975)), 

and in particular opening up new markets may lead to pareto inferior 

allocation in some instances. Therefore'it may be conjectured that there are 

some economy's for which the auction market equilibrium with specialized 
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skills pareto dominates the labour contract equilibrium. 

Proposition 2.3 seeks to compare the efficiency properties 

of the three types of equilibria defined in definitions 2.1 - 2.3. 

To do this let the three equilibria be defined as XIx2, and X3 

efficient and define the partial ordering > as follows; Xi 

is said to be at least as efficient as Xj, X' > xi if definition 

i meets all the marginal conditions met by definition j and perhaps 

some more besides. Then 

Proposition 2.3. Both the labour contract equilibrium (definition 2.1) and the 

auction market equilibrium (definition 2.2) are at least as 

efficient as the auction market equilibtium with , specialised skills 

(definition 2.3) i. e. X 1> X3, X2> X3. 

Proof: Compare all the relevant first order conditions. 

Notice that the auction market equilibrium and the labour 

contract equilibrium cannot be ranked according to this criteria. 

This is because the auction market equilibrium allocates labour 

efficiently across firms whereas the labour contract equilibrium 

allocates risk optimally within firms. The auction market equilibiiun- 

with specialised skills does neither. This suggests that the auction 

market equilibrium is preferable when tastes and technology are 

variable but that the labour contract equilibrium is preferable when 

workers are very risk averse. 

It is not easy, in general, to characterize the efficiency 

of a labour contract equilibrium. It is well known that the 

auction market equilibrium is a social Nash Optimum (Grossman, 1977) and 
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it is readily apparent that the auction market equilibrium with 

specialized skills is a Social Nash optimum when labour is immobile. 

However the labour contract equilibrium depends on specifically 

intra-firm arrangements. Therefore a characterization of the labour 

contract equilibriun would probably involve a multitude of planners one 

for each firm, or perhaps industry. However the purpose of Proposition 

2.4 is rather more limited, that is to show that a labour contract 

equilibrium is not a constrained pareto efficient allocation. 

A constrained pareto efficient allocation is that allocation 

that could be achieved by a hypothetical central planner who is restricted 

only by the same set of factors that restricts the sets of markets to be 

incomplete. Unfortunately, as Hart (1975) has pointed out it is not 

easy to define the set of feasible allocations from which the planner 

may choose. Of course it is reasonable to suppose that the set of 

competitive equilibria belong to this set of feasible allocations. 

Therefore if competitive equilibria can be pareto ranked it follows 

that there are some competitive equilibria which are not constrained pareto 

efficient. This is the procedure adopted by Hhrt and the one to be 

followed below. 

Consider again example 1. The marginal rates of substitution of 

good one and two between states one and two, in the labour contract 

equilibrium are 

e, e(l),, e/, ee au XI u x1(2) =r (2)/re(1) 

au e/; xe(, )/aue/; xe(2) - p(l)r e (2)/p(2) re(l) 22 

which are not independent of the employer for whom the employee works. This 

suggests that an improvement can be made by introducing assets for transferring 

wealth. Consider the following example based on Hart's example 1. 
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Example 2. This is the same as example I except two assets are 

introduced at time t=O. The first asset promises to deliver one unit 

of the first good if state one arises and (a/(l-a)) units of good 

one if state two occurs. Similarly the second asset will deliver 

(a/(I-a)) units of good two is state one occurs and one unit of good two 

if state two arises. Then the labour contract equilibrium of example 1 

illustrates the equilibrium when the vector of monetary returns on assets 

are linearly dependent across states and hence there is no trading in 

assets. Suppose however the vector of monetary returns is linearly 

independent, then since there are two goods and two assets, the economy 

is Epanned by the set of assets and it is as if there was a complete set of 

markets with appropriate contingent market prices. Let these contingent 

market prices be (q 
1 

(1), qj(2), q2 (1), q, (2)). Since-both the employers 

are risk netural, in equilibrium q, (I), =ql(2) and q 2(l) -q2 (2). Letting 

q1(l) =1 and q2(l) =q it is possible to define the spot market prices 

of commodities as pl(l) =I pj(2) - (1-a)/a. P2(l) - q(l-a)/a. P2 (2) = q. 

Thm using the methodology of example 1 it can be shown that 

q= Xl(l-a)/X2a 

where X' =+ 
(1-a) [-f 

b a(l+b) 

X2 = 
(1-a) 

+1 Tl---b) a 1+b 

and xl (s) = 2aX 1x 2(S) 2A2 q s=1,2. I 

xi (s) - 2aX 1 /q 2(S) 2aX2 s=1,2. 2 
X2 

7r 1 (1) + 70 (2) - 2X 1 

(7r2 (1) + 7r2(2) ) /q =2X2 

Zk2) = (1-a)2 /8 (X 1 )2 a2 (1+b)2 ZI (1) = 1/8(XI F (1-b)2 
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Z2 (2) = 1/8 (X2) 2 (I+b) 2, Z2 (1) = (I_a)2 /8 (X2' )2 a2 (1-b) 2 

Notice that provided a0J, b00 the vector of monetary returns 

in equilibrium is linearly independent. Then it is simply tedious 

to show that for a=0.6, b=0.2 the allocation of example 2 

pareto dominates the allocation given by example 1. Since both 

allocations are potential competitive equilibria the following 

proposition can be derived. 

Proposition 2.4 There are labour contract equilibria which 

are not constrained pareto optimal. 

Proof: By counter example given above. 

Section 3: Conclusion. 

This chapter has presented a model of a labour contract 

economy when the set of markets is incomplete. It was suggested 

that labour contracts are one of the instruments available to agents in 

choosing how to react to the incompleteness of markets. An example 

was given where starting from the auction market equilibrium agents 

would have an incentive to contract in the labour market. The 

example also showed that such behaviour could make everybody worse off. 

It was also shown by way of a counter example that the labour contract 

equilibrium need not be a constrained pareto optimum. 

The model presented adopted a number of unrealistic assumptions. 

First it was assumed that every agent had complete information, that 

is each agent knew which state of nature had actually occured. 

Formally this involved each agent knowing the production technology of 

every employer. An example with incomplete information will be 

examined in chapter four. Secondly it was assumed that agents 

were symmetrically informed. Therefore it was assumed that employers 
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knew the workers preferences and each worker knew his employers technology 

and preferences. Examples of asymmetrically informed agents will be 

examined in the next chapter. 
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Nc)tes 

1. For a discussion of the role of trust in general equilibrium see 

Gale (1982). 

This situation may be 'quasi-rational', that is agents beliefs 

are not contradicted by prices. This terminology is due to 

Gale (1982). 

3. See Hildenbrand (1974) for a treatment of general equilibrium 

when there is a measure space of agents. 

It also implies that in all feasible allocations every worker 

will be amployed. 

5. Superscripts and subscripts will be dropped in proofs where this 

will not cause confusion. 

6. Notice that both iT and r are defined in terms of a numeraire 

commodity the price of which is unity, see section 3. 
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CHAPTER 3 

ak 

Implicit Contracts and Asymmetric Information 

Section 0: Introduction 

One of the main purposes in studying implicit contracts is 

to examine any informational asymmetries between the contracting 

parties. In particular it has been a widely held belief that moral 

hazard problems are prelevant in the labour market. Azariadis 

for example, writes in the introduction to his classic 1975 article 

"... the obvious bears repeating that no market exists for 

direct exchange of claims on future labour services: the costs of 

monitoring and enforcement and 'moral hazard' are some of the 

reasons why such markets have not arisen". 

Moral hazard can be defined as any situation in which the 

very fact that an agent is 'insured' against some outcome changes 

his best course of 'action'. Of course if the insurer can observe 

the agents action then he can stipulate what the insurees action should be. 

If the insuree deviates then all bets are off. However if the insurer 

cannot observe the insurees action, there is an information asymmetry, 

then the insurance coverage will have to be reduced, possibly. to zero. ' 

Moral hazard can arise on both sides of the labour market. 

For example it is difficult for an employee to sell his labour services 

contingent upon his own disposition because this is not easily observable 

by any other agent. This is not to say that private institutions 

will not provide some measure of sickness or unemployment 

insurance if these were not provided by the Government. Rather 

sickness or unemployment insurance will never be complete, that 

is enough to maintain a constant marginal utility of income. Equally 

Government provision of sickness insurance will meet the same problems, 

but Government intervention in this area is usually justified on other 

welfaristic grounds. On the opposite side of the labour market an 
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employer will usually be unable to purchase labour services contingent 

upon say profits unless these are independently audited. 

It is interesting to note that Demsetz (1969) who is rather 

critical of Arrow's treatment of moral hazard perceives the labour 

contract as the appropriate response of the market to these information 

asymmetries. He writes 

"The real economic system does in fact allow exchange of 

commodity options. A labour contract with adjustment for changes in 

the consumer price index is such a commodity option. Such a contract 

specifies one wage rate if nature reveals one price level and another 

wage conditional upon the appearance of a different price level". 

Thus at least for Demsetz implicit contracts and asymmetric 

information are inseparable. 

The contract analysed in chapter one, and indeed the contract 

analysed by Azariadis (1975) was pareto efficient. That is to say 

that the contract was productively efficient in each state of nature 

and risk was allocated optimally. However this result was achieved 

either by assuming that the employees utility function had a 

particularly simple form or by assuming that both parties to the 

contract could observe which state of nature had actually occurred. 

Neither assumption is very satisfactory. In particular if both agents 

can observe the true state of nature, then contingent claims markets 

may operate unhindered. In this situation a contract would only 

replicate the allocation achieved by a complete set of contingent 

claims markets and therefore is of little independent interest! 

However if the true state of nature is not readily observable by some. 

agent, there is an information asymmetry and the optimal labour contract 

mu*t take this into account. 
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It is the purpose of this chapter to examine the optimal 

labour contract when there is asymmetric information, that is a situation 

in which some agent has information to which others are not privy. 

Although Azariadis (1975) was clearly motivated by moral hazard 

issues his analysis of the labour contract did not extend to its 

examination. It is only recently that Grossman and Hart (1981) 

Green and Kahn (1982) and Hart (1983) have developed a rigorous 

analysis of the moral hazard problem within the labour contract 

framework. Their work builds on previous work by Spence and 

Zeckhauser (1971), Harris and Raviv (1979) and Laffont and Maskin 

(1980) on incentives. The problem of describing the optimal labour 

contract turns out to be essentially similar to the problem of findinR 

the optimal income tax. Hence the analysis of optimal income taxation 

studied by Mirrlees (1971,1976) is especially relevant. Green 

and Kahn make this analogy explicit. 

This chapter will build upon the model developed in chapter 

1A. As such the analysis will be very similar to Green and Kahn. Within 

this context there are two obvious polar cases of information asymmetry 

In the first case the employee may observe the true state of nature 

whilst the employer cannot. Such a case is consistent with the 

state of nature being identified with the employees disposition, or 

indeed any factor that affects the employees productivity which the employer 

cannot observe. In the second case the roles are reversed so that it 

is the employer who has the superior information. For example the 

employer may have better information about randomness in the production 

3 
process. 

Section 1 presents a somewhat homely and discursive example of 

the first type of information asymmetry. The example examines the role 

of information asymmetry in the relationship between a Ph. D. student 

and his supervisor. This is meant to provide an introduction to section 
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2 and emphasis is placed on intuition rather than rigour. Section 2 

is rather more technical, it examines the case where the employer has 

superior information. It is shown how this information asymmetry 

produces too much employment in a sense to be defined below. 

Section 3 concludes this chapter. 

Before proceeding it is perhaps worthwhile to make a few 

caveats at this point. These should be remembered when reading 

sections 1 and 2. Firstly, Arrow has emphasized that in markets 

affected by moral hazard some forms of moral behaviour are likely 

to evolve to compensate. For example the relationship between the 

employer and the employee might be governed by established codes of 

conduct or ethical standards different from those predicted by economic 

or optimizing behaviour. Secondly and not unrelatedly is the issue of 

reputation. once time is explicitly introduced into the analysis 

an agents concern for Uis reputation becomes important, and the temporal 

nature of information flows must be taken into account. These are thorny 
4 

problems and no resolution is readily available, though they are obviously 

important to an understanding of labour contracts since there are 

predicated upon a stability in the employer/employee relationship. 

Section 1: How to pay for a doctoral thesis 

This section asks the question: What is the optimal grant 

award scheme for a doctoral student? It is assumed that the students 

research is financed out of his supervisors salary. If the student is 

better informed about how he conducts his research than his supervisor 

then choosing the optimal payment scheme is equivalent to finding the 

optimal contract between the student and his supervisor under asymmetric 

information. The analysis can be easily reinterpreted in the labour market 

context by reading employee for student and employer for supervisor. 

It will be shown that the optimal grant to the student will be increasing 
V 
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and convex function of his output. 

Consider a student who is enroled at the Moravian state 

university for a course leading to the degree of doctor of philosophy 

in the department of economics. The course lasts some fixed period 

of time, say three years. For tuition the student is assigned to 

some eminent and august professor who will act as a supervisor. The 

requirements of the course are to produce a short thesis on a 

particular topic, or perhaps some articles of inclusion in the learned 

journals of the profession. 

In order to drastically simplify the problem it will be assumed 

that the students output y is related to his input Z in the following way 

A. 3.1 y= f(1,6) : [0,11 x (a, b) R+ ; is C2 and bounded above 

where f1), 0f2 )' OP f 11 09 f 12 ý" 0 lim f1= 00 
L-),. o 

where 6 is a random variable defined on (a, b) which has a continuous 

probability density function g(6). Some cormlents are obviously called 

for about the assumption A. M. First notice that y is a undimensional 

variable so that the quality and quantity of the students output are 

commensurable, and that y can be objectively assessed and is readily 

apparent to both the student and the supervisor. Second the studetits 

input or effort or work load again is undimensional. This is not 

however the only input. The professor will also provide an input through 

his supervision and encouragement of the student. For simplicity it is 

assumed that the professors input is constant and it is therefore 

supressed in the notation. Third the random variable 0 is to be 

interpreted as a shock to the efficiency of the student since a high value 

of 0 is associated with a high value of the students marginal product. 

Of course in general 6 will be a vector of random variables the components 

of which might be luck, the skill or lack of skill of the student, the 
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degree of difficulty or simplicity of the subject matter, the students 

personal circumstances etc. 

However again for simplicity it will be assumed that 0 is a 

single parameter and not a vector of parameters. What is more it is 

assumed that the student chooses his labour input after the random 

variable e has been drawn from g(O) and that the professor cannot 

observe this drawing. To motivate these assumptions suppose that 6 

represents the easiness of the subject area chosen by the student. That 

is to say a high value of e indicates that the subject area is very easy 

and a low value of e indicates that the subject is particularly difficult. 

Of course to actually ascertain the true value of 0 requires a 

considerable amount of effort and investment of resources. For the 

first year of the degree course the student is devoted almost solely 

to this task. He will then decide on how much work or effort to supply 

in the following two years dependent upon the actual degree of difficulty 

of the subject. The professor however is far too busy with his own work 

or with other students to find out the true value of e. Of course if 

the professor can observe I and knows f then he can deduce 6 by inversion 

so it will be assumed quite reasonably that the professor does not 

observe the students input, I. 

The professor has to choose how much of his salary, X he is 

to give to the student as a grant to fund his research. The grant will 

be denoted r. Since the professor cannot observe either 6 or L, he will 

make the grant r conditional upon the students output y. This is shown 

rigorously later on. For the moment notice that the grant r may be 

properly interpreted as the amount of patronage. This of course was 

a common form of funding scientific work in previous centuries. 

The professor will however not give anything for nothing. He 

will not patronize the student unless this increases his utility in some 
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appropriately defined sense. There are at least two ways in which the 

students output may affect the professors utility. First the students 

efforts may stimulate or encourage the professor in his own work. Second 

the professor may derive a certain kudos from his patronage or his students 

work. It will be assumed that the professors utility v has the following 

simple functional form. 

A-3.2 v= v(I) :R+ -i- R: v(I) -I-X+y- 

where I is the professors gross income. Thus it is assumed that the 

students output y is commensurable with the professors net income X-r, 

and that the professor is risk neutral. There is really no justification 

for the former assumption. However if the professor is thought of as an 

employer then I represents profits. The professor's risk neturality 

might be justified if, for example, he supervised a large number of students 

for each of whom the drawing of 0 is independent of any other students 

drawing. 

The students utility u, depends both on the grant r and effort Z- 

The utility function u is assumed to satisfy 

A. 3.3 u- u(r, R, ) :R+x [0,1] -1- R; C2 and 

Ul > 09 U2 > 09 Ull 25 09 U225 Oe 8m- U2/Ul ý-> 0 

2 (U1IS + U12) 5 O(U128 + U22) '5 0 (U11U22- U12) 

Before proceeding it is convenient to facilitate the graphical 

and algebraic analysis by rewriting the production and utility functions. 

The production y-M, O) can be inverted to give 

.- f11/fs 2: 0, h(y, 0)hl - 1/fl > 0, h2 m- f2/fl< 0, hl, 

h12 ý (-1/fl3)(f1f12- f11f2) 9 0* (3.1) 

Using equation (3.1) the students utility function can be rewritten as 

u- u(r, y, e) - u(r, h(y. 0)) (3.2) 

which can also be inverted to give 
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r= r(u, h(y, O)) ; r, - 1/u, >0 r2 "s>0 (3.3) 

It is now possible to examine exactly what is meant by a 

contract with asymmetric information. In chapter 1A it was assumed 

that the components r and L of a contract could be made contingent upon 

the state of nature 0. However it is less clear how such a contract 

can be impmemented if there is asymmetric information. In particular 

it might be assumed that the student will have an incentive to lie about 

the true state of nature. Nevertheless Dasgupta, Hammond and Maskin 

(1979) have shown that any contract that can be implemented is 

implementable by a contract in which there is no incentive to lie. This 

has been demonstrated graphically by Harris and Townsend (1981). 

Harris and Townsend's analysis can be adapted to the present 

case. First consider the students and the professors indifference maps 

in (r, y) space. These are drawn in diagrams3.1aid3.2. The professor's 

indifference curves are 45 0 lines and his utility increases towards 

the south-east. The students indifference curves are convex to the 

south-east and his utility increases towards the north-west. However 

the student has a different indifference map for every state of nature. 

Suppose for the moment that there are just two states of nature 61 and 02 

That is to say that the students chosen subject is hard or harder still. 

Then at any given point in (r, y) space the students indifference curve 

associated with 6 62 has a lower slope than the indifference curve 

associated with 6 61. 

Consider the fixed income contract (cl, c2) depicted in diagram 

13 where = (r(el), y(01)) and c2 = (r(62). Y02)), Clearly the student 

prefers the allocation cl to C2 which ever state occurs. If the state 

of nature is 6ý 62 then the student gets higher utility at the point cl. 

Similalry if 0= 01the students utility is lower utility at the allocation c2 
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Thus if the supervisor cannot observe 0 the student will announce that 

the state of nature is 0= 01 regardless of the true state of nature 

and therefore the contract (cl, c2) is not implementable. This is 

quite natural, since the student receives the same remuneration 

independent of his output he will always choose to p. roduce less output 

because this requires less effort. Notice that the fixed income contract 

(C19C2 ) is typical of the sort of contract offered to doctoral students 

in the U. K. Therefore it seems quite likely that U. K. students will 

always claim that their subject is especially difficult and produce 

low quality output! 

On the other hand consider the alternative contract (cyc') 2 

where cl = (r(61), y(el)) and c' - (r'(02), y'(02)). This contract 2 

is incentive compatible. That is the student will never have any 

incentive to lie about the true state of nature. For instance if 62 

is the true state of nature the student cannot gain by andbuncing 

the true state of nature is 01 and if 01 is the true state of nature 

he will always benefit by announcing the true state to be 02 . Thus 

it can be seen that the only contracts that are implementable are 

incentive compatible and any incentive compatible-contract can be 

implemented by the student telling the truth. 

Incentive comptaible contracts have some very interesting 

properties. Examination of all of these properties must await a complete 

algebraic treatment but diagram 3.4indicates that not all first best 

contracts are incentive compatible. In chapter 1A it was shown that 

the optimal contract equated the marginal disutility of labour to the 

marginal product of labour and left the employees marginal utility of 

income independent of the state of nature. Such a contract is called a 

first best contract because it is pareto efficient. An example of a 

first best contract is (cl, c" ) drawn in Diagram 3-4 The dotted lines 2 
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represent lines of equal marginal utility of income. Since labour is 

a normal good they have a lower slope than indifference curves. The two 

dotted lines through cl and c2" represent the same level of marginal 

utility but in different states. However the contract (cl, c2") is not 

incentive compatible because the student will always announce the state 

to be 0= 01 independent of the true state of nature. In fact it 

can be shown that the first best contract is only incentive coupatible 

if labour is neither a normal nor inferior good. This was the basis 

for most of the analysis in chapter 1. 

The algebraic analysis is most easily understood if it is 

assumed that there is a continuum of possible states of nature so that 

the density function g(O) is continuous. Now it has been shown that 

an incentive compatible contract can be written 6 -{r(O'), y(O') I in 

precisely the same way that the first best contract could except 

is that value of 6 the student chooses to announce. Given the contract 

6 the student is in a position to announce any state of nature he 

perceives to be to his advantage. That is the student will choose to 

announce that state of nature 0' that maximizes his utility when 

the true state of nature is 0. Therefore for each possible value of 

0 the student sovles 

P. 3.1 max u(r(61), h(y(B'), O)) s. t 0' e[a, b] 

61 

A contract 6 is incentive compatible if the student always announces 

the true state of nature, or equivalent if the solution to P. 3.1 is 

0'(()) = 0. The first and second order conditions for P. 3.1 are 

s(r(6), h(y(O), e)) hl(y(O) 0) y? (e) (3.4) 

j2 r- shl; 
2 (shl, + hl(sis + 82)) 50 (3.5) 

Totally differentiating equation (3.4) equation (3-5) can more conveniently 
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be written as 

j(shl2 + S2hlh2) I (3.6) 

Given assumptions A. 1 and A. 3 equation (3.6) implies that ý(O) is 

positive. It will be convenient to take y(O) to be strictly positive 

in what follows though it will be shown in section 2 that the results 

are unaffected. Then inverting y- y(O) 

-1 
y (Y) 

and 

(3.7 

r(O) - r(y- 
1 (y) )=r (y) (3.8) 

Equation (3.8) shows that remuneration is dependent upon output. It 

also shows that the contract 6 can be viewed alternatively as choosing 

the reward function r(y). This is essentially a piece-rate system of 

operation. The student chooses how much output to produce given the 

reward scheme r(y). That is in each state of nature the student solves 

P. 3.1' max u(r(y), h(y, . )) s. t h(y, .) c[0,11 

y 

The first and second order conditions for P. 3.1 are 

r'(y) - s(r(y), h(y,. ) h (y,. ) (3.4') 

2 
r"(y) :5 shll + hl(SlS + SO (3.5l) 

Differentiating equation (3.8) shows that equations (3.4') and (3.5') are the 

same as equations (3.4) and (3.5) and therefore P. 3.1 and P. 3.11 

are equivalent. Equation (3.4') has a natural interpretation. It 

states that the student will equate the marginal rate of substitution 

between income and leisure to the marginal benefit of supplying labour 

which is 

Dr/Bl = r'(y)/hl(y,. ) (3.9) 

Notice that the student can only do this because it is being assumed that 

- 92 - 



the professor cannot observe the students labour input. Consequently 

in order to induce the student to produce good quality work the reward 

offered must increase as output increases. 

Perhaps the most natural way to write the incentive compatible 

contract is 6- WO), YMI . The output schedule Y(O) is the 

solution to P. 3.1 and is chosen directly by the student. The schedule 

u(e) is the maximum value function for P. 3.1 . Once u(8) and Y(O) 

are determined L(e), r(e) and v(e) are determined directly by equation 

(3.1) and (3.3) and assumption A. 3.2. 

The contract 6 must offer the student a given level of expected 

utility u or else the student will enrole at another university or perhaps 

take up a non-academic post, therefore 

b 
u(O)g(O)de -u (3.10) 

It must also satisfy the incentive compatibility constraint (3.4'). 

This can be rewritten in terms of y(e) and u(8) as 

WO ' U2(r(u(0), h(y(6), 6)), h(y(0), 0)). h2(Y(e)p0) (SO) 

It will also be assumed that the set of contracts satisfying equations 

(3.10) and (3.4") A is non-empty! The professor's expected utility is 

fa 
(X + y(e) - r(u(6) , h(y(19), 0») g(6)d6 

The optimal contract P maximizes the professors utility (3-11) 

subject to the constraints (3.10) and (3.4"). This is an optimal 

control problem, where y(O) is the control variable, controlled by 

the student and u(6) is the state variable. Letting X be the multiplier 

for equation (3.10) and p(O) be the costate variable for equation (3.411) 

for the Hamiltonain equation is 
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H(y(O), u(O), X , p(e)) = (y(O) - r(u(O), h(y(O), O)) +X u(e))g(e) 

+ P(O) U2(r(u(0), h(y(6) 6», h(y(6), 0». h2(Y(O)t0)- (3.12) 

The optimal contract 6* is the solution to 

P. 3.2 H(6, X p(e)) 

The important point to grasp is the sign of the costate variable. 

From equation (3.4" ) it is clear that d(e) is positive. However if 

the professor could observe 0 then the optimal contract is the first 

best contract in which case a(e) is negative. Therefore the incentive 

compatibility constraint contrains ý1(0) from below and therefore p(O) 

is negative. 

Differentiating the Hamiltonian with respect to the control variable 

y(e) gives directly 

(1 - r2h1) - pul(sh12 + s2h, h2)/g > 0* (3.13) 

Equation (3.13) states that the marginal rate of substitution between 

income and leisure r2 =s is less than the marginal product of labour 

f, - 1/hI. That is to say in any particular state of nature, or ex 

post both the professor and student could be made better of by some 

increase in remuneration or effort. To put it more strikingly there is 

underemployment. This cannot however be described as involuntary 

unemployment since the contract is ex ante optimal, that is there is 

no way in which to increase both the professors and the students 

expected utility. In this sense the contract is constrained pareto 

efficient. It is also clear that the student will not wish to supply 

any more labour at the going wage because the wage or the marginal 

benefit to supplying labour is equated to the marginal rate of substitution, 
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