ABSTRACT -

The study of the modules of group algebras over fields of various characteristic
can give valuable insight into the structure of the groups concerned. It is also
instructive to investigate the projective (twisted) group algebras of a group G,
which correspond to group algebras of a representation group of G. There are
many, varied techniques in representation theory and therefore an introduction
to the necessary theory is given, including results about projective modules and
Clifford’s theorems.

This thesis considers the modules of group algebras of two classes of finite
groups. Firstly, a study is made of the twisted central products of groups G; Y G»
with central elements of order a prime p. A classification is given of the simple
modules of group algebras of such groups, over algebraically closed fields whose
characteristic is non zero and not equal to p. The presentation is in terms of

simple modules of the groups G; and Gs.

Following this, an investigation is made of the hyperoctahedral groups B, and
their representation groups B, [1, A, E]' The simple modules of group algebras of
such groups are constructed, over algebraically closed fields of characteristic zero or
an odd prime. The classification is in terms of simple modules of group algebras of
the normal subgroup W,[\, u] and the appropriate inertia factors, some of which
are isomorphic to twisted central products.

When the group algebra is not semisimple, it is informative to consider the prin-
cipal indecomposable modules and blocks. Such an analysis, for the aforementioned
classes of groups, forms the final part of the thesis. The principal indecomposable
modules of the twisted central product are constructed in a similar fashion to the
construction of simple modules for such groups. An investigation is made of the
principal indecomposable modules of semi-direct products of groups G %X H, over
fields of characteristic coprime to the order of the normal subgroup G . The blocks
of the groups B, [l’ A _], which are examples of semi-direct products, are studied
in order to complete the analysis. It is shown that the decomposition matrices of
the blocks of the groups B, [1, A ﬁ] are the same as the decomposition matrices of

the blocks of the appropriate inertia factors.



The supreme question
about a work of art
18
out of how deep a life
does it spring.

J.Joyce
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NOTATION

Abbreviations

ker kernel
soc socle
rad radical

Group Theory

(a8 ) group generated by the elements z,y,....

eG identity element of the group G

z¥ conjugate element yzy™!

T~y x is conjugate to y

[z, y] commutator element 1y lzy

G’ derived group, generated by commutator elements of group G
Z(G) centre of group G

G x G2 direct product of groups

Hx K semi-direct product of normal subgroup H with subgroup K
G/H group {zH | z € G} of cosets of a normal subgroup H of G
Ca(z) {9 € G| gz = z¢}, the centraliser in G of z

Clg(z) conjugacy class of G containing z

| X | number of elements in the set X

|G : H| index |G|/|H| of H in G

Z, group of residues modn under addition

F o group of residues coprime to n under multiplication modn
Ch cyclic group of order n

H?(G,k>) the second cohomology group of G

o

group isomorphism

Rings and Modules

Homyg(M,N) group of kG-homomorphisms from module M to module N
End g M endomorphism algebra: Hom yq(M, M)
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PREFACE

In representation theory we may be given an action of a finite group G over
a vector space. This produces a module of the group algebra kG which models
the group action. When the field is algebraically closed of characteristic either zero
or coprime to the group order, all modules are semi-simple; therefore to classify
such modules it is sufficient to identify all simple modules. In fields of characteris-
tic which divide the group order, the principal (a.k.a. projective) indecomposable
modules are the direct summands of the group algebra and are worthy of investi-

gation, as are the blocks of the group algebra.

Representation theory has connections with many aspects of mathematics and
science, from number theory to theoretical physics, and is therefore studied from
a variety of angles. In chapter 1 an introduction is given to some of the available
methods. The results quoted by no means give a full picture of the rich depths
achieved in this area. However chapter 1 serves the purpose of laying the basis for
the analytical methods used in the following chapters of the thesis. The main topics
covered are: modules of group algebras; blocks and decomposition numbers; pro-
jective (twisted) group algebras and Clifford theory. The potential for confusion
between the two usages of the term ‘projective’ is also covered in the introduc-
tion. There are many text books available in this area of mathematics: the most

frequently quoted here are Curtis and Reiner Volume 1 [CRI] and Alperin [A].

In chapter 2 we consider the classes G, of finite groups G with a central
element z of order a prime p and -a homomorphism s from G into Z, with 2z in
its kernel. For two groups G; and G; in G, the twisted direct product G; x G»
and the quotient group G; Y G, are constructed. The simple modules of the group
algebra k(G;YG3) are classified, where k is a algebraically closed field of arbitrary
characteristic. The motivations for this work were the two papers [H85] and [HS8]
by Humphreys. The product Y has been called the ‘Humphreys’ product in
current literature and arose from the study of modules of representation groups of

the symmetric groups. The paper [H85] considers the case when p is two, over all

algebraically closed fields, while [H88] studies the classes G, , for all primes p, over
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the field C of complex numbers. Other papers which discuss this twisted direct
product include [HH85] and [HH86] by Hoffman and Humphreys.

The hyperoctahedral groups B, belong to the larger class of reflection groﬁps
and are examples of semi-direct products and wreath products. When n > 3 the
Schur multiplier of B,, is C3 x Cy X C3. The representation group B[y, A, p] is de-
fined in chapter 3, together with the various quotient groups denoted by B[y, A, p],
where 7 € {1,7}, A € {1,A} and p € {1,u}. Their simple modules are analysed
in terms of the simple modules of the normal subgroup W[, u] and the appro-
priate inertia factors, using techniques adapted from Clifford theory. Some of the
mertia factors are isomorphic to twisted product groups, as studied in the previous
chapter. Much work has been done in the area of reflection groups in general and
hyperoctahedral groups in particular. An informative survey of current research
is given by Morris in [M]. Other papers in this area include those by Read [R75],
[R77], [R] and Stembridge [S].

The final chapter in this thesis concerns principal indecomposable modules
(p.i.m.s) of various group algebras. In the first section some general results are
given. Then the p.i.m.s of the group algebra k(G; Y G;) are classified, for groups
G; and G in G, and an algebraically closed field k of arbitrary characteristic.
The construction of the p.i.m.s is in terms of a twisted tensor product of p.i.m.s of
the group algebras kG; and kG-, in an extension of the results of chapter 2. The
blocks of these groups are not investigated because [H88] includes such an analysis.
Following this, the next section studies the p.i.m.s of semi-direct products. The final
section deals briefly with the p.i.m.s of the groups B[y, A, p] introduced in chapter
3, which are an example of semi-direct products. Then the blocks of such groups
are analysed in terms of their decomposition numbers. The inspiration for this
work came from Kerber’s work on wreath products [K] and a desire to understand
the phemomena of ‘repeated’ blocks in the decomposition matrices of these groups.

This repetition is also discussed in Osima’s paper [Os].
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CHAPTER ONE
INTRODUCTION

This chapter is an introduction to the methods of representation theory. Pre-
liminary definitions and results are given which will be used in the following chap-
ters. The topics covered are: modules of group algebras; blocks and decomposition
numbers; projective (twisted) group algebras and Clifford theory. The most fre-
quently quoted source books will be Alperin [A] and Curtis and Reiner, Volume 1

[CRI]; with occasional recourse to Isaacs [I].

1.1 Modules of group algebras

This section studies the modules of group algebras, their matrix representations

and characters. Various properties of simple modules are given.

1.1.1 Hypothesis In this thesis all groups will be assumed to be finite. The
field k will either be C or of finite characteristic p. If k is of characteristic p then
k will be the algebraically closed field C, constructed below, for a particular finite

group G.

Construction of C,: Let K, be the algebraic number field obtained by ad-
joining a primitive |G|th root of unity to the rationals. Let Ry be the algebraic
integers of Ky and let Py be a maximal ideal of Ry containing the rational prime
p. Let v, denote the p-adic valuation associated with P;, normalised so that
vp(p) = 1. Let R denote the completion of Ry with respect to v,, and let P
denote the corresponding prime ideal. Write K for the field R/P, so K = Ry/P;.
Let C, be the algebraic closure of K. The coset of any element = of R modulo

P will be written = .

1.1.2 Definitions Given a finite group G, a k-vector space M is a kG -module

with action * if there is a map:



GxM-—M
(9,m) — g*m
with the following properties:
egxm=m VYmeM
g*x(h*m)=(gh)*m VmeM, g,h €Q@G.

The symbol * will generally be omitted. The action of G is extended linearly to
kG. If H is a subgroup of G then M is also a kH -module with action given by
restricting the action of G to elements of H. This canonical action will always
be the one asigned to M as a kH -module, without further comment. This kH -
module will sometimes be indicated by M ig . The subseript and/or superscript
may be omitted. The kernel of a kG-module M is the subgroup K of G defined

as follows:

K={¢geG|gm=mVme M}.

A kG-module M has a submodule M’ if M’ is a subspace of the k-vector
space M which is closed under the action of G. The module M is simple if there

are no proper submodules of M .

1.1.3 Schur’s Lemma Assume hypothesis 1.1.1 for a group G. If M 1is a simple
kG -module then End xg(M) = klnr, where Inr is the trivial endomorphism on

M.

Proof: See Alperin [A: Lemma2, p8].

1.1.4 Theorem Assume hypothesis 1.1.1 for G with a normal subgroup N . Let
Q@ be the quotient group G/N .

i) The kG -modules which have N in their kernel are ezactly the kQ -modules.

1) If M 1s a kG -module with N in its kernel then M is simple as a kG -module
if and only of M 1is simple as a k(@ -module.



Proof:

i) If M is a kG-module with N in its kernel an action of QQ on M can be defined
by:

(gNym =gm, Vme M, g€ G.
This is well defined: if ¢N = ¢'N then ¢ = ¢'n for some n € N. So
gm = g'(nm) = ¢'m
since IV is in the kernel of M. We check that this is indeed a group action:
(gNhN)m = (ghN)m = (gh)m = g(hm) = g(hNm) = gN(hNm).

So M is a k@ -module.
Similarly, if M is a k@Q-module, then an action of kG on M can be defined
by:

gm = (gN)m
To see that this is a group action:
(gh)ym = (¢hN)m = (gNhN)m = gN(hNm) = g(hm).

So M is a kG-module, with N in its kernel.

i) This is a well known result. O

1.1.5 Definition If A and B are vector spaces over k then the tensor product
k-space A ®; B is a vector space over k which is spanned by elements a @y b,

where a and b are in A and B respectively, with the following properties:
i) (Aa+ Na') @k b= MNa @k b) + N (a' @k b)
ii) a @k (Ab+ AN'b") = Aa ®@r b) + N (a®@r V)

VN €ek; a,a' € A; bV € B.

If {ay,...,an} and {by,...,by} are k-basesfor A and B respectively, then {a; @z

bj|i € n,j € m} isa k-basisfor A@B. The subscript ; will generally be omitted.



1.1.6 Definition I M is a kG-module and N is a kH -module, the outer
tensor product M#N is a k(G x H)-module, defined as the tensor product

k-space M @i N, with action of the direct product G x H given by:
(gah)zm-:'@'n—j = ng;'@hnj, g€G; he H; mi € M; nj € N.

In the case that G = H , the k-space M ®; N is a kG-module with action:

me;@nj=ng,’®gnj.

This inner tensor product kG-module is denoted by M @i N. Again, the

subscript r¢ may be omitted.

1.1.7 Proposition Each simple module of k(G x H) is isomorphic to an outer
tensor product M#N where M and N are simple modules of kG and kH re-
spectively. If M#N 18 isomorphic to M'#N' then M 1is isomorphic to M' and

N s isomorphic to N'.

Proof: See Curtis and Reiner [CRI:10.33].

1.1.8 Definitions A matrix representation of the kG -module M is con-
structed in the following way. Choose a k-basis {b;} of M. For each g in G we

-can write:

gb = Zr,;j(g)bj where r;;(g) € k.

J

The matrices R(g) = (rij(¢)) form a matrix representation of M .

The choice of the b; is not unique, so R is not unique, but representations of
isomorphic modules are equivalent. There is also a useful invariant property to be
derived from R. If the base field k is C, let xp be the sum of the eigenvalues of
R(g). Then xa is called the character of M and is independent of the choice
of R (see [CRI: p5]). Suppose the base field k is the field C, of characteristic
p constructed in 1.1.1. Let |G| = p*m’ where m' is coprime to p and let w be
a primitive m'-th root of unity in C. Let g be a p-regular element of G (one

whose order is coprime to p). Then all the eigenvalues {&;,...,£4} of R(g) are
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m'-th roots of unity and hence can be expressed as powers of @, say {@',...,&"}.

Then the Brauer character ¢y of M is defined by:
om(g) =w™ + ...+ w',
Again, ¢u is independent of the choice of R, [CR: 17.3].

1.1.9 Lemma The kG -modules M and M' have the same character/ Brauer

character if and only if they have the same simple composition factors.

Proof: See [CRI: 9.13, 17.10].

1.1.10 Lemma If M and N are modules of kG and kH respectively then the
character/ Brauer character xmun of the k(G x H)-module M#N is given by:

Xm#N(g,h) = xm(g)xn(h).

If M and N are both kG -modules then the character/Brauer character xmen
of the kG -module M @ N 1is given by:

xmen(g) = xm(9)xn(9)-

Proof: An easy consequence of the relevant definitions. O

1.1.11 Definition Let M be a module of kN where N is a normal subgroup
of a group G'. Then for an element ¢ in G the conjugate module of M: g@ M
is the kN -module spanned by elements ¢ ® m for m in M and with action given
by:

n(g@m):g@}ng_lm Vn € N,

where n9”" is the conjugate element g~'ng of N.

1.1.12 Lemma Let R be a kG -module. If g is in G, then the conjugate module
g @ R 13 kG -isomorphic to R.



Proof: Define a map © by:
©:g®R— R

gRrr— gr
Now, if f isin G, fO(g®r) = (fg)r, since R is a kG-module. Also,

O(f(g®r)=0(g® f* )
= (gf" )r
= (fg)r
= fO(g @r).

So O is a kG-isomorphism as required. O

1.1.13 Lemma Let N be a normal subgroup of G and suppose R is a kN -
module. Then ¢; @ (g2 @ R) kN g192 @ R for all g1, g2 in G.

Proof: 1t is trivial to check that the map 0O : ¢g; ® (g2 ® R) — ¢192 ® R given by

(g1 ®@(g2@1)) =192 @1, for r in R is a kN -isomorphism. 0

1.1.14 Lemma If a kN -module M has a representation R and character/

Brauer character xp then the module g @ M has a representation RY defined by:

: |

RY(z) = R(z*")

and has character/ Brauer character xg,om given by:

1

Xgom(n) = xm(n? ).

Proof: If {b;} is a k-basis for M then {g ® b;} is a k-basis for ¢ @ M. If
nb; = Z?‘;‘j(ﬂ)bj
then
n(g ®@b;) =g@n? b
=3 rij(n?” g ® b)),

The proof follows by the definition of the character/ Brauer character of M. 0O



1.1.15 Definition If N is a normal subgroup of G then the inertia group Gy,
in G of a kN -module M is the following subgroup:

GM={Q‘EG|Q®M«%;¢NM}.

1.1.16 Lemma When M is a simple kN -module, for a normal subgroup N of
G, the inertia group Gy of M in G is given by:

Gm={9 € G | xm(n?) = xm(n) Yn € N}

where M has character/ Brauer character xr.

Proof: If M is a simple kN -module then ya = yn for another kN -module M’
if and only if M 2y M', by 1.1.9. So ¢ is in Gy if and only if xg@.M = XM, i.e.
if and only if xpm(h9 ') = xa(h) for each h in N. Substituting n for A9~ we
see that g is in G if and only xym(n) = xm(n?) for each n in N, as required.

8]

1.1.17 Definition Let H be a subgroup of G and let T = {g1,...,gn} be a set
of left coset representatives for H in G, so G is the disjoint union of the cosets
giH. If M is a module of kH , the induced module M 1€ is the vector space

direct sum:

M 1= E, gGi®M

with action as a kG module defined by extending linearly from: ¢(g; @ m) =
g; @ hm, when gg; = gjh for some h in H.

1.1.18 Lemma Assume hypothesis 1.1.1. If H is a subgroup of G and M
a kH -module with character/ Brauer character x; then the character/ Brauer

character xnp 1€ of the induced module M 1€ is given by:

|H| > xmlg®)

TG

xm 1€ (9) =

where xnr 18 the extension of xpr to G and is defined by:

ia(g) = {gm(g) :}'g ; g

-3



Proof: See [CRI: 10.3] when the field k is of characteristic zero, and see Brauer
and Nesbitt [BN: (82) p580] otherwise.



\

1.2 Blocks, p.i.m.s and decomposition numbers

In this section we study non semi-simple algebras. Results are given about the
direct summands of such algebras: the principal indecomposable modules (p.i.m.s),
which each lie in a particular block. The decomposition numbers of the blocks are

also defined. We assume hypothesis 1.1.1 for a group G, for the whole section.

1.2.1 Definition If M is a CG-module then a C-basis of M: {m;} can be
chosen (Curtis and Reiner [CRI: 16.14]) so that for each ¢ in G':

gm; = E rijm; where ri; € R.

J

When k is of finite characteristic, there is a module M* of kG with k-basis {m;}

and action given by:

gmy; = E Tijm;.

J

1.2.2 Definition An element g of a group G is p-regular if the order of g is

coprime to p. The set of p-regular elements of G' will be denoted G, .

1.2.3 Lemma If k has characteristic p then the number of p-regular conjugacy

classes of G 1s equal to the number of simple kG -modules, up to isomorphism.
Proof: See [CRI: 17.11].

1.2.4 Lemma The Brauer character of the kG -module M?* agrees on the p-
reqular elements of G with the ordinary character of the CG -module M, as de-
fined in 1.2.1.

Proof: See [CRI: 17.5(iv)].

1.2.5 Definition Let M;,...,M,, be a full set of non-isomorphic simple CG -
modules, with characters x; and let Nj,..., N, be a full set of non-isomorphic
simple kG-modules, with Brauer characters ;. The restriction of a character y

to the p-regular elements of G will be denoted x|g, and the G, will often be

9



omitted. On restriction to the p-regular elements of G' there are expressions:

Xilg, = stj@j, d;j € N.
J
If dij # 0 then ¢; is a component of y;.

The d;j are the decomposition numbers for the M; and the matrix (d;;)
is the decomposition matrix for ¥G. The simple kG-module N; occurs with

multiplicity d;; as a constituent of M. This is denoted by:

M ~ Z dijN;.

1.2.6 Lemma  Assume hypothesis 1.1.1 for a group G. If (p,|G|) = 1 and
M,...,M,, s a full set of non-isomorphic simple CG -modules, then M;,... M}

m

18 a full set of non-1somorphic simple kG -modules.

Proof: In this case all the elements of G are p-regular. Every Brauer character
of a kG-module coincides with the character of a CG-module, by [CRI: 18.11].
The result follows by considering the decomposition matrix, which in this case is a
permutation matrix, using 1.1.9 which shows that isomorphic simple modules have

the same character/ Brauer character. O

1.2.7 Definitions The centre of kG Z(kG) is the set
{z € kG | zx = zz Vz € kG}.

An element of kG is called central if it lies in Z(kG). An element e of kG is
an idempotent if ¢* = e¢ # 0. Idempotents e; and e; of kG are orthogonal
if ejea = eze; = 0. An idempotent e is primitive if it is not the sum of two
orthogonal idempotents. An idempotent e is centrally primitive if e isin Z(kG)
and is not the sum of two central orthogonal idempotents.

It is always possible to write 1 = Y " , e; as a sum of primitive orthogonal

idempotents e; and thus to form the direct sum of (left) kG -submodules:
T kG =kGe1 @ ... D kGey,.

The kGe; are principal indecomposable modules (p.i.m.s) of kG. A kG-module

is principal if it is isomorphic to a direct summand of a direct sum kG @ ... ® kG

10
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and is indecomposable if it cannot be expressed as the direct sum of two proper
submodules. The term projective frequently replaces ‘principal’ in the literature
but will not be used here because of the possibility of confusion: in group theory
the term ‘projective’ is often used to refer to modules of twisted group algebras, as

described in section 1.3.

1.2.8 Krull-Schmidt Theorem If M is a kG -module and
M r Ul 63 LR EB' Ur

M=Vi®...8V,
are two decompositions into the direct sum of indecomposable modules then r = s

and, after a suitable renumbering U; Zxg Vi for each i =1,...,r.

Proof: See Alperin [A: Thm3, p22].

The Krull-Schmidt theorem shows that, while the decomposition 1 in 1.2.7 is

by no means unique, the p.i.m.s thus obtained are unique up to kG -isomorphism.

1.2.9 Definitions It is also always possible to write 1 = 3.7, ¢ as a sum of

centrally primitive orthogonal idempotents ¢; and hence to write:
i szkGEl@...@kGEmc

The kGe; are two-sided ideals of kG, called the blocks of kG. For each e; in {
there is a unique €; such that €je; is non-zero. In this case €je; = e; and the p.i.m

kGe; is said to lie in the block kGe;.

1.2.10 Definition The radical of the algebra kG: rad(kG) is the set of all
elements of kG which annihilate all the simple modules of ¥G. Thus if v is in
rad (kG) and M is a simple kG-module then vM = 0. The radical of a kG-
module M: rad(M ) is the submodule of M defined by:

radM = rad(kG)M.

The socle of a kG -module M : soc( M ) is the sum of all the simple submodules
of M.

11



1.2.11 Proposition If R is a p.i.m. of kG then soc (R) is a simple module of
kG . There is a one-to-one correspondence between isomorphism classes of p.i.m.s
of kG and isomorphism classes of simple kG -modules, given by associating R

with soc R.

Proof: As shown in Alperin [A: Cor5, p4l], soc( R) is a simple module of kG . From
[A: Thm3, p31] we see that there is a one-to-one correspondence between isomor-
phism classes of p.i.m.s of kG and isomorphism classes of simple kG -modules, given
by associating R with R/radR. Now [A: Thm6, p43] shows that R/radR 2 socR,

giving the required result. O

1.2.12 Definitions A simple kG-module is said to lie in a block B if the
corresponding p.i.m lies in the block B.

With notation as in 1.2.5, the simple CG-module M; lies in the block B
of kG if there is a simple kG-module N; in B such that d;; is non-zero. Isaacs
- [Is: 15.19] shows that each M; lies in exactly one block. Two simple CG -modules
M; and M; are directly connected if they share a common simple constituent
N; i.e. if there is a simple kG -module N; in B such that d;; is non-zero and d;;
1s non-zero.

If My,...,M,, are the simple CG-modules in a block B of kG and if
Ni,...,N, are the simple kG-modules in B then the matrix:

(dij) i=t,..m
f s RO

is the block decomposition matrix for B.

1.2.13 Lemma If two simple modules M and M' of CG are in the same block
of kG then there 18 a ‘chain’ of simple CG -modules M = M, ..., M, = M' such
that M; s directly connected to My, .

Proof: See Isaacs [Is: 15.27].



1.2.14 Definition With notation as in 1.2.7, the character y; has an associated
central character w; defined as follows. Let C be a conjugacy class of G with
class sum K¢ and let g be an element of C'. The map w; from Z(CG) to C is
defined by its values on the basis elements K¢ :

Xi(9)IC|

Ailfo) == T

1.2.15 Lemma Two simple CG -modules M; and M; are in the same block if

and only if the associated central characters w; and w; are the same.

Proof: See [Is: 15.17].

1.2.16 Definition If ¢;; = Y ,dudi; then the matrix C' = (¢;;) is the Cartan

matrix of kG.

1.2.17 Lemma Let Ry,...,R,, be a full set of p.i.m.s of kG, where R; cor-
responds to the simple kG -module N;. The multiplicity of the simple module N;

as a simple constituent of R; i3 c¢;j.

Proof: See [CRI: 18.20]. The fact that the Cartan matrix C is equal to DTD

where D is the decomposition matrix (d;;), is given in [CRI: 18.10]. O

1.2.18 Definitions An algebra A over a field k is a ring with a homomorphism
¢ from k into the centre of A. An algebra is local if A/radA is isomorphic to k.
In Alperin [A: Lemmal, p21] we see that an algebra A is local if and only if every
element in A is either a unit or nilpotent. So if a is in a local algebra A then

1|

either there is an element a~! such that aa=! = 14 or a® = 0 for some n in N.

In the latter case the smallest such index n is denoted v, .

1.2.19 Lemma With hypothesis 1.1.1, if two k-algebras A and B are local then

' the tensor product k-space A @y B 18 a local k-algebra.

13



Proof: In [A: Thm3(3), p3] it is shown that rad A is the largest nilpotent ideal of
A. Choose a k-basis {az,...,a,} for rad A and extend it by an element a; to a
k-basis for A. Similarly choose a k-basis {b3,...,b,,} for rad B and extend it by

an element b; to a k-basis for B. Then:
{Ga @b [t=1,....m5 § =1....,m}

is a k-basis for A ® B, as defined in 1.1.5. Multiplication in A ® B is defined in
the obvious way by
(a®b)(a'®b)=ad @ bb.

Thus 1age = (14,1B). If ¢4 and ¢p are homomorphisms as given in 1.2.18 then
daeB = (¢4a,¢B) is a suitable homomorphism from % into the centre of A ® B.
Hence A ® B is a k-algebra. Since A is local there is a sufficiently large number
v4 such that zi2z2...2,, = 0 for any x; in rad A (for example choose v4 to be
the product of all the v,, ). Similarly there is a sufficiently large number vp such

that y1y2...y,p =0 for any y; in rad B. Then
(@i ® b;)"4"® = a*"® @b54"® =0 if (4,5) # (1,1).
So each (a; ® bj) is nilpotent, whenever ¢ and j are not both one. Also, since a,
and by are invertible, (a3 ® by) is invertible, with inverse (a7' ® b7?).
Consider the subspace R of (A ® B) spanned by
Sy ms T g 5 (1,153

Let v =va+vp. If v1,...,v, are any elements in R then vy...v, = 0. Hence R
is contained in rad (A ®g B). Since (a; ® by) is not in rad (A ® B), R is equal to
rad (A ®@rg B). Therefore (A® B)/rad(A @ B) is one-dimensional and isomorphic

to k as required. O
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1.3 Introduction to twisted modules

Twisted (a.k.a. projective) modules of group algebras give further insight into
the group structure, for example in the use of Clifford’s theory. In this section we
define twisted modules in terms of cocycles and of representation groups and show

the connection between the two approaches.

1.3.1 Definitions Given a finite group G, a mapping a : G x G — k* is called
a kG-cocycle if

a(z,y)a(zy, z) = a(z,yz)o(y, z)
and
alz:1)=1=@a(l,2) ¥V, ¥,z €6
Two cocycles a and /3 are cohomologous if there is a mapping 6 : k — k> such

that:
Bz,y) = 8§(z)6(y)(6(zy)) ' a(z,y), Vae,y €G.

The cohomology classes of cocycles form a group: H?(G,k*), known as the Schur
multiplier.
Given a cocycle a, the twisted group algebra k(G, «) is a vector space over
k with basis {(g) | ¢ € G} and multiplication given by extending by linearity that
given on the basis elements by (z)(y) = a(z,y)(zy) for all z, y in G.
A group H is a k-representation group of G if there is a central subgroup
A of H with the following properties:
ACE
A=~ H*G,k>)

H/A=G.
Let o : H — G be the quotient map.

1.3.2 Notation Let H be a k-representation group of G and suppose Ng is
a normal subgroup of G. Let Ny be the normal subgroup of H which is the
pre-image under ¢ of Ng. So Ny/A = Ng and 1.1.4 shows that the simple

kN g -modules with A in their kernel are exactly the simple kNg-modules.

15



1.3.3 Lemma  With notation as above, if M 1s a simple module of kN¢g then
the inertia group Hpr tn H of M as a kNpy-module s the pre-image under o

of the inertia group Gy of M in G.

Proof: Suppose that M has the character yy as a kNg-module and Yy as a
kNg -module. The subgroup Hps is given by:
Hy = {h € H | xm(n") = xm(n), ¥n € Ny}

by definition 1.1.16. Let n and h be in Ny and H respectively. Recall the

definition of the action of H on M as given in 1.1.4: if m is in M then
nm = (nA)m
(n")m = (n" A)m
E)
Xm(n) = xm(nA),
xm(n™) = xm(n"A).
Now, n” 4 is the element (nA)*4) of G so:
h € Hy <= xm(n) = xm(n")
< xm(nd) = XM(nhA)

< hA € Gum.
O

1.3.4 Definition Let H be a k-representation group of a group G with an
isomorphism

g:G— H/A,

where A = H?*(G,k*). For each g € G let r(g) be an element of H such that
a(g) = Ar(g). Choose r(1) =1. So:

H= U_Ar(g).
5 (9)
For each ¢;,92 € G there exists a(g1,92) € A such that:

r(g1)r(g2) = a(g1, 92)r(g192)-

16



Given a map A € Hom (A4, k*) we can associate a cocycle €(A) to A by the rule:

f e(’\)(glag2) =: /\(a(gl,gz)), Yg1,92 € G.

The map [¢] : Hom(A4,k*) — H?(G,k>) is then defined by [e]()\) = [¢()\)] so that
[€](A) is the cohomology class of €(A). When k has characteristic zero it is proved
in Huppert [H: V.23.3] that [€] is an isomorphism. It is not difficult to extend this
proof to the case when k has prime characteristic p, using the fact, as proved in
[CRI: 11.38] that H?(G,k>) has order coprime to p. For A € Hom(A,k>) the
special cocycle a of A is defined by a = €(A).

The following theorem will show the relationship between the twisted group

algebras of a group G and the group algebra of a representation group for G.

1.3.5 Theorem Assume hypothesis 1.1.1. Let H be a k-representation group of
G, € the map defined by 1 above, and A = Hom(A,k*). Then k(H) 1s algebra
isomorphic to @, 1k (G,e(N)) .

Proof: See Humphreys [H77: 1.1].

1.3.6 Comment The above theorem shows that the definitions of sections 1.1

and 1.2 can also be applied to twisted group algebras, in a natural way.

1.3.7 Definition The k-vector space P is a twisted k(G,a)-module if the

group G acts on the elements of P satisfying the following rule:

z(yp) = a(z,y)(zy)p VYz,y €G; pe P.

Such modules are often referred to as projective in the literature. However, there
is a possibility of confusion, as mentioned in section 1.2, with the use of ‘projective’
to refer to direct summands of a free module. Thus the less conventional term

‘twisted’ will be used for clarity.

1.3.8 Comment If Mis a twisted k(G, a)-module and N is a twisted k(G, 3)-
module then the k-space M @ N is a twisted k(G, af)-module with action:

me,- Qn; = ngé @ gn;.

17



This inner tensor product twisted k(G,af)-module is denoted by M ®@c N .
Again, the subscript g may be omitted.

This is just one example of the way that the definitions of sections 1.1 and 1.2
~ can be applied to twisted modules. It is not difficult to check that the action given
is well defined and that the cocycle corresponding to M @ N is indeed af.

The following result shows the relationship between the twisted modules of a
twisted group algebra of G and the modules of the group algebra of a representation

group H of G.

1.3.9 Proposition Assume hypothesis 1.1.1. Let D be a representation of a
simple twisted k(G,a)-module and suppose that o« 1is the special cocycle of M.
Then there is a linear representation D of a simple module of kH such that
D(r(g)) = D(g) for all ¢ € G and, furthermore, for a € A, D(a) = A a)I.
Conversely if D 1is a linear representation of a simple module of kH such that
D(a) = Ma)I for all a € A then D defined by D(g) = D(r(g)) for all g € G s

a twisted representation of a simple k(G,a)-module.
Proof: See [HTT; 1.3].

1.3.10 Proposition Assume hypothesis 1.1.1. Let D be a representation of a
simple twisted k(G,a)-module M and suppose that M has dimension one as a

vector space over k. Then « is the trivial cocycle.

Proof: Under these assumptions, 1.3.9 shows that there is a linear representation
D of a simple module of kH such that D(r(g)) = D(g) for all ¢ € G and,
furthermore, for a € A, D(a) = A(a), where a is the special cocycle of A. Now
by definition A is in H' so each element a in A is the product of commutators.
Since D is a linear representation:
D(z""'y~'ay) = D(«~")D(y~")D(z)D(y),
= D(z)~'D(2)D(y)"'D(y) = 1

since D is one-dimensional. So A(a) equals one for all elements a in A, thus « is

the trivial cocycle, as required. O
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1.4 Clifford Theory

Clifford theory gives information about the modules of group algebras in terms
of the modules of algebras of a normal subgroup and the various inertia groups. In
this section the two main theorems of Clifford are stated and some corollaries are

given.

1.4.1 Clifford’s First Theorem Assume hypothesis 1.1.1. Let N be a normal
subgroup of G and let M be a simple module of kN . Suppose that D 1is a simple
module of kG such that M i3 a constituent of D as a kN -module. Then there
is a simple module M of kGyr, where Gy is the inertia group of M in G such
that

D 26 M 1°

and M is a constituent of M as a kN -module. The kG -module D is completely
reducible as a kN -module and the direct summands of D as a kN -module are
ezactly all the conjugates of M with respect to G. Each non-isomorphic conjugate
appears as a summand with the same multiplicity. If M is any simple module of
kGn such that M is a constituent of M as a kN -module then M 1° is a simple
kG -module.

Proof: See for example Clifford [C: Thm1, Thm?2] or Curtis and Reiner [CRI: 11.1].

1.4.2 Notation For a kN -module M, the direct sum of n kN -modules, each
of which is kN -isomorphic to M, is denoted M®",

1.4.3 Clifford’s Second Theorem Assume hypothesis 1.1.1. Let N be a
normal subgroup of G and let M be a simple module of kN with inertia group
Gwum equal to the whole group G. Suppose that D is a simple module of kG such
that D =iy M®¢. Then there are twisted simple modules Py and Pg of G,
where Pq s a twisted simple module of the quotient group G /N of dimension e,

such that:
Py =ixn M,

D =6 Py ®rg Pg.
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If Py is associated with the cocycle a of kG then Pg is associated with the

1

cocycle a= . Given Py, the module Py ®@rg Pg is simple in kG for each

projective simple module Pg of G/N.

Proof: Only a sketch proof is given here: for full details see Clifford [C: Thm3].

Since the inertia group of M in G is G, each conjugate module is isomorphic
to M. By 1.1.14, a representation A] of the conjugate module y ® M is given by
A¥(z) = Al(a:”—l), where A, is a representation for M. So for each y in G a

non-singular matrix Cy(y) can be chosen such that
A(n'"") = Cur(v) 41 (n)Cua(v) ™
forall n in N. If y isin N then since A; is a representation:
Ay(n") = Ai(y)Ar(n)As(y) ™
for all n in N so Cu(y) can be chosen to be A;(y).

It can be shown that C)ys is a representation of a twisted module Pys of kG.

From 1.4.2, the only constituent of D as a kNN -module is M , with multiplicity

e. So there is a representation A of D and a basis of kG such that

Ai(n) 0
A(n) = 403 . VneN.

0 Ai(n)
With respect to this basis, write

A(g) i (A‘.!j(.g))l‘.j:l,...,e
for each ¢ € G. It can be shown that for each 7,7 = 1,...e, the matrix
A; j(9)C(g)?! is a scalar matrix 7; j(¢)I. Then Pg is defined to be the twisted

module with representation B(g) = (vi,j(¢)) . foreach g in G. If Py cor-

IS T
responds to the cocycle a it can be shown that Pg corresponds to the cocycle a™!
so that the tensor product Py ®rg Pg corresponds to the trivial cocycle. In the
discussion before Theorem 4, Clifford shows that, once Pg has been constructed,

any projective simple Pg corresponding to the appropriate cocycle yields a simple

kG -module Py @ka PQ . |



1.4.4 Comment By the construction, Pys is dependent only on the module M

of kH and its conjugates, not on the original module D of G.

1.4.5 Definition Let N be a normal subgroup of a group G. Two simple
modules D and D' of the group algebra kG are associates with respect to N if

they have a common constituent as kN -modules.

1.4.6 Theorem Assume hypothesis 1.1.1. Let D and D' be associates of G
with respect to N, with a common constituent M as kN -modules. Let D and
D' determine the twisted modules Py and P,{? of GmM/N. Then D and D' are
wsomorphic if and only if Pg and Pé are 1somorphic.

Proof: If D and D' share a constituent in kN then 1.4.2 shows that there are
modules M and M’ of kG which induce to give D and D' respectively, where
G is the inertia group of M. Then 1.4.3 shows that M and M’ determine
twisted modules P and P of kGy/N, ie. that M and M' are respectively
kG p -isomorphic to the tensor products Py @ Pg and Py ® Pb. The rest of the
proof of this theorem is given in Clifford [C: Thmb5]. O

1.4.7 Corollary Assume hypothesis 1.1.1. Let N be a normal subgroup of G
with M a simple kN -module with inertia group G. Suppose that there ezists a
kG -module M which is isomorphic to M as a kN -module. Let D be any simple
kG -module which has M as a constituent on restriction to kN . Then there is a

simple module Mcq of the quotient group G /N such that
D 26 M ®rc Mg.
The kG -module M ®x GMq is simple for each simple module Mg of Gn.

Comment In this case the cocycle a which appears in 1.4.3 is trivial and the

module M is the same as the module Pyr, up to a factor of a one-dimensional

k(G /M )-module.



Proof: Let Py be the twisted module of kG constructed in 1.4.3, so Py is
isomorphic to M as a kN -module. In particular, 1.4.3 applies to M to show that
there is a one-dimensional twisted module Pg of G/N, such that

~

M =6 Py Qrc Pg.

Proposition 1.3.10 shows that in this case Pg and Py are linear. Let m be a
vector space basis for Pg. Then there is a module Pal with vector space basis

!m for g in G. (Such an ‘inverse’ module can

m and action given by g*m = g~
not of course usually be defined, but since Pg is one-dimensional the action of g
on m ‘is a scalar multiple of m so (gh)m = (hg)m for each ¢, h in G.) Then
Pyr S M Qkac Pé‘l . Thus 1.4.2 shows that if D is a #G module with M as a
constituent as a kN -module then D is isomorphic to M ®ra P51 ®@rq P for some
simple kG -module P with G/N in its kernel. Since G/N is in the kernel of Pg,

the module Pg ! @k P also has G/N in its kernel. Let 6 be the map:
6:Po ke Py' ®@g P — P
mrcmrcpr—p VpE€P
Then 6 is a kG-isomorphism. Since P is simple, P51 ®kg P is also a simple

module of kG: Mg say, and D is kG -isomorphic to M ®rq Mg as required. Now
1.4.2 shows that M ®; GMyg is simple for each simple module Mg of Gy. 0

1.4.8 Corollary Assume hypothesis 1.1.1. Let N be a normal subgroup of G
such that the indez |G : N| of N in G is q, for a prime q not equal to the
characteristic of the field k. Let M be a simple module of kN . Suppose that D
18 a simple module of kG such that M is a constituent of D on restriction to

kN .

i) If the inertia group of M in G is G then D =n M and there are ¢ associate
modules of D with respect to N .

i) If the inertia group of M with respect to G is N then as a kN -module D
is isomorphic to the direct sum of the q conjugates MD of M with respect to

G. In particular, if u is an element of G such that {u' | i=0,...,¢q—1} isa
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transversal for N in G then
D =y @(u' @y M).

In this case D 1is self-associate with respect to N .

Proof: 1) From 1.4.2 in this case we know that if M is a constituent of D as a
kN -module with multiplicity e, then there is a twisted k(G, «)-module such that
D is kG -isomorphic to Py ®@rg Pg where Pg is a twisted simple k(G/N,a™1)-
module of dimension e. Since G/N is cyclic of order p, [CRI: 11.46] shows that
H?*(G/N,CX) is trivial. A result in [Ka: 2.1.14] shows that if k is any algebraically
closed field then H%(G/N,k>) is isomorphic to the p'-part of H?(G/N,C*) (i.e.
the subgroup of elements of order coprime to p). So all cocycles of k(G/N) are
trivial. Therefore the module Pg is of dimension one, since G/N is abelian, i.e. € is
one, and D is isomorphic to M on restriction to kN . There are p simple modules
Pg of k(G/N) and for each one the tensor product Py ®ra Pg is isomorphic to
M as a kN -module. These p modules are the associates of D.

i) In this instance 1.4.2 shows that D is kG-isomorphic to the induced module
M 1*G . Since the inertia group of M is N, M has p non-isomorphic conjugates
with respect to G. From the construction of the induced module (1.1.17) we see
that as a kN -module D is the direct sum of the p conjugates of M with respect
to G, each with multiplicity one. Since D is completely characterised by the fact

that M is a constituent of D as a kN -module, in this case D is self-associate. O



CHAPTER TWO
SIMPLE MODULES OF TWISTED PRODUCT GROUPS

In [H88] Humphreys has constructed the simple modules of the twisted product
groups over the complex field. In [H85] he has constructed the simple modules of the
twisted product groups with central elements of order two, over fields of arbitrary
characteristic. In this chapter we extend these constructions to the simple modules
of the twisted product groups with central elements of order an odd prime p, over

algebraically closed fields of non zero characteristic not equal to p.

2.1 A construction for groups

In this section the twisted product group is constructed and some preliminary
observations are made. We conclude with a study of conjugacy classes related to

groups in G, that provides results which will be necessary in later sections.

2.1.1 Definitions Where p is a fixed prime number, G, will denote the class
of finite groups G with a specified central element z of order p and a non-zero
homomorphism s : G — Z, such that s(z) is zero. If G is a group in G, with
central element z, we may equally well choose the specified central element to be
z7!. The element of G, given by the group G with specified central element z~1

(and homomorphism still s) will be denoted by G'.

Given two groups G; and G; in G, , with central elements z;, z; and homo-
morphisms s;, sp respectively, G; X G is the cartesian product G; x G, with
multiplication defined by:

(z1,22)(y1,92) = (2;2(12)81(3“)-?13}1,-’8292) Vzi,y1 € G1; z2,Yy2 € Gs.

2.1.2 Comment Clearly the requirement that s; and s; be non-zero is not
necessary for the definition of G; X G2 and this assumption is not made in [H88]
or [H85]. However, if either s; or s, is the zero homomorphism then G; x G is

just the direct product G; x G . Since the simple modules of such groups are well
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understood: see 1.1.7, we exclude this case for simplicity. Many of the following

results also apply if either s; or s, is zero.

2.1.3 Proposition If G, and G, are groups in G,, then G, X Gy is a group
in which the subgroup generated by the elements (1y,22) and (z1,12) is central.

Proof: The group axioms are easily checked. The identity element is (11,1;). The

inverse of (z1,23) is (2;1(21)32(.1:2)1,1—1,',52—1). o

\

2.1.4 Definition For G; and G; in §,, with homomorphisms s; and s, re-
spectively, define G1Y G; to be (G x G2)/Z where Z is the subgroup of Gy X Gy
generated by (z1,2;). Defining s: Gy Y G2 — Z,, by

5((91,92)Z) = s1(g1) + s2(g2) mod p,

gives a homomorphism with s((z;, 12)Z) being zero. Thé element (z;,12)Z has
order p. Thus G; Y G is in G, with specified central element ((z1,12)Z). Some

of the properties of G, Y G, are given by the following proposition.

2.1.5 Proposition Let G;, Gz be groups in G,. The sets of elements
{(91,€6,)Z | g1 € G1} and {(eG,,92)Z | g2 € G2} are mormal subgroups of
G1Y Gy isomorphic to Gy and G, respectively. The group G1Y Gy is isomorphic
to @2\7@1.

Proof: The sets {(g1,eq,) | 91 € G1} and {(eg,,92) | g2 € G2} are subgroups of
G1 X G, . Consider the conjugation of the element (91,92) of G1 X G2 by (z1,23):

e (2;1 (g1)s2(z2)—s1(z1)s2(g2)

(z1,22)(g91,92)(21,22)” -'51913’1_1’5"2923::_2—1)-

If g, is eg, then this conjugate becomes:

29 (g1)s2(z2)

(3’»‘1,1'2)(9'1,662)(3"-11-“82)_1 =( 1 l‘lgle]:ﬁGz)

so the subgroup {(g1,€6,) | g1 € G1} is a normal subgroup of Gy x G. If ¢, is
eg, then this conjugate becomes:

Y (zl-‘-h{ﬁ Js2(g2)

(I],1?2)(6(;”8(;2)(231,1:2)_1 ,&"292.’,{32—1)
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so the subgroup {(eg,,92) | g2 € G2} is not normal in G; x G5 but its quotient
by Z is normal in G, Y G.
Let 6 be the map given by
8: Gy Y 6 — GGy
(g1,92)Z — (231(91)82(92)92191)2:

where Z is the subgroup of G X G generated by the element (z;,z;) and Z’ is

the subgroup of G5 X G generated by (23,2;). Then

9((91,92)2(}111 hg)Z) = 9((‘7;2(92)81(’”)91’11; thQ)Z)

= (‘_0,;1(!h’!1)~‘i:e'(.€i'2fl2)g,2hz1 z;z(&'z)h(’*:)gl hy )Zr

and

9((91,9'2)2)9((h1,h2)Z) — (231(91)32(92)92’gl)(zgl(hﬂstz(hz)h?, h])Z’

. (251(91)-!2(92)+81(h1 )az2(hz)+81(g1 )Sz(hz)gz ha, g1k )Zl

Ay (2;1(9’1 hl)sa(gzhz}gzhz, 2;2(93)81{’*1]glhl)(z;h{ga)sl(fll), zl—sz(yz]sl(h1])zf )

Since (z;s’(gz)‘"(h‘),z;"’(g’)“(h‘)) isin Z' it is clear that 6 is a homomorphism.
It is now easy to see that @ is an isomorphism. Also, we see that 6((z1,e6,)Z) is

((eG,,21)Z") which is the specified central element ((z;',eq,)Z’) for G1YG,. O

In this chapter the simple modules of G Y G will be constructed in terms of
the simple modules of G, G and their normal subgroups kers; and kers,. If G,
and G are groups in G, and k is an algebraically closed field of characteristic p
then the simple modules of G; Y G are given by the simple modules of the direct
product G1/(z1) X G2/(z2) 2 (G1Y G2)/((z1,€6,)Z). These are well understood:
see 1.1.7, so this chapter will deal only with the case when the characteristic of the
underlying field is other than p. The following hypothesis will be assumed for the

rest of the chapter.

2.1.6 Hypothesis  Given a group G in G, let ¢ be a fixed prime not equal to
p. Then k is either C or the algebraically closed field C, of characteristic ¢, as

constructed in 1.1.1.



2.1.7 Definitions Let G be a group in G, and M be a simple G-module. If w

is a primitive p-th root of unity, the vector space M with action * given by
g*xv=wWgy

is an associate of M .

The operation of taking associates induces an action of Z, on the set of iso-
morphism classes of simple G'-modules; so each orbit has length one or p. A simple
module is self-associate when its orbit under this action has length one. Thus a
G -module is self-associate if and only if its complex/Brauer character vanishes off
kers. A non simple module will only be called self-associate (or non self-associate)

if all its constituents are self-associate (or non self-associate).

2.1.8 Proposition Assume Hypothesis 2.1.6 for a group G in G, with ker s =
N a proper subgroup of G. Let M be a simple kG -module. If M 1is self-associate
then the restriction of M to N is a sum of p distinct simple kN -modules M;
conjugate under the action of G. The induced module M; 19 is 1somorphic to M
(¢=1,...,p). If M is non self-associate then as a kN -module M is isomorphic
to the simple My and each associate of M is isomorphic to My as a kN -

module. In this case My 19 is isomorphic to the direct sum of the p associates

of M.

Proof: From the corollary 1.4.8 to Clifford’s theorem, as a kN -module M is either

the direct sum of p distinct conjugate simple modules; or a simple module of N .

If M were non self-associate and a direct sum of p distinct conjugate modules
as a kN -module, then the generalised version of Frobenius reciprocity [CRI: 10.8]

would imply that if M were any one of these conjugates then
Homyg(M 19, M) = Homyn(M, M |n) # {0}.

Then since the vector space dimensions of M 1¢ and M are equal, M 19 would
be isomorphic to the simple module M. Therefore the Brauer character of M

would vanish off N. This is impossible since M is non self-associate. So as a
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kN -module a non self-associate module M is the simple module My . It follows
that any associate M*® of M is also isomorphic to My as a kN -module.
Now consider the possibility that as a kN -module My is a simple module.

Frobenius reciprocity then shows:
Homyg(My 19, M) = Homin(Mn, M |n) = Hompn(My, My).
Since k is algebraically closed Schur’s lemma shows that
Homin(Mpy, My) = k.Ipy.

Hence M is a simple quotient of My 1¢. The vector space dimension of My 1€ is
p times that of M . Corollary 1.4.8 shows that the inertia group of My is G'. Since
G/N is cyclic and k is an algebraically closed field of characteristic ¢, k(G/N)
is the direct sum of p one-dimensional ideals. Thus Tucker [T: Thm1] shows that
My 1€ is decomposable and has p direct summands, all of the same dimension as
M:

My1°2 Mo Ma...0M,.

Suppose that M; =2 M, some i = 2,...,p. So Horn,;cc;(ﬂﬁ‘r 1¢, M) would be a

vector space of dimension at least two. Frobenius reciprocity implies that
Homia(My 1€, M) = Homin(My, M |N)

but Schur’s lemma shows that Homin(Mpy, M |n) = kIy, . This is impossible
so this case does not arise. So none of the M; are isomorphic to M . We see that
Hom(My,M; | n) = kIy, so M; |y is simple, therefore M; is simple. The Brauer
character of M; agrees with that of M on N, so must be different elsewhere. So at
least one of the M;, say M, , has a Brauer character which is non-zero off N, hence
M, is non self-associate. Then by the arguments above, the other constituents of

My 19 are the associates of M. In particular M is non self-associate.

If M is self-associate we have shown that M |y is a direct sum of p conjugates,
by excluding the other possibilities. If the M; are the p simple summands of M |y,

Frobenius reciprocity shows that:
Homya(M; 19, M) = Homyn(M;, M |n) # {0}.
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