Design and Analysis of Robust Control Systems

by Frequency Response Methods

Ziaedin Shafiei

Thesis submitted in accordance with the
requirements of the University of Liverpool

for the degree of Doctor of Philosophy

January 1991



Acknowledoments

I wish to express my sincere appreciation to my supervisor Dr. A. T.
Shenton for his inspiration, encouragement and support during my post-
graduate studies. His ready help and guidance is gratefully appreciated.

I would also like to express my gratitude to Professor J. W. Helton and
Dr. O. Merino of the University of California, San Diego for the provision
of the basic H= disk programs and their helpful suggestions.

Thanks are due to Mr. P. Kerr of British Aerospace for the provision of
the ACA FCS data and the assessment of the resulting H= disk method de-
sign.

I would like to thank the Ford Motor Company (FORD UK), especially
Mr J.Main for the provision of the basic engine model data.

My wife has been a constant source of support and understanding, for

which I am very grateful.

Acknowledgments i



Abstract

This thesis examines and develops the practical applications of D-partition

and H> disk methods in the analysis and design of robust control systems.

The following application of the method of D-partition (DP) which is a
method for the stability analysis of systems with parameter perturbation are
presented:

1) Extensions to Towill’s method, namely absolute and relative stability
margin contours using the method of DP for type I and II third order
systems.

2) The development of a novel and robust method for tuning PID
compensators using the method of DP. A new technique for tuning
the parameters of the precompensator in a two degree of freedom

structure PID controller is also presented.

The H= disk method which is a newly developed design method due to
Helton, may consider almost all practical frequency domain design objec-
tives and constraints. The method, however has not yet been implemented
in a real design. This is believed to be due to incomplete software and the
difficulty in applying the method to nonminimum phase systems. To rectify
these problems some novel extensions and modifications are presented as
follows
1) Incorporation of model dynamic uncertainty in the system design.
2) Developing a method to overcome discontinuity in reformulating the
design objectives to an approximate and smooth single disk.
3) Introducing imaginary axis shifting in the H>= disk method to achieve
extra system robustness and using this shifting method in the devel-
opment of a novel parameterisation method to handle nonmimimum

phase systems quite easily.
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4) Incorporation of an identification program in the method to process
the output sample data calculated by the disk program and generate
transfer functions of the controller and closed-loop transfer function
of the controlled system.

5) Inclusion of the use of graphical routines in the method to inspect the
output results by the generation of the frequency and time domain

plots of the controlled system necessary for design evaluation.

An assessment of the implementation of the resulting extended disk method
1s made by the application of the design technique to several realistic ex-
amples. The resulting stability of an example system with significant pa-
rameter uncertainty designed by the extended disk method is verified by the
DP method.
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Notation

R Field of real numbers

C Field of complex numbers

R, Field of positive real numbers

. Field of positive complex numbers

Rr<m Ring of matrices with n rows and m columns with elements in
R

B Ring of matrices with n rows and m columns with elements in
C

D Domain of asymptotic stability in the parameter space (PS)

12, Domain of specified absolute stability margin in the PS

D, Domain of specified relative stability margin in the PS

D Domain of specified absolute and relative stability margin in the
PS

I Identity matrix

L Open-loop transfer function

S Sensitivity function

T Closed-loop transfer function ; Complementary sensitivity func-

tion
Prefix R Real-rational

Im(F) The imaginary part of the complex function F
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Re(F)

L2

H2

Gl

Notation

The real part of the complex function F
Banach space of matrix-valued functions which are essentially
bounded (bounded except possibly on a set of measure zero) on

Jw-axis and satisfy the L=-norm constraint:
lgll., = ess Sﬁp|g()'w)| <oco gelL®™

Complex functions in L= which are analytic and bounded in the
open right half-plane (ORHP) and essentially bounded on the

Jw-axis, and the norm of which satisfy the constraint:

Moo = ess sup |fjw)| <co  feH™

Real rational functions in H=, that is, stable and proper rational
functions with real coefficients.
Hilbert space of matrix-valued functions which are square

integrable on jw-axis in the sense of inner product on jw -axis

4o
<f, g>A %J fiw) g(jw)dw f,geL?

Complex functions in L? which are analytic in the ORHP and

the norm of which satisfies the constraint:

= 1/2
||ﬂ|2 B { %Jﬁk |f[]w)]2dw] < oo fE Hz

—0o0

L=|H=norm A ess sup & [G(jw)] Ge H= or L=

Square root of —1, ie. ji=-1
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s, S Laplace transform variable

(a, b) A point in the polar plot

d The amount of imaginary axis shifting, i.e. the absolute stability
margin.

a;; (i) element of matrix A
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(a,b] Interval {x € Rla <x < b}
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Al Frobenius norm of the matrix A g
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a3 Inverse of the matrix A
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F(s) F(—s)"
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v for all
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Chapter 1

Introduction

1.1 - Motivation

Over the past fifteen years the central issues of control theory have shifted
to more demanding and practical problems. One of the essential issues and
central problems considered in this period has been robustness of both sta-
bility and the performance of control systems in the presence of uncertain
plant dynamics and input disturbances. The subject received attention from
the late twenties (Black 1934, see Dorato 1986 for the historical survey of
robust control) but was largely ignored during the period 1960-1975 i.e. after
the state-variable method was introduced by Kalman in linear time invari-
ant (LTI) feedback system design. In this period the main attention was di-
rected to controlling accurately modelled, highly structured systems (except
for Howowitz 1963, Cruz and Perkins 1964, Rosenbrock 1966 and 1969 and
MacFarlane and Belletrutti 1973). The reason for this oversight was perhaps
that the state-variable method provides no systematic procedure for the
treatment of the important and fundamental problem of the robust stability

in the face of significant plant perturbation (Horowitz and Shaked 1975).
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Also the differential sensitivity functions which were in fact considered in
the method are quite poor and obscure methods (.Horowitz and Shaked 1975).

All physical plants are in fact nonlinear and plant parameters are time
varying and subject to environmental impact. Because of computation and
practical limitation, in the analysis, design and implementation of linear
feedback control system, a linearised reduced order mathematical model is
usually constructed from the nonlinear and high order real system. The
identification of the plant, the neglecting of high frequency dynamics and
any order reduction of the model all contribute some error to the con-
structed nominal model. Further sources of uncertainty may arise from
noise, plant aging, structural defects or any other deformations. Thus ig-
noring uncertainty may lead to unrealistic and unacceptable results. That
1s the controller may work well with the nominal plant model but is unable
to desirably control the true plant. A general method to deal with model-
ling uncertainty is to describe the plant by a family, P, of possible plant
models (see Dorato 1987 for different uncertainty models). Then the system
is called robust if the controller can meet performance and stability spec-
ifications for every plant model in the family P.

In response to this fact from the late seventies some existing approaches
which could deal with uncertainty were rediscovered. Several new methods
for robust stability and performance have also now emerged. Two out-
standing methods related to the subject are H= optimisation and parameter
space (D-partition or D-decomposition) methods. This thesis is concerned
with the practical applications of these methods in analysis and design of
control systems.

The first method was initiated in the early eighties (Zames 1981, Helton
1981 and Tannenbaum 1980) in the frequency domain framework and was

well developed during the last decade by several researches in different
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approaches e.g. as the standard method, Doyle 1983, the disk method, Helton

1985, the polynomial based method, Grimble 1986, etc. The method is capable

of accommodating structured (e.g. Doyle 1982 and 1985 and Packard 1988)

and unstructured (e.g. Francis, Helton and Zames 1984 and Franecis and

Zames 1984) model uncertainties but parameter uncertainty can not be ac-

commodated in the system design.

The H= disk method has the advantage of considering almost all con-
straints and limitations required for control system design. However the
method has not been convincingly applied to real systems since all con-
straints have not been considered in design (Kerr 1989, Larson 1989). Fur-
ther the existing programs (Helton and Schwartz 1985) are not complete
from a design point of view.

In this thesis some novel extensions and modifications to the disk
method are presented and the corresponding programs have been modified.
The extensions include:

1) Developing a preprogram to translate the design constraints and ob-
jectives into a set of data for the disk method program.

2) Developing a method to overcome discontinuity in reformulating the
design objectives to an approximate single disk.

3) Incorporating model dynamic uncertainty in the system design.

4) Introducing imaginary axis shifting in the H= disk method for extra
robust systems and using this shifting in developing a novel
parameterisation method to handle nonmimimum phase systems quite
easily.

5) Incorporating an identification program to process the output sample
data and generate transfer functions of the controller and closed-loop

of the controlled system in pole/zero form.
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6) Including some graphical routines to inspect the output results by the
generation of sufficient plots of the controiled system.

The practical usefulness of the method is assessed by several realistic design

examples.

The second method which remained almost undeveloped during the pe-
riod 1960-1975 (Siljak 1989), was initiated by Vyshnegradskii in 1877 and
popularised by Neimark (Neimark 1947 and 1948). The method was estab-
lished as an alternative to the classical design method and was introduced
by Mitrovice (1959, 1962) in plant uncertainty and feedback design. Finally
the celebrated Kharitonov theorem (Kharitonov 1979) has recently increased
attention and interest in this technique. The Kharitonov method can not
be applied to overall control system design, however some new extensions
and algorithms have been developed to increase the usefulness of the
method in control problems (e.g. Bhattacharyya 1987 and Barmish 1988 and
references cited therein). It should be noted that this method is suitable for
analysis of parameter uncertainty in control systems and recent studies
have extended the scope of the method to treat unmodelled dynamics
(Barmish and Khargonekar 1988). Two applications of the method are pre-
sented 1n the thesis including an extension of Towill’s method and a design
method for PID type controllers which has the advantage of increasing in-
sight regarding the tuning of the parameters of the controller for both sta-
ble and unstable systems. It is also shown that in a two degree of freedom
structure the parameters of the precompensator may be tuned quite easily,

for better tracking, by a new technique.
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1.2 - Organisation of the thesis

The thesis is organised as follows. Chapter two reviews the D-partition and
parameter space methods and the related studies. Chapter three introduces
the consequent advantages including a new PID type compensator tuning
method using the parameter space method. Also an extension to Towill's
method (1970, 1980) are made through absolute and relative stability margin
contours of type I and II third order systems.

Chapter four briefly reviews the standard H= optimisation method. The
general H> disk method is considered in chapter five in which the method
has been extended to contain unmodeled high frequency dynamics. With the
introduction of a novel shifting method an easy parameterisation has been
proposed which enables the method to easily consider the design of con-
trollers for nonminimum phase systems. This chapter also presents a new
smoothness method for the discontinuous functions which naturally arise
in the general disk method and which gives significantly improved results
from the method. Chapter six talks about identification and simplification
of the output function from the disk method and associated considerations.
Chapter seven illustrates the implementation and application of the method
by some realistic examples. One of the results of these applications has been
verified by the method of DP. The last chapter presents the conclusions.

The computational error in the disk method is presented in Appendix A.
Appendix B includes the data base files used for the several examples of

chapter seven.
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Chapter 2

D-partition method and robust stability in parameter space

2.1 - Introduction

In the design of control systems to achieve robust stability and performance
the appropriate method of analysis depends on how the system uncertainty
arises. One important class of uncertainty is parameter perturbation of the
system model. A plant classified as having parameter uncertainty is assumed
to have a known model structure but to have the parameters of the math-
ematical model subject to a variation about its specified nominal values
(often assumed as varying over some a priori known compact set P).

A family of single input single output (SISO) plant models classified

with such parameter uncertainty is of the form,

Py(s) a5 + o:,__lsr_l + -+

p - = (2.1)

Ppl) st +Bis? + -+
where g and re[0,q], r<q are integer and where o; for i =0,1,2, ..., r and
B; for j=0,1,2, ..., g are real valued plant parameters. Some or all of these

parameters are not known exactly but are restricted to a prescribed bound

perturbation.
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<<%, t=012 .,r (2.1a)

| ahe i s

Bi<Bi<B;, j=012..,q (2.1b)

where the underscore and overscore refer to the minimum and maximum
values of the appropriate coefficient, respectively. Similarly P may be de-

sceribed as
P = {P(s, p):;p € P<R?""*%} 2.2)
where p is the parameter vector containing all the coefficients of the plant,
p=l 0o s PPy = Bl (2.3)
Suppose the controller,

Cyls
Cs) = ﬁ:}%— (2.4)

is in series with the plant in a unitary feedback system. The family of the

characteristic equation of the system is then
T = Pp(s)Cx(s) + Pp(s)Cp(s) (2.5a)
and similarly,
T = {T(s, t):t € T<R™"}. (2.5b)

where t is the characteristic equation parameter vector whose elements vary
over the compact set T
Robust stability analysis of such systems has concentrated on the ex-

amination of the closed-loop characteristic equation of the system (e.g.
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Siljak 1969 and 1989, Polak 1964, Fam and Meditch 1978, Barmish 1984, 1988
and 1989, Bhattachryya 1987 and Keel et al 19.88 and the references cited
therein). In other words the current analysis methods are used to specify
all the pe P or te T, in the parameter space, for which the zeros of all the
perturbed characteristic equations lie in the open left half plane (OLHP)
or in some prescribed regions in the OLHP, despite the parameter uncer-
tainty.

This chapter reviews some fundamental concepts of D-partition and pa-
rameter space methods. Also a brief survey of related studies which focus
on the characteristic equation is presented. These studies including Towill's
method, may also be developed using the DP method (chapter four).

This chapter is organised as follows. In section 2.2 the basic D-partition
method is discussed. In section 2.3 the Vishnegradskii diagram is presented.
Section 2.4 talks briefly about the Towill’s method followed by other con-
tributions related to the method of D-partition in section 2.5. Section 2.6 is
about the multi-parameter approach method in the parameter space. Section
2.7 reviews some of the important applications of the method and its ex-
tension to discrete systems. Finally in section 2.8 parameter variation and
robust stability in parameter space and relevant studies are reviewed. Se-

veral examples illustrate and clarify the text material.

2.2 - D-partition

The D-partition (Aizerman 1964 and Porter 1967) or D-decomposition
(Lanzkron and Higgins 1959 and Meerov 1963) method is a graphical tech-
nique for stability analysis of a system with more than one adjustable pa-
rameter. The method establishes a direct connection between the free

parameters of the closed-loop characteristic equation and the various im-
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portant stability regions, e.g. open left half in the complex plane, directly
suitable for graphical representation. -

The D-partition method, is originally a Russian technique (Lanzkron and
Higgins 1959) for linear system analysis and design and was later extended
in the English literature as the parameter space method (e.g. Han and
Thaler 1966, Siljak 1969, Ackermann 1980 and Putz and Wozny 1987). Pa-
rameter space is a finite vector space, its dimensions are the number of
variables or adjustable parameters. The parameter space method was es-
tablished as an alternative to the classical methods of analysis and design.
The new concept was concerned with the positioning of individual roots in
some desired region of the left half of the complex plane and relating the
free parameters to the system performance characteristics (e.g. Han and

Thaler 1966 and Moore 1967).

2.2.1 - The general concept and D-partition boundaries
Consider the characteristic equation of the linear time-invariant (LTI) con-

tinuous system
T(s) =a,s" + an_lsn_l + -+ a8 +ay=0, (2.6)

where the coefficients a; for i=n,n—1, ..., ,1,0 are real valued system
parameters and s is the Laplace transform complex variable (s = § + jw). The
aggregate of values a; can be represented as a vector t called the closed-loop

characteristic vector (Keel et al 1988),

t=[a, a,_;, ..., ]T (2.7)

n

whose components may be interpreted geometrically as a point in the n-

dimensional Euclidean space E" of which the a; are coordinates. To each
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point of this space there corresponds a definite value of the coefficients and
consequently, definite values of all the roots of‘the characteristic equation.
Now the n-dimensional space may be divided into domains denoted by
D(k,n — k)0 <k <n), where D(k,n —k) corresponds to the set of all values
of @; in (2.6) resulting in % roots in the left half plane (LHP) and n — % roots
in the right half plane (RHP). Such a decomposition of the parameter space
into domains D(k,n — k) is called the D-partition (Polak 1964, Porter 1967
and Siljak 1969). The boundaries of the domains D(k, n — k) consist of those
set of a; for which the characteristic equation has finite or infinite roots
on the imaginary axis.

Stability of a LTI system is assured if the characteristic polynomial of
the system has all its roots in the open left half plane (OLHP), which in
parameter space corresponds to the domain D(k =n,0) or simply D. If such
a region exists then the hypersurface bounding this domain is called the
boundary of the region of stability. The aim of the analysis thus, is to
specify the domain of stability.

If the n coefficients of the characteristic equation are not independent

parameters, but rather if they are linear functions of m system parameters

ejl ’ 62  Bia s cm—l 3 ‘fm 50 that
G A AN AE U A i=012,..,n 2.8)

then by exactly the same arguments an m-dimensional vector space for
which the & for i =12, ..., m are coordinates, can be set up for m parame-
ters (Han and Thaler 1966). The relation between the coefficients of the
characteristic vector and the parameters can be represented by the matrix

equation as

X0 =t (2.9)
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where

Anﬂ Anl An(m—l) Anm
A(n—l)O A(n—l)] % f A(n—l)(m—l) A(n—l}m
X= (2.10)
AIO All : p Ai(m—l} Alm
AUO AGI ! : Aﬂ(m—l) Aﬂm
and
(Dz[]-ﬂf]uCg:---, ém]T * [2'11)

Finally in general, the above arguments can be extended to include the
case that the elements of the characteristic vector are more complicated
(nonlinear) functions of system parameters (George 1967).

For determination of the region of stability consider equation (2.6) and
suppose that for some particular definite values of the coefficients, & roots
of the polynomial (2.6) lie to the left of the imaginary axis. If the values
of the coefficients vary continuously the roots may then cross the imaginary
axis from the right to the left half of the complex-plane or vice versa.
Consequently a root crossing the imaginary axis corresponds to the repre-
sentative point in the parameter space moving from one domain to another
ie. D(k,n—Fk) to D(k+1,n —k —1) or D(k —1,n —k + 1), respectively. This
suggests that a method for determining the D-partition boundaries is simply
to map the imaginary axis into the parameter space. The equations of the
boundary surfaces may be found in parameter space, first, by replacing s

by jw (—oco<w <+ o) in the given characteristic polynomial,

T(w) = a,(jw)" + .‘:.',],..w_l(ju,»')”“l + - +ajw +ay=0. (2.12)
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Then if the coefficients a; are linear functions of m real parameters,
&, &8, .., Eny, En (this assumption holds for the characteristic equation of
the system given in equation 2.5) these boundaries consist of surfaces de-

termined as follows,
1 - An (m — 1)-dimensional hyperplane, @, =0, which corresponds to T(jw)
with a real zero on the origin, that is for w =0 so that (Soh, Berger

and Dabke 1985),
T0)=0 = qa;=0. (2.18)

2 - An (m — 1)-dimensional hyperplane, a, =0, which corresponds to T(jw)
with a real zero at infinity i.e. w = oo (Siljak 1969) or infinite numbers

of zeros (Porter 1967);

Noo)=0 = a,=0. (2.14)

n

3 - An (m —1)-dimensional hyperplane, generated by moving an
(m — 2)-dimensional hyperplane which corresponds to T(jw) with com-
plex conjugate zeros s=+jw, on the imaginary axis when

0 < |un| < oo (Soh et al 1985). That is,
T(s) = (s +Jjwy)(s —jw))U(s) = (s* + w)U(s) (2.17)
where
Uls) = b, 8" 2+ b, 55"+ +b, (2.18)

and where b, , = a,. Soh et al (1985) assumed that U(s) has zeros within
or on the LHP. Observation shows that U(s) may have zeros within the

RHP (e.g. if T(s) has three or more zeros in the closed right half plane

Chapter 2 12



(CRHP)). Thus U(s) is always an arbitrary function. Separating real

and imaginary parts of equation (2.12)
R(w) = a;wi =0 l=n neven, l=n-—1 n odd) (2.19a)
I(w) = ahwh =0 (h=n—1 n even, h=n n odd) (2.19b)
or in the zﬂternative form,
R(w) = Qu(w)Sp, + Qm_l(lvjim_a + o+ @Qw)d; + Qw) =0 (2.20a)
I(w) = Tp(w)Ep + Ty (W)epy + = + Ti(w)E) + Tolw) =0 (2.200)

where Q/(w) and Ti(w) for i =0,1,2, ..., m are real functions of w. The
hyperplane can be constructed by eliminating w from (2.19). The

equation of the hyperplane is

A

n—

=0 (2.21)

where A, , i1s the (n — 1)-th Hurwitz determinant (Porter 1967),

D1/ 5.y 0 0 0
Qp 3 G2 Qp_ a,
A, = . (2292
e e a,

4 - For those finite values of w for which Q(w)= Ti(w) or either Q(w) =0

or Ti(w)=0 for i =0,1, ..., m there are singular hyperplanes, A, which
may be found by substituting those particular values of w into

equations (2.19) or (2.20). When there are two parameters the condi-
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