arXiv:2311.04045v2 [math.PR] 30 Sep 2024

Weak convergence of continuous-state branching
processes with large immigration

Clément Foucart*! and Linglong Yuan *

October 1, 2024

Abstract

Functional limit theorems are established for continuous-state branching processes with immi-
gration (CBIs), where the reproduction laws have finite first moments and the immigration laws
exhibit large tails. Different regimes of immigration are identified, leading to limiting processes
that are either subordinators, CBIs, extremal processes, or extremal shot noise processes.

Key words. Continuous-state branching process, Immigration, Functional limit theorem, Subordi-
nator, Extremal process, Shot noise process, Regularly varying function.
MSC (2020): primary 60J80; 60G70 secondary 92D15; 92D25

1 Introduction and main results

The objective of the article is to establish some functional limit theorems for continuous-state branch-
ing processes with immigration (CBIs). Those positive Markov processes have been defined in the
seventies by Kawazu and Watanabe [[X\W71] and can be seen as analogues of Galton-Watson processes
with immigration (GWIs) in continuous time and space.

CBI processes are characterised in law by two Lévy-Khintchine functions ¥ and ¢. The branching
mechanism WV is the Laplace exponent of a spectrally positive Lévy process and governs the dynamics
of reproduction in the population. The mechanism of immigration & is the Laplace exponent of
a subordinator (i.e. an increasing Lévy process). More background on CBIs and recalls on their
semigroup, infinitesimal generator and their Poissonian construction, are provided in Section 2.1.

The question of how to renormalise, possibly in a nonlinear way, the one-dimensional marginals of
CBI processes has been addressed in Foucart et al. [FMY22]. We refer also to the references therein
for previous works on this topic, see in particular Pakes [Pak79] and Pinsky [Pin72]. Recently, a
functional limit theorem for GWIs has been established by Iksanov and Kabluchko, see [[I{18]. They
found an interesting regime of immigration for which the limiting process arising is an extremal shot
noise process. The latter is a generalisation of the extremal processes (i.e. the successive records of a
Poisson point process) which incorporates a drift mechanism. Among other things, we will establish
the analogue statement as [[KX18, Theorem 1.1] for CBIs. Our proof is based on different arguments
and enables us to address other regimes as well.

Extremal shot noise processes (ESNs for short) have been studied by Dombry [Doml2] in the
setting of random fields. They have been then explored from the perspective of Markov processes in
[['Y23]. Their definition is recalled later in this section and more background on them is provided in
Section 2.3.
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In this article, we assume that the branching dynamics has a finite mean, i.e. ¥/(0+) > —o0
and we consider mainly immigration with infinite mean, that is to say ®'(0+) = oo, or equivalently
[~ hv(dh) = oo, with v the Lévy measure associated with @. Throughout the article, we refer to v as
the immigration measure. Recall that it satisfies Lévy’s integrability condition, f0°° 1Ahv(dh) < oo.

We further distinguish two regimes of immigration. The immigration measure v is said to have
a log moment when [*Inhv(dh) < co and no log moment if this integral is infinite. As a matter of
fact, the following equivalence holds and will play a role hereafter, see e.g. [FMY22, Remark 7]:

b
() dz = oo for some 6 > 0. (1.1)
x

) %
f1 Inhw(dh) = oo if and only if fo

As observed in [Pin72] and [FMY22, Theorems 1 and 2], see also Keller-Ressel and Mijatovic

[[KRM 12, Theorem 2.6], when the mechanisms of the CBI satisfy the integrability condition /09 |§((:;§\ dz <

oo for some! 6 > 0, the immigration and the branching dynamics align in some sense. Indeed, in this
case, when W is (sub)-critical, i.e. U/(0+) > 0, the process is positive recurrent. Conversely, when ¥
is supercritical, i.e. ¥'(0+) < 0, the CBI process grows towards oo along the same rate as the pure
branching process with mechanism ¥ on its event of non-extinction.

On the contrary, when for some 6 > 0, fog %dx = oo, the immigration becomes highly active and

can dominate the branching dynamics. As first noticed in [Pin72], and further explored in [FMY22],

the extent of this “overtaking” actually depends on how fast the integral |, 50 %dx tends to co as

e > 0. We will focus on this setting. Notice that when W is non-critical i.e. ¥/(0+) # 0, plainly by

1.1), one has the equivalence: 6 2(2) G2 = 0o for some 0 > 0, if and only if v has no log moment. We
0 ¥ ()]

stress moreover that only in the critical case, i.e. U/(0+) =0, the immigration measure can have a log
moment and a mechanism @ that satisfies foe %dx = 00.

The limiting processes that arise in the functional limits fall into four categories. When v has a
log moment, the processes obtained at the limit are subordinators or CBIs. Typically, when v does
not have a log moment, extremal processes or extremal shot noise processes emerge.

Notation. We denote by I the Skorokhod space, that is the space of cadlag functions from
R, :=[0,00) to R, equipped with the Skorokhod distance. We refer to Billingsley’s book [Bil99] for
those notions. The weak convergence in the Skorokhod sense is denoted by ==. The convergence

in the sense of the finite-dimensional distributions is denoted by f'd:'dS. For any Borel measure m on
(0,00), we denote its tail by m(x) := m ((xz,00)) for all z > 0. We take the convention 1/0 = co and
1/o0 = 0. For all real numbers a,b, we set a v b := max{a,b} and a A b := min{a,b}. For any injective
function f, we denote by f~! its inverse function. For any function f, let ||f| denote the uniform
norm of f. The space C'™ denotes the functions that have derivatives of all orders, all continuous.
Last, for any positive function f, we write [ f(z)dz < co when f is integrable on an interval (0,6) for
any small enough 6 > 0. Similarly [ f(z)dz < co means that f is integrable on (,00) for any large
enough 6 > 0.

Recall that a function ¢ is said to be regularly varying at oo (resp. at 0) if p(Ax)/p(z) - A“
as z goes to oo (resp. at 0) for any A > 0 and some index a € R. When « = 0, the function ¢ is
slowly varying. If ¢ is strictly increasing, regularly varying with index a >0, ¢! is regularly varying
with index 1/a. Regularly varying functions and their fundamental properties, such as Karamata’s
representation theorem and the uniform convergence theorem, will play an important role in this work.
We refer the reader to Bingham et al. [BGT89] for those notions.

We state first a proposition focusing on regularly varying mechanisms. In this context, the branch-
ing mechanism W is critical, the CBI processes can be linearly renormalised and their limiting processes
are either subordinators or CBIs.

tand then for all small 6 > 0



Proposition 1. Let (Y;,t >0) be a CBI(V,®) whose mechanisms satisfy

U (x) e det*l(z) and &(x) e d'zP0(z),

for some function £, slowly varying at 0, d > 0,d" >0 and «, 3 € (0,1] such that B < «.

Then
(&7 (1/t)Yet,5 2 0) —> (X552 0), (1.2)

— 00

where (Xs,s>0) is a CBI(V,®) started from 0 with
U(z):= %x“o‘ and @(z) = 2% if B = o,
U(z):=0 and &(z) =2" if B <.
P(x)

Remark 1. i) In all cases of Proposition 1, by the assumption 8 < «, we have /0 \I,(x)dx = oo.
Furthermore, when 5 < 1, the immigration measure possesses a log moment. Indeed, we have

plainly [, @dx < oo, which by (1.4) allows us to conclude. In the case § = o = 1, the finiteness
of the log moment depends on whether [ ¢(z)dz < oo or not.

ii) When § < a or d = 0, the limiting process X is a CBI(0,®), namely a stable subordinator with
Laplace exponent &.

iii) In the case 8> a, we have [, %du < oo and the CBI admits a limiting distribution. Regarding

functional limits of the form (1.2), this is a degenerate case, as for any fixed s > 0, Yy; converges
in law towards the limiting distribution as ¢ goes to oco.

Remark 2. The CBI(¥,®), X, is self-similar of index o, see e.g. Patie [Pat09, Lemma 4.8]. According
to Duhalde et al. [DFM14, Example 1], X is recurrent (resp. transient) if d'/d < a (resp. d'/d > «).
Moreover, X hits 0 with positive probability if and only if d’'/d < «. In this case, heuristically, there
are random times s, at which the process (Yy,¢ > 0) stays smaller than 1/¢71(1/t).

When the immigration measure v has no log moment, it has been observed in [FMY22, Theorem
3 and Corollary 1] that when the branching mechanism is non-critical, no linear renormalisation of
the CBI process is possible. This can be explained by the fact that some immigration arrivals are
so large that they may overwhelm the extant population and change radically the rate of its growth.
This phenomenon is reflected by some extremal behaviours in the CBI processes.

We shall indeed find conditions on the immigration mechanism @, see the forthcoming assumption

H, under which the limiting process that will arise is a so-called ESN process. The latter takes the
following form

(Ms,520) := (Os<u1<) (u-v(s-u)),s>0), (1.3)

where v € R and NV := 3,50 d(u, ¢,) 18 @ Poisson point process (in short PPP) with intensity dt x du, for
some measure 4 on (0, 00) such that ji(x) < oo for any = > 0.

The process M in (1.3) is an ESN process based on the measure p with slope —y. We write for
short ESN(v, ). When v =0, M in (1.3) is a classical extremal process based on the measure u. We
refer to Resnick’s book [Res08, Chapter 4.3].

We now introduce and explain our main assumption regarding the immigration mechanism .
Under this assumption, after renormalisation of the CBI, extremal shot noise processes will emerge as
the limiting processes.

Assumption (H).

x> z®P(e) is reqularly varying at oo and has a non-decreasing equivalent function.



Remark 3. Assumption H implies that @ is slowly varying at 0 and by Karamata Tauberian theorem
and monotone density theorem, see the proof of forthcoming Lemma 6 for details and references, one
has

2(1fy) = 7). (14)

Observe also that, when H holds, [ @(e™*)dz = oo, since ¢ = lim 2@(e™") € (0, 00]. By the change of
T—>00

(w)

T we get fo —~du = oo, so that v has no log moment.

variable u = e~

Remark 4. The regular variation assumption in H can be written more explicitly as follows:

36 € R and £ slowly varying at 0 such that z — zd(e™®) ~ z'7%0(z). (1.5)

The facts that x — @(e™) is decreasing and that x®(e™) ~ H(z) as x goes to oo, where H is a non-
decreasing function, imply that ¢ € [0,1]. Notice that if 6 € [0,1), i.e. x — 2®(e™™) is regularly varying
with positive index, then the existence of a non-decreasing equivalent function H is guaranteed, see
[BGT89, Theorem 1.5.3, page 22]. When § = 1, the map x — z®(e™") is slowly varying at oo and we
impose further in Assumption H that there exists a non-decreasing equivalent function £.

The assumption H covers two regimes:

Log case: z®(e™*) — ce(0,00), or Super-log case: xP(e*) — oo. (1.6)
Tr—>00

Tr—>00

When z —» z®(e™") is regularly varying but not slowly varying, i.e. 6 € [0,1) in (1.5), then we are in

the Super-log regime. The slowly varying case, for which 6 =1 in (1.5), lies at the boundary between

the two regimes. It depends on whether the limit lim z®@(e™) = lim ¢(z) is finite or not (the latter
Tr—>00 Tr—>00

exists in (0, 00] by assumption H).
The main contribution of this article is the following theorem.

Theorem 5. Let (Y;,t>0) be a CBI(¥,®) with ¥ #0 and b:=V'(0+) > —co. Assume H.
Then,

(m,szo)ﬁ:(m,szm, (1.7)

where (Mg, s >0) is an ESN(b/c, ) with ¢ := xli_)rgoxé(e’x) € (0,00] and p(dz) = dz/x?.
The convergence (1.7) also holds if we replace @ by an increasing function F equivalent to @ at 0.
Remark 6. 1. Theorem 5 includes also the critical branching mechanism for which 6 = 0. This

completes [FMY22, Section 3.4] where the one-dimensional laws (i.e. with s = 1) were studied
under extra assumptions on .

2. Observe that when b = 0 or ¢ = oo, the ESN process M shrinks to a classical extremal process
based on the measure p.

Remark 7. We shall see along the proof of Theorem 5, that when z®(e™™) — 0, (call it Sub-log
Tr—>00

case), the convergence of the form (1.7) cannot hold.

We describe now into more details the renormalisation function and the convergence (1.7).

In the Log case, see (1.6), we have

C

P(1/y) (1.8)

y—roo In(1+y)

Equivalently, by (1.4), v(u) ~ Set (M, s> 0) := (cMs,s >0). The convergence (1.7) can be
u—

¢
oo In(1+u) "

rewritten more explicitly as follows

1 -
(;ln(1+Yst),520) = (Ms,s >0).

—> 00
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The process M corresponds to the ESN process with slope —b constructed as in (1.3) from the PPP N
which is obtained as the image of A by & = c€. The latter has for intensity measure ji(dz) := ¢/z?dz.
We recover here the analogue result as obtained for the GWIs in [IIX18, Theorem 1.1].

Remark 8. The ESN process M (or equivalently M above) is self-similar with index 1, see [F'Y23,
Example]. It is transient if and only if b < 0, or b > 0 and ¢/b > 1. Moreover, M hits 0 if and only if
b>0 and ¢/b < 1. Similarly as in Remark 2, intuitively, this indicates that at certain random times s,
(Yst,t > 0) does not evolve at an exponential scale.

In the Super-log case, see (1.6), we have

€( In(1+ y))

~ 1.9
y—»oo In(1+y)d (1.9)

®(1/y)

with § € [0,1] and ¢ a slowly varying function at oo such that: if 6 = 0 then lim/¢(y) = 0, since
Y—>00

limy oo ®(e™) = 0; if 6 = 1, £ is non-decreasing (by the assumption H) and lim ¢(y) = co. The
y—00

equivalence (1.9) can be written in terms of the tail of v, see (1.4), as follows:

p(u) ~ In(l+ w)~0(n(1 +w)). (1.10)

—

Ezample 1 (see Example 1-(3) in [FMY22]). Let M be an extremal process based on the measure
p(dz) = dz/2z?. Both cases below are in the Super-log regime:

1. fo(u) ~ 1/In(1+In(1+wu)) then

1
(; In(1+1n(1+Yy)),s> O) = (Ms,s >0).

2. If 7(u) ~ In(1+In(1+wu))/In(1+wu)’, with § € (0,1] then

—

(1 In(1 + Yy)?

- >0 M;,s>0).
tIn(1+In(1+Yy)) )ﬁ?( 5520)
Notice that H is fulfilled in the case 0 = 1, since one can take ¢(y) := In(1+y) which is increasing.

We state now an aside result for subordinators. The latter can be seen as pure immigration CBI
processes, i.e. with branching mechanism W = 0.

Theorem 9 (Subordinators). Let (Y;,t > 0) be a subordinator with Laplace exponent .

(i) If @ is slowly varying at 0, then
! >0) L2 (A, s> 0) (1.11)
— 520 = ,52>0), .
td(1/Yy)' too 7

where (M, s > 0) is an extremal process based on the measure pu(dz) = da/z?.

(ii) Under the assumption H, the convergence (1.11) holds in the Skorokhod sense and one can replace
@ by any increasing function F equivalent to @ at 0.

Remark 10. We see that the renormalisation function and the limiting process are the same for the
subordinators and the CBIs in the Super-log case or in the Log case when b = 0, see Remark 6. This
reflects the fact that immigration drives the growth of the population in those particular regimes.

Remark 11. Theorem 9 is reminiscent to a functional limit theorem near time 0 for subordinators
obtained by Kella and Lopker [[<1.13] in the case @(x) ~ yInx as x goes to oo for some 7 > 0. We refer
also to Maller and Schindler [MS19] for another related study.



We have left unaddressed the case of a branching dynamics with infinite mean (b = —oc0) as well as
the scenario where ¢ = lim 2®(e™) = 0, which is excluded by our assumption H. In these situations,
€T —> 00

the ESN(b/c, 1) process is no longer defined. It is noteworthy that when b = —oo, the growth of the
CB process is almost surely super-exponential, leading to certain extremal processes, as discussed in
Foucart and Ma [FM 19, Theorem 1] and the references therein. The problem of designing functional
limit theorems of CBIs in this case is left for potential future works.

2 Background on CBI and ESN processes

The proofs of Theorem 1 and Theorem 5 will be based on the convergence of generators. We gather
here fundamental properties of generators of CBIs and ESNs. We refer the reader to [[XW71] or to
Li’s lecture notes [Li20] for a more recent account on CBIs, see [I'Y23] for background on ESNs.

2.1 Continuous-state branching processes with immigration

We shall focus on CBI processes whose branching mechanism has a finite mean. In this case, the
function ¥ takes the form

2 00
U(q) = bq + %(f + fo (e7% — 1+ gz)m(dz), (2.12)

with b€ R, 0 >0 and 7 a Lévy measure on (0, 00) satisfying [;° z A 22 7(dz) < 0o. The mechanism of
immigration takes the form

B(q) :5q+f0w(1—e_q$)u(dx), (2.13)

with 8 € Ry and v a Lévy measure on (0, 00) satisfying [;° 1 Az v(dz) < oo.
The semigroup of a CBI(W,®) is characterised by its Laplace transform as follows, see e.g. [Li20,
Theorem 5.6]: for A e R, and z € Ry,

E,le ] = exp (- 2v:()\) —/Otsﬁ(vs()\))ds), (2.14)

where the function ¢t — v;(\) is the solution to
0
avt()\) ==U(ve(N)), vo(A) =A. (2.15)

In particular, the CBI(W,®) is a Feller process. When ¥ = 0, namely when there is no branching,
ve(A) = A for all ¢, and the Markov process Y with semigroup (2.14) is nothing but a subordinator
with Laplace exponent @. For some background of subordinators, we refer the reader for instance
to Kallenberg’s book [I[<al02, Chapter 15]. When @ = 0, the process (Y;,t > 0) is a continuous state
branching process with mechanism ¥, in short CB(¥).

Denote by £ the generator of the CBI(W,®) and by D, its domain. Call C?[0,00) the set of
bounded continuous real functions on [0, 00) with bounded continuous derivatives up to the second
order. Denote also by D¢y := Vect{e,,z > 0} the linear span of exponential functions e, :  — e, (x) :=
e~ defined on [0, 00). For any f € C?[0,00) and z € [0, 0), see e.g. [Li20, Equation (7.3)],

Lf(x):= mL\Pf(x) + L(I'f(x)
02 ©0
= Taf" (@) ~baf @) +x [ (fo+u) - (@) - uf (@))n(du) (2.16)
+87@)+ [ (Flarw) - f@))u(dw), (2.17)

where LY and L? denote respectively the generator of a spectrally positive Lévy process with Lévy-
Khintchine function ¥ and that of a subordinator with Laplace exponent @¢. Moreover, one has for
any z € R, and all z e R,:

Le.(z) = (20 (2) - D(2))e. (). (2.18)

We shall need the following lemma providing a core and a subspace of the domain of CBIs.



Lemma 1. Let C*%([0,00)) = {f € C*([0, 00)) gﬁh_)rgof(m) =0 and xh_)rgox(|f"(x)| +|f'(x)]) =0}, then

Dopr € C*°([0,00)) € D
and Dcpi is a core for the CBI(V, D).

Remark 12. Note that C2([0,00)), the space of twice differentiable functions with compact support
in [0, 00), is included in C*°([0,00)) and then also in Dr.

Proof.  The first inclusion is trivial. For the second, according to [L.i20, Theorem 7.2-(4)], the process

(Wit>0):= (100 - [ £7 (Vs> 0)

is a local martingale for any f € C%([0,0)). If moreover, f € C*°([0,00)), then SUDPge[0,00) [Lf (7)] < 00
and the integrand s — L f(Y5) is bounded over any compact interval of time almost surely. This entails
that W is a true martingale, and since f and L f vanish at oo, by the reverse Dynkin’s formula, f lies
in the domain of Y, see e.g. [RY99, Proposition 1.7, Chapter VII|. Last, clearly by (2.14), the set Dcpr
is invariant for the semigroup. It is moreover a dense subset of Cy([0,0)), the space of continuous
functions vanishing at oo, and by applying [[<al02, Proposition 19.9], we see thus that it is a core.

2.2 Poisson shot noise structure and heuristics

We describe here briefly the Poissonian construction of the CBI processes and give heuristic arguments
explaining the convergence in Theorem 5.

Any CBI process admits a Poisson shot noise structure, see e.g. Li [Li20, Theorem 6.4 and Theorem
6.7]. When there is no drift term in @, i.e. =0 (no continuous immigration), the latter takes a simple
form. Indeed the CBI(W¥,®) started from 0 can be constructed in a Poissonian way as follows

(Ys,520) :( > Xg_u,szo), (2.19)

0<u<s

where M := 3,50 0(y,x+) is @ PPP on [0,00) x D, with intensity ds x n(dX) and n is the measure on
D defined by

n(dX) :fowu(dx)Pg(dX),

with PY denoting the law of a cadlag CB(¥) started from 2 > 0. Immigration arrivals occur along
the atoms of times of M and the Borel measure v governs the initial amount of individuals Xj at an
immigration time wu.

We now explain how the Poissonian construction (2.19) provides an insight into the emergence of
extremal behaviours in the limit.

By assumption, all the grafted CB(W) processes, X", have a finite mean. When starting from
macroscopic initial values, their order, on the interval of time [0, s], is approximatively Xé‘e*b(sfu) with
b:=U'(0+) € (—00,00). If the immigration measure v has a sufficiently large tail (no log moment), one
of those terms is so large that it is the only one to effectively contribute to the sum in (2.19). Hence, by
disregarding the immigration events starting from small initial values, we obtain the approximation:

(Ys,820) » ( sup Xge’b(s’“), 52> O).

0<u<s
For a given time s > 0 and an immigration time u < s, there are then two possibilities: either both
terms X and eltl(s=1) are of the same order (Log case) or eltl(s=u) g negligible in front of X§ (Super-log
case).
In the Log case (1.8), since for any v > 0, t7(e!”) — ¢/v, as t goes to oo, heuristically, the immigration
subordinator is “evolving at an exponential scale”. Hence, when Yy > 0,

1 1 1
n InYy ~ n In (sup Xé’eb(“”)) = sup (; In X" —b(s - ut)) —> sup (§u—b(s-u)), (2.20)
0 u<s

v<st ut<s



where u; := v/t and
Z 6(U7§u) = “lim” Z 5(ut,llnX(t)ut)’ (221)
ut>0

u>0 t=oo t

which turns out to form a PPP whose intensity measure has for tail i(v) = ¢/v. We see here how the
extremal shot noise structure (1.3) is arising.

In the Super-log case (1.9), regardless of whether b <0 or b > 0, the immigration is so strong that
the exponential factor e (5= in (2.20) is negligible compred to the initial value Xj. The log function
in the renormalisation will have to be replaced by a “slower” function, for instance L = Inln. As a
consequence, the exponential term will have no contribution to the limit process and the latter will be
a classical extremal process. Notice that the renormalisation function can take here different shapes.
This renders the study more involved.

Establishing (2.20) and (2.21) rigorously is the approach taken in [II{18] for handling the Log case
for GWIs. We will take a different path and work with generators, instead of point processes.

It is important to note that the process Y may well hit 0. To address this and the fact that the
log function is not defined at 0, we will later use a renormalisation function that is well defined at 0,
for both Log and Super-log cases.

2.3 Extremal shot noise processes

Let 1 be a measure on (0,00) such that ji(x) < oo for all z > 0. Recall that by definition, an ESN
process M based on the measure p with slope —y € R is a process of the form (1.3). We gather in the
following lemma some properties that we will need later on. Denote by C19([0,00)) the space of C*
functions vanishing at co and whose first-order derivatives are vanishing at oo.

Lemma 2 (Theorem 1 and Theorem 2 in [F'Y23]). For any v € R and any p such that [, i(x)dx = co.
(i) The process M is Feller.

(ii) The generator A of M has for core the space

Disy = {f € C1([0,00)) : [ |£(@)[f(w)dw < oo}, (2.22)

and for any f € Drsn :
Af@) = [T (F@) - £@))uldy) = 2f () for any > 0. (2.23)

Remark 13. Note that any function f in Drgy satisfies f'(0) = 0 since by assumption [, fi(z)dz = oo.
Moreover all functions in C 1’0([0, o0)) that are constant near 0 are in DggN. Last, Dggn is also a core
for the classical extremal process (v = 0).

In order to study the convergence of generators, we shall need the following technical lemma
ensuring in particular that one can approach any function in Dgrgy with functions in the domain of

the CBI.

Lemma 3. For any f € DgsN (recall that it implies f'(0) = 0), there exists a sequence of functions
(fn) in C%([0,00)) and constant near 0 such that

ILf = fall —20 and [|Af, - Af|| —2 0. (2.24)

Proof. Let f € Dgsn. Recall that f” is continuous vanishing at oo, f'(0) = 0 and [, |f'(y)|a(y)dy < .
By Stone-Weierstrass theorem, one can construct a sequence of C' functions (g,) with compact
support on [0, c0) such that g, converges towards f’ uniformly and in the L!-norm.

Let (s,) be a positive sequence going to 0 such that s, i(1/n) e 0. For such a sequence (sy,), up

to working along a subsequence of (g, ), we can assume that (g,,) satisfies g(1/n+s,)|gn - f'|] — 0.
n—oo
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One can find? a sequence of functions (h,) so that SUPye[1/n,1/n+s,] Pon(y) —> 0 and the functions
) n n—00

(gn) defined via (h,) below, are in C}([0,00)). For any n > 1, set

0if y € [0,1/n],
gn(y) =1 haly) if ye[1/n,1/n+s,],
gn(y) if ye[1/n+ sy, 00).

Set for all z >0

fal@) = £O)+ [ gu(y)dy.

Note that f,, belongs to C2([0,00)) and is constant on [0,1/n]. Furthermore,

[fo=F1=lgn=fI< sup [f'()l+  sup  [ha(y) = f'(WI+  sup gn(y) = f' (W),

0<y<l/n ye[1/n,1/n+sp ] ye[1/n+sn,00)

and since f'(0) = 0, the two first quantities in the upper bound go to 0, the third one also vanishes
since (g,,) converges uniformly towards f’. Hence the sequence (f,) converges uniformly towards f’,
as well as (f,,) towards f.

One has for any n > 1, using (2.23)

s = Afl<blig -1+ [ 1@l [ 020 - Pl
S ) = @y () [ o) - @)l

The first term in the upper bound above, |v||g, — f'|, converges to 0. The second term goes to 0,
using the definition of Dggn, see (2.22). For the third one, note that since |g, — f’| is bounded by
some constant C' > 0,

/n+sn
[/; |gn(y> - f,(y)|ﬂ(y)dy < CSnﬂ(l/n) n_)_:o 0.

For the fourth term, we have the upper bound

/1/;% 190 () = F' Iy < 510+ $0)|gn - £,

which goes to 0. The last term goes to 0 as (g,) converge in L! towards f’. i

3 Proofs

3.1 Proof of Proposition 1

Let (c(t),t > 0) be a positive function and set h(x) := xc(t) for all z,¢t > 0. Plainly, the process
(c(t)Ya,s > 0) is Feller. Denote by A® its generator. We have for any function f in C2[0, ),

AW f (@) = tL(f o h)(h™ () = tL(f o h)(x/e(1))-
Recall e, (z):=e™** and note that e, o h(x) = e, (7).

By (2.18), we have
x

c(t)

for instance h, can be defined via a second order polynomial interpolation

AW (2) = t( U(ze(t)) - sﬁ(zc(t))) e. ().




Recall that by assumption, for some «, 3 € (0,1], such that 5 < «, some slowly varying function ¢ at 0
and d >0,d" >0,
P(x) ~ d'2P0(z) and U (z) ~ da' (). (3.25)
Xr—> xXr—>

Define c(t) := #71(1/t) for all t > 0. Plainly, c(t) b 0 and since @ and V¥ are regularly varying at 0

with index, respectively, 5 and 1 + «, we have

td(zc(t)) = q;(ff(%))) — 2P = P(z) and \I:P((zcc((tt)))) — Jl+a

Moreover by (3.25),

U(c(t)) _ U(ce(t)) ~ ic(t)“_ﬁ . d/d"  when «a = p,
c(t) c(t)P(c(t)) t-oo d’ t=oo |() when o > 3.

We conclude that for all z > 0,

JHGAD) _ VG V), oy 4770 whena= B,
e(® We®) o) " isoo “ o when o > (.

Let £ be the generator of the CBI(¥, ®), see Section 2.1 and recall Le, in (2.18), then

14AB e, - Le.|| < (ti\ﬂ(zc(t)) - i,za“) x sup ze,(z)+ (td(zc(t)) - zﬁ) x sup e,(z).
C(t) d x€[0,00) 2€[0,00)

Both suprema above are finite and the right-term of the inequality above goes to 0 as t goes to oo.
The convergence of generators is thus uniform on the core Dopr. Moreover, ¢(t)Yy — 0 as ¢t — oo and
a standard result, see e.g. Kallenberg’s book [[<al02, Theorem 19.25-(i-iv)], ensures then the weak

convergence in ID:
(e(t)Yst, 8 20) = (Xs,520),

t—o0

where (X,s > 0) is a CBI(¥,®) started from 0. The latter shrinks to a subordinator when ¥ = 0,
namely when a > 3. Recall that ¢(t) = ¢1(1/t). Then the proof is finished. O

3.2 Convergence of generators

We study in this section the convergence of the generators of the renormalised CBIs towards those of
extremal and extremal shot noise processes. Recall that by convention 1/c¢ =0 if ¢ = oo.

3.2.1 Preparatory results on the renormalisation function

Recall the assumption H in Theorem 5 and (1.5). This is equivalent to the following facts: =
1/@(e™™) is regularly varying at oo with some index ¢ € [0,1] and if § = 1 then x®(e ™) ~ ¢(x) where
¢ is slowly varying and non-decreasing. The regular variation property will not provide good enough
properties when we will deal with derivatives. To circumvent this we shall first use an equivalent
function ¢ of @ such that 7 : z — 1/p(e™) is smoothly regularly varying. This will entail that it has
derivatives with nice properties. We refer the reader to [BGTR9, Section 1.8.1] for background on this
notion with the definition recalled in the lemma below.

Lemma 4 (Equivalent function). If H holds then there exists a function ¢ : R, — R, such that

1. o(1/y) ~®(1]y) as y — oo.

2. r:xw— 1]/p(e™) is smoothly reqularly varying at infinity with index §, that is to say: h:x —
Inr(e®) is C* and as x — oo,

W(x) -6, h™(z)—>0, n=23- (3.26)

10



3. s strictly increasing,
4. [rx—zp(e™™) is non-decreasing.

Proof. If § =0, define L(z) := &(e™™) for x > 1. Then L is slowly varying at infinity, strictly
decreasing, since @ increases, and verifies lim,_, . L(z) = 0. Applying [BGT&9, Theorem 1.3.3], there
exists L such that L(x) ~ L(x) as x — oo, and L is smoothly slowly varying which implies that

L(z) = exp (a + _/13: /{(s)%), x>1, (3.27)

where a € R and x(s) - 0 as s - oo. Moreover the construction of L in the proof of [3GT89, Theorem
1.3.3] ensures that if L is strictly decreasing, L is also strictly decreasing in z. Then Z(— In x) is strictly
increasing for 0 < z < e~ !, with convention: L(-1In0) = L(oo) = 0. Since L is slowly varying, there exists
zo > 1 such that zL(x) is non-decreasing for z > zo. Then we can set () = L(~Inz) on [0,e7%°].
Note that z¢(e™®) = L(z). Then all the four conditions are satisfied with () for z € [0,e7*0]. It
then suffices to extend ¢ to (e™°,00) with necessary smoothness properties and monotonicity. The
proof for the case of § =0 is finished.

If 0 < § < 1, define L such that ®(e™®) = 27L(z) for x > 1. Then L is slowly varying at infinity.
Using the same arguments as above, there exists L such that L(x) ~ L(z) as x — oo, and L is smoothly
slowly varying which implies that

L(z) = exp (b+ flzg(s)%), 221, (3.28)

where b € R and ((s) - 0 as s - oo. Similarly, we can set ¢(z) = (~Inz)°L(-Inz) for z close
enough to 0 and extend it to the whole positive half line with necessary smoothness properties and
monotonicity so that ¢ satisfies all the four conditions. Then the proof for the case of 0 < § < 1 is
completed.

If § = 1, we recall that we assume that z®(e™) ~ f(z) as x goes to oo with ¢ slowly varying and
non-decreasing. By the same arguments as above in the case § = 0 (i.e. use [BGT89, Theorem 1.3.3]
and its proof), there exists ¢ such that ¢(z) ~ £(x) as z — oo, £ is smoothly slowly varying and

U(x) = exp (,0+ flgﬁn(s)%) , w1, (3.29)

where ¢ is non-decreasing, p € R and n(s) > 0 as s - oco. Then for z small enough, the function
o(z) = (~Inz) (- Inz) is strictly increasing. It suffices to extend ¢ to the whole positive half line
with necessary smooth properties and monotonicity such that ¢ satisfies all the first three conditions.
The last condition is also met since zp(e™*) = ¢(z). Then the case for 6 = 1 is proved. i

We shall now work with the function ¢ as introduced in Lemma 4 instead of ¢. We will go back
to @ at the end of the proof. From now on, Assumption H is in force. Notice that it entails that

zp(e™) — ce (0,00].
T—> 00
The following is a key lemma.
Lemma 5. Let ¢ be an equivalent function as in Lemma 4. One has

SO

B a2 (L) (3:30)
and .
tim 2 gy (3.31)

e W22 (1)

11



Proof.  Recall that in the log case 6 = 1. For (3.30), one has:

d 1 "(e7® 1 1
— = 902(6_ )e_x = h'(lnx)x_leh(lnx) = ((SJro(l))eh(h”C)au_1 =——(0+0(1)) — —.
dz p(e)  @*(e7®) zp(e™) z00 €
For (3.31), we have, as = goes to oo:
d2 1 e—xwl(e—x) e—QxLPH(e—x) 26—29[: (wl(e—x))Q 1 e—Qprn(e—x)
ol - 2o T ey T (e =Ty to(b).
da? p(e™) ©*(e7™) ©*(e™) @3 (e™) c  p*e™)

The last equality is due to (3.30) and ¢(e ™) - 0 as = - co. Next note that:

2
%% = dih'(lnx)x_leh(lnx) =1 (Inz)z 2" ™) 5 0 as 2 > o,
T2 p(e™™ T

where the convergence is due to the fact that A" (Inx) converges to a constant as x — oo, see (3.26),
and z~2eM(ne) = L JCQ@(IG,Z) — 0 as x goes to co. The above two displays yield (3.31) and the

Zo(e™) ”
proof is finished. O

3.2.2 Preparatory results on the prelimiting generators

Let g :y — g(y) be a continuous strictly increasing function tending to oo as y goes to co. Fix ¢ > 0,
and let x := g(y) > 0. The process (g(Ys),s > 0) has for semigroup

E[f(9(Ya)|Yer = 97" (@)] = PY f () = Pu(f 0 9) (g7 (),

where (Ps) denotes the semigroup of (Ys, s >0). Since the CBI process is Feller, for any s > 0, Ps maps
Co([0,00)) into itself and for any f € Cy([0,00)), = — Ps(t)f(x) is continuous on [0, c0) and vanishing
at co. The process (g(Yst),s > 0) is therefore Feller.

Let A® be the generator of (¢(Ys),s >0). That is,

i 22 2 DG @) = £ _ 4050 =4S 0 6)) (67 2,

h—0 h
uniformly in z > 0 for any f in the domain of A®).
Recall that ¢ is strictly increasing. For any ¢ > 0, define

for all > 0 and its inverse ¢! (z) = for all x > 0. (3.32)

1
ot (1/xt)
We shall renormalise the CBI process with the function g. Notice that g depends on t and for ¢ > 0
fixed, g is strictly increasing. Furthermore, y = g~*(x) goes to infinity as t - oo with z fixed. We shall
treat both Log and Super-log cases at once. However in the Log case, many of the computations to
come can be simplified using the explicit form ¢(x) = Indeed in this setting, we can set for
any t > 0,2,y >0

1
99) = gy

ln(lfl/x) :

In(1
g(y) = n(—t+y) and ¢ '(z) = e* - 1.
c
The following lemma is a key as it explains how the measure p(dz) = dz/z? arises at the limit.

Lemma 6. Assume H. Recall the measure v from (2.13). Let c¢o > 0. For any x >0, v > x + ¢o, we
have uniformly in v,z

tﬁ(gil(v) —gil(:v)) = a(v) :=1/v. (3.33)
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Proof. The regular variation of 1/®(e™") implies that @ is slowly varying near zero. Then necessarily
?'(0) = [;~ 7(u)du = oo. Hence, by Fubini-Tonelli theorem

@ =6+ [Ooo e "o(u)du e fooo e "“o(u)du. (3.34)

By applying Karamata Tauberian theorem, see [BGT89, Theorem 1.7.1], one has [*v(u)du ~

Z—>00

2®(1/z). Since u ~ v(u) is monotone, we deduce by applying the monotone density theorem, see
[BGTRY, Theorem 1.7.2], that
v(u) ~ D(1/u). (3.35)
uU—>00

—

Recall g7 (z) = m. Since @(1/y) ~ p(1/y) as y goes to oo, we have
to(g  (x)) = tw(1/p 1 (1/xt)) 2 1/z. (3.36)

Since 7 is decreasing and ¢! is increasing in z, the map =+ 7(g~'(2)) is decreasing and the conver-
gence in (3.36) holds uniformly in x > ¢ for some fixed ¢ > 0, see e.g. [PS98, Item 127 pages 81 and
270].

Next, we are going to show the following uniform convergence: for any cg > 0

-1 -1
m it L) gy e @) (3.37)
tooov2wtco,x20g~1 ()  t—oox20 1/~ (1/xt)

Note that the first equality uses the definition of g7, see (3.32), and the monotonicity of g~!. So we
only have to prove the second equality. We first prove a partial result as follows: for any ¢ > 0,

i o™ (1 +co)t) _
im =
tooov2zteo,x2e>0 1/~ 1(1/xt)

(3.38)

Recall that ¢ is strictly increasing, we have for all x > 0

o7 (1z) = exp (-2 f(-Inp7!(1/2))),
where f: 2z~ xp(e™™). Then, uniformly in = > ¢,

1/t (1/(x +co)t)
1ot (1/xt)

- exp (@ + )t (~ln g™ (1w + o)) - at (g™ (1/a1)))
> exp (cotf(—lngo_l(l/(x + co)t))) Pl

Here the inequality uses that 2 — —In p~!(1/x) is strictly increasing to infinity and = = f(z) = zp(e™®)
is non-decreasing, see Lemma 4. Then (3.38) is proved.

In fact, the assumption x > € >0 in (3.38) can be replaced by x > 0. Setting z = x + ¢y/2 and using
the fact that o' is increasing, we have :

_ -1 1 _
T @) MG ) TG g (/)
g~ (t) e Naman) ¢ o) ¢ amarmy) g1 (=1)

z 2 cpf2.

Using (3.38), the last term goes to co uniformly in z > € := ¢p/2. This allows us to conclude that the
first term in the above display also goes to oo uniformly for = > 0. Therefore, (3.37) is proved.

Finally, we are ready to prove (3.33). Since v is slowly varying, the uniform convergence theorem
for slowly varying functions, see [BGT89, Theorem 1.2.1], together with (3.36) and (3.37), entail

a1 (o) — a1 ) = 15 [ o (v _971(95) 1/
w0 -0 @) =o' ) (1- 55 ) e (3.39)

The convergence holds uniformly in v > x + ¢y and x > 0. Then the proof is finished. O
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Recall g(y) = m, see (3.32), and for any fixed z, set y = g~'(z). Let ¢t > 0 be fixed. The
generator of the prelimiting process (g(Ys),s > 0) takes the following form

AD f(z) = tL(f o g)(y)
= tyL¥(f o g)(y) +tL?(f o 9) ()

:Il+_[2+_[3+_[4,

with respectively I; the drift term, I5 the immigration jump term, I3 the diffusion term and I the
branching jump term:

Li=t(B=by)(fog) (y) (3.40)

I ::tfo“’ (Fo9y+u)~fog(y))v(du) (3.41)
2

Iy = t7-y(f 0 9)" (v) (3.42)

ti=ty [ (Fogly+w) - Fog(y) - ulf 09)' () )m(du). (3.43)

Recall A the generator of the ESN(b/c, ) process M, see (1.7) with u(dy) = dy/y?. Note that
A(y) = 1/y so that [, i(y)dy = co and by Lemma 2, Dggy defined in (2.22) is a core. For any f € Dggn
and x > 0, an application of Fubini-Lebesgue’s theorem yields

o0 dy b,
Afy= [ () - F@) 5 - LT
® o4z b
- [T 1= 20w,
T z C
We shall next establish the following lemma.

Lemma 7. For any f € C?[0,00) constant near zero,
A(t)f - Af uniformly as t goes to oo. (3.44)

Notice that any f € C2[0,00), both f and f o g belong to the domain of the CBI (Y;,s>0) and f
to that of the ESN (M, s >0). As we can see by the form of the generator A, Is and I; will have no
contribution at the limit. The proof of the above lemma is given by the two subsequent sections.

3.2.3 Proof of Lemma 7: uniform convergence on [g, )

We first show the uniform convergence of generators (3.44) for x > €. The assumption of f being
constant near 0 will not play a role in this part. We will prove it in four steps, each dealing with one
term above.

Step 1: drift term I;. Note that

(B=by)(fo9) (y) = (B-bg™ (@))(f 2 9) (97 (x)) x g' (97" (2)) (3.45)
Plugging in y = g~'(x) to (3.45) and using that ¢’(y) = y% 5;((11//?/)) t=1, we have

B=by)(fog) (y)=(B-bg  (2))(f og)(g " (x)) x g'(¢" (x))
a1 (fy)
-5 by)zﬂ ©*(1/y)

Using (3.46) and (3.30), (3.31) from Lemma 5, we get the pointwise convergence for = > ¢ fixed

(). (3.46)

1= 18- by)(f o) () 2 f (@) (3.47)

t—o00

14



For the uniform convergence when z > ¢, we shall use the following fact: since y = g~!(z) is increasing
in x,

when z > e,y = g (2) > g ' (¢) 2 oo (3.48)
Therefore
b 1 ¢/ (1 b
sup [1(5 - bu)( 0 9) (0) - 2 (0)] = sup |3 - ) 55 G 2
r>e & r>e y- @ (1/y) c
1L '"(Afu) b |\ o
< sup |(B-bu)— ==L (3.49)
u>g~1(¢g) u? 302(1/’11) c
the last upper bound goes to 0 as t goes to co by Lemma 5. The convergence is thus uniform for all
T 2E. O

Step 2: immigration jump term Is. By applying Fubini-Lebesgue’s theorem, we can rewrite it as
follows:

b=t [ (fogtru)-Fog(w))vlan) =t [ 7 f(g(u)g (w)(u-y)au
—t [ F e () - g7 @)

Next, we are going to show that the last integral term converges uniformly in z > £ towards | xoo f(v)v~tdw.
We first show the convergence on an interval of the form [z + ¢p, 00) with ¢g > 0,2 > > 0. Since f’ is
integrable near oo, by using Lemma 6 and Lebesgue theorem, we get

[ 7@ (e ) - g7 (@) - 1/z) dz]

+

sup
xr>e

< fo 1£'(2)| sup (g7 (2) =g (2)) = 1/2| L ospregd2 o0
Tr2€

Next we deal with the integral from x to x+cy and show that this integral is arbitrarily small uniformly
with respect to x € [g,00), by choosing ¢y small. We note that

[P () - g @)
[T o (a7 (@) + ) - f)an)

g (z+co)-g ™ (x)

- 0
- [T TG eate @ ) - F@tan e [
=: Jl + J2.

(fog(g™ () +u) ~ f(x))v(du)

By Lemma 6, note that Jz < 2| f[¢(#(g! (2)) - #(g7 (2 +c0))) = _2I/] (% - ) which is, for small

T+cCo
o, arbitrarily small uniformly in x > e. For Ji, by applying the mean value theorem to the function
f og in the integrand, one has

Fog(g™ (x) +u) = fog(g ' (2)) = f'(9(8))d (O)u,
for some 0 € [g7*(x), 97  (z) +u] c [¢g7'(x),2¢g7 (2)] and

J1 Zt-/og_ (z) f’(g(@))g'(ﬁ)uu(du)
- t/ocf’(g(ﬁ))g’(ﬁ)uu(du) +tfcg7 (z) F(9(0))g' (8)uv(du)

< |71t ') [ wau) + 1) ()97 (2)7(C)
< sup )g 0 uv(du sup g\v)g &

g 1(2)<0<2g71 (2 g1 (z)<0<2g71 ()
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for any C' > 0. We now explain why J; is arbitrarily small uniformly in x > . Recall tg(x) = m.
For the first term on the right-hand side in the last line of the above display, with fixed C, one has by
Lemma 5, see (3.31).
!/
1
P Afu) 0 (3.50)

)y i

Since tg' does not depend on t and y = g~ () goes to oo as t goes to oo,
tg'(97 () — 0.

Moreover, using the representation tg(u) = m = MInInw) with the fact that lim A'(u) = 6 and that
U—> o0

g is slowly varying, we see that tg’(u) = A'(Inlnu)g(u)(Inln)’(u) is regularly varying at co. Therefore,
by the uniform convergence theorem, see [BGT89, Theorem 1.2.1], we have

sup tg'(0) ~ tg' (u). (3.51)

u<fh<2u u=

Recall (3.48), in the same fashion as in (3.49), one has

sup sup tg'(0) < sup sup tg'(0)

r2e g-1(2)<0<2g71(x) uzg~1(e) u<h<2u

which goes to 0 as ¢t goes to oo by (3.51) and (3.50).
For the second term, note that by (3.51)

sup  tg'(0)g 7 (z) ~ td' (97" ()9 (),
g~ H(w)<0<2g71 (z) fmeo

and by Lemma 5, see (3.30), tg’(g'(z))g ! (z) is bounded above uniformly in x > e. Since 7(C') goes
to 0 as C' goes to oo, the second part is arbitrarily small uniformly for x > e.
In conclusion, we have shown that I converges uniformly in x> ¢ to [~ f ’(z)d—; as t - oo.

Step 3: diffusion term I3. For any wu,

(fog)"(u)=(f"og)(u) x (' (w)*+(f o g)(u) x g" (u). (3.52)

Plugging in (3.52) u =y and g(y) = m leads to

1 )(@’(1/y))2y_4t_2_f,( 1 ).(gtp’(l/y)+itp”(1/y)+3(w’(1/y))2)t_1
to(1/y) ) »*(1/y) to(1/y) J\y2 2(1fy)  y* e*>(1]y)  y* ©3(1/y) '

Plugging in y = g~ (x), we obtain

(Fog)"(y) - f"(

(fog)'(y)=1"(2) T v er(ly) vt e?(Lfy) vt ¢3*(1/y)

From (3.53), by applying (3.30) and (3.31), we can see that

(£ (1/y))* 4t2_f,(x)-(3 ¢'(fy) 1 "(/y) +3(w’(1/y))2)t1' (3.53)

ty(fo9)"(y) 0. (3.54)

Indeed all terms in ty(f o g)"”(y) will vanish when ¢ goes to oo, as they are of order at most y—12 The

above convergence is uniform for all x > ¢ since | f”|| < oo and | f/|| < co. Since

Step 4: branching jump term I3.
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Note that

ty [ (Fouty+u)=1og()—ulf o g) (1)(du) (3.55)
~ty [ (Foaty+w Fogly) ~ (s 00)'()w(du) (3.56)
vty [ (Fogly+w) - fog(n))m(du) - tyac(f = 9) (1), (3.57)

with ac = [ ur(du). We show that (3.55) converges to zero uniformly in = > €. To this purpose, it
suffices to prove that (3.56) converges uniformly to zero for any given C, and (3.57) can be arbitrarily
small in absolute value by choosing C' large enough, uniformly in x > e for large t.

For the first term (3.56), notice that by (3.54),

t(y+uv) ((fo9)"(y+w)) = 0,

and if 0 < uv < C, we get
ty((fo9)"(y+uv)) = 0,

also uniformly in x > . Recall that fOC u?m(du) < oo, by the dominated convergence theorem we have
for any C > 0 fixed

C
ty J, (Fogly+u)=Fogly)—u(fog) (y))r(du)
- fOC w?r(du) fol ty ((fog9)"(y+w)) (1-v)dv e 0 uniformly in x > e. (3.58)

Now we deal with (3.57). Recall that we have shown in Step 1 that ty(fog)(y) 2 f'(x) uniformly

in 2 > e. Hence the second term in (3.57) converges towards — f'(z) [ umr(du) which can be arbitrarily
small in absolute value if we take C' large enough, uniformly in x > . That implies that for any n > 0,
there exists t,, C;, such that

sup |~tyac(fog) (y)| <n. (3.59)

t>t,,C>C
As for the integral term in (3.57), note that
(fog) (v+y)=f(g(v+y))g'(v+y),
and one can re-express the integral by
‘ty fc (fogy+u)-fo g(y))ﬂ(dU)‘

- ‘ty fcoo W(du)fouf'(g(v+y))g’(v+y)dv
<[ f'1Cac,

where C1 = supyq .40 [tyg' (v + y)| < sup,sq[tyg’ (y)| < oo by (3.30). Therefore by choosing C' large
enough, the first term in (3.57) is arbitrarily small in absolute value uniformly for all = > 0. Together
with (3.59) and (3.58), we conclude that (3.55) converges to zero uniformly in x > . Then the proof
for Step 4 is finished. O

3.2.4 Proof of Lemma 7: uniform convergence on [0,¢]

We have shown in the previous section that

sup AW f(z) - Af(2))| —0. (3.60)

x€[e,00)
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We study now the supremum over x € [0,£] and establish that for any function f in C2([0, c0)) which
is constant near 0, one has:

sup |AY f(z) ~ Af (2)| — 0 (3.61)

z€[0,e]

It is equivalent to showing that for any sequence z; € [0,e] such that z; — 0, we have

t—o0
JA®) f () = Af (a2)] =20 (3.62)

Indeed (3.61) plainly entails (3.62). If (3.62) is true, then (3.61) must be true. In fact, if (3.61) does
not hold, then
lim sup |A® f(z) - Af(2)]> 0.

t—o00 ze[0,e]

Hence there exists a sequence (y;) in [0,e] such that
tlifilJA(t)f(yt) - Af(ye)l>0.

If tlim y¢ = 0 this contradicts (3.62) and if tli_myt > 0, then by working along any convergent subsequence

of (y¢), we would get that the convergence (3.60) previously obtained does not hold.
To prove (3.62), we first observe that

AW f(a) = Af (20)] < JAD f(20) = AF(O)] + |AF(0) = Af ().

Clearly the second term on the right-hand side converges towards 0 as t goes to oo since xy P 0.

For the first term, recall that f is constant over [0,e] for some € > 0. One has f'(x;) = 0 for large
enough ¢ hence the drift part in the immigration and the branching components vanish. Let U" be
the branching mechanism ¥°(u) = ¥(u) — bu. One has

A1) = AL (O)] =
L (e @)+ [T @ - @do- [T
[T e @) - o [T
[T o @) - g @) - 1v)a

<[ (Fog)(g™ ()| +

<[ (Fog)(g™ ()| +

By Lemma 6, the second summand above goes towards 0 and we are left to study LY’ (fog) (gt (zy)).
One has (fog)' (g7 (x¢)) = f'(21)g' (g7 (x4)) = 0 for large enough ¢, thus

LY (f o g)(™ (1))

~tg™ () [T (Foulg™ @) +u) = oglg™ @)~ u(f 0 9) (g7 (@) ()

~tg™ @) [ (Foga™ () +u) = Fog(g™ (@) )n(du)

=17 ) [ (Foata () +w) - Fo (g™ (@) )(an) (3.63)
wtg7 @) [ (Foale™ @) +w) = Foglg™ (@))n(du). (3.64)

Note that fog(g'(x¢)) = f(x¢) which is constant for ¢ large enough since z; goes to 0. For (3.63),
observe first that since g~ is increasing g~ (x;) < g7'(/2) for t large enough. The function g~ being
rapidly varying in the variable ¢, see (3.32), one has g~'(£/2)/g7(¢) 2 0. Moreover since g~'(¢)

goes to oo as t tends to co and u is bounded by C, g7'(z;) +u < g (¢) for ¢ large enough. Therefore
(3.63) is identically zero for ¢ large enough. For (3.64) we conclude that it converges towards 0 as in
Step 4, see the end of Section 3.2.3, using that sup,q 0 [tyg'(y + v)| < sup,s [tyg'(y)| < oo by (3.30).
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3.3 Proof of Theorem 5

By combining the convergences obtained in (3.60) and (3.61) above on [e,00) and [0,e], we get
| AW f (@) = Af(@)] — 0 (3.65)

for any f e C2([0,00)) such that f is constant near 0.
We now show that for any f € Dggy, there is a family of functions (f;) in C?([0,00)), constant
near 0 and such that

It = f and A® f, P Af uniformly.

We appeal to Lemma 3. The latter provides a sequence (f,) converging uniformly towards f and
satisfying e, := ||Af, — Af|| — 0. Thus by (3.65) for any large n, there exists t(n) > 0 such that for
n—oo

t>t(n), |[A® f, — Afa| < en, hence
[A® f = AF| < JAD fo = Afal + £ < 26

Choosing (t(n),n > 1) strictly increasing and going to oo, we finally set f; = f,, for any t € [t(n),t(n+1))
and claim that
I 2 f and A(t)ft 2 Af uniformly.

We can now apply [Kal02, Theorem 19.25-(i-iv)] and state

1
(m,s_o)i(m,szo), (3.66)

with M an ESN(b/c, 1) and p(dz) := daz/2?. It only remains to verify that we can replace ¢ by @. This
follows from the following lemma which also shows that one can exchange @ or ¢ by any equivalent
function at 0 that is increasing, see the last statement of Theorem 5.

Lemma 8 (Convergence up to equivalence). Let F' be increasing and equivalent to ¢ at 0. Then

1 1
sup 3.67
0es<r [tF(1/Yst)  tp(1/Yy) | oo (367
Proof. We first show that for any 7 € (0,1), we have for large enough ¢,
1
‘ v2n, VYy>0. (3.68)

- <
tE(1/y)  te(1fy)|~ te(1/y)
Let n > 0 be fixed. Let y > 0. If m < 7, then 1/y > ¢ 1(1/tn), and since F is increasing,
F(1/y) > F(o ' (1/tn)). On the other hand, since F and ¢ are equivalent at 0, for ¢ large enough,
F(e ™ (1/tn)) > (e~ (1/tn)) = 1/2tn and then
1
<2n
tF(1/y)
y <7, the left hand side in (3.68) is smaller than 2.

t ( to(1/y)
If now ; (1/ y 21 (ie. p(1/y) < %) then by taking ¢ large enough, we have 1/y small enough.
Using the equlvalence of v and F at O large enough ¢ leads to

We deduce plainly that in the case

e(1/y)
F(1/y)

Factorising the left hand side of (3.68) by m, we easily deduce that it is smaller than

e[l-n1+n]

—n__
to(1/y)"
Then we conclude that (3.68) is proved. Applying it to y = Yy provides that for any 7'> 0, n € (0,1),

for ¢ large enough,
1 1 7

sup - < sup ————
o<s<T [tF'(1/Yst)  to(1/Yst) | o<s<rte(1/Yst)

v 2n. (3.69)
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On the other hand, the weak convergence (3.66) on the time interval [0,7'] entails the convergence in
law

1
sup ———— —> sup M, < oo,
0cs<rtp(1/Yst) t=o0 geser

see e.g. Whitt and Sleeman [WS80, Theorem 6.1]. This ensures that the upper bound in (3.69) is
arbitrarily small and we have established (3.67). o
Denouement: By choosing F' = @ which meets all requirements of Lemma 8 and combining the weak
convergence (3.66) with ¢ and the uniform control (3.68), we get by applying [3i199, Theorem 3.1],
that (m, 52 O) converges weakly to the same limit process in the Skorokhod sense. The proof
of Theorem 5 is finished. O

We explain now Remark 7. In the so-called Sub-log case, namely when z®(e™) — 0, the
Xr—>00

convergence of generators in Section 3.2.3 fails, indeed the limiting drift term (3.47) (with ¢ = 0) blows
up. There is therefore no weak convergence in this setting as convergence of generators is necessary,
see [Kal02, Theorem 19.25].

3.4 Proof of Theorem 9
We start by establishing the second statement (ii) namely the convergence of the renormalised process
in Skorokhod weak sense. The latter is obtained along similar arguments as in the CBI case.

3.4.1 Statement (ii): convergence in Skorokhod sense

Recall that we work under the assumption H. By applying Lemma 4 there is a strictly increasing
function ¢ equivalent to @ at 0 satisfying the properties listed in Lemma 5 and in Lemma 6, that is
to say: by setting g(y) := m, we have for any cg > 0,

(g7 (v) - g7 () 2 fi(v) = 1/v uniformly in v > z + ¢o with z >0, (3.70)
and '
() = 24y (3.71)

yPe(1y)? veo
We now study the convergence of the generators. Recall L? the generator of the subordinator with
Laplace exponent @, see (2.17) and A that of the extremal process Z with fi(z) = 1/z. Let A® be
the generator of the process (g(Ys¢),s > 0). Then for any f e C*°([0,00)) nDgsn, fog belongs to the
domain of the subordinator and f to that of the extremal process and

A f(@) =12 (f 0 9) (g7 (@)
—t [T (o9 g™ @) +u) - f@)]wldu) + B(f 0 9)' (57 (@)
—t [T @) @) - 7 @)dv+ Bt (@) (57 ().

For any ¢ > 0, the first term on the right side in the last equality converges to Af(z) = [~ f’(v)d—:
uniformly in x > € using (3.70) and the same method as in Step 2 in Section 3.2.3. For the second
term, we have by (3.71)

o' (y)
y?e(1]y)? veo

Let > ¢ and set y == g~'(z), since y > g '(¢) vt The convergence above holds uniformly in

tg' (g7 (2)) =tg'(y) =

x>e>0. For 0 <z <e, we can proceed similarly as in Section 3.2.4 for the CBI case and establish the
uniform convergence for a function constant near 0. Finally any function in DggN satisfies f/(0) = 0
and can thus be approximated by a C! function constant near zero, see e.g. ['Y23, Lemma 2]. We
conclude that A® f(z) converges uniformly in z > 0 to Af(z) as t goes to oo for any f € Dpgn (which
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is a core for the extremal process, see Lemma 2). As previously, [Kal02, Theorem 19.25-(i-iv)| ensures
the weak convergence

1
30| — (M., 520).
(tsou/yst) )MJ .

Finally, the fact that we can replace ¢ by any increasing function F' equivalent to ¢ at 0 (in particular,
one can take F' = @) follows from the same argument as in Lemma 8. ]

3.5 Statement (i): convergence in finite dimensional sense.

Recall, see e.g. [Res08], that if M is an extremal process based on a PPP whose intensity has for tail
ji(x) =1/z then, for any 0 < s1 < ... < s, and (21, ...,2,) € R,

P(Msy <y1, Mgy <y, My, <yn) = F2H (y1) P27 (25). F* 7 (yy,) (3.72)

where y; = A}_yy, for all 4 > 1 and F is the probability distribution function F(y) = e MY for y € (0,00).
We start by the two-dimensional convergence. The multi-dimensional convergence is explained in Step
2 and follows essentially from the same argument.

Step 1: two-dimensional convergence. Let 01,05 >0, s3> s1 >0 and z1,22 > 0.

E[e—elqs—l (;pl/t)Ysltefeggb—l (:Bg/t)YSQt] _ E[ef(elgb—l (;pl/t)+92¢_1 ( %))Yslteﬂgggﬁ_l ( x%)(YSQt7YSlt)]

= g (097 (/e) 10207 (52))Vore 097 (%) Oy o)

_ efslttﬁ(@ltﬁ_l(ml/t)+€245_1(:1:2/t))67(32731)1545(0245_1(:1:2/25))‘

We now study the limit as ¢ goes to co. Since @ is slowly varying at 0, and for any A > 0, 1 (\/t) — 0
as t — oo, we have

B(0D (22/t))
_
S(@(5af1)) i

Thus (s2 — 1)tP(028 (22/t)) —> (s2 — s1)x2. Moreover @ is an increasing slowly varying function,

t—

L g0 (2a)1)) = (3.73)
z3
therefore the inverse function ! is increasing and rapidly varying at 0, namely,
if 5 > 1, then &7 (xo/t) /D7 (x1/t) 2 0. (3.74)
Hence, we see that
t@(@léfl(xl/t) + 92@71(562/2») o t@(@fl(:ﬂl Vaoft)) =z Vv s,
Therefore

limE[efel(p_l(ml/t)yslteﬂg?(p_l(mQ/t)YSQt] = exp ( - 85121 Vo — (82 — 51):62).

t—o0

The convergence of the Laplace transform with 61,65 > 0 arbitrary provides that
(@7 (21/t) Yot 87 (w2/1) Vet ) 2 (W™ (51), W™(52)) im law.

Moreover since the limit does not depend on 6; and 6y, the limiting distribution is degenerated (i.e.
is supported by {0, c0}?) and
P(W*(s1) =0,IW*2(s2) =0) = exp ( - 8171 VI — (59— 51):62).
To conclude on the convergence of the two-dimensional laws, observe that
P(t®(1/Yy,1) > 21,tD(1)Yipt) > 9) = PV, < 1/ (21 /1), Yape < 1/ (22/t))
=P(P (21 /t) Ve <1, (o )t) Ve < 1)
— exp ( — 5171 Vo — (89— sl)mg).

t—o00
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Finally, by setting y; = 1/z; for i = 1,2 we get

1Y : > LAl —(so- 81)—
P <Y1, < P(M(s1) <y1, M(s2) <ys)=e ' "
(t@(l/ slt) yl t@(l/}{gyf) y2) t—o00 ( (51) yl (52) y?) 6 1 2e

which matches with (3.72) for n = 2.

Step 2: multi-dimensional convergence. Let n € N. Let 0= s <s1 <83 <+ <sp, 1 >0,...,2, >0 and
91, ..,0, >0. Then we have

E[ﬁe—ej@ (xj/t Ys ] [ zn:(znzajgﬁl(x]/t)) (Ysit_YSi_ﬂ))]
= ( i(sl—sl 1)tq5(29 D~ (:U]/t)))

n—1
— exp( (8 — Sp-1)Tp — Z(sZ —8i—1)(mi Vi v vxn))

=00 i-1
=P(W*(s1) =0,W*2(s2) =0,---, W*(s,,) = 0), (3.75)

where we used repeatedly (3.73) and (3.74) to get the limit and W%/ (s;) stands for a random variable
valued in {0, 00} limit in law of &~*(z;/t)Y. s;¢ as t goes to co. Now let y; = 1/x; and write

R0 <35} = (Y12 07 sV,

We see that
P( s1 <YL, MSn = yn) - hmp(m{l 2 él(mj/t)}/;]t}) = ]P)(le(sl) = 07"'7Wmn(sn) = 0)7
i=1

and the identity (3.75) matches with (3.72). This allows us to conclude. o
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