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1.1 Knots and links
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1.3 Braids
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1The combinatorial equivalence class of a link is its link isotopy type ([Bi] p.39). Two

piecewise linear links L and L' are said to be combinatorially equivalent if they are related by
a finite sequence of links, such that each link is obtained from its predecessor by a deformation
of type TZ Since the Reidemeister moves can easily be generated from repeated application
of move 71, then Reidemeister equivalence implies combinatorial equivalence. More trivially,
combinatorial equivalence is just ambient isotopy, and so implies Reidemeister equivalence.
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1.5 Polynomial invariants

%'#,'& # 0<-CDA
$ 3 '&)#, ))& %'#,'& #!
$ H + h)

1.5.1 The Homfly polynomial

+J# :9 + E54 '



: E 3 $ ! $6
$ $ ; ] $ <C,) 6

H / $ H ( +4 5<

/ , 1 11 H 2

+ 43 *
1$ <C/ ; E 3

! Vi(v,z) &), "0"9

+ A A , $
$ H 1
L-8M L* >M, 0-
+5 ¢4 & S Jo L >M
4 | | <= $

+5 45 2KT 2,

! $ H

! ! H 0 I ,
" %" “& # -" $
+ []] 5+ _Il K9Il9
! 0 L10a040 0-Ob &0 M,
# % 4, "& #) "
).3S &.-¢c 43
+ W
GY.Y3S t4
3 * I 4 * " 1$% $ 5 (

6 71" 85 (9 !



1.5.11 The Kauffman polynomial
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3l am grateful to Jozef Przytycki for introducing me to this work.
4In [Cr], Cromwell calls this a loops & lines diagram.
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2.5 Relating
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satellite link with a reverse string pattern. Then the pattern, up to some choice
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3.6 A formal definition for framing
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Consider such a matrix T given by (77,r), with T($ 1and 77,r both proper
cycles. We can, by such a cyclic permutation of rows and columns, generate a
new matrix T from T such that Mg = 1. There are matrices T which
can be generated in this way, one for each column (some of them may be equal).
Consider one such T  and let the defining a-cycles of T be 77", r"; they are not
necessarily proper cycles.

We obtain 7' from 77 by adding (modulo a) a Koo . say, to each
entry of 77, then cyclically rotating the entries until the first entry is 0. We obtain
from r in a similar way: the rotation index is " T, say. The rotation indices "

and " are not necessarily equal. We denote 7' by "1 and by cyc(r,"!

Given an a-cycle &, define its A&O to be the set

U I /aASA<,, K,

Lemma 5.4.5 & & ) ;& A&E & A&

Proof. From the definition of [p], we have that & is obtained from & by adding
a rotation index "& to each entry of &, and then cycling the entries until the
first entry is o; that is, & = eye & "&' Now define the rotation index "&, as

"& $ ) "& One can easily check that & "&!$ & O
Lemma 5.4.6 K <
K : s " K {7 Tooe
Proof. ‘If’is trivial. ‘Only if’: suppose K M ! with " Since
then r S0 = # for some # and hence #
since it merely means adding the same integer to each entry and rotating. O

This means that each knot obtainable by pairing a cycle of [i7] with a cycle of
[r] is also presentable by pairing a cycle of [i7] with r itself.

The next step is to check that we can still assume that the defining cycles are
proper. Given a cycle p, define its ) as the union of classes A&fJ A&O

Lemma 5.4.7 & & ) ) [P mrRO> [p]

<8>



Proof. We claim that for each x, there exists y such that cyc(p, x) = eye(p,y).
For if we write p = (ft), Pu ,P2 eee, Pa- , ft*-i), then

eye(p,x) = (,pi+i-pi, Pi-i-Pi)
=eye(p,m = (,a- (p - ft), ..., a- (ft.! - ft))
O, x pili+Pri ..., Q P TPri
where pi + x = mod a, while
'S A 0! KIET 3
R I3 S .0 9 , a-I1%+y, a- Tr9y

where y = pt mod a.
Then we deduce that for some x, vy,

! ‘o] = P1S eye.!

S7 ?7S I3

D pri= 1 vy
N
Proposition 5.4.8 Teip, r e% "% 9, #! " $ ""1c1m
{(WjT) : TGIplU[], r G[rJUIr]}. 1 % " & (@

& & ,-),r) 0"l 1G[]JU[] and " proper.

Pproof. Writeif = ( ",r"), with "¢ [JU[ ], r" e [r] U[rj. There are four cases
to consider.

1. "G[] r e [r] lemma 5.4.6, = ("™r)forsome "c [] If "is
proper then we have no more to prove. If "is not proper then = ( ", r);
t is proper by proposition 5.4.4, and rf G[ ] by lemma 5.4.7.

2. "o [] t1 [r]. Inthis case Pc [r]; write - t'). By lemma 5.4.6,
K = ("r)forsome " [] If "isproper then there is no more to prove.
If " is not proper write — ( ", r), with ' proper by proposition 5.4.4,
and "¢ []bylemma5.4.7.

3. @3 [] t'c[t] Inthiscase ) []; write S By lemma 5.4.6,
K = ("r)forsomerc [] If "is proper then there is no more to prove;
else write = with " proper by proposition 5.4.4, and "¢ [ ] by
lemma 5.4.7.

<8@
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bi-class; that is, for each bi-class we choose a proper element of the bi-class to

represent it in Then proposition 5.4.8 can be interpreted as saying that

w {(71, W K 6
K w{?r): 1w 5Ca}.

This is performed as follows: once a complete a-cycle %has been successfully
generated, it is first added to the list d Then we use a function isnewperm to
systematically check for the presence in of the cycles eye % % and their
reflections as % passes through the values A ,,, - 1. Ifsuch a cycle is found
then isnewperm returns the negative: the bi-class is already represented in
Otherwise %is the first element of its bi-class to be generated, and it is added to

the list

5.5 More sieves on the list of diagrams

We will now cover details of other sieves used in our computations.

5.5.1 The transpose of an arc-diagram

By this point, the sieves described in section 5.4 have been employed to produce
the lists  and of a-cycles. A grid diagram composed of 7 w rw
has arcs, and so represents a knot  of arc index at most a.

We now begin to compile the list of such diagrams G; they are stored in an
array denoted » \We examine each possible pair of a-cycles in turn. The following
definition and propositions help us to detect reducibility of some diagrams.

Suppose %is an a-cycle. Let the + ! of % denoted rev p, be given by
reversing the entries entries of % and cycling so that the first entry is o: so
% 7 = (rev 1 example, if %s$ (0, 2, 5, 3, 1, 4) then rev %=
O, 4, 1, 3, 5 2).

Proposition 55.1 " —@,r). 1 (revr,rev ) #' % ! "

& , Let be the diagram of  obtained from the cycle-pair (7,r). We
assume that it lies in the plane 2 = 0 in *3 and is viewed from the positive end

of the z-axis. Recall that the arcs lie parallel to the 7/-axis, and the semi-loops
parallel to the x-axis.

<8?



Let G ¢ be the ‘transpose’ of obtained by rotating the plane z = 0 through
180° about the line x + y = 0 = z, and reversing the orientation. It is a fairly
easy exercise to check that if this diagram is given by ( ', t*) then, traversing the
knot from the same starting point, the order of the planes encountered in
is the opposite to the order of the points encountered when traversing
t' —rev . By asimilar observation, "= revr. O

It should be noted at this point that given a pair of o-cycles ,r, the knots
(.- C,revr), (r, )

may be inequivalent knots. For example consider = ( , 4, ,5 7, , 3, ),
r=(, 2,5 3 7, 1 4, ), andhencerevr = (0, ,4, 1 7, 3,5 2). Then
these cycle-pairs represent the knots 2, 3i and U\ respectively, as seen in figure

5.4.

We can define a natural total ordering on the set of at-cycles, by a lexographical
method. Given two a-cycles plt p2, we write pi > p if there exists an m such
that

PIO) = p (0) for < T
6 37%& 9

For example, it is easy to see that (0, 3, 5, 1, 4, 2) > (0, 3, 1, 5, 2, 4).

The following lemma allows us to deduce proposition 5.5.3. This gives us
another simple sieve, which is discussed in the opening paragraph of subsection

5.5.11.

@,@,8 1 "% "= 1= + 1 ) S 9 ,¢ % " &F
&(II II+ 1 n !
rev %= rev % .

& , Write % = (pO0, 2 jj)3 9, 9 )- Then by definition,
rev p = (PO Pa—H Pa—2) oo> P2> Pi 3
3 rev p = (Poi Q Pa— m™—pa—2, .., a-p2 a-pi 3
=> rev(revp) — (po, 4 Pi o-p2 ..., a-pQ2 «-Pa:1 3
Now note that p= (p0, «x—Pu - p2, ..., 0-p Q2 a- pQ ). O

15This is so-called because the matrices M and M T corresponding to G and GT are mutually
transpose.
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Proposition 5.5.3 if <

if R{(m,r) : "R R rev mR[+\,
>if R{(7,r) : 7R t R[+E < revi}.

& , Ifif is written .77r) with [ rev Nthen no work needs to be done. So
suppose that if is written as the pair .77 r) with r > rev 77. We need to find an
explicit pair rj,  such that (7', r") = if, 7" Gwe r' Gwe and r;: rev '

By proposition 5.5.1, we know that $ (rev r, rev 77). It may be that
rev We consider two distinct cases.
1 rR+E 5 7S r, 1S mand - S (1,]). (
revn<r revn<rev(revr)' 7 revi’,
as required.

2. reve & We replace rev r by its reflectionrev r; so # = revr, ¢ = revn
and if = # 1) Now notice that r < r because r is proper. Therefore,
we have

revm7 $ revn<r H2revnm<rev(revr) & t' < rev .

5.5.11 Further discussion of the pseudocode

11 @,0=" 7703 Gk + 7 I
S A t) S. 7 R i | 7, G [+E
! 773 [ 1,
G'c+ $
IS
7 13d[+E
N 5{7g¢g 70 . N\
7 5 I
G7G dN $ 11

<=A



! ! (1) %? t %

First, the loop looks for ways of reducing the number of arcs in the diagram.
Recall that two arcs of a knot which are joined by a point of the binding circle
arecalled '! ("+ | and two arcs which lie on half-planes 1 17with z—7 5

mod arecalled 7 "

A function canbeignored takes each pair of consecutive arcs in the diagram
and judges whether type Il moves can be applied to arrange the arcs to be
adjacent: if so an arc-reducing type IV move can be applied, and the knot has
arc index strictly less than a. If such a reduction is discovered then the pair
is discarded and the next pair is called. This is evident in lines 16-27 of the
pseudocode.

Note that the procedure is performed twice: we can attempt to apply type |
moves in order to find a diagram which allows a type Il move. In fact, we do
this by applying the function $ to the pair (rev r,rev % This is
seen in lines 28-39 of the pseudocode.

If a pair ( ,r) does not fall through this sieve then it is stored in an array
Q. For each %E when the pairs {( ,r) :r E 6 have been checked by
canbeignored, a procedure findduplicates applies type Il moves to the dia-
gram ( searching for pairs ( ,r"), ( , which represent the same knot. It
takes r' and applies type Il moves, updating r' as it goes; then if r' = r at any
point, one of the representative pairs is deleted, for only one is needed. This is
shown in lines 44-52.

The result is a list of pairs of cycles ( ,r). A final sieve compares knots
(r), (' r) by applying type I moves and updating ', deleting one of the
pairs if = ". In practical terms this is done by compiling a second list QT =
{(rev r,rev ) :( ,r) EQ}, and applying $ to that list (lines 59-
71). The resulting list of pairs of cycles ( ,r) is no bigger than before, and will
usually be considerably smaller.

) procedure takes a pair of cycles, and generates a braidword in
the braid group

B7 0 R YO m Srl
W j (TjGi, YOm 780

which closes to the knot kK = ( ,r). By proposition 2.5.1, we can assume that
the number of braidstrings is bounded above by .a. The method for obtaining a
braid presentation from an arc presentation is described in section . , and also

<=<<
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deduce that both the Conway and Kinoshita-Teresaka knots have arc index 11
(see corollary 5.8.4).

The classification is included below: complete for < 9, partial for $ 10.
The key to reading the tables is as follows. The integers represent the coefficients,
and are bracketed into like powers of z. The least powers of are indicated in
small numbers before each bracket. For example,

8 020 —1)(1210)=u2((U2— %!+ z2(l + 2 2+ ud)) .

Knots are sorted first into groups of like arc index, so knots appear in exactly one
set[ !  Within these sets, the polynomials are ordered, first by the breadth of
the polynomial ( the difference between least and greatest powers of u), then
in order of coefficients themselves, starting with the least, in lexicographic order.
Since we are working up to mirror image, and we know K 1)

the polynomials have been listed so that powers of are positively biased. The
notation for the knots themselves comes from Thistlethwaite’s listing [Th4], and
the Rolfsen [Ro] notation is also given where applicable.

Remark. Table 5.3 contains Kk ! for all K with k! < 10. Some of the
polynomials also appear in tables 5.1 and 5.2. The knots indicated in brackets in
table 5.3 are known to have arc index 10: however, they are not necessarily the
only knots of arc index 10 to have the given polynomial.

5.8 Comments

We can make the following observations.
Corollary 5.8.1 v-K 0< = ; Ki =8, ; K )=10. O
Corollary 5.8.2 v-K 0< =; K )=19, ; K s 11

Proof. By corollary 2.5.8, we have K ) <11 for all these knots. Since for each
Ll n°f listed in tables 5.1, 5.2 or 5.3 then we deduce «K! , (1. O

Corollary 5.8.3 K$ 52 *k =10136. ; =
K 1'$ Kv !

78#KI= 77N9 = K !
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< 6; 0 [Th4]

2 (2 - 1)(10) 3.1

2 (1 - 11)0 - 10) 4.1

4 (3 —2)(4 -1)(10) 5.2

2 (11 - 1)1 10) 5.1

6 (5 - 51)(10 —50)(6 - 10)(1 00) 8.21

-2 (-2 5 —2)(—14 - 1)(0 10) 3.1#3.1

-2 (-1 3 —1)(—13 -1)(0 10) 6.1

0 (-1 4 —2)(—14 -1)(0 10) 8.19

22 (2 -3 2)(1 -4 1)0 - 10) 9.45

0 (2 -2 1)1 -3 1)(0 - 10) 6.2

2 (3—31)(2 - 31)0 - 10) 8.20

4 (4 —4 1)(4 —20)(1 00) 3.1#3.1

8 (7 —82)(21 - 14 1)(21 -7 0) 10.144

(8 - 10)(1 00)

2 (10-1 1)(0 - 1 - 10) 6.3

0 (2-1-1 1)(0 -1 - 10) 9.46
o</ : D 4
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8 .0=<A07?73.0C 8B 0 <= 3.0B8 0 ?A3

.0<D 0 <A3 A<AA3
8 .0=<A0?3.0?7 8 0 << 3.0 <D 0 BA3
.0<?0<A3. A<AA3
> 0= <80 <A83.0?78D 0 <@ 3.0@ 8= 0 ?A3
.0<D 0 <A3. A<AA3
08 .08 8> K=3. k@B 0 =3.A==A3
08 .08 8>0 =3.88C 0 >33A<B 0 <3 AA<A3
08 .08 =80 83.kD8 0 83.0 B<A3.A<AAS
08 .08 =8 K83.K-8>> 0 83.A 88 A3
08 .08 >A 0 <3. D 08 A3 KKk@ 0 <A3.A<AA3
08 .08 >A 0 <3.08 @ < K<3.A8<A3 .A=@3

08 .08 @ 0 8A3.KC 0 8 0 <3.0< BAA3.A<AA3

A 08 @0 <0 <3K<AO0<0 <3.0<BAA3A<AAS
A 08 @0 <0<3KCO08A3.0 @ 0 <A3A<AA3
A 08 @ 0 <0 <3.X8B< 0 <3A8<A3
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08
08

WO B>

08

-+ 4

08?20 >AK<@ 0? <3.K<=0@A3

.0<B 0 <A3LA<ANA

.08 D0B<3.KB<C 0 <A<3.KB<? 0 BA3

0<? 0 <ALA<ANM

08 C0 ?<3K8& 0 <<B3.K<D 0 BA3

0<? 0 <ALA<ANM
0 =3.K< 0 <<A 0 >G5AAB 0 <3LAA<A3

K83.KB=> KB83.A88A3
= K83.K<8=10 <38.A<<A3

A

0< A@ K=3.K<<B KB83.A<8A3
<=
<

.0<8 <0 3.0=BA 0 <3.0< QAAZLA<ANA
.0< 8< 0<3.0< 88 0<3.A <<AM
0< 88 K8lL.K<==0 <3.A<<A3
0< =0 <AKB>A 0 BLAB<A3
0<=A0 3.0=?A0 <3.0< QAA3.A<AA3

08 B0 <A3.0 >0 <A3.A<AA}
0=?0> A3.0 @ 0 <A3.LA<ANM

0 3.
= 3.

0<>0<0 <3.KBC 0 8A3.0 @0 <AL A<ANM
@ 3.

0B <D0 <A<3.KE<? 0 BA3
0<? 0 <ALA<ANM

0<?0B<3.KB8A 0 «< 3.0><D0BA3

0<? 0 <ALA<ANM

0<C0C83.K8 (0 <@ <3.A88 0 ?A3

AD 0 <ALA<AA

A08B0=3.0 08<A0>G5AAB0 <3.AA<A3
A0 <> KB83L.K<A(@ KB83.A<8A3

.A0<@ 0 =3.0 <B KB8LA<8A3
AA8 0 <3.0< <80 LA<<A
AA=08.< 0 <=AA0<AAM
A<AA3D << 0 QA<M

.b 0 <3.0<88 0 3.A<<A

A8 08 <3.0< 80 8ALA<AN

AB8A 0 <3.0<B 0 <A3.0 >0 <ALA<ANM
AB8A D 3<8<AM

A=08A K<< 0 B<3.KK <80 @0A3

.0<B 0< ALA<ANM

AQ 00 <3.KE<? 0 <A<3.K><? 0 BA3

0<? 0 <AL A<ANAM

< 0> ? Ka3A 00 <« KS3A 0 <B 0 <3AA<A

0= . 3
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Vki{v,z)
< 08=0<3A08=0 <3.AA<A3
< 08=0<3<0=8A3.A0<AA
< K8> KB83.A 0 <> 0 <3.AA<A

K8> KB83.= K @A.< K@<ALA 0 <ANM
. 0 0 0 3
< K<8 K<3.0< 8AA3.0 =0 <ALA<AA3
< K<8 K3 A D <=0 <3LAAA

K 0 K 0 3
< K<<= K8L.<A> 0 <3 AA<A
Lo 0 0 3
<A K<<3A<(0 @8LA<0><3AA0 <A3
Lo 0 0 3
<A K<< A =3.AA 0 @<3.AA 0 <A3

0 0 0 0 3
K 3
<A< KL=0==A3< 0 ><A3.A 0 <AA3
K=83.AA 0 ><3.AA 0 <A3
<< K=83.A8 =3.A< 0 @<3.AA 0 <A3
(11 —32)(1 -1-52)0 -1-2 0)
(11 —21)(—24 -3 0)(-1 4 - 10)(0 10 0)
(11 —21)( -1-2 1)(0 -1 -10)
(11 —21)11-63)(00 -5 1)(00 - 10)
(11 -10)(-28 - 51)(—4 11 - 50)
(-16 - 10)(0 10 0)

(11-1 0)(20 - 11)(0 - 1 - 10)
(12 -5 3)(11- 104)(00 -6 1)(00 - 10)
(12 —42)(03 -8 3)(01 -51)00 - 10)
(12 -4 2)(12 -9 4)(00 -6 1)(00 - 10)
(12 —31)(12-3 1)(00 -1 0)

(12 -3 1)(2 - 100)(1 - 310)(0 - 100)
(13 -5 2)(23 -9 4)(00 -6 1)(00 - 10)
(13 -4 1)(25 -3 0)(1 200)

(14 —51)(67 —50)(55 - 10)(1 10 0)
(15 —72)(313 -9 0)(4 10 -2 0)(1 20 0)

(2 -3 3 - 1)(1 —320)(0 - 100)

(2 - 201)(1 -3 -2 1)(0 -1 -10)

(2 —201)(2 - 610)(1L - 410)0 - 100)
(2 - 201)(3 - 701)(1 - 500)(0 - 100)
(2—210)2 - 401)(0 - 2 - 10)

(2 —22 - 1)(2 —220)(0 - 100)

e= .3

<>8

L*

(sil)

(10166)

(10133)

(815)

(84)
(10i59)






#l
#/
#/

#1
#1/
#/
#/
#/
#/
#/

#0

#0
#0

#0
#0

#0
#0

#0
#0

#0

#0

50 6'#0 5 & '# 5 :66'#6 5 6 6
50 5 #F 5 1/6'# 5 0 6'#6 5 6 6
50 5 #6 5 0& K '# 5 ::6

# 5F ©6'#6 5 6 6'

5/ K # 5: K '#6 5 5 6'

5/ 6 '# 505 '#6 5 5 6

5/6 '#/ 5: K '#6 5 5 6

5 5 '#0 5 5 '# 5 5 6

5 5 '#*F 5 F6 '# 5 066'#6 5 66
5 5 '#& 5 5 6'#:.6606'# 666

5 K #F 5 K/ 6'#6 5 5 6

#1 6 6 6'# 6 6 6'

5 61 K'#6 5 0/ 5 '# 5 F 6'
# 51 6'#6 5 6 6'
I05 '#F 5 OF6'# 5 6 6'#6 5 6 6
105 '#6 5 5 '#: 5 F 6'
# 51 6'#6 5 6 6'
5 F/ 5 '#& 5 :6'# 5 & 6'#6 5 6 6
5 F/ 5 #6 5 :& 5 '#: 5 ::6

# 5F ©6'#6 5 6 6

'#O 5 6 '# 5 :66'#6 5 6 6'
6'#6 5 :1 5 '#:. 5 . :6'

(204

# 5F ©6'#6 5 6 6

50 6 #F 5 16 # 5 066'#6 5 6 6
KO 6'# 5 05 '#6 5 06’

# 5: 6'#6 5 6 6
5 5 '#1 5: 5 6'#6 5 5 6

#1 6 6 6'# 6 6 6'

5 50 '#& 5 :5 6 '#0 5 0 5 :6

#0 5 5 6'#6666# 666
5& 05 '#6 5 :F6'# 5 6 6'#6 5 6 6

5 &05 # 5 & 65 '#:. 5 F:6

# 5F ©6'#6 5 6 6

51 /5 '#: 5 && 5 # 5 F:6

# 5F ©6'#6 5 6 6'

5 F 6'#/ 5 0: 5 '#6 5 0 6

# 5 6'#6 5 6 6

0=/ . 3
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#6 0/
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<8

<8
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+ 4

B0O@O0<<3<D0?0=A38A0810<A3

DAAALAANM

2?20 <B0<3<=08<80<3?208?A3

< 0D<A3A 0 <AA

20 <A0 K<3.<? 088 <A 0 <3.<< 0 <DBA3

80 ?2<AA 0 <AA

.? KC=A3.<B 08A D 0 <3.<< 0 <?BA3

.80?7< A3LA 0 <AA3

20 ?7A<3.8< 0 <>AALB 0 ?AA3

D0 <AAL<AANM

D0 <=7 K3.<8 08= << K<3.B 0 <DBA3

<0 ?7<AA0<AA

D0 <8B K<3.<? 08= <A 0 <38.<< 0 <DBA3

80 7?<A3A0<AA

DODAL==0<?00<3.080<<20@A3

=0 08 0 <A3.<AAAA3<AANM

.LC0<>?70 <3<D 08B <«< 0 <3.<< 0 <CBA3

80 ?2<AA0<AA

.C0 <=B K<3.8D 0=< «< KXx3.88B 08> BA3

LCO0D<A< 0 <AAM

<A 0 <@?0 <3.80 0 8@ BA3.88 0 <=<A3

.D 08 AAAAAS

<A 0 <@?0 <3.8D 0=8 << K<3.88B 08> BA3

.C0D< A3.< 0 <A

<< 0 <?D 0 <3.8C 0 =@ <8 0 <3.8B 0 8@ B A3

.C0D< A< 0 <AA3

<8 0 <DD 0 <3.>= 0 >8CA3.6D 0 ==8 A3

=B 0 <AAASA 0 <AMAAN

<> 08C0 <3.7A 0 PA<@ A3.<== 0 D>?A3

<8< 0 >0 <A3.00 0 <<AA3.<B 0 <AA<AANAS

<0 0 8=<A 0 <3.?2A 0 < <@ A3.<== 0 D>?A3

<8< 0 >0 <A3.00 0 <<AA3.<8 0 <AA3AAA3

<C 0=< <@ KB83.<<@) 0 <=A =@ 0 <3.87C 08<< 8D A3

.==C 0 <B@ C A3.88< 0 BB <A3.?D 0 <=A A3
<> 0 <AAAANA]

o=/ . 3
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spriwK vz vr VK-vz (K [Ro])
5 4 (1 -23 —21)(0 - 22 —20)(00100) (4i#4,)
(1 - 26 - 84)(0 - 410 - 15 4)
0 - 16 - 71)(001 - 10)

-4 (1L -11-11)0 - 21 - 20)(00100) (812)
-4 (1 -11-11)00 -3 00)(0O1 -310)

(00 - 100
-4 (1 -12 -32)0 -10 - 41)000 - 10)
-2 (L -12-21)0 - 22 -20)(00100) (10137)
-4 (10 101)0 - 1-2 -10) (83)
-4 (100 -22)0 -1-1-41)000 - 10)
-2 (100 - 11)0 -1-1-10 (81)
-2 (101 -32)(0 - 10 -41)000 - 10
-4 (11-311)01 -7 10)(01 -4 10)(00 - 100
-2 (11-201)01 -6 10)(01 -4 10)(00 - 100
0 (11 1 - 11)00 -1 - 10
0 (110 -32)000 -4 1)(000 - 10)
-4 (2 -4 5 -4 2)(1 -8 10 -8 1)

(0 - 512 - 50)(0 - 16 - 10)(00 10 0)

4 (2 -32-11)(1 -40-10)0 - 1000)
4 (2 -33 —32)(1 -6 5 - 6 1)
(0 - 48 -40)0 - 15 - 10)(00100)

2 (2 -3 3 —21)(1 -6 5-30)(0 -24 - 10) (10i3s)
(0010 0)

4 (2 -2001)(1 -4 -1-10)0 - 1000)

4 (2 -21-22)0 -30 - 30)(00100)

2 (2 -21-11)0 -31-20)00100)

2 (2 -21-11)(1 -40 - 10)(0 - 1000)

0 (2 -22-21)0 -22 - 20)00100)

0 (2 -22-21)(@ -55-30)0 -24 - 10)
(0010 0)

4 (2 -1-1-12)0 -3 -1-30)(00100)

2 (2 -1-101)0 -2 -2 -10)

0 (2 -10-11)(1 -30 - 10)(0 - 1000)

2 (20 -1-11)(10 -1 - 10)

@,=/ .3
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08

08

0>

08

v

1)

1)

0

w > A >

Vv

0 <<3.8 0 D=0 8A3.A 0 ==10 <A3
AA<AAS
K8<3.8 0 DB 0 =A3.A 0 => 0 <A3
AA<AAS
A<3< 0@ 0 <0 <A3.A 0 <AAA3
0 <<3.< 0 >A 0 <A3.A 0 <AAAM
<<3.8 0 =A 0 <A3.A 0 <AAA3
0 8<3.> 0 <@ <A 0 >A3.< 0? B 0 <A3
A0 <<AA3
0 8<3> 0 <>D 0 =A3.< 0 ?2@ 0 <A3
A 0 <<AA3
K8 <3> 0 <=D 0 =A3.< 0? @ 0 <A3
A0 <<AA3
0 8<3.= 0D B 0 =A3.A 0 => 0 <A3
AA<AAS
K8 <3.6 0 <BC 0= A3.< 0D @ 0 < A3
A0 <<AA3
K8<3.0 0 <=D 0 =A3.< -7 @ 0 <A3
A0 <<AA
0 8<3.D 0 <>D 0 =A3.8 0 7@ 0 < A3
A0 <<AA3
0=/ .3

<>?
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L)
k0
%%- 5 b
& (( u<,
11 0 I
1 +E
- 7 3\ 1 k0 1
& k3 4 !
1 1 1
$ 3
$ $ !
! $ 1 $
3«
71
[ +E7 8
$ =
Ca (5
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. ?? +7 " >

7 IS {T R 71 . /)
7 /IS 9
G?R oN $B
/1S 21
[ $ ..1 33 % $ . 7 371
V7 33] K8 [ ? R N G2
/S < $
[ $ ! >7
+ 1 $G |
[ " ! 7
[ ! >G |
8 3 2 7 $ <AA D
[ ! 7
+ | G I
[ > $ ! 7
+ | >G |
8 3 2 7 $ <AAD
1 U 6
< $
+ ! Y | ! 7
+ | G I
+ | > | 7
+ | > GV
8 + 2 I 7 $ <AAA
+ ! " ! 7
+ | -G T
+ | s | | 7
+ | +>G |
8 - > 3 2 7 $ <AA C
11U\
= £U {(77,r)};

<AA 1 U 7Zvscm}

4Note that min(revT/, revr/) is necessarily proper.

5See proposition 5.5.3.

6Goes through elements of 3 O! in a well-defined order.

7Recall the type I-1VV moves of section 2.3.

8If two arcs are both consecutive and adjacent then an arc-reducing type IV move is
applicable.

9If two points are both consecutive and adjacent then an arc-reducing type Il move is
applicable.

<>C



Gv *= {(v,l) €Q :7 e
(T7,r) € $ A

<we can move arc a* to the right by a type move> $
<move Oj to the right by type move>;

<recalculate r>;
<we can move arc aT~ to the left by a type move>

Cmove .3to the left by type move>;
<recalculate r>;
(77,r) G Gr, then Gr, := Gr, ~ {(»/,n)};

1 U \
1 U \
1 U (77,7-)}
1 U p}
G := UnecJGh
GT == {(p, 7) : (rev 7, rev p) G £};
Gv 7)eaT:p= 77}
<each > $
(77,r) G $
5 < $

<we can move arc a{ to the right by a type move>
Cmove (ii to the right by type move>;

Recalculate r>;
<we can move arc aT~ to the left by a type move>

Cmove ZBto the left by type move>;
Crecalculate r>;
(T7,r) e = Q¥ - {(77,r)};
1 U \
1 U \
1 U 6
1 U (7,r) G G}
1 U Q%}
oT Ui elesaieg:,

<AGoes through elements of  in a well-defined order.
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