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Abstract—Belief propagation (BP) is a useful probabilistic in-
ference algorithm for efficiently computing approximate marginal
probability densities of random variables. However, in its stan-
dard form, BP is only applicable to the vector-type random
variables with a fixed and known number of vector elements,
while certain applications rely on random finite sets (RFSs) with
an unknown number of vector elements. In this paper, we develop
BP rules for factor graphs defined on sequences of RFSs where
each RFS has an unknown number of elements, with the intention
of deriving novel inference methods for RFSs. Furthermore, we
show that vector-type BP is a special case of set-type BP, where
each RFS follows the Bernoulli process. To demonstrate the
validity of developed set-type BP, we apply it to the Poisson multi-
Bernoulli (PMB) filter for simultaneous localization and mapping
(SLAM), which naturally leads to a set-type BP PMB-SLAM
method, which is analogous to a vector type SLAM method,
subject to minor modifications.

Index Terms—Belief propagation, multi-target tracking, Pois-
son multi-Bernoulli filter, random finite sets, simultaneous local-
ization and mapping.

I. INTRODUCTION

Belief propagation (BP) is a powerful statistical inference
algorithm, applicable to different fields including signal pro-
cessing, robotics, autonomous vehicles, image processing, and
artificial intelligence. In particular, BP is attractive for comput-
ing probability densities in Bayesian networks [1]-[4], where
one can efficiently compute the marginal probability densities
of random variables of interest given the observed data. BP
has been actively applied in localization [5], [6], mapping [7],
multiple-target tracking (MTT) [8], [9], simultaneous local-
ization and mapping (SLAM) [10]-[14], and simultaneous
localization and tracking (SLAT) [15]. Mapping and MTT
respectively involve mapping landmarks and tracking targets,
based on the noisy sensor measurements. Simultaneously
estimating the unknown sensor state as well as landmarks
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and targets leads to SLAM and SLAT, respectively. The main
challenge in this research stems from the data association
uncertainty between the unknown number of targets and
imperfect measurements by missed detections and clutter. To
effectively address this challenge, several approaches have
been developed as follows. Classical SLAM methods [16]—
[20] consider the data associations outside the Bayesian filter,
while the filter operates on vector random variables. With
the introduction of random finite sets (RFSs) in [21], [22],
a theoretically sound tool for modeling the unknown number
of targets and for handling the data association between targets
and measurements became available. By modeling targets with
vector-type random variables, the marginal densities for targets
are efficiently computed by BP, relying on several ad-hoc
modifications [12]-[14]. Between them, the RFS- and BP-
based methods have rigorously handled the main challenge
of MTT and SLAM by starting with the formulation of joint
posterior density of targets and data association.

There are several RFS-based methods for MTT and SLAM.
The probability hypothesis density (PHD) filter [21]-[24]
propagates the first-order statistical moment of the RFS, which
is its intensity. The cardinalized probability hypothesis density
(CPHD) filter propagates the intensity and the cardinality
distribution [21], [22], [25]. A more accurate solution can
be obtained with RFS filters based on multi-object conju-
gate priors, which are inherently closed under prediction
and update [26]-[29]. The Poisson multi-Bernoulli mixture
(PMBM) [27], [28] adopts the Poisson birth model and multi-
Bernoulli mixture (MBM). For standard multi-object models
with Poisson birth [21], the Bayesian optimal solutions to
MTT and SLAM are given by the PMBM conjugate prior [26],
[28]. With the multi-Bernoulli (MB) birth model instead of
Poisson, the conjugate prior is an MBM [27]. The MBM filter
corresponds to a PMBM filter where the Poisson intensity
equals to zero, and the birth Bernoulli components are added
into the MBM in the prediction step. If we expand the
number of global hypotheses in the MBM filter such that
each Bernoulli has deterministic target existence, we obtain
the MBMy; filter [27]. Both MBM and MBMy; filters can be
labeled without changing the filtering recursion. The MBMy,
filter recursion is analogous to the J-generalized labeled multi-
Bernoulli (§-GLMB) filtering recursion [30]-[34]. Some RFS-
based methods rely on BP to compute marginal association
probabilities [26], which converts the PMBM [27], [28] to
a Poisson multi-Bernoulli (PMB) [26], [28], [29], [35] after
every update, by marginalizing out the association variables.

In addition to RFS-based methods, vector-type BP methods



have also been applied to tracking and mapping problems. In
[8], [9], the MTT problem is tackled by running vector-type
BP on the factor graph representation of the joint distribution
of target states and data association variables. Here targets
are modeled by augmented vectors including the binary target
existence indicators, and message passing between targets and
data association variables is adopted from [9]. The SLAM
problems with radio signal propagation are formulated in
[10]-[14]. The authors of [10], [11] formulate the factor
graph and introduce an efficient message passing scheduling,
among the unknown sensor variables consisting of position,
orientation, and clock bias, and multiple-types of targets are
further studied in [11]. With the augmented target vectors and
the factorized joint distribution of targets and data association
variables from [9], the message passing methods for joint
SLAM and data association are developed [12]-[14]. These
vector-type BP-based approaches [12]-[14] can be explained
as the track-oriented PMB filter [28] and yield competitive
performance. To handle undetected targets and newly detected
targets, the auxiliary PHD is adopted in [12]-[14], which
was initially considered in [36] for vector-type MTT and in
[37] for set-type MTT. The propagation of the auxiliary PHD
filter is explicitly introduced in [13], but external to the factor
graph representation. Therefore, undetected targets and their
connections to newly detected targets are not represented in the
formulated factor graph. The modeling of undetected targets
in vector-based methods is treated in [38] but the distinction
between eventually and never detected targets is required.
Moreover, it is not explicitly revealed how to apply BP in
the multiple hypotheses tracking formalism. Hence, while BP-
based methods have benefits in algorithm implementation, they
require certain ad-hoc modifications.

In this paper, we aim to bridge the gap between RFS theory
and BP, by developing a novel BP algorithm, running on factor
graphs defined on the sequence of RFSs. Like conventional
BP, this opens the door to automated inference over factor
graphs, once the RFS density is factorized. This approach can
avoid the need for heuristics and approximations. Related work
has been done in [39], where BP is applied to only the update
step, without a systematic treatment to the entire filtering
recursion, except for the modeling of undetected targets and
newly detected targets. The goal of this paper is thus to
formalize set-type BP and the corresponding factor graphs
from the RFS densities. From the newly proposed set-type BP,
we derive the PMB filter using the developed set-type BP. The
contributions of this paper are summarized as follows:

The specification of set-type BP: We derive set-type BP
and demonstrate that vector-type BP is a special case of
set-type BP. We also show that as in vector-type BP, the
interior stationary points of the constrained Bethe free
energy are set-type BP fixed points.

The introduction of novel factors for set-type BP: We
devise a partition and merging factor, which partitions
a single set into multiple sets and merges multiple sets
into a single set, useful for handling sets with unknown
cardinalities. We also propose a conversion factor for sets
augmented with auxiliary vectors such as unique marks.

Derivation of PMB and MB filters with set-type BP
for the related problems of mapping, MTT, SLAM,
SLAT: With the developed set-type BP, we revisit the
PMB- and MB-SLAM filters. We first introduce aux-
iliary variables to factorize their joint SLAM and data
association distribution, formulating a factor graph from
the factorized density, and running set-type BP on the
factor graph. This work can also lead to set-type BP
PMB-mapping, MTT, and SLAT filters. The resulting
method bears a close resemblance to the PMB-SLAM
filter [28] that computes the updated sensor state density
by ignoring the sensor state information generated from
newly detected targets and selecting the most likely
association determined by the Murty’s algorithm [40].
Relation to vector-type BP-SLAM: We clearly show
the connections between the proposed set-type BP PMB-
SLAM and vector-type BP-SLAM filters [12]-[14]. The
methods are algorithmically equivalent, except for mi-
nor details described in Section IV-F, even though the
proposed filter is derived directly from the RFS exten-
sion and developed set-type BP framework. However,
vector-type BP-SLAM filters [12]-[14] requires certain
heuristics as part of the algorithm development, which
are avoided in the proposed set-type BP PMB-SLAM
filter. The simulation results show that the proposed set-
type BP PMB-SLAM filter outperforms the vector-type
BP-SLAM filter [12]-[14], in scenarios with informative
Poisson point process (PPP) birth.
This paper is organized as follows. Section II provides the
background of vector-type BP and RFSs. In Section III, the
set-type BP rules and set-type factor nodes are proposed.
Proposed set-type BP is applied to the PMB filter, and the
connections between set-type and vector-type BP-SLAM fil-
ters are analyzed in Section IV. The numerical results and
discussions are reported in Section V, and conclusions are
drawn in Section VI.

II. BACKGROUND

In this section, we review factor graphs and belief propaga-
tion, and we recall the RFS approaches.

Notation: Scalars are denoted by italic font, vectors and
matrices are respectively indicated by bold lowercase and
uppercase letters, and sets are displayed in calligraphic font,
e.g., x, X, X, and X. The set of finite subsets of a space R
is denoted by F(R). The vector consisting of a sequence of
vectors X! is denoted by X, and the sequence of multiple sets
X is denoted by X.

A. Vector-Type Factor Graph and Belief Propagation

1) Joint Density Factorization and Factor Graph: Let
x!' 2 R™ denote a single state vector and X =
[(x)~,...,(xN)>]™ denote augment single state vectors rep-
resenting [V states. Then, we denote a joint probability density
of the hidden variables X by f(X), which can be factorized
as [1], [4]

Y
fX) 7 fa(x?), (1)

a



where fa(X?®) denotes a nonnegative function, and X? denotes
the argument vector of the function f5().

The factorized functions in (1) and corresponding argument
vectors can be represented by a factor graph. The factor graph
with the general graphical model [1] consists of nodes for the
different factors and variables, illustrated by squares for the
factors, fa(), and circles for the variables, X', respectively,
with edge connections between the factors and their argument
variables.

Example 1. Suppose we have a probability density f(X),

such that x = [(X')™,(x3)7]7, xA = x!, xB = x2
xC =[(x))~, (x®)]>, which can be factorized as
F) 7 faCN) fa(X%) fe (X, x?). (2)

The corresponding factor graph is illustrated in Fig. 1.

fa x*! fc x2 /s

Fig. 1: Factor graph representation of the factorized vector density (2).

2) Belief Propagation: BP is an efficient approach for
estimating the marginal densities of the variables from a joint
probability density function [1]. By running BP on the factor
graph, we compute the messages passed between factors and
variables for all links. We denote the propagated messages
from factor a to variable ¢ and from variable 7 to factor a
by maui(x') and njua(X'), respectively. The messages are
updated with the fozllowing rules:

fa(x?)

J2N (a)nfig

My w i (X'), )
b2M(i)nfag

Mawi(x') = njra()dx ', (3)

Nixa(x') =

where N (a) denotes the set of indices ¢ of neighboring vectors
linked to the factor f5(x?), such that i 2 N (a) if and only if
X! is an argument of fa(), M(4) denotes the set of indices a
of neighboring factors linked to the variable x!, sugh that a 2
M%) if and only if X" is an argument of fa(),and ...dx '
denotes integration with respect to all vectors xJ except X'.
The messages can be used to compute beliefs that approximate
the marginalized posterior densities. The beliefs at variable 7
and factor a are denoted b(x') and b(x?), respectively, and
are updated using the following rules:

b(x') / Maxi(X'), (5)
az2M(i)

b(x®) 7/ fa(x?)

i2N (a)

Nixa(x'). (6)

B. Random Finite Sets

1) Set-Variables, Density, and Integral: Let us denote an
RFS by X = fx!,...,x"g 2 F(R"*), where both vector X',

12 fl,... ng and cardinality n = jX] are random. We define
a set-density f(X) as [26]
=<

FY=pm)  frx M x M), 7
in which p(n) = Pr(jXj = n) denotes the probability
mass function of the set cardinality, m denotes a possible
permutation of the set N = f1,... ,ng with w(¢) 2 N, and
/™() is the joint probability density function of the vector with
n elements, evaluated for permutation 7. Given the set-valued
function g( ), we define the set integral as [22, eq. (3.11)]

z X z

oK = g()+

n=1

g(Fxt, ... x"g)dx! ... dx".

®)

2) Poisson, Bernoulli, and PMB Densities: We will follow
the definitions from [21]. Suppose we have a set XV that
follows the Poisson process. The density is given by [26]

PPy =e 1 0P ), ©)
x2XUY

where A\(X) denotes the Poisson intensity function. A Bernoulli
density fB(X) is given by
8

21 r, X=3
RO = _rf(0. X =fxg
-0, Xj>1,

(10)

where f(X) and r 2 [0,1] denote the spatial density and
the existence probability, respectively. An MB density with
n Bernoulli components is given by

v o
F1XY,

0, Xi=XD =1

MB(XP) = (11)

where f'(X') is a Bernoulli density, and ] stands for disjoint
set union [41, pp. 24].

We are now ready to introduce a PMB density, defined as
follows. Suppose we have two independent RFSs XY and X P
such that X = XU ] XP, where XP follows a MB process
and XV follows a PPP. Using the convolution formula for
independent RFSs [21], a PMB density f(X) is

Y A
AX) XY (12

I XIJXU=X x2XUY i=1

fPMB (X) /

3) Auxiliary Variables: The derivation of set-type BP PMB
filters will require us to introduce auxiliary variables to remove
the summation in (12). In particular, we introduce u 2 U in the
PMB density (12), where U = f0,1,...,ng [39], [42]. We
thus extend the single state space, such that (u,X) 2 U R™,
and denote a set of target states with auxiliary variables by
X 2 F(U R™). The set with the auxiliary variable © = 0
follows a PPP and indicates that the targets have not been
detected, denoted by XV = f(u,x) 2 X : u = 0g. Similarly,
the set with v = ¢ follows a Bernoulli process and indicates
that the single target has previously been detected, denoted
by X' = f(u,x) 2 X : u = ig. For the set of targets with



auxiliary variables X, the PMB density is [42, Definition 1]

A A
FREE) =77 PR, (13)
i=1
Here fU(XVY) and f1(X") are given by
z
FUXY) =exp A(X)dx do[ul]A(x), (14)
s (u;x)2X VY
=1 7 Xt=;
FXD = _r 1 e0dilul, X = (%) (15)
-0, otherwise

where 0j[ ] denotes the Kronecker delta function. For nota-
tional simplicity, ~ on sets with auxiliary variables will be
omitted, when possible.

III. FACTOR GRAPH AND BELIEF PROPAGATION FOR
RANDOM FINITE SETS

We describe the proposed set-type BP update rules and
special factors for RFSs. We reveal that set-type BP is a
generalization of standard vector-type BP since a vector can
be represented as a set with a single element p(n = 1) = 1
of (7).

A. Factor Graphs and BP over a Sequence of RFSs

Suppose we have n RFSs X!, ... X", with the joint density
FOXY, ..., X"). In the general formulation of set-type BP,
X1, ..., X" may or may not contain auxiliary variables, and
the number of RFSs in the sequence, n, is known.

Definition 1 (Factorization of Set-Density and Factor Graph).
Let us denote by fa() the set-factor a, which is a nonnegative
function; by N (a) the set of neighboring set-variable indices
linked to the set-factor a; by X' the set-variable i; by M (i) the
set of neighboring set-factor indices linked to the set-variable
X1 and by X2 the arguments of the set-factor a, represented
by the sequence of all RFSs X for i 2 N (a). Suppose the
joint density f(X1,...,X") is factorized as follows:
Y

FXL XM 2 fa(XP).

a

(16)

The factorized density can then be represented by a factor
graph, consisting of the set-variables X' and set-factors
fa(X®), which can be represented by circles and squares,
and edge connections between X' and fa(X?). It should be
noted that fa(X?) has adequate units for each cardinality of
X?® such that we can integrate (16) using set integrals over

X1,..., X" [22, Sec. 3.2.4].

Example 2. Consider a set-density f(X1,X?2), such that
XA = X1, XB = X2 and X© = (X', X2), which can

be factorized as
FOXLX2) 7 faX D) fa(X?) fe (X, X?).

Using the set-variables and set-factors, the factor graph
corresponding to (17) is shown in Fig. 2.

a7

X2 /B

fa

Fig. 2: Factor graph representation of set-density of (17).

Definition 2 (Set-Type BP Update Rules). The set-messages
from the set-factor a to the set-variable i are denoted by
Maxi(X1), while those from the set-variable i to the set-factor
a are denoted by nju a(X"). The beliefs at the set-variable i
and set-factor a are denoted by b(X 1) and b(X?), respectively.
The set-message% are updated with the following rules:

Maxi(X) = fa(X?) njra(xXNex ', (8)
2N (a)nfig
nira(X") = My ui (X", (19)
b2M(i)nfag
where N denotes the set difference, and ...6X ' denotes

integration with respect to all sets X3 except X1, ie., with
respect to all X3 for which j 2 N (a) n¥ig. The beliefs at the
set-variable i and set-factor a are updated with the following
rules:

b(X") /
a2M(i)

b(X®) 7 fa(X?)

i2N (a) b2M(i)nfag

Mawi(X"') (20)

myui(X1). (2D

The optimality of the set-type BP update rules in Defini-
tion 1 is described by Theorem 1 and Corollary 1, provided
next.

Theorem 1. The interior stationary points of the constrained
Bethe free energy are set-type BP fixed points with positive
set-beliefs and vice versa.

Proof. See Appendix A. O

Corollary 1. The set-beliefs obtained by running set-type BP
on a factor graph that has no cycles, represent the exact
marginal probability densities.

Proof. See Appendix B. [

Example 3. Consider the factor graph in Fig. 2, representing
the factorized density in Example 2. Using set-type BP, the
beliefs at set-variable 1 and factor C' are obtained as follows:
mas1(X') = fa(X!), mg2(X?) = fe(X?), npac(X!) =
max1(X'), nyu céXQ) =mg¥2(X?),

mcu1(X) = nawc(X?)fc (X!, X?)6X2, (22a)
b(X') Z max1(XHmc w1 (X1, (22b)
b(XC) Z fe(XL, XDman1(XHme 12(X3?).  (22¢)

Remark 1 (Vector-Type BP is a Special Case of Set-Type
BP). Note that the vector-type BP message passing rules and
beliefs can be obtained from the set-type BP expressions when
considering sets whose cardinality is 1 with probability 1, i.e.,



Fig. 3: Factor graph of a PMB density with auxiliary variables, see (13), tfig. 4: Factor graph representation with a partitioning and merging factor:
product of a PPP and Bernoulli densities. (left-right) one incoming message is partitioned into multiple messages; and

i . . N ight-left) multipl d int .
p(jX'j=1)=1; 8i.' Note that this property implies that We(rlg eff) muliple messages are merged into one message

can directly apply BP to joint set and vector densities usinigian (g)nfjgxi- This factor partitions a single sex! into

the set- and vector-integrals for set- and vector-variablef (8)j 1 subsets, i.e.X' fori 2N (&) nfjg, and merges
respectively. A vector-type factor grapt) can be written as a JN (8)j 1 sets, i.e.X' fori 2N (a)nfjg, into a single set
set-type factor graph if16) with the property that each factor X! -

requires sets with cardinality 1. Then, for factors that only . .

consider sets with cardinality 1, the set integral is equivalent It is useful to understand how this factor affects the set-

i i j
to a vector integral, and the set-type BP messég@)(21) medssages).( qS uE)plosfe wethave InC;)_r]jlngBmefSﬁqgt_aﬂXth)
becomes equivalent to those ()-(6). andng a(X9) =1 for g (@)n J:1g. by following the
set-type BP update rules, the outgoing messages from the set-
. N factora to set-variabld fori 2 N (a) nfjg are
B. Examples and Special Factors for Set Densities z

1) Factor Graph of a PMB Density:We have so far M i(X') = nji a(X1) |y i oxe (X)) X T (25)

explained how set-type BP can be applied to a joint density z -
over a sequence of RFSs. We now proceed to explain how to = N a(l gon (@nfjgX ) X (i) (26)
obtain this type of density from a PMB density (12). Z

A set-density de ned in a single-target space that is the = a(xi 1X) X; (27)

disjoint union of different sub-spaces can be used to de ne a

density over a sequence of sets [22, Eq. 3.52]. This typewhere X (i) indicates the integration with respect to all
single-target space was obtained when we introduced auxiliggtsX 9 exceptX' andX!, andX is a dummy variable that is
variables to the PMB in (12), resulting in (13). Thereforeysed to integrate over all possible sets. It indicates ¥hat
applying this result to the PMB density of the form (13) yield$ ., 4nrji gX 9, and the single seX! with the incoming

oxelennn. _ . i i titioned intojN (a)j 1 subsetsX!
FPMB (U. el oo xeny = PMB (U 1 el XY: message a(?( ) is par to) . .
( ) (X1 I ()23) with the outgoing messages, i(X'), fori 2N (a) nfjg.

Conversely, suppose we have incoming messages(X ')

We can now use this joint density over a sequence of RFS Qi 2N (a) nfj g, then the outgoing message from the set-
apply set-type BP. The factor graph of a PMB density (13) Wi%ctor a to the set-variabl¢ is

auxiliary variables is then shown in Fig. 3. Since the density .
is fully factorized, it appears as a collection of disjoint factors.m 4 (X"
We can also directly obtain the factor graph of a PPP and an Y i j j
MB density with auxiliary variables by removing the required ~ Nt a(X") 1o aymrjox (X1 X
factors and variables in Fig. 3. z N (a)“;gg v
2) Partitioning and Merging Factor:Unions of RFSs are _ i a(X) wi(X1) X
common in the literature [22, Sec. 3.5.3]. To represent unions '
of RFSs in a factor graph, we introduce what we refer to as (29)
partitioning and merging factors, de ned as follows. X Y _
= Ny a(W'); (30)
lion (aynfjgW'=XI11i2N (a)nfjg

(28)

Tian (aynfjgWi=XIii2N (a)nfjg

De nition 3 (Partitioning and Merging Factor)Ve de ne a

partitioning and merging set-factor as .
. here in step (28) e have used that xi(X1) =
(X% = (XY 2a) P Q" lan (ayor 0 .
a(X%) = 1., (ii)n“gx (X7 (24) 1 i oyt gWi=X1 02N (a)nfjg wi(X') bythe convolution
where x () denotes a set Dirac delta centered at s¢t formula. Then, (30) indicates that the s¥ts with the incom-
de ned in [21, Sec. 11.3.4.3] an&! is the unionX! = ing messages;; a(X') fori 2 N (a) nfjg are merged into

the single seX! with the outgoing messaga, ; (X}).
1The number of elements of the sets is set deterministically to 1. For 9 going g8 J( )
example, suppose we have! = fx1g;X2 = fx2g;X3 = fx3gin the . -

RFS representation and'; x2;x3 in the vector representation. Then, bothExamrJIe 4. Given the factor graph shown in Fig. 4 _SUCh that
representations are equivalent. X1 = X2]X 3]X 4, the argument at the set-facté& is rep-



resented as the sequence of setXds= (X 1;X2;X3;X4) Then, the outgoing message frdm(X"*; X7) to X7 is

by De nition 1. By De nition 3, the partitioning and merging Z ‘ , .

factor is given byfg (X5) = xzjx 3;x +(X1). Suppose we me (X)) = nia(X) o)X X (38)
have incoming messages, (XY, n; g(X') = 1, for J. i

i 2 f2;3;4g. From (26), the partitioned message:, ;(X') =i a(h LX) = iy a(X7): (39)

is computed as 7 That is, the outgoing message has the same form as the incom-
ing message with the difference that the auxiliary variables of
the incoming message have been converted by the auxiliary

for i = 2;3;4. Conversely, suppose we have incoming me\éa—lrlable shifting functions.

sagesn; e (XJ) forj 2 f 2;3;4g, then the outgoing message
from the set-factoE to set-variable 1 is computed as

m (XD = np e(X?IX 31X 4 x 6D (31)

IV. APPLICATION OFSET-TYPE BELIEF PROPAGATION
The aim of this section is to propose an application of the

1
My 1 (X ))< developed set-type BP update rules and special factors for
= Ny e(W?) ng e (W3ng g(WH: RFSs. In particular, we derive set-type BP PMB and set-type
W2Jw 3w 4=x1 MB lIters for SLAM, where the targets and measurements are

(32) modeled by RFSs.

That is, the outgoing message is the convolution of the three
incoming messages, representing the union of three indep@n-Problem Formulation

dent RFSs. 1) Objective:Our objective is to compute the marginal den-
Proposition 1 (PPP Partitioning and MergingSuppose we Sitiesf (s«jZ 1) andf (XijZ 1.x) at discrete timék, where the
have a set factof ,(X?) and an RFSXJ = ] ion (aynfjgX - random vectoss, denotes a sensor state, t_he RESdenotes
Let the RFSsX! for i 2 N (a) follow a Poisson process. the set of target states with auxiliary variables, modeled by
From (27), the partitioning messages frof(X?) to X' with & PMB. To compute the marginal densities, we adopt the

i 2N (a)nfjgare sequential Bayesian framework consisting of prediction and
, PP 1o | update steps, which will be detailed in Section IV-B and IV-C.
my  (XT) 7T (X)), (33)  2) Multi-Target Dynamics:Each targetxx 1 2 Xk 1 at

time k 1 survives with probabilityps(xx 1) or dies with
_ _ probability 1 ps(xx 1). The surviving targets evolve with a
my (X)) = fPPP(W'); (34) transition densityf (jxx 1) but may be static (in which case
lion (aynfjgWi=XIi2N (a)nfjg they are landmarks) or mobile (in this case they are targets,
which is the terminology we will adopt here). The set of targets
at time stepk, Xy, is the union of surviving and evolving
Proof. See Appendix C. O targets and new targets, where target birth follows a PPP with
the intensity g( ). The sensor may have an unknown state (in
3) Auxiliary Variable Shifting Factor\We introduce a factor the case of SLAT and SLAM) or a known state (in the case
to change the auxiliary variables. of MTT and mapping).

. . , . ) ) 3) Measurements:The targetsXy are observed at the
De nition 4 (Auxiliary Variable Shifting Function) Given an o cor statesy, and the observations are denoted using a

arbitrary integer L and a single-target space with auxiliary j,aasurement se,. Each targetx, 2 X is detected with
1 - Nx 1 . . . H
variables, such thagu;x) 2 U R™, we de ne the function ,,papility po (s¢; xx), and if detected, it generates a single
he (u;x) = (u+ L; x); (35) measurement with the single target measurement likelihood

function g( jsk;Xk). The measuremenf is the union of

which shifts the auxiliary variables units Hy. The function target measurements and PPP with the intercity
h_ () can be extended to a s¥t2 F (U R"x) such that

From (30), the merging messages frdm(X ?) to X! is
X Y

which follows a PPP.

he(X) = T (uxyexf U+ L x)g: (36) B. Prediction with Joint Density and Factor Graph

De nition 5 (Conversion Factor for Auxiliary Variablesyve ~ Without loss of generality, we consider two time steips,1
have two setc = f(ul;x1):::::(u":x")g and X1 = and k, as part of an iterative Bayesian lIter. For the factor

f(ul+ L;xD)::::(u + L x")g, whereL is an integer. By graph formulation, the joint density for all variables (including
De nition 4, we de ne the conversion factor for auxiliary 2uXiliary variables) in the prediction is factorized as
variables as o f(sk 1k XY 1;X”kS;X”kB'YF’E;X“kl:|§;k1)

Fa(X5X) = ey (X7 (37) I fu(se DFYORE 1) FO(Xk 1) (40a)

i21 ¢ 1
f(scise OF POEIXY DF OKXE 1) (40b)
(40c)

whereh | () is given by(36).

It is useful to understand how this factor affects the set- £ U (xB pU).
messages. Suppose we have an incoming messagéXx™). (XY sy e (Pi);



Fig. 5: Concatenated factor graph of the joint densities of (40) and (46). The special factors for set densities, discussed in Section IlI-B, are represented

by white squares. The abbreviated notations for the factor nodes are represented by dropping the argunf@ntnases, as followst § , b(sk 1),
o, b(XkU 0 i b(Xy 1),fA . fA(sk;sk 1), fB fB(st;XkU 1),fC , I‘C(Xf),fD , fD(XkS;X,?;PE),fiE , fiE(X,Q;X,L B
fF RSP PR EC, T8 (PLYL)L TR R (s X V) ] L £ (s Yhid) £ 17 (s X)), andff 1K (drd)).

where X'k} represents the sequence of SIS for i =

1, andly 1 is the number of
Bernoullis at timek 1. For completeness, the meaning of
each line in (40) is described as follows.

Posterior at timek 1 (40a): This line describes the
posterior at time stefx 1, which is assumed to be
fulsk 1:Xk 1) = fulsk Dfu(Xk 1), wherefy(sc 1)

is the sensor state posterior, dndXy’ ;) is the target set
posterior. HereXy ; follows a PMB, endowed with aux-
iliary variables (see Section 11-B3). Due to the auxiliary
variables, the PMB posterior at tinke 1, f,(Xx 1), can
be factorized as the product bf (XY ;) andf, (X} ;)

the set of undetected targets (modeled as a PRP), is
the set of detected targeteach modeled as a Bernoulli).
The subsetXy’ ; andX; , of X} ; are de ned as

(41)
(42)

X 1= f(u;x)2 Xk 1:u=0g;
xﬂ = x)2 X 1iu=ig i 21 1

The set densities for targets are given by the form of (13)—
(15).

Transition densitieg40b): This line describes the tran-
sition densities, wherd (scjsk 1), f (X jXE 1), and
fP(XSjXY ;) correspond to the sensor state, previously

detected targets, and undetected targets. Kgrdenotes

a surviving set fromx? ,, modeled as a PPP with
auxiliary variableu = 0. The transition density for
Bernoullis with auxiliary variables is

f(Xéijk) (43)
Ps(Yi)f (Xkjyk) welukl; Xk = f(uk;xk)g;
Yi = f(Ug;yK)g
_ 1 ps(yk); Xk =33 _
Yio= f(URiy)g
1 Xi=3: Y=
0 otherwise
and the transition density for the PPP is
fP %)ijv"k) (44)
® o
COPORP YD) Y= v iinivRg
_IaxiExc
3 Xi= V=
"0 otherwise

wheref (X} jf yig) follows (43) andyl = (0;y}).
Undetected target§40c): This last line describes the set-
density of newborn targets at timle, represented by



f (X2), whereX;® denotes a set of newborn targets that
follows a PPP, and the set—facto;cks] X8 (PY) merges

the set of surviving targetX and the set of newborn
targetsX;® into the setP,’ (see also De nition 3). Both
X2 andPy have auxiliary variables = 0.
Using the factorized density in (40), we depict the factor
graph for prediction, as shown in Fig. 5 (yellow area). Here
we use the following notations for the factor nodes:

fA(scsc 1), f(ssk 1); (45a)
FEXE D), FORIXE 1); (45b)
FexP), FUxP) (45¢)
FPOAEXEPY) L sy e (PYD: (45d)
FEXGXe 1) FORXE 1): (45€)

We compute the messages on the prediction factor graph in
Fig. 5, which has no cycle, by running developed set-type
BP2 Note that the messaggs), 6], and|8] are equivalent to
the marginal densities in prediction ef, PY, and ;"¢ *,
corresponding to prediction of the standard PMB Iter [26],

represented af,(sx), f 5 (P)), andf ,(Xy) fori 21 1.

C. Update with Joint Density and its Factor Graph
Without any loss of generality, we consider the update step
at time k after the prediction step. The joint density for all
variables in the update is
f(sk;P&’;PE:Jk;XE\;(Y&:Jk;X“kl:'k e digZ k)

I fa(s)f YY) f5(X%)
i2v 1

(46a)

U i . i
)Cku]lJ:kl Frll((P_k) (Clkudk) h o, lH.)(Y*lJ()(Frk) (46b)

i23 «

Nzkise; Yh; d)t(Z s X Il po (s I :
The proof of (46) is an extension of Appendix E in [28]
and [27], found in Appendix E. For completeness, we describe
the meaning of each line in (46) as follows.

Prediction at timek 1 (46a): This line describes the

predicted densities at time st&pdiscussed at the end of

Section IV-B.

Consistency constraint$46b): This line ensures con-

sistency among the introduced hidden variables. A set
of measurementZ is provided at timek with index

(46c¢)

data associationg, = j implies that target is asso-
ciated with measuremerjt, and ¢, = 0 implies that
targeti is not detected. In measurement-oriented data
associationd, = i > 0 implies that measuremerjt

is associated with target and d‘k = 0 implies that
measuremenj originates from either a target that has
never been detected or clutter. In particular, we introduced

2This step is a straightforward application of the message passing rules
introduced in Section lll. For completeness, the messages are detailed in
Appendix F of the supplementary material.

Qlk 1QJk

(c;de)= "5 P51 (c{(;djk), which ensures mu-
tual consistency betweesx anddy, with (cl;d}) =0
whend, = j;d, 6 i orc 6 jdl = i, and 1
otherwise. The factorka] % pl (PY) partitions the set
PY into J + 1 sets, such thaP = XY 17 P,
where XY is the set of targets that remain undetected
(as indicated byl pp(sk; )]xkU in the likelihood part),
and P} for j 2 Jy represent surviving undetected or
newborn targets that are rst detected at tirke The
factor o 1+j,(vi)(Pf<) (see De nition 5) converts the

auxiliary variable ofF’,J( fromOtolx 1+j, turning the set
P} into a setY} corresponding to a newly detected target
(or clutter) arising from measuremeintThe subsetX}’,
X, andY} are de ned as

XY = f(u;x) 2 Xy :u=0g; (47)
X = f(uix) 2 X tu=ig i 21y 1 (48)
Yi=f(ux)2Xc:u=lg 1+jg j23c: (49

Set-likelihoodg(46c¢): This last line describes the likeli-
hood, conditioned on the data associat@n(or equiva-
lently di). The factorf(z}js; Y¢; d,) considers potential
new targets or clutter, while(Z}jsc; X} ;c) considers
detections and missed detections of the previously de-
tected targets. Both likelihoods are de ned as follows. We
consider the likelihood when theth measuremert!, is
associated with a newly detected target or with clutter
conditioned on measurement-oriented data association
variabled, : I‘(kajsk;Y“kJ ;dl) is given by

F(Z{g'sk;Y“kj ;dy) | (50)
gpa(sk;xk)g(z"kjsk;xk) olucdi Vi = f(uixi)g;

d =0
= oz); Vil =1 d =0
1; Y‘k' =, djk 60
"0 otherwise

Herepp () accounts for the fact that a target may be de-
tected, whilec(zy) represents the clutter intensity (when
a measurement is generated by clutter and not a newly
detected target). The functicg(z{(jsk;xk) is a classical
likelihood function. Then, the likelihoot(Z| js; X} ; c.)
considers the case when a &t is associated to thieth
previously detected target conditioned on target-oriented
data association variabtg :

t(zéjsk;X&;d'k) (51)
Po (Sk; X )a(Zhis xl) ilul; Zy = fz,g; ¢ = ;
% Xi = f(ui;xj)g
(1 po(scxy)) ilul; Zi=:;d =0;
= X = f(uk;xj)g
1 Zy=3;,¢=0;
% X =
0 otherwise



The factor[1  pp(sk; )]>CKU describes the set of targetsof its concatenation). This factor graph would require the use
that remain undetected. of PMBs for sets of trajectories between tikne 1 andk [42],

Using the factorized density in (46), we depict the factd#3]. Furthermore, this factor graph would enable us to infer
graph for update, as shown in Fig. 5 (green area). Here e state at tim&k 1 of a Bernoulli created at timé, via

use the following notations for the factor nodes: smoothing.
fFoY; P ;plfk) C up K pl (PY); (52a) Remark 3 (Special Cases and Generalizationshe factor-

o - ! ‘:jl k ization ((40) and (46)) and the corresponding factor graph in
GO 9 T O ¢ (52b)  Fig. 5 can be specialized and generalized to cover a variety
(g 1 I)( k) f | t S . | . | d

y of applications. Some special cases include:
9 (saXY) . [T pos I (520) e e
e e i e i apping an are obtained when the targets have
fi (SK’YK’ d‘f) : '.(ZK,J_SK’YK ’ dK)’ (52d) no mobility, which is obtained when the transition density
fiJ (Sk;xl;dk) ) t(ZLJSk;x&;dk); (52e) isf (XkjXk 1) = Xk Xk 1)
fi'j (G;d),  (d:d): (52f) Mapping and MTT are obtained when then sensor state

. is known at all times, so thdt,(sx 1) and f (skjsk 1)
We compute the messages and beliefs on the update factor 46 removed andyx 1 andsy no longer explicitly appear

graph in Fig. 5 by running developed set-type BP, detailed in 55 vertices in the factor graph (instead they are absorbed
Appendix F of _ths supplem_entary material. Messages are not g parameters in the likelihood functions).

sent backward in time. The iterative message is only performed

for the data association step, whereas for other steps a sifg&mark 4 (Set-Type BP MB Filter) To obtain a set-type BP
message passing is performed. As a nal result, the messdgB Iter (whether labeled or not), we use the same modeling
represents the posterior of the sensor state at the endBgsumptions as in the set-type BP PMB Iter except that the
time stepk7 represents the posterior PPP of undetecté&{th model is MB instead of Poisson. Th?n, we set the intenSity
targets[ 18] represents the posteriors of the Bernoullis of eadf PPP to zero and add the Bemoulli components of the
newly detected target, afdo] represents the posteriors of theirth process in the prediction step [44]. The corresponding
Bernoullis of each previously detected target. These posterié@§tor graph is equivalent to the one in Fig. 5 but removing
will be used when creating the factor graph connecting tinfdl the PPP variablesX,’ 1; X X&; PYs Pt PR X)),

stepk with time stepk + 1. Note that the number of detectedheir connected factorsf{;f®;f < fP fF 3,0 5),
targets grows over time. and newly detected target¥f;:::;Y;*), and also adding

the new birth Bernoulli variables and factors in the prediction

D. Connecting the Factor Graphs in Prediction and UpdateSteP-

So far, we have discussed the prediction and update f&Remark 5 (On the Use of Set-Type BP with Other RFS
tor graphs independently. We now proceed to explain hdwiters) It should be noted that set-type BP can be used to
these factor graphs are connected. The factor graph in tlevive RFS lters based on computing marginal distributions

S PY s X :;X]lk * while the factor graph in the updatesurement and clutter models, including coexisting point and
(see, green and purple parts in Fig. 5) contains variablextended targets [45]. It is not suitable to derive PHD and
Sk; Xy ,PI}; T Plfk;x“kl; s ;)(“kk ! We note that the vari- CPHD lters as these lters do not calculate marginals but
ablessy; X% ¢ ;;)cllk 1 are the same. To connect the otheprPproximate the posterior as a PPP or as an independent and

variable nodes in the prediction and update factor graphs, {éntically distributed cluster process [22]. Set-type BP is also
can use a merging and partitioning factor (see, De nition 3)ot suitable for implementing Iters based on conjugate priors
as well as a conversion factor for auxiliary variables (seglch as PMBM and-GLMB lters.

De nition 5) for newly detected Bernoullis. That is, we rst

adopt the factof F (PY; XV; PL;:::; PY*), which partitions . o
X E. Approximate KLD Minimization of Set-Type BP PMB for

the setPY into subsetsk); Yi;:::; Yy« (all with auxiliary AM
variable 0). Then, to each of the newly detected Bernoullis, W
apply the conversion factor for auxiliary variablE;%(F’J YL Assuming that the prior is a PMB, the prediction of the set-

Considering the set-variables that are linked to the set-facttype BP is represented in closed-form. As a direct application
fF() andf®(), see Fig. 5, we know that the set-variablef the PMBM update [28, Sec. IV-B], the updated density is
¥l andX! follow a Poisson process with= I, 1+ j and MM (Xijsk)fu(sk), whereffMEV (Xjs¢) corresponds to

u = 0, respectively. Finally, the factor graphs for predictiothe PMBM with the auxiliary variables [43, Sec. IlI-A], given
and update are connected by the factdr&((), f°(), and the sensor stats,, whereXi = X ] X' *1 YE7« (see,
fE()) and their linked variables. (46)).

Remark 2 (Factor Graphs for Smoothing at the Previous Timeemma 1. The marginals ofs,, XV, X}, Y, of (46)

Step) Fig. 5 shows the concatenation of factor graphs for theepresent a PMB that is an optimal approximation
prediction and update steps at tirke 1 andk. It is possible of the corresponding PMBM posterior in the sense
to derive a joint prediction and update factor graph (insteathat it minimizes the Kullback-Leibler divergence
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(KLD)  D(ffmBM (X‘kjsk)fu(sk)ueﬁMB (X)au(sk)). The vector-type BP is to use an external PHD lIter to model

marginal densities oy, XV, X}, Y} are given by undetected features, as in [13]. The prediction step of the
¥ external PHD lter is designed to match the solution obtained
VB (X) = g (XY) q{,(X’i); (53) by the (prediction) factor graph in Fig. 5.
i=1 3) Newly Detected Targetsin the update, the external
u(sk) = %J(sk); (54) PHD lIter can be used to describe the density of the newly
U _ U _ detected Bernoullis. In order to link this PHD lter with the
WX) = fuXdisdf u(s)dse (55)  factor graph, reference [13] requires direct modeling of the
) Za ) density of newly detected features. This density corresponds
W) = Fu(Ris)fu(sk)dsg; (56) to the predicted intensity of the PHD Iter multiplied by the
, z , probability of detection, normalized to integrate to one in [13,
w(Yi) = fu(Yiisk)fu(sk)dsc: (57) eq. (16)].

. 4) Detection Probability: Vector-type BP SLAM requires
Then, upon convergence, the set-type BP appliet6) ap- .that the detection probability for undetected targets does not

proximates these marginal densities by producing the interigr
points of the constrained Bethe free energy on the factor grapﬁwel[afsr]d .?Q;Tg;:on;%hs;iﬁss’lgcrzglﬁik d )|(sk )tr:aqgg E)S(kk )x ka)s

see Theorem 1. depends o andxy, the detection probability should be part
Proof. The proof of the KLD minimization is an extension ofof the factor that connects each newly detected feature and
Proposition 1 of [42], showing the optimality of the solutionthe sensor state, as in Fig. 5. This could be xed in vector-
The Bethe free minimization is a result of Theorem 1.0 type BP by de ning the density of undetected features (as the
normalized PHD intensity) and then consideripg(sk;X«)

F. Exploring the Relationships: Set-Type and Vector-Type B the factor, as in Fig. 5.
PMB-SLAM Filters 5) Sensor State Updatdt is also relevant to mention that,

@Ie the factor graphs in [12], [13] consider messages from
the sensor state to the newly detected features, the belief up-
date equation of the sensor state does not have these messages,

see [12, eq. (37)] and [13, Sec. llI-G]. The equations with

minor details> We note that the connection between vectthe messages from newly detected features to the sensor state

type and RFS-based method was partially discussed fr@ig not considered in [12], [13] either. These equations can be

the perspective of the expression of target densities and d%%rected to obtain a vector-type BP-SLAM algorithm similar

association in [9, Sec. XIII-A] and [28, Sec. IV-E]. to the set-type BP-SLAM algorithm presented in this paper.
1) Previously Detected Target8ernoulli densities in the ~ 6) Derivations:Itis also important to realize that this paper

proposed set-type BP-SLAM lter can be parameterized usifjovides an alternative derivation of the (slightly modi ed)

a statey = [x”; |7, where is the existence variable suchvector-type BP-SLAM algorithm in [13] obtained from rst

that = 1 if the target exists and = O if the target Principles using RFSs. That is, vector-type BP-SLAM is

does not exist. A Bernoulli density in vector representatiopPtained assuming models for single-feature dynamics, single-
isf(x; )= f()f (xj) wheref (x; =1)= f (fxg), and feature death, sensor dynamics, and measurement models, but

f (x; =0) = f (;). The vector representation has the the20 feature births. Instead, it is assumed that, at the current

oretical drawback of requiring a dummy densftyxj =0) time step, we know the multi-Bernoulli density of previous
which does not exist, though this does not affect practicigatures and the multi-Bernoulli density of newly detected
results. The same procedure can be followed to de ne equi@atures. Then, the factor graph is obtained. Afterwards, an
alent conditional densities (factors) that consider sets of @fternal PHD Iter can be used in vector-based SLAM to
maximum one element. With this in mind, we can writénodel undetected features.
the part of the factor graph in Fig. 5 which has Bernoulli Instead, the set-type BP PMB-SLAM derivation works as
densities using the existence variable representation. It is alelows. We require models for feature birth, single-feature
straightforward to express the parts that involve variables thdytnamics, single-feature death, sensor dynamics, and measure-
have vector densities (such gg). ments, similar to Bayesian multi-target tracking algorithms.
2) Undetected TargetsAs the undetected targets are PPPhen, auxiliary variables are used to obtain the associated
distributed, this part of the factor graph, including the factof@ctor graph, and then the factor graph is solved using set-
f B (for prediction) andf " (for update) cannot be written BP. The resulting algorithm, with the minor modi cations
with existence variables. Therefore, the analogous factor gragtplained above, is similar to vector-BP SLAM with the ex-
with existence variables has to drop this source of informatioiernal PHD lter in [13]. The connection is clearer by writing
One solution to compensate for this loss of information ieach Bernoulli component in terms of existence variables. This
shows that the vector-BP SLAM algorithm with the external
3Note that the vector-type BP-SLAM lter in [12] mentions the possibilitypHD lter, with the minor modi cations above, can be derived
of using an external PHD lter, but it is not explained in detail, so we focu
i{pm RFS theory, which is an important result for the literature.

on the comparison with [13], as it has an explicit description of the exter
PHD lter. It is also relevant to note that the set-BP MB-SLAM algorithm

We now reveal connections between the proposed set-t
BP lter to the vector-type BP lIters [13]. The proposed set-
type BP PMB-SLAM lter turned out to be algorithmically
identical to the vector-type BP-SLAM lters [13], except for
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Fig. 6: Bistatic radio SLAM scenario, where 176 SPs are uniformly dis-
tributed. A single BS transmits the signal, and the sensor receives the two
types of measurements: BS-sensor; and BS-SPs-sensor.
that we also propose could also be written with existence
variables.

V. NUMERICAL RESULTS

In this section, we analyze the proposed set-type BP PMB-
SLAM and BP MB-SLAM filters, abbreviated as SBP-PMB-
SLAM and SBP-MB-SLAM, respectively, in comparison with
BP-SLAM [13], abbreviated as VBP-SLAMI1. Note that the
vector-type BP-SLAM filters [12], [13] with the minor mod-
ifications, abbreviated as VBP-SLAM?2, is equivalent to the
SBP-PMB-SLAM, as discussed in Sec. IV-F. We introduce
the simulation setup for evaluating the SLAM filters, and
subsequently the results are discussed.

A. Simulation Setup

1) Sensor and Landmarks: We consider a propagation
environment of bistatic radio SLAM, where a single base
station (BS) transmits the pilot signals, and scattering points
(SPs) (i.e., landmarks) are uniformly distributed, as shown in
Fig. 6. A single sensor can receive two types of measure-
ments: one from BS-sensor path; and others from BS-SPs-
sensor paths. We denote the locations of the BS and SP j
by Xpg and XJSP. The sensor state at time % is denoted by
Sk = [Xis) Xies) > Where Xk:s = [2k;s, Yk;s]” denotes the
location, and Xk:s = [Zk:s, Uk:s]” denotes the velocity.

2) Dynamics: For the sensor dynamics during K time
steps, we adopt constant-velocity motion model [46,
Sec. 6.3.2] with the known transition density f(SkjSk 1), and
the sensor state evolution follows

sk = Fsk 1 + Ba, (58)
F and B are defined as [46, Sec. 6.3.2]
Iy o tly o 05 1y o
F= R B = 59
02 2 1o thy o o9

Here t is the sampling time, and Qk is the driving process
that follows zero-mean Gaussian distribution with the covari-
ance matrix 0'3\,|2 9, Where oy, is the standard deviation, and
> o is the 2 by 2 identity matrix.

We set the parameters as follows: K = 80 time steps,
ow = 0.1 m/s?, and t = 0.5 s. We set the prior density
of the sensor state to f(Sp) = N(So;Sojo, Pojo), wWhere Sgjo
is sampled from N(So, Pyjo) for each simulation run. Here
so = [15, 420,0,20] is the ground truth of the initial
sensor state, with the units of m, m, m/s, and m/s, and
Pojo = blkdiag[0.51; 2,0.0051; 5], and the units of the
diagonal term of P are m2, m2, m2/s2, and m2/s2.

3) Measurements: The sensor obtains the measurement set
Zy = f20,2},...,zxg, where z) and z}, for j > 0 are
the measurements corresponding to the BS and different SPs,
respectively. Let t, = [(XJSP)>,XE;S]> be the augmented
vector of SP location XJSP and the sensor location X;s. With
the known BS location, the measurements ZE and Z{< forj >0
are modeled as

0 —
Zy = Xk:s + Ik,

i — ¢
z, = Ht +ry.

(60)
(61)

Here H=1l5 5, l5 3], and rg is the measurement noise that
follows zero-mean Gaussian distribution with the covariance
J? > o, where oy is the standard deviation. We regard the false
alarms and shortly visible SPs as clutter, modeled as ZE 2 Zx.
The number of clutter measurements, which are observed by
the sensor, is modeled by the Poisson distribution with mean
e [42], and the clutter intensity is denoted by c(z).

The parameters are set as follows: . = 1, ¢(z) = 1.6 10 *
in the area of interest, and o, = 0.707 m. The number of SPs
that are uniformly distributed in a network is denoted by Ngp.
The network size is [0,30] m [ 400,470] m, Ngp = 176,
and the BS location is Xgg = [0,0]7. The field-of-view of the
sensor is determined by

kxk skk<r
polsioxi) = L0 Tk K (62)
0  otherwise
where » = 20 m and pp = 0.95. The landmarks are

observable starting from £ = 5, and additional landmarks
can be observable at each subsequent time step. For sensor
localization in both scenarios, multipath is employed from
k = 5, whereas for k£ < 5 the measurement for BS-sensor
path is exploited.*

4) SLAM Filter: To investigate the influence of newly
detected landmarks on sensor state updates, we consider K
time steps with two scenarios: one with an uninformative
birth model, and the other with an informative birth model
in modeling undetected landmarks. In realistic environments,
the uninformative birth model represents cases where we lack
prior map knowledge, whereas under the informative birth
model the assumption is that we have a previously available
map.

4By the ellipsoidal gating method [47], the measurement for BS-sensor path
is determined as 2 = minz{(ZZk (7], — x8s)”R 1(z} — xgs).
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Undetected landmarks and the birth for both SBP-PMB-
SLAM and VBP-PMBI1 [13] are modeled by the PPP, im-
plemented by the intensity functions. The intensities for un-

tected targets and the birth areepresented by A(X) =

g MINOG XY, U9 and AB(x) = nPIN(x; xBi9, UB9),
where N(X; X, U) is the Gaussian density, and 7 is the Gaus-
sian weight. For SBP-MB-SLAM, the birth is modeled by
the MB process. The MB birth density is the form of (11),
where the g-th Bernoulli has an existence probability 29 and
Gaussian density N(x; xB9, UB:9), For the informative birth
case, we set the number of births to the number of newly
detected landmarks, x84 N(X;XJSI(,Q)7 UBa), nB9 =1, and
the small Gaussian covariance UB9 = 0.01l, ,, where j(q)
is the SP index corresponding to the g-th Gaussian. For the
uninformative birth case, we set the number of Gaussians
for births to the same as the number of measurements, birth
weight n%9 = 10 3, and the large Gaussian covariance
UB;q = 106 |2 2.

Using the Kalman filter [48], we implement the messages
and beliefs corresponding to landmarks and data associations.
The belief of the sensor state of is intractable by the
Kalman filter, and thus implemented by the particle filter [4],
[49] with Np samples. After the belief computation at each
time step, we declare that a landmark is detected when rli(jk >

p. The previously detected landmarks with Tli<jk <  RBer for
i =1,...,Ix 1 + Jg are removed, and the Gaussians in the
PPP with nﬂjk < poi are eliminated.

The rest of the algorithm parameters are set as follows:
Np = 10% p = 04; pe = 10 5 p, =5 10 10;
ps = 0.99. The simulation results are averaged over 500
Monte Carlo trials. The performance of sensor localization
and landmark mapping are evaluated by root mean square
error (RMSE) and generalized optimal subpattern assignment
(GOSPA) [50, eq. (1)] with parameters Gp = 1, G¢ = 2, and
G = 2, respectively.

B. Results and Discussions

1) Uninformative Birth: Fig. 7 shows the SLAM perfor-
mance against time, under the scenario that the PPP for
undetected landmarks and birth in SBP-PMB-SLAM and the
MB for birth in SBP-MB-SLAM are uninformative. During
K = 80, the SLAM performance of the SBP-PMB-SLAM
is identical to that of the VBP-BP-SLAM filter even though
the messages are employed for sensor belief computation.
This happens because the messages corresponding to
newly detected landmarks or clutter are not as informative
as the messages corresponding to previously detected
landmarks. The mapping performance of the SBP-MB-SLAM



TABLE I: Informative birth case: RMSEs of sensor localization and GOSPA
errors of mapping with different Ngp and .

VBP- SBP-PMB-
SLAMI [13] SLAM
=1 0.1651 0.1306
Nep =176 | ic =5 0.1881 0.1334
) e =10 0.2014 0.1401
RMSEs [m] e =1 0.1321 0.1125
Nsp =352 [ e =5 0.1361 0.1137
fic = 10 0.1559 0.1195
e =1 638.48 636.42
Nsp =176 [ e =5 979.74 97731
fic = 10 116234 1160.52
GOSPA Errors [m] e =1 622.52 620.99
Nsp =352 [ e =5 794.65 793.17
1 = 10 881.29 880.04

filter is inferior to the other two filters. This is because the MB
birth model is limited in the number of Bernoulli sets, where
each is available for modeling a single landmark, whereas the
set that follows PPP captures multiple landmarks.

2) Informative Birth: Fig. 8 shows the SLAM performance
against time, under the scenario that the PPP for undetected
landmarks and birth in SBP-PMB-SLAM and MB birth in
SBP-MB-SLAM are informative. When using the informative
PPP, we achieve performance improvement in set-type BP
PMB-SLAM SBP-PMB-SLAM compared to that of VBP-
SLAMI. This is because new landmarks appear and the PPP
for undetected landmarks is informative. The sensor localiza-
tion gap is clearly visible, and the landmarks are determined,
starting from k = 5 since the landmarks begin to be observable
from k£ = 5. The gap of GOSPAs increases over time steps
because there exist newly detected landmarks at every time
step. We obtain that the performance of SBP-MB-SLAM is
identical to that of SBP-PMB-SLAM, and thus the results are
omitted. This is because the clutter part of the messages 5
is much smaller than the newly detected landmark part, and the
implementation of MB birth for SBP-MB-SLAM is equivalent
to that of SBP-PMB-SLAM, under the informative birth case.

Table I present the RMSEs of sensor localization and
GOSPA errors of landmark mapping respectively, with the
different setup: pe = 1 with ¢(z) = 1.6 10 4, yc = 5 with
c(z) =8 10 4, and ue = 10 with ¢(z) = 1.6 10 3, for
Ngp = 176, Ngp = 352. The results are averaged over all
Monte Carlo simulation runs during the steady-state operation
after £ > 40. Table I show the performance of both methods
deteriorates progressively as the clutter Poisson mean pic
increases (uc = 1, uc = 5, uc = 10). The sensor localization
accuracy with Np = 4 is improved, compared to with
Np = 2. This improvement is attributed to the fact that sensor
localization accuracy increases as either mapping accuracy or
the number of detected targets increases. The performance gap
between SBP-PMB-SLAM and VBP-SLAMI1 arises from the
usage of newly detected targets in sensor state updates.

VI. CONCLUSIONS

In this paper, we have developed the general framework
of set-type BP, which can serve as a fundamental tool for
computing either the marginal (or its approximate density) of
an RFS. From the framework, we derived the PMB and MB

5This message comprises the sum of two parts: clutter and newly detected
landmark.

filters with the developed set-type BP, applicable to the related
problems of mapping, MTT, SLAM, and SLAT. Under the
densities that follow the Bernoulli process, we demonstrated
that vector-type BP is the special case of set-type BP. To
handle the unknown set cardinality in the factor graph, we
developed the set-factor nodes for set partitioning, set merging,
and shifting set auxiliary variables. We applied the proposed
set-type BP to PMB-SLAM filter and explored the relations
between the set-type BP PMB and vector-type BP-SLAM [12],
[13] filters. Our results demonstrated that the proposed set-
type BP-SLAM filter (and the equivalent vector type BP
algorithm) outperforms vector-type BP from [12], [13], under
the informative PPP for undetected landmarks, and equivalent
for the uninformative PPP. Vector-type BP can be readily
modified, through various heuristics, to match the performance
and operation of set-type BP.

Other applications where set-type BP can be applied include
smoothing (obtained by computing messages backward in
time), extended targets (where each target may generate a
set of measurements), cooperative processing (obtained by
linking the factor graphs related to two different sensors),
general target-generated measurements and arbitrary clutter,
and positioning (by adding factors related to fixed anchors in
the environment). Applications of the set-type BP framework
to other families of RFS filters, along with their BP counter-
parts, deserve further study. Finally, we hope that the proposed
framework can find application in problems outside the sphere
of mapping and tracking.

APPENDIX A
PROOF OF THEOREM 1

We prove Theorem 1 in a similar fashion as in the vector-
type BP [3, Theorem 2].

Proof. Using the set beliefs of (20) and (21), we introduce
the Bethe free energy [3]: FBethe = UBethe  HBethe, Where
UBethe 1S the Bethe averagze energy, given by®

UBethe = b(la) In fa(&a)5£a7 (63)
a
and Hpeipe 1S the Bzethe entropy, given by
HBethe = b(ia) In b(ia)é‘la
2 Z
+ (M@G)j 1) b(X"Y)Inb(X")éX'. (64)

The constraints of the Bethe free energy, the average en-
ergy, and the entropy are all functions of set-beliefs. They
re introduced as follows. The normalizatgon constraints are

b(X")dX' = 1 for all set-variable i, b(X?)dX? =1
for all set-factgy a with jM(i)] 2. The marginalization
constraints are  b(X®)6X ' = b(X"') such that i 2 N (a).

The set integral such as [ b(X)Inb(X) X and [b(X)Inf(X) X
requires the use of the measure-theoretic integral [51], due to the units of the
standard set integral and densities [22, Sec. 3.2.4]. In this sense, the integral
is then [ b(X) IN(KIXIb(X)) A and [ b(X) In(KIXIF(X)) &, where K
is the unit of the hypervolume of the single state X € X'. For notational
simplicity, we omit the unit KJXJ in the integration.



The inequality constraints are 0  b(X?®) 1 for all set-
factor ¢ and 0 b(X') 1 for all set-variable i. Due to
the assumption of the interior stationary point, the inequality
constraints will be inactive. Thus, we enforce the equality
constraints with the Lagrange multipliers, denoted by va, 7i,
and Aa:i(X"), respectively, and the Lagrangian is formulated
as

> Z
L= b(X?) In fa(X#)6X? (65)
%7
+ b(X?) Inb(X#)6X?
=< z -
(GM@j 1) bX")Inb(X"ox!
> Z > £
+  qa( b(XEX2 1)+  ~i( b(XD)ox' 1)
=< > Z _ 'z o
+ Aa;i (X ) (b(X") b(X#)oX ")ax'.
i a2M(i)

By the derivatives of the Lagrangian with respect to b(X' )
and b(X"), we can obtain the interior stationary points as
follows:

] 1 ]

BX' = = e )\a-i X' B 66

CO= 22 N0 1w @
1 .

BX?) = —-fa(X*) exp Aaii(X') (67)

i2N (a)
where Z5 and Z; are the normalization constants. Making the
identification
Aai(X') = INnjwa(X') = In mpei(X'), (68)
b2M(i)nfag
and substitute (68) into (66) and (67), then we recover the
set-type BP fixed points of (20) and (21) as follows:
. Y .
BXh /s maxi(X"),
a2M(i)
BX®) 7 fa(X?) My i (XJ).
i2N (a) b2M(i)nfag

(69)
(70)

To derive this theorem conversely, we introduce Mg u j
2 JM(@)j

M@ 1O a7

(71)

1
Mawi = eXP W

where )\b;i(Xi) = Innj1p(X"), which can be obtained from
(68) and set-message update rules of (18) and (19). Substi-
tuting b2M (i)nfag Mo ¥ i of (68) and mywi of (71) into the
set-type BP fixed points of (20) and (21), the reverse of this
theorem can be shown.

We omitted a single variable that is only connected to a
single factor (i.e., jM(4)j = 1), called a dead-end variable, in
the Lagrangian since the dead-end variable does not contribute
to the Bethe free energy and the beliefs. The beliefs at dead-
end variables arg not required but it can be easily computed
from the belief b(X®)dX ' as needed.

O

APPENDIX B
PROOF OF COROLLARY 1

We prove Corollary 1 by showing that the set-belief b(X ")
obtained after running set-type BP in a factor graph with no
cycles corresponds to the marginal probability density of X'.

Proof. Note that mau j(X') = fa(X?) if jN (a)j = 1. By the
chain rule with (18) and (19), the set-belief b(X ") of (18) is
represented by the integragon of the product of all set-factors
fa(X®). It corresponds to ~ f(X1',...,X™M)éX Tof (16). O

APPENDIX C
PROOF OF PROPOSITION 1

We prove Proposition 1 with the partitioning and merging
factor of Definition 3.

Proof. Using the partitioning and merging factor of Defini-
tion 3, we can then partition the Poisson set XJ with the
incoming Poisson message Nj x a(XJ) into jN (a)j 1 Poisson
sets X ! with the Poisson outgoing messages Mg x j(X ') for i 2
N (a)nTjg. Suppose we have incoming messages Nj a(Xd) =
fEPP(XJ) that follows the PPP density, Ngua(X9) = 1, for
q 2 N (a) n fj,ig. From (26), the partitioning messages from
fa(X?) to X with i % N (a) n fjg are

Maxi(X') = njralozn@nrigX)eX ' (72)
VA

= njra(X'] X)oX (73)

7 PPN, (74)

the same PPP intensity function. It indicates that the Poisson
set is partitioned into multiple Poisson sets with the same PPP
intensity function, which is derived in Appendix D.

Conversely, the jN (a)j 1 Poisson sets X' with the in-
coming Poisson messages Nj s a(X') for i 2 N (a) n fjg are
merged into a single Poisson set XJ with the Poisson outgoing
message Mauj (XJ). Suppose we have incoming messages
nixa(X") = fPPP(XY), for i 2 N (a) n fjg that follow PPP
densities. The message of (30) is

Maxj(XJ) = FIEPWY. (75)
Tizn @nrigWi=X1 i2N (a)nfjg
It indicates that the outgoing message is the convolution of all

incoming PPP messages, representing the union of multiple
Poisson sets. O

APPENDIX D
PROOF OF POISSON SET PARTITION
R We find that fPPP(X) = e " o0 A(X) and A\ =
A(X)dx from (9), and then (72) is expressed as

Magi(X) (76)
' _
= e AX)oX ! a7n
2N (a)nfjg x2X4d 7
B} Y ,
/e A(X) e Ao (D)

x2X i g2N (a)nfjg x2X4d

(78)



Y .
=e A(x) = IR XY,

x2X1i

Finally, we find that maw j(X') Z fFPP(X1).

(79

APPENDIX E
JOINT UPDATE DENSITY

We prove the Jomt uI:I)date density of (46) with introducing
X1 AXE P =XE Lz 1Z¢ =2 and
Y1 QY= . We start with the prior at time step k
(without aux1hary varlables) such that

Jo(Sk; Xk) = fp(Sk) fp(Xk) (80)

= fp(sK)

—1
PYIX, S t=Xk

L%
£ (P)

i=1

£ X0,

(81)

where the prior assumes that the sensor state and the set of
targets are independent. The set of measurements received at
time step k is Zx = Fz), ..., 22%g.

A. Likelihood

For any sets PE, X, .. XkIk * such that Jij 1 for ¢ =

1,...,Ix 1, we introduce the likelihood functions [27, Eq. (25)]

lo(ZKjPY, Xy oo X6 2 51)

X
= UZiPK,sx)

ZU1Zk t=2z,

H(ZkX Sk,

i=1

(82)

where Z\J represents a measurement set including measure-
ment elements that are generated from both targets in X,V and
clutter, and ¢(Z}jX})) is the likelihood for a set with zero or
one measurement element without clutter, given by

t(zfgxlb Sk)
pp (X, S (ZkjXk, SK),  Zk = Fzig, X = fxig
_ 1 pp(x,sk), Zy =5, X =g
=1, zZl=; Xl=;
"0, otherwise.
(83)
In addition, we know that, for PE = Xl}J 1 Y& 1 1 Yl‘(]k,
the multi-target likelihood meets
UZiPK ,8Kk) = 1o(ZkiXid, Yiks -, Y 8K). (84)
B. Posterior
From [27, Eq. (34)], the posterior density is then
(85)

Ju(Sk, Xk) / l(%éjxhsk)fp(%((xk)
= fp(sk)
ZU1ZK 1=z PYTX,S T=X
IY;L o ) )
t(Z X Sk) o (Xi)
i=1

(86)

1ZYIPY s ) 1Y (PY)

> > >
= fp(sk)

ZUIZ)K 1=z PYTIXE T=x XUV < =PY

FP XN po( s

xZu(Z iYL s Y (Y

j=1

J ) N o

Xzo (@6 (YR HZEiXE, sk) fa (), (87)
i=1

+(1

where xzu (Z{<) is defined to be 1 if Zf_( 2 7Y, and to be 0
otherwise. Combining the last two convolution sums into one,
we have

Ju(Sk, Xk)
7 fo(sk)

—1 —=J —I
ZP1Z K T=Z XUV KIX K T=Xk

fo %)

1 po(, sl
j=1

Xzp @ITELIYE, s £ (V)

IY]_

Xzo @G (YD) HZEXE S FXD. (88)
i=1

+(1

We can now add auxiliary variables for the previous tar-
gets X[, .. .,XkIk * and also for the newly detected targets
Y. ,YI‘(]“. The auxiliary variables for the newly detected
targets will start from Iy 1 + 1. Then, we have

Fu(Sk, Xi) 7 fo(9) OO po(, sl

—1
zP1Z X =z

zU(Z DY s) 7Y ()
j=1
+(
IYJ_ ) ) ) )
t(Z kX, sk) Fp (Ri)-
i=1

Xzu(@)5: (Y]
(39)

By jointly considering the data associations Cx and dg in-
troduced in (46b), we can introduce the measurement sets as
follows:
( C
. k
zi= fzxg ck >0 (90)
; k =0’
z] =fz} : d} = 0g. 91)
With the association function w(c,i(, d{() introduced in (46b),
we can rewrite (89) as

R Xi) 26 FIOI po(GsdP% (92)
Ci;di
\1‘(
Xzo @O, s, ) £ (7D
j=1

(L Xxzp@)5 (YY)



HZEXE, sk, ) TR XD,
i=1

where 7(z}jYi,sk,dl) and t(Z}jX], sk, ck) were defined
in (50) and (51), respectively. We now make association
variables Cx and dg explicit in the posterior to define the
density. We can then define the joint update density as

Sk X, Sk i) Z fo) TV OO oo (93)
Yoo
W2kl se, )Y (vh)
j=1
h A o
HZEXE, sk ) TEORD W (ck, db),
i=1
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