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The crucial step in the proof of the Topological Stability
Theorem (G.,W.P.L.) is the construction of certain contact-invariant
Whitney Stratifications of the sufficient jets in the jet space
Jk(n, p)e It is well-known that if there are only finitely many
contact orbits, these provide a Whitney Stratification; but in
general one is faced with the problem of (a) finding a candidate for
the stratification and (b) verifying the Whitney conditions. Since
nothing was known of the problem, it seemed sensible to start with

the first non-trivial examples.

In the early 1970's Arnol'd (see [Ar] I & II) introduced a
contact = invariant classification of singularities of low modality.
The singularities of 0-modality form a Whitney Stratification as
there are only finitely many of these contact orbits in any jet space.
The unimodular singularities, however, present a problem, It is
with the first of these, the simple elliptic families i, E’? and ﬁa
that we shall concern ourselves,

This thesis is divided into three parts. In part 1 the
necessary background material is introduced, and some extensions have
been added to Porteous' formulae for intrinsic derivatives « We
also prove a lemma establishing criteria for a stratification to be
Whitney A - regular, In part 2 Whitney conditions are verified for
the "obvious" contact-invariant stratification of the simple and
simple elliptic singularities with the aim of giving geometric insight
to the problem. In part 3 the natural stratification of the complex
jet space J3(3, 1) and 3*(2, 1) compatible with the contact action
are shown to be Whitney Regular.

(6,W.P.L.) Gibson, et.al. - "Topological Stability of Smooth Mappings"
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INTRODUCTION

The crucial step in thelproof of the Topological
Stability Theorem [G.W.P.L.] is the construction of
certain contact-invariant Whitney Stratificationsof the
sufficient jets in the jet space Jk(n,P). It is
well-known that if there are only finitely many contact
orbits, these provide a Whitney stratification; but
in general one is faced with the problem of (a) finding
a candidate for the stratification and (b) verifying
the Whitney conditions. Since nothing was known of
the problem, it seemed sensible to start with the first
non-trivial examples.

In the early 1970's Arnol'd (see [Ar] I.II)
introduced a contact=invariant classification of
singularities of low modality. The singularities of
O-modality form a Whitney Stratification as there are
only finitely many of these contact orbits in any jet
space. The unimodular singularities, however, present
a problem. It is with the first of these, the simple

n/

Y
E and E_, that we shall concern

Wi
elliptic families E 0 8

6'
ourselves.

This thesis is divided into three parts. 1In

Part I the necessary background material is introduced,



and some extensions have been added to Porteous'
formulae for intrinsic derivatives (see [bo]). We
also prove a Lemma establishing Eriteria for a strat-
ification to be Whitney A-Regular. In Part II Whitney
conditions are verified for the "obvious" contact-
invariant stratification of the simple and simple elliptic
singularities with the aim of giving geometric insight
to the problem. In Part III the natural stratification
of the complex jet spaces J3(3,1) and J4(2,l) compatible
with the contact group, are shown to be Whitney Regular.

Firstly, I must offer deepest gratitude and
appreciation to my research supervisor Dr. C.G. Gibson
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to Prof. C.T.C. Wall, Dr. I.R. Porteous, Dr. P.J. Giblin,
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conversations.
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- CHAPTER I

- SOME BASIC DEFINITIONS AND LEMMAS

This Chapter is intended to serve as an
introduction to the idea of Jet Space, Group Action,
the Simple Singularities and the families of Simple

Elliptic Singularities, and Whitney Regularity.

Germs and Jets

Jis s Let N and P be topological spaces and let xe€N.

Let fl be the set of all C . maps f£: (»P where y is a
neighbourhood of x in N. An equivalence relationn

can be defined on fl as follows: for fl:U1+P and

f2: Uz-rP in fl' flﬂuf2 if there exists a neighbourhood
uCy,NU, of x in N such that flIU = f2lU. The equivalence
classes are called germs at x of the map from N to P.

~

Denote by f:N+P the equivalence class containing

f:U0»P. (f is called a representative of the germ). We
can compose and invert germs and also take their
differentials in the obvious way using representatives.
(See [MalIII).

We shall denote the set of germs E:(Cn,0)+¢

-of analytic functionsat O by 6%. Eh has a natural



C-algebra structure induced by the algebra structure of
C.
SEn _p ; & :
Let f:€ +C be a germ such that f(0)=0; i.e.

n
£e(G ,0)+(¢n,0) . There exists an algebra homomorphism

¥
f‘*:&’p-»gn given by f (g)=gof where ge¢ '%

L2 -Define‘nzn to be the set of germsf:¢n+0: such

that £(0)=0 i.e. germs f:(d_‘,n,O)ﬁ(d‘,O). We have the

following:

Lemma:

(1) 'ng A is the unique maximal ideal of the algebra

£ .

n

~ ~

(2) /A 4 is generated by the germs Zl,——--,Zn where

zl,---,zn is a system of local co-ordinates

of C".
k
(3) ’né n consists of those germs which wvanish at O

together with their derivatives of order <k.

Proof:
See [MalIII.
0 ) 5
L2 3 Let N and P be C -manifolds and let fl,fZ:(N4x)+

"~

(P,y) be germs of e mappings. f1 and f2 are said to be

el ; W LT, s z 1-_ ¥ k+1 K
k=jet equivalent if (fl fZ)‘r'Z;p C’PZN where:



{germs £:(P,y)>(€,0)} and

6 p
N

The equivalence classes are called k-jets at n

{germs %:(N,x)+(¢,0)}.

of Coo maps (N,x)=(P,y). Denote by‘jkf(x), the

equivalence class at x containing £.

We have the following useful lemma.

Lemma :

~

Let fl, fzz(N,x)+(P,y) be map germs. Then

jkfl(x)=jkf2(x) if and only if the partial derivatives

of fl and f2 (with respect to some, and hence any,

system of local co-ordinates) agree for all orders <k.

Proof:

See [G.W.P.L.] Chapter III.

In particular, given a germ f: (¢®,0)>(€,0),
k

j £(0) is that part of the Taylor Series for any

~

representative £ of f which contains terms up to and
including those of degree k in the variables

Zl,-——,Zn. i.e. jkf(O) is a polynomial of degree <k

in Zl,---,z-n, the standard co~ordinates in ¢n, with

complex coefficients.



k
1.4: Using the notation of jets we can say thatﬂ%n

consists of those germs whose k-1 jets vanish at O.

5% The set of all k-~jets at O of germs §=(¢n,0)+(C,0)
inﬂzn is written as Jk(ntl}. There is a natural bij-
ection between Jk(n,l) and 7Y /qﬁk+l; if ; and ; e

n n
then jkf(0)=jkg(0) if and only if %-; sﬁink+l. The
operations on representatives of the jets then
induce corresponding operations on Jk(n,l) showing that
Jk(n,l) has aC -~vector space structure. We may take,
as the standard basis for Jk(n,l), the k-jets at O of
all non~constant monomials in Zl,———,zn of degree <k.
So, as a({ -vector space, Jk(n,l) = €% where a=(n;k)-l.
These isomorphisms will induce a differential structure
on Jk(n,l) making Jk(n,l) a differentiable manifold.

' k
Hence we may consider the elements of J (n,l) as

polynomials of degree <k in the variables Z_,~~-~,2

1 n

without constant term.

6 If r<k, two germs f and g which have the same

k-jet at O will clearly have the same r-jet at O. This

k k r
gives rise to a natural projection Ir : J (n,1)»J (n,l)

which is defined by "forgetting higher order terms".

There also exists, for each non-negative k, a cannonical




. k .
projection T ;q;+Jk(n,l) which assigns to each germ

i gl 3
-Tr k.'iT.

its k-jet at 0. If rs<k, then 7*

s It is useful to note that, if f:(Cn,0)+(¢P,0)

and g:((?,O)+(¢Q,O) are germs, the k-jet at O of gef
depends only on the k-jets at O of £ and g. 1i.e.

.k .k R

3 (gef) (0)=j g(@)ej £(0) where f and g are representat-

~ ~

ives of £ and g.

k
L. 8 Since J (n,1) is a differentiable manifold

o +k k
~ £ wherew(=(nn )~1, the tangent space to J (n,l) at
k
any element jkf(o) of J (n,l) can be identified with

Jk(n,l). i.e: T Xk Jk(n,l)=Jk(n,l).

j £(0)
Group Actions
1.9 Let G be a group and Maset. A (left-) action

of G on M is a mapping 2:&M3%M given by ¢(g,m)=g.m such

that:
(i) l.x = x for all xeM, 1 the identity of G
(ii) g.(h.x)=(gh) .x where gh is multiplication in G.

Let xgM. The orbit of x = G.x is defined to be

“fquxfoect.



Let G be both a group and a differentiable
manifold. G is called a Lie Group if the following.

maps are differentiable:

(i) GxG*+G given by (g,h)rgh

(ii) G+G given by gwgql.

2103 We shall now look at the action of a special

group on the space of germs f:(ﬁn,0)+(¢,0). Let Ln

—_—

be the set of invertible germs ¢:(¢n,0)+(dP,OL Ln is
a group by considering the group action to be composition
of mappings.

Two germs f fzz(dp,0)+(¢,0) are said to be

l!

R-equivalent (right-equivalent) if there exists a

= 1 . ~J
¢eLn such that f2 fl¢. We write 'fl X f2.

N.B. The group Ln acts onﬂgn by composition on the
right., The orbits are just the right-equivalence classes

inqzh. We shall denote the orbit through f by R.f.

LoiEls We now want to restrict the action of the group
J k (k)
Ln to the jet space J (n,l). Let Ln be the group

under composition of k-jets of elements of Ln'

k k
Two jets jkf and j f2 € J (n,1) are said to

be R(k)-equivalent (right=equivalent) if there exists

1




2 k X ok Y S
a k~jet j ¢e L (k) such that j f2=j fl!] ¢=jk(fl-¢).

k
We write :j fl %) | f

(k)

k
Also, from (1.7), the action of Ln on J (n,1)

is well~defined. The orbit through jkf(o) will be denoted

by R¥) 05¥e,

A R The group Ln(k) is a Lie Group; it can be given

the structure of a C ~manifold in much the same way

as Jk(n,l). (See [Mal III). The orbitsof the action

(k)

of Ln on Jk(n,l) are all complex manifolds; in

fact, they are non-singular constructible sets. (See

[Mal V).

113 Let f:(&?,0)+(¢,0) be a germ in?ﬁn. Define Jf,

the Jacobian ideal of £, to be the ideal in En generated

by gg —— %%— where Zl ———,Zn are the local co-~
1

"~

ordinates in €' and f in any representative of f£.

Lemma:

~
Let £ e?@m and jkfeJk(n,l) where k is a non-

negative integer. Then the tangent space to the orbit

(k)

& f at j f, written as Tjk R(k)‘j £, is given by

Wk(ﬂ%Jf).

£



Proof
See [Was.]
: ! (k) .k .
Remark: The codimension of R .J £, written as
k k
codimR( ).jkf, is equal to din:r J (n,l)

-

nk(ﬁ%Jf)

lal

= 2
1.14: Let fe@L . The right codimension of £ is

defined as follows:

R-codim £ = dim 252 5
£

1.15:  Propesstion:

Let feq% be a germ of finite codimension. The
codimension of the orbit R°f inﬂgn is equal to the

dimension °fﬁ§¥?h as a vector space over .
1 £

Proof:

See [Mar.]

Remark: This allows us to think °f°%n Jf as the

tangent space to R+f in?%n.



Simple and Simple Elliptic Singularities:

1,16: Consider the action of GxM>M of a finite~
dimensional Lie Group G on a finite dimensional manifold

M.

" Definition I:

Let G*x and G*y be two orbits of the above

group action. Then G*y specializes to G'x if at

some point x (and hence any point) of G*'x any

L]
neighbourhood of x in M meets G.y.

Definition II:

An orbit G+x is simple if a sufficiently small
'

neighbourhood of one point x (and hence any point) of

G+x meets only finitely many orbits,

Definition TIII:

An orbit G-.x is simple elliptic if (i) it has
finite codimension and (ii) a sufficiently small neigh=-
1

bourhood of one point x (and hence any point) of G-+x

meets only finitely many orbits of smaller codimension.

Remark: If we replace neighbourhoods by local trans-
versals the above definitionsapply, even in the infinite
dimensional case, to orbits of finite codimension, (See

06 e M 2
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i) e Let fe@h. f is said to be a simple (resp.

simple elliptic) germ if, for sufficiently large r(i)
(x)

n

: X
its orbit given by the action of L on J (n,1l) is

simple (resp. simple elliptic), and (ii) the number of
orbits specializing to Lér).jrf remains bounded as

F ekl

~
2
If fen% , £ is called a singular germ or a

singularity.

18z Theoremnm:

™~ 4 ~
femﬁ is simple if and only if £ is of type Ak'

Dk' Ek where:

NORMAL R~ ADDED
FORM TYPE CODIM. CONDITION
k+1
+ + - 2
Zl Z2 Q Ak k=1 k=1
2 k-1
+ + - 2
zl Z2,+2, +Q D, k-1 k=4
+ + 5 -
Z1 22 Q E6
A 6 -
Fy Ty L,
Z. +Z 5+Q E 7 -
1 2 8
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Proof:

See [Ar.lI or [sil.

1.19: Theorem:

~ a ~

fev% is simple elliptic if and only if f is of

.
: BE_ where:

type E_, E
gL Tl

NORMAL R~ ADDED
FORM _ TYPE | CODIM. | CONDITION

3 3 3 ~ 3

+

a4, 5, +‘[le223 Q| E, 7 A 43

4 2 2 ~ 2
Z, +,[zl Z, 43, 42+ | E, 8 L

3 202 6 2 ~t 3 27
2, +,('zl 2,42, +2.°4Q | g 9 L% 2

Proof:

See [Ar]lII or I[sil].

1,202 Proposition:

The following is the specialization diagram for
(the R-orbits of) the simple and simple elliptic singul-

arities.
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> > > > > ik
Al A2 A3 A4\ A \ A.? AB 7
5 % B A B
D4 D \ Ds
EB

\ \ v

£

8

where Al——)Az means A, specializes to A

1 2.

Proof:
See [Arl]I.II or [Si]. The work in Chapters V,

VI, VII will also verify the specialization and non-

~

E = d ~
specializations to EG' E7, ES.

Whitney Regular Stratifications:

n
121 Let X and Y be disjoint submanifolds of C

and let xexn§. Y is said to be Whitney Regular over X

at ¥ if, given sequences {yi} in ¥ and {xi} in X each
convaﬁing to x such that the unit vector in the direction

% "YWV and Ty,YeT, veTt. Y is said to be Whitney
n

Reqular over X when it is at each point in X. (N.B.:
This condition was originally called B-regularity by

Whitney) .
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Remark: This definition works equally well for X,Y

disjoint submanifolds of a differentiable manifold M.

1,223 Now let Y be a submanifold of d.‘n and X a vector
subspace of(En. Let'ITX be the orthogonal projection

of mn on X and n(y) 5e the unit vector in the direction
from m (y) to y where yeY. We have the following

proposition.

Propositions:

For X,Y as above and xeXﬂ§, Y being Whitney
Regular over X at x is equivalent to the following

two conditions:

(a) Given a sequence of points {yi} in Y tending

to x such that TyY tends to T, then TxXc T

I
(B ) Given a sequence of points {yi} in Y tending
to x such that T .Y tends to T and n(yi) tends

i
to v, then vert.

Proof:

See [Wal.
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L.23s Proposition:

Let X,Y be as above and xeXn?. Let ﬁy denote
the orthogonal projection normal to TyY. Then conditions

L)
A and B are equivalent, respectively, to the following:

(a ) For any VeX, Iny(v)[ 0 as y>X,
(B ) ITry(n(y))I 0 as y9x.
Proof:
See [Wal.
1.24; Let M be a differentiable manifold. A partition

of M into smooth submanifoldsxi is said to be

stratification of it satisfies the following.

Local Finiteness Condition: each point has a neigh~

bourhood meeting only finitely many of the Xi.

Each Xi will be called a stratum. The stratification

is said to be Whitney Regular if it satisfies the

following.

Whitney Condition: Let X and Y be strata; then for each

xexn§, Y is Whitney Regular over X at x.



i)

I
25 Let.;g be a stratification of a differentiable

e

L]
manifold M and let f£f:M3M be a differentiable mapping

3 L]
transverse to all of the strata of{ . The ‘induced
-1 1
stratifi gg;ign.ﬁp of  f (M ) is said to be the strat-

2 . 1 y _l L] L]
ification with strata X.=f (Xi) where Xi is a stratum

il
]
ofoﬂ .

Lemma:

I
Let f:MaM be a differentiable mapping tranverse

i
, and lets[ be the induced

I

to a stratificationaq of M
- I '

stratification of £ 1(M ). Ifd is a Whitney Regular

stratification, so isJ.

Proof:

See [G.W.P.L.I.

1.262 A class of constructible subsets of Cn is defined

to be the smallest Boolean algebra of subsets of C'
which contains all sets of the form {'sz.‘.n]'f(z)=O}

A E n n )
and {zeQ@ |g(2)%0} with £:§—=C and g:{ > € polynomial

functions.

Theorem (Whitney):

Let X and Y be disjoint non-singular constructible
1 LA -
sets in€ and let B(X,Y) be theset of points xeX where

Y fails to be Whitney Regular over X. Then (i) B(X,Y) is
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a construbtible set and (ii) dim B(X,Y) < dim X.

Proof:

See [Wh.]lI and [Wa.l.

o2 Remark:

t
It is easily seen that given M, M submanifolds

L] ] L] "
of €" with Y,X(Y ,X ) strata of M (M ) and xeX (x €X )

|
and f:M9M a diffeomorphism mapping Y,X,x to Y , X ,

1
X respectively, Y is Whitney Regular over X at x if

1
and only if Y is Whitney Regular over X at x .

1.28: Letdﬂ be a stratification of a differentiable
manifold MSGF whose strata are all constructible sets.

gliS said to satisfy the Homogeneity Property if for any

two points xl, x2 on the same stratum X there exists a

diffeomorphism of a neighbourhood Ul of X, in M onto a

neighbourhood U2 of X, in M which (i) takes X, to X,

and (ii) preserves the strata.

Lemma:

Let G be a Lie Group acting on a smooth manifold
MS(P. If the action has only finitely many constructible
orbits the stratification-i, given by the orbits, is

Whitney Regular.
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Let X, Y be any two strata in ¥ with XNY49.
By Whitney's Theorem (1.26) there exists at least one
point x in X such that Y is Whitney Regular over X at
The orbits have homogeneity property (the diffeo-
morphism being given by the group action). Since
Whitney Regularity at a point is preserved by diffeo-
morphism, Y is Whitney Regular over X. Also each
stratum will have at least one non-singular point, so
by the homogeneity property every point is non-
singular; and the strata are manifolds. Henceuf is

a Whitney Regular Stratification.

=
o
o
an

Let Xy arnnry yp be the standard co-ordinatesin

6

Lemma:
Let ch!nx(IP be constructible in yl,-—-——,yp and
non-singular. ThenY is Whitney Regular over any open

subset X of the subspace defined by yl=o,———,yP=0.

Proof:
It suffices to establish Whitney Regularity
over the subspace itself. Note that there is an

obvious homogeneity property: given any two points in
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the subspace there is a diffeomorphism of the ambient
space (a translation) which takes one point to the other,
and leaves Y invariant. By 1,27'it suffices to establish
Whitney Regularity at just one point and this follows

immediately from Whitney's theorem.

1.30: Let X, YSQ" be differentiable manifolds and
. m

——-,Ym be open subsets of Y such that Y=UYi.
1

let Yl'

Let X£§i for each i. Then Y is Whitney ‘Regular over

X if and only if each Yi is Whitney Regular over X.

Proof:

(=) obvious.

(=) Suppose Y is not Whitney Regular over X at x. Then
4 a sequence fyii in Y and a sequence infin X such that

Y =X, X.—2x, T Y9T, unit vector in direction E S O ),
i i ¥; 19
m
and V§T. Since Y=UYi there must be a subsequence
i
. ¥ in some Y with ¥y .- x and —V. <
ayl'i x With y. = x an X, ¥, Also Ty. Y
J J J i
J
/
TY Y and T YITET but 2§ T-_:)Yk is not Whitney
1. Y.
i
2 J

Regular over X at x.

13 Let V be a finite dimensional Euclidean space,

!—l

.3
X a ldnear isubspce,rad ,Wki..tkel qbthﬂgwmal. pnojec.tLO'm
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on X. A differential submanifold Ye¢V, ynX=@g, is

said to be nicely-positioned over X when for any point

yeY, the vector y-wx(y) lies in TyY.

Lemma:
With X and Y as above, assume Y is nicely
positioned over X. Then Y is Whitney Regular over X

if and only if Y is Whitney A~Regular over X.

Proof:
necessity: Whitney Regularity implies A-regularity

(lemma 1.22). sufficiency: The condition that Y is

nicely positioned over X implies B -regularity and

n ]
A+B regularity is equivalent to A+B regularity which
is equivalent to Whitney Regularity. (Adapted from

1.22 and 1.23).,

Transversals:
1A Let ¢ be a differentiable action of a Lie Group

G on a differentiable manifold M. By a transversal
S at a point xeM we mean a submanifold S of M with
xeS which is transverse to every orbit.
The following three lemmas will prove to be very

useful indeed.
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Lemma I:
Let M, G be as above. Then for any xM there
exists a transversal S at x which is transverse to every

orbit in M.

Lemma IT:

Let XEM be invariant under the action of G. A
necessary and sufficient condition for X to be a sub~
manifold of M is that every point in X has a trans-

versal S for which XnS is a submanifold.

Lemma III:

Let X, Y&M be submanifolds invariant under the
action of G. A necessary and sufficient condition for
Y to be Whitney Regular over X is that each point x in
X has a transversal S for which YNS is Whitney Regular

over XIS at x,

Proof;

See [Gi] who uses slice instead of transversal.

1,33 For the above three lemmas to be useful, we
shall require specific transversals to work with. The

homogeneity property for orbits implies that we need

restrict ourselves to only one point in each orbit.
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In practice, we shall construct the transversal as

follows, in the case of R=equivalence.

Lemma :
If kH'c: J_and if the ( of) b, ,~=~
'rlzn 'bzn £ i cosets 1’ '
br form a basis for the €~ vector space ’}1@33—, then
7’{,n &
k kK ¢
] bl,—-—,j br form a basis for the {-vector space
Jk( 1) k k
SThe ) SRR O | bl,-—-,j br form a basis for a

k( J_)

U GZn £
.k

space complementary to the tangent space at j £ to the

orbit R(k) ' jkf in Jk(n,l).

k+1 E
(N.B.: ‘han & 7szf'=}cod:Lm f<w) ,

We then take the transversal at £ to be f+vlbl+

: $ .k .k
_-_+\err \Jiséfwhen working 1n’IZn ; and 4V ] bl+
.k : k .
9. 3 b \Jied: when working J (n,1l) for k sufficiently

k
large. (i.e. The transversal at f [resp. j f£1 to the

orbit R*f [resp. R(k) -jkf] is a universal unfolding).
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" CHAPTER II

WHAT IS MEANT BY A WHITNEY STRATIFICATION OF THE SIMPLE

SINGULARITIES AND THE SIMPLE ELLIPTIC FAMILIES

The purpose of this chapter is to define and
describe the stratification of the simple singularities
and the simple elliptic families; and to establish various
lemmas which will simplify the verification of the

Whitney Regularity conditions,

fa)
2,13 Let féﬂg. E is said to be right k-determined

(k 2 non-negative integer) if for any §e1n,jkg(0)=jkf(0)

A
implies a%if . The minimum such k is called the degree

A A
of determinacy of £f. £ is finitely determined relative

'Eg_jiif g is right.- k~determined for some non-negative
integer k.
Let 7°£(0)63P(n,1). Then any jP£(0) is called
right k-determined (k£p) if for all 35g(0)€J¥(n,1) with

17‘,]; 'f=’T§; g in 5~ (n,1), there exists a j?'F(O)GLr(Lp)

such

that f=ge

—.E)h

Remark: As we shall only be considering right equivalence,
it will be convenient to just say that a germ f is

k~determined.
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2.2 Lemma:
A
If feff is k-determined (ka non-negative integer)

and jkf(o)mjkg(O) where aeﬁh, then
2

(i) § is k-determined and (ii) gnf.

Proof:
See [Si].
2.3 Theorem (Mathe:):
k k+1
€ s A < + 7 . i
Let-? "’rén and le 'Tién_ J(an 51 Then ?. is
k-determined.

Corollary I:

A k+1 . . A
Let ffz;. If 7 "£(0) is k-determined, then £

is k+l=-determined.

Corollary II:

A A
Let fﬂzn. Then f being k~determined implies
7&n C‘nﬁan'

Proofs:

See [Br] Chapter XI.
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2.4: We must now try to make sense of the statement
"A Whitney Regular stratification of the simple singul-
arities and the simple elliptic families". Since?Ean
A
is infinite dimensional when f is one of Ak' Qi, Ei'
(4] .
Ei A.(k31'1;4'1 =6,7,8), since little can be said of
r
the action of Ln on7Zn, and since the topology on )gn
is rather complicated the Whitney conditions as such
are not applicable. We shall say that a partition‘f
of bset of i hitn h r some sufficientl
(a su )an.ls W ey when fo me sufficiently

large non-negative integer k, and then for all p2k,

k k
Vs (?) is a Whitney Regular Stratification in J (n,1l).

21973 The partition'P must satisfy the following
conditions:

(1) Iff;UYi, the sets Yi must be invariant under
the action of Ln and must be unions of Ln—orbits
in?Zn.
(ii) The codimension inq?gn of any germGYi must be
the same at each germ of Yi and must be finite,
(iii) If a set Yi is composed of a union (perhaps
infinite) of orbits each germ of each orbit
must have the same determinacy.
(iv) If the germs in Y, are all q ~determined, 7Tg(Yi)

must be a differentiable manifold in Jq(n,l).
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P
-1, .9
Then 7 (¥,)=() " (TY,) is also a differentiable

P
manifold in Jp(n,l)V pzZq as 77‘.-1» is a submission.

(v) There exists a positive integer g such that

7 (P) is locally finite in Jd°(n,1) for all

pz9g.

Remark: It will prove convenient to denote the group

Ln by R and Lr(lg) by “’ﬁg.

2.6 We shall consider the following partition f
of the subsetmn of 'fg'n consisting of the union of the

simple and simple elliptic orbits:

(a) Each simple orbit £Ak' ﬁ'DL'-E'Ei is to be
taken as an individual set Yi in i'? Call these
Yi simple and denote by (Ak) etc..,
(b) Each of the simple elliptic families AU‘{'.fE:ui 1
A

is to be taken as an individual set Y in "'ﬂ ‘

A
Call these simple elliptic and denote by (Ei L) .
T

Clearly the partition £ satisfies conditions
Q) (i), (lit], (19). . To ahow that T°satistiag
(iv) as well requires a little work. For the simple sets
9
: ‘ - q ik L 7

9 9
= .ﬁ'ngi' ﬂq (ﬁ.Ei)= ﬁ.j?Ei which are non-singular
















































































































































































































































































































































































































































































































































