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SUMMARY

This project was established to study the behaviour of brickwork
arches. The initial work was carried out using an elastic analysis to
determine the general behaviour of an arch. The finite element method
of analysis was used and three different elements were developed, a

beam, shell and iso-parametric element.

The interaction between increasing the width of the arch and the
positioning of the live load was studied. This illustrated that if
the load is positioned within the central half of the arch, then
analysing a typical metre width would suffice. If the load migrates
to the extreme edges the torsional behaviour dominates and a complete

shell analysis is required to simulate this behaviour.

If was found by increasing the radial rib thickness until it was a
magnitude less than the span produced negligible shear deformation
and the arch behaved as a thin arch. The increased stiffness of the
arch when incorporating the spandrel walls into the analysis was found
to be about 5-10% at the critical sections. The displacements beneath

the spandrel walls were greatly modified when the stiffness of the

spandrel walls were considered in the analysis.

The non-linear behaviour of brickwork was incorporated into the beam
element and used the parabolic stress/strain law for brickwork in

compression with strain softening and zero tensile strength.

Numerical tests were carried out using the non-linear analysis and compared
favourably with existing experimental results which have been document-

ed. To confirm the analysis two brickwork arches were constructed in
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the laboratory and tested to destruction. The dimensions of the
arches in both cases were 4 metre span, 1 metre rise, 1.1 metre width

and circular geometry.

The first arch consisted of two rings of brickwork with a radial
thickness of 0.215 metres. This arch was loaded to destruction at

the crown with a simulated dead load equivalent to a horizontal road
surface of 0.25 metres above the extrados of the crown. The dead load
on the structure was 38kN and failure occurred between the loading
increment of 80-85kN this compared with a predicted value of 100kN.

In this test there was no evidence of material damage.

The second arch had three rings of brickwork with a radial thickness
of 0.335 metres and a similar type of dead load weight but in this
case 42kN. Failure was caused by a quarter point load and occurred
at 117kN which compares with a theoretical failure load of 102kN. In

this case material damage occurred and brickwork spalled off the

»

intrados at the three quarter point.

This work illustrates that failure of an arch could be caused by
material failure of the brickwork, for particular loading patterns
developing high internal pre-compressions. This will occur before
the development of the well accepted failure mode which requires the

formation of a mechanism.

The results obtained from the non-linear program developed compare
favourably with the experimental work and existing documented failure
of arches. It is hoped that the results obtained from this analysis
will greatly assist the design engineer who has many analytical

problems when trying to design a brickwork arch.
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ChaBter 1

INTRODUCTION AND EXISTING DESIGN METHODS

1.1 Introduction to Brickwork

In recent years there has been a revival in the use of brickwork as a
structural material, as planners and architects have become more
aware of the many advantages of using structural brickwork as

a constructional material. Buildings constructed of steel and re-
inforced, prestressed br precast concrete are not, in general,
visually pleasing, primarily because of the uniformity of appearance
of the materials. There has been a gradual shift away from concrete
and steel structures for low rise structures and a more
aesthetically pleasing and fairly economical medium for construction,
such as brickwork has again been considered as a structural

material and not just a cladding material.

-

There are a number of points which favour brickwork namely:-

The natural colours such as red, yellow and blue can be augmented by

different coloured mortars to give the architect greater scope.

The small size of the basic unit means that the bricks can easily be
adapted to different shapes and forms producing a structure which is

visually pleasing and structurally adequate.

Consequently there is a need to understand the behaviour of brickwork
so that its structural behaviour can be predicted. From this work and

work carried out by others it is hoped that engineers will realise



that brickwork is another material which can and must he used tq

produce original and different designs.

1.2 Introduction to Arches

It has been estimated that some 60,000 brickwork or masonry arches
afe in use on our roads today, additionally, there are many thousands
of arches in use by the Canal Board and British Rail. The arches in
use by British Rail are generally substantial bridges and probably the

biggest arches in use at the moment.

Many of these arches are decaying due to old age. The Canal Board has
surveyed all their bridges and have found many to be in a state of
disrepair. Similarly, NCE'! has reported on the rapid deterioration of
one of Britains largest and most exposed viaducts in North Yorkshirei.e.
Ribblehead Viaduct. This viaduct is perhaps typical of many arches

as it is over 100 years old and experiencing loads never envisaged by
its original designers. For these reasons many of the existing arches
hé;e to be re-assessed to check their structural integrity. 1In many
cases of extreme deterioration the arch will have to be replaced by a
concrete or steel structure, but occasionally due to environmental and/

or aesthetic considerations these arches will be replaced by a brick-

work arch.

The 1imit state philosophy requires knowledge of the behaviour at
serviceability and ultimate loads. For this reason a rational method
was needed to determine the collapse load, collapse mode and displaced .

shape for ultimate state considerations.



1.3 Existing Design Methods

The analysis and subsequent design of an arch is not a new one. As

early as 1773 Coulomb’studied the problem and concluded:

"That failure of an arch will generally occur due to rotation between

adjacent voussoirs'.

Following on from Coulomb, Lamé and Clapeyronf 1823, considered the
rotational failure mode by assuming the arch divides into four sections

as shown below

» Figure 1:1 Proposed Failure Mechanism for an én-castre Arch
(for dead load only)
The redundant structure is now a mechanism and the work carried out by

Lamé and Clapeyron can be summarised by:

If a line of thrust of a voussoir arch is constrained within the arch
ring, then this will represent a state of stress that satisfies the

equilibrium condition.

This statement shows a clear understanding of the problem and is a good

~

definition for the plasticity method which was to be accepted some

130 years latter.



However with the extensive use of elastic method this early work was over
looked. Elastic analyses both graphical and analyticaf’depend on
deriving a line of thrust which can be contained within the middle

third of the arch rib whilst maintaining equilibriumwith the applied loading.
This assumes no tensile stresses can be transmitted at any section.
However this type of analysis is extremely conservative because the
initial criterion isitself very conservative. There is no reason why
the first crack should precipitate failure as a fixed arch is a
statically indeterminate structure and a crack only implies the loss

of one degree of redundancy.

The conservative nature of the elastic design can be illustrated by an
actual design problem encountered by the Canal Board (Southern Region).
An existing brick arch used by agricultural vehicles with a rib thick-
ness of 225mm had to be rebuilt to carry the same imposed loads as it
was decaying due to old age. The designer involved produced a solution
which required an increase in the rib thickness to 400mm and an allow-
agle tensile stress of 1 N/mm2 to develop at the critical sections.
This demonstrates how conservative the clastic method is, as the arch

was not upgraded in strength, this was merely to maintain the status

quo, but the rib thickness was nearly doubled.

When plasticity theory was developed it became possible to introduce
the idea of a collapse mechanism-whereby the line of thrust had to be
contained within the arch rib. Comparing this concept with that of

Lamé and Clapeyron it is apparent that the two are synonymous.

Heyman®has developed a plastic analysis for finding the minimum rib
thickness for a given design load by developing a suitable collapse

mechanism. For any mechanism the critical sections will be where the



line of thrust is tangential to the intrados or extradqs.

Instantaneous
Centre

Figure 2.2 Collapse Mechanism for an encastré Arch

H' = Hq + Hp.P
H4 = Horizontal thrust from dead load
. Horizontal thrust caused by live load
Hp = Ratio -
Live Load
Mp = Plastic moment
Reference 5 demonstrates
_ PR (1-x)(1+x)? :
Mp = 2 (3-x) 2 (1:1)

The plastic moment is produced by displacing the line of thrust from

its centroidal position to the extreme fibre.

This tacitly assumes the compressive strength of brickwork is infinite
at these sections, which is an unsafe assumption. Heyman recognises
this fact and introduces a geometric factor of safety so that the
minimum arch rib thickness is increased by a factor of two. This

technique assumes the plastic moment at each of the critical sections



to be the same. However, the horizontal reaction is the same through-
out the structure, it then follows for the plastic moment to he the
same throughout the structure, the vertical thickness of the arch rib
must remain constant. This explicit formulation will only be valid
for shallow arches where the vertical thickness at the springing is
approximately equal to the vertical thickness at the crown. The

internal plastic moment can yield an upper or lower value.

1)  The upper value of Mp associated with the springing

Mp upper = (Hg + Hp.P)t/2 (1:2)

2) The lower value of Mp associated with the crown

-

Mp lower = (Hg + Hp.P)d/2 (1:3)

see Figure 2:3.

P Mp upper = H
= H

x t
Mp lower x d

Mplower < Mp' < Mpupper

— .-

/ —'I
7~ Mp lower

/’r'- Mpl

fP/2 P/2

Figure 2:3 Illustrative Comparison of Upper and Lower Plastic Moments

To overcome this inaccuracy Heyman has developed a trial and error -
technique which takes into consideration the varying vertical thickness.
This method has been difficult to implement and computerise on an auto-

matic basis.



Limit analysis only Yyields the collapse load and mechanism but
gives no indication about the extent of cracking and displacement of
the arch. These are, however, important to the engineer who wants to

consider their effect on the design.

As previously suggested the load which an arch is expected to carry
has recently increased greatly. It is therefore just as important to
analyse existing structures as it is to be able to design them. For
the purpose of assessment the Department of the Environment® has prod-
uced a technical memorandum aimed at assisting the engineer in
assessing the strength of an arch. It is based on an ingenious nomo-
graph which has been established using elastic criteria. The results
obtained from this memorandum are based on some geometric properties
of the arch and a visual inspection which is ag the discretion of the
engineer, It has been found to produce results which are far too
conscrvative. For cxample a privately owned brickwork arch used for span-
ing a canal has been assessed using this memorandum at a maximum axle
1o;d of 10 tons. Occasionally the owner had to transport extremely

heavy engineering equipment across the bridge and these loads were in

excess of 100 tons and the bridge suffered no structural damage.

Two obvious deficiencies in this assessment have been found which may
account for some of the discrepancies. The first peculiarity is that
the assessment does not take into consideration the thickness of the
arch ring. Secondly, the width of the arch is not considered when

determining the overall geometry, the arch is assessed en masse.

1.4 Comparison between Voussoixr and Brickwork Arches

Much of the early work on arches considers masonry voussoir arches.

This particular type of arch has no real need for mortar as the



voussoirs are individually manufactured so as to fit together correct-
ly. Consequently the mortar is primarily needed to even out any small
surface irregularities so as to allow proper surface contact between
the voussoirs. This argument could be extended such that, for
voussoirs which are fashioned to a high degree of accuracy there is no
need for any mortar as the voussoirs will be self interlocking. Due
to the minimal use of mortar in this type of construction the biaxial
tensile stresses induced by the mortar when the arch is carrying load
will be negligible and therefore the strength of the assemblage will be

similar to the strength of the constituent material. For example, sand

stone has a range of strengths from 25 to 200 N/mm?.

However with brickwork arches the relative size of the mortar joint is
far larger because bricks are smaller than vougsoirs and the size of
the joints used in the brickwork constructions are larger. In this
case the biaxial tensile stresses induced by the mortar will be
sufficient to induce tension and produce a failure stress far lower

~

than the compressive strength of the brick. Consequently the strength

of a brickwork arch is a function of the strength of brickwork (i.e.

bricks and mortar) rather than the individual elements.
In conclusion if two arches were built using bricks and voussoirs of a
similar strength, the voussoir arch would be the stronger of the two

providing a material failure was developed.

1.5 Outline of the Thesis

The object of this work is to provide information into the behaviour

of brickwork arches.



The first stage was to develop a suitahle numerical method which could
be used to analyse an arch structure alheit elastically. From this
work it was possible to understand the structural behaviour of the

arch.

The second stage was to consider the behaviour of brickwork under
stress. Various empirical relationships have been developed for the
strength of brickwork based on the constituent materials. Also the

proposal of various stress-strain laws has been considered.

The elastic program for the analysis of arches was modified to incor-
porate the behaviour of brickwork and the introduction into the basic
program of the non-linear model for the behaviour of brickwork under

stress.

When this model was developed it was necessary to compare the analyt-
ical results with existing results to test the validity of the
program. Subsequently two arches were constructed and tested to

destruction and the results obtained from these tests were compared

with those obtained from the numerical model.

It is hoped that this method will supersede the existing design
methods which have been found to be somewhat lacking and limited in
their use. This research has stimulated a lot of interest within the
profession and it is thought that it has solved some of the problems

which makes the analysis of arches difficult and arduous.
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ChaBter 2

DERIVATION OF THE FINITE ELEMENTS

.

2.1 Introduction

The computational facilities available often dictate the development
of programs and subsequent production runs. This is particularly
true for non-linear analysis which involves an iterative approach and
a subsequent expenditure of time. A brief statement of facilities

available and how these were used is therefore included.

Liverpool University has its own ICL 1906S with a 2904 front end
processor. This system will allow a particular user a maximum job
time of 3600 seconds and 512 kwords storage, each word consists of 54

bites.

The University also has a direct link with the University of

Manchester Regional Computer Centre, which has available to its users
a CDC 7600 with a 1906A front end processor. This system will allow
a user a maximum jobtime of 1200 seconds and 118 kwords storage each

word consisting of 72 bites. This system is between 10 to 20 times

faster than the ICL 1906S.

The elastic analyses were carried out at Liverpool and the non-linear
analysis at Manchester. The ICL 1906 has a greater storage capacity
and was more suited to handle the large number of equations which
were generated when carrying out convergence tests on different
meshes. However the non-linear analysis used an optimal mesh size

but required far more time to carry out the iterative procedures
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within the program. This indicated that the CDC 7600 was the obvious
choice for the non-linear analysis because its execution time was
quicker than the ICL 1906S. Also the larger word size implies a
greater degree of accuracy as the arithmetic is carried out using
more significant figures. This is always an advantage with iterative

procedures as it helps to limit round off errors.

Many authors including Ashwell and Sabir’ Sabir and Lock? Cantin and
Clough? Bogner et all’and Dawesllhaveput-forward various curved

finite elements which can be used to study arches and shells.

Before deciding which elements to use it is necessary to identify the
problems which were to be studied. These include:

1) Increasing width

2) Increasing thickness

3) The stiffening effect of the spandrelson the arch ring

For the study of the thin arch problem a curved beam element was used,
which had two nodes with three degrees of freedom at each node. This
element was established by the Author in his final year undergraduate

research project.

To consider the effect of increasing the width it became necessary to
find a suitable shell element which could model the barrel vault
problem. After studying '"Finite Elements for thin shells and curved
members'" edited by Ashwell and Gallaghertzwhich contained a number of
papers comparing various different shell elements a strain element

proposed by Sabir which had very good convergence characteristics was
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Figure 2:3 Moments caused by Released Forces at §s
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Figure 2:4 Axial Forces caused by Release Forces at &s
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The flexibility coefficients are defined in equation (2:16)

(2:12)

(2:13)

(2:14)

(2:15)
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£ii = mimj 8s njinj §s i = 1-3
1) EI EA (2:16)

s s 3 1-3

o]
fl

and produce the flexibility matrix [FLEX]. By inverting [Flex]

produces the submatrix [S,,] of the total stiffness matrix [Kgyl.

—
~
o
—
—
|
]
[}
[}
!
1
[}
e i e —

Submatrices [S,,], [S,;], [S,,] can be found from equilibrium consid-

erations for the member.

This approach is similar to that proposed by Yamada et al., but they
develop the element stiffness in a local co-ordinate system which
then has to be transformed into the global system. This analysis
automatically generates the global stiffness matrix, because fij is
determined using global properties which will uniquely define the
spacial position of that element. The complete derivation of this

element is to be found in Appendix 1.

2.4 Derivation of Shell Stiffness Matrix

The derivation of the shell element's stiffness matrix involves the
postulation of three displacement functions which satisfactorily
describes the displacement of the element in a three dimensional
space. The element chosen contains four corner nodes with five

degrees of freedom at each node as shown below.
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0 = Origin

Figure 2:5 Shell Element Showing the Five Degrees of Freedom
at each Node

Ref. 7 shows the exact derivation of the element stiffness matrix,

only the relevant points have been abstracted and presented.

The proposed displacement functions are defined

. 3

u = Ro, cosd + Ra, sind + o4x + agxd + Rog o -%?-a17¢
R® 2
+ Oy9 ’—3— + R OL20¢ (2:17)
v = o sind + a,x sind - a; cosd - o,x cosd + ag + R2a16¢

2 2
+ R2a17x¢-+g:u18¢2 + ulg(%?-x¢2 - R?X) + Ro,ox (2:18)

W = -0 cosd + 0x cosd - 03 sind - ayx sind + Rog

2
- alﬁ(}—cz_d) + Rz) - R2(x'],7x - R2a13¢ - R2a19x¢ (2:19)
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or in matrix form

{8} = [N]{o} (2:20)
0y > Og represent the rigid body motion
0, > Oy, represent the deformation of the element

. . . 15 .
From Timoshenko and Woinowsky-Kreiger the strains and curvatures can
be established as differentials of the displacements u, v, w as

defined below: -

ex = Ou/x . (2:21)
_ 1 dv w .

€¢ = E _(b + E (222)
_ 1 6Su  &v .

'qu) = 'ﬁ- —6_(1)— + 6)( (2-23)
: 2

X = gi;g (2:24)
1 &v 82w 2:25

X6 = 7T 5% (2:25)
_168v 1 &%w .

b = REX R 86 (2:26)

Therefore the strains can be evaluated from

{e} = [B]{6} (2:27)

where [B] is the matrix of differential operators, operating on [N].

From the theory of elasticity for an isotropic material the stresses
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can be determined by using the material property matrix [D] namely

(o, | [ X WK 0 o o0 0 1 [ex
Oy vK K 0 0 0 0 ey
Oxy 0 0 (1-V)K/2 0 0 0 Yxy ¥

1 = 1
My 0o O 0 D VD 0 Xx
My 0 0 0 vD D 0 Xy

| Mxy ) L 0 0 0 0 0 (l-v)D/z__ [ Xxy |

where
3
= Et 5 and D = .Lz_
(1-v®) 12(1-v%)

or in matrix form

{o} = [Dp]{e} (2:28)
Having established the relevant matrices [B][D] it is relatively easy
to determine the element stiffness [Ke]] from equation 2:10. The

explicit form of [Ke1] is given in Appendix 2.

2.5 Derivation of Isoparametric Brick Element

For the isoparametric brick element the displacement functions are
uniquely defined once the number of nodes along each side has been
decided. The element chosen was a twenty noded brick with three
degrees of freedom, as shown in Figure 2:6, which illustrates the
local axis n, &, T, and the corresponding normalised configuration of

the element which assumes the element has a volume of 8 units.
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Global co-ordinate

z

(Z)(l,l,—l)

Figure 2:6 Isoparametric Element Showing Element Numbering
System, Local Co-ordinates and Degrees of Freedom

For this element the shape functions are defined

wi = .é_ (1+ EDQA +n)(L + L) (g + N + T - 2) (2:29)

i=1, 3, 6, 8, 13, 15, 18, 20 for corner nodes



- 23 -

wi = %-(1 -EQ 4+ o) (L + Zo) (2:30)
i=09, 10, 11, 12 for the plane £ =0
wi = '}'- (1 -0 + £5)(Q + Zo) (2:31)
i=2,7, 14, 19 for the plane n = O
wi = % 1-z3Ha .+ E0) (1 + ng) (2:‘32)
i=4,5,16, 17 for the plane ¢ = 0
where €o = &i& No ; nin Co = Cig
Ei, Ni, Ti the co-ordinates of the node i
g€, M, T the co-ordinates of any other point within

the sample,normally the gauss points.

Therefore the displacement matrix [N] can be established

u W, 0 0 Wy 0 0 Woo 0 0 a,
vi=10 w, 0 0 w2 O 0 Wi 0
w 0 0 Wy o 0 W3 .... O 0 Waol {Ogo

in matrix form
{8} = [N]{a} (2:33)

The relationship for the inplane and shear strains to the displace-

ments is given
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§
Ex = 3 (2:34)
§
ey = -3¥ (2:35)
€7 = %l;' (2:36)
- _ 8u , Sv .
Yxy = §§+5—x (2:37)
Su ., Sw
Yxz = §; t &% (2:38)
_ & Sw
Yyz = 5, * Sy (2:39)

-

However u, v, w have been evaluated using the local axes with the
normalised co-ordinates system, it is therefore necessary to trans-
form from the n, &, T axis to the x, y, z axis and also transform the
element into the correct shape as opposed to the normalised cube of

volume 8 units.

To transform the axis is a direct application of the chain rule.

8Nj O8Nji 8x  ONi §X. 8Ni 67

l.e. 6€ = 6}( E.P Gy (SE + 62 —g—g-
. i . 6Ni  ONj s .
Performing the differential for 5 7§E-and putting into matrix

form for the complete element where i = 1 to 20
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(SN} [% SNi.x; £ SNi.y; I SNi.yi] (SNj) (6N;)
TE 88 ki3 S 8x Bx
GNiL z ONi.x; = SNi,y; % SNj,ysl [ONi - jeng
S G — 1 L —x-yip — =l - —t (2:4
1én &n &n &n sy = Wy (240
L I DO T 3 Rt MUt N [
| 6Z | KA J4 s¢ | |0z L 6z |
where [J] is called the Jacobian matrix.
To establish the required differentials then
(5 8Nj) [ 8N ] .
B 8
8N; - SN
<Z-6_1L = BT 2t (2:41)
y
¥ ONi SN
\ —6;_/ \ —6? /

The strain matrix [€] can now be developed as the global strains can
now be formulated. The final adjustment to be made to the local

system is that

dx dy dz = det[J] d& dn dg (2:42)

and det[J] can be considered tobe a scalar quantity which changes the

normalised volume into the actual volume of the element.

The material matrix [D] used for defining the stress from the strains

was
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(04 } [(1-v] v v 0 0 0] fex)
Oy v  (I-v) v 0 0 0 ey
Oy E v v (1-v) o 0 0 £g

J nyr = (1+V) (1-2v) 0 o 0 1_22\, 0 o 3 exy»
Txz 0 0 0 0 1%%2- 0 €xz
Cyz) _ O 0 0 Y Y 1;38; \Eyz)

in matrix form

{o} = [D}{e} (2:43)

When using equation 2:11 to determine the element stiffness the
integration has to be carried out numerically and the quickest and
most accurate procedure is gaussian quadrature. For this element a
3x3x3 gaussian integration scheme was used; Zienkiewicésgives a good

treatment of this problem.

2.6  Programming Techniques

One of the major criticisms of finite element programs is that they
require vast amounts of data. To try and alleviate this problem it

is useful to have within the program a node numbering routine and
automatic mesh generator. For the shell and isoparametric elements
the simplest method is one which numbers each element uniquely within
the mesh i.e. element number,and each element is categorised into a
certain geometric type. Then only two sets of data need be inputted
because the element number can be logically determined in the program.
The first set indicates the element's geometric shape and the second
set the dimensions of each geometric shape. Then by forming the

elements in a sequential manner the structure will be automatically

assembled.
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For the arch analysis the discretisation of the mesh is easier
because it is a one dimensional problem. It can be achieved by
dividing the horizontal distance into a number of equal lengths.
However, this method produces the largest elements at the springings
which is undesirable so a minor modification as shown in Figure 2:7
overcomes this problem by inserting more elements at the springings

i.e. 20% of the members are contained in first and last 5% of the

arch.
M = Number of members
L = Length
ade e N\ A
"e rr—r
0.05L 0.9L O.OSQJ
lo. 1M 0.8M 0.1M

Figure 2:7 Illustrates how the mesh is modified at the springings

As previously stated in section 2.5 the derivation of the isoparamet-

ric element’'s stiffness matrix has to be carried out using numerical
integration. To perform the integration gaussian quadrature has been
used. Consequently the element is normalised to a right cubic prism

of volume 8 units so a gaussian scheme can be easily adopted.

Therefore the three dimensional integration

1, 1, 1
I = //ﬂ //"//,f(i, n, g)dg dn dg (2:44)
-1 A1 A1
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can be approximated to

I~

Hi Hy Hy. £(£3, Ny Cn) (2:45)

m=1 j=1 i=1

where for a three point rule n = 3.

The sampling points £j, Nj, Tm and the weighting coefficients Hji, Hj,

Hp are given below in table 2:1.

i Ei, Ni, Ti Hi

1 + 0.77459667 0.55555556
2 0.0 0.88888889
3 - 0.77459667 0.55555556

Table 2:1 Gauss Pointsand Associated Weighting Coefficients

When developing a finite element program it is necessary to pay care-
ful attention to the storage facilities available on the computer.
This is because the program, if not carefully structured, can create
excessive demands on the available in core storage particularly when

forming the structural stiffness matrix and subsequent solution of

the equations.

Various techniques are used to reduce the amount of storage required
when saving the total stiffness matrix which is a banded symmetrical
array. It is therefore inefficient to keep all of it therefore only

the upper triangle need be stored and only the non-zero terms need to
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be retained. This means the original large square stiffness matrix

has been reduced to a banded matrix which needs only a portion of the

storage previously required.

By refining the book keeping a stage further it is worth using a uni-

dimensional array instead of a multi-dimensional array.

If a uni-
dimensional array is used with careful organisation of the integer
subscripts, which determine the location of an element within the

array, this method can become more efficient in terms of time taken

to access the required element.

A1l arrays are stored within the central processing unit C.P.U. in the
computer as uni-dimensional arrays, and by using a uni-dimensional
array in the program means the computer requires fewer operations to
access the correct element. Another practical advantage with using a

uni-dimensional array is that there is no inherent limitation on the

bandwidth.

e.g. a program may contain a dimension statement

Dimension STIFF(300,20)

i.e. STIFF (Number of Equations, Semi-bandwidth)
This 1imits the program to analysing a problem with either a maximum
of 300 equations or a semi-bandwidth of 20. By contrast if this

statement is re-written still maintaining the same storage

e.g. Dimension STIFF(6000)

Now the only limitation is the number of elements within the array.
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There is obvious merit in having as few limitations as possible with-

in a program.

If the in core storage capacity of the computer has been exceeded
because a large number of finite elements have to be used in the mesh,

then it becomes necessary to use backing store. Backing store can be

either a work file were the information is stored on disc but on the
ICL 1906S the storage is limited 254 kwords per file whilst if a real

magnetic tape is used then the storage is unlimited. It must be borne

in mind that backing store is most efficient when passing a lot of
information from the C.P.U. to the backing store or vice versa. An
ideal way to obtain this large interchange of data is by dividing the

total stiffness matrix into a number of blocks and writing each block

in turn to backing store as it is evaluated. The data can be return-

ed to the C.P.U. when it is required for further calculations.

These techniques have been incorporated into the programs developed,
and have been found to increase the capability and efficiency of the

programs by allowing finer meshes to be used and the execution time to

be optimised.

At this stage the equations formed merely mirror the structural prop-
erties and configuration of the continuum, in no way have any
boundary conditions been applied to the equations. Until this is
performed the equations are insoluble as they represent a structure

floating around in space which has no fixity. Boundary conditions

are applied to the degrees of freedom which are either fully or

partially restrained and this can be achieved by
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1. Increasing the stiffness of the leading diagonal by a factor of
10+10't010+15 which implies the resulting displacements are

negligible when compared to the rest of the structure.

2. Making the off diagonal terms and the corresponding term con-
tained in the applied load vector equal to zero, the resulting

displacements are zero.

3. Partitioning the stiffness matrix such that any coefficients
relating to a restrained freedom would be stored separately from
the main stiffness matrix. This would produce zero displacement

for the restrained nodes. .

The method employed for these programs was 1. as to allow partially
restrained freedoms to be modelled whilst the other techniques only

allow totally fixed freedoms.

The linear equations established within the stiffness matrix are
positive definite. Thus the Choleski square routing method is suited
for the solution of these equations. This method acts as a very good
flag within the program because if the equations become insoluble
then it is an indication that either the element or structural stiff-

ness matrix has been incorrectly formed.

2.7 Convergence

Before commencing with this type of numerical analysis it is neces-
sary to determine the optimum mesh size. One which will produce a
satisfactory solution using the least number of elements, thereby

keeping the execution time of the program to a minimum.
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A series of numerical tests were carried out using each type of
element. It was necessary to carry out this study using dimensions
and loading, which were typical of the analyses to be undertaken, so
that these results could be confidently used for estimating optimal
mesh sizes for other similar geometries. It was decided to use
dimensions of 4 metres span, 1 metre rise and radial thickness 0.333
metres. However for the beam element the width was 1 metre whilst
for the shell and isoparametric element a width of 4 metres was used

in the analysis.

Three load types were considered:

1. Point load at crown Centrally positioned along the
2, Point load at quarter point width of the barrel vault.
3. Uniformly distributed load over the whole structure.

For load types 1. and 3. only a quarter of the barrel vault needed to
be analysed and for 2. only half because of the symmetry which exists
about one or two of the global axes. Due to the excessive demands of
the isoparametric element for time and storage it was only possible

to consider load case 1.

Figure 2:8 shows the effect on the maximum displacement as the number
of elements within the structure is increased. The results indicate
that the beam element has found a convergent solution when the whole
arch is modelled by 20 elements. To model the whole barrel vault
would require a mesh of 16x16 elements when using the shell element
(this compares favourably with the convergence curves presented by

Sabir) and a mesh of 8x8 elements when using the isoparametric brick
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element. However, these mesh. sizes can be halved or quartered with
no loss of accuracy, when one or two axes of symmetry exist within

the structure.

Figure 2:9 compares the deflected shapes obtained for a given
geometry, with thickness 0.3m, when using the three different types of
elements. It will be noted that the deflected shapes are almost

identical as it should be when analysing the same problem.

It can now be safely assumed that the elements will converge to a
stable solution and the results obtained from each element are

comparable.
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Figure 2:8 Convergence Test
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on Maximum Displacement, §, for Beam, Shell and Isoparametric Elements
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'ChaEter 3

ELASTIC BEHAVIOUR OF ARCHES

3.1 Introduction

Many authors 7, 8, 9 §10 have developed finite elements to analysis
curved structures and have obtained satisfactory results. However,
these more specialised and higher order elements were studied and it
was concluded that for this problem, simpler elements would yield
satisfactory results. Once the elements outlined in Chapter 2 were
developed it was then possible to perform parameter studies into the
various aspects of arch behaviour. These studies are intended to
illustrate various factors which should be considered at the design
stage and develop possible coefficient which could be used to describe

localised effects.

This chapter considers the linear elastic behaviour of arches as no
consideration is given to the degradation of the material properties.
It is assumed tensile and compressive forces will be developed.
Although these assumptions are not applicable to brickwork it is
never the less desirable to understand the behaviour of an arch
before trying to impose constraints caused by the material of con-

struction.

Chapter- 2 develops three different types of elements. Each one has
associated with it various limitations. The beam element can only
consider an arch as it is unable to model lateral dimension i.e.

width of a barrel vault. It also limits the type of loading which

can be considered to a line load across the whole width as there is
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no facility for positioning the load arbitarily along the width,

consequently a point load cannot be synthesised.

The shell element can readily be used for analysing the barrel vault
as the positioning of the load is not limited and the strain distri-
bution across the width can be established. This element assumes a
linear strain distribution through the arch rib, which is generally
valid for thin arches because very little shear deformation occurs.
Eventually with increasing rib thickness the linear distribution must
become an erroneous assumption and section 3.4 investigates this

phenomena.

The isoparametric element was developed because it does allow non-
linear strain distributions to be established through the rib thick-
ness. The use of this element was of necessity very limited because

it requires large amounts of computer storage and time.

For these investigations a typical geometry of 4 metre span and 1
metre rise has been used. Particular studies have been carried out

to determine the influence of:-

1. Different geometric shapes
2. Increasing width
3. Increasing thickness

4. Spandrel stiffening.

In the last case the geometry was changed to an 8 metre span, 2

metre rise and 8 metre width.
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3.2 Different Geometric Shapes

The beam element was used to analyse the different geometric shapes,
which include most of the popular forms currently in use namely
circular, parabolic and elliptical. Figure 3:1 demonstrates the
variations caused by using tﬁese different curves. The circular and
parabolic curves are very similar whilst the elliptical arch is some-

what different and quite distinctive.

Circular

— — — Parabolic

~-——- Elliptical

Figure 3:1 Comparison of the Three Different Geometric
Shapes for a 4 metre Span and 1 metre Rise

For this study the radial thickness was kept constant at 0.33 metres
(as the effect of increasing the thickness is investigated later in
section 3.3). The dead loading was modified in each case to become

‘more akin to the actual insitu condition.

Case 1/. Dead load of arch rib only

Case 2/. Dead load of arch rib plus overburden from infill for a
horizontal road surface 1.4 metres above the springings

Case 3/. Same as 2/. but live load is dispersed through the infill

as shown in Figure 3.2.
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ROAD SURFACE

/

4597 ~\45°
/ \\

/

N O
4/5;/ \\45

N\

1.4m

4m

Figure 3:2 Dispersion of Load through Infill and
Relevant Dimensions

For a point load of P, and P, of 100kN the maximum vertical dis-

placement has been recorded in table 3:1.

Loading Maximum Vertical Displacement mm.
1/4 pt. load Parabolic Circular Elliptical
Case 1/. .0703 .0718 .0932
Case 2/. .0794 .0808 .107
Case 3/. .0790 .0802 .0965

Crown Load

Case 1/. .0743 .0831 .132
Case 2/. .0801 .0934 .150
Case 3/. .0780 .0914 .146

Table 3:1 Maximum Vertical Displacement in Millimetres
for a Quarter Point and Crown Load
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Figures 3:6-3:8 show the gradual change in the position of the line
of thrust when different dead loading characteristics are used in

conjunction with a different geometric shape.

For the parabolic and circular arches it is apparent that the dis-
placements for the quarter point and crown load are about 20% to 50%
smaller than the displacements obtained for the elliptical arch.
Even though the total dead weight for the elliptical arch is less
than that experienced by the parabolic or circular arch. Elliptical
arches are far flatter over the central region than the other
geometries and it would therefore be expected that such arches were

more flexible.

Figures 3:6 and 3:7 show that if the analysis is carried out ignoring
the effect of the overburden, then parts of the rib experience
tension throughout the entire thickness. However, if the loading is
gradually modified i.e. made more realistic, the line of thrust is
then contained within the rib. In this instance at least part of the
rib will be in compression at any section which is particularly
desirable for brickwork. For the elliptical arch, Figure 3:8

the line of thrust is never fully contained within the arch rib
indicates that the elliptical arch would develop a failure mechanism
quicker than the other two geometries.as tensile regions would develop
at lower stress levels. This is because of the rapid change in
gradient which exists at the springing of the elliptical arch, assoc-

iated with the flat central portion.

3.3 Increasing Width

In general an arch bridge will have a finite width of a similar

magnitude to the span. Although it is general practice when
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designing an arch to consider a typical unit width of the arch and
perform the analysis on this section, the results so obtained are
increased proportionally depending on the actual width of the arch.
However this method assumes the loading will be the same at each
individual unit section causing the arch to deflect as if a line load
was acting across the structure, it also ignores the interaction of
the load across the width. A line load across the arch is not always
applicable to the design and a point load positioned anywhere along
the width could produce a critical load less than that achieved by

using the line load.

This problem can be studied using the beam element analysis which
effectively assumes a line load across the whole structure, similar
to the design method mentioned above. The shell element will model
the complete arch and allows a point load to be positioned arbitarily
anywhere on the arch. These two analyses will allow a comparison to
be carried out, so as to try and determine the influence that the

»

position of the loading has on the lateral displacement of the arch.

For this comparison an arch of 4 metre span, 1 metre rise, radial
thickness 0.333 metres and circular geometry was used, with an
increasing width of 2 metres to 6 metres, consequently the width is
increased from a minor dimension to the major dimension of the
structure. The material properties of the analysis are not particu-
larly important providing they are the same in every case. The value
of Young's modulus and Poissons ratio were 18x10°kN/m?, 0.15 respect-

ively, corresponding to a good class A engineering brick as given by

Sinha et alf7
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The number of possible loading positions are infinite but for
practical considerations six loading positions have been considered,
for the shell analysis as given in Figure 3:3a whilst these will be

compared with the two loading conditions shown in Figure 3:3b.

1,4 Extreme fibre load

2,5 Off centre load

\ e

6 3,6 Centre load

Wa

W/2 -
L/4 L/4 L/2

Figure 3:3a Loading Arrangement for Shell Analysis

‘ Magnitude of load
100kN

L/4 L/4 L/2 i

1,2,3 A Quarter point load, 4,5,6,B Crown load

Figure 3:3b Loading Arrangement for Beam Analysis

The parametric study for each analysis was carried out using the

above data. To illustrate the behaviour of the arch various results

have been plotted. Figures 3:9 shows the lateral displaced shape of

the arch for an increasing width and for the different loading

positions. Figure 3:10 illustrates the inplane strain distribution
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(ex) at the springing and the position of the neutral axis for
increasing width and different load positions along the crown, because
of symmetry the strain distribution is the same for both springing
points consequently only the one diagram is necessary. Figures 3:11
to 3.13 show the strain distribution for the various quarter point
loads but in this case it is necessary to illustrate the strain dis-
tribution and neutral axis position for both springing points as the
load is no longer symmetrical. A positive strain represents comp-

ression whilst a negative strain represents tension.

The analytical results only yielded the strains € and curvatures X
for the median plane, therefore, the extreme fibre strain can be

determined as illustrated in Figure 3:4.

—r-® y €1 = €x + Xx t/2
N.A. t/
rib thickness &x
J Linear distribution
t X
X
- €1 =€x-X)§ t/2

®

N.A. = (measured from 1) = g1 t/ (g1 - €2)

Figure 3:4 Evaluation of Extreme Fibre Strains from € and X
on the Median Plane

Figure 3:9 illustrates the lateral displaced shape at the loaded
section, and it is evident for both the crown and guarter point load
that by increasing the width the maximum displacement is almost un-

changed, however, the mean displacement is reduced, because by
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increasing the width to 4 and 6 metres the effect of the point load
quickly decays and the displacement becomes asymptotic. For the 2
metre width with an extreme fibre load, the arch starts to uplift and
is experiencing torsion due to the reduced width. Behaviour of this

nature cannot be envisaged when using the beam analysis.

When comparing the displacements of the beam and shell analysis for
both the crown and quarter point load. Then it can be seen that the
average displacement is reducing with incréasing width and the dis-
placement predicted by the beam analysis is approximately half of the
maximum displacement for the centre and off centre loads whilst being
a fifth of the maximum displacements associated with the extreme

fibre load.

These general remarks are further validated in the strain distribu-
tion in Figures 3:10 and 3:11 because for the 2 metre arch with the
extreme fibre and off centre loads. The comparison with the strains
obtained from the shell analysis and the strains obtained from the beam

analysis is quite poor because the torsional behaviour of the arch is

the predominating effect and this cannot be catered for using the beamanalysis .

The comparison between the strains obtain from the beam and shell
results for the 4m and 6m arch inFigures 3:10, 3:12 and 3:13 is quite
favourable especially with the off centre and centre load. The
strains for the extreme fibre load are substantially underestimated
when compared to the strains obtained from the beam elements but
this merely corrobates the evidence from the displacements which
suggested that the extreme fibre load case produced local displace-

ment far in excess of those predicted by the beam analysis. Therefore
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with these large widths the predominance of torsion on the model has
been removed and a comparison with the beam element can be made

providing the loading is contained in the central region.

If however the beam analysis was being used but it was known that

point loads would be experienced by the arch consideration would have to
be given to the increased stress levels present to prevent localised failure.
The results obtained would indicate the section to be stable but Figures
3.10 to 3.13do show that local strains for the centre and off centre loads
could be twice as much as the strain obtained for the beam strain. When
extreme fibre loads were to be expected then th local strains could be

6 to 8 times larger than the average beam strains.

In conclusion the comparison with beam and shell analysis is possible
for an arch which will not experience severe torsional behaviour. This
could be caused by an extreme fibre load or an off centre load being

applied to the arch were the width is half the span.

The local stress levels induced by an extreme fibre load could be 6-8
times greater than those predicted using a typical metre width whilst
for centre/off centre loads an increase in local stress levels of only
2.0-2.5 could be expected. Therefore, the positioning of the load at

the design stage should be carefully considered.

3.4 Increasing Rib Thickness

Generally, when designing an arch the main parameter to be assessed

is the radial thickness as the other major dimensions such as span,
rise, width and finished road level have generally been determined N
from other constraints. For example, the span is dependent on the

obstruction to be cleared and the rise must provide sufficient head-
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room etc. Consequently a clear understanding of the implication

involved in increasing the radial thickness is of importance.

In some design methods a geometric factor of safety is introduced and
it will be shown that by doing this the strength of the arch is drast-

ically increased.

A study similar to that carried out in the previous section has been
performed using the same geometric and material properties and load-
ing conditions. In this case the width remained constant at 4 metres
whilst the radial thickness was increased from 0.222 metres to 0.4

metres, representing an increase from 2 rings of brickwork to 4 rings.

The analysis was carried out using the shell element and the isopara-
metric element by undertaking this comparison it is possible to
compare the difference, if any, between a linear or second order strain
distribution thréugh the thickness. When using the isoparametric
brick element it was not possible to analyse the different geometries
with all 6 different load cases. This is because the isoparametric
element requires such large amounts of computational time and storage
that it is only possible to analyse a quarter of the structure by
applying suitable boundary conditions along the axis of symmetry.
Subsequently the load applied to the structure must also be symmet-
rical about the two axes which is only true for the crown load applied

at the centre.

Figure 3:11 shows the maximum displacement along the width for both
the shell element with its associated three loading positions and
the isoparametric element with the single crown load. The agreement

in all three cases between deflected shape for the shell and
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isoparametric element was excellent and it was therefore considered
unnecessary to plot the strain values as it would only confuse the
figures without yielding any more significant results. From these
results it is possible to conclude that the general assumption of
thin arches having a linear strain distribution is quite valid and a

thin arch could be defined as one which has a thickness not greater

1
than Ta—of the span.

The effect of increasing the thickness on the crown loading, Figure
3:15,is to reduce the maximum strain, and by doubling the rib thick-
ness the maximum strain for all loading conditions is reduced by a
factor of between 4 to 6. This has the tacit implication that if the
design structure has reached its limiting strain value (irrespective
of what material is being used) and the factor of safety of 2 is
applied by doubling the thickness then the structure can experience 4
to 6 times the load before that original design strain limit is reach;
ed. This is only strictly true for the elastic analysis where the
stress-strain law of the material is assumed to be linear-elastic.
However this general concept does exist when considering the non-

linear case as will be shown in Chapter 7.

When considering the strain distribution for the quarter point load,
Figures 3:16, 3:12 and 3:17, the reduction in strain due to doubling
the rib thickness is only approximately 1/2. Except for the

intrados of the right springing where the reduction is substantially

greater.
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3.5 ‘Spandrel Stiffening

When considering the structural behaviour of an arch it is generally
assumed to be just a curved barrel. However, in most, if not all

cases the structure will comprise of either parapet walls and/or spandrel
walls which will increase the overall stiffness of the structure

thereby reducing displacements and increasing the permissible loading

of the structure.

To demonstrate the effect of including the stiffness contribution of
the spandrel walls an analysis has been carried out using the iso-
parametric brick element. This element was chosen because it would .
be well suited for this analysis and to incorporate the behaviour of
the spandrel walls would only require minor modifications to the basic

isoparametric element used for the barrel vault analysis.

This analysis considered only a quarter of the structure, so the load-
ing had to be kept to the single central crown load to maintain
symmetry. The mesh used was a 4x4 for the barrel vault and 2 elements
to model the spandrel walls as shown\in Figure 3:5 which also shows

the sizes of the main dimensions and table 3:2 gives the restraints

applied to the axes of symmetry and the springings.

thickness tg

height hs
C

3 4m

Figure 3:5 Geometry of Barrel Vault with Spandrel Wall
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Side . . . Restrained Freedom .
AB X, ¥, 2

AC free

BD z

CDh X

Table 3:2 Restraints Imposed on a Quarter of the Structure

The above étructure was analysed using various different values of
thickness and height for the spandrel walls i.e. thickness 0.125,

0.25, 0.5 metres and height 1.0 or 1.5 metres and the results comp-
ared with an analysis which did not include the effect of sprandrel

stiffening.

The displaced shape for side CD, AC and BD have been plotted in
Figures 3:18, 3:19 and 3:20 respectively for each individual
analysis undertaken. From these figures the stiffening effect of
the spandrel on the displacements is apparent. Figure 3:18 shows
that the reduction in the displacement along the edge CD is between
25 to 50% beneath the spandrel walls whilst atD the load point, the
reduction is only between 5 to 10% depending on the size of the
spandrel wall. These observations are corroborated in Figures 3:19
and 3:20, because along BD the difference in deflection caused by the
spandrels is only nominal but along AC, Figure 3:19 it is quite ap-
parent that the displaced shape has been drastically modified by the
spandrel walls because the uplift at the quarter points has been

inhibited.
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These results limited that they are lead to the conclusion that the
spandrel walls will only reduce the maximum displacement marginally by
5 to 10% whilst the localdisplacement near the walls will be effected.
The strains and subsequent stresses are only linear functions of the
displacements so it will be safe to assume that the reduction of 5 to
10% in displacements will produce a 5 to 10% reduction in strains and
stresses. Therefore the maximum value of the strain or stress used
for the design calculation will be hardly effected by incorporating

the spandrel wall at the most only 10%.

3.6 Concluding Remarks

From the different sections of these chapters it is possible to draw
some specific and general conclusions from the results obtained.
Sections 3.2 and 3.5 illustrate some of the aspects that will produce
an arch which is generally stronger than its ultimate design load.
Section 3.2 shows how by incorporating the effects of the dead weight
in;o the analysis and allowing the load to disperse through the infill
the line of thrust is modified, drastically for the first case and
marginally in the second instance. Similarly, the effect of spandrel
stiffening increases the stiffness of the structure by about 5 to 10%
at the critical section of maximum displacements. These parameters

are not incorporated into existing design procedures, their existence

is recognised and is merely left as an unquantifiable factor of safety.

Section 3.3.and 3.4 are presented to give some theoretical understand-
ing of assumptions which have generally been adopted for ease of
calculation and subsequent design. The assumption of a linear strain

distribution through the rib thickness produces results which are
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almost identical to those obtained from a possible paraholic strain
distribution. However the assumption of analysing a typical metre
width of a structure is only really valid when the loading is later-
ally distributed across the whole structure. The results obtained in
Section 3.3 imply that if the load is central the maximum displace-
ments and strains are twice that expected from a metre width analysis.
If the loading is at the extreme edge in conjunction with a narrow
arch i.e. half the span or less the torsional effect is considerable
producing a strain distributed which could not be envisaged by the
simplified analysis. Therefore it is necessary that careful but

realistic consideration should be given to the loading condition.



- 52 -

Load Point 100 kN

Case 1/. i
1103.4
103.4
75.8
142.4  1o0ad Point 100 kN
Case 2/. * Road Surface 1.4m
152.6
152.6
215.4 148.9
Load Point 100 kN
3/.
Case 3/ l Road Surface 1.4m
159.7
151.2 157.4
210.7

Figure 3:6 Illustrates the Change in the Line of Thrust
with Different Dead Loads for a Parabolic Arch



- 53 -

Load Point 100 kN

Case 1/. l

100.0

100.0 75.1

142.1
Load Point 100 kN

Case 2/. L Road Surface 1.4m

Load Point 100 kN
Case 3/. ‘ Road Surface 1.4m

45°

159.1
149.6

151.9
207.2

Figure 3:7 1Illustrates the Change in the Line of Thrust
with Different Dead Loads for a Circular Arch
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Load Point 100 kN

Case 1/. 4
D . e
116.4 116.4
141.3 77.7

Load Point 100 kN
Case 2/. #

166.8 ! f66.8
202.6 139.0

Load Point 100 kN
Case 3/, }

N

— ——
146.0 f164.8
192.5 167.8

Figure 3:8 Illustrates the Change in the Line of Thrust
with Different Dead Loads for anElliptical
Arch
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Thickness .333m, width 2m, 1/4 point load

+ Compression

- Tension
" _
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\
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- \\\ .\.\ :—7”*
\ \ ____‘.::.—\_\__x-_.... e .:.\
\ ~ .
NI ~N \
AN 1.2
1.2 '1 N b
AN
0.8 7\.\.\\ 0.8
~
0.4 :\.s—‘—— —_— ; 0.4
* — ~ ~~..
/ \\\-\. . \
0.0 B —— s N ¢ e T
~ - /7_/;._7 — et
e
-0.4 -0.447
Left Side Springing Right Side Springing

Figure 3:11 Strain Distribution at Springings for Various Lateral
Load Positions
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Thickness .333m, width 4m, 1/4 point load

+ Compression

- Tension

Strain *10"" Strain %107
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~ e e
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Figure 3:12 Strain Distribution at Springings for Various Lateral
Load Positions
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Thickness .333m, width 6

m, 1/4 point load

+ Compression
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Strain x10™"
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Figure 3:13 Strain Distribution at Springings for Various Lateral

Load Positions
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Thickness .222m, width 4m. 1/4 point load

Strain *10”"
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Figure 3:16 Strain Distribution Springings for Various

Load Positions
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Thickness .444m, width 4m, 1/4 point load
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Figure 3:17 Strain Distribution Springings for Various
Load Positions
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Chapter 4

PROPERTIES AND CHARACTERISTICS OF BRICKWORK

4.1 Bricks and Brickwork

Brickwork is a composite material comprising of two very different
types of material namely bricks and mortar. The properties of each

individual constituent can have a range of values of

Brick strengths range between 20 - 150 N/mm? (Flettons-Staffordshire Blues)

Mortar strengths range between 2 - 25 N/mm’

This vast range in strength is attributed to the different chemical
constituents of the indigenous clay which is uged in making the
bricks. This gradation in strength of the constituent materials can
produce brickwork with a large range of strengths and characteristic
properties.

To reduce the number of permutations possible some sensible restric-
tions have been used in this work and subsequent discussion of
existing literature. The low strength bricks and mortars are not
normally suitable for structural brickwork. The high strength
mortars can probably only be attained in a laboratory situation where
a large amount of compaction can be attained to enable the full
mortar strength to be mobilised. These types of mortars are very
stiff and not very workable and consequently are impracticable for

general use. N

Therefore it was decided to restrict this work to class A Engineering
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bricks BS392118:1974 with a minimum strength of 65 N/mm? and a mortar
mix of about 10 N/mm” Lencznet has shown that by increasing the brick
strengths above 65 N/mm® when used with a good mortar mix (1:1/4:3)
produces negligible increase in brickwork strength. These sorts of
strengths could bethought of as '"'good engineering practice' and would
be practical and feasible on site. Although these restrictions may
reduce the scope of the experimental work it is hoped that they are
sensible and will produce results which would be typical of an arch

built and designed today.

4.2 Bonding
Once the types of bricks and mortar have been decided on, the next
stage was to consider the bonding. There were two main types of

bondings to be evaluated and they are shown in Figure 4:1.

1/. Soldier Bond

DD A A A A A S
Extrados - 7 / / / Vi
/

N\

-

Intrados
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2/. ' 'Header Bond

a8
Extrados | ,ﬂ /

Intrados [::]

A\

Figure 4:1 Two Possible Types of Bonding for an Arch

When usiﬁg the header bond separation between the various rings is
not considered to be a problem as this is likely to occur in a
tensile region which will not be transmitting any load. When using
the soldier bond slippage between bricks could easily occur due to
the planes of weakness which exist through the rib thickness. This
would produce a situation whereby displacements could no longer be
considered continuous and this implies that any analysis which main-

tained continuous displacement would be invalid.

The header bond would seem to be the favourite type of bond used by
the old railway engineers when constructing their brick arches.
Anything that has stood so long and tolerated loads which were never
envisaged must have some merit. For these reasons the header bond

has been used in this work.



4.3 Mortar

. 20 19 .
Sahlin and Lenczner have carried out work which indicates that
increasing the joint thickness decreases the brickwork strength,

their results are given in Figure 4:2

Sahlin
) 1 5 3 (em) (lb/inz) Lenczner
(1b/in™) 4000
o 7000p 1500
Eed i v K 2 3 B
= 6000} ) (kg km®) 3000
5 ° 1400 20
A 5000} . 2000+
r ° .
» 4000( .. 1500 1000
e
: 3000 " 4200 0
~< v v T .
1/4 2 k in
E 2000L /4 1/2 3/4 1 (in)
==} -
10008 100
1/41/23/1 1 (in) Mortar thickness
Bricks 11800 1b/in? (81 N/mm?) 4730 1b/in? (32 N/mm?)
Mortar 1 : % : 4% 1:1:6
Geometry 4" prism o 8" prism o 9'"" prisms o

-

Figurc 4:2 Failure Strength of Brickwork with Increased
Mortar Thickness

Sahlin suggests for every 1/8" increase in the mortar joint thickness
the brickwork strength should be reduced by 15%. Lenczner's results
would suggest for every 1/8'" increase in mortar joint thickness the
brickwork strength should be reduced by 10%, he further suggests that
once the joint thickness exceeds 5/8" then the brickwork strength
becomes independent of joint thickness. The implication of this is
particularly relevant when considering arches because to produce the
required curvature it is necessary to either cut the bricks or, allow

the curvature to be catered for by varying the mortar joint and for
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this work the latter method has been used.

The type of mix to be used has been specified in Section 4.1, but it is
worth noting whilst the mix properties have a direct influence on the
mortar strength, Lenczne%ghas concluded that the water/cement ratio
and subsequent workability do not effect the mortar strength.
Therefore water/cement ratio was left to the discretion of the brick-
layer so as to produce a workable mix but once the water/cement ratio

was established it was maintained throughout the series of tests.

4.4 Failure Mechanisms

Given that the brick and mortar are of such different ultimate

strengths, the problem arises as to what is the ultimate strength of

brickwork.

21
Various formulas have been proposed which try to determine the brick-

work strengths based on constituent properties, e.g.

c3/mb? (4:1)

c*v/m * £(b) (4:2)

Hermann W

=
U]

Svenson

Klein w

Cc*/m Vb - valid for cement-lime mortars and (4:3)

brick strengths 4-35 N/mm?

Lenczner W = C mo'26 - for particular brick C = 400 (4:4)
W = brickwork strength

m = mortar strength

b = brick strength

C = constant depending on brick.
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These formulas only really prove the difference of opinion which
exists and also how the effect of various testing apparatus (such as
end restraints) and slenderness ratios of the sample effect the

ultimate strength.

Another aspect of brickwork failure is the formation of cracks running
parallel to the direction of the applied load. The formation of these
cracks is due to the difference in the elastic moduli of bricks and

mortar. When brickwork is loaded, the lateral displacement (Poisson's

effect) is different for both types of materials see Figure 4:3.

€fm,

7]

=

1

I

|

I

|

|

|

|
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1
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- |
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<

fom————

e o

(]
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IR . B
1 e
i
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L
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f
1 T
'

L |
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e

Figure 4:3 Failure Mechanism for Brickwork in Uniaxial Compression
efp = free strain due to brick alone being compressed
Efm = " " " " mortar " " "
€ = actual strain caused by brick/mortar acting as a
continuum |
€y = vertical strain,brick strain and mortar strain.

The mortar will tend to be displaced in the lateral direction more
than the brick. However as brickwork is a continuum it will try to

maintain continuity between the brick and mortar interface. For this

to occur then the brickwork must experience tension equivalent to
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€ - €fp whilst the mortar will experience compression equivalent to
€fm - €. This state of stress can continue until € - €fp does not

exceed the limiting tensile strain of the brick. Once the load is
sufficient to cause the brick to experience tensile strains in excess
of the maximum allowable tensile strain then the brick must crack and
split which indeed it does and the extent of cracking becomes exten-

sive towards the end of a uniaxial compression test.

However, even this mechanism for cracking is not completely accepted,
. 22 . .

Shrive and Jessop, have suggested that this explanation does not

produce sufficient lateral strains and does not compare very well

with the measured experimental strains. They quote a ratio of

experimental measured lateral strain
experimental measured vertical strain

equal to 1/3 whilst they calcu-
lated a ratio of 1/50 using the above theory. They have postulated
an "Initial Crack Theory'" which as the title suggests is based on a
flaw already existing in the specimen and the crack propagates along
this flaw. Their work was based on a linear elastic stress-strain
law and it will be shown later that this is not a true representation
of the materials properties. This may account for the discrepancy

they noticed between the actual and calculated cracking strains.

The analytical models which have tried to model bricks and mortar
independently such as the finite element models proposed by Pagef3
Arya and Hegemief?‘have allowed cracks to form along the mortar
joints. This was achieved by allowing the nodes connecting the
relevant bricks to become uncoupled. However these analyses do not
cater for the situation when the bricks start to split as previously
described, which is a particularly common mode of failure when

experiencing high axial stresses.
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When using these micro models it is necessary to have a good estimate
of material properties, which can be extremely difficult to quantify

due to the normal spread of results for any particular batch of
bricks and mortar. It is perhaps unrealistic to produce results for
these quantities such as free strain and be sure that any artificial

restraint caused by the platens has been removed.

Although these approaches may appear to be the obvious way to solve

the problem, by considering constituent materials, they do not really

produce a consensus of opinion.

4.5 Stress-Strain Laws for Brickwork

Instead of trying to determine a reliable micro-model, a macro model

has tried to be established. This should "even out'" to a large extent

the variability of the constituent materials and produce results which

are more applicable to a real structure.

To try and understand the behaviour of brickwork under stress would
seem to be of greater usefulness by considering different types of

typical brickwork. This necessitates trying to determine the stress-

strain characteristics for brickwork in uniaxial compression.
25 2

6 27
Initially it was assumed by Mazzolani et al, Yokel, Chen et al, that

an elasto-plastic law would be suitable by establishing limiting

cracking and crushing strains. However tests carried out by Powell

28
and Hodgkinson using different types of brickwork samples have con-

cluded that the stress-strain law can be synthesised using a parabolic

polynomial i.e.

o _ €y EN2 .
o = 2 - & (4:5)

e/em = strain ratio
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This can be compared with previously assumed stress-strain law see

Figure 4:4
stress, ©
20m 4 — —— — Perfectly elastic
]
l
l
I €
at jf-the elasto-
O A== — — % Elasto-Plastic plastic over estimates
| ,‘\\\\\ the stress by 33%
| Parabolic
| !
! |
|
| |
| | .
l [ . _ strain,

€m/2 €m S €

Figure 4:4 Comparison of Different Stress/Strain Laws

Powell and Hodgkinson also establish the presence of substantial
strain softening. By assuming equation 4:5 to be a true representa-
tion of the behaviour of brickwork in compression, it is possible to

evaluate the initial value of Young's modulus Ep from

-
Bb = @&
X=0
2 Om
E = = .
D e (4:6)

It is then unnecessary to perform this incremental straining experi-
ment to determine om and ep, because from relatively simple uniaxial
test it is possible to evaluate Ep and op. Therefore using equation

4:6, €q, can be calculated and the stress-strain curve can then be

uniquely defined.
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Although the parabolic stress-strain law is not without its critics it

does have some circumstantial evidence to corroborate some of the main

aspects.

It seems fairly well established Ref. 29, 30, 31, to quote but a few

that there is a gradually decreasing modulus and also that brickwork
32

does experience strain softening. Turnsek and Cacovic have suggested

that the stress-strain law could be modelled by

o _ € €,1.17 .
on = 6.4(€m) - 5.4(€m) . (4:7)

Although this looks somewhat different to Powell and Hodgkinson's
formula, when plotted out for similar specimens i.e. Figure 4:5. The

difference between the two functions is quite small.

The main differences are at the beginning where equation 4:7 suggests
that Ep is larger, and at the strain softening stage where equation

4:7 predicts that the rate of strain softening is slower than in

equation 4:7.

It is quite likely if any error is going to occur during the experi-
mental test, which these curves are based on, it will happen at the
start of the test. This may then account for the variation in Ep.
Secondly, the parabolic fit to the experimental results proposed

by Powell and Hodgkinson was very good up to €p, but the correlation
between the theoretical and experimental results was not so good after
€ém. The two equations would therefore appear to be in good agreement

about the major aspects of the stress-strain curve.
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2
N/mm ¢

Stress 20 -

(o)
19 1

18
0.0025

17 4

20 N/mm?
16

15 -
14 1
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10 N/mm?

= —— Turnsek and Caco

Powell and Hodgk

L

T T Al |
0.0 0.001 0.002 0.003 0.004 0.005 0.006

Strain (€)

Figure 4:5 Comparison between the Stress/Strain Law as Proposed by
Turnsek and Cacovic, Powell and Hodgkinson
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4.6 Eccentric Loading

The previous section considers uniaxial compression test on brickwork.
When considering eccentric loading then two problems occur namely:
What configuration does the strain distribution adopt perpendicular to

the axis of bending and the corresponding stress distribution.

It is generally assumed that the strain distribution developed due to
bending is linear. Haller?sFattal and Cattaneo have carried out tests
which although not proving a linear strain distribution, are
also unable to disprove such an assumption. A linear strain distribu-
tion has been used for many years for concrete section under bending
with satisfactory results. Due to lack of evidence to the contrary a
linear strain distribution will be assumed.

29 30
Previous authors i.e. Zelger, Fattal et al have assumed that a linear stress
distribution dcveloped whilst Ref. 33, assumes that an elasto-plastic
stress distribution is attained. When using these models, for the stress/
st;ain law, to obtain analytical results which were in agreement with
the experimental results it was necessary to perform a "parameter study'.
The effect of this was that the stress distribution to equilibrate the
applied load could not be achieved using the correct linear strain dis-
tribution. If however a parabolic sfress/strain law is used then the

stress block used will be compatible with the strain distribution.

Sawkguhas shown that by using this parabolic stress/strain law for the
analysis of columns then the results obtained model both instability
and crushing modes of failure. Instability occurs at low strain ratio
between 0.3 to 0.5 at the extreme compressive fibre, whilst for the
column to crush the extreme compressive fibre strain ratio was found

to be between 1.1 to 1.25 so the column was experiencing strain softening.
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4.7 Biaxial Properties

The problems encountered in brickwork when considering biaxial
stresses are far more complex than the simple uniaxial stress state.
For brickwork the elastic moduli are different in each of the three
orthogonal directions consequently this type of material is orthogon-
ally anisotropic (orthotropic). However because the z dimension i.e.
thickness is dominated by the other two dimensions of the structure
then the material can be said to be in a state of plane stress. The

elastic coefficients relating stress to strain for an orthotropic

material experiencing a state of plane stress are given below in

matrix form:-

-vxy/ExE h )
Oy = d—l'——— —\)yxVExEy Ey 0 Ey "
(1-VxyVyx) ExEy (1-Vxy Vyx)
0 0 xEy y YYX z

Yxy B Ex(1+Vxy) *Ey (1+Vyx) | {*XY]

(4:8)
where VX}'VEXE}’ = \)yxVEXEy

To maintain symmetry vxy = Vyx (4:9)

35
The shear modulus was developed by Rahman and Sawko for the analysis

of orthotropic, brick diaphragm walls as given in equation 4:10

ExE
G = b (4:10)
Ex(1+vxy)+Ey (1+vyx)

1
Sinha has suggested that the ratio of the orthogonal elastic moduli

Ex

X2 1.4
Ey
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where Ex and Ey. are defined thus

UL L

¥ ex
{' """"""""""" ""___""l F where Ex = %
! |
| |
| }
Oy
RESNERIITII I, .
r R "}'T_ Ey = €y
? l
§ s
| ]

Figure 4:6 Brickwork in Uniaxial Stress to Define Ex and Ey

However with brickwork not only is the magnitude of the principal

stresses Ox, Oy required but also the angle of principal stresses to
the normally horizontal bedding joint. This is required so that the
correct failure envelope can be established so the influence of the

bedding plane can be taken into consideration.

36
Samarasinghe and Hendry have carried out 1/6th scale test and proposed
a failure surface which considers both the compressive, tensile

stresses and the angle of the bedding plane namely

ft = 0.79'0‘15f°- 1.34 % - 0.02 (4:11)
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where fy = tensile stress
f. = compressive stress
8 = angle of the bedding planes to the horizontal

4.8 Shear Failure of Brickwork

Shear failure is rarely a problem with brickwork arches, as previously
mentioned in Section 4.3 the bond has been specifically chosen so as

to minimise the possibility of shear failure.

For completeness shear failure has been reviewed so as to give a broad
understanding of brickwork behaviour, but the possibility of shear
failure has not been incorporated  into the analytical model. It has

been generally accepted that the shear strength of brickwork obeys

Coulomb's law

T = 1o+ f 0c N/mm? (4:12)
T = shear stress

To = shear stress for zero compression

O¢c = precompression

f = suitable coefficient

Various authors have suggested values for To and f as given in Table

4:1.
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Author Type of Brick Mortar To f
Hendry and Sinha Wirecut clay 1: %:31]0.28 | 0.47
Chinwah Wirecut clay 1:%:3]0.25 | 0.34
Pieper and Trautsch | Solid sand-lime 1 :2:810.2 0.84
Schneider Calcium silicate | 1 : 1 : 6 | 0.14 | 0.3

1:0:4]0.5 0.45
Yorulonaz and Atan | Clay
1:0:81{0.4 0.45

Table 4:1 Determination of Tp and f

(from Ref. 37)

38
However, Hamid and Drysdale have recently carried out work on the

shear strength of brickwork and one of their conclusions was that the

shear strength-precompression relationship was non-linear and could

not be modelled properly by Coulomb's law.

39
Mann and Muller carried out a series of shear tests and have produced

At about the same time

a somewhat different criteria to the well accepted Coulomb law.

Consider a specimen experiencing a vertical and racking force V and H

respectively.




v Typical element Considering a single brick
| y
T — — — ‘_-‘_-‘L %1 o
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'] |
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Figure 4:7 A Possible Mechanism for the Development of internal
Stresses in Brickwork.Piers Experiencing Vertical and

Horizontal Forces.

Assumptions
i) No shear taken by the perpend joint
ii) The horizontal stress is negligible the racking force is trans-

fered by shear.

By considering the forces set up for a typical brick element then

0, = 0Ox + T = (4:13)
1 X A}’
2
o, = ox- THX (4:14)

With low vertical forces a typical diagonal failure occurs as pred-

icted using the lower stress couple 0,.
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Therefore from Coulomh

T = To + fo 02 (4:15)

or substituting for o, then obtain a modified Coulomb law

To = To + fo Ox (4:16)
where
i _ EO
° - 1+ fo 20x
Ay
By = o0
0 7 T+f, 2Ax
Ay

However with increasing vertical loads the mode of failure changes,
instead of the cracks propagating through the mortar it cracks through

the brick as it reaches its limiting tensile stress, Ot, and this phase

is governed by

ox
T = ——2'?" 1 + ot (4.17)

And finally when 0; reaches the maximum compressive stress of the

brickwork, failure occurs,which is defined

Ay .
2Ax (4:18)

—
I

(Om - Ox)

Q
=]
]

maximum compressive strength of brickwork

These last three equations define a typical failure envelope as given

in Figure 4:8.
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4:18

Figure 4:8 Shear Failure Envelope as Proposed by Mann

For some cases failure can be totally defined by equations 4:17 and
4:18 this would imply that Coulomb's law is not applicable as
illustrated in Figure 4.9. Therefore this mechanism for shear fail-
ure may account for the non-linear behaviour observed by Hamid and

Drysdale as equation 4:16 is outside the failure envelope.

4:16
4:17

To

> Ox
Om

Figure 4:9 Shear Failure Criteria as Proposed by Mann

4.9 Tensile Strength

It is recognised that the small tensile strength of brickwork is a
significant factor when designing brickwork walls. However for an
arch most of the brickwork is in compression and the compressive

strength of brickwork far exceeds the tensile strength, it has been

assumed that the contribution from the tensile strength is negligible.
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4.10 " ‘Creep in Brickwork

Creep has been shown hy Lenczner to take place in brickwork and this
will be particularly significant when assessing an old existing arch.
The results of creep is to reduce the stiffness of the structure which
can be simulated by reducing the elastic moduli of brickwork. This is
easily achieved in the proposed analysis merely by changing the input

data.
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Chapter 5

DEVELOPMENT OF NON-LINEAR MODEL FOR BRICKWORK

5.1 Introduction

The actual behaviour of an arch rib cannot be predicted by an elastic
analysis because it is unable to take into consideration any material
changes such as the reduction in stiffness with increasing loads and

the change in nett area due to flexural cracking.

The non-linear behaviour of arches is best modelled by applying the
load incrementally and re-defining the properties of the arch after
each increment. This allows any changes which occur in the material
or geometric properties to be updated at each increment, so the

resulting stiffness matrix mirrors the behaviour of the arch as close

as possible.

After each increment the displacement and internal forces at each node
are known and the latter can be used to evaluate the internal strain

distribution for a material which will not allow tensile stresses to

develop within the section.

The correct strain distribution is the one which produces a corres-
ponding stress block which equilibrates the applied loading. It is
therefore necessary to integrate this stress block over the compres-
sive region so that the stress resultants can be established. This
integration can be performed explicitly or numerically, to perform
the integration explicitly requires two solutions. Firstly, for when

the neutral axis is outside the arch rib or secondly when the neutral
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axis is contained within the arch rih. Howeyer using the numerical
procedure only one algorithm needs to be determined for both possible
cases for the neutral axis. Also the numerical procedure can easily

be adapted to cater for varying sectional properties.

This chapter explains how the numerical algorithm is developed and

its implementation into a non-linear analysis.

5.2 Determination of Strain Distribution for a Zero Tensile Material

For a material which can develop both tensile and compressive stresses
e.g. steel, the evaluation of the strain and stress distribution is

not particularly difficult. For brickwork tensile forces are assumed
not to develop as cracking will occur along mortar joints. The problem
arises as to what is the correct strain distfibution such that the

associated internal stress distribution equilibrates the applied load.

As previously stated it will be assumed that any strain distributions
developed across the section will be linear, and the Powell and
Hodgkinson parabolic stress-strain law will be used to determine the

subsequent stress distribution.

The simplest way of explaining how the strain distribution is evalua-

ted is by example.

Consider a section as shown in Figure 5:1 for a unit width which is

experiencing an externally applied load.
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e P
- P = applied load
— 1 — e = eccentricity
e |
r b |
't t = thickness of

arch rib

Figure 5:1 Eccentrically Loaded Section

The stress resultant obtained from the stress block can be equated
with the externally applied load because a unit width has been assumed.
If a strain distribution is assumed as shown in Figure 5:2 two unknown

exist ap and g,

8’

{ loading

a————

|l

a
° AN
‘\\\\\\‘\\~\\~‘\\\‘N-\-\§J61 strain distribution

Figure 5:2 Assumed Strain Distribution for an Eccentrically Loaded

Section

It is initially assumed that ap equals the rib thickness, t, and €,

is evaluated from considering equilibrium of forces. If this strain
distribution is divided into a number of layers, typically the section
will be split into 50 layers, to give a reasonable estimation of the
stress distribution when the line of thrust was close to the extreme
fibre. From similar triangles the strain distribution can be estab-

lished at any layer within the thickness in the unknown g,.
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Thickness

ao »
L}
xj+l
At
Xi 1| At
| ,
ith
layer | &1
E€x
Ex+1
Figure 5:3 Strain Distribution for ith Layer
_oXig, _ (xi + At)E,
LT Tag e fxael T T

The total stress at layer i from equation 5:1

0i

_ (f(exi+1)+f(exi)) At
- 2

where f(e) is defined by equation 4:5

For the whole thickness

Using equations 5:1 and 5:2, and

i
o = )oi
i

N

= NEL

NEL = Number of layers

= NCR NCR = First uncracked layer

= Number of layers

(5:1)

(5:2)

substituting the values for €xj,

€xi+]> then the internal force equilibrium can be established in the

unknown €.

1
g = ) 5
i

i = NEL -
o Cped . _ .

At .Om {2(?0 t+1.At)§i_~(a t+At.11 £

ao Em ao € m2

NCR

ao—t+(i+1)AtEl ao—t+At(i+1))2€12

+2( )

ao €m ap




- 91 -

This must equal the applied load P and substituting X = €;/em.

Then equation 5:3 becomes

0 = AX? + BX + C (5:4)
i=NEL A At(iv1)
_ ao-t+Ati 2 ap-t+At i+ 2
A= ] )
i=NCR
i=NEL
ao-t+Ati ao-t+At(i+1)
B = )2 )
i=NCR
2P
¢ Atfy

Hence X can have two possible roots and it was found one root produced

a divergent solution and

-B + vB? - 4AC (5:5)

2A

yielded a convergent solution.

To check this is the correct strain distribution then the internal

moment is calculated using

i NEL
Mo= T on (B5RE - e (5:6)
i = NCR
and if M = P.e then the correct strain distribution has been assumed.

This is most unlikely to be the case for the first cycle so ap must be

redefined.
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One of the quickest conyergent techniques is the Newton-Raphson

method provided the initial estimate for ap is sensihle

a, = aop - %g- (5:7)

where %g-Is evaluated numerically

M M(a+B8a) -M
L (a+ 221 (a) where fa. = 0.0la (5:8)

The process is repeated from equation 5:1 using a,, equilibrium is

. aij-~ao
lf._l_;a__.

5 is within specified convergence limits namely a
o

checked and

perturbation within 1% the routin is then stopped.

If cracking should occur then this is automatically catered for in
the setting up of equétions 5:3 and 5:6 as the algorithm carries out

the summation from the first uncracked layer.

However, if the algorithm cannot determine a convergent solution, this

indicates that the section has failed which can be caused by:-

i) The line of thrust is outside the section or too close to the

extreme fibre.

ii) The extreme fibre has reached its limiting compressive strain.

This model has been modified slightly to include the contribution from
any tensile strength present in the brickwork. Also the integration
scheme has been modified so as to reduce the number of layers required

through the thickness. The modified scheme is given in Appendix 3.

’
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5.3 Evaluation of Materidl Properties

From the strain distribution for a particular section it is possible

to determine the curvature from

Curvature = g— (5:9)
using the engineers bending equations

M d%

T E;? = curvature (5.10)
substituting equation 5:9 into 5:10

EMI' - g ‘ (5:11)

From this the redefined value of flexural rigidity can be determined

which will take into consideration any cracking or material degreda-

tion

i.e. EI = Ma—a per unit width. (5:11)
The value of Young's Modulus E is easily determined from equation
as the strain is known at the section. The area in compression is the
size of the stress block. The values of EI, E and A represent the
material parameters at a particular point namely at the nodes of the
idealised structure. There will be a gradual variation of EI, E, A as
the stresses throughout the structure change, and as the element is a
finite length the material parameters will be different at each node.

The derivation of the element stiffness matrix requires global material

properties for the whole element to be used, to solve this problem the
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mean value of the two nodes i1s used in the formulation. To overcome
this approximation it is necessary to use a finer mesh than suggested
by the elastic convergence test. It was found that using 40 elements
for the arch was the optimal mesh size, analyses up to 100 elements were
carried out but the increased accuracy was not commensurate with the

increased job time for the analysis.

This rather simplistic approach for assessing beam material properties
works quite satisfactorily until a section fails, then by taking the
mean value of the nodal properties is effectively overstiffening the
failed section. This problem can be resolved by forming the element
stiffness matrix using the beam properties but reducing the rotational
freedom By a factor of 10® (this value is used because for most cases
it is the same order of magnitude of the other\stiffness coefficients).
Thus the shear and membrane forces are retained but the rotational

stiffness has been lost this is somewhat akin to a pin.

5.4 Geometric Modelling

The non-linear analysis developed also includes the effect of changing
geometry due to the induced displacements. It must be stated that
there was no intention to try and study buckling or 'snap through'

behaviour because this is not a problem with brickwork arches.

the change in geometry can be reconciled when determining the current
stiffness matrix [Kiz], during the iterative procedure. This is
achieved by changing the geometric parameters when evaluating [K%Q]
which will force the analysis to consider the effect of the change in
geometry as the element stiffness will he determined in its new

spacial position.

~
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Consider a typical element of the arch as shown in Fig. 5:4 which
illustrates the parameters controlling the spacial orientation of the

element

Xi+l, Yi+l

8 = included angle

= radius

= distance between
arc and chord at
centre

= angle between
horizontal and

X
1 tangent at xj

Figure 5:4 Geometric Properties of the Curved Beam Element

These geometric parameters can be re-defined for each element, once the
cartesian co-ordinates for each node are evaluated, to take into con-
sideration the displaced shape. The arrays [X], [Y] containing the
co-ordinates are updated at each iteration by adding into the array
corresponding nodal displacement so the actual displaced shape is

stored within the program at any time.

The nodal co-ordinates are therefore always known, however, this is
insufficient to fit a circular curve between these two points. A
third point is required and to establish this point it is assumed

that yc remains constant for each element throughout the analysis.
From the co-ordinates of these three points it is possible to evaluate

a unique circular arc which will pass through all three points.
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5.5 Theoretical Models

Many numerical models have heen developed for solving non-linear
problems, ref. 41 gives a very good review of most of the available
techniques. For this type of analysis it is necessary to use an
incremental technique which effectively linearises the governing
polynomial over a specified increment. The structural stiffness
matrix is updated at the end of each loading increment, consequently
any degradation which has occurred in the previous cycle can be
mirrored in the updated stiffness matrix. If this piecewise linear
approach is used then the analysis tends to drift away from the

correct load/displacement curve as shown in Figure 5:5.

load P

Error incurred due to drifting

3AP A

2AP 4

» displacement §

Figure 5:5 A Piecewise Linear Approach to a Non-linear Problem

The problem of drifting from the true load/displacement curve can be
reduced by decreasing the loading increment, but this will increase
computer time and irrespective of how small the loading increment is

the displacement will always be underestimated.

This analysis can be improved simply by checking that the internal
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forces developed within the structure hased on the modified geometry

and material properties are in equilibrium with the applied loading.

From the initial elastic analysis

[Ki1{8} = {Fapp} (5:12)

{Fapp} is the applied load on the structure

[Xi] is the stiffness matrix for the ith loading increment

The elastic internal set of forces for each load is evaluated thus
[Kepl {8eg} = {Fggl (5:13)

Summation of eachelement'!snodal forces for the whole structure will
produce an internal load vector which is exactly equal to the applied
load vector {Fapp}. If however each element is checked for material
damage and geometric changes and the elements stiffness matrix is
reassessed based on these new parameters [Kéz], it is then possible to

evaluate the actual internal forces based on the corrected element

stiffness.
i.e. {F3p} = [K&y] (8%} (5:14)

Therefore any imbalance between the applied and actual internal forces

can be evaluated using:-

i=No. of elements
{Fimp} = {Fapp} - 1 {Fegl (5:15)

i=1 -
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{r;n} is then applied to the structural stiffness matrix as a pseudo
load which is an indirect measure of the non-linear behaviour of the

arch. This will produce a set of displacements {5;nc}

ie. [K)] {8ipc} = {Fig} (5:16)
{G;nc} is now added to {&}

T82Y - &l 1 }
{62} = {8'} + {85} (5:17)
From {62} a new set of material and geometric properties can be deter-

mined and [K;z] can be established as before
{r3g} = [Kég{].{CSég,} (5:18)

The process is repeated until a convergent solution has been achieved
and the whole structure is in a satisfactory state of equilibrium.

~
This iteration at the end of each loading increment ensures that the

displacements are following the correct load/displacement curve, this

is illustrated graphically in Figure 5:6

load P
l
Number of Iterations
4AP 4o — — — — — ) 9
3AP e - — 2
2AP TL“" 1
AP + Y
- displacements

Figure 5:6 Modified Newton-Raphson Technique for Modelling a Non-

Linear Polynomial
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The structural stiffness matrix [K] is reformed using the element
stiffnesses which were evaluated at the last iteration (jth] of the
previous load increment
i=No. of.elements
K1 = ] [Ker’i) (5:19)
i=1
[K] has now been established such that any degradation which occurred
in the previous load increment is reflected in the set of equations
contained in [K]. Boundary conditions are applied and another load
increment can be analysed. This process is repeated until failure
occurs which is detected when [K] becomes singular and it is no longer

possible to decompose [K].

Appendix 4 illustrates the main logical stages required to develop
this non-linear program by means of a flow diagram. The numbers in
brackets refer to the relevent section dealing with that particular

stage.

5.6 Convergence

When using a numerical solution such as the modified Newton-Raphson
technique it is necessary to apply convergence limits to determine
when to stop the iteration. The speed with which convergence is
achieved during an increment is dependant on the size of the load
vector and also on the convergence limits. The larger the load vector
the greater the number of iterations required for an increment. The
size of the load incremental load vector is important for the first
loading increment because if it is too large then premature failure
will occur. As a node fails, a large proportion of the load is re-

distributed causing adjacent nodes to fail. This then continues and
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all nodes will eventually fail causing premature failure. This has a
practical analogy, one where the load is appliedtoo rapidly con-
sequently the load is not distributed to the whole structure quickly
enough and it will fail prematurely. This analytical problem can be
overcome by chosing a suitable loading vector, firstly by trial and
error but eventually judgement can be used to determine a suitable

load vector.

Convergence tolerances can be applied to the displacement and for the
pseudo load vector {Fimp}. The displacements are monitored and tested
after each application of {Fiph} if the perturbation caused by the

pseudo load vector is within controlled limits namely

lower bound < {8}-{8inc} <« upper bound

{6}

then convergence has been achieved.

The second convergence test is carried out on the pseudo load vector
which is an indirect measurement of the non-linearity of the problem.
If the elements of {Fimb} are normalised to a scalar value it is

possible to evaluate any changes in {Fimb} after each iteration. The

Euclidean norm of the vector {Fimbl}, A, can be determined from

equation 5:20

j=NDF

>
it

Y fifb j NDF = Number of degrees (5:20)

j=1 of freedom.

A can now be compared with the normalised value of the applied load

vector, Agpp, where
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Aapp = L £5° (5:21)

Convergence of loads can be tested using,

lower bound < AaEP - A < upper bound
Aapp

It was found that testing convergence merely by studying the gradual
reduction in displacements {8inc} was not totally satisfactory because
occasionally the displacements had converged but the load had not
converged to the same accuracy. Therefore convergence was tested

using both displacement and load vectors.

Tests were carried out to determine what was the optimal value for the
upper and lower bound, the values used were 1.1 to 0.9, 1.05 to 0.95,

1.01 to 0.99, 1.005 to 0.995 and 1.0025 to 0.9975. The arch analysed

was span 6 metres, rise 1.8 metres, cover at crown 0.5 metres,
radial thickness 0.33 metres, parabolic geometry with three load con-
ditions crown load, 1/4 point load and U.D.L. over half of the
structure. It was found for the first half of the analysis converg-
ence occurred within 2-4 iterations and the limits made very little
difference. For the second half of the analysis the more sensitive
convergence limits only increased the number of iterations by about 2
to 3. For the point loads i.e. crown and 1/4 point the collapse load
was always the same. Illowever, for the 1/2 U.D.L. the collapse load
occurred one increment earlier for the more sensitive convergence
limits, this first occurred at the 1.01 to 0.99 limits. Increasing
the sensitivity of the limits will increase the displacements to the

correct analytical solution due to the increasing number of iteratioms.
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However the program in general seems to have very good convergence
characteristics, so toaccommodate for the one anomaly which did occcur
with the 1/2 U.D.L., a value for the convergence limits of 1.01 to

0.99 has been used in this work.
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Chapter 6

NUMERICAL TESTSON BRICKWORK ARCHES

6.1 Introduction

Very few full scale arches have been tested to destruction. In 1937

the Building Research Establishmen%zcarried out a series of experiments

to try and determine the behaviour of brickwork arches. Thesc tests

included three destructive tests on existing bridges and a series of

serviceability testsrecording deflections when a 27 ton axle load was
43

applied. Chettoe and Henderson (1957) carried out serviceability

tests but in this case the axle load was increased to 45 tons.

At that time the main analytical tool available to design engineers
was the elastic analysis and the associated middle third rule. This
analysis merely assesses the material by defining the tangential value
of Young's modulus and assumes no flexural cracking can occur. For
this reason very little quantifative information is given about the
material used in the arch. The geometric properties have been well
documented in the reports. However, Chettoe and Henderson do make a
recommendation based on a visua' inspection that the value of Young's
moduli, E, is about 1 x 10° p.s.i or 6980 N/mm?, but even they admit
this value may be too high. No indication is given about the compres-

sive strength of the brickwork.

Consequently any comparison between these test results and results
obtained from an analytical model is very difficult. To overcome this
problem a parametric study was carried out using the correct geometric

properties but varying the material properties for each computational
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analysis. This produces a family of curves which will indicate the
behaviour of the arch, from these results the curve which simulates
the test results best could be considered to be the correct solution.
It is nevertheless recognised that this is not the most conclusive
study but it does give some independ nt circumstantial evidence for

the validity of the proposed analysis based on existing results.

The numerical analysis has been used on two actual design problems
and the results have been compared with the solutions obtained from
existing design methods. The first problem was for a replacemecnt brick-
work arch where the existing arch had decayed due to old age and lack
of maintenance. This arch was used to span across a canal and the
redesign of it was the problem of the Canal Board (Southern Region).
For the specified geometry various analytical methods were used so
that a comparison could be made of the collapse load obtained from

each method.

The second analysis was performed by Heyman, Hobbs and Jermfﬂ'on
Teston Bridge in Kent, with a view to improving its structural integ-
rity as it was again decaying due to old age and no longer fully
operational. The results were obtained using a plastic analysis
proposed by Heyman and compared with those obtained from the non-
linear analysis. 1t was found that the two results were comparable,

but the plastic analysis does have some shortcomings.
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6.2 A Comparison of Various Design Methods for the Analysis of the

Canal Bridge

First a description of the problem as shown iﬂ Figure 6.1

Parabolic Geometr

L/8 L/8 | L/8 L/8

S ‘ ROAD SURFACE

3ring
coursing

2 ting coursing

4 ring coursing

-

(d = .222m) o y

NS
X L ’

The arch was analysed using a fixed support condition and the radial
thickness was varied from 0.22 metres to 0.44 metres which represents
a change from two to four rings of brickwork. Four possible loading
conditions were considered to try and establish the critical load and

loading position.

The most popular design method currently being used must be the elast-
ic method as proposed by Pippard using the concept of the middle third

rule and zero tensile stresses allowed to develop at any section.

The assumption of zero tensile stresses being developed in brickwork

is conservative and existing Codes of Practice on structural brickwork®®
(CP111 and BS5628) do allow small tensile stresses, Ot, to develop.
CP111 is based on permissible stresses whilst BS5628 is derived using
limit state concepts therefore the numerical values suggested for Ot

are not really comparable.
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To develop the criteria for preventing tensile stresses to develop is

relatively simple and is shown in Figure 6:2

Fibre (2)
P
e
—_t + =
Fibre (1) Axial Stress Bending Stress Combined
P 6Pe Stress
d bd?

Figure 6:2 Stresses Developed on an Eccentrically Loaded Section for

Limiting Tensile Stress at Fibre (1)

P 6Pe

O¢ < 5 " EE; (6:1)
d ot bd?
e £ - T6p (6:2)

0t < 0 for tensile stresses

If ot = O then e € 4/6 the middle third rule.

Using this as the failure criteria for the arch an elastic analysis was
carried out to determine the load which causes the line of thrust to
exceed the allowable eccentricity given in Eqn. 6:2 and this indicates

the maximum allowable loading for the structure.

Since Pippard's' analysis is based on the en ineering bending theory
pPp Y g g

and elastic properties of materials, the beam element discussed in
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Chapter 3 was ideal for this type of analysis and a suitable program
was developed to perform the elastic,anélysis. The pfogram provides
the complete information about the arch rib under any loading condi-
tions. The output includes displacements, horizontal and vertical
forces at all points along the arch, this has been conveniently

arranged so that an automatic plot of the line of thrust is produced

by the computer.

The effect on the collapse load of increasing the radial thickness,
different loading position and allowing tensile stresses to develop
has been studied using the proposed program and failure criteria.
Figure 6:3 illustrates how the collapse load increases with increased
tensile strength as expected the quarter point load, P,, gives the

critical loading condition.

load kN
250 -
BS 5628, Pt. 1 1/81
~ ":
~ (allal
200 4 N BN Nt ///Aé:
< wn o 4/8 74 ring
> S| o / e
Nal
Iyl
00 4 5 / 3/8J
< T 282
/////’/////////:§;1/8
/
150 - g ' ,/”4/8 3 ring
) - /////,///// -
N Aﬁfﬁ/ﬁ - //’3/”
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0 ] e ol
.‘Z ) /‘M —""A/Z/S
20 V72~ P e
0 o= — ;
S
e ¥ T T
0 0.07 0.25 0.50 0.75

Tensile strength N/mm?
Figure 6:3 Increase in Design Load with Increased Tensile Strength,

with Total Thickness at Crown, Tc = 0.7m
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Figure 6:3 is based on typical values for allowable tensile stresses
in bending. CP111 suggest 0.07 N/mm’® should be used for all types of
brickwork, whilst BS5628 Part 1 gives better guidance for different

types of bricks and mortars. Table 6:1illustrates characteristic
tensile strength for an engineering brick which has a water absorption

of less than 7% and bending parallel to the bedding planes.

Characteristic

2
Tensile Strength N/mm

Designation and Mortar Type

I 1:0/%:3 0.7
II 1:%: 4/4% 0.5
ITI 1:1:5/6 0.5
IV 1 :2:8/9 0.4

Table 6:1 Increase in Characteristic Tensile Stresses for Different

Mortar Types

Figures 6:4 a-b illustrate the graphical output obtained from the
analysis and they show how the line of thrust migrates outside the
arch rib as tensile stresses are allowed to develop within the arch

rib.

A parametric study was carried out for various thicknesses, live loading
positions and different total thicknesses at crown tc = 0.46 metres or
0.7 metres. The arch was analysed using the non-linear analysis,
plastic analysis equations 1:2 and 1:3 representing the lower and

upper limits, elastic analysis with zero tensile strength and the

Department of the Environments (DoE) assessment.
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LOADING ARRANGEMENT KEY
LOAD POINT Load= 4.00kN f fy=0. OON/mm
—w-—=Load= 46.00kN fy=0. 25N/mm
‘ _m._.Load 86 .00kN fy-O 50N/nm
2.5 ..Load=128 .00kN fy=0.75N/rm?
ROAD SURFACE b
w 2.
[ ¥T)}
=
¥ 1.
=
I]‘
[
<
o 0.
S
= 0.
"
-0.
-0.1 1 1 Il I | 1 | 1 1
0.0 0.6 1.2 1.6 2.4 3.0 3.6 4.2 4.8 5.4 6.C
SPAN OF ARCH IN METRES NUMBER OF CURVED ELEMENTS = 40
Figure 6:4a Line of Thrust Through Arch
LOADING ARRANGEMENT KEY
Load= 16.00kN fy=0.00N/mm?
LOAD POINT ——==Load= 72.00kN fy=0.25N/mm?
‘ —=—Load=126.00kN fy=0.50N/mm?
? e L 0ad=180.00kN fy=0.75M/rm?

ROAD SURFACE

HEIGHT OF ARCH IN METRES

-1. k I 1 | 1 1 1 1 L ,
0.0 0.6 1.2 1.8 2.4 3.0 3.0 4.2 4.8 5.4 6.(
SPAN OF ARCH IN METRES NUMBER OF CURVED ELEMENTS = 40

Figuré 6:4b Line of Thrust Through Arch
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The DoE assessment is an ingenious nomograph which requires the span
and total thickness at the crown to be known, from which the basic
collapse load of the arch can be found. This result is modified by
various co-efficients to take into account material properties and
structural changes which may occur such as settlement and re-alignment
of geometry. The nomograph is based on a simplified version of

Pippard's elastic analysis.

The collapse loads obtained from these analyses are tabulated in

Table 6:2.

6:3 Re-habilitation of Teston Bridge

Heyman, Jermy and Hobbs undertook to assess Teston bridge in Kent
using a plastic method developed by Heyman. The design loading condi-
tion was to be a line load of 40 kN applied at the quarter point over
a typical metre width of the arch. For this condition the authors

evaluated a minimum radial thickness of 0.239 metres.

From the information given in the paper, a summary is given in Table

6:3 of the major properties.
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Property Quantity used in analysis

Rise 2.66m

Span 7.2m

Thickness 0.2m - 0.57m

Geometry Parabolic

Material Due to lack of data a soft brickwork

of 5000 N/mm® was used

Road Surface 3.535m above springing

Loading Point load quarter point plus self-
weight with infill density of

16.7 kN/m?

Table 6:3 Properties Used in the Analysis of Teston Bridge

A similar analysis was performed using the non-linear analysis to
determine the change in collapse load with increasing radial thickness.
Figure 6.5 shows how the collapse load increases with increased radial
thickness and it can be seen for the design load of 40kN a minimum
thickness of 0.285 metres is required when using the non-linear

analysis.
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load

kN

200

180 }

160 }

140 ¢

120 } /
100 ¢ X

80 }

60 L ////x

0.285
0.4 0.5 0.6

Rib thickness m

~
Figure 6:5 Increase in Collapse Load with Increased Radial Thickness

This difference in minimum thicknesses can be reconciled because the
plastic design method assumes infinite compressive stresses develop at
the critical sections and therefore produce a marginally unsafe solu-

tion.

To overcome this assumption the plastic design method applies a

geometric factor of safety of two, namely doubling the minimum required
radial thickness. If this geometric factor of safety is applied to the
result obtained from the non-linear analysis i.e. increasing the radial

thickness to 0.57 metres, the collapse load is raised by a factor of
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4_75.to 190 kN. Thus applying a geometricAfactor of safety to the
radial thickness gives no indication of the actual collapse load of

the arch.

One of the main criticisms of the limit analysis is it gives no
quantifiable information about the displacements which are generally
required by a designer, which allow him to perform serviceability
checks. However, if the incremental non-linear analysis is used the

displacements are quantifiable nearly'up to collapse as shown in

Figure 6:6.
Load
kN
200
t=057m
160 -
S
~ t =0:50m
120~
t =0'45m
t =040m
80
t =0-35m
t =0:30m
40 -
7 t = 0-20m
0k i ! ] ]
0 1 2 3 4 Smm

Displacement

Figure 6:6 Load/Displacement Curves for Various Radial Thicknesses
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The displécehent immediately prior to collaése\cannot Eg ascertained
exactly because the final 