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Abstract

The aim of this thesis is to apply the methods of singularity theory to gain
results on the differential geometry of ‘geometric crosscaps’ (sometimes referred
to as Whitney Umbrellas). These are the surfaces parametrised by map germs
R?,0 — R3, 0 that are in the A-orbit of the function with normal form (z, 2y, y°).

The first chapter contains background material from singularity theory and
differential geometry.

In Chapter 2 we consider differential topological aspects of the crosscap. We
determine the tangent cone to the crosscap and the module of vector fields tangent
to the Whitney Umbrella, the variety with equation v? — u*w = 0.

In the third chapter we determine a parametrisation of the family of geometric
crosscaps. We are then in a position to study their differential geometry by
composing the parametrisation with families of mappings on the ambient space
R3. Chapters 4 and 5 are concerned with the flat geometry of the crosscap, that
1S those geometrical characteristics that can be measured by contact with lines
and planes. In Chapter 4 we measure contact with planes by considering height
functions on the crosscap. We obtain results on the dual of the crosscap and its
parabolic set. In Chapter 5 we consider projections of the crosscap and give a
partial result on the asymptotic curves of the crosscap.

In Chapters 6 and 7 we investigate the singularities of the family of distance
squared functions. This measures contact with spheres, and yields information
on the focal set of the crosscap.

Finally in Chapter 8 we present a different approach to studying the geome-
try of the crosscap. We classify functions on R? up to R(X)-equivalence, where
R(X) is the group of diffeomorphisms on R3 which preserve the Whitney Um-
brella. Similarly we classify map germs R*,0 — R?,0 up to R(X)-L-equivalence.
Analysing the geometry of these germs corroborates results obtained in previous

chapters and gives information on the geometry of the double point set of the
crosscap and how it interacts with the surface.



Acknowledgements

I would like to thank my supervisor Bill Bruce for his excellent supervision and
encouragement during the preparation of this thesis and for suggesting the prob-
lem investigated, which I have found extremely interesting.

Thanks are due to Richard Morris for helping me with his Liverpool Surfaces
package, Neil Kirk for aiding me with his Transversal package, Farid Tari for
several helpful mathematical conversations and Wendy Hawes for supplying the
bifurcation diagrams in Chapter 5.

Many thanks to the friends I have made in Liverpool who have made my
time here memorable and fun. These include the tutors at Carnatic Halls and
members of the Postgrad Club, the Metropolitan Cathedral Cantata Choir and

the Pure Mathematics Department. In particular I would like to thank Anne,
Ngaire, Tracy and Gordon for their moral support.

[ am grateful to Mum, Dad, Christine and the rest of my family for their
support and faith in me throughout my studies.

Finally I wish to acknowledge the EPSRC (formerly SERC) for financial sup-
port.




To Mum, Dad and Christine.



Contents

Prologue: the Crosscap

1 Background Results from Singularity Theory

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9

2.1 The Tangent Cone at the Crosscap Point

2.2 The Vector Fields Tangent to the Crosscap

The Mather Groups

Tangent Spaces

-----------------------------

Transversality

llllllllllllllllllllllllllllll

Finite Determinacy of Map Germs

IIIIIIIIIIIIIIIIII

Versal Unfoldings

llllllllllllllllllllllllllll

Discriminants and Bifurcation Sets

llllllllllllllllll

Complete Transversals

lllllllllllllllllllllllll

Simple Germs and Moduli

lllllllllllllllllllllll

Some Differential Geometry

2 Differential Topological Aspects of the Crosscap

3 The Parametrisation of the Crosscap

3.1 The Parametrisation

llllllllllllllllllllllllll

11
11

13
13

17
18
23

28



3.2 The Isotropy Subgroup. . . ... ... ... .. ... . ... ... 33

3.3 Geometrical Properties of the Family of Crosscaps ... ...... 34

3.4 'The Flat Geometry of the Crosscap. . . ... ... ......... 39

Height Functions on the Crosscap and the Dual of the Crosscap 45

4.1 Height Functions and Duals of Smooth Surfaces. . . .. ... ... 45
4.2 Height Functions on the Crosscap . . . . . .. ... ... ... ... 50
4.3 TheDualoftheCrosscap . ... ... ... 54
4.4 'The Local Structureofthe Dual . .................. 5O
4.5 The Global Structureofthe Dual . . . ... .. ... ... ... .. 62

Projections of the Crosscap and Asymptotic Curves on the Cross-

cap 70
5.1 Projections of Smooth SurfacestoPlanes . .. ... .. ... ... 70
5.2 ProjectionsoftheCrosscap . .. ... ... ... ... 71
5.3 Critical Values of the Projection Maps . . . ... .. .. ... ... 76
0.4 Binary Differential Equations . . ... ... ............. 82
5.0 Integral CurvesontheCrosscap. ... ... ... ... ...... 83
The Focal Set of the Crosscap 88
6.1 Focal Sets of Smooth Surfaces . . . . ... ... ... .. ...... 88
6.2 The Focal Set ofthe Crosscap . . . . . ... ... .. ... .. ... 90
6.3 The Limiting Principal Curvatures at the Crosscap Point . . . .. 100

Non-versal Unfoldings of Functions and the Focal Set of the
Crosscap 105

7.1 Unfoldingsof Functions . ... .. ... .. ... .......... 105

11



7.2 The Algorithm . .. .. ... ... .. . ... .. 107

7.3 The Focal Set of the Crosscap . . . . ... .. ... ... . ..... 115
8 Functions on the Crosscap 126
8.1 Vector Fieldson Varieties . . ... ... ... ... ... ... 126
8.2 R(X)-triviality and Complete Transversals . ... ... ... ... 130
8.3 Classifying Functions on the Crosscap . . ... .. ... ... ... 135
8.4 The Geometry of the Functions on the Crosscap . ... ... ... 140
8.5 The Flat Geometry of the Crosscap. . . .. .. .. ... ..o . 147
86 Map GermsontheCrosscap. .. ... .. ..oy 149
8.7 Ideas for Further Work . . . . . . .. .. . . v oo 156
A Transversality Results for Chapters 6 and 8 158
A.1 Distance Squared Functions on the— CrossCap . « « « o o o o v o o s 158
A.2 FunctionsontheCrosscap . . . . v v v v v v v v v i v vt e e 163

B Maple Program Implementing the Algorithm of Chapter 7 166

References 170

11]



Prologue: the Crosscap

The Whitney Umbrella is the variety defined by the equation v? — u*w = 0. The
variety intersects the plane w = 0 in a repeated line, and the planes w — k =0
in pairs of lines v2 = ku? where k is a positive constant. If ¢ is a constant the
Whitney Umbrella intersects the planes u — ¢ = 0 in parabolas cw = v%. The
only part of the Whitney Umbrella that lies in the region w < 0 is the w-axis.

The variety is depicted above.

Let f: R2,0 — R3,0 be the map germ defined by f(z,y) = (z, zy,y*). The
image of f is the Whitney Umbrella without its ‘handle’ (the half line u = v =0,
w < 0). It can be shown that f is 2-A-determined (see [Mo]). The Jacobian

matrix of f is
(1 y O
Jf_(O T Qy)'

At the origin the rank of this matrix drops from two to one, and so f is a
singularity. The tangent space to the image of f at this point is thus the u-axis.
We define a crosscap to be the image of any germ g that is A-equivalent to f. We
say that g parametrises a crosscap. The crosscap point is the image under g of
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(0,0). We call the crosscap parametrised by f the standard crosscap. It is clear
that the image of the derivative at the origin of a germ parametrising a crosscap

1s always a line. We abuse terminology by calling this the tangent line to the
Crosscap.

Surfaces in R? can arise in various ways. They can be given implicitly, i.e.
they can be defined by a single equation ¢g(u,v,w) = 0 for some smooth function
g:R%0— R,0. The Whitney Umbrella is an example of such a surface. Sard’s
Theorem implies that the set ¢ € R for which the set g(u,v,w) = ¢ fails to
be a manifold has Lebesgue measure zero. Thus we expect ‘almost all’ surfaces
defined implicitly to be manifolds. In particular the Whitney Umbrella surface

1s not ‘generic’ in this sense.

Surfaces can also be defined explicitly, or parametrised by a smooth mapping
f : U — R3, where U is an open subset of R?. The crosscap arises in this way. In
this case, it is not true in general that such parametrisations will yield manifolds.
The surface can intersect itself, but this problem is relatively unimportant. A
more substantial problem is that such mappings may have crosscaps. Whitney
([Wh]) proved that the crosscap is stable (that is we cannot remove the crosscap
singularities by perturbing the map), and that a stable mapping ¥ : R? — R?
only admits local singularities of this type.

Consequently, when studying the differential geometry of surfaces in 3-space
there are good reasons for studying surfaces with crosscaps. It is this problem
that we concern ourselves with in this thesis.



Chapter 1

Background Results from
Singularity Theory

In this chapter, we review the results of singularity theory and differential geom-
etry that will be needed in this thesis. For further reference we recommend the

survey article of Wall [Wal], [GG], [Mar] for unfolding theory and [BduPW] for
determinacy results. Our notation is drawn from these references.

We denote by &, the R-algebra of smooth function germs R",0 — R and O,
the C-algebra of analytic function germs C",0 — C. Both £, and O, are local
rings with maximal ideal M,,, which consists of the germs f € £, (respectively
O,.) such that f(0) = 0. The set of map germs R",0 — R?” (respectively, C",0 —

CP?) is a free £,-module (respectively, O,~-module) and will be denoted &(n, p)
(respectively, O(n,p)). The manifolds R" and R? will be referred to as the source

and target of a map-germ R",0 — R?,0. Similarly in the complex case C" and
C? will be referred to as the source and target of a map-germ C",0 — C?, 0.

Now suppose that f € £(n,p)(or O(n,p)) is infinitely differentiable. If we
truncate the power series expansion of f at the origin by ignoring terms of degree
greater than k, we obtain the k-jet of f, denoted by j*f. The set of all k-jets

forms a vector space J*(n,p). Now if g € £,, it is not hard to show that
j*g=0& g e MEH,

Thus we can identify J*(n,p) with the product of p copies of &,/MFEt! (or
O(n,p)/ M+t - O(n, p)).



1.1 The Mather Groups

In [MatIII], Mather defined the equivalence relations R, L, A,C and K on
M,.E(n,p). These equivalence relations have since become standard. We define
R to be the group of germs of diffeomorphisms R",0 — R",0, £ to be the
group of germs of diffeomorphisms R?,0 — R?,0 and .A to be the direct product
A =R x L. These groups act on f € M,.E(n,p) in the following way:

h.f=foh,heR,
k.f=ko f,k€e L, and
(h,k).f = ko foh™, (hk) € A.

We often call R the group of smooth coordinate changes in the source, or the
right group, and £ the group of smooth coordinate changes in the target, or the
left group.

We define C to be the germs of diffeomorphisms R® x R?,0 — R" x R?,(
which project to the identity on R™ and preserve the subspace R" X {0}. Thus

H € C can be written in the form

H(z,y) = (2, H(z,7)),

where H : R® x R?,0 — R?,0 and H(z,0) = 0 for z € R" near zero. We define
an action of C on M,.E(n,p) by

(:L',H ' f(x)) — H(:C, f(x))! HelC, f¢€ Mn-g(n:p)-

The group C can be thought of as the group of germs of diffeomorphisms R?,0 —
RP?, 0 parametrised by z € R"*. Define h,(y) = H(z,y), for x near zero; h; is the
germ of a diffeomorphism. The previous formula can be written as

H - f(z) = hs(f(x)).

We define K to be the group of germs of diffeomorphisms R" x R?,0 —
R™ x R?,0 which can be written in the form

H(z,y) = (h(z), I?(:B, Y))

where h is a map-germ R™,0 — R™, 0 (necessarily a diffeomorphism), H a map-
germ R" x R?,0 — R?,0 such that H(z,0) = 0 for z € R" near zero. We can
define an action of X on M,.E(n,p) by

(z,H - f(z)) = H(k™ (), f(h(2))), HEK, feMn&(np)

4



The group K is often called the contact group.

The group C is a normal subgroup of X, and R, £ and A can be identified
with subgroups of K by identifying h € R, &’ € £ with the map-germs

(z,9) = (h(z),9), (z,9) ~ (z,}h(y)),

of £. With these identifications, we can see that K is the semi-direct product of
R and C, as C is a normal subgroup of K and each element of K can be written
uniquely in the form h o ¢ where h € R and c € C.

The equivalence relations .4, C, K (‘contact equivalence’), £ (‘left equivalence’)
and R (‘right equivalence’) are defined by the actions of the corresponding groups.
In other words if G is a subgroup of K, then two germs are G-equivalent if they
lie in the same G orbit.

1.2 Tangent Spaces

One of the aims of singularity theory is to classify map germs up to G-equivalence,
where G is some subgroup of K. This amounts to finding representatives f of the
different G orbits. The study of these orbits has been based on an analogy between

U acting on the map germs, and a Lie group acting on a manifold. The analogue
of the Lie group is G, which acts on £(n,p) (or O(n,p)) and J*(n,p); now we
need to define our tangent spaces.

We define the ‘tangent space’, 0y, to £(n,p) at f to be the £,-module of germs

of smooth vector fields along f. So £ € 0 if € : R",0 — T(R?) and 1, 0 € = f,
where 7, : T(R?) — RP? is the natural projection from the tangent bundle T'(RP?)

of R?, to R?. We define 6, = 6,,,, 6, = 01, where 1p» and 1p, denote the
(germs at 0 of the) identity maps on R"®, R?, respectively.

We define the £,-homomorphism

tf:gn —— ﬁf
¢ = dfog

and the £y-homomorphism (via f*: & — &, a— ao f for a € £,))

’th:QP — Bf
Y = Yol
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The tangent spaces to the orbits of the standard Mather groups are then given
by

LR - f= tf(Mn-gn)s LL- f — wf(Mp'ep)a LC - f = f*(Mp)'gfi
LA-f=LR-f+LL-f, LK-f=LR-f+LC-f.
(Here we use the notation in [BduPW}; others use the notation T'(G - f)).

We need a way to calculate the tangent spaces in practice, so we make the
following observations. The tangent space 0, is a free £,-module of rank p, for if
(Y1y..., Y,) is a system of local coordinates on R?,0 then the vector fields

(6/aylj°fa--':(a/6yp)°f

along f form a free basis for ;. We can therefore identify §; with £(n,p) and
the above tangent spaces can be written as

IR-f = M,{0f/0x,,...,0f/0z,}
LL-f = f*(Mp)'{ela---:ep}
LC-f = f*(M,).E{e1y. .. €p}

where e,...,€, are the standard basis vectors of R? (considered as elements of

E(n,p)).

1.3 Transversality

Transversality is a central idea in singularity theory. In this section we give
the definition of transversality and state a version of the fundamental Thom
Transversality Lemma. For a detailed discussion we refer the reader to [GG],
from which the following definition is taken.

Definition 1.3.1 Let X and Y be smooth manifolds, and let f : X — Y be a
smooth mapping. Let W be a submanifold of Y and z a point in X. Then f

intersects W transversely at = (or is transverse to W at z) if either

f(z) €W,

or
f(z) €W and TynY =Ty W + dfa(ToX).
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If A is a subset of X, then f intersects W transversely on A if f intersects
W transversely at z for all z € A. We say that f intersects W transversely

if f intersects W transversely on X. If B € W we say that f intersects W
transversely on B if f intersects W transversely at z for all x for which f(z) € B.

Lemma 1.3.2 (Thom Transversality Lemma) Let X CR" and Y C R™ be
smooth manifolds and U be an open set in R’. Suppose that

G: XxU—R™

is a smooth map transverse to Y. Then for almost all a € U in the sense of
Lebesgue measure (i.e. for all a outside a set of measure zero) the maps

G,: X —R"

given by G,(X) = G(z,a) are transverse to Y.

Proof See [GG], page 54. U

1.4 Finite Determinacy of Map Germs

When classifying map germs, one of the key ideas of singularity theory has been

that they are frequently determined (up to G-equivalence, where G C K) by their
k-jets. We shall say that they are & — G-determined. More formally, we have

Definition 1.4.1 Let G be a subgroup of the contact group K. We shall say
that f € £(n,p) (or O(n,p)) is k —G-determined if f is G-equivalent to any other
map germ g € £(n,p) (or O(n,p)) such that j*f = j*g.

This notion is extremely useful, as in many situations once we know that a
map germ is k-determined for some k, we can replace the ambient space of map

germs M,,.£(n, p) with the finite dimensional vector space of k-jets J*(n, p).

The theorems in [BduPW] give excellent estimates for the determinacy degree
(the least k for which a map germ is k-determined) in terms of the tangent space
to the orbit of f.

The following Lemma is useful in reducing determinacy criteria to finite prob-
lems in linear algebra. We invoke it in Chapter 8.

7



Lemma 1.4.2 (Nakayama’s Lemma) Let R be a commutative ring, M an
ideal such that for x € M, 1 4+ = is a unit. Let C be an R-module, A and B
R-submodules of C with A finitely generated. If A Cc B + M.A then A C B.

Proof See [AM], page 21. D

In singularity theory applications, R is taken to be the ring £, (or O, in the
complex case), and M the maximal ideal M,,.

1.5 Versal Unfoldings

An s-parameter unfolding of a map-germ f; € M,,.E(n,p) is a map-germ
F:R"xR’,0 — RP xR0
(z,u) +— (f(z,u),u)

such that fo(z) = f(z,0). We often use the notation f,(z) = f(z,u). The map
f. can be thought of as a deformation of fy, parametrised smoothly by u € R®.

In what follows we will consider the case G = A . The definitions and results
for other subgroups of K are analogous.

Definition 1.5.1 Two unfoldings
F.G:R"xR’,0— R xR%0
of fy € £(n,p) are said to be isomorphic if there exist germs of diffeomorphisms

»:R"xR’,0 — R"x R0
Y:RP xR0 — RPxR’0,

which are s-parameter unfoldings of the identity maps on R" and R? respectively,
and G = 1o Fo¢™. So for small u, ¢y = 1gr», Vo = 1g» and ¢,, ¥, are germs
of diffeomorphisms of R™, RP respectively. Thus g, = ¥, © f, © ¢;* for small u
and g, is A-equivalent to f, via diffeomorphisms in the source and target which
are parametrised smoothly by u € R?.



Note that for u # 0 the germs f,, 9., 9., ¥, cannot be considered as germs
at 0 with target 0. The situation where the origin is not fixed is called A, -

equivalence. If we need to keep the origin fixed then the map-germs ¢, 1 must
satisfy in addition ¢(0,u) = 0 and %(0,u) = 0 for all small . The terms A.-
unfolding and A -unfolding are used to clarify which situation we are in. We then
need to define the A.-tangent space.

Definition 1.5.2 The A,-tangent space of fy € £(n,p) is defined by

LAE ’ fo — Sn.(afo/axl, “o o ,(?fo/c'?:rn) + €p.{61, ceoy Ep}.
We now define an equivalence relation on unfoldings of a map germ fo.

Definition 1.5.3 Given h : Rt, 0 — R?,0 we define the pull-back of F by h,
denoted h*F, to be the t-parameter unfolding

(R*F)(z,v) = (f(z, h(v)), v).

Let F and G be two s-parameter unfoldings of a map germ fy. Then F and G
are said to be equivalent if there exists a diffeomorphism A : R*,0 — R*,0 such
that G is isomorphic to A*F.

If H is now some t-parameter unfolding of f;, (so ¢ does not necessarily equal s),
we say H is induced from F if there exists a smooth map-germ h : R, 0 — R%,0

such that H is isomorphic to h*F.

Definition 1.5.4 We define the A-codimension of f, € E(n,p) by
A-codim(fp) = dimg (M,,.E(n,p)/LA - fo),
and the A, -codimension by

A.-codim(fy) = dimg (€(n,p)/LA. * fo)

If f € £(n,p) is a mapping of finite codimension, then f has a versal unfolding;
that is a family of deformations which contains all deformations of f.

Definition 1.5.5 Let F' be an unfolding of f; € £(n,p). Then F is versal if
every unfolding of f; can be induced from F.

9



We say that F' is trivial if it i1s isomorphic to the constant unfolding (in s
parameters), (z,u) — (fo(z), u).

The map germ f; is stable if all unfoldings of f, are trivial.

Now we state a fundamental theorem on unfoldings. Given an unfolding
F(z,u) = (f(z,u),u), the initial speeds, F; € £(n,p), of F are defined by

Fi(z) = 0f /0ui(z,0), for i=1,...,s.
Theorem 1.5.6 An s-parameter unfolding F of f; is versal if and only if

LA& ) fO +R'{F1a 0 o an} — g(n:p)

Proof For a proof of this and further discussion on unfoldings, see [Mar| and
[Wal). 0]

This theorem has the following useful corollaries.

Corollary 1.5.7 Suppose that A.-codim(fy) is finite and g1,...,9. € £(n,p)
form an R-spanning set for the complementary space to LA, - fo in € (n,p).

Defining the unfolding
c
Flo) = (1) + S ushu).
=1

we find that F; = g;. Then F(z,u) is a versal unfolding of f;.

Corollary 1.5.8 The map germ fy has a versal unfolding if and only if its A,-
codimension is finite.

Corollary 1.5.9 The map germ fj is stable if and only if A,-codim(f,) = 0.

Finally we state the following theorems, the proofs of which can be found in

[Mar]. If we define ¢ = A.-codim(f,), then the least number of parameters for
a versal unfolding of f; is ¢. We call a c-parameter unfolding of f, a miniversal
unfolding.

Theorem 1.5.10 All miniversal unfoldings of f, are equivalent.

10



1.6 Discriminants and Bifurcation Sets

We can associate to an unfolding its discriminant set and its bifurcation set. If

the unfolding arises naturally in a geometric situation, then its discriminant and
bifurcation set usually have some geometric significance.

Definition 1.6.1 Let

F:R"xR’,0 — R xR%0
(:II,’LL) — (f(.’D,‘lL),U) — (fu(:r),u)

be an s-parameter unfolding of the map germ f;. Then the critical set is the set

YF={ueR’: f, issingular at some point z € R"}.

The discriminant of F, denoted D(F), is the image of £F under F.

The bifurcation set of F is the set of points
B(F) ={ uweR*:f, isunstable at some point z € R" or

determines an unstable multigerm at some points z; - - -z, € R"}.

For geometrical applications, the following proposition is useful.

Proposition 1.6.2 Any two .A-versal unfoldings with the same number of pa-
rameters have diffeomorphic discriminants and bifurcation sets.

Proof See [Mar]. =

1.7 Complete Transversals

Let G be a subgroup of £. Complete transversals provide a useful tool for obtain-
ing the orbits when G acts on £(n,p). The method is due to Bruce and duPlessis
and is a generalisation of the work of Dimca and Gibson in the K case (see [DG]).
Our main reference for this section is [BduP}, but since this is as yet unpublished,
we review the relevant results. The proofs may be found in [Wi].

First we state a result due to Mather concerned with Lie group actions and
the calculation of orbits.

11



Lemma 1.7.1 (Mather Lemma) Let G be a Lie group which acts smoothly
on a finite dimensional manifold V. Let X be a connected submanifold of V.
Then X is contained in a single orbit of G if and only if

(i) foreachz € X, T, X C T,(G -z) = LG - z;

(i2) dim T,(G - x) remains constant for all z € X.

Proof See [MatlIV]. D

The following complete transversal theorem is a corollary to the Mather
Lemma.

Theorem 1.7.2 Let G be a Lie group acting smoothly on an affine space A, and
let W be a subspace of the underlying vector space V4 , with

LG-(z+w)=LG-x (1.1)
forallz € A and w € W. Then we have

(i) forallz € A

r+{LG-zNW}C G -zn{x+W};

(2) if z, € A and T is a vector subspace of W satisfying
WCT+LG-xg
then for any w € W there exist ¢ € G and ¢t € T such that
g-(zp+w)=1xy+t.

The vector subspace T is called a complete transversal.

Proof See (BduP|. O

A classification result now follows. The basic idea is to find a complete list
of k 4+ 1-jets with a given k-jet. We can then use an inductive process to classify
map germs, using a relevant determinacy theorem to tell us when to stop.

12



Let ¢ be a subgroup of K and G; be the normal subgroup of G consisting
of those germs whose k-jet is equal to the identity. The standard k-jet group is
defined to be the quotient group G/G; and is denoted J*G. This is a Lie group
which acts on the affine space J*(n,p); see [Matlll], section 7. Let H* denote
the image of Mg.£(n,p) in J*(n,p). So HF is the vector subspace of J*(n,p)
consisting of the homogeneous jets of degree k.

Corollary 1.7.3 Let G be one of the standard Mather groups R, L, A,C or K.
Then given f € M, .E(n,p), and T € H**! a vector subspace of H**! such that

Hk+1 C L(Jk+lgl) . jk+1f + T,

we have for every (k + 1)-jet j¥*'g with j*¢g = j*f that j**!g is in the same
J*1G, orbit as j¥t1f + ¢ for some t € T.

Proof See [BduP]. =

1.8 Simple Germs and Moduli

In any classification of map germs, the simple singularities are important. Often
when we classify map germs, we only consider the simple singularities. This

definition is due to Arnol’d, [AGV], page 184.

Definition 1.8.1 Let X be a manifold and G be a Lie group which acts on X.
The modality of a point £ € X under the action of G on X is the least number
m such that a sufficiently small neighbourhood of x may be covered by a finite
number of m-parameter families of orbits. The point z is said to be simple, if its
modality is 0, that is a sufliciently small neighbourhood intersects only a finite
number of orbits. If G is one of the Mather groups, then the G-modality of a
finitely determined map germ is defined to be the modality of a sufficient jet in

the jet space under the action of the jet group.

1.9 Some Differential Geometry

A surface X is a two-dimensional manifold. In what follows we shall consider
surfaces X embedded in R? (via a smooth embedding g : X — R3), but abuse
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notation by not distinguishing between X and g(X). In a neighbourhood V of a
point z of a surface X in R, there exists a parametrisation

o:U—-XNYV,

where ¢ is a diffeomorphism and U is an open set of R%. As usual we define
the tangent space to X at z to be the image of d¢,, where u € R? is such that

Au) = z.

One approach to studying the geometry of surfaces is to look at the properties
of curves that lie on the surface. We recall the following definition.

Definition 1.9.1 Suppose that the map a : R — R™ parametrises the curve C,
which is unit speed, i.e. ||o/(t)]| = 1 for all t € R. The vector T(t) = o'(t) is
called the unit tangent vector to C.

The curvature k(t) of C at the point a(t) is given by

k(t) = [T'@)Il.

Now in the case of plane curves, we can give the curvature a sign.

Definition 1.9.2 Let a : R — R? parametrise a unit speed plane curve C. Then
at a point a(t) € C we can define a unit normal vector N(t) by rotating the unit
tangent vector T'(t) anticlockwise through 3. Now since T'(¢) is a unit vector,
T'(t) is perpendicular to T(¢) for all t. Thus there is a real number «(t) such that

T'(t) = k(t)N(2).

We define the curvature of C at the point a(t) to be x(2).

For more details on the properties of plane and space curves, we refer the
reader to any of the standard texts on Differential Geometry, such as [O’N] or

L].

Now suppose that z is a smooth point of a surface X. If we intersect the
family of planes containing the normal direction to X at z with X, we obtain a

family of plane curves. We call these curves the sectional curves to X at z, and
their curvatures the sectional curvatures of X at =.
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Definition 1.9.3 Let ¢ : U — XNV be a parametrisation of a surface X, where

U and V are open sets of R? and R3 respectively. We can construct a unit normal
function N on U
O X O,

Pz X &yl
Then the coefficients of the first fundamental form are

E = q&m_émF — gba,.qﬁy and G = éy-q&y'}

and the coefficients of the second fundamental form are

N =

| = N.¢gzym = N.¢;, and n=N.g,.

Proposition 1.9.4 Suppose X and ¢ are as before, and that p is a point on X.
Let IV, be the normal to X at p and a = a,¢, + a;¢, be a vector in T, X. Then

the sectional curvature of the curve determined by the plane spanned by NV, and
a is
la? + 2ma,a, + na’

fn = Ea? +2Fa,ay + Ga}

Proof See [O’N]. D

The extreme values of the sectional curvatures at a point p € X are called
the principal curvatures. The corresponding directions are called the principal
directions.

Proposition 1.9.5 The principal curvatures are given by the roots of

(L) 5)

Proof See [O’N]. O

Definition 1.9.6 Let x;,k, be the principal curvatures at a point p € X. We
define the Gaussian curvature of X at p to be

K = KiKk»y.

Note that the signs of the principal curvatures depend on the choice of unit
normal to the surface; the sign of their product does not. A hyperbolic point is
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one at which the two principal curvatures have opposite signs, and hence « is

negative. At an elliplic point, k is positive, and the principal curvatures have
the same sign. At a parabolic point, at least one of the principal curvatures is
zero, so that k 1s zero. A special type of elliptic point is an umbilic, where all the

sectional curvatures are equal, and at a flat umbilic, the sectional curvatures are
all zero.

The Gaussian curvature is a smooth function on X. Thus in general we expect
parabolic points to lie on curves which separate elliptic and hyperbolic regions.

Gauss’s theorema egregium shows that the Gaussian curvature is an intrinsic
quantity associated to a surface, that is it depends only on the notion of distance
within the surface. For a more precise formulation and proof of this, see {O'N].

Definition 1.9.7 If a surface is parametrised by the map

¢5(:1:,y) = (:B,y,f(-’r,y)),

with f € M2, then it is said to be in Monge form.

Notice that at the origin,

f(OaO) = fa:(oa 0) = fy(oao) = 0.

Thus the tangent plane to the surface at the origin is the (z,y)-plane. The
function f measures the contact between the surface and its tangent plane. We
discuss this in more detail later on.

Definition 1.9.8 The centres of curvature above a point p € X are given by
p + (1/k;)N, where N is the unit normal at p. The inverses of the principal
curvatures, 1/, and 1/k, are called the principal radii of curvature. Note that
although N is defined only up to sign, the curvatures change sign with the normal.
If p is an umbilic, then there is only one centre of curvature above p. We define
the focal set of X to be the locus of the centres of curvature. The focal set has

two sheets; one corresponding to each centre of curvature.
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Chapter 2

Differential Topological Aspects of
the Crosscap

In this chapter we give some preliminary results on the crosscap and the Whitney
Umbrella. We determine an important invariant of the crosscap: its tangent
cone. The tangent cone turns out to have great significance when considering the

geometry of the crosscap. We also determine the module of vector fields that are
tangent to the Whitney Umbrella. This is used in Chapter 8 when we classify

function and map germs on the crosscap.

Before considering these features of the crosscap, we need the following re-

sult. Let X be the standard crosscap, given by the image of the germ f(z,y) =
(z,zy,y*). The image does not determine the parametrisation: it is clear that we
can make an arbitrary change of coordinates in the source and retain the same

image. The following result, the proof of which is due to J.W. Bruce, shows that
two map germs which parametrise the same crosscap are R-equivalent.

Proposition 2.0.1 Let g : C%0 — C3,0 be an immersion away from the
origin, with image set the standard crosscap parametrised by f : C2%,0 —
C%0, (z,y) — (z,zy,y%). Then g is R-equivalent to f. Moreover, the right-
equivalence preserves the double point set.

Proof It is enough to check that f and g are normalisations of X and hence
R-equivalent to any other normalisation (see {Gu], page 34). Alternatively, we
can use the fact that f is an immersion to see that there is a well defined map
from the complement of the double point set of f to that of ¢ which is a local
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diffeomorphism at each point. Using the fact that away from the pinch points we
have transversely intersecting sheets along the double point curve, we can extend
this map to the complement of the origins. By Hartog’s theorem (see [F], page
53) this extends to a smooth map between sources, which is invertible (we can
use the same construction to get the inverse map). D

2.1 The Tangent Cone at the Crosscap Point

In this section, K is always R or C. We define the difference between smooth and
singular points of an affine variety V. Since the Whitney Umbrella is a hyper-
surface, we restrict our attention to this case. Suppose that f is an irreducible
polynomial in n variables z;,-++,z,, and let V = V(< f >) C K". Let p be a
point on V. Then p is a smooth point of V' if and only if 8f/0z;(p) # 0 for some
i. Otherwise p is a singular point of V. If p is a smooth point of V, the tangent
space T,V is defined to be the kernel of df,. In general, in order to distinguish
a singular point of a variety from smooth points, we look at the dimension of
the tangent space at the point (for more details, see [Har] or [S]). However the
tangent space at a singular point does not tell us much about the local geometry
at that point. We define the tangent cone, a construction which gives us more
information about the local structure of a variety at a singular point.

Let X be an irreducible affine variety in n-dimensional affine space K", defined
by the ideal I, and let z € X. The tangent cone to X at z consists of a collection
of lines through z, which we define in a way which turns out to be equivalent
to the limiting position of secants in differential geometry. As such, the tangent
cone can be considered to be a refinement of the notion of tangent space.

Following Shafarevich ([S]), we make K" into a vector space by choosing
z = (0,--+,0) as the origin of coordinates. Now let

={(a,t):a e K"t e K},a.t € X} c K" = K" x K

and let ¢ : X —» K! and ¢ : X — K" be the natural projection maps. It is clear
that X is a closed subset of K™*!, and if X # K", it is reducible, and consists
of two components, X; and X,. The set X; is the closure of ¢~1(K!\(0)) in X
and X, = {(a,0);a € K"}. We denote by ¢; and 1, the restrictions of ¢ and
¥ to X;. If a line L is a secant of X that passes through z = (0,---,0), then
L = {at : t € K}, where a is a fixed point in K" and at’ € X for some t' € K.
Thus wl()?l) is the closure of the set of points on all secants of X that pass
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through z. Finally we define the set T, = 1);(¢;~"(0)) to be the tangent cone to
X at z.

Now if (a,0) € ¢7(0), then there exists a sequence ((a;,%;)) C X such that
lim; o a; = a, lim;_,,t; =0 . For each i, 9,(a;,;) = a; is a point on a secant of
X that passes through z. Thus ,((a,0)) = a is a point on a line that is a limit
of secants of X that pass through z. Conversely suppose that L is a line that is
a limit of secants of X that pass through z = (0,:--,0). Then

L ={at:t € K},
where a is a fixed point in K™ such that there exists a sequence (a;) C X for
which lim;_, . a; = 0 and .

lim —
oo |||

(falot) €%

Since X, is a closed set, (a,0) € X, and for any t # 0 € K,

. a;l “ai”) ¥
lim | +—, — ] = (at,0) € X;.
fim (a7 = (0 € %

So L is indeed contained in 9;(¢;~1(0)), the tangent cone to X at z.

— Q.

Thus for each ¢,

In fact this construction works for any set in K", but when the set is an affine
variety, we can derive the equations of the tangent cone. The equations defining
X are of the form f(at) = 0, where f € I. For each f € I write f as a sum of

its homogeneous parts, i.e. f = fi + fy41 + -+ + fm, where f; is a homogeneous
polynomial of degree j for k < 7 < m and fi # 0. Then we can write

fat) =" fi(a) + -+ + 1™ fm(a).

Since z = (0,-+-,0) € X, f(0) =0. Thus the equation defining X, ist=0. It is
clear that the equations of T, are the lowest degree terms of the polynomials in
I. Since T, 1s determined by homogeneous equations, it is a cone with vertex at
.

The tangent cone to the Whitney umbrella is thus the repeated plane given
by the equation v* = 0. We want to know what the tangent cone to any crosscap
point is. In the case of the standard crosscap, we have the following.
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Lemma 2.1.1 Let X be the standard crosscap parametrised by

f(z,y) = (z,zy,v%).

Then the tangent cone to X at the origin T X is the (u,w)-plane.

Proof The set X is a subset of the Whitney Umbrella, so T; X must be contained
in the plane defined by v = 0. So we just need to show that any line in the (u, w)-
plane can be achieved as the limiting position of secants. Let v: R,0 — R?,0 be
the map germ defined by 7(s) = (as®,s). Then the secant line passing through
the point f(7(s)) and the crosscap point is the set

L, = {t(as® as’,s?) : s € R}.

To find the limiting position of L, as s — 0, we need to find

. (as?, as®, s%)

a0 ||(as?, as?, s)]|

2, as’, s?)

(as
- (,0,1)
RET
So by varying a we have any unit direction in the (u, w)-plane except for (1,0,0).
The line in this direction is the u-axis. However it is clear that this is also
contained in 7, X, since the standard crosscap contains the u-axis. O

Proposition 2.1.2 Let X be a surface in R® with a singularity at the origin.

Suppose that
o:R30—-R30

is the germ of a diffeomorphism and that Y is the image of X under ¢.

Let 75X be the tangent cone to X at the origin. Then we have
ToY = dego(To X).

Proof Suppose that (z;) € X is a sequence of points such that lim,_, . z; = 0
and lim,_, "%:" exists. Then we consider

x-
do (_lim —-—‘—-) .
! i [EA
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Since d¢, is a continuous linear map this is equal to
d .
lim Po(21)

i—oo ||z}

Since ¢ is invertible,
lim d%(-’ri)
i—oo  ||z4|

ddqa(z;
_lim ¢0($s) 1 ”x:”
e [zl i [dga(@)]
is a unit vector that is in the same direction as

T;
doy (llm : )
i—00 ||z

: d¢0($z) ”331” — 1 déﬂ(x')
M Tzl R ol — roes Tdo(za)

Finally we claim that

#0,

and so

Now we have

d¢’0 (-Ts) : ¢’0 (37:')
M Tdde @l — o o)l

For by the definition of the derivative,
(xl) d¢’0 (xt)

lim =0,
im0 ||(z3)]
and therefore
(@) — debo(z;) ol _ o 8(@) —dée(zi) _ 2.1
b el el AR T T T @D
Thus we have
hm tf)(.’L‘,) l d(b(xt)
T Tddo(ml] ~ i ddo(i)I]
d
o @)l = lldgo(zll _
i [deo ()| |
Since 6(z;)
()]
is a unit vector, we have
lim olz:) _ @) _, (2.2)

i=oo [|@o(zi)|| |l do(z:)|l

Adding Equations (2.1) and (2.2) proves the claim. So d¢y(TpX) C Ty(Y), and
since ¢ is a diffeomorphism, d¢y(ToX) = T,Y. O
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Applying Proposition 2.1.2 we have

Corollary 2.1.3 The tangent cone to a crosscap point is always a plane.

and

Corollary 2.1.4 The tangent line to any crosscap Y is contained in its tangent
cone T,Y.

Proof If f : R%,0 — R3,0 defined by f(z,y) = (z,zy,y*?) parametrises the
crosscap X, then the tangent cone TpX is the plane with equation v = 0. The
tangent line to X is the u-axis, which is contained in Ty X. The result then follows
from the chain rule and Proposition 2.1.2. O

Now we make the following observation. Let Y be a crosscap, parametrised
by the map ¢ : R% 0 — R3,0, with double point curve C. The unit normal

function
N —_ gI X gy

19z % gy”
assigns two normal vectors to each point of C. These determine the tangent
planes to the two patches of surface going through the point. Both of these

planes have the same limiting position as we approach the crosscap point along
C. This is in fact the same position as the tangent cone TpY. More precisely we
have

Lemma 2.1.5 Let Y, g, C, and N be as above. Let C' € R? be the preimage of
C. Then C' is smooth, since it is the image of the y-axis under some diffeomor-
phism ¢ : R%,0 — R?,0. We choose a parametrisation of C’, v : R,0 — R2, 0.
Then N(«(t)) is the normal vector to the crosscap surface at the point v(¢). Let
T'(t) be the plane defined by the unit vector N(y(¢)). Then we have

t—0

Proof First we show that the result is true in the case where X is the standard

crosscap parametrised by the map f(z,y) = (z,zy,y*). In this case the preimage
of the double point curve is the y-axis. We choose 7(t) = (0,t) so that

f(v(®)) = (0,0,¢%).
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Now at any point f(z,y), the normal to the surface is given by

(2y%, -2y, z)

Vo) = T a7+ 2

SO
(2t%,-2t,0)  (¢,-1,0)

YO = ey T VED)

We will denote the tangent plane to X at (0,0,¢%) defined by N(v(t)) by
Tx(t). Now it is clear that

th('Y(t)) = (Os _110)'

t—(

This limiting normal defines the plane v = 0. So in this case we have

t—0

Let ¢ : R%,0 — R?,0 be the germ of a diffeomorphism, and let Y be the crosscap
parametrised by g = ¢ o f. Then the double point curve C of Y is parametrised
by the map germ ¥ : R,0 — R3,0 defined by 4(t) = ¢(0,0,t*). At any point
¥(t) of C, with t # 0, the tangent plane is given by

T(t) = déo,0,e7)(Tx (1))

Thus the limiting position of the tangent plane as we approach the crosscap point
along C is given by

%1_1'1(1) d¢(0,0,t2) (Tx (t)) — d¢0 (T()X) — T(]Y'.
o

Remark 2.1.6 Lemma 2.1.5 gives some geometrical insight into the multiplicity
of the defining equation of the tangent cone to the Whitney Umbrella and leads
us to think intuitively of the tangent cone to the crosscap as a repeated plane.

2.2 The Vector Fields Tangent to the Crosscap

In what follows, O, = O(z,,---,z,) will denote the set of smooth function germs

K", 0 — K, where K is either R or C. A vector field on a manifold X in K" is
a smooth map £ : X — K" such that foreach z € X

E(z) e T, X.
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A germ of a vector field at z; € X is a germ 7 : X,z — K™ with the same
property. If V' is a germ of an analytic variety in K", a germ of a vector field ¢

on K" is tangent to V if for each regular point v € V, £(v) € T,,V. The set of
such vector fields forms an O,,-module.

Let h be an irreducible polynomial in K|z;,--:,z,] defining a hypersurface
X C K" If £ is an analytic vector field on K™ that is tangent to X, then at any
smooth point z € X,

Eh(z) = dhy(€(z)) = 0.

Thus &£h vanishes at all smooth points of X. Since the set of smooth points of X
is dense in X, £h vanishes on all of X. So if £ is tangent to X then

tEhe I(V < h>).

Conversely if ¢h € I(V < h >) then £h vanishes on X. Hence £h vanishes
at the regular points of X and so £ is tangent to X. In the complex case the
Nullstellensatz says that

IV<h>)=vV<h>=<h>,

and so £€h = Mh for some function \. In the case of the Whitney Umbrella, where
h = v? — 2w then this is also true over the reals.

Lemma 2.2.1 Let A be an irreducible polynomial in R|zq,: - , Zn]. Denote the

sets
{(3:1,---,:1:,-,) € R": h(zy,-- ) Tn) = 0}

and
{(331,"' ,.’L'n) e C": h(:cl,---,:rn) — 0}

by V(h)r and V(h)c respectively. If h = v? — u?w then the ideal
I(V(h)R) C R[xla "ty xn]
is generated by A.
Proof If ¢ : R? — R3 is the map defined by f(z,y) = (z,zy,¥%), then ¢(R?) C
V(h)r. Thus if g is a polynomial with real coefficients that vanishes on V' (h)gr

then the function go ¢ : R* — R is identically zero. Hence go¢ : C* — C is
identically zero. So g vanishes on ¢(C?). Consequently g vanishes on the Zariski
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closure of ¢(C?) which is V(h)c. So g € I(V(h)c). Hence by the Nullstellensatz
g =ah, a € C[X;,---,X,] and since g and h are real,

g = (a;a)heR[xl,---,:cn] <h>.

C

It will be useful later on to know which germs of vector fields on K°,0 are
tangent to the Whitney Umbrella. To determine these we will need the following
result.

Lemma 2.2.2 Consider the linear map

L:0;—-0,
defined by
L(CB) - L(ali 05 T 10-'11) — Z QT4
1=0
where ay,---,a, are the components of . Then kerL is spanned as an Op-

module by the set of maps
{73'_7' : 7:'3'(-'”11 T :xn) = Xi€; — CBJ'B,',]. <1< j < ’n,},

where e, is the vector in K" with a 1 in the kth position and zeros elsewhere.

Proof It is clear that the ;; lie in kerL. We show that they generate ke'rL_by
induction on n.

First suppose that n = 2, and that
a = (o, a3) € kerL.
Then there exists A € O,, such that
a3 (21, T2) = —11M(21, T2) + ay(z,).

Let
Cf'l (-’131'.-332) = —$2)\($1= iL'z) T 01(331,372)-

Then we have

L((01, a2)) = L((a1, 02) + An12) = L((e, 02)) = 0.
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Thus we have
z10,(z1,Z9) + T205(23) = 0

and consequently
a3(z2) =0 and aj(zy,1;) =0,

s0 ;2 does indeed span kerL.

Now in general suppose that (a;,:--,q,) € kerL. Then by subtracting suit-
able multiples of the 7;; from the functions a; we can obtain functions aj, such
that for 2 < k < n, a; is independent of z;. Then we have

5510’1(3711372; e 1-7311) +33201'2($2, vy Tp)Fot xna:;(l'?! 0y Zp) =0

and so o(z,,%3, +,T,) = 0 and the inductive step is complete. O

Proposition 2.2.3 The Os;-module of germs at the origin of vector fields on C*
that are tangent to the Whitney Umbrella is generated by

g— .Q...I_/U._a_
1= ov’
0 0
fg—v%+2w-é-1;
9, 9,
£3 u-a—a+20-3—t; alld
é’ é"‘l‘ 2
4 = VU uwav

Proof Let h(u,v,w) = v? — u’w be the defining equation of the Whitney Um-
brella. Then
E1h =2h,&h =2h,6h =0 and &h =0,

so &1,&9,&3 and &, are certainly tangent to the Whitney Umbrella.

Now if n is a germ at the origin of a vector field on C° that is tangent to the
Whitney Umbrella, then nh = Ah for some polynomial A. Then

1 1
(= 5A6)h = nh - 5A81h =nh—Ah =0,

so we need only check that £;,&,,&; and £, generate all germs of vector fields 7
such that

nh = 0.
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Writing
e, 0 0

n= m(‘?u "726,0 ﬂaa,w,

we have nh = 0 if and only if
(—2uw)my + (2v)m, + (—u?)n3 = 0.
Clearly 7, = un; for some 73, so (1,73, 73) lies in the kernel of the linear map
M : Og - 03
defined by
M(f1, far f3) = (= fa)u + (2fo)v + (=2 f1)w.

Now Lemma 2.2.2 implies that ker M is spanned by the maps
a(u,v,w) = (v,w,0),

b(u,v,w) = (0,u,2v) and
c(u,v,w) = (u,0, -2w).

Substituting each of a, b and ¢ for (7, 75,73) we see that a germ at the origin
of a vector field on C? that is tangent to the Whitney Umbrella can indeed be

written in terms of &;, &;, & and &;. =
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Chapter 3

The Parametrisation of the
Crosscap

We wish to look at the local differential geometry of the crosscap. By the crosscap,
we mean the image of any map germ which is in the A-orbit of f : R%,0 — R?,0
given by f(z,y) = (z,zy,y%). We will arrive at a family of map germs, all of
which are A-equivalent to f, but whose images may have differing local differential

geometry. We then consider the geometrical properties of the family, and show
that in a certain sense, this family cannot be reduced any further. If we consider

the flat geometry of the crosscap, that is those properties which can be measured

In terms of contact with planes and lines, we have more coordinate changes at our
disposal. In the second half of this chapter, we derive a parametrisation which

makes use of these coordinate changes.

3.1 The Parametrisation

The coordinate changes in the target which preserve the local differential geom-
etry of the image of a map germ are those isometries which fix the origin (the
orthogonal transformations). We will consider the differential geometry of an
object in terms of its contact with various ‘model’ submanifolds of R3, such as
spheres, planes and lines. As we shall be looking in particular at degenerate con-
tact with these submanifolds, we also allow dilations which are centred on the
origin. These coordinate changes correspond to an action of O(3) x R* on £(2, 3)
which we define in the following way. If we have the function g € £(2, 3), the
matrix L € O(3), and A € R*, then (L, \).g = AL(g). This is as far as we can go
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when considering the ‘flat’ geometry, that is the geometry measured by contact
with planes and lines. Diffeomorphic changes of coordinates in the source will
not affect the local differential geometry of the image of a map germ.

Proposition 3.1.1 Let f : R%,0 — R3,0 be the map germ defined by f(z,y) =
(z,zy,y%). Let g be a map germ that is A-equivalent to f. Then using the
coordinate changes described above, we can reduce g to the form

9'(z,y) = (z,zy + p(y), y* + az® + bxy + ¢(z,y)),

where a and b are constants, p € M3 and ¢ € M3.

Proof Since g is A-equivalent to f, it must have rank one. So we can choose a
rotation p; € O(3) such that

p1 0 9(z,y) = (a1(z, ), 922, v), 93(Z, ¥)),

where gq,93 € M2, and ¢,(z,y) = L4z + by + -+ -, with I;,l; € R, and not both
Zero.

Now we choose a diffeomorphism ¢; : R%,0 — R2,0 such that g; 0 ¢;(z,y) = <.
Then

p10godi(z,y) = (z,9(z,v),93(z,9))-

Next we choose a rotation p; € O(3) through an angle 8 about the u-axis. Then
P20 p10go ¢y (z,y) = (z, cos0g3(x, y) + sinfgy(z, y), - sinbgy(z, y) + cosbgs(z, ¥))
We write the 2-jets of g5 and g3 as

a1z% + aszy + asy® and

b,z + byzy + b3y  respectively,

with a,, as, a3, by, by, by € R. Since p; ogo ¢, is A-equivalent to f, azb3 —byas # 0.
Thus we can choose @ so that

P20p0go ¢1($ay) — (.T,Clﬂ?y + 6235'2 +p1($: y)’ d1$2 + d2$y T d3y2 + QI(:B& y))a
with ¢y, ¢s,d;,dy,d3 € R and py,q; € M5,

To complete the proof, we must show that a map germ g : R%,0 — R3,0
defined by

g9(z,y) = (z,c12y + z° + pi(2, ), d12* + dozy + d3y® + a1 (2, y))
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can be reduced to the form of g'. Making the coordinate change ¥ = ¢,y + ¢;x
we have

9(z,y') = (z,zy' + pa(z,¥'), A1y + dozy’ + sz + o(z, 7)),

with d} € R - {0}, dj,d3 € R and p,,q, € M3. Then we need the following
lemma.

Lemma 3.1.2 Let f : R* /0 — R? 0 be defined by f(z,y) = (z,zy + r(z,7)),
with 7 € M3. Then by a change of coordinates in the source, we can reduce f to
the normal form

f(z,y) = (z,zy + r'(y)),r' € M?

Proof The proof is an adaptation of the second half of the proof of Lemma 2
from [B2].

Let ' = z + Or /0y and write dr/0y as a sum Ry(y) + z'R,(z’,y). Then

z + Ry(y) = 2'(1 — R,)

which belongs to the Jacobian ideal J(f) of f (this is the ideal of partial deriva-
tives of f - see [Wal]). Now let 2/ = x + R, and write

r(z,y) = r1(y) + z"r2(y) + (2")’rs(z", v),

where r; € M5 for 1 < i < 3.The last component of f is now

zy + 11(y) + "9 (y) + (2")*r3(z", v)

= z(y + 15(y)) + 71(y) + Ro(y)ra(y) + (z")*ra(z", 9).
Next we use the following result, which we quote from [duPW|, Corollary 2.8.

Lemma 3.1.3 Let f : (N, z) — (P, y,) be a non-submersive smooth map germ.
Then f is MyJ(f)* — Ry(s)-determined.

Lemma 3.1.3 says that if we add elements of the ideal MyJ(f)? to a non-

submersive smooth map germ f, the result is Ry equivalent to f. The group
R j(s) is the subgroup of the Mather group R whose elements preserve the ideal

J(f). Now (z")°r3(z,y) € MaJ(f)? so by Lemma 3.1.3 f is R-equivalent to the
map germ

(z,z(y + m2(y)) + r1(y) + Ro(y)r2(y)).

Replacing y + 73(y) by y' gives a change of coordinates yielding a germ of the
required type. O
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Returning to the proof of Proposition 3.1.1, we apply the change of coordinates
constructed in the proof of Lemma 3.1.2 to the source. This reduces g to the form

(z,zy + p(y), dy° + dyzy + d3z% + ¢(z, 7)),

with df € R - {0}, d3,d7 € R and p,q € M3. Finally we ‘scale’ in the source
(replace z by A;z and y by )y, where A\, A, € R — {0}), and apply a dilation in
the target to complete the reduction of g to the required form. 0

Parametrising a smooth surface in a neighbourhood of the origin in Monge
form has the effect of fixing the position of the tangent plane at the origin. In the

case of the crosscap, there is no tangent plane at the origin. However the rotations
p1 and p, and the diffeomorphism ¢, do have some geometrical significance.

Lemma 3.1.4 The effect of p, is to rotate in the target so that the tangent line
to the crosscap is the u-axis.

Proof The tangent line is the image of the linear map dg, : R = R® . It is
clear that the image of d(p, o g), is the u-axis. .

Lemma 3.1.5 The diffeomorphism ¢; makes the preimage of the double point
curve tangent to the y-axis at the origin.

Proof Write ¢’ instead of p; 0o go ¢;. Let C C R? be the preimage of the double
point curve of the crosscap parametrised by ¢’. Since ¢’ is A-equivalent to f, C is
a smooth curve. A parametrisation for the preimage of the double point curve of
the standard crosscap is «(t) = (0,t). Then f(0,t) = f(0,—t). So we can choose
a local parametrisation v : R,0 — R?,0 of C such that ¢'(7(t)) = ¢'(y(-1)).
Then we write y(t) = (71(¢),72(¢)). By inspecting the first component of ¢’, we
see that 7,(t) = 7;(—t) for all ¢t. Hence 4, can be written as a function of 2, and
the result follows. O

Lemma 3.1.6 The rotation p, fixes the tangent cone to be the plane v = 0.

Proof Recall that the tangent cone to any crosscap at the crosscap point is a
plane. By considering the secants joining the origin to g(¢,0) and g¢(0, t), we see
that the tangent cone at the origin of the image of

9(z,y) = (z,a:2* + apzy + azy® + O(3),b12° + byzy + byy® + O(3))
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Figure 3.1: The effect of the rotations p; and p; on the crosscap.

contains (1,0,0) and (0, a3, b3). It is now clear that by rotating so as to kill off
the a; term we have fixed the tangent cone to be the plane v = 0. O

Figure 3.1 shows the effect of p; and p, on the crosscap. The direction of the
tangent line (D) and the normal direction to the tangent cone (T') are indicated.
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3.2 The Isotropy Subgroup

The question of whether we can reduce the normal form any further now arises.
To answer this question, we consider the isotropy subgroup of O(3) x R* x R
of the family of crosscap maps determined in Proposition 3.1.1. We have defined
an action of O(3) x R* x R on £(2,3), and those map germs with normal form
g' determined in Proposition 3.1.1 define an affine subspace W of £(2,3). The

isotropy subgroup of O(3) x R* x R with respect to W consists of those elements
(M, )\, ¢) € O(3) x Rt x R which leave W invariant.

Proposition 3.2.1 The isotropy subgroup of O(3) x Rt x R with respect to W
is isomorphic to Z3.

Proof We show that the isotropy subgroup is generated by
{(I! 11 Zd): (RI: 1: _id)i (R2: 1$ Tl)r (R3: _13 TQ)}!

where I is the identity matrix and R;, R, and R; are the matrices

-1 0 0 1 0 O 1 0 O
0 10|,]0 -10]andj 01 O
0 01 0 0 1 0 0 -1

respectively, id : R2,0 — R?,0 is the identity map and 7,72 : R?,0 — R?,0 are
the maps defined by

Tl(xiy) = (.’L',—y) and 7'2(3::3’) = ("'x:y)

respectively. The generators commute and (R;, 1, —id), (R;,1,71) and (R3, ~1,72)
are each of order two, and so the result follows.

We have seen (Lemmas 3.1.4 and 3.1.6) that any element A of O(3) which
leaves W invariant under the group action must be an isometry which leaves the

configuration of the u-axis (the tangent line) and the (u,w)-plane (the tangent
cone) invariant. Thus A must be in the subgroup generated by the identity, a
reflection in the (v,w)-plane, a reflection in the (u,w)-plane or a reflection in
the (u,v)-plane. These isometries correspond to the matrices I, R;, Ry, and I3
respectively. So we just need to determine those pairs (), ¢) € R* x R such that
(M, A, @) leaves W invariant under the group action for M = I, R;, R, and Rj.
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First consider the case where M = I. Let ¢(z,y) = (é1(z,v), ¢2(z,y)). Then
for all a,b € R, p € M3 and q € M3,

A(é1(z, ), 61(z, y)2(z, y) + p(da(z, v)),
(#2(z,9))* + a(d1(z,9))* + bdi(z, ¥)da(z, y) + a(é1(2,9), ¢2(z, )
= (z,2y +9'(¥),¥° + d'z? + V'zy + ¢ (z,7)),
for some d',b' € R, p' € M?® and ¢’ € M3.

Comparing the first component implies that

d1(z,y) = A"z,

Substituting this in the second component then gives

z¢a(x,y) + p(d2(z, ) = zy + p(v).

This implies that
a(z,y) =y + ¥(z,¥), 9 € M3,

Suppose that 9¥(z,y) = aoy? + a1y + a,z* + O(3). Comparing the coefficients of

z° on either side of the equation

zy + z9(z,y) + p(y + ¥(z,v)) = zy + p(y)

shows that a, = 0. From this it follows that a; = 0 and ay = 0. Then by
induction on the degree of = in each of the homogeneous parts of 1, using the
facts that p € M3 and ¢, contains no terms linear in z, it can be shown that
¥(z,y) = 0. Looking at the third component, we see that A must be 1. Similar
considerations for the cases where M = R), Ry and Rj3 complete the result. O

The small size of the isotropy subgroup in this case indicates that we cannot
significantly reduce the normal form any further when considering Euclidean

properties of the crosscap.

3.3 Geometrical Properties of the Family of Cross-
caps

We now determine some more geometrical information about the crosscaps

parametrised by the family of normal forms of Proposition 3.1.1. In what follows
we are considering the family of crosscaps parametrised by

f(z,vy) = (z,zy + p(y), ¥* + az? + bzy + q(z,y)),p € M}, q € M.
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Lemma 3.3.1 Let C € R? be the preimage of the double point curve, and write

7%p = p3y®. Then C can be written z = —p3y? + 9(y) where ¥ € M3 . Hence the
limiting tangent to the double point curve in R® at 0 is spanned by (—~p;, 0, 1).

Proof From Lemma 3.1.5 we know that C is a smooth curve that is tangent to
the y-axis. Thus C can be written z = a(y),a € M2.

Now suppose ¢'(z,y) = ¢'(X,Y). Then X = z and we have
zy + p(y) = zY + p(Y)

and
az® +bzy + y* +q(z,y) = az? + bz + Y2 + ¢(z,Y).
S0
z(Y —y) = -(p(Y) - p(v))
=z = -p3(Y* + Yy +y°) + O(3),

by the implicit function theorem. We also have
Y? —y? = -bz(Y - y) — q(z,Y) +g(z,9)-

This implies that
(9l Y) - 9(z,9))

Y +y=-bxr -
’ (Y - )
The right hand side of this equation is of order 2 in Y and y after substitution.
S0 Y = —y to first order and the result now follows. O

Lemma 3.3.2 If a > 0, then there are two transverse curves in the source which
are the preimages of curves of parabolic points on the crosscap. The gradients
to these curves at the origin are /a. In the case where a < 0, there are no
parabolic points on the crosscap.

Proof A point is parabolic when the Gaussian curvature is zero at that point.
We calculate the conditions for this to occur. Now away from a singular point,
the Gaussian curvature at the point p = f(z,y), K(z,y) is given by

In — m?®

K(:Bsy) — m:
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where F, F' and G are the coefficients of the first fundamental form, and {, m and
n are the coefficients of the second fundamental form. So

Kz,y)=0&Iln-m*=0

& L(z,y) = (fz X fy-foa)(fo X fy-fuu) = (fz X fy-fzy)* = 0.

In our case we can calculate the Gaussian curvature away from the origin. Now

fe=1,9,2ax+by+q,) and f, =(0,z+py,2y+bzx+q,)

The second derivatives of f are

fa::.': — (0,0,2&+ q:r:l:)rfa:y — (0111b+ Qa:y) and fyy = (inyy’z T q'yy)'

So

fz % fy = (29 — 2az® + yq, — gz — pyqz, —(2y + bz + qy), T + py)-

Then we have
i3(L(z,y)) = 4az® — 4y°.

So if a # 0, L(z,y) has a Morse singularity at the origin and the result follows.
O

Lemma 3.3.2 leads us to make the following definition:

Definition 3.3.3 Let ¢'(z,y) be the normal form obtained in Proposition 3.1.1.

Then we define the parabolic crosscap to be any crosscap where a > 0 in q,
and the hyperbolic crosscap to be any crosscap where a < 0 in ¢'. Examples of

the parabolic crosscap (with parabolic set indicated) and the hyperbolic crosscap
that were drawn with the Liverpool Surfaces package are shown in Figures 3.2

and 3.3 respectively.

Lemma 3.3.4 Suppose that C is a non-singular curve in the source that passes
through the origin, parametrised by v(t) = (at+---,8t+---), with a and 3 not
both zero. Then the limiting tangent plane to the crosscap as we approach the
crosscap point along the curve parametrised by f o+ is given by the equation

~(ab+20)v+ aw =0.
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hyperbolic regions

elliptic regions

Figure 3.2: The parabolic crosscap parametrised by (z,y) — (z,zy, y? + z°).

i

Figure 3.3: The hyperbolic crosscap parametrised by (z,v) — (z,2y,y* — 2°).
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Proof At any point p = f(z,y) on the crosscap away from the crosscap point,
the tangent plane is given by (f; x f;) * (u,v,w) + K(,,) = 0, where K, is a
constant determined by the fact that the plane goes through the point p. From
the proof of Lemma 3.3.2, this equation is

(2y2—2aa:2+---,-—-2y-—b:r:+---,:r+---)-(u,v,w)+K(¢,y)=0.

So at any point f(v(t)) on f(C), the tangent plane is given by
(26t — 202at® + -+, (=28 — ab)t + -+ ot + -+ +).(u, v, w) + K(zy) = 0.
Since we are away from the origin, we can divide through by £, getting
(26°t — 2a’at + -+, =28 —ab+ -+, a++--).(u,v,w) + K(gy)/t = 0.

Letting ¢ tend to zero gives us the desired result. =

Now we calculate the contact of planes with the crosscap at the crosscap point.
This is measured by composing the equation of the plane with the parametrisation
of the surface, and seeing what types of singularities arise. If the function obtained
in this way is a submersion, the plane is said to be transverse to the surface. When
the plane is tangent to the surface, the function has a singularity and we label
the contact with the type of this singularity. For more details, see Chapter 4. In
the case of the crosscap, we might expect all those planes containing the tangent
line to have A, contact with the crosscap at the crosscap point, with the limiting
tangent planes to the parabolic curves having higher contact. In fact this is what

happens.

Lemma 3.3.5 Let Py, 4,.45) be the plane given by the equation
(ul,ug,u;,).(u,v, ?.U) — 0,

where (uy,uy,u3) € S* is a unit vector. Then all the planes Py, 4, 4,) are trans-
verse to the crosscap at the crosscap point unless u; = 0.

The planes P, ;) have A; contact with the crosscap parametrised by f,
except in the case of the parabolic crosscap (a > 0) when the limiting tangent

planes to the parabolic curves have A, contact with the crosscap. The equations
for these planes are w + (=b+ 2y/a)v = 0 and w + (—b — 2y/a)v = 0.
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Proof Composing the equation of the plane Py, ,,.,) With the parametrisation
of the crosscap, we obtain the height function

H(z,y) = wiz + us(zy + p(y)) + u3(y* + az? + bzy + ¢(z, ).
This is a submersion unless u; = 0, proving the first part of the lemma.

If u; =0, we consider the 2-jet of H(z,y). This is

u3y2 + (ug + buz)zy + a.u3:r2.
The singularity of H is of type A,,, for if not, the 2-jet would be identically zero
giving u; = us = 0: a contradiction. For H to have an As, singularity, the
discriminant of this quadratic form must vanish. So we need

('le -+ b’d3)2 — 4(1‘11.;2; = ()

= u3 + 2buyug + (b% - 4a)us = 0.

This has solutions if and only if 4% — 4(b* — 4a) = 16a > 0. So if a > 0, then
uy = (—b =+ 2y/a)u;. By Lemma 3.3.4 the planes defined by these values of u,
and uj are the limiting tangent planes to the parabolic curve. O

Remark 3.3.6 It follows from Lemma 3.3.5 that a plane is transverse to the
crosscap at the crosscap point if and only if it does not contain the tangent line
to the crosscap.

3.4 The Flat Geometry of the Crosscap

When we restrict our attention to the flat geometry of the crosscap, the normal
form can be reduced further. Flat geometrical properties (those properties which
can be measured in terms of contact with planes and lines) of the image of a map
germ are preserved by all affine changes of coordinates in the target which fix the

origin. These coordinate changes correspond to the subgroup GL(3,R) of L.

Proposition 3.4.1 Let f: R%,0 — R?,0 be the map germ defined by f(z,y) =
(z,zy,v*). Let g be a map germ that is A-equivalent to f. Then using affine

changes in the target and diffeomorphisms in the source, we can reduce ¢ to the
form

g'(z,y) = (z,zy + p(¥), ¥* + az® + ¢(z,v)),
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where p € M} and q € M3. When a # 0, we can fix the coefficient of z2 in the
third component to be 1 if a > 0 and —1 if a < 0. If we write p(y) = pyy* + - -+,

and py # 0, we can fix the coefficient of y* in the second component to be 1 if
ps 2 0 and -1 if p; < 0. Note that the conditions p; # 0 and a # 0 are both
generic in the sense that they hold for an open dense set of map germs with
normal form ¢’

Proof By Proposition 3.1.1 , we can reduce such a map germ g to the form

g'(a:, y) — ("Da TY -+ p(y)i y2 -+ az’ + bxy + Q(ma y)):

where a and b are constants, p € M3 and ¢ € M3. Assuming a # 0 (this is the
generic case), it is not hard to see that ¢'(z,y) can now be reduced to the form

(z,zy + p(y), ¥* £ z* + ¢(z, 7)),

where p € M3 and ¢ € M3. The coefficient of z° in the third component is 1
if a > 0 and —1 if @ < 0. Suppose that p(y) = p3y® + pay* + +--. Replace z by
T — p3y? to obtain

(z — psv®, zy + pay* + -+, ¥% £ 2% + ¢'(z, 7)),

for some ¢’ € M3. Next replace u by u + psw in the target to obtain z +
p3z? + p3q'(z,y) in the first component. We set this equal to z/, so that z =
T’ F p3z'? + r(z',y), with 7 € Mj;. Reverting to = our parametrisation is

(z, 2y F psz’y + yr(z,y) + p(v), ¥* £ 2* + ¢'(,9)),
with p € Mj.
Now we can apply Lemma 3.1.2 in the same way as in the proof of Proposition
3.1.1 to obtain the result. The crucial point is that if we replace y by ¥ F ps3zy,

then we can reduce the second component to zy + ys(z,y), with s € M3, and
the reduction of Lemma 3.1.2 will not reintroduce any %3 terms.

We have reduced our normal form to

(z,zy + p(v),¥° + az® + q(z,)).

Let p(y) = pyy* + ---, and X be such that A\ = |p;|. Then by applying the
coordinate changes

(z,y) — (Az, Ay)
in the source and

(u,v,w) = (u/X,v/2% w/\?)

in the target, we can reduce the parametrisation to the required form. L]

40



We now determine some of the geometrical properties of the crosscap that are
fixed by the affine coordinate changes.

Lemma 3.4.2 In the family of crosscaps parametrised by the normal form de-
termined in Proposition 3.4.1 the limiting tangent to the double point curve is
the w-axis. The preimage of the double point curve in the (z,y)-plane can be
written z = (£2q; — ps)y* + 9 where

Y € M} and p(y) = £y +psy® + -+, q(z,y) = @y + - .

Proof The first part follows from Lemma 3.3.1 and Proposition 3.4.1.

For the second part we note that the ¢'(z,y) = ¢'(X,Y) implies that z = X

e —(6(Y) - 5(»))
:z:=——(£§# and Y +y=

Then
r=F(@ + 'Y +yY? +Y°) —ps(y* + Y + Y2+ VP + V) 4
from the first equation; the second gives Y = —y — g3y% + -+ -. It follows that
v = (42~ ps)yt + -
O

Remark 3.4.3 It follows from the proof of Lemma 3.1.5 that the preimage
of the double point curve can always be written z = f(y) with f € M:.
Moreover the Taylor series expansion of f must start with an even power of
y. For we have shown (Lemma 3.1.5) that a parametrisation for this curve is
(t) = (11(t*),72(t)). Writing s = +5!(¢), the parametrisation becomes ¥(s) =
(v2(717*(t)), t). We can also show this by considering the power series in the proof
of Lemma 3.4.2.

Lemma 3.4.4 The crosscap parametrised by the normal form determined in
Proposition 3.4.1 has two parabolic curves if and only if @ > 0. In this case we
can fix a to be 1.

Then the curves which are the preimages of the parabolic curves have gradients
1 and —1 at the origin and there are two planes with A, contact at the crosscap
point given by the equations w — 2v =0 and w + 2v = 0.
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Proof The first part follows from Lemma 3.3.2 and Proposition 3.4.1. Lemma
3.3.2 then tells us that the gradients at the origin of the preimages of the parabolic

curves are 1 and —1. Eliminating the zy term in the third component using afline
coordinate changes fixes the coeflicient b = 0. Substituting the valuesa =1, b =0

into the equations for the planes with A, contact given in Lemma 3.3.5 completes
the proof. U

Definition 3.3.3 can now be reduced to the following.

Definition 3.4.5 When we are dealing with the flat geometry of the crosscap,
we define the parabolic crosscap to be any crosscap parametrised by

g'(z,y) = (z,zy + p(y),¥* + 2° + q(z, 7)),

and the hyperbolic crosscap to be any crosscap parametrised by

d'(z,y) = (z,2y + p(y),y* — z* + ¢(z, 7)),

where p € M$, g € M3 and p(y) = 2y* + -+ in both cases.

Now let V; and V; be the affine subspaces of £(2,3) of map germs with normal
forms

f(z,y) = (z,zy + p(y), y* + 2° + q(z,v))

and
f(z,v) = (z,zy + p(y), ¥* — =° + q(z, 7)),

respectively, with p € M%,q € M3 and p(y) = £y* +--- in both cases. So V] is
the space of parabolic crosscaps, and V5 is the space of hyperbolic crosscaps.

Proposition 3.4.6 The isotropy subgroups of GL(3,R) x R with respect to V;
and V;, are both isomorphic to Z3.

Proof We show that the isotropy subgroups of GL(3,R) x R with respect to V;
and V; both consist of the elements (I,id) and (—I, —id) where I is the identity
matrix, and id : R?,0 — R?,0 is the identity map. The generators commute and
(-1, —1d) is of order two, and so the result follows.

We first consider V;. Then by Lemmas 3.4.4 and 3.1.5, any right coordinate
change ¢ which leaves V] invariant must fix the tangent lines at the origin to
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three curves in the source: the preimages of the double point curve and the two

parabolic curves. Thus the derivative dg, must be a multiple of the identity map.
So we write

6(z,y) = (Az + 1, Ay + 9,),
for some A € R/{0} and functions %,, v, € Ms3.

Lemmas 3.1.4, 3.1.6, 3.4.2 and 3.4.4 imply that any element A of GL(3,R)
which leaves V; invariant must leave the configuration of the u-axis, the plane
v = 0, the w-axis, and the planes given by the equations w = 2v = 0 fixed. These
restrictions mean that the matrix must be of the form

a1 Qs 0
A=1 0 b 0].
0 0 c

Now suppose that (A4, ¢) is in the isotropy subgroup of GL(3,R) x R with
respect to Vi, then A and ¢ can be written as above, and we have

r = ay(Az+91) +aa(Nzy + My + Azt + it

+p(Ay + 12)) (3.1)
zy+p'(y) = b(Nzy+ Ay + Azt + P17
+p(Ay + 1)) and (3.2)
V¥ +z2244(z,y) = c((Mz+91)* + Ay + 1)’
+q((Az + 1), (Ay + 1)), (3.3)

for some p'(y) = +y* + .- and ¢ € M3. Now Equation (3.1) implies that
a; = 1/A, and gives us the identity

L1+ @ (Vay + Ayt + Mty + ity + POy ) =0, (34)

for all functions p € M? such that p(y) = £y* + ---. If we take p(y) = y*, then
Equation (3.4) implies that

1
'X¢1 + az(/\2xy + Ay + Azthe + P19y + (Ay + 11’2)4) = 0.
Choosing p(y) = y* + psy® + - - -, Equation (3.4) implies that

ax(ps(y + )’ +---) =0,

so that a; = 0 and 9, = 0. From equations (3.2) and (3.3), we sce that b=c =
1/)\%. Now we consider the equation

%(/\x(Ay + 1) + p(Ay + o)) = 2y +0'(v),
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for some p' € M3 such that p'(y) = £y* +--.. We can apply a similar inductive
argument to that at the end of Proposition 3.2.1 to show that 1) must be iden-

tically zero. So far we have shown that if (A, ¢) is in the isotropy subgroup of
GL(3,R) x R with respect to V;, then A and ¢ can be written

1/ 0 0
A= 0 1/2? 0
0 0 1/X2

and
Equation (3.2) now implies that

1
gyt yt o= 1-5()\23:3;:&)\4y4+---),

so that A must be %1.

When calculating the isotropy subgroup for the space V,, we only know that
the right coordinate change ¢ fixes the tangent to the preimage of the double
point curve, that is the y-axis. This means that

#(z,y) = (ax + O(2), b1z + By + O(2)).

The matrix A must fix the u-axis, the w-axis and the plane v = 0. This means

it must be of the form
a; ao 0
A= 0 bz 0 ‘
0 Cr C3

So for the hyperbolic crosscaps, the coordinate changes that we can choose are
less restricted by geometrical considerations. However the result still follows by
comparing coeflicients in a similar way to that above. o

44



Chapter 4

Height Functions on the Crosscap
and the Dual of the Crosscap

A common approach when studying the flat geometry of smooth surfaces is to
consider the composite of a parametrisation of the surface (usually in Monge
form) with the 2 parameter families of projections to lines and planes. Now that
we have obtained a normal form for the parametrisation of the crosscap, we are
in a position to imitate this approach. In this chapter we consider singularities
of height functions on the crosscap. This enables us to describe the parabolic set
and the dual of the crosscap. We then use techniques from singularity theory to
determine further information on the dual of the crosscap.

4.1 Height Functions and Duals of Smooth Sur-
faces

Information about the geometry of a surface can be obtained by considering its
dual surface, which can be defined in the following way. Recall that the set of
hyperplanes in real projective space RP™ forms a projective space, called the dual
projective space and denoted RP™. Now if X is a surface in R®, we can embed
X in RP? via a natural inclusion of R?® in RP3. At smooth points of X each
tangent plane corresponds to a point in RP3*. The dual surface to X, denoted by
X" is the closure of the locus of these points. A fuller discussion of dual varieties
can be found in [Har|, page 196. In particular this reference contains a proof that
the dual of the dual of a variety is the variety itself. So it is certainly the case

45



that the dual of the dual of a smooth parametrised surface M is M itself.

Let S* be the unit sphere and X be a smooth surface in R3. We consider the
family of height functions

H:XxS*xR - R

(z,u,¢) — z.-u-—ec.
Taking coordinates (z;, 3, z3) on R®, we can associate to each point
(ug,ug,u3,¢) €S2 xR

the plane with the equation (z,,z;,z3) - (u;,u3,u3) = ¢ (note that (u,c¢) and
(—u, —c) give the same plane). Thus if H(z,u,c) = 0 then the function

H,.: X,z = R,0
measures the contact between the surface X and the plane

(371,.’122,.’53) ' (u11u23u3) = C.

Now we consider the function A, : X — R defined by
hy(z) = Hyo(z) = - u,
and the map

Xx8 - RxS?
(z,u) — (hu(z),0).
The discriminant or set of critical values of this map can be thought of as an
affine dual to X. For ¢ = h,(z) is the height of the point £ above the origin in
the direction u, and h,, is singular at x if and only if « is normal to the surface X
at z. This is exactly the information required to reconstruct the tangent plane to

X at z; this plane is given by the equation z - u = ¢. This approach to studying
the geometry of the dual surface was first used in [B1]. Note that the map

7:5*°xR — RP*

(uy,u9,u3,€) — [uy:ug:ug: —c
1s at each point a local diffeomorphism, and that = doubly covers X*.

In the case where X is a smooth surface, we have the following:
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Proposition 4.1.1 Let X be a generic smooth surface. Let (z,u) € X x.5% with
u normal to X at z. Then the height function h,(z) can only have one of the
following types of singularity (up to K-equivalence):

A f(z,y) =z £ 92,

A2 f(xa y) — 3:2 T+ y31
AL:’-L- f(:r’y) =$2iy4-
Moreover h,(z) will be versally unfolded by the family of height functions.

Proof For the first part see [BGM|, or [B4] for a discussion of an argument

which uses Monge Taylor expansions. The second part is due to Looijenga, and
the proof can be found in [Wa2]. O

The height function has an A7 singularity at an elliptic point, an A7 singular-
1ty at a hyperbolic point, and a more degenerate singularity at a parabolic point.
We expect curves of points where this singularity is A,, and isolated points on
these curves where the height function has an A5 singularity, which are called
cusps of Gauss. The advantage of these singularities being versally unfolded by
the family of height functions is that we already know what their discriminants

are, and thus have local models for the duals of the surface. So the dual is locally
smooth in the A, case,

1t has a cuspidal edge corresponding to the curves of parabolic points where the
height function has an A, singularity,
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and swallowtail points corresponding to the cusps of Gauss.

=\

Height functions can also be used to study the set of planes which are tangent
to a surface at more than one point. These correspond to multi-local singularities
of the height function (singularities at all of which the height function has the
same value). In general, if the plane P is bitangent to a smooth surface X at
points z; and z,, we expect that there will be other bitangent planes whose points
of contact will be close to £; and 5. So we have curves of pairs of points, along
which certain planes will be bitangent. Intuitively, think of rolling the plane
along the surface.

More precisely, we have

Proposition 4.1.2 Let X be a generic smooth surface. Then the possible multi-
local singularities of the height function are

(i) Type Al

The height function h, has two A, singularities, at z = z,, £ = z,, for which
h.(z1) = hy(z7) . Geometrically, there is a single plane perpendicular to u and
tangent to X at z; and z,. These singularities occur in curves. The family of
height functions always versally unfolds such a singularity.

(ii) Type A, 4,.

The height function h, has an A, singularity at z; and an A, singularity at z,,
with h,(z;) = hy(z2). There is a single plane perpendicular to » and tangent to X
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at the non-parabolic point z; and at the parabolic point z,. These singularities
occur at isolated points on the curves of A? singularities. This singularity is

generically versally unfolded by the family of height functions as long as the
single asymptotic direction at z, does not pass through z;.

(iii) Type Aj.

The height function h, has three A, singularities, at z = z,,2 = z, and z = z;,
for which h,(z,) = hy(z2) = hy(z3). There is a single plane perpendicular to u
which is tangent to X at three non-parabolic points. These singularities occur
at 1solated points. This singularity is versally unfolded by the family of height
functions as long as z;, 5 and z; are not collinear.

Proof See [Bl] for a proof that the types of multilocal singularities that can

occur are those listed above. The proof of the geometrical discussion is in [BGT].
L]

Notice that the conditions for the singularities to be versally unfolded are
generic, so we have local models for the duals of generic surfaces when the height
function has a multi-local singularity. If the height function has a versally un-
folded A? singularity, the dual has a transverse crossing of two smooth sheets.

In the case of a versally unfolded A;A, singularity, the dual has a crossing of a
smooth sheet and a cuspidal edge.

L
#'-
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In the case of an A} smgu.}arlty__the dual ha.s a triple point.
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Finally we note the following result

Proposition 4.1.3 Let X be a smooth surface in RP?. Let z be a point on X,
and z* be the corresponding point on the dual surface to X, which we denote X*.
Then z is elliptic (respectively hyperbolic) if and only if z* is elliptic (respectively
hyperbolic).

Proof See (B3|, Theorem 4. »

Note that in Proposition 4.1.3 by the term elliptic (respectively hyperbolic)
we mean that the projective plane tangent to X at z has A7 (respectively A7
contact) with the surface.

4.2 Height Functions on the Crosscap

We have already discussed the contact of planes with the crosscap at the crosscap
point (Lemma 3.3.5). Now we look at the singularities of the height functions in
more detail. Since the height functions measure contact with planes (an aspect
of flat geometry), we use the normal form

f(z,v) = (z,zy + p(y), ¥* + az® + ¢(z,y)),p € Mi,q € M;

in what follows. We have seen (Proposition 3.4.1) that a could have been taken
to be X1, but we shall be interested in the transition as a changes from positive
to negative. Note also that we can suppose that p(y) = £y* +---, but that this
will not affect the geometry investigated in this chapter.

The family of height functions we shall consider is then
H(fL‘,y, Uy, Uz, C) = ax‘l + y2 -+ Q(l', y) + U T + UQ(ZE?} +p(y)) + C.
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Of course this only includes the directions in the ‘hemisphere’ u3 > 0. We shall
consider the directions this omits separately.

Proposition 4.2.1 The function H, . has a singularity at (z,y) = (0,0) if and
only if u; = 0. This is of type A; if and only if 4 — 4a # 0. In particular the
singularities are all of type A, if and only if a < 0. Otherwise we expect A,
singularities precisely when uy = £2+/a and these will be versally unfolded.

Proof The first part of this follows from Lemma 3.3.5. For the second part, note
that we have the function

Ho+21,0(%, ) = a2’ + y* + q(z,y) £ 2v/a(zy + p(y))
= (Vaz £ y)* + ¢(z, ) £ 2vap(y).

Writing =’ = \/az £+ y and 3’ = y, this becomes

"% + q(';71"5(x’ Fy),y) £ 2Vap(y).

For an A, singularity, we need the coefficient of * to be non-zero. This coefficient
is q3(¢:§a, 1), where g3 is the homogeneous cubic part of g. The condition that
this is zero is not generic.

Finally we show that these A, singularities will be versally unfolded. Since
we have an A, singularity at (z,y) = (0,0), its Jacobian ideal J contains M3. It
is straightforward to check that the partial derivatives 0H/0u, and 0H/0u, span
the quotient M,/J when evaluated at u; = 0, uy = £24/a, so that the standard
criterion for versality is satisfied. []

Now the family of height functions H misses out those functions corresponding
to the directions (u;, (1 — 4?)'/2,0). In the latter case, the corresponding height
function is a submersion. For the directions near to (0, 1,0) we need to consider
the following family:

G(z,y, u1, Uy, ¢) = uy T + us(az® + y* + q(z,v)) + (z2y + p(v)) +c.

Now the function G has a singularity at (z,y) = (0,0) if and only if u; = 0.
This is of type A; unless 1 — 4au? = 0. In particular we see that to get a more
degenerate singularity, u, # 0. This case is covered by Proposition 4.2.1, since if

U2 7& 0) G(a:,y,ul,uz,c) - u2H(I1 Y, Uy, 1/“210/'"’2)'
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From Lemma 3.3.2, we know that the parabolic set in the source is empty

when a < 0 and consists of two smooth curves of gradient +2+/a when a > 0.
The transition between these two cases is of some interest. When a = 0, the
family of height functions is now

H(x,y,ul, ‘U.Q,C) = y2 + Q(I: y) + U1 T + ug(xy +p(y)) + C.

Proposition 4.2.2 The function H, . has a singularity at (z,y) = (0,0) if and
only if u; = 0, and is of type A, unless uy = 0. When u; = uy; = 0 we expect an
A, singularity, which will be versally unfolded.

Proof The first part of this is clear. In the case where u; = uy = 0, then for the
singularity to be more degenerate than A,, the coefficient of z* in g(z,y) would
have to be zero. This is not a generic condition. A calculation similar to that in

the proof of proposition 4.2.1 shows that this A, singularity is generically versally
unfolded. -

As before, we need to check the height functions in the directions missed out

by the family H. It is clear that the height function corresponding to the direction
(1,0,0) is a submersion. For the directions near to (0,1,0) we must consider the
family

G(z,y,u1,uz,¢) = iz + ug(y° + g(z,9)) + (zy + p(¥)) +c.
The function G has an A, singularity at (z,y) = (0,0) if and only if u, = 0.

We can use the height functions to determine the parabolic set in the source.
From Lemma 3.3.2 we know that this consists of two transverse curves intersecting
at the origin when a > 0 and a single point (the origin) when ¢ < 0. Now we
consider the transition between these two cases.

Proposition 4.2.3 When a = 0, the parabolic set in the source is a cusp. More-
over the parametrisation of this set is versally unfolded by a.

Proof Let

H(x) Y, Uy, Ug,C, G.) — y2 + amZ T q(.'z:, y) T U1z .s ’Ug(ﬂ?y + p(y)) + C.

The parabolic set can be obtained by projecting the set given by H, = H, =
H,.H,, — H;, =0 in (z,y,u;,u,,c,a)-space into (z,y)-space. Now we have

Hp =2ax + q; + uy + Ui, Hy = 2y + U2(1’ +p’(y)) + gy,
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Hy, =20+ qpp, Hyy=us+ ¢,y and Hy,, =2+gq, +72"(y)

Considering H, = 0, we see that u; = —(2az+ ¢, +u,y). Since u; only appears in
this equation, we need only consider H, = H,,H,, — H2 = 0. Writing u instead
of u,, we get

2y +u(z+p'(y)) +¢, =0 (4.1)
and
(2a + sz)(z + Qyy T p"(y)) = (u + Qa:y)2 = (. (4'2)

Now by the implicit function theorem, Equation (4.1) implies that we can write
y as a function of z and u. Writing

q(z,y) = @y’ + a2y’ + @’y + g3’ + gzt + -,
we see that the lowest order terms of its Taylor expansion are given by
y==1/2(uz + @) + -+ . (4.3)
Expanding Equation (4.2), we get
da + 12¢37 + g,y + %(24qs + 12q193 — 4q3) + 4q1a7 — 4qouz — P

+y¢1($a yauaa) + ¢2($,a,u) = 0,9 € My, 0, € Mg
Substituting for y gives

4a + 12q3T + z? (24q4 + 12q,03 — 6q§) + 4q,ax — 6gyuT — u? + d3(z,a,u) =0,

where ¢3 € M3j. By the implicit function theorem, we can now write z as a
function of v and a, and the lowest order terms are given by

z = —1/12¢;(4a — u? — 24qyau + 16(gy + 24, + 129,93 — 6g3)a’) +---.  (4.4)

Substituting Equation (4.4) for z in Equation (4.3), we obtain the following
parametrisation of the parabolic set in the source;

¥(u,a) = (—1/12¢;(4a — u? — 24qeau) + - -+, 1/24¢;(4au — u® — 24qyau®) + -+ ).
When a = 0, this is generically a cusp.

Now for the second part, we note that if g(t) = (¢2,3) then LA,.g D M{.E(1,2).
Since 9y = ¥(u,0) is A-equivalent to g, we just need to check that

0y
R{ 5

It is clear that this is the case. u

} + LA, o D £(1,2)/M2.E(, 2).

a=()
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Proposition 4.2.3 gives us a picture of how the parabolic set behaves away

from the crosscap point. The versal unfolding of the cusp is shown below, with
the origin marked in each case.

O O O

a>0 a=0 a<0

So in the case of the parabolic crosscap (a > 0), rather than having two distinct
parabolic curves in the source, we can think of having one, which self intersects
at the origin. As a tends to zero, this crossing becomes a cusp, and then when
a < 0 (the hyperbolic crosscap) the parabolic set moves away from the crosscap
point altogether. Of course, as we are working locally, we cannot really say what
happens to the parabolic set away from the crosscap point.

4.3 The Dual of the Crosscap

What can we say about the dual of a surface with a crosscap point? Since we are
dealing with height functions, we use the normal form that corresponds to flat
geometry in what follows. Recall that this is given by

f(z,y) = (z,2y + p(v),¥* + az® + ¢(2, 1)),

where p € M1? and ¢ € M3. In this case, we have seen (Proposition 4.2.1) that
there is a pencil of planes with higher order contact with the crosscap at the
crosscap point. So there is a projective line [ corresponding to these planes which
lies on the dual.

Proposition 4.3.1 In the case where the crosscap has no parabolic points in a
neighbourhood of the crosscap point (¢ < 0 in the normal form f) the dual is
smooth in a neighbourhood of {. When a > 0, and there are two parabolic lines
which pass through the crosscap point, the dual is smooth in a neighbourhood of
| except at the two points which are dual to the two planes with A, contact at
the crosscap point. At these points the line ! meets one of the cuspidal edges of
the dual surface which correspond to the parabolic lines at the crosscap point.
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Proof This result follows from Proposition 4.2.1. As we know that the singular-

ities of the family of height functions are versally unfolded, we can use the local
models for the dual discussed above. O

Remark 4.3.2 We can deduce from Proposition 4.3.1 that the dual has no self
intersections, and thus there are no bitangent planes in a neighbourhood of the
crosscap point.

Note that along the double point curve of the crosscap, the surface consists of
a transverse crossing of two smooth sheets. So there will always be a family of
bitangent planes to the dual of the crosscap, corresponding to the double point
curve. We have shown that the limiting position of the tangent planes to the
crosscap along the double point curve as we approach the crosscap point is the
tangent cone (Lemma 2.1.5). So there will be curves of pairs of points on the
dual, along which we have bitangency. The curve will pass through the point
on the projective line | which corresponds to the tangent cone, where we have
tangency. It turns out that this point is a flat umbilic. We prove this later on.

4.4 The Local Structure of the Dual

We are interested in the structure of the dual in a neighbourhood of the line .
We have seen that the dual arises naturally as the discriminant of the family
of height functions. Previously, we have considered families of height functions
in certain neighbourhoods of the directions (1,0,0), (0,1,0) and (0,0,1) which
cover the 2-sphere. Lemma 3.3.5 tells us that the height functions in directions
close to (1,0,0) are all submersions, and so we only need to consider the other
two families when considering the geometry of the dual.

More formally, the crosscap is defined as a parametrised surface in R3. We
can embed R? in RP? by (u,v,w) — [u : v : w : 1]. This embedding takes
planes to planes. The point [a: 8: v : 6] € RP>* represents the projective plane

au + v+ yw + 6t = 0.

We can take the affine chart ¢ = 1 on RP? because of the way we have embedded
the crosscap in projective space. This gives us the equation

au+ v+ yw+ 6 =0.
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Now we can choose various affine charts on RP%* to get the equation of a plane
in R®. However we know from Lemma 3.3.5 that if the crosscap is parametrised

by the normal form f then [ is theset {[0: 8:~:0]: 3,4 € R}. Thus to look
at the structure of the dual in a neighbourhood of I, we need only use the affine
charts § =1 and v = 1. These give rise to the equations

av+v+yw+6=0 and
cu+PBv+w+6=0.

Composing these equations with the parametrisation of the crosscap f, we see
that we can work in R® with the two families of height functions

G(l‘, Y, uy, U, C) = 1Y +p(y) T UIT + u2(a'$2 T '92 + Q(a::y)) +c and
H(z,y,uy,u,, c) = az’ + 'y2 + q(z,y) + uyz + us(zy + p(y)) + C.

We can get local models for the dual by considering the discriminants of these two
families. In more down to earth terms, they are obtained from the solution sets
of the equations G = G, = G, =0and H = H; = H, = 0 in (z, y, uy, uy, c)-space
by projecting into (u;, uq, c)-space by eliminating the z and y variables. Working
this way, the projective line corresponds to the u,-axis in both cases. In what
follows, we work mainly with the family H. We start with a preliminary result.

Proposition 4.4.1 The tangent space to the dual of the crosscap is constant
along the line [ and is given by § = 0 (the plane ¢ = 0 in (u,, uy, ¢)- space).

Proof We would expect this to be the case by a duality argument. Consider the
case where X is a smooth surface in RP°. Then at a point £ € X, the dual point
r* € X* corresponds to the tangent plane T, X. So the tangent plane in the dual
space 1I,..X"* corresponds to the point z. Thus a point p* € T,.X"* corresponds to
a plane in RP? which contains z. So T,.X* consists of all planes in RP? which
pass through z. Now in the case of the crosscap, each point on the projective line
l corresponds to a plane which is tangent to the crosscap at the crosscap point.
It follows that we expect that the tangent plane to | to remain constant, and to
correspond to the crosscap point, that is it should consist of all planes that pass
through the origin. This plane is in fact given by § = 0.

Now we show that this is indeed the case by working with the family of height
functions H. We evaluate the matrix

H, H, H, H, H,
H:l::l’: ny H:l:u1 H:cug H:cc
Hy, Hy, Hy, Hy, Hy
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at all points along the u, axis, given by (0,0,0,¢,0). This matrix is

0 00 01
M=|2a t 1 0 0 |,
t 2 0 00

which has maximal rank unless 4a — t* = 0. It follows that away from the points
(0,0,0,£24/a,0) when a > 0 (the cuspidal edges in the case of the parabolic
crosscap), every point on the u, axis is a regular point of the map R® — R3
given by (z,y,u,us,c) = (H, H;, H,). Thus the equations H = H, = H, = 0
determine a smooth surface at each point (0,0,0,¢,0). Now kerM is contained in
the set ¢ = 0 in (z,y, u;, s, c)-space, so projecting into (u,, uq, c)-space it is clear
that the tangent plane to the u,-axis is the plane ¢ = 0. The same considerations
for the family of height functions G complete the result. O

From the results already established, we know that in the case where the
crosscap has two parabolic curves passing through the crosscap point, there are
two points (uy,us,c) = (0,%£4/a,0) on the dual where the line ! meets the corre-
sponding cuspidal edges. We wish to understand how these cuspidal edges meet
| and the tangent plane (¢ = 0) to the dual along l.

First we consider general smooth curves on cuspidal edges. In what follows,
we choose coordinates ¢, (z,), and (u,v,w) for R, R?, and R3 respectively. We
shall say that f : R?,0 — R3, 0 parametrises a cuspidal edge if it is .A-equivalent
to the map germ

h:R*%0 — R3 0
(z,y) — (z,v%9°),

and that the standard cuspidal edge is the surface with defining equation v* = w?.
Associated to any parametrisation of a cuspidal edge, f, there are two distin-
guished directions through the origin in R?; the kernel of the derivative dfy, and
the tangent to the preimage of the cuspidal edge (the critical set of f).

Lemma 4.4.2 Let f : R%,0 — R?,0 parametrise a cuspidal surface, and o :
R,0 — R?,0 parametrise a smooth curve C. Suppose that C is transverse to
kerdfy, and has k-point contact with the critical set of f. Then we can choose
smooth coordinate changes in R, R? and R?® taking the cuspidal edge to the
standard cuspidal edge and such that f o« is reduced to the map ¢ — (¢, t2¥, t3%).
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Figure 4.1: The configuration of the curve C’ and a cuspidal edge when k =1
and k = 2.

Proof Since f is A-equivalent to h we may suppose that we are dealing with the
standard parametrisation A(z,y) = (z,% v°) without affecting the hypotheses.
Now kerdh, is the y-axis and the preimage of the cuspidal edge is the z-axis, so
we can choose coordinate changes in R and R? so that « is of the form (¢, t*4(t))

where 3(0) # 0. Then we have
hoa(t) = (t, 1 F2(2), £46(1)).

Finally consider the coordinate change

¢:R0 — R3O
(w,0,0) —  (u,v0%(u), wp(u)®).

This is a diffeomorphism and an automorphism of the standard cuspidal edge, and
if we compose ¢ with the map t — (t,t%*, %), we get t — (¢, 12 58%(t), t3* 5% (2)).
So applying ¢~! to h o & gives us the result. O

Lemma 4.4.2 shows that the configuration of the curve C' parametrised by
f o a and the cuspidal surface is determined (up to diffeomorphism) by the con-
figuration in the source of the curve C and kerdf,, and the degree of contact of
C with the preimage of the cuspidal edge. In the cases k = 1 and k& = 2, the
configuration is shown in Figure 4.1.
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Returning to the dual of the parabolic crosscap, since this surface is locally
smooth at all points of [ away from where ! meets the cuspidal edges, we would
expect the configuration of [ and the cuspidal edges to be diffeomorphic to that
of Figure 4.1, where £k = 1. We now show that this is indeed the case. We work
with the height function H, and since we are working with the parabolic crosscap,
we can set a = 1 to get

H(z,y,u1,ug,¢) = 2° +y* + q(z,y) + w1z + ua(zy + p(y)) +¢.

Proposition 4.4.3 Take an afline chart on projective space close to where each
cuspidal edge meets the line [ . Then locally (close to the points (0, +2+/a,0) in
(u1, uq, ¢)-space) there exist smooth coordinate changes taking the cuspidal edge
on the dual to the standard cuspidal edge, and so that the projective line is taken
to the curve parametrised by the map t — (¢, %, t3).

Proof To see how [ meets the cuspidal edges we apply Lemma 4.4.2 in the
case where £k = 1. To do this we need to be able to locate the the cuspidal
surface and the cuspidal edge. Again we work in (z,y,u;,us,c)-space. The set
of points corresponding to the cuspidal surface, say 5, is given by H = H, =
H, = 0, with the cuspidal edge points corresponding to the subset given by
A= HMHyy—Hgy = (. It follows from the versality of the unfolding (Proposition
4.2.1) that S is a smooth surface (and so diffeomorphic to R?) and that the
projection 7 : S — R to the (uy, uy, ¢)-space is a parametrisation of a cuspidal
edge. The conditions of Lemma 4.4.2 are diffeomorphism invariant, so we just
need to ensure that at the points (0,0, 0,+2+/a,0) the u,-axis which lies inside S
does not coincide with the kernel of d7 and has 1-point contact with the preimage
of the cuspidal edge. The first condition holds trivially. For the second we need
to check that A /0u, is non zero at the relevant points. Now we have

Hy =2z +q; +uy + ulyHy =2y + uZ(x +p'(y)) + Gy,

Hypy =2 + gy, Ha:y = Ug T Q:rysHyy =2+ Qyy +p"(y),

so that
A= (2 T Q:cm)(z + Qyy + p"(y)) - (u2 T Q:ny)z'
It follows that 0A/duq = 2(us + gzy) 7 0 at the points (0,0,0,+2/a,0). O

Thus we have the following picture of how [ meets the cuspidal edge. The
plane (given by ¢ = 0) that is tangent to the dual along [ is also depicted.
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Now we consider the transition between the case of the parabolic crosscap
(where there are two cuspidal edges passing through the line /) and the hyperbolic
crosscap (where there are no cuspidal edges passing through ). When a =0, so
that the crosscap is parametrised by

f(z,y) = (z,zy + p(y),y° + 2 + q(z,9)),p € Mi,q € M;,
the height function H becomes
H(xa Y, Uy, Ug, C) = y2 + Q(xa y) + U T + uz(xy + p(y)) +C.

In this case Proposition 4.2.2 tells us that there is just one cuspidal edge passing
through the line [ at the point (0,0,0) in (u,, us, c)-space.

Proposition 4.4.4 Close to the point (0,0,0) in (u,,u,,c)-space, there exist
smooth coordinate changes taking the cuspidal edge on the dual to the standard
cuspidal edge, and so that the projective line is taken to the curve parametrised
by the map t — (t,t%,t®).

Proof This time we check the hypotheses of Lemma 4.4.2 for the case k =
2. The set of points corresponding to the cuspidal surface, say S, is given by
H = H, = H, = 0, with the cuspidal edge points corresponding to the subset
given by A = H, H,,, — Hgy = 0. It follows from the versality of the unfolding
(Proposition 4.2.2) that S is a smooth surface (and so diffeomorphic to R*) and
that the projection 7 : S — R? to the (u;,us,c)-space is a parametrisation
of a cuspidal edge. This time we need to ensure that at the points (0,0,0, 0, 0)
the u,-axis which lies inside S does not coincide with the kernel of dr and has

2-point contact with the preimage of the cuspidal edge. The first condition holds
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trivially. For the second we need to check that A /du, = 0, and 8*A/0u3 # 0
at (z,y,u;,us,¢) = (0,0,0,0,0) . Now we have

Hy = ¢; +ugy + w1, Hy = 2y + uy(z + p'(y)) + ¢4,
Hyp = qzq, Ha:y = U3 + gzy, Hyy =2+ Qyy +p”(y)1
which implies that
A = (Q:v:r:)(z + Qyy + p”(y)) - (u2 + Q:ry)z'

It follows that dA/Ou; = 2(ug + g,) = 0, and 3°A/0u? = 2 at (0,0,0,0,0), as
required. =

Bearing in mind the result of Proposition 4.2.3, we depict the dual of the
parabolic crosscap with one cuspidal edge, which meets [ at the two points

(0,++/a, 0).

dual surface
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By Proposition 4.4.4, when a = 0, [ remains on one sheet of the cuspidal surface.

a=0

Finally, when a < 0, we have the hyperbolic crosscap, and / does not meet the
cuspidal edge at all; there are no parabolic points in a neighbourhood of the
crosscap point.

a<0

4.5 The Global Structure of the Dual

The next question to arise concerns the global structure of the dual in a neigh-
bourhood of the projective line . Intuitively, we wish to see how 'many twists the
dual has in a neighbourhood of this line. Is the dual topologically equivalent to
a cylinder or a Mobius band? Now from Proposition 4.1.3, we know that away
from the cuspidal edge and the line [, all the points on the dual are hyperbolic or
elliptic, since this is the case on the crosscap away from the crosscap point and
the possible cuspidal edges. What sort of contact does the tangent plane to the
dual have with the dual surface along I? We shall see that the answer to this
question will help us to determine the global structure of the dual.
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Since the tangent plane to the dual is constant along the line {, the function
obtained by composing a parametrisation of the dual with the equation of the
plane will not be one of the standard finitely determined germs. We shall relate
the tangency to a different classification, where the relevant germs are finitely
determined. To do this we need to introduce a new equivalence relation. For the

time being we shall revert to (z,y, 2) coordinates. We denote by R; the subgroup
of the group of diffeomorphisms R?,0 — R2, 0 of the (z, y)-plane which preserve

the y-axis. Using this in place of the usual group R we obtain a subgroup of the
contact group K denoted by Ks. We refer the reader to [A3] for a discussion
of the group Rs. We note here that ¢ € R; is a diffeomorphism of the form
é(z,y) = (z¢1(z,v), ¢2(z,y)), where ¢; and ¢, are smooth functions. Next we
note that for functions, the notion of K-equivalence reduces to the following. Let
fi:R*0— R,0and f;: R",0 — R, 0 be two smooth functions. Then f; and
fy are K-equivalent if and only if there exist a smooth function A: R*,0 — R,
with A(0) # 0 and a diffeomorphism ¢ : R",0 — R",0 such that f; o ¢ = Afs.
For Ks-equivalence, we ask further that ¢ must be an element of R;.

Proposition 4.5.1 Suppose that we have a smooth germ h : R%,0 — R,0 and
that the surface z = h(z,y) is tangent to the plane 2 = 0 along the y-axis.

(a) Under the above hypotheses the function h can be written h = 22 f(z,y) for
some smooth f.

(b) Given two such functions h; = z?fi(z,y), for i = 1,2, let X; and X, be the
surfaces given by z = hi(x,y) and 2 = hy(z,y) respectively. Then the functions
f, and f, are Ks-equivalent if and only if there is a diffeomorphism R?,0 — R?, 0
taking X, to X, and preserving the plane 2 = 0 and the y-axis.

Proof (a) From the hypothesis, we know that h(0,y) = O (since the surface
contains the y-axis), and h;(0,y) = h,(0,y) = 0 (since the plane 2 = 0 is tangent
to the surface along the y-axis). We apply Hadamard’s Lemma (see [BG2|, page
86) to the first of these equations to show that h can be written zg(z,y). The
equation h,(0, y) then shows that g(0,y) = 0; we apply Hadamard’s Lemma again
to get the resulit.

(b) For the second part suppose that there is a diffeomorphism ¥ = (11, %3, %3) :
R? 0 — R?, 0 with the required properties. Then since i preserves the plane

z = 0 we can write ¥3(z, y, 2) = zA(z,y, z). It also preserves the linex = 2z =0so
we can write ¥, (z, vy, 2) = zB(xz,v, 2) + 2C(z,y, z). Note also that A(0)B(0) # 0.
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Now we compose 9 with the parametrisation of X; to get

(QSB(.’L‘, Y, xzfl) + $2f10($, Y, zzfl): 1102 (LL‘, Y, $2f1), mzfl (.’U, y)A(z:, Y, xzfl))'

We can rewrite this as

(zA'(z,y), B(z,y),2° f1(z,y)C'(z,v)),
with A’'(0)C’(0) # 0. Now since 7 takes X; to X, we have

(zA'(z,y), B(z,y),2° f1(z,y)C'(z, v))

— (SC’, y’: .’B’ng (‘T’s y’))

for some (z',9') € R?, and it is clear that f, and f, are Ks-equivalent.

Conversely if f; and f, are Ks-equivalent then we can find a diffeomorphism
é(z,y) = (z¢1(x,y), ¢2(z,7)) and a germ of a non zero function X : R2%,0 —
R with f, o (zd1,¢02) = (Afi)(z,v). Then the diffeomorphism (z,y,2) —
(zd1, Pa, 2A@P3) preserves the plane z = 0, the y-axis and takes the surface X;
to the surface X,. .

We now need to determine what type of contact the tangent plane to the
dual has with the dual surface along the line . The two simplest types of germs
(up to Ks-equivalence) are those equivalent to the constant function 1 and y.
Any function which does not vanish at the origin (respectively is a submersion
restricted to the y-axis) is equivalent to the first (respectively second) of these.

The surfaces given by z = z? and 2 = z%y are depicted in Figure 4.2. Notice
that the second of these surfaces is written as the graph of a function with no

quadratic terms. Thus both its principal curvatures are zero and it has a flat
umbilic at the origin. Moreover the function is of type D,,. For general smooth
surfaces in R3, this is very degenerate.

Proposition 4.5.2 We consider the dual of the crosscap by taking the two affine
charts on RP° which correspond to the families of height functions G and H.
The affine chart corresponding to H misses out the point [0:1:0:0] on the line .
This point corresponds to the tangent cone. Along this part of I, a local model for
the dual is diffeomorphic to z = z%. The affine chart corresponding to G misses
out the point {0:0:1:0]. The origin in (u;,u,,c)-space corresponds to the tangent
cone. Close to the origin on this part of [, a local model for the dual is given by

z = z*y. Consequently the point on I corresponding to the tangent cone is a flat
umbilic.
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Proof First we work with the family H. The dual is given by the equations
H = H, = H, = 0. This gives the following equations:

y® +az® + q(z,y) + w1z + uy(zy + p(y)) + ¢ = 0, (4.5)
20 + gz +u; + Uy =0 (4.6)

and
2y + gy + uaT + ugp'(y) = 0. (4.7)

We wish to look close to each point (0,¢y,0) on the u,-axis, and so we make
the substitution u, = ¢y +t. By the implicit function theorem, we can write z
and y as functions of u; and ¢ as long as t3 — 4a # 0, i.e. t; is away from the
cuspidal edges in the case of the parabolic crosscap. Now suppose z = 1 (u, 1)
and y = ¥,(uy,t). We claim that 9, and 1, are divisible by u;. To see this, we
set u; = 0 in Equations (4.6) and (4.7) to get

20/(/)1 (03 t) + Qm("rbl (01 t)v ¢2(Oa t)) + (tO + t)¢2(0= t) =0 (48)
and

292(0,) + g, (41(0,2), %2(0,2)) + (o + )¥1(0,2) + (to + )P (¢2(0,¢)) =0 (4.9)

We assume 7, and ¥, are analytic and we compare the orders of 1,(0,t) and
¥2(0,t), denoted O(%,(0,t)) and O(%,(0,t). These cannot be equal. For suppose

O(%1(0,¢)) = O(¢(0,t) = £.
Then we could write
01(0,8) = bt  + -+ and  1Pp(0,2) = it + - --.
Substituting into Equations (4.8) and (4.9) gives

2(1bk +tgck = (
2Ck =+ tobk = 0,

and we have a contradiction. If O(%,(0,t)) < O(%,(0,t)), then Equation (4.8)
implies that 1,(0,t) = 0 and thus 1,(0,t) = 0. Alternatively, if O(¥,(0,t)) <
O(11(0,t)), then Equation (4.9) implies that 1,(0,¢) = 0 and thus ,(0,t) = 0.
So we deduce that

T =P1(uy,t) =uy(bo+--+) and y=1a(uy,t) =ui(co+--),
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where by and ¢, are constants.

Substituting back into Equations (4.6) and (4.7), we see that
2aby + 1 +tyco =0 and

260 + tobo — 0,

so that
2 ~1,

—— d =
BF—4a) " T @-4a)
Finally Equation (4.5) gives us an expression for ¢ in terms of z,y, u; and u,. We

substitute for z and y in this expression and it follows that the dual surface near
the point (0, £y,0) is given by the equation

b0=

c=ul(K +--),

where K is a non-zero constant. Then we can apply Proposition 4.5.1 to show
that there is a diffeomorphism which fixes the plane ¢ = 0 and the u, axis so that
the dual surface can be written ¢ = u} (away from the cuspidal edges).

Now we can make the same considerations for the affine chart that includes
the tangent cone. We work with the family of height functions G. The equations

G=G,=G,=0give

zy + p(y) + q(z,y) + 3z + uy (¥ + az?) + ¢ =0, (4.10)
Y+ uy +uy(2az + ¢,) =0 (4.11)

and
z+p'(y)+u2(2y +¢y) =0 (4.12)

This time we are just interested in what happens close to the point (ug,uy,¢) =
(0,0,0). Equations 4.11 and 4.12 imply that we can write = and y as functions
Y1 and 1 respectively of u; and u,. From Equations (4.11) and (4.12) we have

y = —(u; + uy(2az + ¢;)) and

z = —(p'(y) +u2(2y + ¢,)).

It 1s clear from this that the functions v; and v, are divisible by u;. Thus we
have

Yy=—u+ ¢1($:yaulsu2rc)a¢l € Mga and
T = 2u)u; + ¢’2(-’F, Y, Uy, Ug, C), Py € Mg
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Figure 4.3: The dual surface away from the flat umbilic.

We substitute back into Equation (4.10) to get
¢ = 5uduy + a(uy, ug, ¢), @ € M3,

with « divisible by u{. Applying Proposition 4.5.1, we see that there is a diffeo-
morphism which fixes the plane ¢ = 0 and the u, axis so that the dual surface

can be written ¢ = u}u, at the tangent cone point. 0

On generic smooth surfaces, we do not expect flat umbilic points at all. They
are not stable; that is they can always be removed by perturbing the surface.
However we have seen that we cannot perturb the crosscap to remove the flat
umbilic point on the dual, so that within this context, the flat umbilic on the dual
of the crosscap is a stable phenomenon. As we mentioned before the statement
of Proposition 4.5.2, these flat umbilic points are very degenerate. The consid-
erations of this section allow us to determine some more information about the
global structure of the dual. Taking a neighbourhood of the line ! and intersecting
it with the projective plane 6 = 0 gives a Mobius band. Proposition 4.5.2 shows
us how the dual lies with respect to this Mobius band. Taking the affine chart
that does not include the flat umbilic (corresponding to the height function H),
the dual surface is as shown in Figure 4.3.

Taking the other affine chart (corresponding to the height function G), the
dual surface is as shown in Figure 4.4. In this diagram, we have indicated possible
curves of points where there are bitangent planes. These correspond to the double
point curve. Notice that we have not included the possible cuspidal edges in
these diagrams. In the case of the parabolic crosscap, these can be inserted at

the relevant points. Considering how the dual lies with respect to the plane § =0
that is tangent to the dual along the line [ gives
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