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Abstract

In this article, we present the TMM-TPHD and TMM-TCPHD filters, which are the alternative trajectory probability
hypothesis density (TPHD) and the alternative trajectory cardinality probability hypothesis density (TCPHD) filters
for tracking maneuvering targets. To describe the trajectory maneuver, we define the motion model history sequence
of a trajectory as the trajectory motion model (TMM) variable. By incorporating the TMM, we augment the general
trajectory model to accommodate the maneuver. Based on this augmented model, we propose the TMM extensions
of the standard TPHD and TCPHD filters, namely TMM-TPHD and TMM-TCPHD filters. These filters can directly
estimate the number, trajectory state, and TMM of maneuvering targets. In addition to the derivation of the filtering
formulas, we also develop linear Gaussian mixture (LGM) implementations for TMM-TPHD and TMM-TCPHD filters.
We verify the tracking performance and parameter stability of the proposed filters through tracking simulations involving

multiple maneuvering targets.
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1. Introduction

The purpose of multi-target tracking (MTT) is to es-
timate the unknown number of targets and extract their
individual trajectory states from complex environments.
These environments involve various challenges, including
uncertain target appearance/disappearance, uncertain data
association between targets and measurements, uncertain
detection profile of targets, noise interference, and false
alarm clutter. Over decades of development, the random
finite set (RF'S) [1, 2, 3] method, based on Bayesian philos-
ophy, has emerged as a popular approach for MTT nowa-
days.

The original RFS method models the ensemble of tar-
get states as a set and can estimate the multi-target state
from the posterior density of this set. Therefore, it is also
known as the target RFS method. In this method, the tar-
get birth/death, data association, detection profile, noise
and clutter can be naturally encapsulated in an elegant
Bayesian multi-target tracking framework. The posterior
density of the target set is propagated through this frame-
work. As a result, a large body of work based on the tar-
get RFS method have emerged, including the PHD [4, 5],
CPHD [6], cardinality balanced multi-Bernoulli (CBMeM-
Ber) [7], generalized labeled multi-Bernoulli (GLMB) 8,
9], labeled multi-Bernoulli (LMB) [10] and Poisson multi-
Bernoulli mixture (PMBM) [11, 12] filters.
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Recently, there has been an extension of the target RF'S
method to the set of trajectories for directly estimating
trajectories [13, 14, 15] instead of just target states. This
extension is known as the trajectory RFS method [16].
While the target RFS method only calculates the multi-
target posterior of the current time, the trajectory RFS
method can compute the multi-trajectory posterior. This
posterior captures all statistics of the multi-target state
history from birth to the current time. A variety of fil-
ters based on this method have been developed, includ-
ing the TPHD [17, 18], TCPHD [18], trajectory multi-
Bernoulli (TMB) [19], trajectory multi-Bernoulli mixture

(TMBM) [16, 20], trajectory Poisson multi-Bernoulli (TPMB) [21]

and trajectory PMBM [22, 23]. Among these trajectory
RFS filters, the TPHD and TCPHD filters have lower
computationally complexity and are highly beneficial in
systems with low computational budget, where a more
computationally heavy algorithm is not feasible to use.
Therefore, they have been applied in practice, involving
spawning target tracking [24] and extended target track-
ing [25]. Additionally, the target RFS-based filters with
labels also can be extended to the set of labeled trajecto-
ries [16, 19, 26, 27]. These filters based on the set of labeled
or not trajectories, have been shown to outperform their
target RFS counterparts, as demonstrated through com-
parisons of trajectory estimation error [18, 21] or target
estimation error [27].

The conventional implementations of the abovemen-
tioned MTT filters only take into account that all targets
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have the same dynamic model throughout the tracking
period. As a result, these filters cannot be directly em-
ployed for tracking maneuvering targets [28, 29], as their
dynamic models change randomly at different times. One
commonly used solution for maneuvering target tracking
is the jump Markov system (JMS) or multiple models
(MM) approach [30, 31, 32]. This approach assumes that
the dynamic model of each target follows a finite-state
Markov chain [33] and switches among multiple models
over time. By incorporating a motion model variable to
describe the target maneuver, this approach augments the
general target state, enabling simultaneous estimation of
the motion model and maneuvering target state. Com-
bined with the MM approach, the target RFS method
has been adapted to form MM extensions, including the
PHD [34, 35], CPHD [36], multi-Bernoulli [37], LMB [38],
GLMB [39, 40] and PMBM [41] filters.

In addition to our previous work [42] on the MM ex-
tension of the TPHD filter, referred to as MM-TPHD in
this article, no other filters based on the set of trajec-
tories have been developed to track maneuvering targets
to date. The MM-TPHD filter assumes a fixed dimen-
sion for the target state vector across all motion models,
and also incorporates the motion model variable to aug-
ment the general trajectory state. However, as it only
accounts for the current time, the motion model variable
is unable to capture the historical motion model informa-
tion of a trajectory. Therefore, this article further devel-
ops the trajectory motion model (TMM) variable to rep-
resent the motion model history sequence of a trajectory.
Subsequently, the TMM-TPHD and TMM-TCPHD filters,
which are the TMM extensions of the TPHD and TCPHD
filters, are proposed. Additionally, the article presents the
LGM implementation, which formulates the analytic so-
lutions of the proposed filters, namely LGM-TMM-TPHD
and LGM-TMM-TCPHD.

The TMM extension is essentially an improvement of
the MM extension on the set of trajectories because the
dynamic model of targets also complies with the MM ap-
proach. While the MM extension only estimates the cur-
rent time motion model, the TMM extension is capable
of estimating the complete motion model history sequence
for a trajectory. In terms of motion model estimation at a
specific time, the TMM extension can continuously correct
the estimation error through subsequent filtering, whereas
the MM extension cannot. Therefore, in comparison to the
MM extension, the TMM extension offers higher accuracy
in motion model estimation. As a result of this more ac-
curate estimation, the TMM extension also demonstrates
superior target/trajectory tracking performance.

The key contributions are summarized below:

1. Proposal of TMM-TPHD and TMM-TCPHD filters:
Adopting the MM approach, we use a new variable
to express the motion model of a maneuvering tar-
get and then define the motion model history se-
quence of its trajectory as TMM. By augmenting

the trajectory kinematic state with the TMM, we
devise the augmented trajectory RFS and then in-
troduce its JMS-based system model. Under this
system model, we extend the TPHD and TCPHD for
enabling TMM estimations of maneuvering targets.

The results are named TMM-TPHD and TMM-TCPHD

filters, whose prediction and update equations are
derived based on the Bayesian multi-trajectory re-
cursion.

2. Presentation of LGM implementations: Considering
the linear Gaussian model, we present the closed-
form implementations of proposed filters: the LGM-
TMM-TPHD and the LGM-TMM-TCPHD filters.
Specifically, we introduce three linear Gaussian model-
based assumptions for the augmented trajectory RFS.
By substituting these assumptions into the proposed
filters, we derive the filtering equations of the LGM-
TMM-TPHD and LGM-TMM-TCPHD. In order to
reduce the computational cost of the implementa-
tions, we develop the pruning and absorption tech-

niques and adopt the L-scan approximation approach [18].

The remaining portion of the article is structured as
follows. Section 2 provides a summary of the trajectory
RFS and TPHD/TCPHD filters. Section 3 introduces the
concept of TMM and develops the TMM-TPHD filter by
elaborating on the Bayesian recursion. Section 4 describes
the TMM-TCPHD filter. Section 5 presents the LGM im-
plementations with computation-saving technology for the
proposed filters. Sections 6 and 7 respectively showcase
the simulation experiments and conclude the article.

2. Background

This section introduces some preliminaries for this ar-
ticle. Section 2.1 reviews the fundamentals of trajectory
RFS and Section 2.2 is for Bayesian multi-trajectory re-
cursion. Section 2.3 further provides an overview of TPHD
and TCPHD filters.

In this article, we utilize the lowercase letters (e.g.,
x) to write the state variables of a single-target and up-
percase letters (e.g., X) to write the state variables of a
single-trajectory. The multi-target/trajectory state vari-
ables are denoted by bold letters (e.g., x, X). The black-
board bold letters (e.g., X, T) are used to represent state
spaces. Moreover, we indicate the augmented state vari-
ables with an overline (e.g., 7, X).

2.1. Trajectory RFS

Given a single-target state x € X, we express the single
trajectory state as the variable X = (¢, ') [18], where
¢ denotes the trajectory initialization time, [ denotes the
trajectory length and ' = (2!, ---  2!) denotes the state

sequence of targets on the continuous time steps. Then,



we express the state space of a single trajectory at time k
as

Ty = W nen {¢} ¥ X, (1)

in which I, = {(¢,): 0<(<k,1<(+1—-1<k}andW
indicates the union of disjoint set [2].

According to the RFS philosophy [1], the trajectory
RFS [16] at time k is defined as the set of all trajectories
that exist in the interval from time 1 to k. This represen-
tation is denoted by

Xy = {(X1, -+ Xn) : Xy € Ty}, (2)

where X, € F(Ty) and F(Tx) denotes the set space com-
posed of all subsets of T.

In this article, we adopt the function pg(-) on Ty to de-
note the single trajectory density at time k£ and function
7mx(-) on F(Ty) for the multi-trajectory density of trajec-
tory RFS at time k. Their integrals are given by [1]

/pk (X) dX = Z /p}yC (C,l‘l:l) dml:l, (3)
(

S

/ﬂk(xk)axk _y % /ﬂk({xl, X)X . (4)
n=0

Then, we can calculate the cardinality distribution pg(-)
of the trajectory RFS as

puln) = o [ o X)) dXun (5)

Poisson Trajectory RFS: To say that a trajectory RFS
is Poisson means: it has a Poisson cardinality distribu-
tion; for any cardinality, the elements have independent
and identically distributed (IID) individual trajectory dis-
tribution.

Suppose that the Poisson cardinality distribution mean
is A\, and the individual distribution density is v(-) with
J v(X)dX = 1, we can express the Poisson multi-trajectory
density as [18]

m({ X1, Xa}) =€_A“AZH5(XZ-), (6)

IID Cluster Trajectory RFS: To say that a trajectory
RFS is IID cluster means: its cardinality distribution is
arbitrary and the elements is 11D.

Given the arbitrary cardinality distribution p(-) and
the individual element distribution density v(-), the IID
cluster multi-trajectory density is

r({X1, - X)) = p(m)nt ] 5(X0). (7)

2.2. Bayesian Multi-trajectory Recursion

This article employs fyx—1(-|-) to indicate the multi-
trajectory transition function, and gi(-|-) for the multi-
target likelihood function between measurement set and

target set. Given the multi-trajectory posterior density
Tp—1(Xg—1) at time k — 1 and multi-target measurements
set zj at time k, we can calculate the multi-trajectory pos-
terior density 7, (Xy) at time k via the following prediction
and update [16]

Trjk—1(Xk) = /fk|lc71(Xk‘Xk—l)ﬂ'k—l(xk—l)isxk—lv

(8)
(X)) = gk (Zk Xk ) e o1 (X)) )
J e (rlxp) mrpp—1 (X5 ) 0Xp
in which 7,1 (X4 ) expresses the predicted multi-trajectory
density, x; = 71(Xj) denotes the set composed of target
states of the trajectory RFS X}, at time k.

Given Xj_1, the set of trajectories X does not de-
pend on previous sets of trajectories Xy _o, X;_3 and so
on. That is, if we know Xj_1, then previous sets of trajec-
tories, such as X;_o, Xj_3, do not add any extra informa-
tion to characterise the density of Xj. Nevertheless, the
prediction step and the transition density perform state
augmentation in which the new states of the trajectories
are appended to the previous ones. The state augmen-
tation approach is used in trajectory filters [15] but not
standard filters [43]. This is manifested in the trajectory
RFS filters by the fact that the prediction step preserves
the state of the previous trajectories and the update step
can use current measurements to update the previous tra-
jectory state estimates.

2.3. The TPHD and TCPHD PFilters

Due to the intractable analytic solution [5] of the Bayesian
recursion, TPHD and TCPHD filters do not directly prop-
agate the posterior distribution (9). In the TPHD, the
trajectory RFS is assumed to be Poisson. Using the mea-
surement sets of all timesteps, the filtering recursion prop-
agates the PHD of Poisson multi-trajectory density. The

TPHD can estimate the trajectory number and multi-trajectory

state from the PHD. Given the multi-trajectory density
7(X), its PHD is [1]

D.(X) = /W({X} UX)oX. (10)
Similarly, the TCPHD filter assumes that the trajectory
RFS is IID cluster. The PHD and cardinality distribu-
tion of IID cluster trajectory RFS are propagated with
time via filtering recursion. The TCPHD can estimate
the trajectory number and multi-trajectory state from the
cardinality distribution and PHD, respectively.

By combining equations (4)—(10), [18] formulates the
prediction and update equations of TPHD and TCPHD fil-
ters. However, the resulting multi-trajectory density from
either the prediction or update process may no longer be
a Poisson/IID cluster. Therefore, in order to maintain
the closed form, the Kullback-Leibler divergence (KLD)
minimization [44, 45, 46] is carried out for acquiring the
best Poisson/IID cluster approximation after the predic-
tion and update step.



3. TMM-TPHD Filter

This section proposes the TMM-TPHD filter for track-
ing maneuvering targets. Section 3.1 presents the TMM

and builds the augmented trajectory RFS model with TMM.

Section 3.2 then introduces the JMS-based system model
for the augmented trajectory RFS. Section 3.3 further de-
rives the recursive formulas of the TMM-TPHD.
Throughout the article, we denote the Dirac delta and
indicator function [9] as Oy [X] and ly(x), respectively.
(a,b) = [ a(z)b(x)dz is utilized to express the inner prod-
uct with (a)=(1,a), in which the integral is changed to
summation when a and b are discrete sequences.

3.1. The TMM and Augmented Trajectory RFS

To depict the dynamics of a maneuvering target, whose
state dimension is assumed to be fixed for all motion mod-
els, we adopt the variable o € O to represent the index
of the motion model, in which @ is the discrete index
space consisting of |O| possible models. Then, the mo-
tion model history sequence of a trajectory X is defined
as the TMM variable O = o' € Q'. To accommodate
the maneuver, we denote the augmented vectors of target
state and trajectory state of maneuvering targets at time k
as T = (z,0) € Xx 0 and X = (X,0) = (¢, 2", 0") € Ty
respectively. T} denotes the State space at time k of a
single augmented trajectory as

’]_Tk = H—J(C,Z)EIR {C} X Xl X @l. (11)
The integral for an arbitrary real-valued function &(-) on
space T}, is expressed as

Jemax= 3 [ ¥ ecatoant (12)

(¢, ey ol:ileQt
The augmented trajectory RFS can be represented as

Xk :{(Xl, ,Xn) Xz GTk}, (13)
having the same density integral and cardinality distribu-

tion as the (4) and (5).

3.2. JMS-Based System Model

1) The Dynamic Model: Given the augmented trajec-
tory RFS Xj,_; at time k — 1, there are two possible kine-
matics behaviors at time k for each augmented trajectory
Xi_1 € Xi_1: i. Survive independently with probabil-
ity Ps(Zx—1) = Ps(mx—1(Xr_1)) and generate a new aug-
mented trajectory Xj, according to density ¢ (Xp|Xp_1);
ii. Die with probability 1 — Ps(Zx_1). ¢r(Y|X) denotes
the transition density of a single augmented trajectory.
Writing X = ({, %) and Y = ({,,y""), we have

¢k(Y|X) = t(gly ‘jlap)(s)_([(cy) gl:ly—l)],

where ¢(+]-) is the state transition density of single sur-
viving (augmented) target. In addition to the surviving

(14)

and dead augmented trajectories, the predicted augmented
trajectory RFS X, also contains the new-born augmented
trajectories/targets at time k, whose density is given by
T(Xg new) With the PHD Dye,(Z).

2) The Measurement Model: Given the augmented tra-
jectory RFS X; at time k, there are two possible ob-
servation situations for each augmented trajectory X €
Xp: i. Detected independently with probability Pp ()
= Pp(m:(Xy)) and generate a measurement z according
to likelihood function s(z|Zy); ii. Missed with probability
1 — Pp(Zx). In addition to the measurements came from
detected trajectories, the measurement set z; also contains
clutters, whose individual density is ¢(z).

Adopting the JMS/MM approach [33], the motion model
of a maneuvering target follows a finite-state Markov chain
that changes with time. Let 9(0'|o'~!) denote the model
switching probability from o'~! to o!. This approach as-
sumes that the target state transition has nothing to do
with the evolution of the motion model and that the gen-
eration of measurements is also independent of the motion
model. Thus, the transition density and likelihood func-
tion of the augmented target can be expressed as

t(g'|z') = t(y'|at, o')d (o' o)
s(z[z') = s(z[a')

3.3. The TMM-TPHD Recursion

As discussed in Section V-B of [17], the TPHD filter
does not recommend retaining information on dead trajec-
tories. Therefore, this article does not take into account
the dead augmented trajectories in the dynamic model.

1) Prediction: Suppose that in the presented dynamic
model, both the augmented trajectory RFS at time k& — 1
and the new-born augmented trajectory RFS at time k are
Poisson. In this case, we can derive the prediction step at
time k of the TMM-TPHD filter. The specific prediction
formulas are outlined in Proposition 1, and the proof can
be found in Appendix A.

(15)

Proposition 1. For the TMM-TPHD filter, suppose the

posterior PHD Dy_1(Xk—1) at time k —1 is known, we

can obtain the predicted PHD Dy, (Xy) at time k as
Dk|k71(Xk) = Dnew,k(Xk> + Dsur,k(Xk)7

where Dnew’k(Xk) and Deyr 1 (Xy) indicate the PHD for
new-born augmented trajectory RFS and surviving aug-

(16)

mented trajectory RFS, respectively. We have
Dnew,k(Xk) - 5k(C)Dnew($l7 01)7 (17)
Dsur,k(Xk) = 1Nk_1(C)PS($l_1vOl_1) (18)
x t(a' a1, 0 )3 (o' o' ) D1 (Xi-1),
where Xj—1 = (¢, ¥ ot X, = (¢, 2%, 0%Y) and

k=C(+1—1 as the dead augmented trajectories are not
considered.



Comparing the predictions of standard TPHD and TMM-

TPHD, the TMM-TPHD prediction additionally contains
the evolution of TMM, which extends the previous TMM
by incorporating the current time motion model obtained
through Markov switching, as shown in (18). Although the
MM-TPHD prediction [42] also considers the evolution of
motion model, the previous motion model is integrated.
2) Update: Similarly, suppose that in the presented
measurement model, both the given predicted augmented
trajectory RFS at time k and the clutter set distribution
are Poisson. In this case, we can derive the update step
at time k of the TMM-TPHD filter in the sence of KLD
minimization. The specific update formulas are outlined

in Proposition 2, and the proof can be found in Appendix
B.

Proposition 2. For the TMM-TPHD filter, suppose the
predicted PHD Dk‘k,l(Xk) at time k is known, we can
obtain the posterior PHD Dy (Xy) at time k as

Dy (Xk) = Duis p(Xk) + Daet .k (Xk), (19)

where Dupis k(X)) and Daesr(Xy) indicate the PHD for
missed augmented trajectory RFS and detected augmented
trajectory RFS. We have

Duis (Xi) = (1 = Pp(at,0") Dyje—1 (Xn),

2t ol)s(z|zt
Ddet,k(Xk) = Dk|k—1(Xk) Z W’

(20)

(21)

Alz] = (Y Po(-,0)s(z[)Drpi-1(-,0")), (22)

oleO
D’r,k|k71('70l) = Z / Z
(¢DET olil—1cQl—1 (23)

Dk|k71(<7 Il:l, Ol:l)dxl:l—l7

with X5, = (¢, 21, 0%). k(2) = Aec(z) and A\, are the
PHD and cardinality mean of Poisson clutter RFES, re-
spectively. Dﬂkm_l(xl, o') indicates the PHD for predicted
augmented target RFS at time k.

Using the current measurement set, the standard TPHD
update [18] solely estimates the trajectory states, while the
MM-TPHD update [42] and the proposed TMM-TPHD
update can additionally estimate the current time motion
model and TMM of trajectories, respectively.

Since the TMM at the current time consists of the pre-
vious TMM and the current time motion model, there are
two main differences between the TMM-TPHD update and
the MM-TPHD update. First, the TMM-TPHD update
requires summing over the previous TMM space O'~! to
calculate the DT}k‘k,l(xl,ol) (23), while the MM-TPHD
update does not involve this step. Secondly, the current
TMM estimation in the TMM-TPHD update can cover or
even improve the past TMM estimation, while the current
motion model estimation in the MM-TPHD update does

not have this capability. Consequently, the TMM-TPHD
filter provides a more accurate motion model estimation.

In the dynamic, the target state is coupled with its
motion model. In other words, a better motion model
estimation will result in a smaller state estimation error.
Therefore, compared to the MM-TPHD, the TMM-TPHD
exhibits superior tracking performance for maneuvering
targets due to its more accurate motion model estimation.

Remark 1. Given the trajectory PHD with |O]' TMM
modes in the TMM-TPHD, by integrating the TMM modes
that share the same current time motion model, we can
obtain the same PHD with |O| motion models and filtering
equations as the MM-TPHD. Thus, the MM-TPHD filter
can be regarded as the marginalization approximation on
the current time motion model of the TMM-TPHD filter.

To clearly show the difference between TMM-TPHD
and MM-TPHD, we provide a simple example as below.

Example 1. Let us consider a one-dimensional target,
whose state contains its position and wvelocity. The tar-
get has two possible motion modes: Mode 1 and 2 are both
constant velocity (CV) models but with velocities of 10m/s
and 20m/s respectively. The switching probability of dif-
ferent modes is 0.2. The true mode of the target is 0 = 1
at time step 1, but switches to o = 2 at time step 2, and
remains o = 2 at time step 3.

Given the prior augmented target state at time step 1
as T = ([100;10],1), Fig. 1 shows the true states and the
predicted and updated augmented trajectory estimates of
the MM-TPHD/TMM-TPHD" at time steps 2 and 3. Note
that at the time of model switching, i.e., time step 2, the
model estimation is often incorrect because the unchanged
model components (the component o = 1 in the Fig. 1)
still have high weights.

According to Fig. 1, we can confirm the four differences
between TMM-TPHD and MM-TPHD are as follows:

e Due to the different model evolution, MM-TPHD has
fized model components at each time step, while the TMM
component of TMM-TPHD increases exponentially over
time. This implies that the TMM-TPHD has higher com-
putational burden.

e Comparing the TMM estimations of TMM-TPHD
and MM-TPHD at different time steps, the TMM estima-
tions of TMM-TPHD at time step 3 can correct the wrong
estimations at time step 2, while MM-TPHD cannot.

e In the prediction, since the correct predicted model
component o = 2 at time step 3 integrates the wrong model
component o = 1 at time step 2, as shown by the bolded
arrow in Fig. 1, the MM-TPHD has greater trajectory
state estimation error.

o As for the TMM components of TMM-TPHD with
the same motion model at time step 3, we can obtain the

LRefer to [42] for MM-TPHD calculation and Section 5.2 of this
article for TMM-TPHD calculation.
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Figure 1: The MM-TPHD/TMM-TPHD iteration diagram, in which w is the weight of model components and the model components filled in
cyan are the estimated results at each time step. By linking the estimated motion models at each time step, we can get the TMM estimations

of MM-TPHD at time steps 2 and 3 are [1;1] and [1; 1; 2], respectively.

model components of MM-TPHD at time step 3 by sum-
ming weights and calculating the weighted mean of tra-
jectory states. This process can be visualized through the
dotted arrows in Fig. 1.

4. TMM-TCPHD Filter

This section also presents the TMM-TCPHD filter to
track maneuvering targets. Sections 4.1 and 4.2 respec-
tively describe the prediction and update process of TMM-
TCPHD. The proofs for these processes are not provided
as they are similar to the standard TCPHD [18], with the
only difference lying in the augmented state and integral
space.

To introduce the TMM-TCPHD filter, we express the
binomial coefficient and permutation coefficient as C, =
vl/ul(v —u)! and AY = v!/(v—j)! , respectively. The
j-order elementary symmetric function [47] of a finite set

eiz = > (]9

sCz,|s|=j <€s

which is equal to 1 when j = 0.

4.1. TMM-TCPHD Prediction

In the prediction process, it is assumed that both the
given augmented trajectory RFS at last time and the new-
born augmented traget/trajectory RFS at current time are
IID cluster. Under this assumption and the presented dy-
namic model, the TCPHD prediction is extended to obtain
the TMM-TCPHD prediction, whose specific formulas are
outlined in Proposition 3.

Proposition 3. For the TMM-TCPHD filter, suppose the
posterior PHD Dy_1(Xx_1) and posterior cardinality dis-
tribution px—1(n) of time k — 1 are known, the predicted
PHD Dy, (X&) at time k is the same as the TMM-
TPHD filter, see Proposition 1. We can calculate the pre-
dicted cardinality distribution as

anewk 7]

7=0 (24)

X Ajp—1[Drp—1(-,0""1), pr—1](4),
where Dy —1(z'=1, 0'1) indicates the PHD for target RFS
at time k— 1, whose calculation can refer to (23), pnew,k(+)

denotes the preset cardinality distribution of new-born aug-
mented target RFS. Moreover,

Pk|k— 1(

)= S Cmpm)( S Ps(, o) D( 0Ly
m=j ol=1€0
(3 (1= P00 )"
(S DG )"
ol=1e0
(25)

Compared to the TMM-TPHD prediction, the TMM-
TCPHD prediction also includes the propagation of cardi-
nality distribution in addition to the predicted PHD. The
integration of the augmented trajectory PHD in the pre-
dicted cardinality needs to take into account the incorpo-
ration of the TMM. Specifically, it requires summing over
the TMM space, as shown in equation (12). This is in
contrast to the standard TCPHD prediction, which does
not involve such summation.



4.2. TMM-TCPHD Update

In the update process, we also assume that both the
given predicted augmented trajectory RFS and clutter col-
lection are IID cluster. Under this assumption and the
presented measurement model, the TCPHD update is ex-
tended to the TMM-TCPHD update, whose specific for-
mulas are outlined in Proposition 4.

Proposition 4. For the TMM-TCPHD filter, suppose the
predicted PHD Dk‘k,l()zk) and predicted cardinality dis-
tribution pyj—1(n) of time k are known, we can calculate
the posterior PHD Dy (Xy) and posterior cardinality dis-
tribution pr(n) of time k as

Dy(Xk) = Dyje—1 (X3)[T1(1 = Pp(a',0"))
1,k

+ Z Tg (;» (Z|$I)PD(£El,0l)], (26)
B \IJO[DT,k\k—l('aOl)’zk](n)pklk—l(n)
) = 0D, D e ) D
where
_ (w! D'r,k\kfl('a0l>7zk]apk|k71>
Ti= (UOID+ ko—1(-50), 28], prejie—1)’ (28)
_ <‘I]1[D'r,k\k71('aOl>7zk\{z}]7pk\k71>
1= (UO[Dy pjk—1(- 0, 2k], prje—1) (29)
min(|z|,n—u)
vD,zl(n) = Y (|2l = )lpsllzl — §) AT,
=0

(S (1= Po(no)D(,o)" " (g0

ole0
(X D(,o)"

ole0
x €;(0(D, 2)),

X

O(D,z) = {( ZPD (|))D(~,ol)>:z€z},

oteO

(31)

where \ denotes set subtraction, |z| indicates the number
of elements in the measurement set z, px(-) indicates the
cardinality distribution of clutter.

Compared to the TMM-TPHD filter, the updated PHD
in the TMM-TCPHD filter is adjusted to characterize the

influence of cardinality distribution on posterior intensity (26).

Therefore, unlike the TMM-TCPHD prediction, the up-
date PHD is no longer the same as the TMM-TPHD up-

date. Additionally, the difference between the TMM-TCPHD

update and the standard TCPHD update [18] also lies in
whether there is a summation over TMM space in the in-
tegral of PHD.

Remark 2. Similar to the MM-TPHD, the MM extension
of the standard TCPHD, named the MM-TCPHD filter, is
also an approximation of the TMM-TCPHD filter through

motion model marginalization. Therefore, we can derive
the MM-TCPHD by summing the TMM modes that share
the same current time motion model in the trajectory PHD
of the TMM-TCPHD.

5. Linear Gaussian Mixture Implementation

This section develops the analytic solutions of TMM-
TPHD and TMM-TCPHD filters through the LGM imple-
mentation, named LGM-TMM-TPHD and LGM-TMM-
TCPHD filters. Section 5.1 introduces the linear Gaus-
sian model, based on which Section 5.2 proposes the LGM-
TMM-TPHD and LGM-TMM-TCPHD filters. Section 5.3
analyzes the computational cost in the LGM implemen-
tations and introduces two effective techniques to lower
this cost. Finally, Section 5.4 summarizes the extraction
strategies of multi-trajectory state.

5.1. Linear Gaussian Model Basis for Implementation

As in the TPHD filter, we first define a Gaussian dis-
tribution that contains a deterministic start time, length,
and maneuvering model. That is, for an augmented trajec-
tory X = (X,0) = (¢, 21, o'), its Gaussian distribution

: NE: G Vi Or) = 6, 10,0
x N(x!

in which I = dim(Oy), ms € R%*"= is the mean of Gaus-
sian density, Vi, € Rx"=>xlma is the covariance and n,
expresses the vector dimension of a single-target state.

In addition, some assumptions are taken as follows for
implementation

Lo, Vi), 32)

Assumption 1. For each augmented trajectory, both the
probabilities of surviving and being detected are constants,
e., Ps(X) = Ps(2!,0') = Ps, Pp(X) = Pp(a2,0") = Pp.

Assumption 2. For each augmented trajectory, both the
evolution and observation processes are linear Gaussian,

50
t(xl\xl_l,ol)
s(zlz")
with the given model matrices F(o') € R">"= Q(o') €
RreXne [ ¢ R*=Xne R ¢ R™=Xn=,

=N (2! F(oh)z'1, Q(d")

= N(z; Hz', R) 7 (33)

Assumption 3. At time k, we express the PHD for new-
born augmented trajectory RFS as a Gaussian mizture (GM)
form

new k

500,
Daos.(Xk) = Z Z oo
e €0 (34)
% N(X k -’ new, k Vj onew k _] )
new k ° "newk ?“newk/’

where Jyey . denotes the number of new-born trajectories,

o od
J5%heu, k
new,k

denotes the weight of jth trajectory with the motion



model Onewk’ newk: € R™ and Vnewk € R"=*"=_ Note
that the number of all Gaussian components in the PHD

8 Jnew,kl@‘-

5.2. LGM-TMM-TPHD and LGM-TMM-TCPHD Filters

By substituting the Assumptions 1—3 into Proposi-
tions 1—4, the LGM-TMM-TPHD and LGM-TMM-TCPHD
recursions are derived in following four propositions.

1) LGM-TMM-TPHD Filter: Following up Proposi-
tions 1 and 2, Propositions 5 and 6 elaborate the analytic
propagation over time of the GM components that repre-
sent the PHD for Poisson augmented trajectory RFS.

Proposition 5. Suppose the posterior PHD at time k — 1
is known with the GM form

Jr—1

=2 2

j=1 01716(@[’“ 1,5

3,05

Dy—1(Xk—1) Wy

(35)

O

J,0
XN (X3 ¢y my 7 Vi 1k L0y,

where Oi71 = olilk-15 lk—1,; denotes the length of jth
trajectory and Ci_l +lg—1; —1 =k —1. Then, we can
calculate the predicted PHD Dk\k—l(Xk) at time k as

Dyji—1(Xk) = Duewe(Xi) + Dsur (X)), (36)
where Dyey 1(X) is the same as (34) and
Jr-1
DX = 3 S
j=1 Oj'e@’kj (37)
_ of
XN(X;CIJc—l’mkUc 1’Vk]|k ' 0%);
wifk) = _ Pei(oth |l )0 Oh1 (38)
ol mj’oz’_1
J, _ k—1
m = ie] 5 39
k|k—1 F(Ol’c=1)mi’?{“’l’[k71] ( )
50k 4
VIOl = Vi Vi 40
klk—1 VlT %-’-Q(Olk’j) ( )
Vi = V)T (41)
o B
Vo = For) v G R (a2)

where Iy ; = lp—1,; +1, 0! = (Oi_l,ol’w) = olibr mi’[a]

and ij’[a] indicate the portion of mean vector and covari-
ance matriz of the jth component at time step a [23].
ng,[a:b,c:d] indicates the portion of the covariance matrix
consisting of the rows from time steps a to b and columns

from time steps c to d.

From (37), the number of surviving trajectories does
not increase, which is consistent with the GM-TPHD pre-
dictions. However, the number of TMM components of
each surviving trajectory increases by a factor of |O| due
to the TMM evolution.

Proposition 6. Suppose the predicted PHD at time k is
known with the GM form

Jr|k—1

2. 2w

i=l 0 c0'k.

Dk|k 1 ch k|k 1

. 10l
XN(X’CIJf\k—Nmk\k 1 Vi ", 0).

Then, the posterior PHD Dy (X}) at time k is

Di(Xy) = (1= Pp) Dyjp—1 (X)) + Z Daet, 1 (Xks 2), (44)
ZEZ}
where
Jrk—1 OJ
Daeri(Xkiz) = > Y. wy
=1 0Jeco'k.i (45)
xN(X;c,i,k,l,mj’oi,v?‘oi,Oi),
3,04 Ppuw; k\k 1qk k(z)
g (Z) L i,0% 4,0} ’
r(z)+ 2 2wk ")
=1 0icolki
(46)
j,01 07,k
g *(2) = N(z Hm k\k 1 ’HVkJ|kk1 HT + ()v )
47
j,07 j,0,,[k
my %k =m0 P rK( — Hmp e, (48)
3,0} 3,01 3,08, k,]
VIO = v - KRV (49)
—1
03,1k ,0i.:[k
Vk]\k k1[ ]HT( ij|kf1[ ]HT+R)
(50)

From (44) and (45), the number of TMM components
of each surviving trajectory does not increase. However,
the number of all trajectories increases to 1 + |zx| times
due to the association between trajectories and measure-
ments. Note that due to the adoption of the linear Gaus-
sian model, the recursions of mean and covariance for each
Gaussian component adhere to the principles of the classic
Kalman filter [48].

2) LGM-TMM-TCPHD Filter: In addition to the PHD
for IID cluster augmented trajectory RFS, the LGM-TMM-
TCPHD filter also shows the propagation over time of the
cardinality distribution. The recursive equations for this
propagation are detailed in Propositions 7 and 8 as follows.

Proposition 7. Suppose at time k—1, the posterior PHD
Dy_1(Xy—1) is as (35) and cardinality distribution pj_1(n)
is known, the predicted PHD Dk‘k,l()_(k) at time k s the
same as the LGM-TMM-TPHD filter, see Proposition 5.



We can calculate the predicted cardinality distribution as

anewk: ’I’L _.7
X Z C pr—1(m)(

m=j

Pk|k— 1(
(51)
1-— Ps)m_j(Ps)j.

Proposition 8. Suppose at time k, the predicted PHD
Dyji—1(Xy) is as (43) and predicted cardinality distribu-
tion pr|k—1(n) is known, we can calculate the updated PHD
and updated cardinality distribution as

(@' [24], prjk—1)

Dp(Xy) =(1 —PD)<<I)O[Z’€} Prik1) (52)
X Dyjp—1 (Xi) + ZDdetk Xy 2),
ZEZ
~ °zi)(n)prji—1(n)
pi(n) = (@0[z], prjp—1) (53)
with
min(|z|,n—u)
o 'lz)(n)= Y. (|2l —)px(lzl — )AL,
§=0
_ n—(j+u)
L (i'f))j+u e;((z)),
(54)
Jrik—1
wp = Z Z wk|k 1 (55)
=1 0Je0'k.i
O(z) = {WPDW(Z) iz € 7}, (56)
Jklk—1 )
w(z) = Z Z wlili"l ZO"(Z), (57)
=1 0i o'k
Jrlk—1 p
Daeri(Xii2) = > > wy Ok (2
i=1 0l g (58)

_ . ‘,Oj ‘,Oj .
XN(X;C]JC‘]C_pmi; kavlg k’0£)7
(®'[2\2 ], prjp—1)

c(2)(2[zk], pry—1)
(59)

Xel 3,04 50!
UJ; k() PDwk|kk1Qk k(’z)

3,01

and qL k(Z), my, V]’ * are given in (47)—(49).

As a consequence of Proposition 4, Proposition 8 ex-
plicitly reveals the influence of predicted cardinality distri-
bution on the Gaussian component weight in the updated
PHD, as shown in (59).

Remark 3. Although only linear dynamics are considered
in this article for illustration purposes, the LGM-TMM-
TPHD and LGM-TMM-TCPHD filters can also adapt to

nonlinear dynamics via linearizing the system first and
then utilizing prediction and update to the linearized sys-
tems, which is a conventional process in nonlinear filtering,
e.g, the extended Kalman filter [{9], unscented Kalman fil-
ter [50, 51] and iterated posterior linearisation filter [52].

5.8. Implementation Aspects

This subsection first briefly analyzes the computational
cost for Gaussian components in the LGM implementa-
tions. To reduce the cost, we adapt the pruning and
absorption techniques [18] for proposed filters to restrict
Gaussian components and adopt the L-scan approxima-
tion [17] to enable a fast implementation.

Algorithm 1 Pruning and Absorption Techniques for
LGM-TMM-TPHD and LGM-TMM-TCPHD filters

J

,0L 5,01 1,30} ~j J
Input: {{w; 5, my %,V ",Ok}of;em_j}jilv To, Tp, T,
and Jpax-

Output: {{”Z O’“ iy O’“ VZ Ok Ok}07 €Cri | as the
truncated Gaussian components

1: Set 1 =0
2: forj:l'Jkdo
j O ’,Oj . j,OJ .
3 ZOJGA;” B = w)TF fwl.
4: if :wl > T, then
5: for O] € Ay j do
6: if : 70k < T, then
_ J
7: Apj = Ay ;\Oy.
8: end if
9: end for
10: i—i-i—l Bkl—Akj,{I)—wj
i O ~ 1 O 3,07,
11: {w k, k V k Ok}07 €Bi: =
k 5,01
{Wk y kV kO}OleAH
. ~',Oi ~z Ok ~z Ok
12: ok /(201 EBy.; Yk )-
13: O}C = arg max 7" Ok,
Ol EBk i
. ‘_~zOA (k] o 7.0k[k]
14: Tt = ,Ct = V.
15: end if
16: end for

17: Set £ =0and I = {1,--- ,i}.
18: while I # @ do
19: p = arg max @’
iel
20: =041, (Ck,g = Bk,p, Ot = @P.
21: L:{iel xl—mp) (cH” 1(95 —aP) < T,}.

£,0% eo@ 2,0
22: wk k, V k Ok}oéecke =
~p, p,0
{Wp’ok Z (,d” k V k Oi}OZEBkP
€L
23: I=1I/L.

24: end while
25: If £ > Jpax, keep the Jpq, highest weight of target

trajectory: {{wko’“,ﬁf Ok Vl Ok NG, Jfma

k}OZ €Ck,i




1) Computational Cost: In the LGM implementations,
the computational cost of each Gaussian component, con-
sisting of the matrix operation and storage, depends on
the trajectory length ! and is denoted as Z(I). Assuming
that the average length of surviving trajectories at time
k—1is l;_; , according to Propositions 5 and 6, we can
count the number of Gaussian components for the updated
PHD at time £ as

(Jk_1|@|ik_1 + Jnew,k)|O(1 + |zx|) x (Q(Jk_1|zk||®|fk:)’

where I, = l,_1 + 1. It can be observed that the number
of Gaussian components grows exponentially over time.

The computational cost of all Gaussian components is
the product of the number of components and the cost of
a single component. Thus, the cost of all Gaussian com-
ponents at time k can be expressed as O(Jy_1|z1||0|'*) x
Z(I1,), which is intractable when the filtering duration is
too long. To limit this cost, two ideas can be considered:
i. Truncate the Gaussian components; ii. Restrict the
trajectory length.

2) Pruning and Absorption Techniques for Proposed

Filters: Due to the exponential growth, the proposed TMM-

T(C)PHD filters will not be of use without a significant re-
duction of the required components to represent the PHD.
For truncating these components in the proposed filters,
we adjusted the pruning and absorption techniques of stan-
dard TPHD and TCPHD [18] as shown in Algorithm 1.
Given the Gaussian components after each filtering iter-
ation in the LGM implementation, we first compute the
weights of each target trajectory and the probability dis-
tribution of its TMM components. Then, we retain the
target trajectories with weights higher than the pruning
threshold T},, and for each retained trajectory, exclude the
TMM components whose probabilities are lower than the
pruning threshold T,. Subsequently, we compute the Ma-
halanobis distance between the corresponding means of
the maximum probability TMMs for different trajectories.
If the distance between two trajectories is lower than the
absorption threshold T,, the one with the higher weight
is retained and the weight of the other trajectory is ab-
sorbed by it. Finally, if the number of trajectories after
absorption is larger than the maximum allowable number
Jmax, we keep only the Jy.x trajectories with the largest
weights.

In addition, we can omit some measurements through
gating [53] before the update step in the proposed filters
to reduce the number of target trajectories.

3) L-Scan Approzimation: Since the lengths of the tra-
jectories increases with time, the parameter matrices in
the LGM implementations keep growing, which makes the
computational cost unfeasible when the tracking duration
is long. To alleviate the computation complexity, we em-
ploy the L-scan implementations [17], in which the joint
density of states for the last L time steps is iterated and
the independent densities of the states before the L time
steps are kept unaltered.
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5.4. State Extraction

The multi-trajectory state extraction process for the
proposed filters consists of three main steps. First, es-
timate the number of target trajectories. Then, deter-
mine the Gaussian component cluster denoting the esti-
mated trajectories, through the highest trajectory weights.
Finally, select the Gaussian component with the largest
TMM probability of each estimated trajectory as the tra-
jectory state estimation.

1) LGM-TMM-TPHD: After computing all the weights
of target trajectories {wi}jil and the model distribution

Y

probability {ﬂ'i’ok }oieotn; of each trajectory, shown in
k

Algorithm 1, we can estimate the number of trajectories

as

Ji
Ny = round(z wy). (60)
j=1

The Gaussian components representing the target trajec-

)

tories with N} highest weights are {{m;% }Oi€@lk’i [
By extracting the TMM with the largest model probabil-
ity of each trajectory, the multi-trajectory state estima-
tion is obtained as {X} (Ci,mz’o,é)}g\fz’ﬁ,
k — dim(O) + 1 and O = arg max 749k,
0} €0k

2) LGM-TMM-TCPHD: The multi-trajectory state ex-
traction of the LGM-TMM-TCPHD is similar to the LGM-
TMM-TCPHD with the only difference in the estimation
of target trajectories number, which is

where Q,i

Ny, = argmax p, (n), (61)

6. Simulation Results
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Figure 2: The real surveillance scenario. ) and A denote the initial
and terminal states of each trajectory, respectively.

In this section, we design a tracking scenario with mul-
tiple maneuvering targets shown in Fig. 2 to demonstrate
the tracking performance of proposed filters. There are 5
maneuvering targets that exist during the tracking dura-
tion K = 100s with a sampling interval 7" = 1s. The ap-
pearance times of targets 1, 2, 3,4, 5are k = 1,5,5,10,10s



and the disappearance times are k = 80,80, 90, 90, 100s.
All targets go through three motion models in order: model
1 refers to a constant velocity (CV) model, both models
2,3 refer to the constant turn (CT) model [28], but model
2 is a left turn and model 3 is a right turn with the same
turn rate 6 = 6°/s. The time steps for the first and second
model switching follow the uniform distribution (25, 35)
and U(55,70), respectively.

Note that the proposed algorithms are also applicable
to other common target motion models as long as its num-
ber is finite, such as the constant acceleration (CA) model.
Our simulation only shows the CV and CT models for the
clarity and simplification of the scene motion setup. The
same case of showing only CV and CT models exists in a
large number of literature on the RFS method-based ma-
neuvering target tracking, see [34, 35, 37, 40, 41].

A 4-dimensional vector x = [8m,3m,6y,3y] is used to
represent the target state, which consists of positions 0., 9y
and velocities éw, 6y on z,y axes in the Cartesian coordi-
nates. The probabilities of surviving and being detected
are Ps = 0.99, Pp = 0.95, respectively. For the survival
process, the linear state transition matrices and process
noise covariance are

1 sin(6T)/0 0 —(1—cos(67))/6
[ 0 cos (0T 0 —sin (6T)
cT = o (1—cos(0T)) /0 1 sin (07') /0 ’
0 sin (6T") 0 cos (07)
4 3
Foy = L® Ll) ﬂ ,Qcv = Qor = 0y [>® [53721 TTQQ} ’

where ® and o, = 1.8m/s? denote the Kronecker product
and process noise standard deviation (Std). For the de-
tection process, since the measurement generated by the
target in Cartesian coordinates only includes the position
observations on the x, y axes, the measurement matrix and
measurement noise covariance are given by

1o o 0] ,
H‘[o 0 1 0]’R_Um12’

where the measurement noise Std is 0,, = 2m. In ad-
dition, the Poisson clutter in the measurement set has a
cardinality mean A. = 30 and a uniform individual density.

Section 6.1 shows the simulation experiment of the
TMM-TPHD/TMM-TCPHD filters with LGM implemen-
tations. Section 6.2 then provides the comparison of TMM-
TPHD/TMM-TCPHD filters and several classical RFS-
based filters for maneuvering targets. Finally, Section 6.3
analyzes the stability of TMM-TPHD/TMM-TCPHD fil-
ters to different scene parameters.

6.1. Simulation Study of TMM-TPHD/TMM-TCPHD Fil-
ters

In the LGM implementations, the parameters of the
GM form (34) representing the Poisson birth PHD are:
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Figure 3: Estimation results at time steps 45 (left) and 85 (right) of
alive trajectories for proposed filters. The black curves indicate true
trajectories. The upper two blue curves indicate the alive trajectory
estimations of the TMM-TPHD filter. The lower red curves indicate
the alive trajectory estimations of the TMM-TCPHD filter. Since
targets 1 and 2 disappear at k = 80s, only the estimated trajectories
of three targets are displayed at time step 85.

Jnew,k = 57 wiew,k(ok) = 0'27T(0k)’ m’}zew,k"“ 7mzew,k
shown in Fig. 2 and Vgew,k = diag([10; 10; 10; 10])°, where
m(0)= [0.4,0.3,0.3] is the initial model distribution. The
model switching probability is expressed as a Markovian

transition probability matrix (TPM) with a = 0.8:

(1—a)2 (1-a)2
(1—a)/2 ! (1—a)/2
1-w)/2 1-«a)/2 a

For the pruning and absorption techniques, we set the
pruning threshold for target trajectory as 7T}, = 107°, the
pruning threshold for TMM components as T, = 5 x 1072,
the absorption threshold as T, = 4, and the maximum al-
lowed number of trajectories as J,q, = 30. Four estimated
trajectories with the proposed filters are shown in Fig. 3.
Visually, it can be observed that the proposed filters ac-
curately produce estimations of the alive trajectories of
maneuvering targets at each time step.

For evaluating the tracking performance of the pro-
posed filters, we employ the trajectory metric (TM) [54]
with parameters p = 2, ¢ = 10, 7 = 1 to calculate the
multi-trajectory estimation error at each time. For com-
putational efficiency, the L-scan approximations with L €
{1,2,5,00} of the LGM implementations are utilized, in
which L = oo represents the standard LGM implemen-
tation without L-scan approximation. Over 1000 Monte
Carlo (MC) simulations, we calculate the root mean square
(RMS) TM error and average cardinality estimation of all

[ (ol0")] =

time steps for the proposed filters and standard TPHD/TCPHD

filters. The resulting curves are displayed in Fig. 4. Specif-
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Figure 4: Comparisons of (a) RMS TM error time curves and (b) av-
erage cardinality estimation time curves for the TPHD/TCPHD and
proposed TMM-TPHD/TMM-TCPHD filters, in which the L-scan
approximation is not considered in TPHD /TCPHD. For convenience,
“T”, “TC” and “Car” are the abbreviation of the symbols “TPHD”,
“TCPHD” and “Cardinality”, respectively.

ically, the standard TPHD/TCPHD filters with LGM im-
plementations [18] just consider the single CV model. As
expected, when there is a switch in models, the TM errors
of the standard TPHD/TCPHD filters quickly increase to
the upper bound and the cardinality estimations return
to zero, due to the mismatch between the models. This
implies all targets are lost. Fig. 4 (a) shows that increas-
ing L can improve tracking performance. This is because,
for each trajectory, the joint density of states updated by
the current measurement set covers a longer time window.
However, the performance for L > 5 is close to L = oo
as the update with the current measurement set mainly
influences the tracking performance of recent time steps.
For a more thorough analysis of the tracking perfor-
mance, Fig. 5 decomposes the RMS TM error into the dif-
ferent components: localization cost, missed targets cost,
false targets cost, and trajectory switches cost. Combin-
ing with Fig. 4 (b), we can see that changing L has a
small impact on the trajectory switches cost, false tar-
gets cost, and the cardinality estimation as measured by
the missed targets cost. This implies that the improved
tracking performance resulting from an increase of L pri-
marily stems from the reduction in the localization error.
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Figure 5: Decompositions of the RMS TM error for alive trajectories.

In addition, Fig. 4 illustrates that the TMM-TCPHD fil-
ter outperforms the TMM-TPHD filter in terms of track-
ing error, cardinality estimation accuracy, and estimation
Std. According to Fig. 5, it is a significant improvement in
estimating missed targets to bring the advantages of the
TMM-TCPHD filter. Furthermore, when the trajectory
terminates, the TMM-TCPHD filter exhibits a longer av-
erage response time for reducing target number estimation,
compared to the TMM-TPHD filter. This phenomenon
and underlying reason align with the findings of the CPHD
filter results [6].

We also show the estimation results of the TMM at
different time steps in Fig. 6. In this analysis, we focus
on the representative targets 1 and 4, and just apply the
TMM-TPHD filter. It can be concluded from Fig. 6 that:
i. For each maneuvering target, the proposed filters can
accurately estimate the TMM of most time steps except
for a few time steps after model switching; ii. When a
motion model is switched, the estimation of TMM may be
delayed (eg: At the time k = 34, when the model of the
target 1 switches from 1 to 2, the motion model estimation
remains unchanged as 1.) or even fail (eg: At the time k
= 63, when the model of the target 4 switches from 2 to
3, the motion model estimation is wrong as 1). However,
the proposed filters can quickly (generally within 3 frames
after switching) rectify this issue in the subsequent estima-
tion of TMM (eg: At times k = 35 and k = 65, targets 1
and 4 have the correct TMM estimation, respectively). In
other words, as more subsequent measurements are incor-
porated into the filtering, the estimation of TMM becomes
increasingly accurate.

The algorithms were executed via the Matlab software
on the processor: Intel(R) Core(TM) i9-10900X CPU @
3.70GHz. Table 1 shows the average operation time of
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Figure 6: Estimation results of TMM for (a) target 1 and (b) target
4 using the TMM-TPHD filter, in which the black lines indicate the
true TMM of targets and marked lines with the same color indicate
the TMM estimation of a same target.

Table 1: Average running times(s) of filtering iterations (100 pre-
diction and updates) for the proposed filters and the standard
TPHD/TCPHD filters.

WL:I L=2 L=5 L=10 L=20 L=30 L=oo
Filter
TMM-TPHD 3.6446 3.6792 3.6841 3.7450 4.7697 6.5978 12.5564
TMM-TCPHD 3.9673 4.2700 4.3048 4.3876 5.4751 7.9455 14.9463
TPHD 0.4185 0.4216 0.4208 0.4269 0.4371 0.4384 0.4402
TCPHD 0.5887 0.5884 0.5909 0.5897 0.5929 0.5994 0.6013

filtering iterations (100 prediction and updates) for all
targets over 1000 MC simulations of the proposed TMM-
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Figure 7: The number of Gaussian components versus time step of
the input and output of the pruning and absorption techniques for
the proposed filters, in which the blue lines denote the input, red
lines are for output, solid lines are for TMM-TPHD and dashed lines
are for TMM-TCPHD.
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Figure 8: RMS GOSPA error curves versus time.
TMM-TCPHD has the best overall performance.

The proposed

Gaussian components, by an order of magnitude. Further-
more, the TCPHD has slightly more Gaussian components
than TPHD.

TPHD filter/TMM-TCPHD and the standard TPHD/TCPHD

filters. Here, we adopt the L-scan implementation with
L € {1,2,5,10,20,30,00}. As expected, both the pro-
posed filters exhibit an increase in operation time as L
increases, with the no L-scan implementation having the
longest time. Additionally, for any value of L, the TMM-
TCPHD filter takes longer than the TMM-TPHD filter
due to the additional computation required for cardinality
distribution. In particular, the TPHD and TCPHD have
extremely low and virtually L-independent operation time
due to the loss of all maneuvering targets.

To explain the effectiveness of the adapted pruning and
absorption technique for truncating the Gaussian compo-
nent of the LGM implementations, 1000 MC simulations
are conducted. We compare the average number of Gaus-
sian components of the input and output for the pruning
and absorption techniques as shown in Fig. 7. As ex-
pected, this technique significantly reduces the number of
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6.2. Performance Comparison

In the same scenario, we perform the MM extensions of
several target/trajectory RFS filters for maneuvering tar-
gets to compare the proposed TMM-TPHD/TMM-TCPHD.
This includes the classical set of targets-based MM-PHD [34,

35], MM-CPHD [36], MM-GLMB [40], and the set of trajectories-

based MM-TPHD [42], MM-TCPHD. Note that the birth
model for MM-GLMB is an LMB RFS rather than Poisson.
The MM-TPHD/MM-TCPHD filters are approximations
of the TMM-TPHD/TMM-TCPHD filters through motion
model marginalization.

To compare the tracking performance of the above fil-
ters, we employ the generalized optimal sub-pattern as-
signment (GOSPA) metric [55]. This metric can penalize
the localization cost, false cost and missed cost for multi-
target or multi-trajectory estimation. The comparison re-
sults over 1000 MC simulations are displayed in Fig. 8. As
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Figure 9: Estimation results of TMM for (a) target 1 and (b) target
4 using the MM-TPHD filter.

expected, the set of trajectories-based filters have better
tracking performance than their set of targets-based ver-
sions. The tracking errors of TMM-TPHD/TMM-TCPHD
and MM-TPHD/MM-TCPHD filters are smaller. Among
these, the proposed TMM-TCPHD exhibits the minimum
tracking error. Moreover, the TMM-TCPHD/MM-TCPHD
outperform the TMM-TPHD/MM-TPHD, and the pro-
posed TMM-TPHD/TMM-TCPHD also outperform the
MM-TPHD/MM-TCPHD. Especially, due to the negli-
gible switching error of multi-trajectory estimation, see
Fig. 5 (d), the GOSPA and TM return the same errors for
the proposed TMM-TPHD/TMM-TCPHD filters.

To fully explain the performance difference between
the TMM-TPHD/TMM-TCPHD and MM-TPHD/MM-
TCPHD filters, similar to Fig. 6, we also show the es-
timation results of TMM at the adjacent times for the
MM-TPHD filter in Fig. 9. The TMM estimation can be
generated by connecting the motion model estimation at
each time of the same trajectory. It can be concluded
from Fig. 9 that although the MM-TPHD/MM-TCPHD
can accurately estimate the motion model of most time
steps, they cannot correct the previous wrong estimations
with subsequent estimation. On the other hand, the pro-
posed TMM-TPHD/TMM-TCPHD filters are capable of
doing so.

Then, to assess the overall TMM estimation, we em-
ploy the TM to calculate the RMS TMM estimation error
at each time for TMM-TPHD/TMM-TCPHD and MM-
TPHD/MM-TCPHD filters. The average RMS TMM es-
timation errors over all time steps for these four filters
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Table 2: Average RMS trajectory metric errors over all time
steps for TMM-TPHD and TMM-TCPHD filters

. TMM-TPHD TMM-TCPHD
Filter

L=2 L =~ L=2 L =

Section 6.1 4.5591 4.3703 4.1725 3.9573
Ae = 60 4.5675 4.3981 4.2046 3.9837
Ae =90 4.5890 4.4053 4.2217 4.0359
Pp = 0.7 7.4033 6.7968 7.2265 6.5638
Pp =0.8 6.0516 5.7461 5.8125 5.4583
Pp =0.9 5.1479 4.9691 4.8384 4.6094
Pp = 0.98 3.9323 3.7329 3.8793 3.6704
om = 1m 3.7211 3.6988 3.1509 3.1134
om = 4m 6.7784 5.9273 6.5701 5.6966
TPM1 4.5743 4.4281 4.2979 4.0991
TPM2 4.56344 4.4119 4.1869 3.9879
TPM3 4.5583 4.3947 4.1703 3.9570

are calculated as 3.30, 2.43, 3.70 and 2.97, respectively.
Similarly, their average RMS GOSPA/TM errors over all
time steps are 4.37, 3.96, 4.76 and 4.37. Given that the
process/measurement noise Std is no more than 2 and
the model o € {1,2,3}, it is positive that the TMM-
TPHD/TMM-TCPHD show a 0.4 improvement in TM
error and a 0.4 ~ 0.5 improvement in TMM estimation
error. On the other hand, the MM-TPHD/MM-TCPHD
also has the advantage of fast operation speed, with av-
erage operation times of 5.3883s,5.8118s that are lower
than the 12.5564s,15.4810s of the TMM-TPHD/TMM-
TCPHD filters. Therefore, TMM-TPHD/TMM-TCPHD
are suitable for applications that require high trajectory
and motion model estimation performance, while MM-
TPHD/MM-TCPHD are for high computational efficiency.

6.3. Performance for Different Scene Parameters

In order to test the influence of different scene param-
eters on the tracking performance for proposed filters, this
subsection discusses four types of parameters: clutter rate,
detection probability, measurement noise and the Marko-
vian model TPM.

We conduct experiments using three different TPMs
with the following a: a3 = 0.6, = 0.7,a3 = 0.9. To
measure the tracking performance, we calculated the aver-
age RMS TM error across all time steps. The results are
presented in Table 2.

It is apparent from Table 2 that the metric error in-
creases for lower detection probability and stronger mea-
surements noise as the two parameters directly determine
the quality of target related measurements. On the other
hand, we can see that the metric error changes moderately
for different clutter rate and TPM. This indicates that the
proposed filters can adapt well to different clutter condi-
tions and model transition probabilities.

7. CONCLUSION

This article explores the application of filters based on
the set of trajectories in maneuvering target tracking and
focuses on TPHD and TCPHD filters. First, the TMM is



defined as the complete motion model history of a trajec-
tory. The TPHD and TCPHD are then extended to TMM-
TPHD and TMM-TCPHD filters, in which the new recur-
sive formulas accommodating the TMM are derived. We
also present the closed-form solutions through the LGM
implementation. To address the implementation aspects
related to computational cost, the pruning and absorption
techniques are adapted for the TMM extensions, and the
L-scan approximation is adopted in the implementations.
Numerical simulations demonstrate the superiority of pro-
posed filters in maneuvering target tracking.

The future work can encompass two aspects. Firstly,
we can further develop the TMM extensions of other sets
of trajectories-based filters [19, 20, 21, 22, 23]. Secondly,
in addition to maneuvering target tracking, the developed
TMM extensions can be applied to other tracking domains
that involve motion models, such as target recognition [56]
and classification [57].

Appendix A. Proof of Proposition 1

Assuming that we have prior knowledge of the aug-
mented trajectory RFS at the previous time and new-born
augmented trajectory RFS at the current time, we can
obtain the predicted augmented trajectory RFS at cur-
rent time using Theorem 7 in [16]. This predicted RFS
consists of the new-born, surviving, and dead augmented
trajectories. The main body does not consider the dead
trajectories and assumes that the new-born and surviving
augmented trajectory RFS are independent and Poisson.
Thus, based on the superposition of Poisson processes [46],
we can obtain the predicted PHD by summing the new
born PHD Dy x, and surviving PHD Dgyy i, see (16).

Given the multi-trajectory posterior mj_q(Xy_1) for
the augmented trajectory RFS at time k — 1, referring to
Theorem 7 in [16], the surviving density can be written by

Wsur,k\k—l(xk) = 7Tk71(X1, T

31 (IO

Since Xj,_; is Possion, using Theorem 5 of [17], the sur-
viving trajectory RFS is still Possion with the PHD [2]
Daue x(X) = (Ps (@'~ Ht(@' 7 )A 0 (X))
= Py(a' o t(aa' o)

x 9(o!|o' 1) Dr_1 (X).

(A.2)

Proposition 1 is proved by substituting (A.2) into (16).

Appendix B. Proof of Proposition 2

Given the predicted Poisson augmented trajectory PHD
Dyji—1(¢, xt, 01, according to the Section III-B of [17],

the PHD of predicted augmented target RFS at time k is
also Poisson as

k
Doprte) =3 [ ¥
=1

olil—1egQl—1

Dk|k—1 (Ca zl:l’ Ol:l)dxl:lfl’

(B.1)

where [ = kK — (4 1. Under the measurement model, given
the Poisson clutter RFS prior, through the KLD minimi-
sation, we can obtain the best Poisson approximation [46]
of the measurement set density approximated as

—( X Pp(-0") Dy wji—1(-0"))—Ac
hzy) =e o€

X H [K’<Z) + <Z PD('7OZ)S(Z|'7OI)DTJ€|I€71('7Ol))]'
2€2Zk ole0
(B.2)
Based on (8) in the main bady, we calculate the up-
dated PHD as

[ e(@l(T U xp))me—1 (X U X)X,
- h(zk) '

Like the TPHD filter [17], the trajectory X consider two
cases: missed detection and generatiing measurement. Then

Dy (Xk) (B.3)

g(zi|(zUxy)) = (1 — Pp(z))g(zk|Xk)
+ Po(@) Y s(zle)g(z\ (2} Xr), (B

ZEZy,

where g(zx|X:) = g(zx|Xx) denotes the multi-trajectory
likelihood function between the measurement set and the
trajectory RFS. Substituting (B.4) into (B.3) and follow-
ing the same derivations as the PHD filter [46] formulations
(14), (15), we can obtain the updated PHD as

Dy(Xi) = (1 — Pp(&)) Dgjp—1(Xx)

+ Dk|k—1(Xk) Z PD(‘T>S(Z|EEZ)]:L)(ZI€\{’Z})’
ZE2ZK (B5)
where
h(zr)  h(z,2x\z) g\ 2
- [nevam\epsey P
= Dh(z)
and Pp(z) = Pp(z!,o!). Hence,
Dy(Xg) = (1— PD($Z701))Dk|k71(Xk)
Pp(2!,0')s(z|7) (B.7)

+ D1 (Xi) D

zZE€Zy

Dh(Z)

The proof is finished.
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