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Abstract 

The quadrupole moments Qt of five superdeformed bands in 131,132 Ce have been estab- 
lished using the Doppler shift attenuation method; for the first time, we can compare the 

relative deformations of yrast and excited bands in neighbouring nuclei to an accuracy of 

-(5 131 ý -7)%. Four of five bands have very similar deformations, while the excited band in Ce 

has a somewhat larger quadrupole moment. Important new information is presented on the 

shape-driving force of the Vi1312 orbital, the relative deformation of rotational bands, the 

nature of sidefeeding and the time-scale of the decay mechanism. 

The Doppler shift attenuation method has been used to determine the transition life- 

times of a triaxial band belonging to the -y-soft nucleus, "'Ce. Doppler broadened lineshape 

(DBLS) analysis has revealed the magnitude of the Qt value to be approximately 2.4 eb. 

This work provides new information of (i) the lifetimes of in-band and sidefeeding trans- 

itions, (ii) the transition quadrupole moment of this band and, (iii) the relative deformations 

of coexisting nuclear shapes. The results are discussed in terms of calculations based on the 

total Routhian surface (TRS) formalism. 

High-spin states have been studied in neutron deficient "'Nd, produced in the 

"'Pd (35 CII xoz, yp, zn) reaction, using the GAMMASPHERE -y-ray spectrometer in conjunc- 

tion with the MICROBALL charged particle detector array. Three new, weakly populated 

rotational bands have been found, which are believed to be associated with a superde- 

formed prolate shape. Comparison of the properties of these bands with Woods-Saxon 

cranking calculations suggests that they are built upon negative-parity configurations that 

involve only one intruder orbital (1ýiU/2) from the N=6 shell. One of the bands has been 

linked into the normally deformed states allowing an estimation of the spin, parity and 

excitation energy of the band. 
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Introduction 

This thesis documents two experiments in which the GAMMASPHERE _Y-ray spectrometer 

array was used to study the deformation and structure of nuclei in the A. -'. 132 region. 

In this mass region superdeformed structures are expected to be stabilised by the direct 

interplay of quantal shell structure and collective rotation. In particular, high-j neutron 

states originating from the N=6 oscillator shell are predicted to breach the Fermi surface 

at low rotational frequencies due to the spin-orbit interaction, strengthening the stability 

of the superdeformed second minimum. 

The purpose of this work is to elucidate the structure of superdeformed nuclei believed 

to involve the N=6 Pi13/2 intruder states by analysing the characteristic rotational -y-ray 

cascades that are emitted as the highly deformed nucleus dissipates angular momentum. 

The first study addresses the role of the Vi1312 [660]1/2+ intruder orbitals in the isotopes, 

131,132 Ce. Cranked shell model calculations predict numerous bands based upon particle- 

hole excitations at the Fermi surface, yet experiment has yielded only two bands in 1 31 Ce 

and three bands in 132 Ce. Experimental evidence based upon the variation of the dynamic 

moment of inertia with rotational frequency, has suggested that the yrast structures in 131 Ce 

and 132 Ce are built on configurations involving one or both of the 1"i13/2 [660]1/2+ states. 

The yrast bands are also predicted to have different deformations attributed to the different 

neutron intruder configurations. Since the core polarising effects of successively occupying 

the Vi1312 neutrons was expected to enhance nuclear deformation, structures based upon 

single particle excitations might also possess varying degrees of prolate deformation. An 

experiment was proposed to measure the lifetimes and relative deformations of all five bands 

under the same experimental conditions with a view to determining the deformation driving 

role of configurations involving the N=6 neutron states and providing more definite inform- 

ation on the configurations upon which the bands are built. Using the present generation 

of highly efficient -y-ray spectrometers, it has also been possible to determine the role of 

unknown sidefeeding transitions and assess their contribution to the deformation properties 

of the yrast bands. Furthermore, a triaxial band in 133 Ce that was once believed to possess 

a configuration involving a single Vi1312 orbital was populated in the same experiment as 

the 131,132 Ce bands. Nuclei involving 73 or 75 neutrons are known to be shape-sensitive to 

the position of the Fermi surface in a high-j sub-shell. An investigation has been performed 
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to measure the lifetimes and deformation of this triaxial structure and estimate the relative 
deformations of coexisting nuclear shapes. 

The second experiment details the results from an experiment that aimed to study the 

global deformation properties of the AP-1.1135 region. The reaction '05Pd (35CII xa, yp, zn) was 

used to populate high-spin states in praseodymium, neodymium, samarium and promethium 

nuclei. The MICROBALL charged particle detector array was used to select the various re- 

action channels and this work documents the results of the analysis of the ap3n channel 
leading to 13'Nd. The neodymium isotopes are predicted to have similar superdeformed 

structures to the nearby cerium isotopes involving theVi13/2 intruder states. With decreas- 

ing neutron number it becomes energetically favourable to occupy N=5 valence states rather 

than the second Vi1312 intruder state. The observation of superdeformed bands in 1 32 Nd 

and investigation into their properties provides a valuable opportunity to investigate the 

role of the 1. 'i13/2 neutron intruder orbitals in the stabilising large quadrupole deformations. 

Furthermore, in many neodymium isotopes linking transitions between the superdeformed 

and normally deformed states have been observed. Since linking transitions have been found 

in 132 Nd it is possible to suggest possible decay mechanisms and gain valuable insight into 

the role of specific neutron configurations in stabilising the superdeformed minimum. 

The unifying theme between the experimental studies detailed in this thesis is the shape 

driving role of the I"i13/2 [660]1/2+ states and the various orbitals in the immediate vicinity 

of the Fermi surface at high spin. Both studies rely on comparison with theoretical models 

in two regimes; deformation and rotation. The relevant ideas regarding the origins of de- 

formation and electromagnetic nuclear properties that reflect the highly deformed character 

of certain nuclei are addressed in Chapter 1. The work documented in this thesis is per- 

formed at high-spin and so Chapter 2 is devoted entirely to rotation. The studies reported 

here have only been possible because of major advances in the development of techniques 

and apparatus over recent years. Chapter 3 is dedicated to the major tools of current -y-ray 

spectroscopy. The results, analysis and discussions are treated in a self-contained manner in 

Chapters 4 and 5. The relative deformation measurements in 131,132,133 Ce are documented 

in Chapter 4, and the observation of multiple superdeformed bands in 132 Nd is contained 

within Chapter 5. 

Part of this work has been published in [Cla96] and [Jos961. 

iv 



Contents 

Contents 
......................................... iv 

Nuclear Models 1 

1.1 The Liquid Drop Model 
........................ ..... 2 

1.2 The Nuclear Shell Model and the Many-Body Problem 
....... ..... 2 

1.2.1 The Harmonic Oscillator Potential 
.............. ..... 4 

1.2.2 The Woods-Saxon Potential 
.................. ..... 5 

1.2.3 Spin-Orbit Coupling 
...................... ..... 6 

1.3 Deformation Parameters and Nuclear Shapes 
............ ..... 7 

1.4 The Deformed Shell Model 
...................... ..... 9 

1.4.1 The Modified Oscillator or Nilsson Potential 
........ ..... 10 

1.4.2 The Deformed Woods-Saxon Potential 
............ ..... 14 

1.4.3 Nilsson Diagrams 
........................ ..... 14 

1.5 The Strutinsky Shell Correction Procedure 
............. ..... 15 

1.6 Electromagnetic Nuclear Properties 
.................. ..... 18 

1.6.1 Quadrupole Moments 
..................... ..... 19 

1.6.2 Lifetimes and Transition Strengths 
.............. ..... 19 

1.7 Summary 
................................ ..... 22 

2 Nuclear Rotation 23 

2.1 Collective Nuclear Rotation ........................... 24 

2.1.1 Moments of Inertia ............................ 26 

2.2 Angular Momentum and the Particle-Rotor Model .............. 27 

2.3 The Cranked Shell Model ............................ 
29 

V 



2.3.1 Symmetries in the Cranking Hamiltonian 
............... 32 

2.3.2 Pairing and Rotation ........................... 33 

2.3.3 HFB Formalism and Quasiparticles 
................... 34 

2.3.4 Total Routhian Surface (TRS) Calculations 
.............. 38 

2.4 Superdeformation ................................. 39 

2.4.1 The Aý-130 Region ............................ 43 

3 Gamma-Ray Spectroscopy 45 

3.1 Gamma-ray Detection ......................... ..... 46 

3.1.1 Gamma-Ray Interactions ................... ..... 46 

3.1.2 Semiconductor Detectors ................... ..... 47 

3.1.3 Hyperpure Germanium Detectors ............... ..... 49 

3.1.4 Inorganic Scintillators ..................... ..... 51 

3.1.5 Bismuth Germanate Bi4Ge3O12 ................ ..... 51 

3.1.6 Caesium Iodide CsI(Tl) .................... ..... 52 

3.2 Escape Suppression ........................... ..... 52 

3.3 Large Spectrometer Arrays ...................... ..... 55 

3.3.1 GAMMASPHERE ....................... ..... 56 

3.3.2 Electronics and Data Acquisition ............... ..... 57 

3.4 High-Fold Coincidence Data ...................... ..... 59 

3.4.1 -y - -y Correlation Matrices ................... ..... 62 

3.5 Heavy Ion Fusion Evaporation Reactions ............... ..... 63 

3.5.1 Preformation and Decay of Compound Nuclei ........ ..... 64 

3.6 Ancillary Charged Particle Detectors ................. ..... 64 

3.6.1 MICROBALL .......................... ..... 66 

3.6.2 MICROBALL Electronics and Data Acquisition ...... ..... 66 

3.6.3 Pulse Shape Discrimination .................. ..... 69 

3.7 Summary ................................ ..... 71 

4 Lifetimes and Relative Deformations in 131,132,133 Ce 72 

4.1 Previous Studies of 131,132 Ce ........................... 
73 

4.2 Current Motivation ................................ 
74 

vi 



4.3 Experimental details ........................ ....... 76 

4.3.1 The Experiment ...................... ....... 76 

4.3.2 Spectral contamination .................. ....... 77 

4.4 Doppler Shift Attenuation Method ................ ....... 81 

4.4.1 Centroid Shift Method ................... ....... 83 

4.4.2 Lineshape Fitting Method ................. ....... 85 

4.4.3 Stopping Powers ...................... ....... 86 

4.5 Results for 131,132 Ce ........................ ....... 87 

4.5.1 Fractional Doppler Shifts ................. ....... 87 

4.5.2 Quadrupole Moments ................... ....... 90 

4.5.3 Lifetimes and Transition Strengths ............ ....... 92 

4.5.4 Role of Sidefeeding ..................... ....... 97 

4.5.5 Dynamic Moments of Inertia ............... ....... 100 

4.5.6 Decay of 132 Ce Band 1................... ....... 102 

4.6 Discussion for 131,132 Ce ....................... ....... 106 

4.6.1 The Yrast Superdeformed Bands in 131,132 Ce ...... ....... 106 

4.6.2 The Excited Band Configurations .............. ...... 108 

4.6.3 The 131 Ce Excited Band .................. ....... 109 

4.6.4 The 132 Ce Excited Bands ................. ....... 113 

4.6.5 Summary .......................... ....... 120 

4.7 Lifetime measurements of a '1ýriaxial Band in 133 Ce ....... ....... 122 

4.7.1 Experimental Details .................... ....... 122 

4.8 Lineshape Analysis ......................... ....... 123 

4.9 Results for 133 Ce .......................... ....... 124 

4.10 Discussion for 1 33 Ce ........................ ....... 127 

4.11 Summary .............................. ....... 129 

5 Multiple Superdeformed Bands in ... Nd 131 

5.1 Current Motivation ................................ 132 

5.2 Experimental details ............................... 133 

5.3 Results ....................................... 134 

5.3.1 New Superdeformed Bands in 132 Nd .................. 134 

vii 



5.3.2 T'ransition Energies and Relative Intensities ............... 
136 

5.3.3 Dynamic Moments of Inertia ...................... 
139 

5.4 Discussion ..................................... 140 

5.4.1 Configurations of Superdeformed Bands in 1 32 Nd ........... 140 

5.4.2 Depopulation of Superdeformed bands in 13'Nd 
............ 144 

5.5 Conclusions and Future Prospects ....................... 
154 

viii 



Chapter 1 

Nuclear Models 

In order to understand the structure of the nucleus one must provide a framework with 

which one can discuss the experimental results. This chapter reviews the development of 

nuclear models. It starts from the liquid drop and nuclear shell models and describes the 

necessity and nature of corrections which have to be applied to the models in order to 

reproduce experimental results. 
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Nuclear Models 

1.1 The Liquid Drop Model 

2 

The liquid drop model was historically the first nuclear model. It is derived from analo- 

gies between global nuclear properties and the properties of atomic molecules in a liquid 

drop. The main success of the model is that it can describe the saturation property of the 

nuclear force which is extremely short range and therefore, only affects nearest neighbours 

within the nucleus. The analogy between the nucleus and a liquid drop also extends to 

describe properties such as low nuclear compressibility and the variation of binding energy 

per nucleon. 

The variation of nuclear binding energy as a function of mass is described by the semi- 

empirical Bethe-Weizsiicker formula. This formula is derived from considering the nucleus 

as a charged spherical liquid drop. The formula is stated as 

BE(A, Z) = a, A - aA 
2/3 

- a, Z(Z - 1)A-1/3 - aA(A - 
2Z)2 A' ± 6A- (1.1) 

The volume term (a, A) expresses the fact that the nuclear force is saturated and so nucleons 

within the nuclear volume will contribute to the binding energy. This term overestimates 

the binding energy and the other terms in Eq. 1.1 are required. The volume term does not 

account for the fact that nucleons at or near to the surface have fewer nearer neighbours 

and therefore, the surface term (-a, A'/') provides a reduction proportional to the nuclear 

surface area. The Coulomb term -a, Z(Z-1)A-1/3 compensates for proton-proton repulsion 

within the nuclear volume. The protons electromagnetically repel each other and therefore, 

reduce the binding energy. 

The classical liquid drop model requires two further modifications to reproduce the 

experimental variation of binding energy. The asymmetry term, -aA (A -2 Z)2 A` is added 

to account for the fact that nuclei with N=Z are more stable than nuclei where N>Z. 

Also, the effect of pairing interactions is accounted for by the pairing term which is positive 

for even-even nuclei, zero for odd-even nuclei, and negative for odd-odd nuclei. 

1.2 The Nuclear Shell Model and the Many-Body Problem 

Although the liquid drop model is successful in describing certain bulk properties of the 

nucleus it is clear that microscopic single-particle effects cannot be ignored. This can be 
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seen by the necessity of introducing the symmetry and pairing corrections into Eq. 1.1 

in order to make the formula consistent with experimental data. There are a number of 
features that cannot be described by collective models and imply that the nucleus possesses 

shell structure. For example, it is found that the proton and neutron separation energies 

are larger at certain 'magic' numbers. The separation energy is analogous to the ionization 

energy of atomic electrons that are bound in the Coulomb potential of the nucleus. The 

separation energy is roughly constant around 8 MeV although certain values are noticeably 
larger at magic and doubly-magic numbers. Also, the excitation energies of the first F-2+ 

state of magic and doubly magic nuclei are distinctly larger than that of their neighbours 

which indicate an enhanced stability against excitations. 
Although it is useful to compare many similar features of the nuclear and atomic shell 

models, it is obvious that there is a fundamental difference. The atomic electrons move in 

a central potential generated by an attractive Coulomb force between the electrons and the 

nucleus, whereas nucleons do not move in such a central potential. It is assumed that each 

nucleon moves independently in an average potential that is formed by the interactions of all 

the other nucleons in the nucleus. This mean field approximation allows the many-bodied 

nuclear problem to be reduced to a two-body problem which is solvable. If the interaction 

potential between two nucleons, i and j, is v(rij) then the average potential acting on each 

particle is given by 
Vi (ri) v (ri, j)). 

Consequently the expression for the nuclear Hamiltonian H becomes 

Ti +E v(ri, j). 
ij 

Eq. 1.3 can be written as 

H'=E[Ti+Vi(ri)]+A Ev(rj, 
j)-EVj(rj) 

i ij i 

The second term is a perturbation due to the effect of residual interactions and H' is the 

perturbed Hamiltonian. For A=1, H' = H. The assumption made in the shell model is 

that A --+ 1 since this allows for the fact that the central potential is much greater that 

residual interactions. 



Nuclear Models 4 

The solutions to the Schr6dinger equation using an appropriate potential, yield the 

energy eigenvalues of the single-particle orbits. The solution to the nuclear many-body 

problem is extremely complicated and it is difficult to define a total wavefunction micro- 

scopically. It is necessary to adjust the form of the potential term in the Schr6dinger 

equation to obtain a realistic model that will describe the observed features of the nucleus. 
The simplest starting point is the harmonic oscillator potential. 

1.2.1 The Harmonic Oscillator Potential 

The advantage of the harmonic oscillator potential is that it is possible to solve the Schr6dinger 

equation and obtain single-particle eigenfunctions analytically. The harmonic oscillator po- 
tential can be expressed as 

YHO V+1 mw 2r2 
2 

(1.5) 

where V is the depth of the potential, m is the particle mass, r is the radius and w is the 

frequency of the simple harmonic motion of the particle. The nuclear Hamiltonian can be 

written as 
h 

V2 
_ 

V+ 
1 

mw 2r2. 

2m 2 

The solution of the Schr6dinger equation gives the energy eigenvalues 

EN- N+ 
3] 

hw 
12 

where N denotes the principal quantum number. 
Successive N shells are evenly spaced and for each N value there are a degenerate 

group of levels with different angular momentum quantum numbers, L Each oscillator shell 

contains states with the same parity, so that 

7r = (-I) N= (- 1) f 

Each N level is (N+1)(N+2) degenerate and states are grouped so that 

f=Nj N-21 N-4 

For example, the N=4 shell will contain degenerate states with f=4,2, and 0 corresponding 

to the Ig, 2d, and 3s subshells. The simple harmonic oscillator potential is an unrealistic 

potential, since the form of the oscillator term in Eq. 1.5 implies that nucleons at the surface 
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of the nucleus should experience a larger potential than nucleons deep within the core which 
is clearly untrue. The nuclear potential should be realistic enough to replicate experiment- 

ally observed characteristics, however this potential does not reproduce the experimental 

magic numbers. 

1.2.2 The Woods-Saxon Potential 

It is clear that the harmonic oscillator represents an unphysical potential since V(r) ---+ oo 

as r becomes large. The Woods-Saxon potential [WS54] describes a finite potential where 
V(r) -* 0 when r> Ro, i. e. 

Vws(r) -- 
vo 

+ exp 
[r-Ro] 

a 

(1.10) 

The Woods-Saxon shape is compared with the harmonic oscillator in Fig. I. I. It is 

clearly seen that the Woods-Saxon shape well reproduces the flat bottomed potential. This 

is clearly an advantageous description since nucleons at the centre of the nucleus feel the 

nuclear forces uniformly and there is no net force (%ý = 0). Eq. 1.10 includes a surface r 
diffuseness term, a, to allow for the fact that the nucleus does not have a sharply defined 

boundary. The radius term, RO is equal to the product, roA'/' with ro = 1.2 fin. The depth 

of the potential, VO, can be adjusted to suit experimental measured quantities (usually VO 

50 MeV). 

20 
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Figure 1.1: Comparison of harmonic oscillator and Woods-Saxon potentials. The square 

well potential is also added for comparison. 
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The nuclear Hamiltonian can be rewritten using the Woods-Saxon potential as 

HWS = 
-hV2 

+-- 
vo 

2m I+ exp 
[r-Ro] 

a 

The Woods-Saxon parameterisation relieves the degeneracy of the harmonic oscillator 

states, however the magic numbers are still not reproduced correctly. 

1.2.3 Spin-Orbit Coupling 

A further correction to the nuclear Hamiltonian to reproduce the correct magic numbers is 

drawn from analogy with atomic physics. A spin-dependent force may be introduced into 

the Hamiltonian to account for the coupling of the nucleon's intrinsic spin to its orbital 

angular momentum. The nuclear spin-orbit term was proposed in [Hax49] and [May49] and 

has the form 

Vso (r) f-s; f (r) oc 1 aV(r) 
r ar 

(1.12) 

where f (r) controls the strength of the coupling. The total angular momentum, j, is defined 

as the vector sum of the nucleon's orbital angular momentum, ý and its intrinsic spin, s. 

This is displayed in Fig. 1.2. It can be seen that f and s precess around j, whilst j precesses 

about the symmetry axis. The projections of f and s on the rotation axis (f., and sx) are 

not constants of motion although jx remains constant. The spin-orbit coupling relieves the 

degeneracy of the Woods-Saxon states, by splitting each j-state into two levels with j= 

f±1/2. The spin-orbit interaction must be an attractive force to allow for the observation 

that j= f+1/2 states have lower lying energies than the j= t-1/2 states, contrary to the 

atomic case. 

sx 

ix 

ix 

------ ------ ---- 

Figure 1.2: Ls coupling, components on the rotational axis are shown. 
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The nuclear Hamiltonian including the spin-orbit term can be written as 

H=T+ Vws + Vso, (1.13) 

-h - vo 
H= -V2 +--f (r) f. s. (1.14) 

2m 1+ exp 
[r-Ro] 

a 

It can been seen from Eq. 1.14 that the spin-orbit term is proportional to f. High-j (j=f+s) 

states for which the spin-orbit interaction is sufficiently large may be depressed in energy 

so that they 'intrude' on the next lowest major oscillator shell. Such depressed states 

are called unnatural parity or intruder states and are particularly important in the large- 

deformation / high- angular- momentum regime. 

1.3 Deformation Parameters and Nuclear Shapes 

For magic nuclei, the individual orbitals are oriented equally in all directions and the nuc- 
leus is spherical. The orbits of individual particles in partially filled shells (j>1/2) are 

strongly anisotropic and the mean field deviates from sphericity. The resultant nuclear 

shape is created by the interplay of the deformation driving effects of individual nucleons 

and the residual pairing interactions between nucleons. Deformation arises when a number 

of anisotropic orbitals act coherently and if sufficiently many particles behave collectively, 

the nucleus favours an ellipsoidal shape. 
Nuclear deformation is conveniently characterised by describing the nuclear surface in 

terms of a radius vector defined in spherical harmonics from the centre of the nucleus to its 

surface; 

00 X 

R(O, 0) == Ro 1+ ceo, o +ZZ ax, juY\, b&(01 0) , 
X=l A=-Ä 

where RO is the radius of a sphere that would contain the same volume as the ellipsoid and 

a0,0 is introduced to conserve volume. The terms, a),,,, describe changes in nuclear volume, 

with A defining the deformation type. In this study quadrupole deformation (A - 2) is 

especially important. Quadrupole shapes are parameterised by the coefficients 

a2,2 a2,1 a2,0 a2, 
-l 

a2, 
-2 
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For axially symmetric shapes, the oz, \,,, coefficients are constrained such that; 

a2,2 :: ý a2, 
-2; Ce2,1 ý a2, 

-l : -: 

The02,2, and02,0 coefficients together with the three Euler angles that govern the trans- 

formation to the intrinsic frame completely define the nuclear shape. 
In the intrinsic frame, 02,2, and02,0 can be expressed in an alternative parameterisation 

using the polar coordinates 0 and -y through the relations 

02,2 -- 
1 

02 Sin 71 
V2- 

a2,0 ::.:: 02 COS 71 

such that 
12 = 02. (1.20) 2 

The quadrupole deformation parameter, 02, describes the RMS deviation of the nuclear 

surface from a sphere of radius, RO, while the triaxiality parameter, 7, describes how the 

deviation is distributed over the surface. The new parameterisation of the nuclear shape in 

termsOf 02 and -ý is given by; 

5 t5 
COS2 02 R(O, Ro + 

Vl6'--02cos 
-y(3 1) + -v/3 sin -y sin 0 cos 20) 

7r 

The usual definition of parameters defining quadrupole shapes is the Lund Convention 

[And76]. The definition of the 02 and -y coordinates and the shapes they represent is 

displayed in Fig. 1.3. 

The triaxiality of any quadrupole deformed shape is adequately defined by the sector 

spanning -60' < -y < 0'. If rotations are considered, this range must be extended three-fold 

in order to specify rotations about the three principal axes. 

The collective regime is defined as the range encompassing -60' < -y < 0', while single- 

particle motion is described by -y = 60' and -120' where rotation and symmetry axes 

coincide. 
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5äýý 
7= 600 
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Figure 1.3: The Lund Convention for describing quadrupole shapes. 

1.4 The Deformed Shell Model 

9 

The central theme of the shell model is that nucleons move independently in orbits that are 

contained by a spherical potential which is generated by the interactions of all the other 

nucleons. This is true for nuclei in the vicinity of the magic numbers, however, there is 

experimental evidence to suggest that a spherical potential does not adequately describe 

many nuclei. For example, it is known that nuclei with partially filled shells possess very 

large quadrupole moments which implies that nucleons within the core are moving collect- 

ively in a deformed potential. In spherical nuclei, the rotation and symmetry axes coincide 

and collective rotation is quantum mechanically forbidden, therefore, the observation of 

rotational bands is another characteristic feature of deformed nuclei. The transition prob- 

abilities obtained from experimental lifetime measurements of states in rotational bands 

are observed to be much greater than the single-particle estimates which provides further 
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evidence for deformed nuclear shapes. 

10 

If the shell model is to be extended to describe nuclei with non-spherical shapes, the 

potential in the nuclear Hamiltonian must be deformed. The more realistic deformed po- 
tentials are adapted from the harmonic oscillator and Woods-Saxon average potentials and 

are described in sections 1.4.1 and 1.4.2. 

1.4.1 The Modified Oscillator or Nilsson Potential 

Nilsson proposed that a deformed nuclear potential can be described by an anharmonic 

oscillator [Ni155] with an ellipsoidal potential, 

m22222 2). VMHO 

2 
(W' x +WYY +WZZ (1.22) 

The oscillator frequencies are inversely proportional to the half axes a, of the ellipsoid such 

that 
1 

wv =-v= X) Y) Z. (1.23) 
av 

The conservation of volume prerequisite is 

wxw W, =w3 y 

The spacing between oscillator shells defines the oscillator frequencies with an isospin de- 

pendence as 
i1 (N - hwo = 41A-3 

(I 
±3A (1.25) 

with the minus sign for protons and the plus sign for neutrons. The anharmonic oscil- 

lator potential can be separated into one dimensional potentials in x, y and z, where the 

eigenvalues are analytically calculable as 

E(nxlny7n, )=hwx nx+ 
1) 

+hw, n, +l)+hw, n, +I). (1.26) 
222 

The expression for the modified oscillator potential is simplified by considering axially sym- 

metric shapes such that 

W-L : --: WX ý Wy 1 
(1.27) 

m22 2) 2 2]. VMHO --: z 
2 

[W-L (X +y+ wz Z (1.28) 
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The anisotropies in the potential are introduced by defining the oscillator frequencies in 

terms of nuclear deformation, 6. 

26,16) 
6 

AR 
3); Wz Wo 

(3 
Ro 

where AR is the difference between the radii parallel and perpendicular to the symmetry axis 

and RO is the mean radius. To avoid complications inherent in using cartesian coordinates, 

the stretched coordinate system is introduced with 

e=x 77 =y; (= 
rýýW: 

z7 (1.30) 

In the stretched coordinate system, the nuclear surface can be described by the parameters 
(radius in stretched coordinate system) and Ot (angle between p and the symmetry axis 

now described by ( coordinate). These parameters are defined as 

COS ot +77 (1.31) 

The modified oscillator potential can be written in terms of Eq. 1.31 and deformation, c, \ 

as 
VMHO =1 hwo(lE2)P 21-2 

IE2P2 COS Ot (1-32) 
23 

The deformation parameters 6 and 62 are related to the parameter 02 through the relations 
[LVH70] 

4244 
-6+ -62 elý - 62 02 

5 
(3 

3) e", 
rE5 (3 

'E2 +92 (1.33) 

Higher multipole orders of deformation can be included into Eq. 1.32 by adding terms 

proportional to 6, xp'Px (COS Ot). The solutions of the modified oscillator problem are given 

by 

Ený N-L n, +1) hw, + (nj_ + 1) hw_L (1-34) 
2 

or in terms of deformation, 6, 

ENn (N 
+ 

3) 
hwo -16 (2n,, -n (1.35) 

., 
Nj_ 23 _L) 

hwo, 

where N=n, + n_L. Equation 1.35 simply yields the energies of the spherical harmonic 

oscillator with a deformation dependent correction term added. 
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In order to reproduce the correct magic numbers, Nilsson added terms proportional to 
V and i. s. The resulting Nilsson potential is defined as 

VNil VMHO 
- Khw [2f. s + Ly2 _ 

y2 )N)] 
i 

where f. s is the spin-orbit term in the stretched coordinate system and the p (f I_ (f 2 )N) 

term flattens the potential for the centre of the nucleus. The coefficients r, and rIL define 

the strength of the spin-orbit coupling and the squareness of the potential, respectively, and 

are chosen by fitting to experimental energy levels. The parameters r, and 1-t are different 

for each major shell. 

The Nilsson - Modified Oscillator eigenstates are labelled by the asymptotic quantum 

numbers for large deformation and axially symmetric shapes. 

[Nn, A] Q" 

where 

N Total number of oscillator quanta 

n, Number of oscillator quanta along the symmetry axis 
A Component of orbital angular momentum (i) along symmetry axis 
Q Component of total angular momentum (j) along symmetry axis 
7r Parity of the State = 

(_l)N 

(1.37) 

The quantities j and f are no longer good quantum numbers, although their projections, Q 

and A are conserved in the deformation regime. Figure 1.4 relates the vector quantities to 

their projections on the symmetry axis. 

The onset of deformation relieves the degeneracies of the spherical harmonic oscillator. 
Consider the N=3 spherical shell that has a degeneracy of (N + 1)(N + 2) = 20 with f 

=3 and 1 in the harmonic oscillator potential. In the Nilsson model deformation causes 

the spherical levels to split into (N + 1) levels each of 2(n_L + 1) degenerate states. The 

splitting of the energy levels depends on the spatial orientation of the orbital. Figure 1.5 

shows the possible orientations of a state with j=1 for prolate and oblate deformations. 
2 

A nucleon with j can have eight possible components of j along the symmetry axis 2 

ranging from -. 1 to 1. For reflection symmetric shapes, such as prolate and oblate nuclei, 22 

the -Q and +Q projections are degenerate. States with different n, (Eq. 1.35) are split. 



Nuclear Models 

S 

II 

II 
': 

II 
II 

II 
II 
II 

Bil. . 05= 

13 

Figure IA: Figure to illustrate spin-orbit is coupling. The components of f, s and j on 
the symmetry axis are shown. 

Figure 1.5 illustrates the splitting for prolate and oblate deformations. For prolate deform- 

ation, the low42 component has the maximum overlap with the core and is, therefore, lower 

in energy. The opposite is true for oblate deformations, where the high-Q component is 

lowered in energy. 
Although the Nilsson model is successful in reproducing the observed experimental prop- 

erties, the deformed Woods-Saxon potential is thought to be more accurate when extrapol- 

ating to neutron deficient nuclei. 

1.4.2 The Deformed Woods-Saxon Potential 

The Nilsson model in its original form, included a term proportional to IVI in order to 

reproduce a flat bottomed potential. On comparison with experimental data, it was found 

for heavy nuclei, i. e. states with large N quantum numbers, that the single-particle energies 

were shifted too strongly [GLN67]. The advantage of using a deformed Woods-Saxon para- 

meterisation is the absence of any term dependent on P, thus eliminating the overestimation 

found in the Nilsson model. The deformed Woods-Saxon potential is defined as, 

VDws (r, 0) =- 
vo 

3 + exp 
distE(r, ß) 1a1 
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Figure 1.5: Figure illustrating the possible orientations of states originating from a shell 

with j- 7 for prolate and oblate deformations. 2 

where distE(r,, 3) is a function of the distance r from the nuclear surface E and 0 denotes 

the shape parameters that uniquely define E. The expression for the Hamiltonian is defined 

as 

H=- 
hV2 

+- 
vo 

f (r) i. s. (1.39) 
2Tn + exp 

I dist 
a 

(roa) 

Single particle energies included in this work have been calculated assuming a deformed 

Woods-Saxon potential using the code WSBETA [Cwi87] with the universal parameter set 

[Naz85]. 

Whichever potential is ultimately used, the plots of single-particle energies as a function of 

quadrupole deformation parameter are generally termed Nilsson diagrams. 

1.4.3 Nilsson Diagrams 

A Nilsson diagram for neutrons, calculated with parameters suitable for a neutron deficient 

rare-earth nucleus is pictured in Fig. 1.6. There are a number of characteristic features 
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which result from using an axially symmetric deformed potential: 

1. The spherical shell model magic numbers are reproduced at 02 =0 in regions of low 

level density. At higher deformations the spherical shell closures disappear and new shell 

closures occur at different particle numbers corresponding to stable deformed shapes e. g. 
N=72. 

2. At certain deformations, the single-particle levels may change their slope as the result 

of an interaction between states originating from different j-shells but holding the same 

quantum numbers (Q, 7r). Such states are not allowed to cross according to the Pauli exclu- 

sion principle. For example, the [402]5/2+ originating from the 2d5/2 shell and the [41315/21 

emerging from the 197/2 shell approach each other with decreasing prolate deformation as 

displayed in Fig. 1.6. Since they have the same parity and Q quantum numbers they are 

not permitted to cross and exchange character at the crossing point. 

3. Orbitals with high-j are lowered in energy by the spin-orbit interaction so that they reside 

amongst levels with opposite parity. An example of this phenomena is found in Fig. 1.6 

where the negative parity 1hj1/2 states are lowered among the positive parity 197/2 and 

2d5/2 levels. States such as those originating from the 1hj1/2 shell are termed unnatural 

parity states (intruder states). 

4. The slope of the levels is related to the single-particle matrix element of the quadrupole 

operator. 

dE 2y 
d02 = -(Olr 2010). 

1.5 The Strutinsky Shell Correction Procedure 

In the previous sections, it has been shown that there are two distinct models that de- 

scribe the nucleus. The liquid drop model assumes that a uniform nucleon density with 

a well-defined surface can be used to describe bulk properties that vary smoothly with 

mass. The alternative view is the shell model which embraces the premise of quantised 

independent orbits moving in an average potential. The shell model is known to reproduce 
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Figure 1.6: Nilsson diagram for neutrons calculated for nuclei in the A-ý130 region. 
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nuclear properties where only the nucleons at the Fermi surface are involved. Howeverl 

phenomenological shell models fail to correctly account for collective properties in which all 
nucleons contribute. This is highlighted by the shell models inability to correctly represent 
the ground state energy as the sum of all the single-particle energies from the bottom of the 

potential well to the Fermi surface. The Strutinsky shell correction procedure [Str66] [Str67] 

was presented as a solution to this problem. The great success of Strutinsky's procedure is 

that it can correctly replicate the binding energy of the nucleus and also the dependence of 
the binding energy on deformation parameters. 

The dependence of the nuclear binding energy, E, as a function of mass A, can be 

separated into two parts comprised of the smooth variation of the Bethe-Weizsdcker formula 

(Eq. 1.1), ELDM and an oscillatory part, E,,,, so that 

E= ELDM + E,,,. 

The oscillations about the smooth component E,,,, are due to the occurrence of shell 

closures where the binding energy is at a local maximum. Similar oscillations would be 

found to occur if it were possible to calculate the exact energy of the many-body system as 

a function of deformation. The oscillatory term in Eq. 1.41 cannot be taken directly from 

a solution of the shell model. In the shell model, the total energy, Esh) is also constructed 
from two components with smooth and fluctuating character. 

A 
Esh = E�, + 

ýÜsh =Z Ei. 
i=l 

(1.42) 

In the shell model, levels bunch together to form regions of high and low level densities. 

A simplified view in terms of level densities suggests that in regions of high level density 

with sufficiently smooth distribution of levels, the binding energies will vary smoothly as 

a function of the position of the Fermi surface. A comparison of an evenly spaced level 

density to a shell-like density, where the average densities are equal, shows that if the Fermi 

level is below (above) the shell closure the binding energy is greater (less) than the Fermi 

level for the evenly spaced density. In short, it is noted that the binding energies of the 

shell-like density oscillate about those obtained from the average level density. In the shell 

model representation (Eq. 1.42), the total energy is comprised of the average level density 

component across the shells that is perturbed by the oscillations in energy around the shell 

closures. The average component of Eq. 1.42 relates directly to the average behaviour of 
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the binding energy. It has already been stated that phenomenological shell models do not 
correctly represent the variation of binding energy since the smoothly varying term in the 

shell model representation is incorrect. 

The Strutinsky shell correction calculates the total energy by adding the smooth vari- 
ation of the liquid drop model to the oscillating component of the shell model approach. 
The remaining problem is to separate the average and oscillating components. At this stage 
it is crucial to adequately mathematically define the smoothly varying average density for 

a given level density. The mathematical prescription must also ensure that the oscillatory 
behaviour is not reproduced in the mean component. 

Allowing for these considerations, the total energy of the nucleus can be written as 

E=ELDM+Esh 
- 

ksh- (1.43) 

The Strutinsky calculations can also be adapted for rotational nuclei. Cranked Strutinsky 

calculations are often displayed as deformation contours and will be described in more detail 

in Chapter 2. 

1.6 Electromagnetic Nuclear Properties 

Electromagnetic transitions in nuclei, from an initial state to a final state, can occur by 

the emission of a -y ray photon. Since the nuclear system is partly assembled from discrete 

charges, these transitions take place in the presence of an associated electromagnetic field. 

The inclusion of the electromagnetic fields into the total Hamiltonian yields 

Hshell +Hf ield+ H', (1.44) 

where 
Hh, 

jj describes the shell model Hamiltonian, Hfield is the Hamiltonian of the elec- 

tromagnetic field and H' is a time-dependent perturbation which describes the interaction 

between the field and a system of charges. If two states V)i and ýbf are related by a transition 

then 

(Ojjffjýbf) ý4 (1.45) 

i. e. a transition between the states will be lead to a non-zero matrix element. If the 

interaction relating states 10j) and 1,0f) is small, the probability per unit time of a transition 
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between the states is given by 

Tif = 
27r J(OjjH'jOf) 12 PE (1.46) h 

where PE is the density of states per unit energy at the transition energy. 
Electromagnetic perturbations such as -y-ray emission can be defined by an infinite power 

series known as a multipole expansion and is defined by its constituent components known 

as the multipole moments which are either electric or magnetic in nature: 

Hl - 1: a. \j, Q, \,, + b, \4 M, \O, (1.47) 
A/I 

where Q. \4 and M, \, are the electric and magnetic operators, respectively. 
Electromagnetic moments arise from charge and current densities in the nucleus. As the 

nucleus deviates from sphericity, the contributions of terms in Eq. 1.44 also change and thus 

measurements of the electromagnetic moments can reveal much about the matrix elements 

and deformation properties of the nucleus. This work is primarily concerned with axially 

symmetric prolate shapes and so the lowest multipole that is considered is the electric 

quadrupole which is directly related to the charge distribution within the nucleus. 

1.6.1 Quadrupole Moments 

The quadrupole moment operator is defined in terms of the nuclear charge density and its 

distribution throughout the nuclear volume, 

Q(r) =efp, (r) r (3 COS2 0_ 1)dV, (1.48) 

where Q(r) is the electric quadrupole operator, p, is the charge density and 0 is the angle 

subtended by the radius vector, r. If the nucleus is spherical, the integral over the entire 

nuclear volume will be zero. Positive quadrupole moments are characteristic of prolate 

deformed shapes and can be related to the quadrupole deformation parameter 02 through 

15 

o3= ZR 2 02 1+ V 021 
- 75=7=r 8 

(1.49) 
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1.6.2 Lifetimes and Transition Strengths 

Selection rules obtained for -y-ray emission arise from symmetry and conservation consid- 
erations. If an excited state decays via ^ý-ray emission, conservation of angular momentum 
gives the following selection rule 

IIi - If 1 :5L< (Ii + If); L =, k 0 (1.50) 

where Ii and If are the angular momenta of the initial and final states and L defines the 

multipolarity of the 7 ray. The transition is referred to as stretched if the photon carries 

away the maximum possible angular momentum from the transition (L, = If - Ij) and 

non-stretched if the photon carries away some lesser value. For example, superdeformed 

cascades are composed of a series of stretched E2 7 rays. 
Since the electromagnetic interaction is parity- conserving, a further selection rule is 

applied to transitions between states 

7i 7rf ý 7rL (1.51) 

where 7ri and7rf are the parities of the initial and final states and L is the multipolarity of 

the -y ray. The parity is related to the individual multipole operators by the following rules 

7r(ML) = (_l)L+17 

ir(EL) = (_l)LI 

(1.52) 

(1.53) 

where (ML) and (EL) are the magnetic and electric multipoles of the L'th order. The 

multipole expansion converges rapidly for higher multipole orders and usually only the 

lower order terms are considered. 
The probabilities of -y-ray emission per unit time can be estimated theoretically from the 

single-particle Weisskopf estimates (in Weisskopf units, Wu). The single-particle transition 

rates for different multipolarities are listed in Table 1.1 for the lower multipole orders. 

Experimentally, the intrinsic quadrupole moment can also be used to extract reduced 

transition probabilities B(E2; I --+ I- 2) through 

B(E2; I --+ I- 2) 
5 

(12 0 OJI-2 0)2Q2 (1.54) 
167r t 
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L Electric 'h-ansitions A7r Magnetic Týransitions A7r 

1 T(E1), 
p = 1.0 X 1014 A 2/3 E3 ly Yes T(Ml), p 

1013 3 
= 5.6 x E^y No 

2 T(E2), p = 7.3 x 107 4/3 A E, 5, No T(M2), p = 3.5 x 107 A 2/3 El 
f 

Yes 

3 T(E3), p = 3.4 x 10' A2E7 
f 

Yes T(M3), p 
4/3 7 

= 1.6 x 10' A Ey No 

4 T(E4), p = 1.1 x 10-5A 8/3 E9 ly No T(M4), p = 4.5 x 10-6 2 AE Yes 

21 

Table 1.1: Weisskopf single-particle estimates for electric and magnetic -y-ray transitions. 

E-, and T(A, L) are expressed in MeV and s-', respectively. 

where (1 20 Oll -2 0) is a Clebsch-Gordan vector addition coefficient and Qt is the 

quadrupole moment. 

The lifetime is related to the collective transition strength (T(E2)) by 

1= 
T(E2) = 1.23 x 1013 E, 'YB(E2), (1.55) 

T 

where T(E2) is defined in s-' E-, in MeV and B(E2) in (eb)2. Consequently, substituting 

Eq. 1.54 into Eq. 1.55 gives 

1 
1012 0) 2 Q2 

= 1.223 x E, 'Y(I 20 OJI -2 t* 

The nature of -y-ray transitions between states depend on the multipole expansion of 

the nuclear electromagnetic field and as such depends strongly on the nuclear deformation. 

Lifetime and quadrupole moment measurements of rotational bands allow an understanding 

of the deformation properties of the nucleus and the underlying structures that influence 

these properties. 
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1.7 Summary 

22 

Fig. 1.7 displays schematically the corrections made to the spherical shell model that lead 
to a realistic nuclear model. The final column in Fig. 1.7 shows that for a deformed nucleus, 
there are rotational degrees of freedom and the interplay of Coriolis and centrifugal forces 
leads to new symmetries in the nuclear Hamiltonian (ir, a). The effects of rotation are of 
fundamental importance in the results presented in this thesis and are discussed separately 
in Chapter 2. 
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Figure 1.7: The N=2 level scheme. The top box describes the factors that relieve the 

(N+1)(N+2) degeneracy of the spherical harmonic oscillator, while the effect on the single- 

particle energies are shown schematically in large box. The lower boxes state the degen- 

eracies and the remaining good quantum number labels. The lowest section illustrates the 

nuclear shape in the various regimes. 



Chapter 2 

Nuclear Rotation 

In deformed nuclei, it is possible for rotation to occur about an axis perpendicular to the 

symmetry axis. The effects of rotational forces relieve the degeneracies of the deformed shell 

model potentials and lead to new symmetries in the nuclear Hamiltonian. This chapter 

reviews nuclear rotation and introduces the origin of experimental quantities which are 

relevant to the results presented in this work. 

23 
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2.1 Collective Nuclear Rotation 

24 

Nuclear deformation originates from anisotropies of the single-particle orbitals. If the nuc- 
leus possesses deformation, it is possible to define nuclear orientations which lead to degrees 

of freedom that are not available to the spherically symmetric nucleus. In deformed nuc- 
lei collective rotation about an axis perpendicular to the symmetry axis, in which all the 

nucleons make a coherent contribution, leads to the expression; 
ii2 

EI =-I(I+1), (2.1) 

where E(I) is the excitation energy of collective states, Qý is the moment of inertia and I is 

the total spin. A rotational frequency can be defined as 

hw = 
dE 

gýý 
1 (EI+, - EI-J (2.2) 

dI, 2 

where I., is the projection of the total angular momentum on the rotation axis 

Ix= ý/J(j + 1)2- K2. (2-3) 

Eq. 2.2 is obtained for quadrupole -y-rays that carry away 2h of spin with each transition 

between levels in a rotational band defined by Eq. 2.1. 

For axially symmetric shapes, the intrinsic nuclear wavefunction can be characterised 
by the spin component on the symmetry axis, K. The rotational motion of the nucleus 

can be completely defined by V, Iz,., =M and K. The eigenfunctions of 1', M and K 

operators are given by 

'Orot = JIMK) I+ 1D, 
If )I 

7r2 
MK(()l 

rL8: 

rL 
(2.4) 

where the functions DIM K(E), ýý, T) are the rotation matrices that contain the wavefunctions 

describing the orientation of the rotational system with respect to the angular momentum 

quantum numbers 1', M and K. Fig. 2.1 displays the relationship between these quantities. 

Depending on the K value, different rotational bands may be formed. For K=O, the 

D' wavefunc- MK(O, 41), T) functions reduce to spherical harmonics Yjm and the total nuclear 

tion is given by 
9f 

r, IMK=O =1r, K=OYIMi (2.5) T2 0 
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Figure 2.1: Angular momentum coupling describing the quantities used to define the rota- 
tional motion of the collective nuclear system. 

where r is introduced to describe the reflection invariance of the axial system with respect 
to the plane perpendicular to the symmetry axis. The values of r are obtained through the 

expression. 

(2-6) 

The selection rules obtained from Eq. 2.6 are defined as 

0,2,4 K=0 

1,3,5 

These spin sequences are defined as rotational bands. For the cases where K :ý0 the 

nuclear wavefunction is anti-symmetrised to account for the reflection symmetry so that it 

takes the form 

+ 
+ 

_1)I+K ORD, MK 

L1 

[OkDIK (8) (1) 
1 

'10 
-K((), 

41ý1 IFA 
rl 

67r2 mm (2.7) 

where ýbf< is the wavefunction that corresponds the projection of the angular momentum 

-K. This projection can be obtained from OK by a rotation through 180' about the rotation 

axis. As a consequence of rotational invariance, the components of ýbk and ý4 (-K and K 

respectively) are degenerate and constitute a single sequence of rotational states with spins 

I=K, K+11 K+2 

The term (-1)'+' in Eq. 2.7 is a phase factor and is generally referred to as the signature. 

The signature changes sign for alternate states in the band sequence mentioned above. A 

K 
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rotational band of this type can be separated into two bands of opposite signature with 
spin sequences 

I= K+2, K+4 

I= K+lj K+31 K+5 

The energy of rotational motion is defined as 

Erot = 
h2 

(I _ j)2 =h2 (1.1 + JJ - 21J). Týs' 2Qý (2.8) 

In Eq. 2.8, the term LJ couples the angular momentum of the valence nucleons to the 

rotational motion. The coupling of valence nucleons to a deformed core depends on how 

the angular momenta of the components are added. This coupling of angular momentum 
is addressed in section 2.2. 

2.1.1 Moments of Inertia 

Eq. 2.1 defined the static moment of inertia, Qý. When describing the rotating nucleus, the 

moment of inertia is not a static function and varies as a function of rotational frequency. 

The nuclear moment of inertia ý! 
Nucl is found to be approximately 30% less than the value 

calculated for a rigid rotating ellipsoid body (ýýRi. ). If the nucleus is viewed from the other 

extreme as an irrotational fluid, the ýjNucl value is underestimated and SO ýýNucl is defined 

by the inequality, 

Irr < Nucl < ýýRig 
- (2.9) 

Eq. 2.9 suggests that there are residual interactions between nucleons and pairing is intro- 

duced in section 2.3.2. Since ý! Nucl is a dynamic quantity, two other moments of inertia 

are introduced to provide more information on rotational effects. The quantities QP) and 
Qý(2) are defined from the first and second derivatives of Eq. 2.8. The following formulae 

are obtained by assuming that for a nucleus at high spin I>>K and I,, I-- I where 1', is 

defined in Eq. 2.3. The kinematic moment of inertia, is defined as the first derivative 

of Eq. 2.8, 
h2 dE 
2[ dl,; 

The dynamic moment of inertia, ! a(2)1 is define( 

h2d2 
E- [ 

dl. 2 
- 

Ix 
h (2.10) 

1 the second derivative of Eq. 2.8, 

h 
dlx (2.11) 
dw 
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The kinematic and dynamic moments of inertia are related via the expression, 

! ýý(2) 
' (1) 

+w 
dýj 

(2.12) dw 

For a rigid body the ýj 1ý jýRig value is independent of w and QP) 

The ! W') and Qý(2) values can be obtained from experiment. If a rotational band is 

assumed to decay by stretched electric quadrupole (E2) -y-rays, Eq. 2.10 and Eq. 2.11 can 
be written as 

h 2(41-2) (2.13) 
2E, y 

4h 2 

(2.14) 
A E,, 

where AE-, corresponds to the energy separation between peaks in the band. It can be seen 
from Eq. 2.14 that the dynamic moment of inertia is independent of spin. 

The OP) values are sensitive to single-particle alignments and can reveal much about 
the internal structure of the nucleus. The ý11(2) parameter is of particular interest when 
discussing superdeformed bands where the spin and excitation energy are not definitely 

assigned. 

2.2 Angular Momentum and the Particle-Rotor Model 

The particle-rotor model describes the coupling between the single-particle motion of a few 

independent valence nucleons to a deformed nuclear core. The angular momentum in the 

nuclear system is composed of a collective component attributed to the rotation of the 

deformed core and a single-particle component generated by the intrinsic motion of the 

valence nucleons. This is defined in Eq. 2.15 and illustrated in Fig. 2.2. 

I=R+J (2.15) 

where J is explicitly defined as the sum of the intrinsic angular momenta of the individual 

valence nucleons 

J= (2.16) 
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Figure 2.2: Angular momentum coupling in the particle-rotor model. The rotation and 

symmetry axes are labelled x and z, respectively. The projection of the total spin onto the 

symmetry axis is labelled K in the figure. 

The axial symmetry of the nucleus ensures that the total angular momentum (spin), I and 
its projection on the symmetry axis, K, are conserved. The total spin projection on the 

symmetry axis is related to the single-particle momentum projection, Q, by 

K=EQi 
i 

(2.17) 

The coupling of the extra nucleons to the core can occur between two extreme regimes, 
deformation alignment (DAL) and rotational alignment (RAL). These coupling schemes 

are illustrated in Fig. 2.3. The deformation aligned limit occurs for large deformations 

and low rotational frequencies where the valence nucleons closely overlap the core. When 

the angular momentum vector, J is aligned with the deformation, the Coriolis force is not 

strong enough to align the single-particle orbits with the rotation axis. In this case the 

single-particle energy eigenvalues in the rotating frame (Routhians) are near degenerate 

levels with little level splitting. For deformation alignment, Q is a conserved quantum 

number. 

For smaller deformations and rapid rotation, the particle-rotor system approaches the 

rotation aligned limit (RAL). In this scheme, the orbitals are strongly affected by the 

Coriolis force which aligns the nucleon'(s) angular momentum with the rotation axis so 

that J precesses about the rotation axis and the nucleon orbit lies in the symmetry plane. 

In the rotation aligned limit, Q is not conserved. 
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Figure 2.3: Angular momentum coupling in the particle-rotor model. The rotation and 

symmetry axes are labelled x and z, respectively. The projection of the total spin on the 

symmetry axis is labelled K in the figure. 

2.3 The Cranked Shell Model 

The cranked shell model is a fully microscopic description of the rotating nucleus that 

describes the collective angular momentum as the sum of single particle angular momenta. 
The advantage of the cranking model is that it can describe the various coupling processes 

between deformation and rotation aligned limits on an equal basis by including the effects 

of Coriolis and centrifugal forces. The cranked shell model was derived semi- classically 

by Inglis [Ing54] by introducing a coordinate system that rotates with a constant angular 

velocity, w around a fixed axis in space. With the correct choice of angular frequency, the 

nucleons can be thought of as independent particles moving in an average potential well that 

is rotating with the coordinate frame. The transformation of the laboratory wavefunction 

RAL 

xi 
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into the rotating frame is achieved by the rotation operator 

f? = exp 
IhI, 

(2.18) 

so that in the rotating frame 

'9Rot = 1ý'I'Lab = exp 
IhI 

'ý'Lab- (2.19) 

The Schr6dinger equation in the rotating frame is 

Ollf 
Rot HRot'If Rot --:: -ih at 

(2.20) 

Differentiation of Eq. 2.19 and substitution into Eq. 2.20 allows the cranking Hamiltonian 

to be defined as 
HRot - HLab - Wix (2.21) 

The first term in Eq. 2.21 corresponds to the Hamiltonian in the laboratory system which is 

defined by a deformed single-particle potential such as the deformed Woods-Saxon potential 
discussed in Chapter 1. The second term models the effects of the Coriolis and centrifugal 
forces. The Coriolis force modifies the single-particle orbits according to their spatial ori- 

entation. The value of -wj., has a different sign depending on whether or not the nucleon 
is moving in the direction of the collective rotation and this leads to the removal of time 

reversal symmetry. 

The eigenvalues of the single-particle cranking Hamiltonian are defined as 

el = 
(UlftRotIU) (2.22) 

where 

el = 
(UIHRot I U) = (U IHLabIU) 

- W(UljxlU) (2.23) 

e/ =e- wix (2.24) 

where u represents eigenstates of the cranking Hamiltonian. 

Woods-Saxon cranking calculations have been used to discuss the results in this work. A 

typical Routhian diagram calculated for "'Nd is displayed in Fig 2.4 

At hw =0 MeV, the standard Woods-Saxon levels are reproduced. The Woods-Saxon 

levels at hw -0 MeV are two-fold degenerate with respect to time reversal symmetry. If 
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Figure 2.4: Single-particle Routhians calculated for 132 Nd at 02=0.340 , 04=0.022, -y=2'. 
Although, the levels are labelled by asymptotic quantum numbers each orbital should be 

labelled by its signature and parity Ora): solid line (+, +1/2), dotted line (+, -1/2), dot- 

dash line = (-, +1/2) and dashed line - (-, -1/2). 

the Coriolis force becomes sufficiently strong to align nucleons with the rotation axis with 
increasing rotational frequency, the time reversal symmetry is broken and the degeneracy 

is relieved. This results in the splitting of each level into two levels of opposite signature 
(section 2.3.1). The Coriolis and centrifugal forces are strongest for high-j, low-Q orbitals. 

Single-particle Routhian diagrams are similar to Nilsson diagrams since the levels in both 

obey the Pauli exclusion principle. In the Nilsson model levels with the same quantum 

numbers (Q, 7r) cannot cross, but exchange their trajectories and characteristics at the 

crossing. In Routhian diagrams, levels with the same parity and signature cannot cross. 

For example, the [402]5/2 (ce=112) level and the [660]1/2 (a=1/2) level in Fig. 2.4 repel 

I.. 
.. 

'oo 
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each other at hw=0.25MeV. Level interactions such as these correspond to large changes in 

the dynamic moment of inertia 
I ! 

a(2). 

The total energy in the rotating frame is 

El = 1: e', -wZ (ul ý, ju) (2.25) Jx 

The total angular momentum projection on the rotation axis, I,,, is defined by 

Ix = 1: (Uljxlu). (2.26) 
u 

Certain orbitals are very sensitive to changes in rotational frequency and the slope of the 

orbitals in Fig. 2.4 are directly related to the rotational alignment of those orbits such that 

de' 
- (2.27) 

dw -- (ulj'lu) 

In Eq. 2.27, the quantity Z,, is known as the single-particle alignment and the variation of 
i., with rotational frequency is especially useful, for elucidating the nucleon configurations 

of rotational bands. 

2.3.1 Symmetries in the Cranking Hamiltonian 

Certain symmetries are preserved by the cranking Hamiltonian. At hw >0 MeV, the 

two-fold degeneracy of the Nilsson states is removed and each level splits into two levels 

of opposite signature. The signature quantum number defines reflection symmetry of the 

single-particle Routhian which is invariant with respect to rotation of 180' about the rota- 

tion axis. The rotation operator and its eigenvalues are defined as 

R u, e-7'7rauc, (2.28) 

where a is signature exponent quantum number. The signature exponent is an additive 

quantity and is hereafter called the signature. The eigenvalues restrict the spin sequences 

such that 

I = 01 21 4 a =0 

113,5 ... a =1 
159 

a +1/2 27212 

27 11 
a -1/2 21 21 2 
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These sequences can be expressed succinctly as 

ce =I mod2 (2.29) 

The only other symmetry that remains in the cranking Hamiltonian is parity. Parity 
defines the symmetry with respect to space reflections through the origin. The parity 
operator ft operates on the single-particle wavefunction with the following results. 

elp(x) = IP(-x) Odd. (2.30) 

e IP (x) =T (x) Even. (2.31) 

The total signature and parity of a configuration is given by 

7rtot Iri; atot ai. (2.32) 

2.3.2 Pairing and Rotation 

The effects of rotational forces on relieving the two-fold degeneracy of the deformed Woods- 

Saxon potential has been discussed in the previous section. The role of attractive residual 
interactions between nucleons has not been considered. There is experimental evidence that 

suggests that nucleons couple so that their angular momenta sum to zero. The easiest way 

that this can be achieved is by pairing nucleons in time reversed orbits. It is observed that 

all even-even nuclei have ground state spins of 1=0h, whilst in odd-A nuclei the ground state 

spin is determined by the spin of the last nucleon. It is also observed that the binding energy 

of odd-even nuclei is less that the mean value of the neighbouring even-even nuclei. Further 

evidence for pairing can be found from the observations that the nuclear moment of inertia 

is generally 30% lower than the rigid body moment of inertia and the excitation energy 

of the first non-collective state in even-even nuclei is consistently greater than odd-even 

energies. 

Time-reversal symmetry requires that for a particular angular momentum state Ij., 
I Qvi) I 

there exists a time reversed state Ij., I Q, 71). Both states are degenerate in the absence of ro- 

tation. Since both states are occupied simultaneously, the total angular momentum couples 

to zero. As the Ij,,, Q, I) and Ij,,, Q, 71) orbit in opposite directions along the same spatial 
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path there must be two interactions per orbit. Interactions of this type result in the scatter- 
ing of the two nucleons into another empty time reversed states (jjV2 

i 
Qv2)1 JJV21 QL72)) above 

the Fermi surface. The scattering into states of different energies smears out the Fermi sur- 
face. The inclusion of pairing correlations removes the clear definition between particle-hole 
states and it is more appropriate to discuss excitations in terms of particle-hole occupation 

probabilities. In order to include pairing effects in cranked shell model calculationsi the 
Hartree-Fock-Bogoliubov (HFB) formalism is introduced. 

2.3.3 HFB Formalism and Quasiparticles 

The central idea behind the Hartree-Fock-Bogoliubov formalism stems from the analogy 
drawn between nucleonic motion and the dynamics of Cooper pairs in a superconducting 

metal [BMP58]. Bohr, Mottelson and Pines argued that pairing correlations in the nucleus, 

where a monopole pairing force which couples nucleons into pairs with zero angular mo- 

mentum, were of a similar type to the Cooper effect in superconductors. The simplest way 

to couple nucleons is in time reversed orbits. The aim of the HFB formalism is to include 

the pairing interaction in the nuclear Hamiltonian. The Hamiltonian including a two-body 

monopole pairing interaction can be written as 

H=HDWS +HRes (2.33) 

E, [ata, + atap] -GE at, at a, 72av2 (2.34) 
vvv V1 

V>o vl, v2 

t where a, and a, are the creation and annihilation operators that create or destroy particles 

in a state Iv) and G is the two body interaction strength. The first term in Eq. 2.34 is 

the sum of the single-particle energies E, and describes the motion of nucleons up to the 

Fermi surface in the deformed Woods-Saxon potential. The second term in Eq. 2.34 refers 

to the pairing interaction that annihilates of a pair of nucleons in the state 1 1.12) and its time 

reversed partner ji72) and creates the nucleons in the time reversed states Ivi) and ji7j). This 

corresponds to the scattering of particles at the Fermi surface illustrated in Fig 2.5. 

The form of the residual interaction can be rewritten as 

ftRes 
1 

GPtP (2-35) 
4 
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Figure 2.5: Figure illustrating the density of states g(E) as a function of energy E and the 

effects of the pairing interaction on the Fermi surface. When pairing is not considered the 
Fermi surface is completely level. When pairing is treated, the nucleons scatter into new 
time-reversed orbits and smear out the Fermi surface. The smearing of the Fermi level is 

the origin of the pair gap, A. 

where Pt and P are the pair creation and annihilation operators and are defined as 

Pt atat; P ara, VV 
vv 

(2.36) 

To simplify calculations, the residual interaction is rewritten to account for the energy 
increase of the condensate per particle added by introducing the chemical potential, A, so 

that 

HRes A[Pt + P] - Alý 
2 

(2.37) 

where A is the pairing gap and 1ý is the particle number operator. This formulation of 

the pairing Hamiltonian allows the pair creation and annihilation operators to be treated 

separately rather than simultaneously as in Eq. 2.35. If the operators are not operated 

simultaneously the particle number is not conserved. This corresponds to the transfer of 

particles to and from the condensate. Since the nucleus has a definite number of particles 

the chemical potential, A must be used as a Lagrange multiplier to conserve the number of 

particles. 

Pairini! 
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A further simplification to the pairing interaction is to treat the nucleus as a non- 
interacting gas of quasiparticles. Quasiparticles are a linear combination of particle and hole 

occupation probabilities. The transformation from the particle basis to the quasiparticle 
basis is obtained through the Bogoliubov-Valatin transformation 

ce, = Uat + Vvar,, (2-38) v 

cer, = Uat - Vat (2-39) v V) 
where the coefficients U, and V, are chosen through the minimisation of expectation values 
of ft according to the Hartree-Fock variational method with the constraint 

U2 + V2 = 1. 
vv (2.40) 

The solution of the Schr6dinger equation requires trial wavefunctions of the form 

I'IfBCS) 
: -- 

11 U, + VatatIO) (2.41) 
v(VV 

where 10) is the particle vacuum state and 141BCS) is the quasiparticle vacuum. The energy 

eigenvalues in the quasiparticle basis are defined as 

Ev = ±I(c, - A) + A2. (2.42) 

Eq. 2.42 suggests that for each single-particle level there are two quasiparticle levels, one 

positive and one negative, that are reflections of each other about the Fermi surface. 
The HFB treatment of the cranking Hamiltonian leads to quasiparticle excitations in 

the rotating frame, where the Hamiltonian is defined as 

hqp= h- hwj,; - A(P' + P) - Alý (2.43) 

The eigenvalues of the HFB Hamiltonian are the quasiparticle Routhians. An example of 

quasiparticle Routhians are displayed in Fig 2.6. The conventional labelling of quasiparticle 

diagrams follows the convention noted in Table 2.3.3. 

Although the quasiparticle diagram (Fig 2.6) has a number of similar features to the 

single-particle Routhian diagram (Fig 2.4), there are some obvious differences. The qua- 

siparticle diagram is constructed relative to a reference configuration. The reference or 

vacuum configuration corresponds to the point where all the negative energy states are 

filled. This is another way of expressing the position of the Fermi surface. The excitation 

energy of the vacuum is the sum of the energies of the occupied states. If a level in Fig 2.6 
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Figure 2.6: Quasiproton Routhians calculated for 132 Nd at ý2=0.340 , 04= 0.0 2 2, -y = 2'. 

Each orbital should be labelled by its signature and parity (7r, a): solid line (+, +1/2), 

dotted line (+, -1/2), dot-dash line = (-, +1/2) and dashed line = (-, -1/2). 

(7r 
, a) Protons Neutrons 

+1/2) A, C, ... a, c, ... 

-1/2) B, D, ... b) dý ... 
+1/2) F, H, ... 

f, h) ... 

-1/2) E, G, ... e, g, ... 

Table 2.1: Convention for labelling quasiparticle Routhians 
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is occupied, its conjugate (reflection in e' about 0 MeV) is unoccupied. For example if E 
is occupied in Fig 2.6, then -E is empty. It should also be noted that the conjugate levels 

have opposite signature. As with Fig 2.4, levels with the same quantum numbers cannot 

cross and each level will exchange character at the crossing. A crossing occurs when the 
Coriolis force becomes strong enough to break a pair of nucleons and align their orbital 

angular momentum with the rotation axis. In Fig 2.6 there is an EF crossing at 0.35MeV. 

For a crossing to occur both the E and F levels must be unoccupied and the signature 

must be conserved at the crossing. If there was a quasiproton in the E level, the crossing 

would not occur and would be described as blocked. In this case, the next available crossing 

would occur at 0.5 MeV between the F and G levels. Both these crossings are illustrated 

in Fig 2.6. 

The energy required to break a pair of quasiparticles is specified by the energy gap at 

hw -0 MeV. As with its single-particle counterpart, high-j, low-Q orbitals in Fig 2.6 are 

lowered in energy by the Coriolis and centrifugal forces. For example the E arid F levels 

originate from the h11/2 states and lie at high excitation energies in the absence of rotation. 

At a crossing the internal structure of the nucleus is changed and a new rotational structure 

will become yrast. 

2.3.4 Total Routhian Surface (TRS) Calculations 

The Strutinsky shell correction procedure can be adapted to predict the total energy of a 

rotating nucleus (total Routhian). This is achieved by altering the static liquid drop term 

so that it incorporates the smooth energy variation of a rotating liquid drop, ERLDM. The 

shell model terms in Eq. 1.42 replace the static density of states terms with a spin density 

dependence so that the expression for the rotating Strutinsky scheme is 

ERLDM + Esh(I) - -Iýsh(10- 
(2.44) 

The total Routhian of the nucleus as a function of deformation can be obtained using 

the formalism of Eq. 2.44 and the pairing correction energies. This is surnmarised as 

w (2.45) E'(Z, N, 0) = E'�c�, (Z, N, 0) + AEShell(Z, N, ý) + AEP'air(Z, N, A) 
m 

where represents all the surface deformation parameters. E"'4,11 (Z, N, is taken directly 
S 

from the Strutinsky procedure and is calculated using a deformed Woods-Saxon potential. 
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In this work, the pair gap has been calculated at zero rotational frequency (A :: -: 
ABC 

S) 

and has been modelled so that the pair gap has decreased to 50% at a critical frequency, 

wc=0.70 MeV/h. The pair gap is expressed in terms of the critical frequency in as 
1(W )21 

we. 
AM ý IABCS 

I--- (2.46) 2 W, 

A (W) ý lýýL B CS 

1 (W)21 
W> WC. (2.47) 

2 

The total Routhian is calculated on a lattice in deformation space 
0 

: -- 02 
1 

04 
1 , /) at a 

fixed rotational frequency and minimised with respect to the shape parameters to obtain 

an equilibrium deformation. The results of different rotational frequencies are interpolated 

between the lattice points. 
The results of these calculations are usually displayed as an energy contour in the ý2- -y 

plane, for example see Fig. 2.7. These contours are the Total Routhian Surface (TRS) plots. 

In these plots, different minima correspond to different nuclear shapes. Fig 2.7 is taken from 

calculations for 133 Ce, a nucleus that is known to be 'soft' with respect to the triaxiality 

parameter, 7 and is extremely sensitive to the alignment of particles in the h11/2 shell. This 

results in a number of different configurations that are represented by the different minima 

in the plot. 

2.4 Superdeformation 

Studies of superdeformation have been of great interest in recent years. The phenomenon 

arises when it becomes possible to populate states in a secondary minimum in the fission 

barrier. Experimental evidence for a second minimum came initially from spontaneous 

fission studies. Experiments investigating fission isomers revealed that the fission half-lives 

of excited states were much shorter than expected for ground state fission [Po162]. These 

observations led to the interpretation of the decay process proceeding from metastable states 

in a secondary minimum through a narrower barrier width, thus increasing the probability 

of fission (see Fig 2.8). Deformation in fission isomers originates from the strong Coulomb 

repulsion between the large number of protons in these nuclei (Zr-1ý100). 

Superdeformation is also known to occur as the result of the delicate interplay between 

quantal shell structure and collective rotation. The first evidence for superdeformed bands 


