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Abstract

In this paper, we consider estimating spot/instantaneous volatility matrices of high-frequency
data collected for a large number of assets. We first combine classic nonparametric kernel-based
smoothing with a generalized shrinkage technique in the matrix estimation for noise-free data un-
der a uniform sparsity assumption, a natural extension of the approximate sparsity commonly used
in the literature. The uniform consistency property is derived for the proposed spot volatility ma-
trix estimator with convergence rates comparable to the optimal minimax one. For high-frequency
data contaminated by microstructure noise, we introduce a localized pre-averaging estimation
method that reduces the effective magnitude of the noise. We then use the estimation tool devel-
oped in the noise-free scenario and derive the uniform convergence rates for the developed spot
volatility matrix estimator. We further combine kernel smoothing with the shrinkage technique to
estimate the time-varying volatility matrix of the high-dimensional noise vector. In addition, we
consider large spot volatility matrix estimation in time-varying factor models with observable risk
factors and derive the uniform convergence property. We provide numerical studies including
simulation and empirical application to examine the performance of the proposed estimation

methods in finite samples.
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1 Introduction

Modelling high-frequency financial data is one of the most important topics in financial economics
and has received increasing attention in recent decades. Continuous-time econometric models
such as the [t6 semimartingale are often employed in high-frequency data analysis. One of the
main components in these models is the volatility function or matrix. In the low-dimensional
setting (with a single or a small number of assets), the realized volatility is often used to estimate
the integrated volatility over a fixed time period (e.g., Andersen and Bollerslev, 1998; Barndorff-
Nielsen and Shephard, 2002, 2004; Andersen et al., 2003). In practice, it is not uncommon that
the high-frequency financial data are contaminated by the market microstructure noise, which
leads to biased realized volatility if the noise is ignored. Hence, various modification techniques
such as the two-scale, pre-averaging and realized kernel have been introduced to account for
the microstructure noise and produce consistent volatility estimation (e.g., Zhang, Mykland
and Ait-Sahalia, 2005; Barndorff-Nielsen et al., 2008; Kalnina and Linton, 2008; Jacod et al., 2009;
Podolskij and Vetter, 2009; Christensen, Kinnebrock and Podolskij, 2010; Park, Hong and Linton,
2016). Shephard (2005), Andersen, Bollerslev and Diebold (2010) and Ait-Sahalia and Jacod (2014)
provide comprehensive reviews for estimating volatility with high-frequency financial data under

various settings.

In practical applications, financial economists often have to deal with the situation that there are
a large amount of high-frequency financial data collected for a large number of assets. A key issue
is to estimate the large volatility structure for these assets, which has applications in various areas
such as the optimal portfolio choice and risk management. Partly motivated by developments
in large covariance matrix estimation for low-frequency data in the statistical literature, Wang
and Zou (2010), Tao, Wang and Zhou (2013) and Kim, Wang and Zou (2016) estimate the large
volatility matrix under an approximate sparsity assumption (Bickel and Levina, 2008); Zheng
and Li (2011) and Xia and Zheng (2018) study large volatility matrix estimation using the large-
dimensional random matrix theory (Bai and Silverstein, 2010); and Lam and Feng (2018) propose a
nonparametric eigenvalue-regularized integrated covariance matrix for high-dimensional asset
returns. Given that there often exists co-movement between a large number of assets driven by
either observable or latent risk factors, Fan, Furger and Xiu (2016), Ait-Sahalia and Xiu (2017), Dai,
Lu and Xiu (2019) extend the methodologies developed by Fan, Liao and Mincheva (2011, 2013)
to estimate the large volatility matrix by imposing a continuous-time factor model structure on
the high-dimensional and high-frequency data. Ait-Sahalia and Xiu (2019) study the principal
component analysis of high-frequency data and derive the asymptotic distribution for the realized

eigenvalues, eigenvectors and principal components.



The estimation methodologies in the aforementioned literature often rely on the realized volatil-
ity (or covariance) matrices, measuring the volatility structure over a fixed time interval. In practice,
it is often interesting to further explore the actual spot/instantaneous volatility structure and its
dynamic change over time, which is a particularly important measurement for financial assets
when the market is in a volatile period (say, the global financial crisis or COVID-19 outbreak). For
a single financial asset, Fan and Wang (2008) and Kristensen (2010) introduce a kernel-based non-
parametric method to estimate the spot volatility function and establish its asymptotic properties
including the point-wise and global asymptotic distribution theory and uniform consistency. For
the noise-contaminated high-frequency data, Zu and Boswijk (2014) combine the two-scale realized
volatility with the kernel-weighted technique to estimate the spot volatility, whereas Kanaya and
Kristensen (2016) propose a kernel-weighted pre-averaging spot volatility estimation method.
Other nonparametric spot volatility estimation methods can be found in Fan, Fan and Lv (2007)
and Figueroa-Lopez and Li (2020). It seems straightforward to extend this local nonparametric
method to estimate the spot volatility matrix for a fixed number of assets. However, a further

extension to the setting with vast financial assets is non-trivial.

The main methodological and theoretical contributions of this paper are summarized as follows.

e Large spot volatility matrix estimation with noise-free high-frequency data. We use the nonparamet-
ric kernel-based smoothing method to estimate the volatility and co-volatility functions as in
Fan and Wang (2008) and Kristensen (2010), and then apply a generalized shrinkage to off-
diagonal estimated entries. With small off-diagonal entries forced to be zeros, the resulting
large spot volatility matrix estimate would be non-degenerate with stable performance in
tinite samples. We derive the consistency property for the proposed spot volatility matrix
estimator uniformly over the entire time interval under a uniform sparsity assumption, which
is also adopted by Chen, Xu and Wu (2013), Chen and Leng (2016) and Chen, Li and Linton
(2019) in the low-frequency data setting. In particular, the derived uniform convergence rate
is comparable to the optimal minimax rate in large covariance matrix estimation (e.g., Cai
and Zhou, 2012). The number of assets is allowed to be ultra large in the sense that it can

grow at an exponential rate of 1/A with A being the sampling interval.

e Large spot volatility matrix estimation with noise-contaminated high-frequency data and time-varying
noise volatility matrix estimation. When the high-frequency data are contaminated by the
microstructure noise, we extend Kanaya and Kristensen (2016)’s localized pre-averaging
estimation method to the high-dimensional setup. Specifically, we first pre-average the
noise-contaminated log prices via a kernel filter and then apply the same estimation method

to the kernel fitted high-frequency data (at pseudo-sampling time points) as in the noise-free



scenario. The microstructure noise vector is assumed to be heteroskedastic with the time-
varying covariance structure satisfying the uniform sparsity assumption. We show that the
existence of microstructure noises slows down the uniform convergence rates, see Theorem
2. Furthermore, we combine the kernel smoothing with generalized shrinkage to estimate
the time-varying noise volatility matrix and derive its uniform convergence property. To the
best of our knowledge, there is virtually no work on high-dimensional time-varying noise

volatility matrix estimation for high-frequency data.

e Large spot volatility matrix estimation with risk factors. Since the uniform sparsity assumption is
often too restrictive, we relax this restriction in Section 4 and consider large spot volatility
matrix estimation in the time-varying factor model at high frequency, i.e., a large number
of asset prices are driven by a small number of observable common factors. By imposing
the sparsity restriction on the spot idiosyncratic volatility matrix, we obtain the so-called
“low-rank plus sparse” spot volatility structure. A similar structure (with constant betas) is
adopted by Fan, Furger and Xiu (2016) and Dai, Lu and Xiu (2019) in estimation of large
volatility matrices. We use the kernel smoothing method to estimate the spot volatility and
covariance of the observed asset prices and factors as well as the time-varying betas, and
apply the shrinkage technique to the estimated spot idiosyncratic volatility matrix. We derive
the uniform convergence property of the developed matrix estimates, partly extending the
point-wise convergence property in Kong (2018). The developed methodology and theory
can be further modified to tackle the noise-contaminated high-frequency data.

The rest of the paper is organized as follows. In Section 2, we estimate the large spot volatility
matrix in the noise-free high-frequency data setting and give the uniform consistency property.
In Section 3, we extend the methodology and theory to the noise-contaminated high-frequency
data setting and further estimate the time-varying noise volatility matrix. Section 4 considers
the large spot volatility matrix with systematic factors. Section 5 reports the simulation studies
and Section 6 provides an empirical application. Section 7 concludes the paper and discusses
modification of the estimation methodology to allow for jumps in the price or volatility. Proofs of
the main theoretical results are available in Appendix A. The supplementary document contains
proofs of some technical lemmas and propositions and discussions on the spot precision matrix
estimation and the asynchronicity issue. Throughout the paper, we let || - || be the Euclidean
norm of a vector; and for a d x d matrix A = (Aij)axa, we let ||A|| and ||A||r be the matrix spectral
norm and Frobenius norm, respectively, |A|; = Zle Z]fizl Al ||Alh = maxigi<a Zle |A41,

1A ]lco,q = Maxicica X5y [A4]9 and [|Almax = Maxi<ica maxigj<a lAs].



2 Estimation with noise-free data

Suppose that Xy = (Xq¢,- -, Xp,t)T is a p-variate Brownian semi-martingale solving the following
stochastic differential equation:
dXt ptdt + O‘tth, (21)

where Wy = (W, - - ,Wp,t)T is a p-dimensional standard Brownian motion, p, = (M1, -+, Upt)'
is a p-dimensional drift vector, and o = (03], is a p X p matrix. The spot volatility matrix of
X, is defined as

= (Zij,t) = O'tO'I- (2.2)

PXP
Our main interest lies in estimating £ when p is large. As in Chen, Xu and Wu (2013) and Chen

and Leng (2016), we assume that the true spot volatility matrix satisfies the following uniform
sparsity condition: {X;: 0 <t < T} € 8(q, @(p), T), where

S(q,@(p),T) = {rt = (Ny)pp, tED0,TI| sup [Tellusq < Aw(p)}, (2.3)

0<t<T

where 0 < q < 1, @(p) is larger than a positive constant, T is a fixed positive number and A is a
positive random variable satisfying E[A] < Cx < oco. This is a natural extension of the approximate
sparsity assumption (e.g., Bickel and Levina, 2008; Wang and Zou, 2010; Tao, Wang and Zhou, 2013).
Section 4 below will relax this assumption and consider estimating large spot volatility matrices
with systematic factors. The asset prices are assumed to be collected over a fixed time interval [0, T]
at0,A,24,--- ,nA, where A is the sampling interval and n = [T/A]| with |- | denoting the floor
function. In the main text, we focus on the case of equidistant time points in the high-frequency
data collection. The asynchronicity issue will be discussed in Appendix C.2 of the supplement.

For each 1 < 1,j < p, we estimate the spot covariance Z;; ; by

=3 Kilte — )AX 1 AX i (2.4)

k=1
with
Ki(t —t) = Kp (te — 1) /

AZKh tl—t]

where t, = kA, Ky (u) = h™'K(u/h), K(-) is a kernel function, h is a bandwidth shrinking to
zero and AX; x = Xit, — Xit, ,- The use of K} (ty — t) rather than Ky, (tx —t) in (2.4) is to correct
a constant bias when t is close to the boundary points 0 and T. A naive method of estimating



the spot volatility matrix X is to directly use fij,t to form an estimated matrix. However, this
estimate often performs poorly in practice when the number of assets is very large (say, p > n). To
address this issue, a commonly-used technique is to apply a shrinkage function to fij,t when i #j,
forcing very small estimated off-diagonal entries to be zeros. Let s,(-) denote a shrinkage function
satisfying the following three conditions: (i) [s,(u)| < [u| for u € Z; (ii) s, (u) = 0 if [u| < p; and
(iii) [sp (1) —u| < p, where p is a user-specified tuning parameter. With the shrinkage function, we

construct the following nonparametric estimator of X;:
it - (iisi,t>p><p with iiSJ',t = 591(t)(iij,t)1(i 7A J) + iii,tl(i = )), (2~5)

where p;(t) is a tuning parameter which is allowed to change over t and I(-) denotes the indicator
function. Section 5 discusses the choice of p;(t), ensuring that ft is positive definite. Our estimation
method of the spot volatility matrix can be seen as a natural extension of the kernel-based large
sparse covariance matrix estimation (e.g., Chen, Xu and Wu, 2013; Chen and Leng, 2016; Chen, Li
and Linton, 2019) from the low-frequency data setting to the high-frequency one. We next give
some technical assumptions which are needed to derive the uniform convergence property of ..

Assumption 1. (i) {p;,¢} and {0y, } are adapted locally bounded processes with continuous sample path.

(ii) With probability one,

min inf Y;4>0, min inf X >0,

1<i<p 0<s<T 1<iZj<p o<s<T 78

where ¥

ij,s

= Yiis +Zjj,s +2%5;,. For the spot covariance process {Li; ¢}, there existy € (0,1) and B(t, €),
a positive random function slowly varying at € = 0 and continuous with respect to t, such that

max [Zij e — Zijtl < B(t, €)lelY +o([e]Y), € = 0. (2.6)
1<i,j<p

Assumption 2. (i) The kernel K(-) is a bounded and Lipschitz continuous function with a compact support
[—1,1]. In addition, [*, K(u)du = 1.

(ii) The bandwidth W satisfies that h — 0 and zpo-x—y — oo

(iii) Let the time-varying tuning parameter p1(t) in the generalized shrinkage be chosen as

Alog(p \/A‘l)] 12

pl(t) - M(t)CA,p, CA,p — h'Y + |: h



where vy is defined in (2.6) and M(t) is a positive function satisfying that

< i < <C :

0<Cy < ogl?iT M(t) < OzltlgT M(t) < Cu < o0
Remark 1. (i) Assumption 1 imposes some mild restrictions on the drift and volatility processes. By
a typical localization procedure as in Section 4.4.1 of Jacod and Protter (2012), the local boundedness
condition in Assumption 1(i) can be strengthened to the uniform boundedness over the entire time

interval, i.e., with probability one,

max OZ‘SET sl < € < oo, max OilgT Liis < Cx < oo,
which are the same as Assumption A2 in Tao, Wang and Zhou (2013) and Assumptions (A.ii)
and (A.iii) in Cai et al (2020). It may be possible to relax the uniform boundedness restriction
(when T is allowed to diverge) at the cost of more lengthy proofs (e.g., Kanaya and Kristensen,
2016). Assumption 1(ii) gives the smoothness condition on the spot covariance process, which
is crucial to the derivation of the uniform asymptotic order for the kernel estimation bias. In the
low-dimensional setting when p is fixed, the smoothness condition (2.6) is standard. For example,
when the spot covariance is driven by continuous semimartingales, (2.6) holds withy < 1/2 (e.g.,
Ch. V, Exercise 1.20 in Revuz and Yor, 1999). In the high-dimensional setting, as we need to derive
the uniform estimation bias rate, we require the smoothness condition uniformly over the index
pairs (i,j). If Zi; ¢ is a deterministic function of t as in Kristensen (2010) and Remark 2(ii), the
uniform smoothness condition (2.6) would be comparable to those in Chen and Leng (2016) and
Chen, Li and Linton (2019). However, the smoothness restriction rules out volatility jumps, in
which case the developed estimation methodology needs to be modified, see the discussion in

Section 7.

(ii) Assumption 2(i) contains some commonly-used conditions for the kernel function. As-
sumption 2(ii)(iii) imposes some mild conditions on the bandwidth and time-varying shrinkage
parameter. In particular, when p diverges at a polynomial rate of 1/A, Assumption 2(ii) reduces
to the conventional bandwidth restriction. Assumption 2(iii) is comparable to that assumed by
Chen and Leng (2016) and Chen, Li and Linton (2019). It is worthwhile to point out that the
developed methodology and theory still hold when the time-varying tuning parameter in Assump-
tion 2(iii) is allowed to vary over entries in the spot volatility matrix estimation. For example,
we set py(t) = p(t)(iii,ti]’j’t)l/ 2 in the numerical studies and shrink the (i,j)-entry to zero if
iij,t < p(t)(iii,tzjj,t)l/2~

The following theorem gives the uniform convergence property (in the matrix spectral norm)



for the spot volatility matrix estimator %, under the uniform sparsity assumption.

Theorem 1. Suppose that Assumptions 1 and 2 are satisfied, and {X, : 0 <t < T} € 8(q, @(p), T). Then
we have
sup Hf.t — X,

0<t<T

= 0p (@(p)Chy), 27)
where @ (p) is defined in (2.3) and Ca p is defined in Assumption 2(iii).

Remark 2. (i) The first term of (A, is hY, which is the bias rate due to application of the local
smoothing technique. It is slower than the conventional h?-rate since we do not assume existence
of smooth derivatives of Xi;; (with respect to t). The second term of (a, is square root of
Ah 'log(pV A1), a typical uniform asymptotic rate for the kernel estimation variance component.
The uniform convergence rate in (2.7) is also similar to those obtained by Chen and Leng (2016)
and Chen, Li and Linton (2019) in the low-frequency data setting (disregarding the bias order).
Note that the dimension p affects the uniform convergence rate via @ (p) and log(p V A™') and the
estimation consistency may be achieved in the ultra-high dimensional setting when p diverges
at an exponential rate of n = |T/A|. Treating (nh) as the “effective” sample size in the local
estimation procedure and disregarding the bias rate hY, the rate in (2.7) is comparable to the

optimal minimax rate in large covariance matrix estimation (e.g., Cai and Zhou, 2012).

(ii) If we further assume that Z;;; is deterministic with continuous second-order derivative
with respect to t, and K(-) is symmetric, we may improve the kernel estimation bias order. In fact,

following the proof of Theorem 1, we may show that

sup H}Et — X,

h<t<T—h

—0r (@(P)Cs,. ). 28)

Ly11/2
%\M . The above uniform consistency property only holds over the

where Cap . = h? +
trimmed time interval [h, T — h] due to the kernel boundary effect. In practice, however, it is often
important to investigate the spot volatility structure near the boundary points. For example, when
we consider one trading day as a time interval, it is particularly interesting to estimate the spot
volatility matrix near the opening and closing times which are peak times in stock market trading.

To address this issue, we may replace K;, (tx — t) in (2.4) by a boundary kernel weight defined by

sf e ()

1=1

Kie(t—t) =Kq (t“;t) /

where K¢(+) is a boundary kernel satisfying [ (-0 ik (w)du = 0 (a key condition to improve

—t/h
the bias order near the boundary points). Examples of boundary kernels can be found in Fan and

8



Gijbels (1996) and Li and Racine (2007). With this adjustment in the kernel estimation, we can
extend the uniform consistency result (2.8) to the entire interval [0, T].

3 Estimation with contaminated high-frequency data

In practice, it is not uncommon that high-frequency financial data are contaminated by the market
microstructure noise. The kernel estimation method proposed in Section 2 would be biased if the

noise is ignored in the estimation procedure. Consider the following additive noise structure:
Ztk - th + Evk - th + w(tk)al*(l (3'1)

wherety = kA, k=1,--- ,n,Zi = (Zy4,---, Zp,t)T is a vector of observed asset prices at time t, and
& = (&x, o, Ep,k)T is a p-dimensional vector of noises with nonlinear heteroskedasticity, w(-) =
[wi]’ (- )]p Xp

follows a p-variate identical distribution with identity covariance matrix. The noise structure

is a p x p matrix of deterministic functions, and & = (&} ,---, &%) " independently

defined in (3.1) is similar to Kalnina and Linton (2008)’s setting which also contains a nonlinear
mean function and allows the existence of endogeneity for a single asset. Throughout this section,

we assume that {&, } is independent of the Brownian semimartingale {X}.

3.1 Estimation of the spot volatility matrix

To account for the microstructure noise and produce consistent volatility matrix estimation, we
apply the pre-averaging technique as the realized kernel estimate (Barndorff-Nielsen et al., 2008)
can be seen as a member of the pre-averaging estimation class whereas the two-scale estimate
(Zhang, Mykland and Ait-Sahalia, 2005) can be re-written as the realized kernel estimate with
the Bartlett-type kernel (up to the first-order approximation). The pre-averaging method has
been studied by Jacod et al. (2009), Podolskij and Vetter (2009) and Christensen, Kinnebrock and
Podolskij (2010) in estimating the volatility for a single asset and is further extended by Kim, Wang
and Zou (2016) and Dai, Lu and Xiu (2019) to the large high-frequency data setting. Kanaya and
Kristensen (2016) use a localized pre-averaging technique to estimate the spot volatility function
for a single asset and derive the uniform convergence rate for the developed estimate. A similar
technique is also used by Xiao and Linton (2002) to improve convergence of the nonparametric
spectral density estimator for time series with general autocorrelation for low-frequency data.



We first pre-average the observed high-frequency data via a kernel filter, i.e.,

T n
LS 1t -0z, (32)
T n
k=1
with LT (tk—T) =Ly (e — 7T /fo Ly(s —T)ds, where Ly (u) = b~'L(u/b), L(+) is a kernel function

and b is a bandwidth. Let AXll = X1 o = X1 ., Where X1 -, is the i-th component of XTl and
To, T1,- -+, Tn are the pseudo-sampling time points in the fixed interval [0, T] with equal distance
A, = T/N. Replacing AX; x by A)N(u in (2.4), we estimate the spot covariance %;; ; by

N
Lijp = Z Ki (11 — ) AXi,1AX 1, (3.3)
-1

where

Kl (ti—t) =Ky (1. — 1)/

N
A, Z Kt (’fk — t)] .
k=1

Furthermore, to obtain a stable spot volatility matrix estimate in finite samples when p is large, as

in (2.5), we apply shrinkage to fij,t, 1 <i#j <p, and subsequently construct
o= (Z5e) o The=so (Zun) Ui #)) + Tualli=), (3:4)

where p,(t) is a time-varying shrinkage parameter. We next give some conditions needed to derive

the uniform consistency property of ;.

Assumption 3. (i) Let E(&}, ) = 0 and
E [exp (slu’&;])] < Cg < o0, 0<s < sy,

for any p-dimensional vector u satisfying |ju||2 = 1.
(ii) The deterministic functions wy;(-) are bounded uniformly over i,j € {1,- - -, p}, and satisfy that
P
2

max su wsii (1) < Cy < 0.
1<1<p0<t£TZ il s Co

Assumption 4. (i) The kernel function L(-) is Lipschitz continuous and has a compact support [—1,1]. In
addition, fl_l L(u)du = 1.

10



(ii) The bandwidth b and the dimension p satisfy that

AZL—lb B
b— 0, l()g(pT_l) — 00O, pAeXp{—sA }—> O,

where 0 <1< 1/2and 0 < s < so.

(iii) Let vap,n = y/Nlog(p V A~1) [bY2 + (A'b) V2] — 0and the time-varying tuning parameter
p2(t) be chosen as py(t) = M(t) (CX , + Vap,n ), where M(t) is defined as in Assumption 2(iii) and (3, ,,
is defined as Ca,, with N replacing A~

Remark 3. We allow nonlinear heteroskedasticity on the microstructure noise. The moment
condition in Assumption 3(i) is weaker than the sub-Gaussian condition (e.g., Bickel and Levina,
2008; Tao, Wang and Zhou, 2013) which is commonly used in large covariance matrix estimation
when p is ultra large. The boundedness condition on wj;(-) in Assumption 3(ii) is comparable
to the local boundedness restriction in Assumption 1(i). Assumption 4(ii) imposes some mild
restrictions on b and p, which imply that there is a trade-off between them. When ( is larger, p
diverges at a faster exponential rate of 1/A but the bandwidth condition becomes more restrictive.
If p is divergent at a polynomial rate of 1/A, we may let t be sufficiently close to zero, and then
the bandwidth condition reduces to the conventional one as in Assumption 2(ii). The condition
Vap,N — 01in Assumption 4(iii) is crucial to show that the error of the kernel filter )AZT tends to zero
asymptotically, whereas the form of the time-varying shrinkage parameter p,(t) is relevant to the

uniform convergence rate of im (see Proposition A.2).

Theorem 2. Suppose that Assumptions 1(i)(ii), 2(i), 3 and 4 are satisfied, and Assumption 2(ii) holds with
A~ replaced by N. When {Z;: 0 <t < T} € 8(q, @(p), T), we have

AP

sup ) =0Op (w(p) [CNp T vA,p,N}l‘q) , (3.5)

0<t<T
where €Y, ,, and v a,p N are defined in Assumption 4(iii).

Remark 4. The uniform convergence rate in (3.5) relies on @(p), X, and va p n. With the high-
frequency data collected at pseudo time points with sampling interval A, = T/N, the rate Cy, ,,
is comparable to Ca for the noise-free kernel estimator in Section 2. The rate v, N is due to
the error of the kernel filter X, in the first step of pre-averaging estimation. In particular, when
q =0, @(p) isbounded, b = AV*and h = N~ 57 with N = A_%, the uniform convergence
rate in (3.5) becomes AZ# 1 V/Iog(p VV A-1). Furthermore, if y = 1/2, the rate is simplified to
A12, /log(p V A~1), comparable to those derived by Zu and Boswijk (2014) and Kanaya and

Kristensen (2016) in the univariate high-frequency data setting.

11



3.2 Estimation of the time-varying noise volatility matrix

It is often interesting to further explore the volatility structure of microstructure noise. Chang et al.
(2024) estimate the constant covariance matrix for high-dimensional noise and derive the optimal
convergence rates for the developed estimate. In the present paper, we consider the time-varying

noise covariance matrix defined by

Qt) = w(t)w' (t) = [Qy(t)] 0<t<T, (3.6)

pxp’

It is sensible to assume that {€2(t) : 0 < t < T} satisfies the uniform sparsity condition as in (2.3).
y

For each 1 <1,j < p, we estimate Q;;(t) by the kernel smoothing method:
~ A,
Qy(t) =7 D Kp (e —t)AZi AZ; (3.7)
k=1

where h; is a bandwidth, AZ; v = Z; 1, — Zit,, and K| (tx — 1) is defined similarly to K, (tx —t) in
(2.4) but with h, replacing h. Asin (2.5) and (3.4), we again apply shrinkage to ﬁij (1),1<1#j<p,
and construct

~

O = [05(0)] 051 = sy (Q(0) 16 £5) + Qw01 =), (3.8)

PXp
where p3(t) is a time-varying shrinkage parameter. To derive the uniform consistency property of
ﬁ(t), we need to impose a stronger moment condition on & and smoothness restriction on Q;;(-).

Assumption 5. (i) For any p-dimensional vector u satisfying |[ull, = 1, E [exp (s(u"&})?)] < C < oo,
0 < s < sp.

(ii) The time-varying function Q;(t) satisfies that

max [Qi;(t) — Qy(s)| < Cqlt — s,
1<Lj<p

where Cq, is a positive constant and 0 < y; < 1.

(iii) The bandwidth hy and the dimension p satisfy that

hy = 0 ﬁ—ﬂw A Lexp{—sA™%/Cyp} — 0
1 ’ log(p\/Afl) 7 p p w ’

where 0 < 1, < 1/2,0 < s < sgand Cy, is defined in Assumption 3(ii).

Remark 5. Assumption 5(i) strengthens the moment condition in Assumption 3(i) and is equivalent
to the sub-Gaussian condition, see Assumption Al in Tao, Wang and Zhou (2013). The smoothness

12



condition in Assumption 5(ii) is similar to (2.6), crucial to derive the asymptotic order of the
kernel estimation bias. The restrictions on h; and p in Assumption 5(iii) are similar to those in

Assumption 4(ii), allowing p to be divergent to infinity at an exponential rate of 1/A.

In the following theorem, we state the uniform consistency result for Q(t) with convergence

rate comparable to that in Theorem 1.

1172
P1(t), Cap and hare replaced by ps(t), da,p, and hy, respectively, where 55, = hi"' + [%YA”} J

{Qt): 0<t<Te8(q,@(p), T), we have

sup Hﬁ(t) - Q(t)H = 0p (@(p)5h). (3.9)

0<t<T

Remark 6. If the bandwidth parameter h; in (3.7) is the same as h in (2.4), we may find that the

uniform convergence rate Op (a) (p)élA’ q) would be the same as that in Theorem 1. Treating (nh;)

as the “effective” sample size and diszegarding the bias order, we may show that the uniform
convergence rate in (3.9) is comparable to the optimal minimax rate derived by Chang et al. (2024)
for the constant noise covariance matrix estimation. Meanwhile, the kernel estimation bias order
h!" may be improved by strengthening the smoothness condition on Q;;(-) and adopting the
boundary kernel weight as suggested in Remark 2(ii). It is worth pointing out that the estimation
in (3.7) relies on the independence assumption on the microstructure noise. It becomes inconsistent
when the noise is temporally correlated and an appropriate modification technique such as ReMeDI

in Li and Linton (2022) may be required.

4 Estimation with observed factors

The large spot volatility matrix estimation with the shrinkage technique developed in Sections
2 and 3 heavily relies on the uniform sparsity assumption (2.3). However, the latter may be too
restrictive in practice since the price processes of a large number of assets are often driven by
some common factors such as the market factor, resulting in strong correlation among assets and
failure of the sparsity condition. To address this problem, we next consider the nonparametric

time-varying regression at high frequency:

dY: = B(t)dF, + dXs, (4.1)
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where 3(t) = [B1(t),- -, Bp ()] isa p x k matrix of time-varying betas (or factor loadings), F; and
X are k-variate and p-variate continuous semi-martingales defined by

dF, = ufdt + ol dW! and dX, = ufdt+ ofdWY, (4.2)

iFi,t)kxk’

dimensional and p-dimensional standard Brownian motions. For the time being, we assume that

respectively, uf and uf are drift vectors, of = (o 5t

of = (of )p><‘p’ W! and WY are k-
Y and F; are observable and noise free but X, is latent. Extension of the methodology and theory

to the noise-contaminated high-frequency data will be considered later in this section.

Estimation of the constant betas via the ratio of realized covariance to realized variance is
proposed by Barndorff-Nielsen and Shephard (2004), and extension to time-varying beta estimation
has been studied by Mykland and Zhang (2006), Reifs, Todorov and Tauchen (2015), Ait-Sahalia,
Kalnina and Xiu (2020) and Andersen, Thyrsgaard and Todorov (2021), some of which allow for
jumps in the semi-martingale processes. For example, Andersen, Thyrsgaard and Todorov (2021)
consider the intraday variation in the cross-sectional dispersion of time-varying betas when the
asset number is either fixed or divergent; Liao and Todorov (2023) test changes in the span of betas
with latent systematic risk factors. The main interest of this section lies in estimating the large
spot volatility structure £} of Y, within the model framework (4.1). Letting £f = o (o) and
¥ = o} (of)T and assuming orthogonality between X, and Fy, see Assumption 6(iii) below, it
follows from (4.1) that

I = BOZ{B() + I (4.3)

As in Fan, Liao and Mincheva (2011, 2013), we impose the uniform sparsity restriction on I
instead of ZI ,i.e., {Zi< 0t T} € 8(q,@(p), T). This is a reasonable assumption in practical
applications as the asset prices, after removing the influence of systematic factors, are expected
to be weakly correlated. Fan, Furger and Xiu (2016) and Dai, Lu and Xiu (2019) use a similar

framework with constant betas to estimate large volatility matrices.

Suppose that we observe Y and F; at regular points: tx = kA, k =1,---,n, as in Sections 2 and
3. Let ZtYF be the spot covariance between Y and F,. We may use the kernel smoothing method as
in (2.4) to estimate £}, Z} and Z}7, i.e.,

n

£, = Y Kil(t — DAY, AY], (4.4)
k=1

£, = Y Ki(t — UAFAF,, (4.5)
k=1
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" Z K (te — t)AYLAFL, (4.6)

k=1

where AYy =Y, — Y, ,, AFx =F, —F,_,, and Kj (tx —t) is defined as in (2.4). Consequently,
the time-varying betas B(t) and the spot idiosyncratic volatility matrix £* are estimated by

~ o~

Bl = B, Bw] =£"(2]) @)

and » ]
- (z{jt)pxp_z s (2:) (2?) (4.8)

With the uniform sparsity condition, it is sensible to further apply shrinkage to ffj,t, ie.,

~X,s
z (zXS) with X% = s,, (1) (Z5 )T £) + 25, I(i =), (4.9)
PXP

ij,t ij,t

where py4(t) is a time-varying shrinkage parameter. We finally estimate X} as
AYs ~aF~ 1 aXs  aAYF /aF\ L /aYRNT O AXs
=BOI B +L =2 (T,) (T)) +E7 (4.10)

We need the following assumption to derive the uniform convergence property for ffs and
A:,s‘
Assumption 6. (i) Assumption 1 is satisfied for {X.} defined in (4.2) (with minor notational changes).

(ii) Let {uf}, {of} and {ZF} satisfy the boundedness and smoothing conditions as in Assumption 1.

(iti) Forany 1 <i<pand 1 <j <k, Xy, Fj] = 0 for any t € [0, T], where X; ¢ is the i-th element of
X, Fj is the j-th element of Fy, and [-, -] denotes the quadratic covariation.

(iv) The time-varying beta function (3i(-) satisfies that

max sup [|Bi(t)], < Cy < 00, max [Bs(t) = Buls)]l, < Calt — s,
ISISPogt<T IS

where 7y is the same as that in Assumption 1(ii). In addition, there exists a positive definite matrix X (t)

(with uniformly bounded eigenvalues) such that

sup
0<t<T

Eﬁ(t)Tﬁ(t)_ZB(t)H =o(1). (4.11)

Remark 7. The uniform boundedness and smoothness conditions imposed on the drift and spot
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volatility functions of X; and F; in Assumption 6(i)(ii) are the same as those in Assumption 1.
This is crucial to ensure that the uniform convergence rates of thY, ff and fLIF (in the max norm)
derived in Proposition A.4 are the same as that in Proposition A.1. The orthogonality condition in
Assumption 6(iii) is commonly used to consistently estimate the time-varying factor model (e.g.,
Fan, Furger and Xiu, 2016; Dai, Lu and Xiu, 2019). Assumption 6(iv) is a rather mild restriction
on time-varying betas and may be strengthened to improve the estimation bias order, see the

discussion in Remark 2(ii). The condition (4.11) indicates that all the factors are pervasive.

We next present the convergence property of }Efs and f:s defined in (4.9) and (4.10), respec-
tively. Due to the nonparametric factor regression model structure (4.1), the largest k eigenvalues of
£ are spiked, diverging at a rate of p. Hence, £, cannot be consistently estimated in the absolute
term. To address this problem, as in Fan, Liao and Mincheva (2011, 2013), we measure the spiked

volatility matrix estimate in the following relative error:

4

HAY,S
F

IS

-1/ ~Y,s —1/2
SE ) =T

=5 lE)

—1/2

where the normalization factor p is used to guarantee that HZtY gy =1.
t

Theorem 4. Suppose that Assumptions 2(i)(ii) and 6 are satisfied, and Assumption 2(iii) holds with p;(t)
replaced by p4(t). When {Zf 0Kt T} € 8(q,@(p), T), we have

sup Hf?s —xX

0<t<T

= 0r (@(P)Tay), (4.12)

where @ (p) is defined in (2.3) and Ca p is defined in Assumption 2(iii); and

~Y,s %
sup HZ,[ — X

0<t<T

= Op (pl/zci,p + @(p)CZ}?) : (4.13)

Remark 8. Although X, is latent in model (4.1), the uniform convergence rate for ffs in (4.12) is
the same as that in Theorem 1 when X, is observable. Treating (nh) as the effective sample size in
kernel estimation and disregarding the bias order in (4 ,,, the uniform convergence rate for ftYS in
(4.13) is comparable to the convergence rates derived by Fan, Liao and Mincheva (2011) in low
frequency and Fan, Furger and Xiu (2016) in high frequency. To guarantee uniform consistency
in the relative matrix estimation error, we have to further assume that p(} , = o(1), limiting the

divergence rate of the asset number, i.e., p can only diverge at a polynomial rate of n = [T/A].

We next modify the above methodology and theory to accommodate microstructure noise in
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the asset prices and factors. Assume that
Zyy, =Yy +wy(t )&y, Zry, =Fy + Wr(ti)&fy, (4.14)

where wy(-) and we(-) are matrices of deterministic functions similar to w(-), and {&y , } and {&F , }
are i.i.d. sequences of random vectors similar to {&;}. Since both Y, and F are latent, we need to
tirst adopt the pre-averaging technique proposed in Section 3.1 to obtain the approximation of Y,
and F, and then apply the kernel smoothing and generalized shrinkage as in (4.4)—(4.10). This
results in a three-stage estimation procedure which we describe as follows.

1. Asin (3.2), we pre-average the noise-contaminated Zvy, and Z,, via the kernel filter:
:I Ll (ty —1)Z N:I Ll (ty —1)Z 4.15
nZ btk — T)Zy nZ btk — T)Zry,, (4.15)
k=1 k=1

where L (t, — 1) is defined as in (3.2) and we consider T as the pseudo-sampling time points:
T =1A,,1=0,1,--- ,N = [T/A,].

2. With ?n and ifn, l=1,---,N, we estimate ZI, Zf and ZIF by the kernel smoothing as in
(4.4)-(4.6):

KL(T]' — t)A?lA?{,

M
-+ <
Il
I\/]z

1

Il
—

~F ~ ~r
I, =) K{(t—tAFRAF,
'L_

N
=Y Kl(t— )AYAF],
1=1

where Kfl(’tl —t) is defined as in (3.3), A?l = Yn — NTl , and AFl F — fIETH. Furthermore,
estimate B(t) and I by

T

po=£'(5) ", B=(=) -5 -2 (=) (&)
3. Apply the generalized shrinkage to Zu o1

~X.,s = .
z (zﬁi)pxp with ZX3 = 50,00 (EX )T #9) + ZX 101 = ),
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where p5(t) is the shrinkage parameter, and then estimate ZZ by

~Y,s ~ _~F~

£ =B + =5 () (2 +E

As shown in Theorem 2, the existence of microstructure noises slows down the uniform

convergence rates. Following the proof of Lemma B.1 in Appendix B, we may show that

Yn - YTL

max F. —F
0<I<N T T

4+ max
max 0<IKN

= Op (VA,p,N) ’
max

where | - [ max denotes the Lo-norm of a vector, and va p n is defined in Assumption 4(iii). Modifying
Proposition A.4 and the proof of Theorem 4 in Appendix A, we can prove that (4.12) and (4.13)
hold but with Cx ,, replaced by CNp T VapN defined in Assumption 4(iii), i.e.,

~X,s N _
sup ’ I -] =0 (@(P)(CN,p +vapn)T9),
0<t<T

~Y,s " " _
sup |2, —ZY oy = Op (P"2(Chp + VapN)*+ @(P)(Chp + Vapn)'™9).
0<t<T t

5 Monte-Carlo simulation studies

In this section, we report the Monte-Carlo simulation studies to assess the numerical performance
of the proposed large spot volatility matrix and time-varying noise volatility matrix estimation
methods under the sparsity condition and the factor-based spot volatility matrix estimation.
Here we only consider the synchronous high-frequency data. Additional simulation results for
asynchronous high-frequency data are provided in the supplement.

5.1 Simulation for sparse volatility matrix estimation

5.1.1. Simulation setup

We generate the noise-contaminated high-frequency data according to model (3.1), where w(t)

JE =
pxP
(& E;“)’k) "isan independent p-dimensional vector of cross-sectionally independent standard

is taken as the Cholesky decomposition of the noise covariance matrix Q(t) = [Q;(t)]
normal random variables, the latent return process X; of p assets is generated from the following

drift-free model:
dX; = o dWY, t € [0,T], (5.1)
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WY = (W), -+ ,W]?frt)T is a standard p-dimensional Brownian motion, and o is chosen as the
Cholesky decomposition of the spot covariance matrix X, = (Zi;,() pxp* In the simulation, we
consider the volatility matrix estimation over the time interval of a full trading day, and set the
sampling interval to be 15 seconds, i.e., A =1/(252 x 6.5 x 60 x 4), to generate synchronous data.
We consider three structures in £, and €(t): “banding”, “block-diagonal”, and “exponentially
decaying”. Following Wang and Zou (2010), we generate the diagonal elements of £ from the
following geometric Ornstein-Uhlenbeck model (e.g., Barndorff-Nielsen and Shephard, 2002):

dlog Ziir = —0.6 (0.157 + log Li;¢) dt + 0.25dW5,, Wi, = uW +4/1—2W;,,

where Wi = (W, -+, W, )T is a p-dimensional standard Brownian motion independent of WY,

Pt
and (; is a random number generated uniformly between —0.62 and —0.30, reflecting the leverage
effects. The diagonal elements of £2(t) are defined as daily cyclical deterministic functions of time:

0ult) = {% fcos (27t/T) + 1] x (@ — ) + g} ,

where @ =1 and w = 0.1 reflect the observation by Kalnina and Linton (2008) that the noise level
is high at both the opening and the closing times of a trading day and is low in the middle of the
day, and the scalar c; controls the noise ratio for each asset which is chosen to match the highest
noise ratio considered by Wang and Zou (2010). As in Barndorff-Nielsen and Shephard (2002,
2004), we define a continuous-time stochastic process k> by

et —1

KE = a1 dky = 0.03 (0.64 — k) dt + 0.118x dWF,

P
Wy = V096W; —02) WX /vp
i=1

where WY is a standard univariate Brownian motion independent of Wy and W;. Let

o < ;5 [cos (2mt/T) + 1] + k,

where K = 0.5 and k = —0.5. We will use kI and «}{* to define the off-diagonal elements in X, and
€ (t), respectively, which are specified as follows.

¢ Banding structure for £; and €(t): The off-diagonal elements are defined by
e = (Kf)‘iiﬂ TieZye - L(L—31<2),
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Qyt) = k)7 0um;) - 1(i—il <2),

for1 <i#j<p.

* Block-diagonal structure for £, and €(t): The off-diagonal elements are defined by

Lijp = (Ktz)Hfﬂvzii,tzjj,t'l((i,i) € B),

Qy(t) = )"/ 0uy;1) - 1((1L,)) € B),

for 1 < 1i#j < p, where B is a collection of row and column indices (i,j) located within
randomly generated diagonal blocks '.

* Exponentially decaying structure for £, and €(t): The off-diagonal elements are defined by
il ] C
L= (Kf) : V&L Qy5(t) = (K?) : Qi (1)Qy5(t), 1<1#7 < p. (5.2)

It is clear that the (exact) sparsity condition is not satisfied when the off-diagonal elements of
X, and Q(t) are exponentially decaying as in (5.2). The number of assets p is set as p = 200 and
500 and the replication number is R = 200.

5.1.2. Volatility matrix estimation

In the simulation studies, we consider the following volatility matrix estimates.

* Noise-free spot volatility matrix estimate % .. This infeasible estimate serves as a benchmark
in comparing the numerical performance of various estimation methods. As in Section 2, we
apply the kernel smoothing method to estimate X;; by directly using the latent return process
X¢, where the bandwidth is determined by the leave-one-out cross validation. We apply
four shrinkage methods to iij,t for i # j: hard thresholding (Hard), soft thresholding (Soft),
adaptive LASSO (AL) and smoothly clipped absolute deviation (SCAD). For comparison, we
also compute the naive estimate without applying any regularization technique.

* Noise-contaminated spot volatility matrix estimate %.. We combine the kernel smoothing
with pre-averaging in Section 3.1 to estimate X;; ¢ by using the noise-contaminated process
Z.. As in the noise-free estimation, we apply four shrinkage methods to ;. for i # j and

also compute the naive estimate without applying the shrinkage.

1As in Dai, Lu and Xiu (2019), to generate blocks with random sizes, we fix the largest block size at 20 when p = 200
and randomly generate the sizes of the remaining blocks from a random integer uniformly picked between 5 and 20.
When p = 500, the largest size is 40, and the random integer is uniformly picked between 10 and 40. Block sizes are
randomly generated but fixed across all Monte Carlo repetitions.
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¢ Time-varying noise volatility matrix estimate fl(t). We combine the kernel smoothing with
four shrinkage techniques in the estimation as in Section 3.2 and also the naive estimate
without shrinkage.

The choice of tuning parameter in shrinkage is similar to that in Dai, Lu and Xiu (2019).
For example, in the noise-free spot volatility estimate, we set the tuning parameter as py;(t) =
o(t) (fﬁltfjj,t)l/ 2 where p(t) is chosen as the minimum value among the grid of values on [0, 1]
such that the shrinkage estimate of the spot volatility matrix is positive definite. To evaluate the
estimation performance of %, we consider 21 equidistant time points on [0, T] and compute the
following Mean Frobenius Loss (MFL) and Mean Spectral Loss (MSL) over 200 repetitions:

ML= 200 (212“2% —E" F>’
MSL- = 200 (21ZHZ% et H)

. . q- . . . o(m)
where tj,j =1,2,---,21 are the equidistant time points on the interval [0, T], and Zt;n and Z,([]T“)

are respectively the estimated and true spot volatility matrices at t; for the m-th repetition. The
“MFL” and “MSL” can be similarly defined for %, and fl(t).

5.1.3. Simulation results

Table 1 reports the simulation results when the dimension is p = 200. The three panels in the table
(from top to bottom) report the results where the true volatility matrix structures are banding,
block-diagonal, and exponentially decaying, respectively. In each panel, the MFL results are
reported on the left, whereas the MSL results are on the right. The first two rows of each panel
contain the MFL and MSL results for the spot volatility matrix estimation whereas the third row

contains the results for the time-varying noise volatility matrix estimation.

For the noise-free estimate £, when the volatility matrix structure is banding, the performance
of the four shrinkage estimators are substantially better than that of the naive estimate (without
any shrinkage). In particular, the results of the soft thresholding, adaptive LASSO and SCAD are
very similar and their MFL and MSL values are approximately one third of those of the naive
estimator. Meanwhile, the performance of the hard thresholding is less accurate (despite the much
stronger level of shrinking used), but is still much better than the naive estimate. These results
show that the shrinkage technique is an effective tool in estimating the sparse volatility matrix.
Similar results are obtained for the noise-contaminated estimate Z;. Unsurprisingly, due to the
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microstructure noise, the MFL and MSL values of the local pre-averaging estimates are noticeably
higher than the corresponding values of the noise-free estimates. We next turn the attention to
the time-varying noise volatility matrix estimate Q(t). As in the spot volatility matrix estimation,
the naive method again produces the highest MFL and MSL values. The performance of the four
shrinkage estimators are similar with the adaptive LASSO and SCAD being slightly better than
the hard and soft thresholding. The simulation results for the block-diagonal and exponentially
decaying covariance matrix settings, reported in the middle and bottom panels of Table 1, are
fairly close to those for the banding setting. Overall, the results in Table 1 show that the shrinkage
methods perform well not only in the sparse covariance matrix settings but also in the non-sparse

one (i.e., the exponentially decaying setting).

The simulation results when the dimension is p = 500 are reported in Table 2. Overall the
results are very similar to those in Table 1, so we omit the detailed discussion and comparison to

save space.
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Table 1: Estimation results for the spot volatility and time-varying noise covariance matrices when p = 200

“Banding”
Naive Hard  Soft AL SCAD Naive Hard Soft AL SCAD
Xy MFL 14396 11407 5490 4.038 4830 MSL 3963 1.799 1.073 0.867 0.987
)2 MFL 18.497 12.899 12.196 12.064 12.177 MSL  4.796 2347 2260 2.255 2.262
Q) MFL 11.714 4226 4740 3.237 3960 MSL 3281 0.682 1.039 0.571 0.753
“Block-diagonal”
Naive Hard  Soft AL SCAD Naive Hard Soft AL SCAD
it MFL 14398 11.277 5.818 4.786 5.424 MSL 4000 2293 1.310 1.233 1.386
. MFL 18475 12.811 12192 12.059 12.158 MSL 4915 2.777 2.663 2.669 2.662
ﬁ(t) MFL 11.713 4.076  4.875 3.240 3964 MSL 3274 0741 1.098 0.606 0.816
“Exponentially decaying”
Naive Hard  Soft AL SCAD Naive Hard Soft AL SCAD
b MFL 14402 12.033 6.091 5.287 5976 MSL  4.078 2456 1.410 1.348 1.510
. MFL 18.738 13.464 12.748 12.655 12.739 MSL 4977 2934 2.810 2.819 2.815
Q(t) MFL 11715 4330 4860 3.355 4077 MSL 3297 0.774 1.085 0.626 0.833

The selected bandwidths are h* = 90 for £, h* = 90 and b* = 4 for £, and h} = 90 for Q (t), where h* = h/A, b* = b/A,and ht = hy/A.

Table 2: Estimation results for the spot volatility and time-varying noise covariance matrices when p = 500

17

“Banding

Naive Hard  Soft AL SCAD Naive Hard Soft AL SCAD

b MFL 21971 4.067 5.167 4916 3954 MSL 3907 0.621 0.715 0.698 0.568
T MFL 28479 19.193 18.617 17930 18.466 MSL 4767 2339 2281 2.228 2.281
ﬁ(t) MFL 18.269 4.045 4.826 5532 4547 MSL 3.307 0461 0.540 0.675 0.519

“Block-diagonal”

Naive Hard  Soft AL SCAD Naive Hard Soft AL SCAD

)2 MFL 21973 5703 6429 5928 5480 MSL 3999 0.855 1.134 0.895 0.886
X MFL 28.682 19.685 19.155 18539 19.029 MSL 4917 2.854 2782 2.736 2.798
Q(t) MFL 18271 4208 4935 5.686 4.684 MSL 3312 0522 0.603 0.751 0.572

“Exponentially decaying”

Naive Hard  Soft AL SCAD Naive Hard Soft AL SCAD

it MFL 21.973 6.069 6.697 6.120 5.739 MSL 4035 0.894 1.173 0927 0.921
. MFL 28.867 20.195 19.561 18950 19.454 MSL 4938 2914 2836 2.788 2.850
ﬁ(t) MFL 18275 4335 5.001 5.763 4.745 MSL 3.322 0533 0.610 0.757 0.578

The selected bandwidths are h* = 240 for )A:t, h* =240, b* = 4 for it and h} = 240 for ﬁ(t), where h* = h/A,b* =b/A,and h] = h{/A.

5.2 Simulation for factor-based spot volatility matrix estimation

5.2.1. Simulation setup
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We generate Y, via (4.1), where the p-dimensional idiosyncratic returns follow the dynamics of
dX, defined in (5.1). In this simulation, we only consider p = 500. As in Ait-Sahalia, Kalnina and
Xiu (2020), we adopt a three-factor model, where the factors Fy = (Fy ¢, Fox, F3,t)T are generated by

dFy ¢ m ot 0 O 1 pi2 p3 dwy
df,, | = w [dt+ 0 ot O Pz 1 p2 dW;,t
dFs uh 0 0 o3 P13z P23 1 dwi,

The factor volatilities are driven by
do? , = Ry (8 — 02 ) At + Vo AWy, k=1,2,3,

where E[dW}E’t delt] = pydt, allowing for potential leverage effects in the factor dynamics.
Both W]E,t and Wk,t are standard univariate Brownian motions. We set (&,&p,K3) = (3,4,5),
(&1, &, &3) = (0.09,0.04,0.06), (V1, ¥, V3) = (0.3,0.4,0.3), (u}, ui, uf) = (0.05,0.03,0.02), (p1, p2, p3) =
(—0.6,—0.4, —0.25) and (p12, p13, P23) = (0.05,0.10,0.15), and consider the following three cases for
generating the time-varying beta processes (;(t) = [Bi,1(t), Bi2(t), Bilg,(t)]T, i=1,---,p.

* Constant betas. The factor loadings are constants over time, i.e., fi1(t) =Bi,i=1,---,p
and 1 =1,2,3. For each i, we set 31 ~ U (0.25,2.25) and B, B3 ~ U (—0.5,0.5).

* Deterministic time-varying betas. Consider the following deterministic function:

1 _
Bir(t) = 5 [cos (mt(t — win)/T) + 1] x <f31,1 _Ei,1> +B =L p, 1=123,

where w1, wio, wis ~ U(0,2T), (Ei 1,@/1) is a pair of random numbers from U (0.25,2.25)
whereas ( B, Z'Eil) and ( B, 3,31,3) are pairs of random numbers from U (—0.5,0.5).

* Stochastic time-varying betas. As in Ait-Sahalia, Kalnina and Xiu (2020), we consider the
following diffusion process:

dBi,l( )_ KP[( Bll( )) dt—}_vﬁldwiﬁ:{,t/ 1:1/ /P 1:1/2/3/

where W1 L are standard Brownian motions mdependently overiandl, |<1 1 Kf’ 2 Ki P~ U(1,3),
ol ~U(0.25,2.25), of,, of; ~ U(—0.5,0.5) and vf ,vF,, 0P, ~ U(2,4).

We also generate the noise-contaminated version of Y and F; as in Section 5.1.1, i.e., &y, and

&  are independent vectors of cross-sectionally independent standard normal random variables,
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and the noise covariance structure satisfies the banding, block-diagonal or exponential decaying
assumption as for €(-).

5.2.2. Simulation Results

For ease of comparison, we use exactly the same bandwidth as in our first experiment. The results
for the noise-free and noise-contaminated spot idiosyncratic volatility matrix estimates ff and
5, measured by MFL and MSL are reported in Table 3, which reveal some desirable observations.
Firstly, we note that our estimation results in terms of MFL and MSL are almost identical across
different types of dynamics of factor loadings, indicating that the developed estimation procedure
is robust in finite samples to different assumptions of the factor loading dynamics as long as they
satisfy our smooth restriction, see Assumption 6(iv). Secondly, the MFL and MSL values are similar
to those reported in Table 2 which were obtained based on the data generating model without
common factors. This means that the proposed nonparametric time-varying high frequency
regression can effectively remove common factors, resulting in accurate estimation of the spot

idiosyncratic volatility matrix.

Let f: and i: denote the noise-free and noise-contaminated factor-based spot volatility matrix
estimates, respectively. As discussed in Section 4, we measure the accuracy of the spiked volatility
matrix estimate by the relative error defined above Theorem 4, i.e., consider the following Mean
Relative Loss (MRL):

ZI,’““”) /
)

= Y =Y
where ZI'(m) denotes X, or X, in the m-th replication. The relevant results are reported in Table 4.

1 200 1 21 Y.(m)
- . 3 Am o Y/(m)
MRE =200 — <21 )Zl Hth 5 ‘

We can see that the performance of the shrinkage estimates is substantially better than that of the
naive estimate. Unsurprisingly, due to the presence of microstructure noise, the MRL results of }E:
are much higher than those of ft . As in Table 3, our proposed estimation is robust to different
factor loading dynamics.
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Table 4: Mean relative loss for the factor-based spot volatility matrix estimation

“Banding”
3 Dynamics Naive Hard  Soft AL SCAD
Constant )AZ:( 1.1192  0.5417 0.7802 0.7762  0.4391
fr 22280 1.7243 1.4939 1.4478 1.4654
Deterministic f: 1.1207 05257 0.7823 0.7775  0.4371
)Er 22287 1.7182 1.4882 14385 1.4586
=Y

Stochastic X, 11208 0.5389 0.7829 0.7780 0.4406

X, 22273 17279 14986 14544 1.4719
“Block-diagonal”

3 Dynamics Naive Hard  Soft AL SCAD
Constant f: 1.1192 0.3842 0.3650 0.3962  0.3249
)Er 1.7146 0.8421 0.7938 0.7176 0.7514

Deterministic X, 1.1201 0.3840 0.3651 0.3958 0.3241
X, 17152 08410 0.7911 0.7155 0.7486
Stochastic X, 11202 03868 0.3678 0.3983 0.3272
X, 17146 08435 0.7949 0.7188 0.7528

“Exponentially decaying”

B Dynamics Naive Hard  Soft AL SCAD
Constant fr 11192  0.4086 0.3726 0.4055 0.3347
v

X, 17338 0.8636 0.8047 0.7272 0.7619
Deterministic X, 1.1201 0.4079 0.3727 0.4051 0.3339

X, 17344 0.8614 0.8016 0.7249 0.7589
Stochastic }E: 11203 0.4111 0.3754 0.4075 0.3370

X, 17338 0.8645 0.8058 0.7283 0.7631

6 Empirical study

We apply the proposed methods to the intraday returns of the S&P 500 component stocks to
demonstrate the effectiveness of our nonparametric spot volatility matrix estimation in revealing
time-varying patterns. We consider the 5-minute returns of the S&P 500 stocks collected in
September 2008. On September 15 Lehman Brothers filed for bankruptcy, causing shockwaves
throughout the global financial system. Hence, it is interesting to examine how the spot volatility
structure of the returns evolved during this one-month period. In addition, to demonstrate the
effectiveness of our model with observed risk factors in explaining the systemic component of
the dependence structure, we also collect the 5-minute returns of twelve factors. The first three
factors are constructed in Ait-Sahalia, Kalnina and Xiu (2020) as our proxy for the market (MKT),
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small-minus-big market capitalization (SMB), and high-minus-low price-earning ratio (HML).
The other nine factors are the widely available sector SDPR ETFs, which are intended to tract the
following nine largest S&P sectors: Energy (XLE), Materials (XLB), Industrials (XLI), Consumer
Discretionary (XLY), Consumer Staples (XLP), Health Care (XLV), Financial (XLF), Information
Technology (XLK) and Utilities (XLU). We sort our stocks according to their GICS (Global Industry
Classification Standard) codes, so that they are grouped by sectors in the above order. Consequently,
the correlation (sub)matrix for stocks within each sector corresponds to a block on the diagonal of
the full correlation matrix (e.g., Fan, Furger and Xiu, 2016).

We only use stocks that are included in the S&P 500 index and whose GICS codes are unchanged
in September 2008. We also exclude stocks that do not belong to any of the above nine sectors.
This leaves us with a total of p = 482 stocks. All the returns are synchronized via the previous-tick
subsampling technique (Zhang, 2011), and overnight returns are removed because of potential
dividends and stock splits. Consequently, we have 1638 time series observations for each of the
482 stocks. For the 5-minute returns, we may assume that the potential impact of microstructure
noise is negligible 2. The smoothing parameter in our kernel estimation is chosen as h = 2/252
(equivalent to 2 trading days) °.

We start with estimating the spot volatility matrices of the total returns (i.e., the observed
returns) without incorporating the observed factors or applying any shrinkage. To visualize the
potential time variation of the estimated spot matrices, as in Bibinger et al. (2019), we plot the time
series of deciles of the distribution of the estimated spot variances and the pairwise correlations®*.
The patterns of the spot variances and correlations in Figure 1(a) and (b) reveal some clear evidence
of time variation in our sampling period. We note that the distributions of the variances are
relatively narrow and stay low on the first few days of the month. However, close to Lehman
Brothers” announcement on the 15th, they start to rise and get wider quite rapidly and reach the
peak around the 17th and the 18th. The spot variances at the peak are much higher than those on
the earlier days of the month. The distributions return to the earlier level in the following week. In
contrast, the distributions of pairwise spot correlations also start to shift up around the same time,
but quickly reach the peak on the 16th (only one day after the bankruptcy news), and then dip

21t is possible to estimate the spot volatility matrix of the microstructure noise vector. However, since the focus
of this paper is on the spot volatility structure of the returns and the microstructure noise for 5-minute returns is
negligible, we choose not to investigate in this section but to leave this exercise for future research.

SWe tested three bandwidth choices, namely, 1 day, 2 days and 3 days, and found that h = 1/252 (h = 3/252)
produced clearly under-smoothed (over-smoothed) time series of estimated deciles of the cross sectional distribution
of the variances and pairwise correlations of our returns, whereas h = 2/252 seems to be the most reasonable one. Our
qualitative conclusion is unaffected by the choices of h within the range of 1 to 3 days. A smaller bandwidth (e.g., 2
hours), applied to data with a higher frequency (e.g., 1 minute or shorter), may be capable of revealing some intraday
patterns of the spot volatility dynamics (e.g., Andersen et al., 2023).

4The nine decile levels we use in this study are the 10th, 20th,- - -, and 90th percentiles.
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1(b): Correlations of Total Returns
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Figure 1: Deciles of spot variances and pairwise correlations in September 2008

to a relatively low point around the 19th before returning to the earlier level. Such time-varying
features in the dynamic covariance structure are quite interesting and sensible, reflecting the impact
of market news. Hence, our proposed spot volatility matrix estimation methodology provides a

useful tool for revealing such dynamics.

To examine whether it is appropriate to directly apply shrinkage techniques to the spot volatility
matrices of the total returns, following Fan, Furger and Xiu (2016) we plot in Figure 2(a) and (b)
their sparsity patterns on the 16th and the 19th of September. The deep blue dots correspond to the
locations of pairwise correlations that are at least 0.15, whereas the white dots correspond to those
smaller than 0.15. Note that the covariance structure of the total returns is very dense on these two
days. Therefore, it is not appropriate to directly apply the shrinkage technique as in Sections 2 and
3. Meanwhile, although both are quite dense, we can still clearly see their differences. Consistent
with our observation from the decile plots of the correlations, we can see that the plot for the 16th
is almost completely covered by blue dots, but the plot for the 19th has significantly more areas

covered in white.

We next incorporate the twelve observed factors in the large spot volatility matrix estimation as
suggested in Section 4. In particular, we are interested in estimating the spot idiosyncratic volatility
matrix, which is expected to satisfy the sparsity restriction. To save space, we choose to only report
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2(b): Total Volatility Matrix (Sep 19)

Figure 2: Sparsity patterns of the total and idiosyncratic volatility matrix estimates on September
16 and 19, 2008
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results using the SCAD shrinkage due to its satisfactory performance in our simulation. In Figure
1(c) and (d), we plot the deciles of the estimated spot idiosyncratic variances and correlations over
trading days. In Figure 1(c), we observe a significant upward shift of the distribution of the spot
variances of the idiosyncratic returns around the time of Lehman Brothers’ bankruptcy, indicating
that the observed factors may not fully capture the time variation of the spot variances. In contrast,
the deciles of the spot correlations in Figure 1(d) seem to be quite flat throughout the entire month,
suggesting that the systematic factors may explain the time variation in the distribution of the

pairwise correlations better than that of the variances.

We finally plot the sparsity patterns of the two estimated spot idiosyncratic volatility matrices
on September 16 and 19 in Figure 2(c) and (d), respectively. Unlike Figure 2(a) and (b), we note
that the estimated spot idiosyncratic volatility matrices are highly sparse on both days. This
is consistent with our observation from Figure 1(d), confirming that the observed factors can
effectively account for the time variation in the spot covariance structure of the returns. Meanwhile,
we also note that the two idiosyncratic volatility matrices are clearly not diagonal and still carry
some visible time variation. Lastly, it is worth mentioning that the estimated spot idiosyncratic
volatility matrices do not exhibit significant correlations within the blocks along the diagonal
lines, except for some very limited actions in the lower right corner of the two matrices, which
corresponds to the XLU sector.

7 Conclusion

We develop the nonparametric kernel-weighted smoothing combined with the generalized shrink-
age to estimate the high-dimensional spot volatility and time-varying noise covariance matrices
under the uniform sparsity assumption. A localized pre-averaging method is proposed to ac-
commodate the market microstructure noise. We further estimate the spot volatility matrix with
observed common risk factors, relaxing the sparse structural restriction. The uniform consistency
properties with convergence rates are derived for the proposed matrix estimates. The simulation
results show that the estimation methods work well in finite samples for both the noise-free and
noise-contaminated data and the empirical study demonstrates the effectiveness of the developed

model and method on the five-minute returns of S&P 500 stocks.

The methodology and theory developed in Sections 2—4 rule out jumps in prices and volatility,
which are not uncommon in practice when the high-frequency financial data are collected for a
large number of assets. There have been extensive studies on testing and estimation of jumps in
high-frequency data (e.g., Lee and Mykland, 2008; Jacod and Todorov, 2010; Ait-Sahalia, Jacod and
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Li, 2012; Bibinger, Jirak and Vetter, 2017; Li, Todorov and Tauchen, 2017, 2019). We next briefly
discuss the modification of the proposed high-dimensional spot volatility matrix estimation to
accommodate price jumps. For notational brevity, we only consider the noise-free high-frequency
data as in Section 2, and the amendment is similar for the estimators in Sections 3 and 4. We replace
the stochastic differential equation (2.1) by

dXt = l.ltdt + Utdwt + th/

where J; is a p-dimensional pure jump process, i.e., J: = 3_ ., AJs where AJ, denotes jumps of the
process. Assume that the price jumps are of finite activity for convenience. As recommended by
Mancini (2009) and Jacod and Protter (2012), we adopt a standard truncation to eliminate price
jumps in estimating ;. Define

Tijr = LIAX; il < A, |AX; | < A®),

where 0 < ¢ < 1/2. Then, we may estimate X;; + by

5= ) Kt — )AX AX; T

k=1

A generalized shrinkage is then applied to f%,t, i # j, as in (2.5). We conjecture that Theorem
1 continues to hold when there exist price jumps. Furthermore, when there are possible jumps
in volatility, as suggested by Bibinger, Jirak and Vetter (2017), we may use the one-sided kernel
smoothing to estimate the left and right limits of the spot volatility and subsequently construct a
suitable test statistic. It is non-trivial to extend the methodology and theory in Bibinger, Jirak and
Vetter (2017) to the high-dimensional setting. We will explore it in our future study.
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Appendix A: Proofs of the main results

In this appendix, we give the proofs of the main theorems. We start with four propositions whose

proofs are available in Appendix B of the supplement.

Proposition A.1. Suppose that Assumptions 1 and 2(i)(ii) are satisfied. Then, we have

~

Lije — Zijt

max sup =0p (Cap), (A.1)

ISUISP ogtgT

17172
where (ppp = hY + [%] .

Proposition A.2. Suppose that Assumptions 1, 2(i), 3 and 4(i)(ii) are satisfied, and Assumption 2(ii) holds
with A~ replaced by N.

Lije — Lije

max sup =0p (C*N,p + VA,p,N) , (A.2)

ISUISP ogtgT

where CY, , and Va,p N are defined in Assumption 4(iii).
Proposition A.3. Suppose that Assumptions 1, 2(i), 3 and 5 are satisfied. Then, we have
max sup ’ﬁij (t) — Qij (t) = Op (6A,p) ’ (A3)

ISUISP oggT

712
where S, =)' + [%YA)] '

Proposition A.4. Suppose that Assumptions 2(i)(ii) and 6 are satisfied. Then, we have

Y

sup (\Zy —Z¢||  =O0p(Capl,
Ogth max

~F F
sup [|Zy — X, =Op (Cap),
Ogth max

~YF

YF

sup ||, — X = Op (Cap),
Ogth max

where Cp , is defined as in Proposition A.1.

Proof of Theorem 1. By the definition of fi and the property of s, (-), we readily have that

P

~s ~
sup ‘ X, —Xy|| < sup max Z I35 — Lije
0<t<T o<t T ISiSp i1
o~ p o~ o~
= sup max |Xit — Zii¢| + sup max Z ’spl(t) (Zi]-,t> I ( Zij| > pl(t)) — Zijt

o<t<T ISISP 0<t<T 1<i<¥’j:1 2
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P

~ o~

= sup max |Yijt — Ziit|+ sup max Z ‘spl(t] (Zij,t>1( (t))—
o<t T ISISP o<t T ISP, 70
j=1#1
2yl ( Zije| > pl(t)) — X5l ( L] < pl(t))‘
< sup max |Tipe — Zigg +021:<T1g11a<>; Z ‘spl ( 1)t>_zij,t I( (t)>+

ot<TISISP

P

£y =21 (B > m0) £yt ([Eos] < m(0)
OZE:ET 1212; j%i ij,t ij,t ij,t p1(t) ) + oil*;lET fgfgfp Z | ij, t| ij,t p1(t)
=: Ty + Tl +TI3 4+ T4. (A.4)

Define the event

1) t Zij,t

< MCA,p }

where M is a positive constant. For any small € > 0, by (A.1), we may find a sufficiently large

constant M. > 0 such that

S(M) = { max sup
ISVISP ogt<T

P(G(Me)) > 1—e. (A.5)

By property (iii) of the shrinkage function and (A.5), we have

p o~
I, < sup pq(t) [max I( ijt (U)]

0<t<T 1<igp i—1

and

> pl(t))]

conditional on G(M.). By the reverse triangle inequality and Proposition A.1,

P
I < MeCap [ sup max (‘Zij,t

o<t<T ISisPp i

|Zu tl +M CAp

’ ij,t

on §(M,). Setting Cy, = 2M, in Assumption 2(iii), as {Z¢ : 0 <t < T} € 8(q, @(p), T), we have

P

Mh+Tl; < Cap(Cm+ M) | sup max I (‘fij,t
_Ogth 1<igp =1

> Cm CA,p> ]

P
< CA,p(éM + Me) sup max I(|>:1] t| > M CAp)]
=1

[0<t<T ISTSP Y

Op (Cap) 3 |Z“"t|q
= Op (Ca, sup max —_—
P 0<t£T1<l<P i1 (MeCA,p)q
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~ Or (A@(p)ch,!) = Op (@(PICs,) (A6)
on the event G(M. ), where Cy, is defined in Assumption 2(iii). Note that the events {!fi]—,t! < pr(t)}
and §(M.) jointly imply that {|Z;; | < (Cm + M) Ca p). Then, we may show that
P

My < sup max 1Z35,411 (1Z45,6] < (Cm+ Me) Cap)
1

0T ISISP 57
) P
= —q ,1-
< (Cm+ M) CA/pq sup max 245,419
0<t<T ISISP ST

= Op (A@(p)Cy) = O (@(PICA,). (A7)
By Proposition A.1, we readily have that
M =05 (Cap) = Op (@(p)Cs) (A.8)

By (A.6)—(A.8), and letting € — 0 in (A.5), we complete the proof of Theorem 1. |

Proof of Theorem 2. The proof is similar to the proof of Theorem 1 with Proposition A.2 replacing

Proposition A.1. Details are omitted to save space. |

Proof of Theorem 3. The proof is similar to the proof of Theorem 1 with Proposition A.3 replacing
Proposition A.1. Details are omitted to save space. u

Proof of Theorem 4. By Proposition A.4 and the definition of ff]t in (4.8), we may show that

X

ij,t

max sup
ISUISP ogegT

25 =O0p (Cap)- (A.9)

With (A.9), following the proof of Theorem 1, we complete the proof of (4.12).
We next turn to the proof of (4.13). Note that

~X,s

~Y,s
s 7 X
Zt - Zt

Zt _ZtY

sup ’

0<t<T

2 -~ ~F -~
sv T Hﬁ(t)lfﬁ(tf —BOZIB()

2
Y|

For any p x p matrix Z, since all the eigenvalues of £\ are strictly larger than a positive constant,

2
Y<2 sup “

Iy 0<t<T

1 ~1/2 —12112 _ C
IZiy = ) 2@ < Sl (A10)

where C > 0 is a generic constant whose value may change from line to line. By (4.12) and (A.10),
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we prove

/\X S /\X S 2
ZX < = su —ZX —ZX = [@(p)Ch91?) .
0<t<T Hley T 0<t§T H 0<t<T ' < Ploar )
(A.11)
By the definition of B(t) in (4.7) and Proposition A.4, we readily have that
Bilt) — Bi(v)]| = . A2
X sup (t) — Bui(t) H2 Op (Cap) (A.12)

Write Df = B(t) — B(t) and DF = ff — X! Note that

BZ,B() —BZIB(M) = DPDIDF + DPZI DI + DPDIB(Y) + DPZIB(L) +
B(t)DIDE" + B(t)ZIDE" + B(t)DIB(L)".

By (A.10), (A.12) and Proposition A.4, we have

sup HDBD‘EDBT

< C sup —HDBD‘EDBT )

0<t<T t 0<t<T P
< = sup [Df[ sup ||Df|P
P o<t<T Fogt<T
= Op (pCA,p) . (A.13)
Similarly, we can show that
= Op (PCZP) ) (A.14)
0<t<T ¢ 0<t<T P

By (4.3), Assumption 6(iv) and the Sherman-Morrison-Woodbury formula, we may show that

sup HB (=) H_op 1), (A.15)

0<t<T

Using (A.12), (A.15) and Proposition A.4, we have

sup ‘DBDFB( )" = 1 sup trace {DFDBT (=¥) DEDEB(’L)T (ZtY)_lﬁ(t)}
0<t<T t P ogtgT
< . sup [[DEF sup B (=2) oo
P ogtgT
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C 2 2
< — sup HD,[5 sup ||D}|"=0p (Cap) . (A.16)
P ogtgT FogtgT
and )
sup [[BUDIDE| , =0p (ch,)- (A.17)
0<t<T I
Similar to the proof of (A.16), we also have
pPrip)|[ <& pf|’ =HI? = 0p (& A.18
sup TZB(t) v S sup t sup ” t” = P( A,p)/ (A.18)
0<t<T b2 P ogtgT FogtgT
and )
sup Hﬁ(t)szfT = 0r (). (A.19)

0<tLT t

By (A.15) and Proposition A.4, we may show that

1 —1

suETHB(t)Df[S(t)THZZtY _ 1 sup trace {DfB(t)T (ZY) BDIBM) (ZY)

0<t< P o<t<T

C T
<+ sup ||DY[* sup |B(v)" (=)

P ogtgT 0<t<T

B(V) |

—1

B(ﬂHz = O0p (G4, /P) (A20)

With (A.13), (A.14) and (A.16)-(A.20), we have

2

> oF~ T T
sup |[BIOZ B~ BOZIBW)||_, = O (pCh,, + ). (A21)
0<t<T Iy
By virtue of (A.11) and (A.21), we complete the proof of (4.13). |
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