















































































































































and hence

‘25:(f1+91)+(—~’C*y3)(f2+gg)—:r—8+xy+g4.

Now rewriting y* gives

vt =y(f2) = y(fo+ 92) — 9(92) = y(f2 + 92) — o>

So we obtain

p=-8—z+zy—y’ +(fi+9)+(-z—1*+9)(fa + »)

and so z? is expressed in the form required. Now ¢ is of w-degree 6 and the
largest w-degree on the right is also 6, in (f; +¢;) and —y>(f, + g,). so the given
inequality does hold.

This Maple routine will express an element of C[ry,. ... T,] as a member of a

Clfi +91,.., fn + gn)-module where f;,g; are as in Proposition 3.3.1.

asmodule:=proc(h,F,G,v,order)
local i,Ans,rm,Sp,Trm,j;
Sp:=FGR(h,F,G,v,order);
Ans:=Sp[1];
rm:=[[Sp[i+1],F[i]+G[i]] $ i=1 .. nops(F)];
while rm <> [] do
if rm[1]1[1]=0 then rm:=[rm[i] $ i=2 .. nops(rm)];
else Sp:=FGR(rm[1][1],F,G,v,order);
Ans:=Ans+(Sp[1]*rm[1] [2]);
Trm:=[rm[i] $ i=2 .. nops(rm),
[Spl[j+1],(F(j1+G[j1)*rm[1] [2]] $j=1 .. mops(F)];
rm:=eval (Trm) ;
fi,
od;



RETURN (Ans) ;

end:

In the above, h is the element to be rewritten. F and G are (f;..... fn) and
(g1, -, 9n) respectively, v is the list of variables and order is the monomial order,
given as a list of vectors. (See Appendix C for the definition). As the program
runs, Ans contains the answer as it builds up, rm contains the remainder, vet to be
rewritten, in the form [ [a;,F; +G;1,...,[as,F;,+G, 1 ]. where the remainder
is actually > a;(fi, + ¢g;,). Then a; is itself split up, some of which is added to

Ans, the rest to rm. The following subroutine is also needed:

FGR:=proc(h,F,G,v,order)
local Ans,temp,1i,Extra,Textra;
for i from 1 to nops(F)+1 do
Ans[i] :=0;
od;
Extra:=h;
while Extra <>0 do
temp:=remainder (Extra,F,v,order);
Ans[1] :=Ans[1]+temp[1];
Textra:=0;
for i from 1 to nops(F) do
Ans [i+1] :=Ans[i+1]+temp[2] [i];
Textra:=eval(Textra-temp[2] [1]1*G[i]);
od;
Extra:=eval(Textra);
od;
RETURN (convert(Ans,list));

end:
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The subroutine FGR above uses the remainder function from Albert Lin's
Grébner basis package (See Appendix C). With h,F,G,v,order as in the routine

asmodule, it gives [r,a;,...,a,] as output, where h = r + Y a;(f; + ¢gi) as in
(3.6) above.

3.4 Projective geometry of finite maps

We may consider the components of a map as defining hypersurfaces in projec-
tive space. By studying these, especially their intersections, we may determine

whether a map is finite, in a similar way to that of Proposition 3.2.1.

Proposition 3.4.1 Let f = (f1,..., f.) : C* — C" be a polynomial map. Let
fi,..., f} be the leading homogeneous parts of the components of f. Given y =

(Y1,.--,Yn) € C", let f¥,..., f¥ be the homogenizations with respect to a variable
z Offl _yla“-:fn — Yn. Then
1. If fI,..., " have no common root in P*!, then f is finite.

2. If for some y, the curves given by fY =0,..., f¥ =0 do not meet in P" at
the hyperplane given by z = 0, then f is finite.

Proof Part 1: By the Projective Weak Nullstellensatz ([CLO, p370]), for each ¢

there exists m; such that z]" €<f{,..., fn>. Hence the quotient

C[:L‘l, .o ,xn]
<fl,..., fi>
is a finite dimensional C-vector space. Thus (see Proposition 3.2.1) (f1,..., fa) :

C™ — Cn" is finite. This in turn means that f itself is finite (see Proposition
3.3.1).
Part 2: Now fY =0,..., f! = 0 meet in the hyperplane z = 0 if and only if

fi,..., fi have a common root, since substituting z = 0 into f¥ gives fj. .
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Remark In the second part of the above, the points of intersections on z = (
do not depend on y. If f is finite, but has intersections on z = 0, then the
intersection multiplicity of f¥ =0, .. ., f§ = 0 is also fixed. Suppose that there
is a point on z = 0 which is also a point of intersection of fl=0,...,f=0.
The only way the intersection multiplicity here can increase is if an intersection
away from z = 0 moves out and joins it. Suppose we take y = y, and at this
point a certain intersection lies away from z = 0, but as we move to Yy = v, this
root moves to the hyperplane z = 0. Returning to the affine viewpoint, if we
take a compact set containing a path between y, and Yy, 1ts preimage will be
unbounded, since it will contain all the positions of the root in question as it
moves out to the “hyperplane at 0co”. So the preimage will not be compact and
this contradicts the properness of the finite map.

The description of finiteness in terms of projective varieties yields the following

result.

Proposition 3.4.2 In the space of all polynomial maps f = (f,..., fn) : C"* —
C" such that deg f; = d; for fized dy,...,d,, the non-finite maps lie inside a

proper (Zariski) closed subset.

Proof From Proposition 3.4.1, we know that if the leading homogeneous parts
fi,..., fl have no common root in P*~!, then f itself is finite. We will show that
the set where they do have a common root is a closed subset of the given space
of mappings.

For a given degree d;, we may represent the space of homogeneous polynomials

of this degree in n variables by a projective space P"i, where each homogeneous

coordinate y; ; represents a monomial '’ in z;,...,z,. So we have an isomor-
phism
N‘. . . N
U:> kil (kg ki ky,) € P
=0
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where k; € C. (NB All non-zero scalar multiples of a polynomial are represented
by the same point of the space). Consider the following space:
P* !l x PM x ... x PPn

—

and let A C P™! x M be the set
A={(z,h1,. . hp) : O (Ry)(z) = - = T}(h,)(z) = O}

Now a closed subset of P"~! x M is one defined by equations which are homoge-
neous in each set of variables (one set per projective space in the product). Can
A be defined in this way? For each i, consider variables z,,...,z, on P*! and

variables y;,...,¥; n, on PY. Then U~!(h;)(z) = 0 is equivalent to

N; .

J
Y iz =0
—

which is a polynomial in the given variables, homogeneous of degree 1 in the y
variables and degree d; in the z variables. Thus the common locus of all such
polynomials (i.e. A) is closed in P*~! x M.

Now a product of projective spaces may be considered as a variety in a larger
projective space via the Segre mapping (see [H, p25],[Sh, p4l]). So we may
consider P"~! x M as a product of varieties. Thus by ([Sh, p45 Thm 3]) the
projection

TP Ix Mo M
carries closed sets to closed sets. This means that m(A), (i.e. those n-tuples
which do not have a common root) form a closed subset. Now (%, ..., z%) lies

outside m(A), so it is a proper closed subset. a

We now give some examples.

Example 3.4.3 The map f = (23 + zy,y* — y) : C? — C? is finite. as we will

show using the above proposition. We will choose the point in the target (called
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y in the above) to be (0,0). Homogenizing f with respect to the variable z, we
obtain (z° + zyz,y* — y23). Now the curves z3 + zyz =0 and y* — y23 = 0 will
meet at the hyperplane z = 0 when z® = y* = 0, which since we are working in

projective space, will not occur. Thus f is finite by part 2 above.

Example 3.4.4 The map f = (z*y® + y?,2° — zy) : C? — C? is in fact finite.
although it fails the criterion given above. Let the chosen point in the target be
(a1, a,). Now, homogenizing we obtain (z2y? + 22 — a,2*, 2% — xy — ay2?). The
curves z°y* + y*2z* — a;2* = 0 and 2% — 7y — a,2° = 0 meet on the hyperplane
z =0 at the point (0:1:0), so f does indeed fail the criterion. As noted above,
the curves have intersection multiplicity 2 at this point, regardless of the values

Of aq and ay.

3.5 [Equality of leading term ideals

Since the ideal of leading terms can be used to determine if a map is finite or

not, we now examine them a little a more closely.

Proposition 3.5.1 Let (fy,...,fn,) : C" — C" be a finite polynomial map with
quasthomogeneous components with respect to a set of weights w = (wy,...,w,).
Let (g1,...,9,) € Clzy,...,x,]" be such that for each i, deg,, g; < deg, f;. Let
Iy =<f1,..-, Jo> and Iy g =<fi + g1,..., fo + gn>. Then in an order graded
with respect to the set of weights w, <LT(Z;)>C <LT(Zj.4)>.

Proof Suppose ¢ € Z;. Then we may write it as
u v gwﬂ\,ﬁs,&h

[INYUF RSN ‘ :
where o; € C[zy,...,,| and aegw_aif,- < degwl ?i, by Lemma 3.2.2. Now consider

the polynomial .4



This is in all respects the same as ¢, except for the addition of some terms o;g;

where deg,, o;9; < deg, ¢. Thus, LT(¢) = LT(¢). So LT(Z;) C LT(Z;,,) and

hence the result. 0

Now this result can be strengthened to equality, but we need the following
proposition. It gives a strong condition on the syzygies among the f;, relying on

the property that Clzy,...,z,] is free over f*Clyy, ..., Y]

Proposition 3.5.2 (The Syzygy Result) For a finite map f = (f1,..., fa) :
C™ — C", the syzygies on the components are generated by the trivial syzygies of

the form fie; — f;e; where {eq,...,e,} is the basis of the module Clzy,...,z,]"

Proof Let o = (03,...,0,) € Clzy,...,z,]" be a syzygy on the f;, so

1=1
Let by, ...,b, be a free basis for C[zy,...,,] as an f*Clyi, ... ,Yn] module. We
may write
0; = ZTz’j(f)bj
Jj=1
and so writing 7; = (715, ..., Tn;), We get

o= 37N 39)

Substituting this definition of o into (3.7), we obtain

S

> (r,(H)- B =0

J=1
and hence since the module is free, (1;(f) - f) = 0 for all j. Now this is another
syzygy on the f;, but observe that 7;(f) € F*Clyy, ..., yn)" Since f*Clyy, ... , Un)

is isomorphic to Clyy, . .., yn] via f* (see Proposition 3.1.7), this is equivalent to

the syzygy
(Ti(y) y) =0
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where y = (y1,...,y,). Now the syzygies on the y; are generated by the trivial
ones y;e; — y;€;, so T;(y) must also lie in this syzygy module. Hence via the map
f*, 7;(f) lies in the module generated by the trivial syzygies fie; — f;e;. Now o

is just a linear combination of the 7;(f) (see (3.8)), so it also lies in this module.O

Using the syzygy result we obtain the following result, which shows why the
finiteness of a quasihomogeneous map is unaffected if we add extra lower order

terms.

Proposition 3.5.3 With the same conditions as Proposition 8.5.1, <LT(I;)>=
<LT (Zg4q)>-

Proof Now Proposition 3.5.1 showed < LT(Z;)>C< LT (Zs4,)>, so only the
reverse inclusion needs proving.

Suppose a polynomial ¢ € C[z,...,z,] is written
n
¢=> ai(fi+g)+h
i=1

where a; € Clzy,...,2,] and h € Iy NTf .

Define d(¢) = max{deg,(c;(f; + ¢;)) : ¢ = 1,...,n} if some o; # 0 and 0
otherwise. Thus d(¢) depends not only on ¢, but also on how it is written.

We wish to show that LT(¢) €<LT(Z;)> or f may be rewritten such that
d(¢) decreases.

There are 3 cases to consider:
e Case 1: LM(h) > LM(E a,-(fi + g,))
o Case 2: LM(h) = LM(X os(fi + 9i))-

e Case 3: LM(h) < LM(S a;(f; + 9:))-
Case 1: Here, LT(¢) = LT(h) €<LT(Z;)> and so this is a trivial case.
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Case 2: Now since h € T f+g> WIite

h=YG(fi+g).
i=1

This can be split up, according to the w-degree of (; f; as follows:

h=% m(fi+a)+> 6:(fi+g)+ 3 2": &5i(fi + gi)-
i=1

i=1 j i=1

The splitting is defined as follows: for each j, 2 €;:(f;) is a quasihomogeneous
part of 3" (;(f;) of a w-degree j strictly greater than d(¢). The element n:(f;) is
the part of 3 (;(f;) of w-degree equal to d(¢). Now 3 6;(f;) is the remainder, i.e.
the part of 3° (;(f;) of w-degree strictly less than d(¢). We can split up ¥ o;(f;)

itself similarly: i i

> aulf) = 3 AU + 605 (3.9
where Y 3;(f;) is the part of w-degree d(¢) and ¥ é;(f;) is the remainder. Con-
sider 3 (6; + n;)(f;). If this is non-zero, then LT(¢) = LT(X(8; + n;)(f:)) and
hence LT (¢) €<LT(Z;)>. However, if this sum is zero, then the Syzygy Result
gives §3; +m; € Iy and so

n

¢ = 2(62 + 60;)(fi + gi) + i(ﬂi +m:)(fi + i) + Z i &5i(fi + gi) (3.10)

h

Now he T £ NIy, since the first sum certainly is, from above and ¢;; € Z; by the
following argument. We know that for each j, deg, LM (h) = deg,, LM (Y o;(fi+
g:)) < d(¢) < j and so Y ¢€;;(f;) = 0 otherwise there would be a monomial in h
greater than LM (h). Thus by the Syzygy Result, ¢;; € Z;.

Thus, by consideration of (3.10), we see that ¢ has been rewritten in such a

way that d(¢$) has decreased.

Case 3: Splitting Y a;(f;) into two sums as in (3.9), suppose Y. §; f; is non-zero.
then LT(¢) = LT(X Bif;) €EXLT(Z;)> as required. If the sum is zero, then by
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the Syzygy Result, 5, € s for all i. This gives

n

b= 6(fi+0)+> Bilfi+g)+h.
i=1

1=1

~ S

o
h
Now h eI fNZy,, so again ¢ has been rewritten so that d(¢) has decreased.

Now given some ¢ with h = 0, i.e. an arbitrary element of 7, ,, we have shown

that either LT(¢) €<LT(Z;)> or d(¢) can be repeatedly reduced. Suppose the
latter happens. Now d(f) = 0 can only occur if

¢:§:0'(fi+gi)+h
i=1

in which case, LT(¢) = LT(h) €<LT(Z;)>. Thus <LT(I;,,)>C <LT(Z;)>
and hence <LT(Zj44)>=<LT(Z;)>. O

3.6 Finiteness criterion

We can now give a criterion for determining if a general polynomial map f :

C™ — C" is finite, but first we have a preliminary lemma:

Lemma 3.6.1 Suppose that >, and >; are product monomial orders on
Clzi, ... Tn, 21,...,2n) such that z; > 2; fori,j =1,...,n and k = 1,2. Let
fi,..., fa be polynomials in Clz,,...,z,] and let LT} denote the leading term

with respect to >;. Then there erist m; € N for 3 =1,...,n such that
.'E;nj € LT1(<f1 — Ry fn — z,,>)

if and only if there exist r; € N for j =1,...,n such that
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Proof For the definition of product orders, see §1.1. Now the sets B, and B,.

where By = {x*: x* ¢ LTy (<fi—z,..., f, —2,>)} form a basis for the C vector
space
Clzy, ..., Tn, 21,...,2,)
<fi—2, s fn— 2y 21y, 20>

Thus |B;| = |B,| and so one is finite if and only if the other is. Hence the result

follows. (Compare Proposition 1.2.5.) a
Proposition 3.6.2 (Finiteness Criterion) Let Clz,,...,z,, z,... , 2] have,
as in Lemma 3.6.1, a product monomial order with =; > zj fori,7 =1,... n.

Then a polynomial map f = (fy,..., fa) : C* — C" is finite if and only if there
exist mj € N for j =1,...,n such that

x;nj € LT(<fi — 21y -y fn — 22>) (3.11)

Proof Suppose the condition (3.11) holds for the order > and some polynomial
map f : C" — C". Now by Lemma 3.6.1, it will also hold for the order >;.,;
for any given j € {1,...,n}, where >,y is defined as lexicographic order with
Ty > Ty >+ >Tjog > Tjp1 >+ > Ty >Tj > 23 >+ > 2, This is a product
order since we may consider it as a product of lex on the x variables and lex on
the z variables. Hence we have

27 = LTjen() (E o (fi - Zz))

1=1
for some ¢, ; € Clzy,...,2,, 21,-..,2,;). By consideration of the monomial order,

we may write
n m; .
Z o i(fi — 2) = Z Br(2)z;
=1 k=1
where (3 is a polynomial in C[z,, ..., z,], with Pm; = 1. Now setting z; = f; for

all i we obtain

0= z]: Be(f)z}
k=1
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which is a monic polynomial in z; with coefficients in f*Cly,,... ,Yn)- Thus

z; is integral over f*Cly,,... ,Yn). This may be repeated for each 7 and hence
Clzy,...,z,] is integral over f*Clyr, ..., yn), i.e. the map f is finite.
For the converse, suppose that f is a finite map. Then for each j € {1,...,n},

there exist polynomials 6; € f*Cly,,...,y,] such that
25+ bma ()27 4+ 86(f) =0

since C[zy,...,7,] is integral over f*C[y;,...,y,). Denote by Z;, the ideal
<fi—2, .-, fa—2,>. Now f; = z; modulo T4, for ¢ = 1,...,n and hence if
¢ is any polynomial, then ¢(fi,..., f,) = ¢é(zi,...,2z,) modulo Zs,. Thus we
have

Y b6k(z)zf = 6 (f)z¥ = 0 modulo Z;,
k=1 k=1

where 6;(2) is simply 6x(f) with each f; replaced by z;. Hence

Z 6k(z)xf = Zfz‘(fi - z;)
k=1 i=1

with ¢, € Clzy,...,2p, 21,...,2,). So 2* = LT (X €;(f; — 2:)), in other words,

zT € LT (Z;,). This may be repeated for each j and hence the result follows. O

We can use Proposition 3.6.2 to determine a generating set for Clzy,...,z,| as

an f*Clyy,...,y,] module as follows.

Proposition 3.6.3 Let (f,..., f,) : C* — C" be a polynomial map. Suppose

B = {by(x,2) € C[z1,...,Tn, 21,---2n)}ren 1S a basis for the C vector space

C[ml,...,mn, zl,...,zn]
<f1_zla"'afn_zn>

(3.12)

If B,, is the set of monomials of elements of B and ¥ is the map obtained by sub-
stituting z; = 1 for all i, then ¥(B,,) generates C[z1,...,T,] as an f*Cly1, ... . Yn

module.
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Proof Let ¢(x) be an arbitrary element of Clzy,...,z,]. We may write
O(x) = ) pa-ba(x,2) + > Bi(x,z)(fi — z)
AEA i=1
where py € C and §; € Clzy,...,z,, 2, ... , 2n]. Substitution of z; = f; gives
¢x) =D m-b(xf)= Y x* 6,(f)
AEA X2 €W (Bpm)
where 6,(f) is some element of f*C[y,,...,y,]. Thus ¥(B,,) is a generating set

for Clzy,...,z,) as an f*C[yi,...,y,] module as required. 0

Note that if we take f to be a finite map in the above, then the set B will of
course be finite. The following corollaries give a particularly simple set of module

generators and condition for this to be a free basis.

Corollary 3.6.4 Let C[zy,...,Zp, 21,-..,2,] have a product monomial order
with z; > zj for i,j = 1,...,n and let L = {x* : x* ¢ LT(Z;,)}. Then L

generates Clzy,...,z,] as an f*Clyi,...,yn] module.

Proof Now any element of the LT-monomial basis of Zy, is expressible as x%z®

where x® € L, so will lie in £ under ¥.O

Corollary 3.6.5 L (defined as above) is a free basis for Clz,,...,z,] as an
f*Cly1, - - -, yn] module if and only if the LT-monomial basis of Iy, (using the
same monomial order as above) is {x®z* : x* € L, any 2%} (i.e. the ideal

<LT(Z;,)> is generated by monomials in Clz,,...,z,]).

Proof Suppose we have

Zlfl(f) =0

lec
for some ¢(f) € f*Cly1,...,un)- Let {f*}rcx be the set of all monomials in

fi,..., fn. Then for each [ we may write

a(f) = Z ALk - f*

keK
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where ), € C. So

S o Aax(t-fH) =0

leLkeK
Now modulo Z;,, this is

Z )‘l,k(l . Zk) =0

lekeK

But the monomials [ - z* form a basis of the vector space (3.12), hence A =0
for all [, k. Thus ¢(f) is identically zero for all [, so L is a free basis as required.

Now suppose that L is a free basis, but there is a monomial x*z® with x* € £
but which lies outside the LT monomial basis. We may suppose without loss of
generality that every monomial which divides it lies inside the monomial basis.
If we write G for a Grobner basis of Z;, (as defined above) then there is some
v € G such that LT(y) = x*z%. By consideration of the monomial ordering, we
see that the z part of any monomial of v must be less than x* and hence in L.
Using this, we may write

vy=> 1-¢(z) €Iy,

lel

where (; € C[z, ..., 2,] and with zero constant term. Now replacing each z; by
fi gives
Zl -Q(f) =0

lec
which is an f*Cl[y,...,¥yn] syzygy on L, contradicting the fact that it is a free

module basis. O

Suppose for some multi-index 3, 7 - zP still consisted of monomials whose z
components lay in £. This product would also form an f*Clyy, ...,y syzygy on
L. We will call such a syzygy a parallel syzygy. The method given above yields
the following:

Corollary 3.6.6 Let G be a Grobner basis for I;, (as defined above) under the
given product monomial order. Let G' be the set of elements of G whose leading

monomials are such that the x component lies in L. Now to each v € G' we
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can associate (as shown in the proof of the previous corollary) an f*Cly,...., Yn)

syzygy o(y) on L. Then o(G") and parallel syzygies generate the f*Clyy, ..., ya]-
syzygy module on L.

Proof Let 7(f) be an f*Cly,,...,y,] syzygy on L. Writing [ for the elements

of £ as a vector, this means that

(f) - 1=0 (3.13)
thus if we replace each f; by 2;, we obtain
T(Z) le Ifz.

So 7(z)-lisa C[zy,...,Z,, 21,...,2,)-linear combination of elements of G. Note
that each of the components of 7 has zero constant term. Otherwise, setting
fi = 0 for all 7 in (3.13) above, we find that the elements of £ are linearly
dependent. If we divide by the Grobner basis G, we obtain quotients c., and o,

such that
(z)-l= ) a,(z,z2)y+ Y, dy(z,2)y
yEG-G' ¥ eG!

where a.,al, € Clzy,...,Zn, 21,...,2,). Now the left hand side of the above

Y
consists of monomials whose x component lies in L. But every v € G — G' has a
leading monomial with  component outside £ and so would not divide 7(z2) - I.
Thus a., must be identically zero for all vy € G — G'. So we have
T(2)- 1= ) dy(z,2)y.

,),/ =tel

We may write

v =>1-G(2)

leL
which becomes (') - I on replacing z; by f;. So we obtain

T(f) = > dy(z, flo(v)

7I€GI

99



Thus 7 is a f*Cly,, ..., yn]-linear combination of the syzygies o(v') and parallel

syzygies as required. ]
Note that it is possible to determine a free basis for C[z,,... .Tn] as an
f*Cly1, ..., Yn)-module using an algorithm. See [LS] for an explanation and a

description of a (rather impractical) method.

We now give some examples of the use of the criterion.

Example 3.6.7 We return to the example of the map f = (z,zy? + y) which
we claimed was quasifinite but not finite. Consider the points (z,y) in the set
f~Y(ay,a3). This implies that £ = a, and y is a root of a;y> + y — a;. Thus
f~Y(a,ay) is a finite set for all (a),a;) € C?, i.e. f is quasifinite. But is f also
finite? Let us apply the criterion of Proposition 3.6.2. Calculating a Grobner

basis G for <f, — 21, ..., fn — 2,> using lex order with z > y > 2, > 2z, gives
G={z-z,29"+y— 2}

and so LT(G) = {z, 2,y*}. Hence f fails the criterion since there is no power of

y in this set. So f is, as claimed, not finite.

Example 3.6.8 Now consider the map f = (z%y? + %, «* — xy). This time, if
we calculate a Grobner basis G for <f, — z3,..., fon — 2,> using lex order with

T >y > 2; > 29, We obtain

G= { r*-1zy-— 2,
gy’ + 92—z + ¥,
zylzy — v +yz + 3y? — 72,
zyz + - 2 + 2% — o + ¥4 + ¥t -y,
222 + 4% — yz, + 332, — 2yzezy + 3y 2 + Y0 —y2l —yziz +
+4°23 + 4’2 — Y2,
- 2% + 2 - 22 + 't + W + vt - 2yt )
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and so f is finite, since there is a power of each of z and y in the leading
terms. We can also see that the monomials {1.z.y.zy. y*. zy*, y>. y*. y°} gener-
ate Clzy,...,z,] as an f*Clyy,...,y,] module. This is not a free basi~ however,

since there are leading terms of elements of G which contain z variables.

The following Maple routine implements the criterion, allowing for the simple
checking of finite polynomial maps. Given a map F as a list of components and
variables V, it calculates a Grobner basis using lex order and extra variables _Z to
check finiteness. If a third argument is given, this is assigned the list of leading

terms of the basis calculated.

checkfinite:=proc(F,V)
local i,j,VV,FF,G,LT,marker;
if nops(V)<>nops(F) then ERROR(‘incorrect No of components‘);
fi;
n:=nops(V);
_Z:=array(1l..n);
VV:=[op(V),-Z[1] $ i=1..n];
FF:=[F[i]-_2[i] $ i=1..n];
G:=grobner [gbasis] (FF,VV,plex);
LT:=map(x—>x[2],map(grobner[leadmon],G,VV,plex));
if nargs=3 then assign(args([3],[LT]);
fi;
for i from 1 to n do
marker:=0;
for j from 1 to nops(LT) do
pow:=coeffs(LT[j]1,V[i]);
if type(pow,numeric) then
marker:=1;

break;
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fi;
od;
if marker=0 then RETURN(false);
fi,;
od;
RETURN (true) ;

end:

3.7 The degree of a finite map

Now that we can determine whether a polynomial map f is finite, we may consider

the various degrees associated with it:

CLm] ,...,mn]

ko) for any value of (z;,...,2,) € C”

o dim(
e The dimension of C[z,...,z,] as a free module over f*Cly,...,y,]

) degf = [C(.’El,...,$n) . f*C(yl,---ayn)]

In fact, we will show that all of these numbers are equal:

Proposition 3.7.1 If {b;,...,b,} is a (free module) basis for C[zy,...,z,] over

F*Clyi,- .-, Ynl, then it also forms a (vector space) basis for C(z,,...,z,) over
f*C(yl’ T ayn)'
Proof Suppose there is linear relation among the elements {b;,...,b,} over the

field f*C(y1,--.,¥Yn)- So
> Bi(f)bi =0
i=1

where 3; € f*C(y1,-..,¥s)- Then multiplying up by denominators, we obtain
> Bi(f)bi =0
1=1
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where §3; € f*Cly, ... ,Yn)- Thus, since {b,...,b,} is a basis, we obtain Gi(f) =0
for all <. Hence §;(f) = 0 for all i and so the b; are linearly independent over
fCyr, .-, Un)

But are they a spanning set? Let ¢ € C(z,,... ,Ty,) be an arbitrary element.
Now the extension of C(zy,...,z,) over f*C(y,,... ,Yn) is finite and hence alge-

braic. Thus C(z1,...,2,) = f*C(y1,...,Yn)[T1,. .., Tn] (see [ZS, ChII §2 Thm?2}).

So we may write ¢ as a finite sum

where (,(f) € f*C(y1,...,¥n) and o ranges through all the possible multi-

indices. Now finding a common denominator 6(f), we obtain
b= o Y Bal )"
6(F) &

where again 8, € f*C[yy,...,¥s]. Since the sum in the above expression lies in

Clz,,...,z,], we can rewrite it as ) ¢;(f)b; where ¢; € f*Clyy,...,y,) and thus

1 S
== 2 €&(f)b
¢ 507) ; (f)
in other words, {b;,...,bs} is also a spanning set and hence a basis. 0

Proposition 3.7.2 The elements by,...,b, form a (free module) basis for the
ring Clzy,...,z,] over f*Clyy,...,¥n], if and only if they are a (vector space)

basis for
Clzy, ..., z,)

<f1_z1)---,fn_zn>

Ve =

forallz = (2y,...,2,) € C™.

Proof We will begin by proving the ‘only if’ part of the proof. Let us suppose

that by,...,b, are a free basis for the module. Choose a point z € C" and let
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¢ € Clz,,...,z,] be arbitrary. Then
=Y Bi(f)b;
i=1
with §; € f*Cly,, ..., y,| and
¢ = Zﬁz(z)bz modulo <f1 — 21y ,fn — Zp> .
i=1

Now this is simply a linear combination of the b;, so they span V.

Are they linearly independent? Suppose
oAb =Y G- %)
i=1 j=1

with A; € C,(; € C[z,,...,x,], so this linear combination is zero in Vz. We may

rewrite each (; as an element of the module:

Cj = Z: 5ji(f)bi-

This yields
> ()‘i - 6 - zj)) b;=0
=1

i=1

and since the module is free,
A= D 8i(f)(fi —2) =0
ij=1

for each ¢. Now f is an epimorphism (see Proposition 3.1.1), so the inverse image
of z is non-empty. If x = (z,,...,x,) lies in f7!(z), evaluating at z we obtain
; = 0 for all . Thus the b; are linearly independent and so form a basis for 1/,.
Now for the reverse implication, suppose that the elements by, ..., b, are again

a free basis for the module, while b, ..., b, form a basis for V, for all z € C". We

may therefore write
by by

I
R

b brn
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where A is a matrix with entries in f*Cly,, ..., y,], just by writing the b’ as ele-
ments of the module. Now, the b; are also a basis for V,, for every z € C*. Thus
we know that on setting f; = 2y,..., f, = 2, 1.e. modulo <f; — 2y, ..., fn — 22>.
the matrix A is an invertible (change of basis) matrix and so has non-zero deter-
minant. Now since the determinant is non-zero for all values of z € C", it must

in fact be identically a constant. Thus A is invertible as a matrix over the ring

f*Clyy,---,Yn)- In effect, A is a change of basis matrix in the free module, so

Y,..., b, are also a free basis. )

We have thus shown that the three definitions of degree given above coincide.
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Chapter 4

(Generalising to varieties

In this section, we generalise our results on finite maps C* — C" to finite maps

X — Y where X and Y are affine varieties of the same dimension.

4.1 Definitions

Firstly, suppose we are given a regular map f: .\ — Y where \ ¢ C", Y C C?
and Y = f(\\') (i.e. the Zariski closure of the image). Now f has components in
C[\]| = gz’lx—'l where [y is the ideal of .\'. We can choose a ‘representative’
polynomial map F': C* — CP? such that F; lies in the coset given by f; for ecach

. This gives

Lemma 4.1.1 Given f and F' as above and defining f* and F* to be the asso-

ciated pullback maps, the following diagram commutes:
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F*

Clzy, ..., 2]

o
C[X] -~ C[Y]
£

where C[Y] = g—L’-’}%“’yd, with Iy being the ideal of Y, 7, and 7, being the natural

C[yl’ s ,yp]

maps to the quotients and 7y is the map obtained by substituting f; for y;

Proof Let k(y;,...,%) € Cly1,...,y,) be an arbitrary element. Now
my(k) =k(y. + Iy, . .. yYp + Iy)

Mapping by f* yields

f*oﬂy(k) = k(fla---afp)
= 7 (k).

However, following the other way round the diagram gives

F*(k) = k(F,,..., F,)

and thus
TpoF*(k) = k(Fi+Ix,...,F,+Ix)
= k(fl,---afp)
= 7s(k).
Thus the result is independent of the route taken. O

This leads to a condition for finiteness using the ‘representative’ map F:
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Corollary 4.1.2 With f and F as above, the map f is finite if and only if

for every ¢ € Clxy,...,x,] there exists some m and o; € F*Clyy,....y,] for

t=1,...,m such that

O™+ Q™+ g € Iy (4.1)

Proof Now f is finite if and only if for every ¢ € C[X] there exists some m and
B; € f*Cl[Y] such that

P 4 BT 4+ By =0 (4.2)

Now considering the diagram in Lemma 4.1.1 above and since the map =, is onto
we obtain

f*ClY] =m0 F*Cly1, ...,y

so we may rewrite each §; as 7,(¢;) where o; € F*Cly;,...,yp). Also rewriting

1 as 7, (@) where ¢ € Clzy,...,z,], (4.2) becomes:
Mo (@)™ + T (1) (@)™ + -+ - + o) = 0

and so

Te(@™ + Q1™+ + ) =0

which gives

¢m+am_1¢m—l+"'+ao EIx.

4.2 New finiteness criterion

Using the previous result, we can extend the finiteness criterion to regular maps

between varieties:
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Proposition 4.2.1 Let f : X — Y be a regular map. with X.Y varieties in
C", C? respectively. Let F be a ‘representative’ polynomial map C" — CP for f
as above. Let <gy,...,g,> be the ideal corresponding to X and let the polynomaial
ring Clzy,...,Zn,21,...,2,] have a product monomial order with z; > z, for all

i,j. Then f is finite if and only if there exist m; € N for j =1,....n such that
LETj ELT(<gl,...,gT,F1—Zl,...,Fp—Zp>). (43)

Proof Suppose the condition (4.3) holds for the order > and some polynomial
map F' : C* — C? which is a ‘representative’ for f. Now by Lemma 3.6.1, it will
also hold for the order >.,;) for any given j € {1,...,n}, where >;;) is defined
as lexicographic order with z; > z3 > --- >z, > 2,4, > - >z, > ;> 20 >
.-+ > z,. This is a product order since we may consider it as a product of lex on

the z variables and lex on the z variables. Hence we have

P T
277 = LTiea(s) (E o; ;i (F; — 2z;) + Zlﬂi,jgi>
1=1 1=

for some o, ;,5;; € Clz1,-..,Zn,21,...,2). By consideration of the monomial

order, we may write
M P T
Z 6k(z)a:f = Z o ;(F; — 2;) + Z Bi ;9
k=1 i=1 i=1

where 6 is a polynomial in C[zy, ..., z,], with 6, = 1. Now setting z; = F; for
all 7 we obtain

m_, r

3 6 (F)zf =D 8i,;(x, F)g;

k=1 =1
the lefthand side of which is a monic polynomial in z; with coefficients in the ring
F*Clyy,.--,¥p). Thus z; satisfies the equation (4.1). This may be repeated for
each j and hence any h € C[z,,...,T,] will satisfy (4.1) i.e. the map f is finite.

For the converse, suppose that f is a finite map. Then for each j € {1,...,n},

there exist polynomials ¢; € F*Clyy, ..., y,] such that

x;n + fm—l(F)x;"“ +--+6(F)= ;ﬂi,jgi
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for some §;; € Clzy,...,z,, 2, ... , 2p), by Corollary 4.1.2. Denote by T the ideal
<91;-- 29 Py — 2,...,F, — z,>. Now F;, =2z, modulo 7 fori =1..... n and
hence if ¢ is any polynomial, then ¢(f1,-- -, fa) = ¢(21,. .., 2,) modulo Z. Thus

we have

m m
Yoea(x)h =3 ex(F)z% = 0 modulo T
k=1 k=1
where €;(2) is simply €, (F) with each F; replaced by z;. Hence
m p T
Z fk(z)xf = mii(F—2)+ > 0,9
k=1 i=1 =1

with 7, ;,0;; € Clzy,...,2,,21,...,2). So

14 T
i= 1=1

in other words, 7" € LT(Z). This may be repeated for each j and hence the

result follows. a

Corollary 4.2.2 If we define T, = TN Clz,...,2,|, then I, = Iy by simply

re-writing y variables as z variables and vice versa.

Proof The points of f(X) are given by the projection of the set
F={(zx): F{(x)=2,...,F(x) = 2,q(x) =0,...,g.(x) =0}

onto the z variables. By Proposition 1.2.8 this means that Y is defined by the

ideal Z, using 2 variables in the target. O

Now to actually calculate generators for the ideal Iy, the method is as follows.
First, calculate a Grobner basis, G, for the ideal 7 under a product order as in
Proposition 4.2.1 above. Then Gy = G N Clzy,...,z,] is a Grobner basis and

hence a set of generators for Z; (see Proposition 1.2.7).
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Corollary 4.2.3 If we define £ = {x* : x* ¢ LT(T)}, then n,(L) generates
C[X] as a f*C[Y] module.

Proof If we define £’ to be the LT-monomial basis of C["’"”"I}"z"“"z”], then for
an arbitrary element of ¢ € Clzy,...,z,], we may write
T p
¢ = Z i - l(X, Z) + Z ai(x’ z)gi + Z /Bj(xa z)(Fj - Zj)
j=1

lel’ i=1

where ¢ € C, o;,0; € Clzy,...,Zp, 7, . .. , zp]. Now substituting F; for z; every-

where gives
,

¢ = Z w - l(x, F) + Zai(X,F)gi
lec! i=1
Now every monomial in £’ is of the form x®z® where x® € £ and since o;(x,F) €
Clzy,...,z,], this is simply
¢=73 a(F) U(x)+> 6(x)g;
lec i=1

where ¢(F) € F*Cly,,...,y,] and §; € C[zy,...,z,]. Now mapping under =,
gives

m(4) = Y m(a(F)) - m(i(x))

leC

= > a(f) m((x)

leC

where ¢(f) € C[Y] since n; = m, o F*. Any element of C[X] can be written as

7z (¢) for some ¢ € Clzy,...,z,)], so 7,(L) does generate the module as required.

a

The following Maple routine implements the new criterion. Given a represen-
tative map F as a list of components, equations defining the source variety X and

variables V, it calculates a Grobner basis using lex order and extra variables _Z to
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check finiteness. If a fourth argument is given, this is assigned the list of leading

terms of the basis calculated and the equations defining the target variety (given

in terms of the variables _Z).

vcheckfinite:=proc(F,X,V)
local i,j,VV,FF,G,LT,marker,Y,1;
n:=nops(V);
p:=nops(F);
nox:=nops(X);
_Z:=array(1l..p);
VV:=[op(V),_Z[1] $ i=1..p];
FF:=[X[i] $ i=1..nox, F[il-_z[i] $ i=1..p];
G:=grobner[gbasis](FF,VV,plex);
Y:=[];
for i from 1 to nops(G) do
1:=grobner [leadmon] (G[i],VV,plex) [2];
if 1=coeffs(1,V) then Y:=[op(Y),G[il];
fi;
od;
LT:=map(x—>x[2],map(grobner[leadmon],G,VV,plex));
if nargs=4 then assign(args(4],[LT,Y]);
fi;
for i from 1 to n do
marker:=0;
for j from 1 to nops(LT) do
pow:=coeffs(LT[3],V[i]);
if type(pow,numeric) then
marker:=1;

break;

=1
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fi;
od;
if marker=0 then RETURN(false);
fi;
od;
RETURN (true);

end:

Example 4.2.4 We now demonstrate the use of vcheckfinite. In each case,

the source variety, X" is given by z? — 4x,15 4+ 322 + 21, — 323 in C3.

> Xo=[x[1]"2-4xx[2] *x[3] +3*x[2] "2+2*x[1]-3*x[3]] :



2 3 3 2 4
- 288 _Z[3] _Z[2] + 576 _Z[3] _Z[2] - 288 _Z[3]1 _z[2] +

4 2 2 2 2 2
266 _Z[3] _Z[2] - 32_Z[3] _z[2]_z[1] - 192 _Z[3] _ZI[2] _Z[1]

3 2 3
+ 192 _Z[3] _Z[2] _z[1] + 16 _zZ[1] - 8 _Z[1]

2 4 3
+ 196 _Z[1] _Z[3] _Z[2] + 81 _Z[3] - 108 _z[1] _Z[3]

2 2 3
+ 144 _Z[1] _Z[3] _Z[2] + 54 _Z[1] _Z[3] - 12 _z[1] _Z[3]

2 2 3 4
+ 54 _7Z[1] _Z[2] + 12 _Z[2] _Z[1] + _Z[1]

2 2
- 108 _Z[1] _Z[3] _Z[2] - 324 _Z[1] _Z[2] _Z[3]

3 2 2
- 324 _z(3] _z(2] - 72 _Z[1] _Z[3] - 48 _Z[2] _Z[1]

2 2 4
+ 48 _Z[1] _Z[3] - 72 _z[1] _z[2] + 81 _z[2]

3 3 2 2
+ 108 _z[2] _Z[1] - 324 _Z[2] _Z[3] + 486 _z[3] _z[2]
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Thus the map X — C? via projection onto the first two coordinates does
not yield a finite map. However, if we project onto the last two, this does give
us a finite map. The map X — C? by squaring the first two coordinates is,

as we would expect, finite. The target variety Y is given above in terms of

-Z[1],.Z[2],_Z(3].

4.3 Further results

The following are further generalisations of our results on finite maps C* — C=.

Proposition 4.3.1 Let f = (f;,...,f,) : X = Y be a map between varieties
X c C" Y C CP, with X defined by the ideal <g,,...,9,>. Suppose F =
(Fy,...,Fp) : C* — CP is a representative map for f and suppose that FY, ..., F,
are the leading homogeneous parts of its components. Now let F' be the map given
by the F} and f' : X — Y’ the map given by the restriction of F' to X. (Where
Y’ is the Zariski closure of f'(X)). Then

1. f' is finite if and only if the quotient

C[xl, “en ,IL'n] (44)
<G1,---1 G F1,..., Fp>
is finite dimensional as a C vector space.
2. If f' is finite, then f is also finite.

Proof Part 1: Assume (4.4) to be finite dimensional and let by, ..., b, be a basis

for it. Take ¢ € C|zy,...,z,] to be arbitrary. Then we may write

q 14 r

¢ = Z K;b; + Z o Fy + Z B9k (4.5)
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where x; € C, a;, B, € Clzy, ... ,T,] and deg ; F} < deg ¢ (via the homogeneity).
Now inductively rewriting each o; as in (4.5), and using the fact that the degree

will decrease at each stage, enables us to write
q T
¢= 6;(F)bj+ 3 wmgw
j=1 k=1

where 4 € C and §; € (F')*Clyy, ..., y,]. Thus the quotient
Clzy, ...,z
<gl7 s ’g7‘>

is an (F')*C[yy, ..., yp|]-module spanned by the b;, so f’ is finite.

For the reverse implication, f’ finite implies that there is a LT-monomial basis

for
Clzy,...,Zn, 21, .-, 2)
!
<G1y--r G F1 — 20, ., Fy — 2>

with a finite number of monomials in the x variables. Substituting z; = --- =
2z, = 0 into this gives (4.4) as a finite dimensional C vector space.

Part 2: Let ¢ and b,...,b, be as before, since we know that (4.4) is a finite
dimensional C vector space. We may again write ¢ as in (4.5) above with F' for

F', but may rewrite this as

g p P r
b= kibj+ > F; =) oy(F;— F{)+ ) Bras
7j=1 =1 121 | k=1
(*)
Now the expression labelled (*) is either zero or has degree strictly less than ¢.

Rewriting (*) as in (4.5) and continuing inductively yields
q p T
6= Nbi+ D CGFi+ > Mgk
=1 i=1 k=1

where \; € C, ;,m € Cl2y,...,z,] and deg ;F; < deg ¢;. This is almost identi-

cal to (4.5) and the proof of finiteness finishes as in Part 1. O

Proposition 4.3.2 If f : X — Y is a regular mapping of affine varieties and if
every point £ € Y has an affine neighbourhood U such that f : V' — U is finite.
then f itself is also finite.
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Proof The proof follows [Sh, p49]. For every point, we may take a neighbourhood
U being a principal open set (i.e. a set of the form D(¢) = X — V(¢) for some
polynomial ¢). Let D(g,) be a system of such open sets, which we may take to
be finite in number. Then ¥ = | D(g,), that is, the g, generate an ideal equal
to C[Y]. In our case, Vi, = f~{(D(g)) = D(f*(ga)), CD(ga)] = C[¥][1/a].
C{Vs] = C[X][1/gs]. By hypothesis, C[X][1/ga] has a finite basis Wi OVer
C[Y][1/ga]. Here, we may assume w;, € C[X], for if the basis consisted of
elements w; , /g, then the elements w; o would also be a basis. We consider the
union of all the basis elements w; , and show that they form a basis of C[X ] over
C[Y]. Every element ¢ € C[X] has a representation

a.
d=) 2w,
; Ja

for each a. Since the elements g~ generate the unit ideal of C[Y], there exist

h, € C[Y] such that ¥, g”*h, = 1. Therefore

b= bz gZ“ ha = Z Z ai,ahawi,a7

)

which proves the theorem. O

In other words, if a regular map looks finite on affine neighbourhoods, then
it is finite globally. This is in fact the definition for finiteness of maps between
projective varieties. If the map is finite on restriction to affine neighbourhoods,

then it is called finite (see [Sh, p49]).

Proposition 4.3.3 Let X C C" be an affine variety of dimension d and consider
maps f : X — C™ for some r > d. If we restrict our attention to those maps
with a representative map F' whose components have degree < k, then these are

generically finite.

Proof Firstly, consider the projective closure of our variety P(X) C P". We can
embed this in a larger projective space P" by means of the Veronese mapping v

of degree k.
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Given any map f : X — CT as specified, we can take its representative,

homogenize (to degree k) with respect to a new variable To and obtain
FM,=f":P(X) > C CP.

Since the components of F* are linear combinations of monomials of degree k,
we can choose a projection 7 : PY — P such that (v (P(X))) = Fh(P(X))
so long as ker 7 N (P(X)) = 0, (see [Sh, p40]). Now dim(vx(P(X))) = d and
dim ker m = N —r — 1 (determined by r + 1 equations). But N —r—1+d < N,
thus ker 7 N v, (P(X)) = 0 is a generic condition on 7. Now the map v is an
embedding and hence finite. The projection 7 is also finite (see [Sh, p50 Thm?7]).
Thus we find that f* must also be finite. Since this is the projective case, as
mentioned above, this means that it looks finite in affine charts. A regular map-
ping g of quasiprojective varieties is called finite if each point in the target has an
affine neighbourhood V such that the restriction of the map to g=*(V) is finite
in the affine sense. In this case, if we restrict everything to our original affine
spaces, we will recover the map f we began with. Now the condition of the map

looking finite locally still holds and by Proposition 4.3.2, f is finite. m|
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Chapter 5

The trace bilinear form

5.1 Polynomials in one variable

The definition of the trace bilinear form (or TBF), in the one variable case. is

cncapsulated in the following proposition.

Proposition 5.1.1 Let f,g be polynomials in R(z| with no common roots. Sup-
pose that f = 0 has r real roots where g > 0 and s real roots where g < 0. Define
a bilinear form on the vector space

_ R[]
<f(z)>

8 (5.1)

as follows. Let T,(a,b) = trace(abg) where abg is considered as the endomorplisin
of 11" determined by multiplication. This form is known as the trace bilinear form
(or TBF) weighted by g. The rank of the quadratic form T,(a.u) is the total
number of distinct roots of f = 0 (including complez solutions) and its signature

IS r— S.

Proof \We will suppose that f and g are monic and also assume initially that

f has distinct roots ay, . ... a,, € C. We claim that
m v -
Ty(a.a) = g(a;)(ay +ajas + ...+ a;'_lan)2 (5.2)
j=1
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where @ = a; + @z + --- + 0,2 € W. To see this, note that z as an

endomorphism of W has m distinct eigenvalues oy,...,q,, with eigenvectors

[(z . .
Z—U_z— a) H—L;zf_ 2m . S0 the matrix of z" with respect to this basis is

(o 0 - 0 )
0 o} :
. 0
\ 0 - 0 o

The endomorphism corresponding to g, is however given by

(g(c) 0 -~ 0 )
0 9(042) :
: 0
\ 0 0 g(am)/

with respect to the same basis. For if we write

I (OB S (C)

(:IJ - aj) i=1 (:L‘ - ai)

+ <f(z)>

and evaluate at a;, the matrix is found to be as above. Thus, z"g as an endo-

morphism with respect to the same basis has the matrix

[gle)ss 0 -~ 0 )
0 9(02)015
: 0

\ 0 0 g(am)a;‘n /

and (5.2) follows. If the roots of f are not distinct, then a small perturbation
makes them so and (5.2) holds by continuity.

Returning to the case when the «; are distinct, we note that the vectors
(1,04, .. ,a;"‘l) are linearly independent, as their determinant is the vander-

monde matrix. If o; is a real root, then g(a;)(a; + aja; + -+ + a_;"la,,)2 con-

tributes a real square with sign equal to that of g(e;). If a; is complex. then a;
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is also a root and
9(ey)(a; + ajay + -+ - + CY?_Ian)2 +9(a;)(a; + Gjay + - - + a" la,)?

= 2%(9(03)(01 + ;a9 R a;-l_la,n)2)

If we write g(a;) = A +ip, (a3 + ajay + -+ + a;-“lan) = L+ iM where L and M
are real forms in the a;, then L and M are linearly independent. Moreover we

can rewrite the expression above as follows.

OR((A + iu)(L? — M? + 2L M))
= 2(A(L? — M? — 2uLM)

_ 200ML — pA T M2 = XY+ M) A #0
B { —ouLM ifA=0
Either way, there is a net contribution of 2 to the rank and of 0 to the
signature. The result follows.
Suppose now that f has some coincident roots. Then for each k-tuple root «,

we have an expression kg(a)(a;+aay+- - -+a™ 'a,)? and the result now follows. O

Corollary 5.1.2 (Sylvester, see [C2]) If g = 1, then the rank of T, is the

number of distinct roots of f = 0 and its signature is the number of real roots.

Corollary 5.1.3 If we allow f and g to have common roots, then the rank of T,
is the number of roots of f = 0 distinct from those of g and its signature 1S —§

as before.

5.2 Higher dimensions

We now consider the higher dimensional case, where f : R® — R" is a finite

polynomial map. This is very much like the situation looked at in [PRS]. In this
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paper, the authors related the number of roots of a set of polynomials with a
trace bilinear form. The space considered was the real space formed by taking
the quotient of the polynomial ring by the ideal generated by the polynomials in
question. Our approach will in some sense look at the preimages of all points at
once, as opposed to just the preimages of one point.

The field R(x) is an f*R(y) algebra. We define the trace bilinear form of this
algebra in an analogous way to that in the one variable case. Given a,b € R(x),
we consider the endomorphism R(x) — R(x) given by multiplication by ab.
Then T(a,b) = trace(ab) as before. Again, given g € R(x) we can define T}, the
bilinear form weighted by g, by T,(a, b) = trace(abg).

Since we are dealing with fields of characteristic zero, the extension of R(x)
over f*R(y) is separable. It is also finite, hence it must be a simple extension
(see [ZS p65,84]). Thus we can choose a primitive element o with ¢ € R[x]. Now
since f is finite, the minimal polynomial of ¢ has coefficients in f*Rl[y], i.e. it is
an element of f*R[y][2] say. (compare [Sh, p116]). In fact, we shall see that we
may take o to be a real linear form.

Now given a point ¢ € R", the bilinear forms T, T, above determine bilinear

forms
T°,T; : R(x) x R(x) = R

defined by T“(a,b) = T(a,b)|s= and T(a,b) = Ty(a,b)|s=.-

We now prove some results related to these bilinear forms.

Proposition 5.2.1 (i) Given o, there is a proper subvariety V. C R" (target)
with the property that the bilinear form T¢, for ¢ ¢ V is equivalent to the trace
bilinear form on

Rlz]

<G, (2)> (5:3)

where G, (z) is the minimal polynomial of o with the polynomial coefficients eval-
uated at f = c. More generally, given g € R[x] and writing g = ¥ g:(f)o*(z).
then TS is equivalent to the trace bilinear form on (5.8) weighted by 3 gi(c)z* .
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(ii) Given any c € R™, there is a primitive element o for the extension of R(x)

over f*R(y) with ¢ not in the corresponding exceptional variety V (as defined in
(i) above).

Proof (i) For V we consider the set of ¢ € R™ such that o does not take distinct
values on the set f~'(c). In other words, those ¢ such that the number of distinct
roots of G,(z) = 0 is smaller than the number of distinct points of fHe). It
is not hard to see that V is closed; it is proper because it is contained in the

ramification locus of f. (See [Sh, p117]).

Now suppose
Gy(2) =2+ a1 (f)z™ + - 4 an(f)

with the a;(f) € f*R[y], so 1,0(z),...,6™ }(z) is an f*R(y) basis for R(x).
With this ordered basis, the (i,j)™ entry in the symmetric matrix for T is ob-
tained as follows. The element 0**7~%(z) determines an endomorphism of R(x),
taking o*(z) to o**9*¥~%(z), which, using the relation provided by G,, can be
written as an f*R[y] combination of 1,0(z),...,0™ 1(z). Setting f = ¢, we
obtain the real n x n matrix corresponding to the endomorphism of (5.3) deter-
mined by multiplication by 2**7=2 with respect to the basis 1, z,...,2™"!. The
argument for the bilinear form 7} is exactly the same.

(ii) We only need to ensure that the primitive element o(z) takes distinct
values on the points of f~'(¢). Now since [R(x) : f*R(y)] = m, there are
m distinct f*R(y) isomorphisms 7i,...,7, : R(x) — R(x). For i # j, the
equations 7;(L) — 7;(L) = 0 for L a real linear form in z,,...,z, determine a
proper subspace of the R vector space of all such forms. So any linear form L
not in the union of these subspaces has 7;(L) pairwise distinct. So the minimum
polynomial of L, G(z) has m distinct roots and L is a primitive element.

Let ¢y, ...,k be the distinct points of f~1(c). The conditions L(cg)) =

L(c;)), © # J, determines a proper subspace of the space of R linear forms and
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if L is not in their union, then ¢ does not lie in the corresponding exceptional

variety. O

This leads to the following result.

Proposition 5.2.2 Let f : R® — R" be a finite mapping, with ¢ € R[x| a
polynomial and c € R™ (target space). Let T be the trace bilinear form of f.
Then the rank of T¢ is the number of points (real or complez) of f~1(c) and its
signature is the number of these points which are real. If T, is the form weighted
by g, then the rank of T, is the number of points of f~'(c) which do not lie on
g = 0. The signature of this form is v — s, where r is the number of real points

in the region g > 0 and s the number in the region g < 0.

Proof Given c € R", choose a real primitive element ¢ which distinguishes the

points of f~!(c). Then T*° is equivalent to the trace bilinear form on

Rz
<G> o4

where G,(z) is the minimal polynomial of ¢ with the polynomial coefficients
evaluated at f = c by Proposition 5.2.1. The rank of T is, by Proposition 5.1.1,
the number of roots of G,(z) = 0. But there is one such root for each point of
f~Y(c). The signature is the number of real roots, i.e. the number of points of
f~!(c) at which o takes real values. Clearly, o takes real values at real points of
f~Y(c). Conversely, given ¢, with f(c') = c and o(c') € R, note that f(c') = c
and o(c’) = o(¢’) = o(c'). Thus, by our choice of primitive element, ¢ = ¢’ and
c € R.

The result in the general case is proved similarly. Here T} is equivalent to the

trace bilinear form on (5.4) weighted by 3" g;(c)2*. The rank of Ty is, by Propo-

sition 5.1.1, the number of roots of G,(z) = 0 which are not roots of ¥ gi(c)z".
This then is the number of peints of f~!(c) which do not lie on g(z) = 0. The

signature, on the other hand, gives the difference r — s, where r is the number of
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real roots of G,(2) = 0 with ¥ g;(c)2* > 0 and s the number with ° gi(c)z' < 0.
But if A € R is a root, then we have a unique ¢ € R* with f(cd)=c, a(d)= A
and Y g;(c) X = ¥ gi(c)o*(c') = g(c). The result now follows. ]

5.3 Calculating the TBF
Consider the following spaces:
(F) R(x)asan f*R(y) vector space.

(M) RIx] as an f*R[y] module.

(I) > fl_cll}_[f}n_cp as an R vector space

where ¢ = (cy,...,¢,) € R". We wish to calculate the trace bilinear form on (F),
weighted by some polynomial ¢ € R[x| and evaluated at f; = ¢;,..., fn = Cn-
However, it is not easy to see how to obtain this directly. The following simplifies

the problem:

Proposition 5.3.1 The trace bilinear form on the vector space (I) above, weighted

by g € R[x] is the same as that on (F), weighted by g and evaluated at f, =

cl)"')fnzcn'

Proof Let {b;,...,b,} be a free basis for (M). Then this is also a basis for
each of (F) and (I) (see §3.7). Let TF¢ and T, be the TBFs on (F) and (I)
respectively. In order to show that these forms are equal, it is enough to show
that TFZ(b;,b;) = TIy(b;,b;) for all 4,5 € {1,...,m}.

Now TFg(b;,b;) = tr(bb;jg)|s=. where b;b;g is considered as a linear map on

(F), acting by multiplication. For any k we may write

(bb;9)b = 3 ()b (5.5)
=1
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where ai; € f*Rly], since (b;b;g)by is a polynomial and the b; are a free hasis
for (M). Now the matrix of bibjg as a linear map is (o, (f)) and so its trace i

Y121 a(f). Evaluating at f = ¢, this gives

TFC b“b.7 ZCY” (56)

Turning our attention to the TBF on (I), we know that (5.5). with a,, €
f*R]y], still holds, as this is simply a polynomial identity. But we mav rewrite

this as

blb]g bk Zakl bl mod <f1 —Cq,. f — Cp> .

So the matrix of b;b;g as a linear map on (I) is («ay (c)). Therefore.
bl,b ZCY“ TFgc(bz,b])

and so the two bilinear forms are indeed equal. O

With this result, since the TBF is independent of the basis chosen, if we wish
to calculate T'Fy, it is enough to find T'1; with respect to any basis.
The following Maple procedure will calculate T'F; using Proposition 5.3.1

above.

TBF :=proc(F,v,c,g)
local i,j,k,1,TRIPLES,PIECES,G,m,T,B,thistriple,
red,FF,thispiece,entry,Ans,place,comp;

FF:=[];

for i from 1 to nops(F) do

FF:=[op(FF),F[i]l-c[il];

od;

B:=[op(quotbasis(FF,v))];

m:=nops(B);

G:=grobner [gbasis] (FF,v);
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##### This part calculates all the (weighted) triples

TRIPLES:=[];
for i from 1 to m do
for j from i to m do
for k from j to m do
TRIPLES:=[op(TRIPLES), [g*B[i]*B[j]*B[k],i,j,k]];
od;
od;
od;

##### This part reduces and calculates the required components

PIECES:=[];
T:=nops (TRIPLES) ;
for i from 1 to T do
thistriple:=TRIPLES[i] [1];
red:=grobner [normalf] (thistriple,G,v);
thispiece:=[];
for j from 1 to 3 do
thispiece:=[op(thispiece),coeff_of_mon(red,\
B[TRIPLES[i] [j+1]]1,v)];
od;
PIECES:=[op(PIECES),thispiece];
od;

##### This part works out the matrix of the TBF
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Ans:=array(sparse, 1..m,1..m);
for i from 1 to m do
for j from i to m do
entry:=0;
for k from 1 to m do
thistriple:=[g*B[i]1*B[j]1*B[k],op(sort([i,j,k]))];
for 1 from 1 to T do
if thistriple=TRIPLES[1] then
member (k, [thistriple[2..4]], comp’);
entry:=entry+PIECES[1] [comp] ;
fi;
od;
od;
Ans[i,j]:=entry;
Ans[j,i] :=entry;
od;
od;
if nargs=5 then assign(args[5],B);
fi;
RETURN (evalm(Ans)) ;

end:

In the procedure, F is the list of components of the map and v is the list of
variables used. ¢ is the point at which the form is evaluated (given as a list) and
g is the polynomial weight. The method used is first to calculate all the weighted
triples of the form b;b;b,g. Then these are reduced modulo the ideal and the
relevant components recorded. Finally. these components are added and placed

in a matrix. The reason for this method is that the weighted triple b;byb39 will
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be considered (and hence reduced) when calculating the entries at (1,2).(1.3)
and (2, 3) in the matrix. All the reduction is thus done at the start to improve
the efficiency of the algorithm. The routines quotbasis. coeff_of mon. mon.

quotbasis and getmonos are also needed and are to be found in Appendix B.

We now give some examples of the routine TBF in use.

Example 5.3.2 Firstly, consider the finite map f = (2?,%?) : R* — R2 o
wish to calculate TF* and also TFy where ¢ = (2,3) and g = 42y (the Jacobian
of f).

> f:=[x"2,y°2];

> TBF(f, [x,y]l,c,1,’B’);
[4 0 0 0]

( ]
[0 8 0 0]
[ ]
[0 0 12 0]
[ ]

> g:i=4xxxy,;
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> TBF(f, [x,y],c,g);

[ 0O 0 0 961
[ ]
[ 0 0 9 0]
[ ]
[ 0 96 0 0]
[ ]
[96 0 0 0]

Thus, since the first matrix has rank 4 and signature 4, f7!(2.3) has 4 points,
all of which are real. Now the second matrix has rank -1 and signature 0, so the

real degree of f is 0.

Example 5.3.3 Next consider f := (z2y® +y?,z2 — zy) : R - R% We wish to
find T F°, where c is the origin.

> f:=[x"2%y"2+y"2,x"2-x*y];

> M:=TBF(f, [x,y],[0,0],1);

[ 6 -2 0 0 -2 0 ]
[ ]
[ -2 2 0 0 2 0]
[ ]
[ O 0o -2 -2 0 2]
M:= [ ]
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[ 0 0 -2 -2 0 2]

[ ]
[-2 2 0 o0 2 0]
L ]

Thus in this case, the rank is 3 and the signature is 1. so f71(0.0) has 3

points, only one of which is real.

Example 5.3.4 The following is an indication of the size of the bilinear forms

obtainable via TBF:

> Fi=[2%y"2-2%y*z+272,y-X"24X*y,y " 2-2%y*z+2" 2, 9*kx " 2+6*xkw+w 2] :

> TBF(F, [x,y,z,w],[1,1,1,1],1);

[ 16, 0, 0, 0, O, 16, 0, 48, 0, 0, O, 0,-128, 0, 0, 0]
[ ]
[ o,-16, 0O, 0, 0O, O, 48, 0, 0, 0, O, 48, 0, 0,-288,0 ]
[ )
[ o, 0,0, ©0,0, O, O, O,0,0, O, O, O, O, 0,01
[ ]
( o, 0,0, 16,0, 0, O, O, 0,0, 48, 0, 0,-128, 0, 0]
[ ]
( o, 0,0, 0,-16, 0, O, O, 0, 48, 0, 0, O, O, 0,-288]
[ ]
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[ 16, 0, 0, 0, 0, 16, 0, 48, 0, 0, 0, 0,-128, 0, 0, 0
[ 0, 48, 0, 0, 0, 0,-128, 0, 0, 0, 0,-128, 0, 0,448, 0

]
]
]
]
[ 48, 0, 0, 0, O, 48, 0,128, 0, 0, O, 0,-288, 0, 0, 0]
]
]
]

[ o, 0,0, 0,0 O, O, 0,0,0, O, 0, 0, O, 0, 0

[

( 0, 0,0, O, 48, 0, 0, 0, 0,-128,0, 0, O, 0, 0,448]
[ ]
( 0, o, 0, 48, 0, 0, 0, 0, 0, 0,128, 0, 0,-288, 0, 0 ]
[ ]
( o, 48, 0, o0, O, 0,-128, 0, 0, O, O, -128,0, O, 448,0 ]
[ ]
(-128, 0, 0, O, O, -128,0,-288,0, 0, O, O, 448, 0, 0, 0]
[ ]
t o, o, 0,-128,0, 0, O, 0, 0, 0,-288, 0, O, 448, 0, 0]
[ ]
[ 0,-288,0, 0, O, O, 448, 0, 0, O, 0,448, 0, 0,5632,0 ]
[ ]
[ o, 0,0, 0,-288, 0, 0, O, 0,448, 0, 0, 0, 0, 0,5632]

5.4 Calculating the form TF,

TF,|f-. = TF{ for all ¢ € R. We can find this using a TBF defined on (M) as

Suppose we wish to find TFy, i.e. a form with coefficients in f,.... f,, such that

follows. Let {by....,b,} be a free basis for (M), as before. Now using (5.5). we



can again write

(0:b;9)br = >~ a1 (F)by
=1

where ay; € f*Rly] and hence define

T™M, =Y au(f).

=1
This is obviously equivalent to T'F,, for putting f = ¢, we obtain 3 a(c) =TF;
(see (5.6)). We now show that this definition is independent of the free basis

chosen:

Lemma 5.4.1 The bilinear form TM, defined above, which has coefficients in
f*Rly], is well-defined.

Suppose {bj,...,b;,} is another free basis for (M) and let P be the change of

basis matrix such that

where P has entries in f*R[y] and is invertible. Let A = (ax,;) be the matrix
representing multiplication by b;b;g on the module (M) and let B the matrix with
respect to the new basis, so B = PAP~!. Since these are similar matrices, we
will show that they have the same characteristic polynomial and hence the same

trace. (Compare [C1, p336]). Now
zI — B = P(zI - A)P™!
where z is some (scalar) indeterminate. Thus

det(z] — B) = det(P(zI — A)P™')
= detP(det(z] — A))(detP)™"
= det(2] — A).
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So A and B have the same trace, which means that T.\/ , 1s independent of the

basis chosen. O

Suppose we are given a finite map f and a monomial order on R[x.z] with

x; > z; for all =. Let G be the Grobner basis for the ideal <f; — z1,..., fr — z,>.

We say that f is z-independent with respect to this order if LT(G) contains only

monomials in R[x].
The following routine, which is very similar to that in §5.3, will calculate T [,
but only if f is z-independent with respect to the lex order z; > --- > r,, > z; >

>zn

TBFZ:=proc(F,v,Z,g)
local i,j,k,l,TRIPLES,PIECES,G,m,T,B,thistriple,red,FF,Gv,\
thispiece,entry,Ans,place,comp,thismon;
VV:i=V;
for i from 1 to nops(F) do
vv:=[op(vv),Z[i]];
od;
FF:=[];
for i from 1 to nops(F) do
FF:=[op(FF),F[i]-Z[i]];
od;

##t### This part calculates the free module basis

G:=grobner [gbasis] (FF,vv,plex);
Gv:=[];

for i from 1 to nops(G) do
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thismon:=grobner[leadmon](G[i],vv,plex)[2];
for j from 1 to nops(v) do
1f divide(thismon,Z[j])
then ERROR(‘Map not z-independent‘):
fi;
od;
Gv:=[op(Gv),thismon];
od;
B:=getmonos (Gv,v);

m:=nops(B) ;

##### This part calculates all the (weighted) triples

TRIPLES:=[];
for i from 1 to m do
for j from i to m do
for k from j to m do
TRIPLES:=[op(TRIPLES), [g*B[i]*B[jl*B[k],i,j,k]];
od;
od;
od,;

##### This part reduces and calculates the required components

PIECES:=[];

T:=nops (TRIPLES) ;

for 1 from 1 to T do
thistriple:=TRIPLES(i] [1];

red:=grobner [normalf] (thistriple,G,v);
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thispiece:=[];
for j from 1 to 3 do
thispiece:=[op(thispiece),coeff_of_mon(red,\
BITRIPLES[i] [j+1]1]1,v)];
od;
PIECES:=[op(PIECES),thispiece];
od;

##### This part works out the matrix of the TBF

Ans:=array(sparse, 1..m,1..m);
for i from 1 to m do
for j from i to m do
entry:=0;
for k¥ from 1 to m do
thistriple:=[g*B[i]*B[j1*B[k],op(sort([i,j,k]))];
for 1 from 1 to T do
if thistriple=TRIPLES[1] then
member (k, [thistriple[2..4]], comp’);
entry:=entry+PIECES[1] [comp] ;
fi;
od;
od;
Ans[i, j]:=entry;
Ans[j,i] :=entry;
od;
od;
if nargs=5 then assign(args[5],B);

fi;
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RETURN (evalm(Ans)) ;

end:

As before, F is the list of components of the map and v is the list of variables
used. Z is the set of variables to be used in the matrix entries and g 1= the
polynomial weight. The method used is as before, except that the weighted
triples are reduced modulo the ideal generated by F[1]1-Z[1],..., F[n]-Z[n].

The routines coeff_of_mon, mon, quotbasis and getmonos from Appendix B are

also required.
Example 5.4.2 We now show the routine TBFZ in use.

> f:=[x"2,y°2];

2 2
f:=10x, y]
> TBFZ(f, [x,y],Z,1,’B?);
[ 4 0 0 0 ]
[ ]
[0 4 2[1] 0 0 ]
[ ]
[o 0 4 z[2] 0 ]
[ ]
[0 0 0 4 z[1] Z[2] ]

> gi=4kX*y;
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> TBFZ(f, [x,y),z,g,’B’);

[ 0 0 0 %]
[ ]
(. 0o 0 % 0]
[ ]
[ 0 %1 0 0]
[ ]

[% 0 0 0]

%1 = 16 z[1] z[2]

These results agree with those found in Example 5.3.2.
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Chapter 6

G-variant map germs

In the second half of this thesis, we seek to generalise the results of Damon ([D]),
Gusein-Zade ([GZ]) and Roberts ([R]), regarding map germs which are equivari-

ant with respect to the action of a group.

Roberts ([R2]) considers function germs, f, which are invariant with respect to
the action of a finite group G. He then defines the associated “Equivariant Milnor
number”. This is given by the character of the representation of the action of G
on the quotient of the ring of germs by the Jacobian ideal of f. The Equivariant
Milnor number at a given group element, g, is shown to be equal to the (usual)
Milnor number of the restriction of f to the fixed space of g. Roberts then exam-
ines Morse approximations of f and the critical points of such an approximation.
The Equivariant Milnor number of f is related to the permutation representation
derived from the action of G on these critical points. He then considers the lat-
tice of fixed spaces associated with the subgroups of G and shows that this is a
stronger invariant than the Equivariant Milnor number. This is in a similar vein
to his thesis, ([R]) in which he considers map-germs which are equivariant with
respect to the action of a compact Lie group on the source and target spaces.

The determinacy of these map germs and conditions for the germ to be stable
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are considered.

In [D], Damon is mainly concerned with the action of a finite group G on the
branches of a curve defined by a germ R"! 0 — R",0. This paper also looks at
G-equivariant map-germs F : R",0 — R",0 and defines the G-degree of f as a
virtual modular character, i.e. the character of an element of the representation
ring over the field F, of two elements. This is then related to the G-signature of

the local algebra of the map.

Gusein-Zade ([GZ]) looks at real analytic germs F' : R*,0 — R",0 which are
G-equivariant with respect to some representation T of a finite group G. The
G-equivariant degree is defined by consideration of a G-invariant quadratic form
on the local algebra of the map, to give an element of the representation ring.
The action of the group on the preimages of zero under a suitable perturbation of
the map is considered. It is shown that the G-equivariant degree may be obtained

from the permutation representation associated with this action.

At first sight, Roberts’ paper might seem fundamentally different from the other
two in that it concerns functions and not maps. However, the “Equivariant
Milnor number” described here for an invariant function f will be the same as
the G-equivariant degree described by Damon and Gusein-Zade applied to the
(G-equivariant) map grad f. Note that in [R], the term “equivariant” is used
even when the action of the given group is different on the source and target
spaces, but in [D] and [GZ] the action is always identical on the two spaces. We
have opted to use the terminology “variant” to include the possibility of the two
actions being different, reserving “equivariant” for the case when they are the
same. Roberts’ thesis also considers equivariance under the action of a compact
Lie group, whereas we will be concerned solely with finite groups. We have threc

principal extensions of the results of Damon and Gusein-Zade. Firstly, we give
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a careful treatment of complex degree for arbitrary G-variant maps. Secondly.
we show that the results hold in the real case for “matched” representations and

finally we obtain results when the deformation of the germ is not “regular”. (Such

deformations do not always exist.)

6.1 Group Representations

Before we begin discussing map germs and the results from [AVG], we shall state
some definitions and results from the theory of group representations. (See [JL]

for example.)

Definition A representation of a group G over a field K is a homomorphism
R:G— GL(n,K).

So R(zy) = R(z)R(y) and R(1g) = I,.

We refer to n as the dimension of R and we say that R is a representation on

K™, since the matrices act on this space. We sometimes ignore the distinction

between a space and the pair consisting of the space and the matrices which act

upon it.

Definition Two representations R and S are equivalent if there exists an invert-

ible matrix T such that

for all g € G.

When a group G acts on a finite set {z,,...,z,}, it gives rise to a natural ho-

momorphism ¢ : G — S,. We define the associated permutation representation
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R(g) as follows. Suppose ¢ : g — o € S,, then R(g) is the matrix with exactly

one non-zero entry (of value 1) in each row and column such that we have

T1 To(1)
R(g) =

Tr Zo(r)

Definition Given any representation R of a group G, the character xz of R is

the map
XR:G—')K

defined by xg(g) = trace (R(g)). Characters are functions which are constant

on conjugacy classes.

Proposition 6.1.1 If two representations R and S are such that xg = x5 then

R and S are equivalent. m]

We can form a sum of representations by defining

(R@S)(g)=(R(g) ’ )
0 S(g)

and a product by

R(9)11S(9) -+ R(9)1nS(9)

(R®S)(9) = : ' :
R(g)n1S(9) -~ R(9)nnS(9)

These operations can be extended to form a ring by considering the set of pairs of
representations, with one considered “positive” and the other “negative”, written

R — S. We define ring operations on this set by

(R-S)+(R' -8)=(Ra&R)-(S® S
(R-S)(R-S)=((R®R)®(S®S)) - (R®S)®(S®R'))
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and by factoring out the elements of the form R — R. This is called the represen-

tation ring of G and we define (virtual) characters on the elements by

Xr-5(9) = xr(9) — xs(9).

6.2 Definitions

We shall recall some results from [AVG], beginning with some terminology.

Let a € C™. The ring of holomorphic functions C*,a — C is denoted by
O,(a); when a = 0 we simply write O0,. The maximal ideal of functions vanishing
at a is denoted by M,,(a), again simplified to M,, whena = 0. If g: C*,a — C, b
is a holomorphic map then I; denotes the ideal in O, (a) generated by the pullback
of M, (a) by g. The local algebra of g denoted by Q, or Q,(a) is the quotient
Opnl(a)/1,.

Let U be an open set in C". Then A(U) denotes the algebra of holomor-
phic functions on U. If g : U — C" is holomorphic, then we denote by I,(U)
the ideal of functions generated by the components of g. The quotient algebra
Qy(U) = A(U)/1,(U) is the algebra of the map g on the domain U. The poly-
nomial subalgebra Q,[U] of the map g on the domain U is the image of the
subalgebra of polynomials of A(U) in the algebra Q,(U).

Definition A map-germ f : C",0 — C", 0 is said to be finite if f is analytic and

locally the inverse image of 0 is simply O.

Lemma 6.2.1 (See [B, ch13], for example) For an analytic map-germ f, the

following are equivalent:
1. f s finite.
2. The local algebra Q; is finite dimensional as a C-vector space.
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3. The ideal I; contains some power ME of the mazimal ideal.

Proof If f is finite, then the ideal J 5= 0On <fi,..., fa> determines the set {0}, so
by the local Nullstellensatz, I; > M& for some k. So dim.Q f <dim (0, /MFK) <

oo and we have proved 1 = 2.

If dim.Q; < oo, consider the inclusions

I+ My I+ ML S .

Since
: . On . On
oo > dimQ; = dlm—If > dlm————If AL > ..
. > do Oﬂ. > d- n >
=T T ME S I MET

this list of inclusions cannot be strict. So
It + ME = I; + MEF!

for some k. Applying Nakayama’s lemma shows that I; C ME andso2=3. In

particular, z¥ € I; for each 7, so f71(0) = 0 and thus 3 = 1. O

We shall consider a deformation of a finite map-germ f, that is a mapping
F:C"xC* (0,0) - C™ 0 with F(z,0) = f(z). Given t € C* we denote F(—,1)
by F;. We shall label ideals and algebras with a subscript ¢ rather than F;.

Now let U be a sufficiently small neighbourhood of 0 in C*. If F;'(0) c U
is a finite set of points {ai,...,a,} then the multilocal algebra of F}, denoted by
A(U), is defined to be @ Q;(a;) where Q;(a;) is the local algebra of F;, : C",a; —
C",0.

We can now state the results we shall need from Arnold:

Proposition 6.2.2 ([AVG, p99]) Let f as above be finite with deformation F,

and let L be a C-linear space, spanned by functions e,,...,e, whose germs at
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zero are a basis for Q;. There is q neighbourhood of 0 in C*, say U, and a
netghbourhood of 0 in C*, say V such that for any t € V the following holds.
(i) The natural projections Ty 2 L — Ay(U) are isomorphisms of linear spaces.
(it) Each polynomial P in the algebra A(U) is equivalent modulo the ideal

I;(U) to a unique element of the space L and this element depends analytically

ont. O

We also need the following

Lemma 6.2.3 ([AVG, p98]) Letp,: C[zy,...,2,] = A(U) denote the natural
projections. Then

(i) ps is in fact a surjection.

(i) The kernel of p, is I(U) N Clzy, ..., T,)].
Proof The proof of (i) is to be found in [AVG]. For (ii), let P be a polynomial
with p;(P) = 0. We know that P is equivalent modulo the ideal I,(U) to a unique
element h in L. But 7 (h) = p,(P) = 0 and so since 7, is an isomorphism we
deduce that h = 0, in other words P € I, (U). If, conversely we are given a

polynomial P € I;(U), then we find p;(P) = 0 immediately. O

We now introduce the action of a group G, which we will assume throughout to
be finite. We will also assume that G acts on both source and target, via rep-
resentations Rg and Ry respectively. We will call these representations matched

when det(Rs(g)) = det(Rr(g)) for all g € G.

Definition A G-variant map is a map-germ f which ‘commutes’ with the group,

in other words
f(Rs(g)(z)) = Rr(g)(f(z))-
for all z and all g € G.
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We will often dispense with the explicit reference to the representations and just

write the action of a group element g as g-z. In this notation, the above condition

for G-variance would be written as

flg-2)=g-f(z)

but note that the dot on either side of the equality can mean quite different
things. The class of G-variant maps includes both G-invariant and G-equivariant
maps. The former is obtained by taking Rt to be the trivial representation. while
the latter by setting Rg = Rr. In general, we will be interested in finite G-variant

maps.

Before the next proposition, we need the following lemma:

Lemma 6.2.4 ([JL]) Let V be a finite dimensional G-vector space (so G acts
on it via a representation) with U C V a G-invariant subspace. Then U has a

G-invariant complement U+ such that V =U & U L,

Proof Suppose V has vy, ...v, as a basis. Then define two complex inner prod-

ucts (non-degenerate Hermitian forms) (,) and [,] as follows:

i=1 j=1 i=1
[u,v] = Z(g'u1g'v)

geaq

Now the second of these is also G-invariant, since

¢ -u, g v] = D ((g9) v (99) v)

g9€G
= Z(g "U,g- ’U)
geqG
[, ]

Now taking
Ut={veV:|uv=0foraluecU}

106



we find that this is indeed G-invariant for

[u,v] =0 for all u € U
= [g-u,g-v]=0foralluelU

= [u,g-v]=0foralluelU

and so v € U* implies g-v € U+, Finally, the fact that V = U@ U™ is a standard

property of complex inner products (see [C1] for example). O

Note that the components f,..., f, of a G-variant map f are such that the ideal

they generate, Iy, is G-invariant. For we have for all g € G,

filg- =) fi(z)
=] R '
fn(g ’ .’L‘) fn(x)

So after applying an element of the group, we simply have linear combinations of
the original elements. Since the matrix Rr(g) is invertible, these new elements

will generate the same ideal.

Proposition 6.2.5 (i) If f : C*,0 —» C",0 is a finite G-variant map-germ, and
it has a representative (also denoted by f) defined on a neighbourhood U, then
we can choose a G-invariant neighbourhood V.C U of 0 (on which of course f is
defined).

(ii) Let f1,..., f. be germs of functions C",0 — C with the property that the
ideal they generate O, (fy,..., fu) = I; is G-invariant, and of finite codimension.
Then we can find a complement to I; in O, of minimal dimension which 1s also

G-invariant.

Proof (i) We simply let V denote the intersection of the open sets g - Uasg

varies over all elements of G.
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(i) Since Iy is of finite codimension it contains some power of the maximal
ideal ME*! (see Lemma 6.2.1). As a consequence it is enough to work in the
finite-dimensional quotient space Orn/ME+! of polynomials of degree at most k.
(Since G is acting linearly the group action preserves the filtration by degree.)
We now apply Lemma 6.2.4 to I;/MX*! as a subspace of O, JMEFL We will

denote its G-invariant complement by L. O

Definition Let f : C*,0 — C",0 be finite and G-variant, so that I f 1s invariant.
Since G acts linearly on the ring O, as a vector space, we see that it must also
act linearly on the local algebra Q;. The action of g € G on Q; as a vector space
can therefore be expressed as a matrix. We thus have a representation of G on

Q s, which we will call the G-variant degree of the complex map f.

Of course, since L (as in the proof of 6.2.5) is G-invariant there is a natural
action of G on L. Suppose now that F is a finite G-variant deformation of f, so
Fi(g-z) = g-(Fi(z)) for all z € U and ¢ near 0 € R*. Our next task is to identify
the group’s action on the algebras A;(U). First note that the natural projections
p; : A(U) — Ay(U) are surjections. We have an action of the group G on A(U)
(recall that U is G-invariant).

Proposition 6.2.6 (i) The group action on A(U) gives a well defined group
action on A (U).

(i) If 0 is a regular value of F, then F'(0) consists of p points where pu =
dim Q. Also, A(U) is isomorphic to the direct sum of u copies of C, one for each
point of F; 1(0). In this case the group action on A(U) yields the permutation
representation of G on the points of F, *(0).

Proof (i) If F,}(0) = {ay,...,a,} then let A* = (hy,...,h,) € ®Q¢a;). We
know that there is a polynomial function h € A(U) which projects to h*. So we
define ¢g-h* to be p;(g-h). We need to show that this is well-defined; once we have
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established that it will be clear that we have a group action. So let H be another
polynomial function with p,(h) = pi(H) = h*. It follows from Lemma 6.2.3 that
h — H lies in the ideal I,(U). But I,(U) is G-invariant, so g- H — g - h € I, and
consequently p;(g- H) = p,(g - h) as required.

(ii) If @ is a regular point of F, then the local algebra @Q,(a) is simply C.
and the first result follows. It is also clear that the map A(U) — A,(U) simply

evaluates the function at the u points. The rest is now straightforward. a

Now we can mimic the proof given by Arnold et al [AVG, p99].

Proposition 6.2.7 Let f as above be finite and G-variant. There is a G-invariant
neighbourhood of 0 in C*, say U, and a neighbourhood of 0 in C*, say V', such
that for any t € V, the natural projections m, : L — A,(U) are G-isomorphisms

of linear spaces.

Proof We wish to apply Proposition 6.2.2 above (by Proposition 6.2.5 we can
choose U to be a G-invariant neighbourhood of 0 in C"). We start by choosing
a G-invariant complement L to I in O,. This shows that for all ¢ € V' the map
7y : L — Ay(U) is an isomorphism. We need to show that it preserves the group
action, in other words that m;(g-h) = g - (m(h)) for all g € G and h € L. But

this is immediate. O

Corollary 6.2.8 Suppose that with the given deformation of f we have 0 a reg-
ular value of F, for somet in V. Then the permutation representation of G on
the set of points F1(0) is equivalent to the representation of the action of G on

the local algebra Q;.
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Proof The algebra Ay(U) is G-isomorphic to the local algebra Q f- On the
other hand A;(U) is isomorphic to p copies of C (the local algebra of a regular

point is simply C). The group action is then simply given by the permutation of
these u points. a

6.3 Bilinear forms

We start with an easy Lemma. Let G be a finite group acting on our source and
target spaces via matched representations and let f : C* 0 — C™, 0 be a finite

G-variant map-germ.
Lemma 6.3.1 The Jacobian determinant of f, denoted by J, is G-invariant.

Proof We consider the representations Rg and Ry as linear maps C* — C™.
Since f is G-variant, we have Rr(g)(f(z)) = f(Rs(g)(z)). Taking derivatives

and determinants we find that

(det Rr(g))(det df (z)) = (det df (Rs(g)(x)))(det Rs(g)),

and so det df(g - ) = det df (z) as required. O

Suppose now that a : Qf — C is linear and G-invariant, in the sense that
a(g-h) = a(h) forall h € Q; and g € G. We define a bilinear form B, (sometimes
just denoted by B) on Q; by

By (1, hg) = a(hy - ha).

Proposition 6.3.2 The bilinear form B, is G-invariant and is non-degenerate

if and only if a(J) # 0.

110



Proof We have only to prove that the bilinear form is G-invariant: the other
result follows from the classical case ([AVG, p100]). But a((g.h) - (g.hy)) =

a(g.-(h1 - hy)) = a(h; - hy) whence the result. O

By [R2, Prop 3.3] we have the following result:

Proposition 6.3.3 Let V be a complex representation of the finite group G.

Then the following are equivalent:
e There is a G-invariant non-degenerate quadratic form defined on V.

e V is a real representation. 0O

A complex representation is called real if it is the complexification of a rep-
resentation on a real vector space. We have shown that there is a G-invariant
non-degenerate quadratic form on @)y, derived from the linear form o which takes
the value 1 on J and 0 elsewhere. This means that in our case the representation
of the action of G on @y is in essence just a representation on a real space. Here is
an example to show how starting with an action of G on C" given by a complex,

non-real representation, we obtain a real representation on Q;.

Example 6.3.4 Let G = Z,, generated by g, act on C by [(i)], where we express
a representation R by giving R(g) enclosed in square brackets. The map f: C —
C given by z — z° is finite and G-equivariant. Now @ is isomorphic to C-span

{1, z,2% 23,2} with G acting by

(10 0 0 0)]
0i 0 0 0

00 -1 00
00 0 -0
\0 0 0 0 1/]
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But this is in fact a real representation, for if we rewrite the basis for Qs as

2 4 3 . . . .
{1,z%, 2%,z — 23, iz + iz®}, we obtain the representation

0)

(1 0

0 0
0 -1 0 0 0
0 01 0 o0
0 0 0 0 1
_\0 0 0 -1 0)_

On the other hand, see Example 7.1.1 in which non-matched representations give

a representation on )y which is not real.

Remark Clearly there are plenty of invariant linear forms a with a(J) # 0.
Indeed we can proceed as follows. In the construction of the G-invariant comple-
ment to the ideal I; above we can first choose a G-invariant complement L, to
the sum of Iy and the invariant functions. We may then extend this by adding
in a relevant subspace L, of the invariant functions; we have shown that J lies
in the latter. Choose a basis for L, containing J. We now define o to be 1 on J,
0 on the other basis vectors of Ly, and 0 on L;.

We wish to push the constructions of Arnold et al a little further, even in the
classical case. Using the standard notation above we shall start with a linear form
a: Qs(U) — C with a(J) # 0. In fact assuming that f is polynomial we need
only consider a linear form a : C[z,,...,z,]/{f1,---, fs) = C with a(J) # 0 (it
is not hard to show that one can change co-ordinates so that f is polynomial and

this quotient is finite dimensional). See [W], Wall’s survey paper.

Proposition 6.3.5 Let f , U and V be as before. For eacht € V we define a
bilinear form B, on A(U) as follows. Given hy, hy € Ay(U) choose polynomials
H,, H, € A(U) with p,(H;) = h;. Define B;(hy, hy) by considering their product
in Q¢(U) and then applying a.

(i) The bilinear forms B, are well defined and non-degenerate.
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(i) If F71(0) = {a4,... ,a,} then o determines a linear map o; : O(a;) — C.
and these in turn determine a bilinear form B(a;) on the local algebras Q,(a;).

The form B, is the direct sum of the B(a;).

Proof (i) First, we show that o gives a well-defined linear form, o, on A,(U).
Suppose h = p,(H) = p,(H'), then H — H' € I;(U), so a(H) = a(H'). This
means that a;(h) is well defined. Now since ¢; is well defined, this means that
the bilinear form it defines, B; is also well-defined. The form B, is non-degenerate
since By is non-degenerate. (See the note below.)

(i) If p,(H) = (hq,-.-,h,) and p(H') = (hi,...,h;), then p(H - H') =
(hy-hi,...,hs - hi.). So p, carries the algebra structure of A(U) into A,(U), with
pointwise multiplication. Now a;(h;) = a,((0,...,0,h;,0,...,0)) by definition.
Thus ]

as((hy, ..., h)) = izlai(hi)

and so

B,hK) = a(h-I)
= a;((h1- by, .. he o hy))
= Z:ai(hi’h;)
— Y B(ai)(ha, 1.

=1

Remark One can prove the non-degeneracy of the bilinear forms in a slightly
different way to that in Arnold et al (it still uses Hartog’s Theorem). Using the
result above we obtain a family of bilinear forms B, on the space L the entries of
which depend analytically on ¢. We can prove non-degeneracy by induction on
1 = dimQ; as follows. Consider the set X of values of t with F; '(0) consisting of

a single point. It turns out that we can choose a family F, with the property that
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this has codimension > 2 unless f is a fold. The result in the case of the fold is
trivial anyway. So we may assume that the bilinear forms B, have maximal rank
off this set by induction using (ii) above. Since they have maximal rank off a
set of codimension 2 by Hartog’s Theorem they have maximal rank everywhere.
(The inverse matrices B; ! exist off this set, and the entries are holomorphic in
t; by Hartog’s Theorem they extend to holomorphic functions for all values of t.
Since B, - B;' = I holds on a dense set it holds everywhere.)

Now suppose that we have a group G acting. We suppose once more that
f is polynomial. Again, it is not difficult to find a G-invariant linear form « :

Clzy,...,z,)/{f1,..., fa) — C which is non-zero on J as required. The same

proof as above then shows that the following holds:

Proposition 6.3.6 Let f , U and V be as above. For eacht € V we define a
bilinear form B, on A,(U) as follows. Given hy, hy € A,(U) choose polynomials
H,, Hy € A(U) with p,(H;) = h;. Define B,(hy, hy) by considering the product
in Q¢(U) and then applying o.
(i) The bilinear forms B, are well defined G-invariant and non-degenerate.
(ii) If F;71(0) = {a4,...,a,} then o determines a linear map o; : O(a;) —
C, and these in turn determine a G-invariant bilinear form B(a;) on the local

algebras Q.(a;). The form B, is the direct sum of the B(a;).

Proof This is now trivial. O

6.4 The real case

An analytic map-germ f : R*,0 — R", 0 is said to be finite if its complexification
fe : C*0 — C",0 is finite. Let O, now denote the ring of analytic functions
R",0 — R. We define Q; to be O,/I; similarly to the complex case. If we

write Q}‘ and ch for the real and complex local algebras respectively, then one
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can check that Q? = Q? ® C and thus f is finite if and only if Q}‘ is finite

dimensional as a R-space. Again, if o : Qs — R is a linear form, define B, on

Qf by Ba(hl,h2) = a(h, - hs).

A complex function, ¢ on a set with involution 7 is said to be 7-real if

#(7(a)) = #(a).

(NB A polynomial with real coefficients is 7-real when 7 is the involution of
complex conjugation.) The 7-real functions on a set of 1 points {a1,...,a,} form
an R-algebra R of R dimension p. For each function ¢ € R (with ¢(a;) # 0 for

all a;) we may define a bilinear form By on R by

B¢(h1, hy) = é¢(ai)hl(ai)h2(ai)-

We have the following proposition from Arnold et al.

Proposition 6.4.1 ([AVG, p103]) Given R and B, as above,
(i) the values of the form By are real.
(it) By is non-degenerate.
(i) The signature of the form By is ¢t — ¢~ where ¢t is the number of fized

points of the involution on which ¢ > 0 and ¢~ is the number on which ¢ < 0.

Proof Under 7, the set decomposes into invariant 1 and 2 point subsets. It

is therefore sufficient to prove the proposition for these sets.

One Point Case: The 7-real functions at a point fixed under 7 are isomorphic
to a single copy of R and so have R dimension 1. This proves (i) and (ii) in this
case. The signature is simply +1, —1 or 0 depending on the sign of the function

at the point. This proves (iii).
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Two Point Case: In this case, we have distinct points a,, a, such that 7(a,) =

a, and thus if ¢ is a 7-real function on the pair, ¢(a;) = ¢(a;). So by determining

the value of a function on one point, it is determined on both. Thus the functions

have R dimension 2. Now

B¢(h1, hy) = ¢(a1)hi(ar)ha(ay) + ¢(az)hi(az)ha(az)
= ¢(ar)hi(a1)ha(ay) + ¢(ar)hi(ar)ha(ar)
€ R

so we have shown (i) in this case. Suppose ¢(a;) = ¢; +1¢, and h(a,) = hy +1ih,
where ¢1, ¢2, hl, h2 S R, then

By(h,h) = ¢(al)h(al)2 + ¢(a1)h(a,)?
= 2(¢1h} — 2¢9h1hy — d1h3)

_ (b1 hy) 201  —2¢, h, .
- —2¢2 —2¢, hy

201 —2¢2

Now the matrix
—2¢y —2¢

) has rank 2 and signature 0 for any (¢1, ¢2) €

-1 0

0 1
the proof. o

R2\{(0,0)}, since there exists a change of basis to ( ) This completes

When we have a group G acting on a real vector space, V, with a G-invariant

bilinear form B, we define the G-signature of B by
sigg(B) =V* -V~

in the ring of representations of G. Here V+ and V-~ are the G-spaces where B

is positive and negative definite respectively.
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Now, let G be a group acting via matched representations on source and target
spaces isomorphic to R". Let f; be a finite G-variant deformation of f such that
0 is a regular value. Let f;1(0) = {a,,... ,a,} € C". Take T to be the involution
of complex conjugation acting on the roots. As before, we let R be the R-algebra
of 7-real functions on the points a¢;. Now G acts on R in the obvious way, by
simply permuting the points. For a G-invariant ¢ € R, with ¢(a;) # 0 for all a;,

define a bilinear form By on R as before,

By(ha, ha) = ilas(ai)hl(ai)hz(ai).

Now we may decompose {a;} as follows

Ay = {a;i: (@) = ai}

Ay = {a;:7(a;) #a;,7(a;) = g-a; some g€ G}

As = {a;:7(a;) #a;,7(a;) # g a; any g € G}.
This leads to a decomposition of R as

R=R1@R2@R3®R4

where

R, = {r- real functions h on A}
R, = {7- real functions k on A; : h(a;) = h(r(a;)) € R}
R; = {r- real functions h on A, : h(a;) = —h(7(a;)) € iR}

R, = {7- real functions h on A}
Then we have the following analogue of the above proposition:
Proposition 6.4.2 With G, {a;}, T, R as above, Then
sigsBs = (R + Rf + Ry) — (Ri + By + Rf)
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in the representation ring of G, where the ‘4’ and ‘~’ superscripts denote the

G-spaces where ¢ > 0 and ¢ < 0 respectively.

Proof We consider each of the spaces R;, R,, R; and Ry:

R;: The contribution here follows as in the original case, since the matrix for
By here simply has the values of ¢ at the given point a; down the diagonal. Thus
this contributes Rf — Ry to the G-signature.

R, and Rj3: Consider a pair of points a;,a; € A, such that 7(a;) = a; and
20 0

0 -2
where the first basis vector corresponds to real functions on the two points and the

¢(a;) = ¢(a;) = A € R. The matrix for B, here is of the form

)

second to purely imaginary ones. (Compare the proof of the original proposition.)
Thus when A > 0, the real functions contribute positively to the G-signature and
the imaginary ones negatively. When A < 0, the opposite occurs. Thus, overall,
(RF + R3) — (R; + RY) is contributed to the G-signature. Note that the actions
of G on R, and Rj3 are in general different. A real function will be unaffected
by a group element which has the same effect as 7, whereas a purely imaginary
function will be multiplied by —1.

R,: Suppose we consider an orbit in in R4, where ¢ = A +ip. This will come
with a ‘7 mirror-image’ orbit where ¢ = A — iu, since 7 commutes with G. The

matrix of B, on these two orbits will look like

([ 2

\

—2u
=2

2
—2u

—2u
=2

0

0
2\ —2u
—2u —2A )

where G acts by permuting the pairs of basis vectors. Now by an identical change

of basis on each pair of vectors, we obtain
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1 0

0
1 0

\ 0 -1

with G acting as before. This is the same as

(1 0 .- 0) (-1 0 -~ 0 )
0 1 : 0 -1 :

: .0 : .0
\0 -~ 0 1 \ 0 -~ 0 -1

with an identical G action on each summand. Thus there is no contribution to

the G signature. O

Corollary 6.4.3 If G is of odd order then the above result reduces to
sigeBy = R{ — Ry
which is analogous to the complex case, in the sense that this is the action of G

on the preimages of zero counted up to the sign of ¢.

Proof Since G is of odd order, the points a; must also form orbits of odd order
(since their order must divide |G|). Suppose A, is non-empty for otherwise the
result is trivial. Choose an orbit in A,. We know that if g; lies in the orbit,
then so does 7(a;). Thus the orbit has an even number of elements. This is a

contradiction, so we must have 4, = (. O
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In the case above, the G-signature is given by the permutation representation

of G on the real roots of f, = 0 counted with the sign of ¢ at that point. Here
R} is given by the action of G on 7-real functions on A, (real roots of f, = 0)
where ¢ > 0. This corresponds to just the action on the points. A similar result

holds for R;. Note that we need matched representations to have an action on

{fe=0}tn{¢ >0}

Definition We will call Rf — Ry, with ¢ = 1/J, the G-indez of f at the point
0. Note that it will be dependent of the choice of deformation of f.

Now let e;,...,¢e, be a R-basis for Ly, which is a G-invariant complement to
I; in O, as in the complex case. Note that this will also form a C-basis for L,
defined as previously. There is a natural map 7y : Lg — R given by evaluation
at the p points. Now obviously 75 = 7 | L and since 7, is an isomorphism, this
means that Ly is isomorphic to some subspace of R. But both these spaces have
R dimension u, so Lg = R via mg. Since the group action is real, this also carries
over from the complex case, so Lg and R are in fact isomorphic as G-spaces.

Now let us define a bilinear form B* on Lg by

h1,h2 Z J a'z h2(az)

By the G-isomorphism described above, this form has G-signature equal to
that of sigzB, in Proposition 6.4.2 above, with ¢ = 1 /J. Let us denote this
element of the representation ring by o. Note that J is G-invariant by Lemma
6.3.1 and hence 1/J is a G-invariant function on the points a;.

To continue further, we require the following results from Arnold et al.
Proposition 6.4.4 For any holomorphic function h at 0, set
= h(a;)/J(a:)
for the points {a,,...a,} = f71(0). Then:
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(i) Ast — 0, I'(h) tends to a finite value denoted [/ f].

(i) The linear form og(—) = [~/ 1) is zero on the ideal I; and thus determines

a linear form on the local algebra Qy.

(11i) The bilinear form B = B,, on the local algebra, (constructed from the

linear form g in the usual way) is non-degenerate. 0O

Using this result, we find that as ¢t — 0, Bt — B on the local algebra,
corresponding to the special linear form aq. Since B is non-degenerate, it must
also have G-signature equal to 0. Now join g to an arbitrary a, which also
has a(J) > 0, by a line segment. Since all the points along this line correspond
to non-degenerate forms, they all have G-signatures equal to 0. Thus we have

proved

Proposition 6.4.5 The G-signature of a bilinear form B, on Qy, derived from

a linear form o : Qy — R with a(J) > 0 is independent of the choice of . O

We will call this G-signature the G-variant degree of the real map f. Notice that
it is in general different from the G-variant degree of f considered as a complex

map. If we take Corollary 6.4.3 into account, then we obtain

Corollary 6.4.6 For G of odd order, the G-indez of f at the point 0 is indepen-
dent of the deformation chosen and the G-signature of a bilinear form B, on Qy,

derived from a linear form a: Q; — R with a(J) > 0 is equal to this G-indez.0

6.5 Examples

Example 6.5.1 Let the group Z, act on the source space R? by the representa-

121



tion
0 1

1 0
and on the target space R? by

-1 0
0 1

Then the map f = (2 — y* 22 + %) : R%2,0 — R2,0 is finite and G-variant with
respect to these actions. Note that both these matrices have determinant —1. so
they match. The local algebra Qs is given by the R-span of {1, .r.y,zy} and the

action of the group (inherited from the action on the source) is given by

(100 0)

0 0 1
010
_\000 |

Now the Jacobian determinant of f is 8zy, so let us define o : ()5 — R by

~ o O O

a(ry) = 1, @ = 0 elsewhere. We diagonalize the associated bilinear form B,
by taking {1 — zy,1 + zy,z +y,2 — y} as a basis for Q. The quadratic form
associated to B, is positive on the second and third basis elements and negative

on the first and fourth. The action of the group with respect to this new basis is

given by
(100 0]
010 O
0 01 O
\ 000 —-1)/]
and thus we obtain
sig.B, = 1 0 B 1 0
01 0 -1



Here is a simple example where the representations are not matched.

Example 6.5.2 The group Z, acts on the source space R by [(—1)] and on the
target space R by [(1)]. Then f =z?: R,0 — R, 0 is finite and G-variant with
respect to these actions. However, the determinants of the representations do not
match. The local algebra Q; is simply the R-span of {1,z} and the action of the
group is given by

1 0

0 -1
Now the spaces spanned by 1 and z respectively are G-invariant and this is the
only possible decomposition of @ into such spaces, by consideration of eigenval-
ues. We define the linear form a : Q; — R by a(z) = 1, a(1) = 0, since the
Jacobian determinant of f is 2x. The related bilinear form, B, has the following

matrix on this basis:
01

10
We can see that B, is not G-invariant and thus we cannot calculate siggB,.
So having matched representations is necessary when we are considering bilinear
forms.

Consider the complexification of the above, with Z, acting on C by [(—1))
and [(1)] on the two spaces and f = z* : R,0 — R,0 as the G-variant map in
question. The local algebra is given by C-span {1,z} and G acts on it exactly
as in the real case. Let us take f, = 2% — t? as a finite G-variant deformation
of f. This gives f;'(0) = {t,—t} and G acts on the 7 real functions via the

representation
01

10
which is equivalent to the representation above. Thus although we cannot cal-

culate the real G-variant degree since the representations are not matched, we
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can calculate the complex G-variant degree as this does not require matched

representations.

Example 6.5.3 Let G = Z, with generator g and let G act on R* under the
standard permutation representation. We will, as before, denote a representation

R by giving R(g) enclosed in square brackets, so this representation is given by

(000 1)]
1000
0100
\0010)

Let f = (2%, 23,23,2}) : R*, 0 — R*,0, which is finite and G-equivariant. Con-

sider the following finite G-equivariant deformations of it

fi = (@423 +42,22+¢%,22 + t?)

" 2 2 2 2
¢ = (21 —tzy, 25 — 129,73 — tx3, 73 — tay)

where t € R.

Let us consider the first deformation and looking at its complexification, study
(f/)~1(0). This consists of the points of the form (&it, it, £it, +it), sixteen in
total. The Jacobian determinant of f/, J = 16x,z,z3z4, S0 we see that 0 is a

regular value of f]. Looking at the action of G on the points we get the following

orbits:
Isotropy | Order of | Number of Representatives
group orbits orbits of orbits
Z, 1 2 +(1t, it, it, it)
Z, 2 1 (it, —it, it, —it)
1 4 3 +(—1it, it, it, 1t), (it, it, —it, —it)
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Figure 6.1: The Z4 orbits of (f{)~1(0).

We can represent the orbits as shown in Figure 6.1, with orbits ringed and
reflection in the line corresponding to complex conjugation (7). In this figure. ¢
gives the value of ¢ = % on the given orbits.

We can now calculate siggzBy. The points in the orbits of order 1 may be
ignored, since they lie in A;. For the orbit of order 2, G acts on the real valued
r-real functions as [(1)]. The action on the purely imaginary functions is [(—1)].
Thus the contribution here is [(1)] — [(=1)]. The first two order 4 orbits may also

be ignored, but the points of the third lie in 4,, so must be considered. G acts

0 1
on the real valued 7-real functions as and on the imaginary ones as
1 0
0 1
. 'This yields
-1 0
_ 01 0 1
siggBy = [(D] = [(-1)] + -
1 0 -1 0
( 1 00 -1 0 0 W
= 0 01 - 0o 0 1
i 010 0 -1 0

Lot us call this element of the representation ring R’ and its (virtual) character o',

Now let us consider the second deformation and (f,”)‘l(O) as before. This consists
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of the points with each component having a value of 0 or ¢, again giving sixteen
points. The Jacobian determinant of f;', J = (22, — t)(2z, — t)(213 — t)(2z4 — 1),

so we see that 0 is a regular value of f;’. Looking at the action of G on these

Figure 6.2: The Z, orbits of (f;)~1(0).

points we get the following table of orbits.

Isotropy | Order of | Number of Representatives
group orbits orbits of orbits
Z, 1 2 (0,0,0,0),(t, t,t,t)
Z, 2 1 (0,t,0,1)
1 4 3 (0,t,t,t),(t,0,0,0),(tt,0,0)

This can be represented by Figure 6.2, where again ¢ gives the value of ¢ = 4 on

the given orbits.

These points all lie in A;, so siggB, in this case is just the permutation

representation of the action of G on the points, taken with the sign of ¢. So we

obtain

01

siggBy = 2[(1)] +

10
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(1 000) (000 1)]
oo o 100 0
“dlooo 1|l oo o

\oo10/] |[\oo10)

Let us call this element of the representation ring R” and its (virtual) character

p". Now we expect R' and R” to be equal and if we compare the values of p' and

p" on the elements of the group, we obtain

llglg*lg®

dlof2]4]2
Jlol2] 42

and hence R' and R” are equivalent elements of the representation ring.

Now let us look at Qy, which in this case is spanned by {z} TPl ;= 0or 1}.
Take o : @y — C by a(z;7,z3z4) = 1 and 0 elsewhere, since this gives a(J) =
a(16z,z,x3z4) > 0. Let B, be the associated bilinear form. We can diagonalize

it by taking the following as a basis:

e1 = 1+ 21222324 €3 =1 — 21292324
€3 = I1T3 + ToXy €4 = T1T3 — T9Ty

€5 =T1 + T9T3Z4 € =T; — TaT3Ty

€11 = T4 +T1ToT3 €13 = Tq — T1T2T3
€13 = T1ZTg + T3Tg €14 = T1Tg — T3T4

€15 = Z1T4 + ToT3 €15 = T1T4 — ToT3

So B, is positive definite on the ‘odd’ basis vectors and negative definite on the
‘even’ ones. The e; break up into orbits as {e;}, {es}, {es}. {€a}, {€5,€7,€9,€n}.
{es, €5, €10, €12}, {€13, €15}, {€14,€16}. Now the actions of G on {e;} and {ey} are
equal and B, is positive on one and negative on the other. This also occurs with

the orbits of size 4. These can therefore be ignored. The action on {es} is [(1)]
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and on {e} it is [(—1)]. On {e13,e;5} and {ey4, €16}, we obtain [( 01 )] and
10

0 1
. 0) respectively. This yields
10 0 1 0 0\
siggB, = 001]||- 0 0 1
010 i 0 -1 0

which gives the same element of the representation ring as previously calculated.

Example 6.5.4 Let G = Z, x Z, act on R* by the standard permutation rep-
resentation. In this example, this is written as the representation of (0,1) and

(1,0) respectively, enclosed by square brackets:

(0100) (001 0})]
1000 0001
0001|1000
\oo10/) \0100)]/]

As in Example 6.5.3 above, consider f = (z?, z%,2%,z%) : R*,0 — R*,0, which
is also finite and G-equivariant in this situation. As before, consider the following

finite G-equivariant deformation of it
fl = (22 + 1,22 + 2, 2% + 1%, 2} + t%)

Again, looking at its complexification, we consider (f; )~1(0). This consists of
the sixteen points of the form (&it, +it, +it, +it). Since the Jacobian determinant
is the same as before, 0 is a regular value of f;. Looking at the action of G on

the points we get the following orbits:
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<(0,1)> <(1,0> <(1,1)>

@ﬁ

QO

ONO

o1

Figure 6.3: The Z, x Z, orbits of (f)~(0).

Isotropy | Order of | Number of | Representatives
group orbits orbits of orbits
Zy X Z, 1 2 +(it, it, it z't)
<(0,1)> 2 1 (it t, —it, —it)
<(1,0)> 2 1 (it, —it,it, —it)
<(1,1)> 2 1 (it, —it, —it, it)
1 4 2 :t(—zt, it, it, it)

We can represent the orbits as shown in Figure 6.3, with orbits ringed and
reflection in the line corresponding to complex conjugation (7). In this figure, ¢

gives the value of ¢ =

above.

We can now calculate siggB;.
orbits of order 2, as the other points lie in A3. For the orbit with isotropy group
<(0,1)>, G acts on the real functions as [(1), (
[(1),(~1)], so the contribution here is [(1), (1)] — [(1),(—1)]. Similarly, the other

), (1)] and [(1)

two orbits give contributions of [(1)

Thus

sigoBs = 3((1), (

D] = [0,

This time, we are only concerned with the

), (D] =[(-1

(D] - [(-1
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which can be written as

100 100 1 0 0 ~1 0 0
010[|,]o1o0]||-{lo -1 0o |,] o 1 o
00 1 00 1 0 0 -1 0 0 —1

If this has (virtual) character p then we obtain this table of values.

(0,0) | (0,1) | (1,0) | (1,1)
p| 0 4 4 4

Now let us look at @, which is the same as in Example 6.5.3. Take o : Qs —C
by a(r,z2324) = 1 and 0 elsewhere. Let B, be the associated bilinear form.
We diagonalize it by taking the same basis {¢},...,e;s} as before, so B, is pos-
itive definite on the ‘odd’ basis vectors and negative definite on the "even’ ones.
The only non-singleton orbits formed by the e; are the orbits {es, ¢7,eq9.€;,} and
{es, es, €10, €12} The actions on each of these is identical and since one is positive
and one negative, we may ignore them. The same is true of {e;} and {e¢,}. The

action on each of {e3}, {e13} and {e;s} is [(1),(1)]. Now {eq} gives [(—1),(1)],
{c14} gives [(1),(=1)] and {e;s} yields [(~1),(=1)]. So

sigeBa = 3[(1), (1)] = [(1), (=D)] = [(-1), (1)) = {[(=1), (= 1)]

which is the same element of the representation ring obtained above.

Example 6.5.5 Let us consider the symmetric group G = S3 acting on R? in
the usual way. Since S, is generated by the permutations (12) and (123). we
will describe a representation of Sy by giving the matrices corresponding to these

elements, enclosed in square brackets. So S; acts by
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Spanning Vectors | Action of G Spanning Vectors | Action of G
1+ z%y%2° [(1),(1)] 1+ 2%y%2? [(1),(1)]
T + zy’2? T — xy°2?

Y + zly2? Ry y — zy2? Ry
z + 12y z—z’y’2
T2 + %22 2 — Y22
U2 + g22? R, y? — g2, R,
2% + 72y 22 — gy?
yz + Yz yz — z°yz
Tz + TY’2 Ry Tz — Y’z Ry
Ty + TY2? zy — 1Y2*
ry® + z2? zy? — z2°
yz? + 1y Ry yz? — 1’y Ry
2 + y22 z’z — Y’z
TYZ [(1), (1)]

Table 6.1: Q; for f = (z2,3%, 2°) under S;

which we will call R,. Now the map f = (z%,73,2%) : R3,0 — R3,0 is finite
and G-equivariant with respect to this action. The local algebra, @y, is given

by the R-span of the monomials {z%y"2% : i; € {0,1,2}}. Now the Jacobian

determinant J of the map f is given by 27z%y?z%, so let us define the bilinear
form B, via the linear form o which takes the value 1 at z2y*2? and 0 elsewhere.
Diagonalizing B, we obtain the subspaces of Q; shown in Table 6.1, where the
spaces on the left-hand side are such that B, is negative definite and those on

the right, where it is positive. The representation f%o is given by

0 -1 0 0 01
-1 0 O (,{1 00
i 0 0 -1 010
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Looking at the table, we obtain

SigG?a = Ry+ [(1)’ (1)] - RO

(0100) (0010)] ;
0 -1 0 00 1
1000 1000
= ; [l -1 0 o [.{100
0010 0100
0 0 -1 010
\0001/\0oo0o01 ) :

The characters of Ry, Ry and the trivial representation {(1), (1)] are denoted p,.
po and ¢. They are given by

(1) | (12) | (13) | (23) | (123) | (132)
|31 1 |1 |1 0 0
ol 3 -1 -11|-11] 0 0
| 3|1 31 3] 3| 3 3

and so we obtain

(1) { (12) | (13) | (23) | (123) | (132)
Po+t—po| 3 5) ) ) 3 3

which is the character of siggB,.
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Chapter 7

Further results

7.1 Non-regular deformations

We now consider the results when 0 is not a regular value of the deformation f;.
Indeed, it is often the case that f will have no deformation f, with 0 a regular

value (away from t = 0) as the following shows.

Example 7.1.1 Let our group G be Z4 acting on source and target spaces (both

isomorphic to C) via the representations
[(:)] and [(—1)]

respectively. (Again, we give the matrix of the generator as a description of the
whole representation.) Then f(x) = +* is finite and G-variant. but there is no

“good” deformation. Indeed. the representation on @y is given by

1 0 O
0 ¢« 0
0 0 -1

and since the trace of this matrix is ¢ 1t cannot be equivalent to a permutation

matrix.



The first proposition is an alternative description of the action of G on \,.

which contains Proposition 6.2.6(ii) as a special case. First, though, we need the

following lemma.

Lemma 7.1.2 The local algebras associated to two points in the same point orbit

are isomorphic.

Proof Suppose we consider points a; and a; with local algebras Q(a;) and Q(a;)
respectively, such that g(a;) = a;. Then g: Q(a;) — Q(a;) via a linear map with

inverse g1 O

Proposition 7.1.3 Let G act linearly on C™ and let f : C*,0 — C™,0 be finite
G-variant, with f; a finite G-variant deformation. Let f7'(0) = {a,,...,a,} and
let A; be the multilocal algebra of the deformation. Now G acts on the points,
so let O, be the permutation representation of the action of G on the I* point
orbit. FEach point has an associated local algebra and all the points in a given
orbit have isomorphic local algebras (see Lemma 7.1.2 above). Denote by Q, the
local algebra (considered as a G-space) associated with the points of the I orbit.

Then
L=P0, o)
!

where this is an isomorphism of G-spaces.

Proof We know that L = A, by Proposition 6.2.7, so it is enough to show that A,
has the given form. Let us consider the 1** orbit, consisting of points {ay,...a,}
and suppose @ has {€j, ..., €,} as a basis. The part of A, corresponding to this or-
bit is spanned by {a;®¢;:i=1...5,j=1.. .p}, where a;®¢; is the basis element
¢; in the algebra associated to a;. Now g € G acts by g(a; ® ¢;) = g(a:) ® g(€;).
which is exactly what is given by O, ® @;. Taking a sum over the orbits gives the

required result. -
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Note that each map-germ f, : C*,a; — C",0 is variant with respect to G,.. the
subgroup of G which fixes a;. The G, -variant degree is by definition the repre-
sentation of the action of G, on the local algebra at that point. It is therefore

given by the restriction of the appropriate (), (as given in the Proposition above)

to Gy, .

Example 7.1.4 Let G = Z, (generated by g) act on C? by

()

where we describe a representation R by giving R(g). Now f = (z*,3°) : C*,0 —
C2,0 is finite and G-equivariant and f; = (23 — t2z,1°) is a finite equivariant
deformation of f. Notice that 0 is not a regular value of f; and that f;'(0) =
{(0,0), (¢,0), (—t,0)}. The local algebra at each of the three points is isomorphic
to C-span{1,y,y?}. The action of G on this algebra is given by

1 0 O
0 -1 0
LOOl

The points break up into orbits as {(0, 0)} and {(t,0), (—t,0)} with G acting by
01 i .

[(1)] and [( )} respectively. Thus the action of G on A, is In this case
10

given by

- 1 0 0 1 0 0 W
01

1®] 0 -1 0 5> ®| 0 -1 0

10
0 0 1 0 0 1

L

which has a character of 9 on the identity and 1 on g. In contrast, Q as a vector
space is given by C-span{l,x,m2,y,xy,x2y,y2,xy2,:v2y2} upon which G acts by
[diag(1,-1,1,-1,1,-1,1,-1, 1)), so this has the same character, as predicted.
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We now consider the real case.

Let G act linearly on R (both source and target) via matched representations
and let f : R",0 —» R"™ 0 be finite G-variant, with f, a finite G-variant deforma-
tion. We take L p be the R-span of functions e1,...,e, whose germs at 0 span
Qs. If we now consider f, as a complex map, let f;1(0) = {a1,...,a,} C C"
and let A, be the (complex) multilocal algebra of the deformation. Let R be the

image of L R under 7 : Q) 1C ™ A;. Now let us split the points {a;} into sets A,,
A, and Aj as in §6.4.

Let Oy, be the permutation representation of the action of G on the 1** A, point

orbit.

Considering the action of G on points in A,, we can look at the pairs consisting of
points with their complex conjugate. Let Oy, be the permutation representation
of G on the conjugate pairs of the 1" A, point orbit. Similarly, let O3; be the
permutation representation of G on these pairs, but with a sign to determine the
‘orientation’ of the pair. Suppose we have an orbit consisting of a;,a;,a;,@;. If

some g € G acts by

a; — a;
a; — a;
aj»—>a,
G -G

then the unsigned and signed permutations representations would look like

01 0 —1
10/ \1 0

The pairs have merely been exchanged, hence the first matrix, but the pair {a;, @7}

is mapped to {a;,@;} with the reverse orientation, giving the —1 entry in the
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signed permutation representation.

The orbits of points in A; come in pairs, so here take Oy, to be the permutation

representation of G on one orbit of the 1* pair of A, point orbits.

Each point a;, in any orbit, has an associated (complex) local algebra Q(a;).
The direct sum of these over all orbits forms A,. Now an element of R can be
expressed as element of A;, having components in each local algebra. The real
algebra of possible component values in the algebra Q(a;) will be denoted R(a;)
and is really the projection of R onto this component. For the 1** A, orbit, define
Ry, to be R(a;) for any point a; in the orbit. For the 1 A, orbit, define R, and
R;, to be respectively the spaces of real- and purely imaginary-valued functions
in R(a;) for any point a; in the orbit. Finally, for the 1* pair of A; orbits, define

Ry, to be R(a;) for any point a; in one of the orbits.

Proposition 7.1.5 If we are given Ok, Rk, k=1,2,3,4 as above, then

4

RE DOk ® Ryy)
k=1

Il

where this is an isomorphism of G-spaces and I, indezes the orbits.

Proof We look at each of the three types of orbit:
A,: For orbits in A, the proof is identical to that in the complex case, but over R.

A,:Suppose we have the 1" orbit in A,, with points {a,...as}. Givensome point
a; in this orbit, we know that @j is also in the orbit. Now R(a;) and R(a;) are
isomorphic via complex conjugation. An element of R(a;) which is real-valued
will therefore be unaffected by a change in orientation of the pairs, just by the
permutation of them. Thus the representation of the action of G on the real-

valued functions is given by O,; ® Ry;. However, an element of R(a;) which is
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purely imaginary-valued will have a reversal of sign under an orientation change

in a conjugate pair. Thus the representation here is given by O3, ® Ry,

A,: Orbits in A3 come in pairs, so suppose we have the 1 pair of orbits in A,
with one orbit consisting of points {a,...a,}, the other of the conjugate points.
Let a; be a point in our chosen orbit. We know that the algebras R(a;) and
R(@;) are isomorphic via complex conjugation. In fact, the image of a point of
LR has conjugate components on these two spaces. So it is enough to know the
component of some element of R on one of each pair of conjugate algebras. So
the representation of the action of G on these orbits is given by O4; ® R4 as

required. 0O

Corollary 7.1.6 Let o : Q; — R be a G-invariant linear form with a(J) > 0
and let oy, be the linear form it induces on Ry These in turn give bilinear forms

B, and B,,, on their respective spaces and

3
sigeBa = E(Ok,l - 819 Bay ;)
et

in the representation ring of G.

Proof We wish to calculate the G-signature on some Ok ® Ry ;. The bilinear

form B,. induces a bilinear form By on @; R (a;) where the a; are the points

7N

in the orbit (or pairs in the A, case). This is given by
Bk,l(hl’ h2) = Z Bak,l (hlaj’ h2a])
J

where hy, hy € @®; R (a;) with components hy j, hs,; in the jt* place. Considering
By(h, h) in order to diagonalize the bilinear form, we see that a permutation of

the a; will have no effect on the value of By;. Also, multiplication by a signed
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permutation will also not alter the form, since By (h,h) = Bi(~h, —h). In other

words, we can write

Okt ® Ry = (Ori ® RY) ® Oy, ® R))

where By is positive definite on the first summand and negative on the second.

Looking at all the orbits gives

4

sigg By = Z(Ok,l -8iggBa,,)-
=

It remains to show that siggB,,, = 0 for all | € I,. Let us first write
Ry = Ry, ® Ry,

where Rj, is the space of real-valued functions and R, is the space of purely
imaginary-valued ones. Let ¢, ... ¢, be a basis for R}, which diagonalizes By; on
the space. This means that ey, ... 1€, will be a basis for Ry, which diagonalizes
the form on that space. Since the group action is real, the actions on Rj; and

4, will be the same. But By (i€;, i€;) = —By (€, €;) by definition, so the two

spaces are isomorphic as G-spaces, but By; has an opposite sign on each, thus

siggBa,, = 0. O

Example 7.1.7 We look at the same case as the previous example, but over R.

Thus G = Z, (generated by g) acts on R? by

as before. We consider f = (z3,3%) : R?,0 — RZ?,0, which is finite and G-
equivariant and f, = (z® — t’z,%%), a finite equivariant deformation of it. As

before, f;*(0) = {(0,0),(t,0),(—t,0)}. Notice that all three points are of type
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A;. The local algebra at each of the three points is isomorphic to R-span{1.y.y?}.

The action of G on this algebra is given by

1 0 0
0 -1 0
0 0 1

In this case, we look at a : Q; — R given by & = 1 on r?y?, 0 elsewhere.
What are the induced linear forms on the three local algebras? Taking a basis
of {1,z,2%,y, zy, 2%y, y? zy?, 2%y*} for Q;, then the isomorphism  : Lr — Ris

given by

()‘17)‘27)‘37/\4,A5,/\6a)‘7,)‘8’/\9) _ ((/\I,A4a)‘7))
(A1 +tAe + 8203, Ag + ths + t2Xg, A + thg + t2)),

(A1 = tAg + t2Ag, Ag — ths + 1206, Ay — thg + t2)g))

where R = R((0,0))® R((t,0)) ® R((—t,0)) and each has R-basis {1,y,y?}. This
is obtained by rewriting a general element of Ly as a germ at the appropriate
point and factoring out by the ideal generated by the components of f,. Now
« is equivalent to projection onto the final basis vector in Lg. The induced
map in R is therefore given by projection onto ((0,0, —2),(0,0,1),(0,0, 1)), since
—2(A7) + 1( A7 + tAg + t2Xg) + 1( A7 — thg + t2Xg) = 2t )g.

On the real algebra at (0,0), which we shall call R;, the induced linear form,

o; acts by
1 —» 0

oy — 0
T )

We can diagonalize B,, by taking a basis {1—y?, 1+y*,y}, which gives the action

1 0 )}
e
0 -1



with B,, positive definite on the first summand, negative on the second. The

G-signature here is thus —[(—1)].

On the other orbit, the algebra R, has the induced form G, on it given by

1 —» 0
agzy._.)()

y* - 1

Diagonalizing with the same basis as above gives the action

ve(o )

with B,, negative definite on the first summand, positive on the second. The

G-signature here is thus [(—1)].

01
The action of G on the two orbits is given by [(1)] and l( )} as before.
10

We therefore obtain

siggBa = [(D]-—[(=D]+

= (D]

Now considering Q, we can diagonalize the bilinear form B, by taking the basis
{1+2%9% 1-2%% 2+ zy*, 2 — 21, 22 +y?, 22 —y?, 22y +y, 2’y —y, 7y} B, is pos-
itive definite on the ‘odd’ basis vectors {1+z%y?,z+zy?, ...} and negative on the

‘even’ ones {1—z%y?,z—xy?,...} and G acts by [diag(1.1,-1,-1,1,1. =1, -1.1)).
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Thus we get

(1000 0)] :
1 00 0
0-10 0 0
_ 0 -10 0
sigeBa = 00100—0010
00 0-10
Lo 0 0.1
\o 00 0 1) &
= [{(1)]

as expected.

7.2 j Two group actions

Let G (respectively G) be a finite group with two representations on C™ (re- '
spectively C™) one on the source and one on the target épace. Then G =
G; X Gy acts on C™ x C™ in the obvious way. Let f; : C“‘,'O - C"J‘,O
and f,.:.C™,0 — C",0 be finite and Gl' and( Gz-\}ariant respectively. Then
f= (fl,f?) : C",0 — C", 0 is finite G-variant (n = n;+n,). Now Q;, ®Q;, = Q;
by (hy ® hy)(z,y) = hy(x) - ha(y) where the z coordinates are in C™ and they |
in C™. The action of G on Qy is given ‘by‘ ‘ | |
(g1,92) %:)\i,j(ai ® ) = %: Nijg1- i ®2- ;)

where o; € Qs B € Qp,, 9 € Gr and A, ; € C This action is related to V‘thosé
on' @y, and Qy, by the following | .’ '

Proposition 7.2.1 Let G; and G, act on Qj, and Qf; via representations Ry,

and R,. Then G acts on Q; via the representation

R((91,92)) = Ri(91) ® Ra(92)
= R1|G((91,h92))‘ ® Ry|%((91, 92))
where |¢’ denotes the induced representation on G.
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Proof Let {a;} and {6} be C-space bases for @y, and Qy,. Suppose that

9 a; = Z'I‘i’jaj
J
and
92 Bk = spif,
l

so 7;,; and s, are the entries of R,(g;) and Ry(g,) respectively. Then
(91,92) (i ® Br) = Z Ti,i0G; @ Z Sk
j !
= Y rijseia; ® B)

al
But 7; sk, is exactly the coefficient of o; ® 3, in R;(g,) ® Ry(g7). It is easy to see
that since G; and G, are normal in G; X Gy, then R;|%((g1,9,)) = R,(g,) and

R5|%((91,92)) = Ra(g2). 0

This carries over to the real case and G-signatures as follows. Now let G,
and G, act on R™ and R™, with matched pairs of representations. Let f; :
R™,0 - R™,0 and f, : R",0 —» R™,0 again be finite and G,- and G,-variant
respectively. Suppose we have a non-degenerate, GG;-invariant bilinear form B,

on )y, and a similarly defined form B, on Q. We can define a form B on

Qf = Qfl ® sz by
B(a; ® Bi) = Bi(o;) - Bo(Bk)

which is non-degenerate and G-invariant by construction. Now express Q) as

R} ® Ry, a sum of G;-space with B, positive definite on R} and negative definite

on R{ and similarly for Q,. Then Q; can be expressed as
(Prop)ePrep)e(Pfor)e(Pref)

where P;" = Rf|C etc. Now B is positive definite on the first two summands and

negative on the last two. In the representation ring we have
(Pt - P7) (P —Py)=(Pf-Pf +P-Py)—(PF Py + P - PY).
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so we have proved

Corollary 7.2.2 With G, G,, Gy, B, By, B, as above,

sigeB = (sigg, B1)| - (sigg,Bs)|C.

7.3 Modular representations

A representation V in characteristic 0 has a corresponding modular representation
Vip) in characteristic p, as an element of the Grothendieck ring of representations.
(See [DP], or [D] for the case p = 2.) We are mainly concerned with the case
when p = 2 for the following reason. In the description of the G-variant degree
in the real case (Proposition 6.4.2), the complications lie mainly in the points of
type Ay, which are symmetric under the involution of complex conjugation. We
are also only really interested in the action of G on the real points of f,!(0). By
considering modular representations with p = 2, we can eliminate the contribu-

tion from the A, points.

Given a G-signature of some G-invariant bilinear form B on a real vector space

V as

we can define the modular G-signature of B to be
Sig(2)G(B) = V(;r) - V(E),

where V(;L) and V) are the modular versions of V* and V~. Now if the rep-
resentation in characteristic 0 is defined over the integers, then the modular

representation over F, (the field of two elements) is obtained by reducing the
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coefficients mod 2 (Again, see [D], [DP].)

We now consider the results on G-signature from §6.4, but using modular repre-
sentations. We let G act on R™ and take f to be a finite G-variant map with f,
a finite G-variant deformation such that 0 is a regular value (assuming here that
such a deformation exists). Let f; '(0) = {aj,...,a,} € C". Take 7 to be the
involution of complex conjugation acting on the roots. As before, we let R be

the R-algebra of T-real functions on the points a;. We decompose R as
R=R1®R2@R3®R4

where Ry, R,, R3, Ry are as before. We then have the following result, which is

due to Damon ([D]) in the equivariant case.
Proposition 7.3.1 With G, {a;}, 7, R as above, then
sigayeBe = R — Ry

in the modular representation ring of G, where the ‘+’ and ‘—’ superscripts denote

the G-spaces where ¢ >0 and ¢ <0 respectively, as before.

Proof As before, we look at each of the spaces Ry, Ry, R; and Ry:
R;: As in the original proof.

R, and Ry: Consider a pair of points a;,a; € Ay such that 7(a;) = a; and
20 0
0 -2\

where the first basis vector corresponds to real functions on the two points and

o(a;) = ¢(a;) = X € R. The matrix for By here is of the form

the second to purely imaginary ones. Thus when A > 0, the real functions con-
tribute positively to the G-signature and the imaginary ones negatively. When
) < 0, the opposite occurs. Thus, overall, (Riyys + Rizys) = (Rizy, + Riays) is con-
tributed to the G-signature. Note that the actions of G on R, and Rj are identical
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in the modular case, as the multiplication by —1 which occurred in the original

case when a conjugate pair were swapped has no effect. Thus RE;)2 = R(+2)3 and

R(3), = R(3); and so there is no contribution to the G-signature.

R4: As in the original proof.

We have so far shown that sigs)gB, = (R) - (R3),), but since Rf and Ry are
just permutation matrices, reduction to the modular case makes no difference to

the matrices in question. 0

Note that although R and R;, considered as modular representations, ap-
pear identical to the original (characteristic 0) representations, the element of
the modular representation ring, R — Ry, may be very different from the orig-
inal version. A non-zero element of the representation ring in the original case
could give rise to a zero element in the modular case. For example, the following

element of the representation ring of Z,,

1 0 -1 0

01 0 -1
is non-zero in the characteristic 0 case, but zero when reduced to the modu-
lar case. The following result is derived identically to Proposition 6.4.5, with

representations assumed to be modular.

Proposition 7.3.2 The modular G-signature of a bilinear form B, on Qy, de-
rived from a linear form o : Qf — R with a(J) > 0 is independent of the choice

of a. m]

Proposition 7.3.1 is very similar to Corollary 6.4.3. Again. when we take
¢ = 1/J, we will call the obtained (modular) G-signature the (modular) G-index

of f. This allows us to state a result analogous to Corollary 6.4.6:
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Corollary 7.3.3 The modular G-signature of a bilinear form B, on Q;, derived

from a linear form o : Q; — R with a(J) > 0 is equal to the modular G-indez of

the singular point 0. a

As in the original case, the G-signature is equal to the G-index for any given
deformation and the G-signature is independent of the deformation. Thus, using

modular representations, the G-index is independent of the deformation chosen.

We can also look at the case when we do not have a ‘good’ deformation of f

and obtain the following analogue of Corollary 7.1.6.

Proposition 7.3.4 Let f : C* — C" be finite and G-variant, with f; a finite
G-variant deformation. Suppose fi'(0) = {a1,...,a,} with Oy, Ri; as defined
in §7.1. Let a: Q; — R be a G-invariant linear form with a(J) > 0 and let ayy
be the linear form it induces on Ry;. These in turn give bilinear forms B, and

B, . on their respective spaces and

Qk,l

sig(2)GBa = Z(Ol,l : Sig(2)GBOll.l)
lel

in the (modular) representation ring of G. Here I, indezes the orbits of A, points.

Proof Now by reducing everything to the modular case, we certainly have

Sig(Z)GBa = i(O(z)k,z ' Sig(z)cBak,,)-
leTh
Now since we are working in modular representations, O(2)2, and O(y)3; will be
isomorphic as G-spaces, since a signed and an unsigned permutation representa-
tion are equivalent. Now consider the subspace of R of (complex) functions on the
Ith A, point orbit (i.e. Ry;®R3;). The linear form o will induce a bilinear form B

on this space which restricted to Ry, or R, will give Baay and B3, respectively.
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We now proceed as in the proof of Corollary 7.1.6. Let €1, .. € be a basis for R,

which diagonalizes B on the space. This means that ey, . .. ie, will be a basis for
R3; which diagonalizes the form on that space. Since the group action is real,
the actions on Ry, and Rj3; will be the same. But B(iej, ie;) = —~B(ej.€;) by
definition, so the two spaces are isomorphic as G-spaces, but B has an opposite

sign on each, thus

Oya. - 518(2)6Bayy + O(2)3,1 - 8ig(a)aBag, = 0

Qg

in the modular representation ring. Thus there is no contribution to sig(2)g from
A, points and the result follows. Note that since 0,, is a permutation represen-
tation it is already a modular representation, so we may dispense with the (2)

subscript. 0

7.4 A stronger invariant

The isomorphism class (or equivalently the character) of a permutation represen-
tation does not determine the isomorphism class of the associated G-set. This
means that if we obtain (the character of) the G-variant degree of a complex
map, then this is not enough information to determine the action of G on the
preimages of 0 under some deformation. We therefore need a stronger invariant.
First, however, we give an example of two non-isomorphic G-sets with equivalent

permutation representations.

Example 7.4.1 Let our group G be Z; x Z, again and consider the following
permutation representations of G:
R, : {(0,0),(0,1),(1,0),(1,1)} —
{(1),(1),(1), (1)}
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R, : {(0,0),(0,1),(1,0),(1,1)}—)

otk (o (20))

RB : {(0’0)’(0,1)’(1’0)7(1’1)}_’

(& )g D)

Ry @ {(0,0),(0,1),(1,0),(1,1)} —

[{10 0 1 01 10)]
Y ) 3 }
1\ 01 10 10 01

Rs : {(0,0),(0,1),(1,0),(1,1)} —

(1000 ({o100Y ({oo010) (000 1)
J{o1oo 1000 000 1 0010

’ ’ ’ >
0010 000 1 1000 0100
\0ooo1/j\oo0o10/\0100/ \1000)]

Now consider the permutation representations 2R, & Rs; and R, ® R; ® R,.
These clearly correspond to different G-sets, since the first has one orbit of order
4 and two of order 1, whereas the second has three of order 2. Let us denote the
characters of these representations by o; and o, respectively. These give us the

values

(0,0) | (0,1) | (1,0) | (1,1)
(3] 6 2 2 2
09 6 2 2 2

showing that these are in fact equivalent representations.

In [R2], Roberts considers the lattice of subspaces fixed by subgroups of G and
the Milnor number of the invariant function f restricted to these subspaces. We
modify the results to our own situation, but adopt some of his notation. e
will denote the source and target spaces (still isomorphic to C") by " and ¥’

respectively. We take f : V,0 — W,0 to be finite and G-variant and let f, be
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a finite G-variant deformation such that 0 is a regular value when ¢t # 0 (again.

assuming that such a deformation exists). We set f710) = {a,...., a,}. Asin

[R2], we let L be the lattice of vector subspaces of the source of the form
V(H)={veV:h-v=vforall he H)

where H < G. The partial order on L is inherited from the order given by

inclusion on the subgroups of G. Let fy = f lv(ay and define

p: L —- N
V(H) — deg(fn) ={ai:a; € V(H)}|.

We also need the following definition.

Definition (see [K]). The Mdbius function of a lattice m : L x L — Z is defined
by
m(z,z) =1 and m(z,y) = — Y m(z,z2).

T>2>Y

If we have a function f : L — R and another function f*: L — R given by

fr(z)=2_ f(z)

22

then the Mobius inversion formula

flz) =>_m(y,z)f*(v)

y2>z
holds. These results also hold in the dual case, when the partial order is reversed

throughout.

We may now state the result we require

Proposition 7.4.2 Let f, f,,{a;}, L and p be as above, then given L and p, we

are able to determine the isomorphism class of the G-set {ay, . .., a,}.
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Proof First we define

p*: L - N
VH) » |{a;:q;€ V(H),a; ¢ V(H') for H' > H}|.

Now p gives the degree of f restricted to V(H), which is equivalent to the number
of the a; which lie in V(H). The function p*, however, gives the number of the
a; which lie in V(H) but no greater element of L. We can therefore write
p(V(H)) = > p*(
H'>H
Now if we let m : L x L — Z be the Mobius function of L (see below), then we

obtain

Pr(V(H) = 3. m(V(H'),V(H))- p(V(H)

H'>H
by Mobius inversion. If we denote by c(H) the number of orbits whose elements

have isotropy group H, or a conjugate of H, then

P = |

-c(H)

where N(H) is the normalizer of H. We can then write

A

H) = [N

S m(V(H'),V(H)) - p(V(H")) (7.1)

H'>H
and so c(H) is determined by L (which gives m) and p. Now c¢(H) is the number
of orbits of ‘type G/H’ and this gives sufficient information to recover the iso-

morphism class of our G-set. O

Example 7.4.3 We now look at an actual example of the use of the lattice
invariant in practice, by considering a case similar to Example 6.5.4. Let f =
(z2,22,22,23) : C%,0 — C*,0 and f, = (z} — %23 — t*,2] — ¢*. 2§ — t*). This
gives us f;}(0) = {(&t, %t, +t, =t)}, which contains 16 points. Let G = Z; x Z,
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1 p=16

Figure 7.1: The lattice of subgroups of Z; x Z, with values of p given for f.

which acts on both source and target via the action

(0100) (0010)
1000 0001
0001 1000
\0 010/ \0100;/

L e

where the first matrix is the representation of (0, 1) and the second of (1,0). The
map f is finite and G-equivariant with respect to this action. By consideration

of the various orbits of the points in {(+t, +¢t, +t, +t)}, we obtain the following
table.
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Representatives | Order of | Group | Number of
of orbits orbits | action orbits
+(t,t,t,1) 1 R, 2

(t,t,—t, —t) 2 R, 1
(t, —t,t,—t) 2 R; 1
(t,—t, —t,t) 2 R, 1
+(—t,t,t,t) 4 R; 2

This means that the permutation representation of the action on the points is

given by 2R; ® R, & R3 ® Ry ® 2R;. Its character, o, has values as follows.

(0,0)

(0,1)

(1,0) | (1,

1)

o

16

4

4

4

We showed in Example 7.4.1 that the permutation representations 2R; @ Rs and

R, ® R; ® R, have identical characters, so given o above, we cannot determine

the isomorphism class of the G-set formed by the points {(&t, £t, £t, £t)}. From

o, we can obtain the following equations.

4c(1) + 2¢(<0,1>) + 2¢(<1,0>) +2¢(<1,1>) + ¢(G) =

26(<0,1>) + ¢(G) =

2¢(<1,0>) +¢(G) =

2¢(<1,1>) + ¢(G) =

16

This is obviously not enough information to recover all the values of ¢(H) for

H < G. The lattice of (isotropy) subgroups is shown in Figure 7.1, with the

value of p given at each point. The Mobius function is given by the following

table.
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m(z,y) 1 <0,1> | <1,0> | <1,1> G
1 1 -1 -1 1 2
<0,1> 0 1 0 0 -1
<1,0> 0 0 1 0 -1
<1,1> 0 0 0 1 -1
G 0 0 0 0 1
From this, using (7.1) we have
(6) = It m(©.6)-p(G)
= (1-2)
= 2
c(<0,1>) = I—59’—1—z—|(m(<0, 1>,<0,1>) - p(<0,1>) +

G|
+m(G, <0,1>) - p(G))
— %(1-4+(—1)-2)

= 1

c(l) = %(m(l, 1) - p(1) + m(<0,1>,1) - p(<0, 1>) +

+m(<1,0>,1) - p(<1,0>) + m(<1,1>,1) - p(<1,1>) +
+m(G’ 1) ) p(G))

(1-16+(—1)-4+(—1)-4+(—1)-4+2-2)

L

and similarly for ¢(<1,0>) and ¢(<1,1 >). This gives us exactly the G-set

isomorphism class expected.

Now we turn to the real case. We will define a signed G-set to be a G-set with

each orbit designated to be either positive or negative. Two signed G-sets will
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be said to be isomorphic if they are isomorphic in the usual way. but also with
preservation of sign. A ‘cancelling pair of orbits’ is a pair of isomorphic orbits of
opposite sign. Suppose we have f : R®,0 — R",0, which is finite and G-variant
and f;, a finite G-variant deformation such that 0 is a regular value when ¢ # 0.

We set f;'(0) = {ai,...,a,} as before. Now given the G-index of f with this

deformation, we have insufficient information to recover the signed G-set formed

by the points {a;,...,a,} (with sign given by the Jacobian). However, we can

mimic the results in the complex case as follows.

Let L be the lattice of subspaces of the source of the form
V(H)={v€R":h-v=vforallh€H}
where H < G, much as before. Let fg = flv ) and define
p: L — N

V(H) deg(fr) = Saievim sign(J(a:))

We may now state the real analogue of the previous result:

Proposition 7.4.4 Let f, fi.{a;}, L and p be as above, then given L and p,
we are able to determine the isomorphism class of the signed G-set formed by

{ay,...,a,}, up to cancelling pairs.

Proof We define
p*: L — N
V(H) — Taeaysien(J(a))
where Ay = {a; € V(H) 1 a; ¢ V(H') for H' > H}. Then the argument of
Proposition 7.4.2 gives us

o (H) - ¢ (H) = m‘—%,—), 5 V) AU
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1 p=0

Figure 7.2: The lattice of subgroups of Z; x Z,, with p given for f in the real

case.

where c¢*(H) (resp. ¢™(H)) is the number of orbits with isotropy group H or a

conjugate, with positive (resp. negative) sign. O

Example 7.4.5 Let us look at the real version of Example 7.4.3, taking f =
(z2,7%,22,22) : R*,0 — R* 0 and f, = (22 — 2,23 — t?, 22 — ¢?, 22 — t?). This
gives us f;1(0) = {(&t,*t,+t,+t)} as before. We take G = Z, x Z, acting
as before, so f and f;, are both finite and G-equivariant. Now the Jacobian

determinant, J = 16z;z,23z4 and so we obtain the following list of orbits.
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Representatives | Order of | Group | Number of Sign of
of orbits orbits | action orbits Jacobian
+(t,t,t,1) 1 R, 2 +

(t,t,—t, —t) 2 R, 1 +
(t,—t,t,—t) 2 R 1 +
(t,—t,—t,t) 2 R, 1 +
+(—t,t,t,1) 4 Rs 2 —

This means that the G-variant degree of the map is given by (2R, + R+ R3+R;)—

(2R5) in the representation ring of G. Now the associated lattice of subgroups is

shown in Figure 7.4. Using this and the M6bius function (which is the same as

before) we obtain

¢t (G) — ¢ (G)

ct(<0,1>) — ¢ (<0,1>)

Gl
Gl (m(G,G) - p(G))

(1-2)
2

| <0,1> |
|G|
+m(G, <0,1>) - p(G))

(m(<0,1>,<0,1>) - p(<0,1>) +

-;-(1-4+ (-1)-2)

1

|%||(m(1, 1) p(1) +m(<0,1>,1) - p(<0,1>) +
+m(<1,0>,1) - p(<1,0>) +
+m(<1,1>,1) - p(<1,1>) +

+m(G’ 1) ’ p(G))

%(1-0+(—1)-4+(—-1)-4+(—1)-4+2-2)
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Figure 7.3: The map F derived from the G-variant map f
= -2

and similarly for <1,0> and <1, 1>. This gives us the signed G-set isomorphism

class expected, up to cancelling pairs (in fact there are none in this case).

7.5 Quotient spaces

We now consider the spéces formed by taking the quotient by the action of the
group on each of the target and and quotient spaces. We will denote the quotient
by the actions Rg and Ry by Mg and My respectively. We will use simply M
when we wish to refer to some general quotient space. The finite G-variant map
f 1 C"0 — C"0 gives a new map F : Mg — My as shown in Figure 7.3.
The (complex) G-variant degree of f can sometimes be calculated from F as the

following example shows. (We will not pursue this approach.)

Example 7.5.1 Take G = Z, acting on C? (both source and target) via the
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representation

Then we have Mg =~ M, ~ {(z*,2y,9%) : (z,y) € C?} C CP. This is the variety
{(v,v,0) : v* = ww} ¢ C3. Take f = (z%,4%) : C%,0 — C2.0 to be our finite

G-(equi)variant map. Then this gives

Let us take f, = (z° ~ t2z, 3% — t?y) to be our finite G-variant deformation. This

gives a deformation of F given by
EF:Mg — My
(2% 2y,3%) — (2f - 2% + t12?, 2%® — 203y — t22y® + thay,
(w,v,w) — (v =222 +t*0° — v — Pow + tho, w® — 20202 + thw).

Now if we consider the preimages of zero under the map F, we obtain

F7'(0) = {(0,0,0),(¢%0,0),(0,0,¢%),
(t%,8,¢%), (8%, - %, 1)}
Now since we are in a quotient space, each of these points corresponds to an orbit

in the original affine space. Now (0,0, 0) is the only possible trivial orbit and the

group must act via the representation

01
10

on the rest. Thus the (complex) G-variant degree is given by the direct sum of

one copy of the trivial action [(1)] and four copies of the representation above.
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A fixed A, unfixed A,

Figure 7.4: The three types of orbit in M SR

Now let us look at the real case. Let f : R®,0 — R 0 be a finite G-variant
map which we can consider as a map C",0 — C",0 to give a new map F as
before. Now complex conjugation on the original space maps M to itself with a
set of invariant points Mr. Now this will include the image of R™, but will in
general be larger. To calculate the real G-variant degree, we are only interested
in orbits which are mapped to themselves under complex conjugation (A4, and
A, points). This means that it is possible to calculate the real G-variant degree

of f by consideration of F' and Mgg as the following example shows.

Example 7.5.2 We take G = Z, acting on R? (both source and target) via the
same representation as the previous example. Now MgR is given by the image
of the set
{(z? zy,y?) : 7,y € R}U {(z?, zy,y?) : z,y € iR}.
The three types of orbit these points can represent are shown in Figure 7.4.
Now only the point (0,0, 0) corresponds to an A, fixed point, while the A, unfixed

orbit and A, orbit correspond to the sets
{(z% zy,9%) : 3,y € R} - {(0,0,0)}

and

{(:vz,xy,yz) ‘I, Y € ZR} - {(O’an)}

respectively. These two sets are given by points in the upper and lower halves of

the cone shown in Figure 7.5. Now if we take f = (2%, 4%) : R2.0 — R?,0 to be
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Figure 7.5: The preimages of 0 in Mgg

our finite G-variant map as before, then we also get F : (u,v,w) — (u3,v3, w?)
as previously. Let us take f, = (z® — t?z,9% — t%y), t € R to be our finite G-
variant deformation. This gives a deformation of F given by F; : (u,v,w)

(ud = 262u? + t4,v® — 2uv — t2vw + t*v, w® — 2t?w? + t*w). As before, we have
F7'(0) = {(0,0,0),(t*,0,0),(0,0,¢%),
(t27 t27 tz)) (t27 _t21 tz)}

(see Figure 7.5). Now the Jacobian determinant J of f, is given by (3z%—t?)(3y* -
t?) and so ¢ = 1/J has the following values.

Point o)
(0,0,0) 1/t
(t2,0,0) | —1/2¢*
(0,0,¢%) | —1/2t*
(t2,82,1%) | 1/4t*
(82, —t%,¢%) | 1/4¢
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Since ¢ is real, all these points are in A;, with only (0,0,0) being a fixed point.
This means that the last four points cancel each other out, since they are all of
the same type, but with two each positive and negative. So we obtain the trivial

representation [(1)] as the real G-variant degree of f. (Compare Example 7.1.7).
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Chapter 8

The class of G-variant mappings

In this chapter, we examine the G-variant mappings which are associated to a
given pair {Rg, Rt} of representations of a finite group G on C*. We will adopt
some of the notation from [R2] (also used in §7.4) and often denote the source
and target spaces by V and 11" respectively. This is useful mainly for writing
V(H) and 1W(H) to distinguish the space fixed by the subgroup H in the source

from that in the target space.

8.1 Basic results

Lemma 8.1.1 Let G be a finite group acting via representations ¢ and Ry on
the source and target spaces respectively, each isomorphic to C". Then the set
M of G-variant maps f : C*,0 — C",0 is a module over the ring of nvariant

functions I : C*,0 — C in the source, denoted 08,
Proof If g € G, f1. f» : C*.0 — C",0 are variant and /1 € O then we have
(i + f)g(x) = flglr)) + falg(x))
= g filz) +g- falr)
= g-(fi + o)1)
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and also

(Rf1)(9(2)) = h(g(z))fi(9(x))
= h(z)(g- fi(x))
9'(hf1)($)

thus giving the desired result. m]

Corollary 8.1.2 With Rg and Rr as above, the set M* = M N (MEO(n,n))

(i.e. the variant maps with components in MX) is a module over O,

Proof As above, but with f;, f, € M*. 0

Definition Let M, denote M N C[z]®, the set of G-variant maps with polyno-

mial components and let M,’f be those consisting of monomials of degree at least k.
We also require the following, related to subgroups of the group G.

Definition Given a point z let G, be the isotropy subgroup of this point,
{g € G:g-z =z} For asubgroup H < G acting on a space V, define

V(H)={z €V :h(z) =z all h € H}.

The following is a useful lemma regarding invariant polynomials.

Lemma 8.1.3 Suppose a finite group G acts on the polynomial ring Cley, ..., T,
by acting linearly on the coordinates. If the ring of G-invariant polynomials 1s

non-empty, then for any non-zero x there is a G-invariant polynomial f such that

f(z) #0.
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Proof Suppose the ring of G-invariant polynomials is generated by f;,..., fy.
We can define F' : C* — CV to be the map which takes these polynomials as
components. Then F~!(0) = 0 since F(z;) = F(x,) if and only if z; and r, lie
in the same orbit. Thus for every non-zero point z, there is a polynomial f such

that f(z) # 0. O

In what follows, we will be most interested in those G-variant maps which are also
finite. However, it is possible that the given pair of representations might force
all G-variant maps to be non-finite. The following two results gives conditions

which must hold for any finite G-variant maps to exist.

Proposition 8.1.4 Suppose G acts via representations Rg and Rt on the source
and target spaces respectively. If the set of finite G-variant maps is non-empty
then the representations must satisfy order(Rs(g)) is divisible by order(Rr(g))
forall g € G.

Proof Let f be a finite G-variant map and g some element of G. Suppose that
there is some m € N such that Rg(g™) = I, Rp(g™) # I. Then we have

f(z) = Rr(g™)(f(2))
for all z, which means that for each 1 we can write
fi=a it + ;i fi+- - + infn
for some ¢ ; € C or alternatively,
0=y fi 4+ + (= 1fi+ -+ infn (8.1)

Now as Rr(g™) # I, there is some ¢ such that the coefficients in (8.1) above are
not all zero. In other words, the components of the map f are linearly dependent

and the ideal I; is generated by n — 1 elements, say fi,---.fac1.- NOW if we are
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given r germs fi,... f,, then the (germ of the) analytic variety they give has codi-

mension at most 7. (See [GR, p93].) So if r = n— 1 then this codimension will be

at most n — 1. But Iy ¢ M for some k, since [ is finite (see Lemma 6.2.1) and
s0 V(f1,... fa=1) = {0} which has codimension n. We have therefore reached a

contradiction, showing that order(Rg(g)) is divisible by order(Rr(g)). 0

Proposition 8.1.5 Let V,W be equidimensional vector spaces which have a rep-
resentation of G acting on them. If there is a finite, G-variant mapping f :

V,0 — W,0, then for all H < G, we must have dim V(H) < dim W(H).

Proof If x € V(H) then h-z =z forallh € H. So h- f(z) = f(h-z) = f(z) and
thus h € Gf(m), ie. H < Gf(_.,,). But then W(H) D W(Gf(z)) SO f(:l?) € W(H) ie.
f(V(H)) c W(H) and as f is finite, dim V(H) < dim W (H). O

It is possible that there are no finite G-variant maps associated with a given pair

of representations on source and target as the following demonstrates.

Example 8.1.6 We take our group G to be Z,, generated by g. We let this act
on the source space, V = C? by g- (z,y) = (z,—y) and on the target space,
W =C?byg-(z,9) = (—z,—y). Then a map-germ f : V,0 — W,0 is G-variant

if and only if
fi(z,—y) = —fi(z,y)
for j = 1,2. So this means that f;(z,y) = yg,(z,y?) for some function g; and
that f~1(0) D C x {0} i.e. f is non-finite.
We see that for any point z = (a,0), we have G, = Z,. But for any point
z and any G-variant map f, Gfg) > Gz, 80 Gyz) = Z,. But W (Z,) = {0},
i.e. f(z) = 0. So the condition dim V(H) < dim W (H) does not hold for cach

isotropy group H.
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Definition Let us consider M,, the C[z]®-module of polynomial G-variant map-

pings f : V,0 — W,0. There is a map E : V(H) x M, — W (H) defined by
E.(f) = E(z, f) = f(z). Let VH)={zeV(H):G, = H}. We say that the
pair of representations is full if for all z € V(H)* sufficiently close to the origin,

dim im E, > dim V(H), for all isotropy subgroups H < G.

Before we give the first proposition regarding full representations, we need the

following results.

Lemma 8.1.7 Let X, Y be affine varieties with m : X — Y a regular mapping.

If dim w=1(y) > r for all y on some open subset, then dim X > dim Y + r.

Proof Let X,..., X, be the irreducible components of X. The hypotheses hold
for (at least) one of the restrictions 7 : X; — Y. Now on an open subset of Y we
have dim 7~!(y)=dim X;— dim Y by [Sh, p60]. This means dim X;— dim Y > r,
i.e. dim X; > dim Y + 7. But dim X = max { dim X,} > dim X; and the result
follows. O

Lemma 8.1.8 Let A,B and C be smooth affine spaces and suppose f : Ax B —
C is a polynomial map with rank df (a,b) > dim A for all (a,b) € f~'(C). Then,
for all b € B off an algebraic subset of codimension at least 1, we have £ (c)

finite.

Proof We claim that f~1(c) is an algebraic set of dimension at most dim B. For
suppose dim f~!(c) > dim B. We can choose a smooth point (a,b) € f ~1(c) where
the rank of df(a,b) is maximal (and at least dim A). But df (a,b) annihilates a
subspace of dimension dim f~(c). Thus dim ker df(a,b) > dim f ~!(c) > dim B
and the rank-nullity theorem yields a contradiction.

Now consider the projection 7 : f~'(c) C A x B — B. For cach b € B. we

have 7-1(b) = f;'(c) and if dim 7~(b) > 1 on an open subset of B, we would
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have dim f~'(c) > dim B by Lemma 8.1.7 above.

Proposition 8.1.9 If the pair of representations is full, then almost all mappings

(in the strong sense) f : V,0 — W,0 which are G-variant are finite.

Proof When we say “almost all in the strong sense” we mean that the set of
elements for which the property fails to hold has infinite codimension. Given
f:V,0 - W,0, a polynomial, G-variant map of degree at most k, we wish to
find some polynomial map ¢ of degree at least k+1 with f+¢ : V,0 — IV,0 both
G-variant and finite. (Note that by degree in this case we mean the maximum
degree of the polynomial components.) In this way, if we look at the maps of
a certain maximum degree, as we allow this degree to increase, the codimension
of the set of ‘bad’ maps will also increase. Thus in the limit, we have a set of
infinite codimension. (See [B, ch 13] for the full definitions and results.)

We claim that we can find ¢y,...,¢x € M, of degree > k + 1 such that for
all z € V(H)* (and each isotropy group H) ¢,(z),...,¢n(z) span a space of
dimension at least dim V(H). First, let us fix our isotropy group H < G and
z € V(H)*. We can now certainly find 9;, ..., 9, such that (z),...,¥.(z) span
a space of dimension at least dim V(H), as the representation pair is full. We can
also find some polynomial a € C[z]¢ such that a(0) = 0, but a(z) # 0. Then
ok, (z), . .., a1, (z) span a space of the required dimension and are of degree

> k+1. Now suppose that ¢y, ..., ¢y generate My as a C[z]®-module. Then we

see that
span{¢;(z),...,¢n(z)} = span{f(z): f € MF}.

Now this space must contain a set of the form oa*y, ..., a*, (as constructed

above) for each z and thus must span a space of dimension of at least dim V'(H)

for each such z.
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Now we choose a representative map for the germ f, which we will also call
f. Consider the map

F:V x CN,O — W,0
defined by
N
F(z,A) = f(z) + Y \gi(z).
i=1

For each isotropy group H , we have the restriction
Fyp:V(H)* x C",0 - W(H),o0.

We now claim that dFy(z, \) has rank > dim V(H)* for each (z, ). At (z, \)

consider

dFH(eJ-) _ limt_,oFH(a:’/\+te;)_FH(:E,)\)

OFH(‘T1)‘) +t¢j(x) - FH(‘T’)‘)
t

- l'lmt_,

= ¢;(z)

where e; is the j** unit vector in C¥. Now z # 0, so

Im dFy(z,A) D span{dFy(z,\e,}

D span{¢;(z)}

where dim span{¢;} > dim V(H). Thus for almost all A, we have Fg(—, A)~!(0)
finite by Lemma 8.1.8. Choosing a value for A which satisfies this condition
for each isotropy group H, we consider fy, = F(—,A). This is G-variant and
1 0)NV(H)* is finite for each H. But Uy<g V(H)* =V and we just need to

take the germ of f, at the origin and we are done. O

We are interested in conditions for our map f to have a ‘good’ deformation f,.

This means we are seeking a family of G-variant maps such that O is a regular
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value for all ¢ close to 0. We begin by showing that this is always the case when

considering the invariant situation.

Proposition 8.1.10 Let f: C* — C" pe g finite G-invariant map (so the action

of G on the target is trivial). Then there ezists a G-invariant deformation f, of

f such that 0 is a regular value for all t close to 0.
Proof Let y, be a regular value of f and define F = f — yo. Now

F(g-z)=f(g9-2) — v

f(m)“y0=F($)
so F' is G-variant and
F($0)=f($0)—yo=yo—yo=0

for any 2o € f~'(yp), so 0 is a regular value of F. To define the deformation, we
then join 0 to yo by a path y(t) and set f; = f +(t). See Corollary 8.1.12 below

for a detailed description in a more general case. a

We now consider another class of G-variant maps.

Proposition 8.1.11 Let f : C*,0 — C",0 be G-equivariant and finite and sup-
pose there exists an invertible linear map L which is also G-equivariant. Then
if the multiplicity of f is r, we can find t,,...,t, € C arbitrarily small and

UGy, . - -, Uy € C™ arbitrarily close to 0 such that the map
f(z) + X _tiL(z — ug)
i=1
has 0 as a regular value and is also G-equivariant.

Proof We construct the new map by an inductive process, which is similar to one
mentioned, but not given explicitly in [GZ]. Firstly, we look at the polynomial
in ¢ given by det (df (0) +tL). We can choose an arbitrarily small value t, which
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is not a root of this equation. Now F\ = f + ¢,L is G-equivariant and 0 is a
regular point of this map with value 0. Note that for any small deformation of
F; there will be a regular point close to 0 which maps to 0. In other words. it
will remain regular provided subsequent deformations are sufficiently small. Let
us denote the other (i.e. not 0) points of F;'(0) by z(y,...,z(,). Note that s < r
and that by choosing ¢, small we can get the ;) arbitrarily close to 0. since F} is
(GG-equivariant, these points form a union of orbits under the action of G. Suppose

T(1),--->Z(m) 1S an orbit of non-regular points. We apply the same argument as

above to the points z(;. Let us define

Fg,t(.’L') = Fl(iL‘) + ti L(.’L‘ - .'L'(,-)).

1i=1

This new map is in fact G-equivariant, for

g-Fpy = g-Fi(z)+t)Y_g- Lz —z()
Fi(g-z)+tY>_ L{g-z—g- zu)
= Fi(g-z)+tY L(g-T—z()
= Fy(g9-1).

I

Also, Fy,(z)) = Fi(z@) =0 If we look at the derivative, we obtain
dFy,(z) = df (z) + t,L +tL.

We can clearly find ¢, arbitrarily small with dFj;,(z(;)) invertible for1 <i<m.
We have now have m + 1 regular points, with m+1 > 2. We now continue induc-
tively, by setting Fp = Fag,, considering non-regular points of F;'(0), selecting
an orbit and defining F3 and so on. We ensure at each stage that all regular

points remain so under small deformations. The process must terminate as the

()
map has finite multiplicity and the result follows.
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Note that the G-equivariance (as opposed to G-variance) of f is not used

explicitly in the above. However, the hypothesis that an invertibje linear G-

variant map exists forces the two actions to be equal.

Corollary 8.1.12 Suppose f is as gwen above. Then there is an analytic map
F:C"xC,0— C, with each Fi = F(—,t) G-variant and for all t sufficiently

close to 0 we have 0 q regular value of F,.

Proof Let us define

F(z,\u) = f(z) + Y MNL(z - Uiy).
i=1
The condition on (A, u) for F(—, A, u) to be G-variant is that

D ML(g - ugy —ug) =0
i=1

for all g € G. The condition above gives finitely many polynomial equations in
(A, u) space.

Now choose a neighbourhood U of 0 with f=}(0) N/ = {0}. We can choose
a neighbourhood V of (0,0) in (A, u) space such that for (A, u) € V, we have

F(=, )\ u)~}(0) nou = .

So if f has multiplicity r, then F(—, A, u)~}(0) N U consists of r points when

counted with multiplicity. Consider the set
Y= {(z,Au): F(z,\u) = 0,det(dF),(z)) = 0}

This is an analytic subset of & x V. If we look at the projection 7 : & — V,
we find that this projection is finite to one. So by [GR, p83], the image 7(X)
is analytic. If X C V is the set of G-variant maps then 0 € .\ N 7(X) and we
know from the previous result that 0 lies in the closure of .X — 7(X). So dim
XN7(X) < dim X at 0 and by [GR, p104] there is a line through 0 meeting 7 (%)

in an isolated point at 0. The result follows. O
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Example 8.1.13 We now consider an example. We take G = Z,. and set

-1 0
0 -1

RS=RT=

Now the G-variant map (z,y) is linear and invertible, so by Proposition 8.1.11
every finite G-variant map must have a “good” deformation. For example, the
map f = (z°9°) is G-variant and finite and has the deformation fio = (&% -
t?z,y° — t?y). The Jacobian of f, is (3z% — 2)(3y® — ¢?) which is non-zero at

z,y =0,¢,—t and so 0 is a regular value.

We now take a close look at the action of the symmetric group S, acting
naturally by permutation of the basis vectors. In what follows, our group G = S,
will act on both target and source spaces in this way. Thus we are interested in

equivariant maps.

Proposition 8.1.14 Suppose G = S,, acts as above, then f is G-equivariant if

and only if we have

f = (Zx{gj(x%x?n cee ’xn))zx%gj(xlam& e ’xn)a o "ingj(xlaxb s ,xn——l))
J J J

for some g;(uy, ..., Un_1) which are S,_; invariant in the obvious sense.
Proof Suppose (fi,-- -, fn) is G-equivariant, then if g,; is the transposition (z, j),
we have

Uij ‘ (fl)" . 7fn) = (fl)"' 7fi—17fj’fi+11'--7fj—1)fiafj+1’---1fn)

(fl;"'afn)'o-ij = (fl(zl""axi—lvxj’mi+l7'"3$j—1a$i»$j+lv~‘-vxn)a---)
So we see that f - 0i; = fi if 4,5 # k. Thus if we write

fk = Emi:gl,k(xl» RS W RR 7 NS PR amn)v
l
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each of the g, ; must be symmetric in its n — 1 variables (i.e. S,_, invariant). We

also have that f; - oij = [}, so

l
;l‘jg[’i(fl'l, s i1y Ty, .. ,.’L’n) = Zx_ljgl,j(mla RITIRI o S N (P TS RN l’n)
l
and thus g;; = g, ; for all [. Finally, the map (fy,..., f,) defined by

_ !
fe = 2 :xkgz(xu---,xk—1,$k+1,~-,$n),
!

is clearly equivariant. )

Proposition 8.1.15 Given the action of S, as above, on both our target and

source spaces, this pair of actions is full.

Proof Let us denote the fixed point hyperplane of a transposition ¢ by H(o). If
we write R = {(ij) : ¢ < j} then the fixed point set (of any isotropy subgroup)
can be written

H(I) = (] H(o)

o€l
with I C R, as it must be generated by transpositions. We have

HUIY=HID- |J HU).
JCI,J#I

If we have a point of H(I)* we can reorder the variables so that it is of the form

where ¥5_;m; = n and u; # u; for i # j. The m; form a partition of n and
each such partition corresponds to an orbit type. We wish to find G-equivariant

maps Fy,...,F, with Fi(z),..., F,(z) linearly independent for each z € H([)
For, given such F;, if z € H(I)*, then if g fixes z, then

g - Fy(z) = Fi(g - z) = Fi(x)
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and so Fi(z) € H(I). If we define

Fi() = (al,...,2d)

then this is clearly a G-equivariant mapping. Also,

(L,...,1, ... ,1,...,1)
(.’131,...,:1:1, ,.’Es,...,il:s)
2 2 2
(.'El,...,xl, ,2:3,...,:1:2)
s—1 s—1 -1 -1
(.’L‘l ,...,:Cl gy e ,.’L“; ,...,.’E: )
are linearly independent since the z; are distinct (Vandermonde matrix). O

We now restrict our attention to the hyperplane L = {z, + --- + z,, = 0}.
Clearly, S, acts on L and we wish to prove that this action on source and target
yields a full pair of representations. The u; must satisfy 3-;_, m;u; = 0 and the

F; we require must be G-equivariant and also preserve L.

Lemma 8.1.16 Let w: C* — L be the projection

<z, (1,...,1)>
n

m(z) =z — (1,...,1)

where <,> denotes the standard inner product. Then for all g € G (= S,) we

have w(g-z) =g - 7(x).

Proof Now we have

<z,(1,...,1)>
n

g-(1,...,1),

g-m(x)=9-z—

but g-(1,...,1) =(1,...,1) and <z,(1,...,1)>=<(g - z),(1,...,1)> and the

result follows. )
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Lemma 8.1.17 If F : C* — C» 1s G-equivariant, then so is 7 o F - L - L.

Conversely, if f : L — [ is G-equivariant then there is an equivariant F : C"* —
C"with f =70 F

Proof In the first case, we have

g-(moF(z)) = =(g-F(z))
= 7(F(g- 1))
= moF(g-z)

and so 7 o F is equivariant. Now, if f L — L is G-equivariant, define F by

F = f o, then this gives

g-F(z) = g-(fon(z))
= g f(r(z))
= f(g-n(z))
= f(n(g-z))
= F(g-1)

and we have shown that F' is equivariant. 0

Proposition 8.1.18 The pair of actions given by the restriction of the natural

action of S, to the hyperplane L 1is full.

Proof If F.(z,,...,z,) = (z},...,2}), then f, = m, o F, is G-equivariant. If

z € H(I)*N L, where

T = Qul,...,ul,ug,...,ug,...,us,...,us)
Sl 2N 2 \ ,
my ma m,
as before, then F,(z) = (ul,...uf,... u},...,u5), sO
L)=1M5Y
fr(:r):(u’{,...u{,...,ug,....ug)———1;—-——(1 ..... 1)



Now fi(2),..., fo—1() must be linearly independent, for if they were dependent.

this would mean that (1,...,1), F,(z),. , Fs_1(z) would be too, but we know

these to be independent. m]

8.2 Finding generators for M

We can find generators for M, using a method analogous to that for finding ring
generators for the ring of invariant polynomials C[z|¢ (see [CLO]). But once we
have generators for M, as a C[z]® module, these will in fact generate M itself as
an 05 _module. We calculate generators for M, by using the following notion,

restricted to the polynomial case.
Definition The module Reynolds operator, R is a map from O(n,n) to itself

given by
— 5  Relg™) - f(Rs()(@)

Lemma 8.2.1 The Reynolds operator R has the following properties.
1. R is C-linear and for any f € O(n,n), R(f) is G-variant.
2. R(f) = f iff f is G-variant.
3. R preserves degrees.

4. If f € M,, a € C[z], then R(af) = R(a)f, where R is the ring Reynolds

operator in the source.

Proof 1. For the C-linearity,

R(an fi + ayfy) = |G| Z Rr(g (o fr + azfz)(Rs(g)( T))

9€G

= ZRT -1 ((cr f1)(Rs(g )(-’C))+(azfz)(Rs(g)(J')))
|G| g€eG
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= lG| Z a1 Rr(g™ )fl(Rs(g)(x)) +ayRr(g™ )f2(RS(g)(I))

9€G
= OélRfl + ang2

If we let h € G be an arbitrary element of G, then

Rr(h)-R(f) = Ryg(h |G|ZRTg ') - f(Rs(g)(x)))

9€G

= IGIZRT hg™') - f(Rs(g)(z))

geG

= 51 2 Rele) - f(Bs(oi)(z)

NneaG

= R(f)- Rs(h)

and thus R(f) is G-variant.

2. If f is G-variant, then clearly R(f) = f. If R(f) = f, then by 1. above,
R(f), hence f itself is G-variant.

3. Trivial, since the group acts linearly.

4. If o € C[IL'], f € Mpa then

Rlaf) = l—cl;—lzRT(g-l)waf)(Rs(g)(m))
geG

= 3 Re(g™) - (a(Rs(9)(@)f(Rs(9)(2)))
lGl geG

_ _1-2 (Rs(9)(z))Rr(g™) - f(Rs(9)(=))
Gl 2
1

= @ e (9)(2)) (z)

= ﬁ(a f
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We are now in a position to prove that M, is a finitely generated module.

Proposition 8.2.2 The module of G-variant polynomial mappings M, is finitely

generated over the ring C[z|® of invariant polynomials in the source.

Proof The ring C[z] is Noetherian and C|z]? is a finitely generated C[z]-module,
so M, is Noetherian (see [E2, p28]) i.e. every submodule is finitely generated.
Let ]\pr be the C[z]-module generated by all homogeneous G-variant maps of
positive total degree. Clearly, due to the Noetherian condition, Mp is finitely
generated, i.e. Mp = C[z]{F},...,Fy} for some F;. We could replace the F;
by their homogeneous parts and thus we may assume without loss of generality
that they are homogeneous. We claim that M, = C[z]°{F}, ..., Fy}. Otherwise,
we can find F € M, — C[z]°{F,,...,Fy} and again we may suppose that F is

homogeneous. Let us choose such F' of minimal degree, k. Now F' € Mp, SO

N
F = Z h;F;
i=1
for hy,...,hy € R. We may suppose that each h,;F; is homogeneous either of

degree k or degree 0. Applying R, we obtain
N —
R(F) = F = Y. R(h)F,
i=1

by Lemma 8.2.1. Again, R(h;)F; homogeneous of degree k or 0. But note that

R(h;) € C[z]° and we have a contradiction. 0

We can also use the Reynolds operator to obtain the following results.

Lemma 8.23 Iff=fo+fi+ -+ frisa decomposition of f into its homoge-

neous parts, then f is variant if and only if the f; are varant.

179



Proof Clearly f is variant if the fi are. But conversely, if f is variant, we have

R(H) =R(T f) = L R(f)

and since R preserves degrees, R(f;) = f; for each i. O

Lemma 8.2.4 Any G-variant polynomial map f is a linear combination of ele-

ments of the form R(z%¢;).
Proof Any G-variant f can be written as a sum 2 CjaI%€;, where c;, € C.
Then

f=R(f)= R(Z CjaZ€j) = Z ¢;aR(z%;)

and we have the required result. m]

We can now give the result analogous to (and derived from) Noether’s Theo-

rem.

Proposition 8.2.5 The set of G-variant polynomial maps, M, is generated as

a C[z]®-module by the elements {R(z%¢;) : la| < |G| - 1,1 <j < p}.
Proof Define the map
7 Cla — Cl,y]
by P P
Z fi(z)e; — Z fi(z)ys.
i=1 i=1
This is C[z]-linear and injective, so C[z]P is isomorphic to im 7 as a C|z]-module.
We can define an action of G on C[z,y] via a representation R by setting
R(g)(w:) = m(Rr(g™)(e:))
R(g)(z:) = Rs(9)(z)
R(g)(z*y") = R(9)(=*)R(9)").
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If f=3 fi(z)e; is G-variant, then

f= ;RT(Q_I)(%) - fi(Rs(9)(z))
S0

() = Y n(Rr(g7)(e) - fi(Rs(g)(z)) by Cla]-linearity

-,
—

= Y R(9)(%) fi(R(g)(z))

~.
[anry

= R(g) Z fi(@)y;
(

= R(g)n (f)

Thus the image of the variant maps lies in C[z, y]®. Letting R, be the Reynolds

operator on C|z,y|, by Noether’s Theorem we have
Clz,y]® = C[RA(z°¢”) : |o] + 18] < |G]]

so if F' is the image of some variant map under 7, we can write
N
F= 3 c¢r=Y ey [[ ¥
yeNN vyeNN =1
where {ry,...,ry} = {R.(¢*¥* : |o| + || < |G|} and ¢, € C. Now let us write
T; = Ti0+ +7ig|, where r;; is homogeneous of degree j in the y variables. Since
the action on C[z,y] is induced from that on C|z] and Cly], R,(z%y”) will be
of the form Zdjxa(j)yﬂ(j) where |a(j)| = |a| and |8(j)| = |B|. Thus the r,; are
invariant. Now since F' is homogeneous of degree 1 in the y variables, the only
r; which can appear in N
I
=1
are homogeneous of degree 0 or 1 in the y variables. The only multi-indices
which can appear are those which have index 1 on exactly one of the r; which is

a 1-form and index 0 on the others.
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Thus F is a C[z]%-linear combination of elements of the form T; = r;, since
ri0 € C[z]® for any i. We know that r, = Rr(z%y;) where |a| + 1 < |G| as R,
maintains the total z and y degrees.

Thus the image of the variant maps lies within the C|[z]®-module generated
by {Rx(z*y;) : la| +1 < |G|}. This is isomorphic (via 7~!) to the C[z]S-module

{R(z%¢;) : |a| + 1 < |G|} which contains the variant maps. O

Suppose we have found generators for C[z]¢ and for M, as a C[z]°-module. We
can determine if a given polynomial map lies in the module and if so, express it
as an element of the module by using the method given in §2.1. The following

example shows that the bound on |o| in the above cannot be sharpened.

Example 8.2.6 Let G be the cyclic group Z; and suppose it acts on the spaces

specified as source and target (each isomorphic to C") via

(v 0 - 0\T
0 :
0

N0 o 0w /]

and
(w0 0\
0
0
\ 0 -~ 0 wt )/

respectively, where w = e?™/!. Suppose f = (f1,--- fa) is @ G-variant map. This

is equivalent to the condition

wl fi(@r, ) = filw- 2,y w - In)
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for all <. Now let f; be the homogeneous part of fi of degree k. We obtain from
the above

fi,k(xla'--awn) = w'fi,k(w'xlv"'aw'rn)

= W- wkf,-,k(ml, .. .,Cl,'n).

Thus k£ + 1 is a multiple of I. So the only monomials which can appear in a
component of a G-variant map are of the degree m -l — 1, m € N. Since the
Reynolds operator preserves degree and considering Proposition 8.2.5 above, we
find that the G-variant maps must be generated by elements of the form R(z%;)

where |a| = |G| — 1.

We can now extend Proposition 8.2.5 to the analytic case. First we need the

following result.

Proposition 8.2.7 ([Ca]) Let {g;} be a finite set of homogeneous polynomials
generating the algebra Clzy,. .. ,2,]¢. Then any element of OF can be ezpressed

as an analytic function in the g;. 0

Using this we can prove.

Proposition 8.2.8 The set of G-variant maps, M, 1is generated as a 054,

module by the elements {R(z%€¢;) : le| <|Gl-1,1<7 < p}.

Proof This proof follows almost exactly that of Proposition 8.2.5. We begin by
defining the map
7:0(n,n) = Onyyp

by 14 4
Z fi(z)ei — E filz)yi-

=1
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which is simply the extension to the analytic case of the map used before. \\e

then define an action of G on (@)

then find that

n+p €xactly as before, via a representation R. \e

and so the image of the variant maps lies in (9,?+p. Letting R, be the Reynolds

operator on O,,, by Noether’s Theorem and Proposition 8.2.7 above, we have
Clz,y]° = C{R.(z*y") : |o| + |6] < |G},

where C{---} denotes a complex analytic function in the given variables. Thus

if F' is the image of some variant map under 7, we can write

N
F=3Y cr= % ey [] T (8.2)

~yeNN veNN =1

where {r1,...,78} = {R.(2°y? : || +|B| < |G|} and c, € C. Now, by the same

argument as before, in each product of the form

we must have exactly one r; which is a linear form in the y variables. The other
r; which appear will be elements of C[z]6. We see that F is a linear combination
of elements r; which are 1-forms in the y-variables. However, since the sum (8.2)
is possibly infinite in this case, the coefficients in this linear combination are
(possibly infinite) sums of elements in C[z]®, ie elements of O5®). Thus via the
isomorphism 7! we see that M itself is generated by the given elements as a

(’),Cf 5)_module. O

We can also obtain a version of Molien’s theorem for variant maps as follows.

Proposition 8.2.9 The Hilbert series of M, is given by

tr(Rr(9))
|G| E det(I — zRs(g))
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Proof We again use the map 7 : C[z]? — C|z,y] defined in Proposition 8.2.5.

But we consider the decomposition

0
im 7= @ Va

d=1
where V;; consists of those elements of im 7 which are homogeneous of degree d
in the z variables. We allow G to act on C|z,y] via the representation R, also
defined in Proposition 8.2.5. Since this action preserves both = and y degrees,
R is in fact the direct sum of representations on the V;. Let the representation
on V; be given by R. Now by Lemma 2.2.2 in [St], we find that the dimension
of V,; (which is what we require to construct the Hilbert series) is given by the
average of trace(R%(g)) as g varies over G. We can identify 1), with C" ® C”.
Consider R(V(g), letting l,1,...,l;, and mgyy,...,my, be the eigenvectors of the
action of RV (g) on C™ and CP respectively. (These matrices are diagonalisable
as they are of finite order.) Let Ag1,...,Agqn and pg1, ...y lgn be the associated
eigenvalues. Then we see that the eigenvectors of R (g) are the elements of the
form

(lgh - lgn) ® mg,

where |a| =d, 1 < j < p, with eigenvalue A‘;}l SED L NTIE

Now since the trace of a linear transformation equals the sum of the eigenvalues,

we have the equation

)4
tr R9(g) = 3 Y A% AGhkes

jaj=dj=1

( > Agh /\;’,"n) tr (Rr(9))

lal=d

Now using the Lemma in [St] we obtain

lof=d

Hg(z) = i |‘é~‘| (( PR X;’h) tr (RT(g))) 2!
d=0 geG
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= G TN At (Re(g))em s

9€G «

_ 1 tr (Rr(g))
Gl geZG (1—2Xgq)---(1- 2Ag.n)

_ tr (Rr(g))
gezc det (I — zRg(g))

giving the required result. O
Example 8.2.10 Let our group G be Z, and let both Rg and Ry be given by

)]

So we are considering the equivariant situation. Now the invariant polynomials

(in the source) are given by Clz,y]¢ = C[z + y,zy]. We now begin applying the

Reynolds operator to maps of the form z%;.

R(er) = 1/2((1,0) +(0,1))
= 1/2(1,1)

R(ez) = 1/2((0,1) +(1,0))
= 1/2(1,1)

R(ze,) = 1/2((=,0)+(0,3))
= 1/2(z,y)

R(ye;) = 1/2((y,0) +(0,z))
= 1/2(y,z)

R(zes) = 1/2((0,7) + (,0))
= 1/2(y,z)

R(ye;) = 1/2((0,y) + (.0))
= 1/2(z,y)



These are all the maps of this form, with la| < |G| -1 and so, by Proposition

8.2.5, M, is generated by {(1,1), (z, y), (y,7)} as a C[z + y, ry]-module.

Example 8.2.11 The usefulness of Proposition 8.2.9 is demonstrated by the

following example. Let our group G be Z, again, but let both Rg and Ry be

e

Suppose we wish to find generators for M,. We begin by applying Proposition
8.2.9, to obtain the following:

( 10 1 0 ) )
trace trace
01 0 -1
1-2 0 1+ 2 0
det det
\ 0 1-2z2 0 1+4:z /
1 2 -2

= 3 ((1—2)2 + (1+z)2)

= (14224322 +428+-- )+ (-1+22-322+422+.-.)

f—

= 47+823+1225+162"+---

The invariant polynomials (in the source) are given this time by Clz,y]¢ =
C[z?, zy, y*. Now that we know the Hilbert series for My, we begin to apply the

Reynolds operator to elements of the form z%;, as in Proposition 8.2.5.

Rer) = 1/2((1,0) +(=1,0))
=0

R(ez) = 1/2((0.1)+(0,-1))
= 0

R(ze,) = 1/2((,0) +(2.0))
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= (z,0)

R(yer) = 1/2((y,0) + (y,0))

= (y,0)

R(zes) = 1/2((0,z) + (0,z))
= (0,2)

R(yes) = 1/2((0,y) +(0,y))
= (0,9)

Since we know that the Hilbert series has no 2? term, we know that M, contains
no elements of degree 2 and thus we have no need to consider elements of the form
z%e; with |a| = 2. So, by Proposition 8.2.5 we have found all the generators of
M,,. Calculating the Hilbert series thus saved us applying the Reynolds operator

6 times.
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Appendix A

Quadratic form routines

Since maple provides no routines for handling quadratic forms, the following rou-

tines are useful.

The first routine, gfmat, takes as input a quadratic form, p and its variables.

v and returns its associated matrix.

qfmat :=proc(p,v)
local 1i,j,M;
M:=array(1..nops(v), 1..nops(v));
for i from 1 to nops(v) do
for j from i to nops(v) do
if i=j then M[i,j]:=coeff(p,v[i]"2);
else M[i,j]:=coeff(coeff(p,v[il),v([j1)/2;
M[§,i):=M[i,]];
fi;
od;
od;
RETURN (evalm(M)) ;

end:
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The next routine, matqf is essentially the reverse of qfmat. Given a matrix M

and variables v it returns the associated quadratic form.

matqf :=proc(M,v)

RETURN (evalm(linalg[transpose] (v)&*M&*v)) :

end:

Finally we have the routine qfdiag. This takes as input a quadratic form p,
variables v and new variables Z. It then diagonalizes the given form, expressing
it in terms of the new variables. If a fourth argument is given, this is assigned a
list consisting of the definition of the new variables in terms of the old, the rank

and the signature of the form.

qfdiag:=proc(p,v,Z)
local i,j,pp,flag,nice,nicev,h,k,lump,lumpv,X,rk,sig;
rk:=0;
sig:=0;
PP:=P;
nice:=0;
nicev:=array(v);
for i from 1 to nops(v) do
pp:=subs(v[i]=Z[i],pp);
od;
do
flag:=0;
for i from 1 to nops(v) do
if coeff(pp,Z[i]~2)<>0
then
flag:=1;
break;
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for i from 1 to nops(v) do
for j from i+1 to nops(v) do
if coeff(coeff(pp,z[il),Z[j]1)<>0 then
h:=1;
k:=3;
break;
fi;
od;
1f h<>0 then break;
fi;
od;
if h=0 then
for i from 1 to nops(v) do
flag:=coeff(nice,Z[i]"2);
if flag<>0 then rk:=eval(rk+1);
sig:=sig+sign(flag);
fi;
od;
if nargs=4 then assign(args[4],\
(convert(nicev,list),rk,sigl);
fi;
RETURN(nice) ;
fi,
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pp:=expand((subs(2[k]=2[k]+z[h],pp)));
nicev[k]:=nicev[k]-nicev[h];
else
nice:=nice+coeff(pp,z[f1ag]‘2)*Z[f1ag]*2;
lump:=0;
lumpv:=0;
for i from 1 to nops(v) do
if i<>flag then
lump:=lump+(coeff(coeff(pp,z[il),\
Z[flag])*Z[i])/(2*coeff(pp,Z[flag]‘2));
lumpv:=lumpv+(coeff (coeff (pp,Z[i]),\
Z[flag])*nicev[i])/(2*coeff(pp,Z[f1ag]‘2));
fi;
od;
pp:=expand(subs(Z[flag]=X-lump , pp))\
-coeff(pp,Z[flag] "2)*X"2;
nicev[flag] :=nicev[flag]+lumpv;
fi;
od;

end:
We now give an example of these routines in use:

> pi=12%xxy+24%xy*Z+6*Zk W2k X*W;

p:=12xy+28yz+6zw+2xw

> M:=qfmat(p,v);



> pp:=qfdiag(p,v,Z,’S’);
2 2 2 2
pp := 12 Z[1] -3 Z[2] + 2 Z[3] - 1/2 Z[4]

> S;
((1/2x+1/2y+z+1/12 w, y-x

2z + 1/6 w,

1/2 z + 1/2 w, w - 2], 4, 0]

Thus we have shown that the form 12zy + 24yz + 62w + 2zw can be rewritten

as 1222 — 322 + 222 — 1/22} where

z1 = 1/2z+1/2y+2+1/12w
zg = y—1T—2z+1/6w

24 = W—2

and that it has rank 4, signature 0.
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Appendix B

Further computer routines

These two routines are required for mgbasis and subring_syz. In effect they map
between a module and a ring. replacing something of the form [0,...,0,1,0,...,0]

with Z[1i] and vice versa.

into_ring:=proc(f,v,Z,s)
local Ans,1;
Ans:=0;
for 1 from 1 to s do
Ans:=Ans+f[1]1*Z[i];
od;
RETURN (Ans) ;

end:

from_ring:=proc(f,Z)

local i,xx,zz,temp,Ans,place;
xx:=[coeffs(f,Z,’zz’)];
zz:=[zz];

Ans:=table([0 $ k=1..nops(Z)]);
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for i from 1 to nops(xx) do
1f degree(zz[i],Z)<>1 then RETURN(0) fi;
member (zz[i],Z, ’place’);
Ans[place] :=Ans[place]l+xx[i];

od;

RETURN(convert (Ans,list))

end:

This routine gives a sct of generators for a svzvey module. Here F is the list
of polynomials for which the svzvgies are calculated. v is the list of variables to
be used. The generators are returned as the rows of a matrix. It uses [E, 'hm
6.10 p155] to determine syzygies on the extension of F to a Grobner basis. then
Proposition 2.3.1 to find generators for the svzygies on F itself. NB this routine
does not give a minimal generating sct and may even return some zero vectors

or duplicates in its output.

syz:=proc(F,v)
local n,i,ii,j,G,Ext,e,Pairs,Ans,pair,L,S,qu,Conv;
G:=matrixgrobner(F,v,grevliex(nops(v)));
Ext:=F;
Conv:=array(1..nops(F),1..nops(F), identity);
for i from 1 to nops(G[2]) do
for ii from 1 to nops(F) do
if G[2][i]1=F[ii] then break;
elif ii=nops(F) then Ext:=[op(Ext),G[2] [i]];
Conv:=1ina1g[stack](Conv,linalg[row](G[l],1));
fi;
od;
od;
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n:=nops(Ext) ;
for i from 1 to n do
eli):=linalglvector] ([0 $ j=1..i-1.1.0 g j=i+1. .n]);
od;
Pairs:=[];
Ans:=[];
for i from 1 to n-1 do
for ii from i+1 to n do
Pairs:=[op(Pairs), [i,ii]];
od;
od;
while Pairs<>[] do
pair:=Pairs[1];
Pairs:=[Pairs[j] $ j=2..nops(Pairs)];
for i from 1 to 2 do
L[i]:=product(grobner [leadmon] (Ext[pair[il],v) [j],j=1..2);
od;
ged(L[1],L[2],’S[1]?,°S[2]");
chunk:=S[1]*Ext [pair[2]]-S[2] *Ext [pair[1]];
qu:=linalg[vector] (remainder (chunk,Ext,v,grevlex(nops(v)))[2]);
Ans:=[op(Ans),evalm((S[1]*e[pair(2]])-(S[2]*e[pair[1]])-qu)];
od;
RETURN(evalm(linalg[matrix] (convert(Ans,listlist)) &* Conv));

end:

coeff_of _mon:=proc(poly,mon,v)

local 1,collected,C,M;
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collected:=c011ect(poly,v,’distributed’);
C:=[coeffs(poly,v,’'M’)]:
M:=[M];
for i from 1 to nops(M) do
if M[il=mon then RETURN(C[i]):
fi;
od;
RETURN(0) ;

end:

getmonos :=proc(lterms,vars)
local 1i,j,bas,marker,pow,current,monos,mono,redmono,n;
n:=nops(vars);
marker:=array(l..n);
for i from 1 to n do
marker([i]:=0;
for j from 1 to nops(lterms) do
pow:=coeffs(1terms[j],vars[i]);
if type(pow,constant) then
marker [i] :=simplify(1n(lterms([j])/1n(vars(i]));
break;
fi;
od;
if marker[i]=0 then RETURN(O);
fi;
od;

current:=array(1l..n,sparse);



monos:=[];
do
mono :=mon(current,vars) ;
redmono :=grobner [normalf] (mono,lterms,vars);
if redmono<>0 then monos:=[op(monos),redmono];
else current[1]:=marker(i];
fi;
current[1] :=eval(current(1])+1;
for i from 1 to n-1 do
if current[i]>=marker[i] then
current[i] :=0;
current [i+1] :=eval(current [1+1])+1;
fi;
od;
if current[n]>=marker[n] then RETURN (monos) ;
fi;
od:

end:

quotbasis:=proc(polys,vars)

local gbas,lterms,second;
second:=(x) -> x[2];
gbas:=grobner[gbasis](polys,vars);
1terms:=map(second,map(grobner[leadmon],gbas,vars));

RETURN(getmonos(lterms,vars));

end:
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mon:=proc(current,vars)
local 1i,answer;
answer:=1;
for i from 1 to nops(vars) do
answer :=eval(answer)*vars[i] “current[i];
od;
RETURN (answer) ;

end:



Appendix C

Albert Lin’s Grobner basis

commands

This section details the collection of Grobner basis commands written by Albert
Lin. The monomial orders are defined by a list of vectors as follows. Given two
multi-indices & and 8 and a list of vectors V... Uy, then o > 3 1f for some &,

vi-a=v;-Bforalli <kand v, - > ¢y 9.

THE THREE MAJOR COMMANDS
This package has three major commands:

1) matrixgrobner, which computes a reduced grobner basis
together with a matrix telling you how to transform the
original basis into the grobner basis.

2) grobnerbasis, which computes a grobner basis which in
general is neither minimal nor reduced.

3) remainder, which computes the remainders AND quotients for

the division algorithm.

These commands use a monomial order which is specified by the

user as a list of vectors. The names of the predefined Maple

&&&%*%t&t&%%%%#%%%

term orders (plex and tdeg) should not be used. Howvever,
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three commands (lex, grlex, grevlex) are provided that make 1.t

easier to use some of the more common term orders.

matrixgrobner:=proc(F,V,termorder)
local grob, mingrob, redgrob;
grob:=grobnerbasis(F,V,termorder);
mingrob:=_minimalgb(grob,V,termorder);

redgrob:=_reducegrobner(mingrob,V,termorder);
redgrob;

end:

with(grobner,leadmon);

_leadingterm:=proc(£f,V,U)
local fl.h,mono,t,a,i,j,k,l,m,n,P,r;

£1:=expand(£);

if type(f1,monomial) then
leadmon(f1,V,plex);

else
n:=nops (U);
_Ha:=convert(U,array);
m:=nops(V);
P:=array(1..m,1..nops(f1));

r:=array(1..n,1..nops(f1));

for i to nops(fl) do
t[i):=op(i,f1);
od;

for j to nops(f1) do
for k to m do
P[k,j]:=degree(t[j],V[k]):
od;

od;

r:=eva1m(&*(_Ha,P));
a:=1;
for 1 from 2 to nops(f1) do
for h to n do
if r(h,11<r(h,a] then
break;

fi;
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if r(h,1)>r(h,a] then
a:=l;
break;
£i;
od;
od;
mono:=1eadmon(simp1ify(op(a,fi)).V.plex);
mono;
£i;

end:

with(grobner,leadmon);

remainder:=proc(g,Set,V,termorder)
local h,i,a,v,f,lmt.lmg,b,c.d;
2 := array(l..nops(Set));
for b to nops(Set) do
f:=Set[b];
alb] :=0;
1mf [b] :=_leadingterm(f,V,termorder);
od;
v:=0;
h:=g;
while h<>0 do
lmg := _leadingterm(h,V,termorder);
for i to nops(Set) do
f:=Set[i];
d:=degree(denom(simplify(1mg{2]) /1mf [i] [2])));
if d=0 then
afi] :=simplify(afi)+lmg (1] *1mg[2]/
(1mf (1] (1) *2mf [i] [2]));
h:=simplify(h-f*1mg (1) *1mg(2]/
(1mf [i] (1] +1me (i) (2]))
if h<>0 then i:=0 fi;
lmg:=_leadingterm(h,V,termorder);
fi;
od;
v:=simplify(v+lmg(1)+1mg[2]);
h:=simplify(h-lmg(1)*1mg[2]);
od;

a:=convert(a,list);
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c:=[v,a];
c;

end:

with(linalg,submatrix);

with(linalg,swaprow);

-minimalgb:=proc(G,V,termorder)
local y,i,j,n,H,Ga,Gb;
n:=nops(G);

ii=1;
while i<=n do;
j:=1;

while j<=n do;

if i<>j then;

if divide(_leadingterm(H[i],V,termorder)[2],

then

fi;
fi;
ji=i+l
od;
i:=i+1;

od;

end:

_leadingterm(H[j],V,termorder)(2])

Ga:=[H[1..i-1]];

Gb:={H(i+1..n]];

for y from i to n-1 do
_grobM:=svaprow(_grobM,y,y+1);

od;

_grobM:=submatrix(_grobM,1..n-1,

1.._Ralph);
n:=n-1;
if j<i then
i:=i-1;
fi;
j:=0;

H:=[op(Ga),op(Gb)];
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with(grobner,leadmon);

grobnerbasis:=proc(H,V1l,ord)

local x,y,setofpairs.z.p,l,F.r,i,n,lmf,lmg.ernie,u T,Q

indexl,index2,index,subscript;

F:=(1;

-grobM:=table(sparse);

for i to nops(H) do
-grobM{i,i):=1;

setofpairs:=[];

for indexl to nops(H)-1 do

for index2 from index1+l to nops(H) do

setofpairs:=[op(setofpairs), [index1,index2]];

od;
od;

while nops(setofpairs) <>0 do

_Ralph:=nops(H);

subscript:=setofpairs([1];

setofpairs:=[{op(2..nops(setotpairs),setofpairs)];

1mf:=_leadingterm(F[subscript(1]]),Vl,ord);

lmg:=_leadingterm(F [subscript(2]],Vl,ord);
it gcd(lmf [2],1mg(2))<>1 then

ernie:=0;

for u to subscript(1]-1 do
if divide(lem(lmt [2],1mg(2]),

fi;
od;

_leadingterm(F[u],V1,ord) [2]) then
ernie:=1;

break;

if ernie = 0 then

p:=lem(imf [2],1mg[2));

Q:
:=Q1);

r

:=p*F [subscript (1]1/ (1mf (1) *1mf (2])-

p*F[subscript[2]]/(lmg[ll*lmg[Q]);
=remainder(simplify(T),F,Vl,ord);

if r<>0 then

for index to nops(F) do
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end:

setofpairs:=[op(setofpairs),
[index,nops(F)+1]];
od;
F:=[op(F),r];
n:=nops(F);
for 1 to n-1 do
-grobM[n,1]:=-0p(1,Q[2]);
od;
_grobH[n,subscript[l]]:=simp1ify(_grobH[n.
subscript [1]1]+p/(1mf (1) *1mf (2]));
_grobH[n,subscript[2]]:=simp1ity(_grobH[n.
subscript [2]]-p/(1mg (1) *1ng[2]));
fi;
fi;
£i;
od;
if nops(F) > nops(H) then
for x from _Ralph+2 to n do
for y to _Ralph do
for z from _Ralph+i to x-1 do
-grobM([x,y] :=simplify(_grobM[x,yl+
-grobM[x,z]*_grobM(z,y]);
od;
od;
od;
fi;
-grobM:=convert(_grobM,array,sparse);
_Ralphl:=_Ralph;
_grobM:=submatrix(_grobM,1..nops(F),1.._Ralph);
F;

_reducegrobner:=proc(G,V,termorder)

local x,Ca,t,i,j,k,1l,n,a,o0,Da,Db,r,J;
J:=01;
J:=G;
n:=nops(J);
i:=1;
Ca:=table(sparse);
if n<>1 then
while i<= n do

Da:=[op(1..i-1,0)];
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end:

lex :

end:

grlex

Db:=[op(i+1..n,])];
r:= remainder(J[i].[OP(Da).OP(Db)].V.termorder);
J:=[op(Da),r[1],0p(Db)];
for j to n do
for k to i-1 do
Ca[i,j]:=simp1ify(Ca[i,j]-
r[2] [(k]*Ca(k,j]);
od;
od;
for 1 from i+l to n do
Ca[i,l]:=simp1ify(Ca[i,l]-r[2][1-1]):
od;
Cali,i]:=simplify(Cali,i]+1);
ir=i+l;
od;
else
Cal1,1]:=1;
fi;
for a to n do
x:=_leadingterm(J[a],V,termorder) (1];
o:=J{al/x;
for t to n do
Cala,t]:=Cala,t])/x;
od;
J:=[op(1..a-1,3),0,0p(a+l..n,0)];
od;
Ca:=convert(Ca,array,sparse);
_superM:=evalm(&*(Ca, _grobM));
[evalm(_superM),J];

proc(n)
local u,i,j;
if n=1 then [[1]]; else
u:= [0$ i=1..j-1,1,0 § i=j+1..n];
{{1,0 §$ i=1..n-1],u $ j=2..n-1,[0 § i=1..n-1,1])] fi;

:= proc(n)

local u,i,ji
if n=1 then [[1]]; else
w:= [0$ i=1..j-1,1,08 i=j+1..n);

[((1 $ i=1..n),u $ j=1..n-1] fi;
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end:

grevlex := proc(n)
local u,i,j;
if n=1 then [[1]]; else
u:= [0 $ i=1..n-j-1,-1,0 $ i=1..j];
[[1 $ i=1..n],[0 $ i=1..n-1,-1], u § j=1..n-2] fi;
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