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Abstract

Functional limit theorems are established for continuous-state branching processes with immi-
gration (CBIs), where the reproduction laws have finite first moments and the immigration laws
exhibit large tails. Different regimes of immigration are identified, leading to limiting processes
that are either subordinators, CBIs, extremal processes, or extremal shot noise processes.
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1 Introduction and main results

The objective of the article is to establish some functional limit theorems for continuous-state branch-
ing processes with immigration (CBIs). Those positive Markov processes have been defined in the
seventies by Kawazu and Watanabe [KW71] and can be seen as analogues of Galton-Watson processes
with immigration (GWIs) in continuous time and space.

CBI processes are characterised in law by two Lévy-Khintchine functions Ψ and Φ. The branching
mechanism Ψ is the Laplace exponent of a spectrally positive Lévy process and governs the dynamics
of reproduction in the population. The mechanism of immigration Φ is the Laplace exponent of
a subordinator (i.e. an increasing Lévy process). More background on CBIs and recalls on their
semigroup, infinitesimal generator and their Poissonian construction, are provided in Section 2.1.

The question of how to renormalise, possibly in a nonlinear way, the one-dimensional marginals of
CBI processes has been addressed in Foucart et al. [FMY22]. We refer also to the references therein
for previous works on this topic, see in particular Pakes [Pak79] and Pinsky [Pin72]. Recently, a
functional limit theorem for GWIs has been established by Iksanov and Kabluchko, see [IK18]. They
found an interesting regime of immigration for which the limiting process arising is an extremal shot
noise process. The latter is a generalisation of the extremal processes (i.e. the successive records of a
Poisson point process) which incorporates a drift mechanism. Among other things, we will establish
the analogue statement as [IK18, Theorem 1.1] for CBIs. Our proof is based on different arguments
and enables us to address other regimes as well.

Extremal shot noise processes (ESNs for short) have been studied by Dombry [Dom12] in the
setting of random fields. They have been then explored from the perspective of Markov processes in
[FY23]. Their definition is recalled later in this section and more background on them is provided in
Section 2.3.
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In this article, we assume that the branching dynamics has a finite mean, i.e. Ψ′(0+) > −∞
and we consider mainly immigration with infinite mean, that is to say Φ′(0+) = ∞, or equivalently

∫ ∞1 hν(dh) = ∞, with ν the Lévy measure associated with Φ. Throughout the article, we refer to ν as
the immigration measure. Recall that it satisfies Lévy’s integrability condition, ∫ ∞0 1 ∧ hν(dh) < ∞.

We further distinguish two regimes of immigration. The immigration measure ν is said to have
a log moment when ∫ ∞1 lnhν(dh) < ∞ and no log moment if this integral is infinite. As a matter of
fact, the following equivalence holds and will play a role hereafter, see e.g. [FMY22, Remark 7]:

∫
∞

1

lnhν(dh) = ∞ if and only if ∫
θ

0

Φ(x)
x

dx = ∞ for some θ > 0. (1.1)

As observed in [Pin72] and [FMY22, Theorems 1 and 2], see also Keller-Ressel and Mijatovic

[KRM12, Theorem 2.6], when the mechanisms of the CBI satisfy the integrability condition ∫ θ
0

Φ(x)
∣Ψ(x)∣dx <

∞ for some1 θ > 0, the immigration and the branching dynamics align in some sense. Indeed, in this
case, when Ψ is (sub)-critical, i.e. Ψ′(0+) ≥ 0, the process is positive recurrent. Conversely, when Ψ
is supercritical, i.e. Ψ′(0+) < 0, the CBI process grows towards ∞ along the same rate as the pure
branching process with mechanism Ψ on its event of non-extinction.

On the contrary, when for some θ > 0, ∫ θ
0

Φ(x)
∣Ψ(x)∣dx = ∞, the immigration becomes highly active and

can dominate the branching dynamics. As first noticed in [Pin72], and further explored in [FMY22],

the extent of this “overtaking” actually depends on how fast the integral ∫ θ
ε

Φ(x)
∣Ψ(x)∣dx tends to ∞ as

ε → 0. We will focus on this setting. Notice that when Ψ is non-critical i.e. Ψ′(0+) ≠ 0, plainly by

(1.1), one has the equivalence: ∫ θ
0

Φ(x)
∣Ψ(x)∣dx = ∞ for some θ > 0, if and only if ν has no log moment. We

stress moreover that only in the critical case, i.e. Ψ′(0+) = 0, the immigration measure can have a log

moment and a mechanism Φ that satisfies ∫ θ
0

Φ(x)
∣Ψ(x)∣dx = ∞.

The limiting processes that arise in the functional limits fall into four categories. When ν has a
log moment, the processes obtained at the limit are subordinators or CBIs. Typically, when ν does
not have a log moment, extremal processes or extremal shot noise processes emerge.

Notation. We denote by D the Skorokhod space, that is the space of càdlàg functions from
R+ ∶= [0,∞) to R+ equipped with the Skorokhod distance. We refer to Billingsley’s book [Bil99] for
those notions. The weak convergence in the Skorokhod sense is denoted by Ô⇒. The convergence

in the sense of the finite-dimensional distributions is denoted by
f.d.d.
Ô⇒. For any Borel measure m on(0,∞), we denote its tail by m̄(x) ∶= m ((x,∞)) for all x > 0. We take the convention 1/0 = ∞ and

1/∞ = 0. For all real numbers a, b, we set a ∨ b ∶= max{a, b} and a ∧ b ∶= min{a, b}. For any injective
function f , we denote by f−1 its inverse function. For any function f , let ∥f∥ denote the uniform
norm of f . The space C∞ denotes the functions that have derivatives of all orders, all continuous.
Last, for any positive function f , we write ∫0 f(x)dx < ∞ when f is integrable on an interval (0, θ) for
any small enough θ > 0. Similarly ∫ ∞ f(x)dx < ∞ means that f is integrable on (θ,∞) for any large
enough θ > 0.

Recall that a function ϕ is said to be regularly varying at ∞ (resp. at 0) if ϕ(λx)/ϕ(x) → λα

as x goes to ∞ (resp. at 0) for any λ > 0 and some index α ∈ R. When α = 0, the function ϕ is
slowly varying. If ϕ is strictly increasing, regularly varying with index α > 0, ϕ−1 is regularly varying
with index 1/α. Regularly varying functions and their fundamental properties, such as Karamata’s
representation theorem and the uniform convergence theorem, will play an important role in this work.
We refer the reader to Bingham et al. [BGT89] for those notions.

We state first a proposition focusing on regularly varying mechanisms. In this context, the branch-
ing mechanism Ψ is critical, the CBI processes can be linearly renormalised and their limiting processes
are either subordinators or CBIs.

1and then for all small θ > 0
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Proposition 1. Let (Yt, t ≥ 0) be a CBI(Ψ,Φ) whose mechanisms satisfy

Ψ(x) ∼
x→0

dx1+αℓ(x) and Φ(x) ∼
x→0

d′xβℓ(x),
for some function ℓ, slowly varying at 0, d ≥ 0, d′ > 0 and α,β ∈ (0,1] such that β ≤ α.

Then (Φ−1(1/t)Yst, s ≥ 0)Ô⇒
t→∞
(Xs, s ≥ 0), (1.2)

where (Xs, s ≥ 0) is a CBI(Ψ̄, Φ̄) started from 0 with

⎧⎪⎪⎨⎪⎪⎩
Ψ̄(x) ∶= d

d′
x1+α and Φ̄(x) ∶= xα if β = α,

Ψ̄(x) ∶≡ 0 and Φ̄(x) ∶= xβ if β < α.

Remark 1. i) In all cases of Proposition 1, by the assumption β ≤ α, we have ∫0 Φ(x)
Ψ(x)dx = ∞.

Furthermore, when β < 1, the immigration measure possesses a log moment. Indeed, we have

plainly ∫0 Φ(x)
x

dx < ∞, which by (1.4) allows us to conclude. In the case β = α = 1, the finiteness
of the log moment depends on whether ∫0 ℓ(x)dx < ∞ or not.

ii) When β < α or d = 0, the limiting process X is a CBI(0, Φ̄), namely a stable subordinator with
Laplace exponent Φ̄.

iii) In the case β > α, we have ∫0 Φ(u)
Ψ(u)du < ∞ and the CBI admits a limiting distribution. Regarding

functional limits of the form (1.2), this is a degenerate case, as for any fixed s > 0, Yst converges
in law towards the limiting distribution as t goes to ∞.

Remark 2. The CBI(Ψ̄, Φ̄), X, is self-similar of index α, see e.g. Patie [Pat09, Lemma 4.8]. According
to Duhalde et al. [DFM14, Example 1], X is recurrent (resp. transient) if d′/d ≤ α (resp. d′/d > α).
Moreover, X hits 0 with positive probability if and only if d′/d < α. In this case, heuristically, there
are random times s, at which the process (Yst, t ≥ 0) stays smaller than 1/Φ−1(1/t).

When the immigration measure ν has no log moment, it has been observed in [FMY22, Theorem
3 and Corollary 1] that when the branching mechanism is non-critical, no linear renormalisation of
the CBI process is possible. This can be explained by the fact that some immigration arrivals are
so large that they may overwhelm the extant population and change radically the rate of its growth.
This phenomenon is reflected by some extremal behaviours in the CBI processes.

We shall indeed find conditions on the immigration mechanism Φ, see the forthcoming assumption
H, under which the limiting process that will arise is a so-called ESN process. The latter takes the
following form (Ms, s ≥ 0) ∶= ( sup

0≤u≤s
(ξu − γ(s − u)), s ≥ 0), (1.3)

where γ ∈ R and N ∶= ∑u≥0 δ(u, ξu) is a Poisson point process (in short PPP) with intensity dt×dµ, for
some measure µ on (0,∞) such that µ̄(x) < ∞ for any x > 0.

The process M in (1.3) is an ESN process based on the measure µ with slope −γ. We write for
short ESN(γ,µ). When γ = 0, M in (1.3) is a classical extremal process based on the measure µ. We
refer to Resnick’s book [Res08, Chapter 4.3].

We now introduce and explain our main assumption regarding the immigration mechanism Φ.
Under this assumption, after renormalisation of the CBI, extremal shot noise processes will emerge as
the limiting processes.

Assumption (H).

x↦ xΦ(e−x) is regularly varying at ∞ and has a non-decreasing equivalent function.
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Remark 3. Assumption H implies that Φ is slowly varying at 0 and by Karamata Tauberian theorem
and monotone density theorem, see the proof of forthcoming Lemma 6 for details and references, one
has

Φ(1/y) ∼
y→∞

ν̄(y). (1.4)

Observe also that, when H holds, ∫ ∞Φ(e−x)dx = ∞, since c = lim
x→∞

xΦ(e−x) ∈ (0,∞]. By the change of

variable u = e−x, we get ∫0 Φ(u)
u

du = ∞, so that ν has no log moment.

Remark 4. The regular variation assumption in H can be written more explicitly as follows:

∃δ ∈ R and ℓ slowly varying at 0 such that x↦ xΦ(e−x) ∼
x→∞

x1−δℓ(x). (1.5)

The facts that x ↦ Φ(e−x) is decreasing and that xΦ(e−x) ∼H(x) as x goes to ∞, where H is a non-
decreasing function, imply that δ ∈ [0,1]. Notice that if δ ∈ [0,1), i.e. x↦ xΦ(e−x) is regularly varying
with positive index, then the existence of a non-decreasing equivalent function H is guaranteed, see
[BGT89, Theorem 1.5.3, page 22]. When δ = 1, the map x ↦ xΦ(e−x) is slowly varying at ∞ and we
impose further in Assumption H that there exists a non-decreasing equivalent function ℓ.

The assumption H covers two regimes:

Log case ∶ xΦ(e−x) Ð→
x→∞

c ∈ (0,∞), or Super-log case ∶ xΦ(e−x) Ð→
x→∞

∞. (1.6)

When x ↦ xΦ(e−x) is regularly varying but not slowly varying, i.e. δ ∈ [0,1) in (1.5), then we are in
the Super-log regime. The slowly varying case, for which δ = 1 in (1.5), lies at the boundary between
the two regimes. It depends on whether the limit lim

x→∞
xΦ(e−x) = lim

x→∞
ℓ(x) is finite or not (the latter

exists in (0,∞] by assumption H).

The main contribution of this article is the following theorem.

Theorem 5. Let (Yt, t ≥ 0) be a CBI(Ψ,Φ) with Ψ /≡ 0 and b ∶= Ψ′(0+) > −∞. Assume H.
Then,

( 1

tΦ(1/Yst) , s ≥ 0)Ô⇒t→∞
(Ms, s ≥ 0), (1.7)

where (Ms, s ≥ 0) is an ESN(b/c,µ) with c ∶= lim
x→∞

xΦ(e−x) ∈ (0,∞] and µ(dx) ∶= dx/x2.
The convergence (1.7) also holds if we replace Φ by an increasing function F equivalent to Φ at 0.

Remark 6. 1. Theorem 5 includes also the critical branching mechanism for which b = 0. This
completes [FMY22, Section 3.4] where the one-dimensional laws (i.e. with s = 1) were studied
under extra assumptions on Ψ.

2. Observe that when b = 0 or c = ∞, the ESN process M shrinks to a classical extremal process
based on the measure µ.

Remark 7. We shall see along the proof of Theorem 5, that when xΦ(e−x) Ð→
x→∞

0, (call it Sub-log

case), the convergence of the form (1.7) cannot hold.

We describe now into more details the renormalisation function and the convergence (1.7).

In the Log case, see (1.6), we have

Φ(1/y) ∼
y→∞

c

ln(1 + y) . (1.8)

Equivalently, by (1.4), ν̄(u) ∼
u→∞

c
ln(1+u) . Set (M̃s, s ≥ 0) ∶= (cMs, s ≥ 0). The convergence (1.7) can be

rewritten more explicitly as follows

(1
t
ln (1 + Yst) , s ≥ 0)Ô⇒

t→∞
(M̃s, s ≥ 0).
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The process M̃ corresponds to the ESN process with slope −b constructed as in (1.3) from the PPP Ñ
which is obtained as the image of N by ξ ↦ cξ. The latter has for intensity measure µ̃(dx) ∶= c/x2dx.
We recover here the analogue result as obtained for the GWIs in [IK18, Theorem 1.1].

Remark 8. The ESN process M (or equivalently M̃ above) is self-similar with index 1, see [FY23,
Example]. It is transient if and only if b ≤ 0, or b > 0 and c/b > 1. Moreover, M hits 0 if and only if
b > 0 and c/b < 1. Similarly as in Remark 2, intuitively, this indicates that at certain random times s,(Yst, t ≥ 0) does not evolve at an exponential scale.

In the Super-log case, see (1.6), we have

Φ(1/y) ∼
y→∞

ℓ( ln(1 + y))
ln(1 + y)δ (1.9)

with δ ∈ [0,1] and ℓ a slowly varying function at ∞ such that: if δ = 0 then lim
y→∞

ℓ(y) = 0, since

limx→∞Φ(e−x) = 0; if δ = 1, ℓ is non-decreasing (by the assumption H) and lim
y→∞

ℓ(y) = ∞. The

equivalence (1.9) can be written in terms of the tail of ν, see (1.4), as follows:

ν̄(u) ∼
u→∞

ln(1 + u)−δℓ(ln(1 + u)). (1.10)

Example 1 (see Example 1-(3) in [FMY22]). Let M be an extremal process based on the measure
µ(dx) = dx/x2. Both cases below are in the Super-log regime:

1. If ν̄(u) ∼
u→∞

1/ ln(1 + ln(1 + u)) then
(1
t
ln(1 + ln(1 + Yst)), s ≥ 0)Ô⇒

t→∞
(Ms, s ≥ 0).

2. If ν̄(u) ∼
u→∞

ln(1 + ln(1 + u))/ ln(1 + u)δ, with δ ∈ (0,1] then

(1
t

ln(1 + Yst)δ
ln(1 + ln(1 + Yst)) , s ≥ 0)Ô⇒t→∞

(Ms, s ≥ 0).
Notice that H is fulfilled in the case δ = 1, since one can take ℓ(y) ∶= ln(1+y) which is increasing.

We state now an aside result for subordinators. The latter can be seen as pure immigration CBI
processes, i.e. with branching mechanism Ψ ≡ 0.
Theorem 9 (Subordinators). Let (Yt, t ≥ 0) be a subordinator with Laplace exponent Φ.

(i) If Φ is slowly varying at 0, then

( 1

tΦ(1/Yst) , s ≥ 0)
f.d.d.
ÔÔ⇒
t→∞

(Ms, s ≥ 0), (1.11)

where (Ms, s ≥ 0) is an extremal process based on the measure µ(dx) = dx/x2.
(ii) Under the assumption H, the convergence (1.11) holds in the Skorokhod sense and one can replace

Φ by any increasing function F equivalent to Φ at 0.

Remark 10. We see that the renormalisation function and the limiting process are the same for the
subordinators and the CBIs in the Super-log case or in the Log case when b = 0, see Remark 6. This
reflects the fact that immigration drives the growth of the population in those particular regimes.

Remark 11. Theorem 9 is reminiscent to a functional limit theorem near time 0 for subordinators
obtained by Kella and Löpker [KL13] in the case Φ(x) ∼ γ lnx as x goes to ∞ for some γ > 0. We refer
also to Maller and Schindler [MS19] for another related study.
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We have left unaddressed the case of a branching dynamics with infinite mean (b = −∞) as well as
the scenario where c = lim

x→∞
xΦ(e−x) = 0, which is excluded by our assumption H. In these situations,

the ESN(b/c,µ) process is no longer defined. It is noteworthy that when b = −∞, the growth of the
CB process is almost surely super-exponential, leading to certain extremal processes, as discussed in
Foucart and Ma [FM19, Theorem 1] and the references therein. The problem of designing functional
limit theorems of CBIs in this case is left for potential future works.

2 Background on CBI and ESN processes

The proofs of Theorem 1 and Theorem 5 will be based on the convergence of generators. We gather
here fundamental properties of generators of CBIs and ESNs. We refer the reader to [KW71] or to
Li’s lecture notes [Li20] for a more recent account on CBIs, see [FY23] for background on ESNs.

2.1 Continuous-state branching processes with immigration

We shall focus on CBI processes whose branching mechanism has a finite mean. In this case, the
function Ψ takes the form

Ψ(q) = bq + σ2

2
q2 + ∫

∞

0

(e−qx − 1 + qx)π(dx), (2.12)

with b ∈ R, σ ≥ 0 and π a Lévy measure on (0,∞) satisfying ∫ ∞0 x ∧ x2 π(dx) < ∞. The mechanism of
immigration takes the form

Φ(q) = βq + ∫ ∞

0

(1 − e−qx)ν(dx), (2.13)

with β ∈ R+ and ν a Lévy measure on (0,∞) satisfying ∫ ∞0 1 ∧ xν(dx) < ∞.
The semigroup of a CBI(Ψ,Φ) is characterised by its Laplace transform as follows, see e.g. [Li20,

Theorem 5.6]: for λ ∈ R+ and x ∈ R+,
Ex[e−λYt] = exp ( − xvt(λ) − ∫ t

0

Φ(vs(λ))ds), (2.14)

where the function t↦ vt(λ) is the solution to

∂

∂t
vt(λ) = −Ψ(vt(λ)), v0(λ) = λ. (2.15)

In particular, the CBI(Ψ,Φ) is a Feller process. When Ψ ≡ 0, namely when there is no branching,
vt(λ) = λ for all t, and the Markov process Y with semigroup (2.14) is nothing but a subordinator
with Laplace exponent Φ. For some background of subordinators, we refer the reader for instance
to Kallenberg’s book [Kal02, Chapter 15]. When Φ ≡ 0, the process (Yt, t ≥ 0) is a continuous state
branching process with mechanism Ψ, in short CB(Ψ).

Denote by L the generator of the CBI(Ψ,Φ) and by DL its domain. Call C2[0,∞) the set of
bounded continuous real functions on [0,∞) with bounded continuous derivatives up to the second
order. Denote also by DCBI ∶= Vect{ez, z ≥ 0} the linear span of exponential functions ez ∶ x↦ ez(x) ∶=
e−xz defined on [0,∞). For any f ∈ C2[0,∞) and x ∈ [0,∞), see e.g. [Li20, Equation (7.3)],

Lf(x) ∶= xLΨf(x) + LΦf(x)
∶= σ2

2
xf ′′(x) − bxf ′(x) + x∫ ∞

0

(f(x + u) − f(x) − uf ′(x))π(du) (2.16)

+ βf ′(x) + ∫ ∞

0

(f(x + u) − f(x))ν(du), (2.17)

where LΨ and LΦ denote respectively the generator of a spectrally positive Lévy process with Lévy-
Khintchine function Ψ and that of a subordinator with Laplace exponent Φ. Moreover, one has for
any z ∈ R+ and all x ∈ R+: Lez(x) = (xΨ(z) − Φ(z))ez(x). (2.18)

We shall need the following lemma providing a core and a subspace of the domain of CBIs.
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Lemma 1. Let C2,0([0,∞)) ∶= {f ∈ C2([0,∞)) ∶ lim
x→∞

f(x) = 0 and lim
x→∞

x(∣f ′′(x)∣ + ∣f ′(x)∣) = 0}, then
DCBI ⊂ C2,0([0,∞)) ⊂ DL

and DCBI is a core for the CBI(Ψ,Φ).
Remark 12. Note that C2

c ([0,∞)), the space of twice differentiable functions with compact support
in [0,∞), is included in C2,0([0,∞)) and then also in DL.
Proof. The first inclusion is trivial. For the second, according to [Li20, Theorem 7.2-(4)], the process

(Wt, t ≥ 0) ∶= (f(Yt) − ∫ t

0

Lf(Ys)ds, t ≥ 0)
is a local martingale for any f ∈ C2([0,∞)). If moreover, f ∈ C2,0([0,∞)), then supx∈[0,∞) ∣Lf(x)∣ < ∞
and the integrand s↦ Lf(Ys) is bounded over any compact interval of time almost surely. This entails
that W is a true martingale, and since f and Lf vanish at ∞, by the reverse Dynkin’s formula, f lies
in the domain of Y , see e.g. [RY99, Proposition 1.7, Chapter VII]. Last, clearly by (2.14), the set DCBI

is invariant for the semigroup. It is moreover a dense subset of C0([0,∞)), the space of continuous
functions vanishing at ∞, and by applying [Kal02, Proposition 19.9], we see thus that it is a core.

2.2 Poisson shot noise structure and heuristics

We describe here briefly the Poissonian construction of the CBI processes and give heuristic arguments
explaining the convergence in Theorem 5.

Any CBI process admits a Poisson shot noise structure, see e.g. Li [Li20, Theorem 6.4 and Theorem
6.7]. When there is no drift term in Φ, i.e. β = 0 (no continuous immigration), the latter takes a simple
form. Indeed the CBI(Ψ,Φ) started from 0 can be constructed in a Poissonian way as follows

(Ys, s ≥ 0) = ( ∑
0≤u≤s

Xu
s−u, s ≥ 0) , (2.19)

whereM ∶= ∑u≥0 δ(u,Xu) is a PPP on [0,∞) ×D, with intensity ds × n(dX) and n is the measure on
D defined by

n(dX) = ∫ ∞

0

ν(dx)PΨ

x (dX),
with P

Ψ
x denoting the law of a càdlàg CB(Ψ) started from x > 0. Immigration arrivals occur along

the atoms of times ofM and the Borel measure ν governs the initial amount of individuals Xu
0 at an

immigration time u.
We now explain how the Poissonian construction (2.19) provides an insight into the emergence of

extremal behaviours in the limit.
By assumption, all the grafted CB(Ψ) processes, Xu, have a finite mean. When starting from

macroscopic initial values, their order, on the interval of time [0, s], is approximatively Xu
0
e−b(s−u) with

b ∶= Ψ′(0+) ∈ (−∞,∞). If the immigration measure ν has a sufficiently large tail (no log moment), one
of those terms is so large that it is the only one to effectively contribute to the sum in (2.19). Hence, by
disregarding the immigration events starting from small initial values, we obtain the approximation:

(Ys, s ≥ 0) ≈ ( sup
0≤u≤s

Xu
0 e
−b(s−u), s ≥ 0).

For a given time s > 0 and an immigration time u ≤ s, there are then two possibilities: either both
terms Xu

0
and e∣b∣(s−u) are of the same order (Log case) or e∣b∣(s−u) is negligible in front of Xu

0
(Super-log

case).
In the Log case (1.8), since for any v > 0, tν̄(etv)→ c/v, as t goes to∞, heuristically, the immigration

subordinator is “evolving at an exponential scale”. Hence, when Yst > 0,
1

t
lnYst ≈ 1

t
ln(sup

v≤st
Xv

0 e
−b(st−v)) = sup

ut≤s
(1
t
lnXtut

0
− b(s − ut))Ô⇒

t→∞
sup
u≤s
(ξu − b(s − u)) , (2.20)
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where ut ∶= v/t and
∑
u>0

δ(u,ξu) ∶= “ limt→∞
” ∑
ut>0

δ
(ut,

1

t
lnX

tut
0
)
, (2.21)

which turns out to form a PPP whose intensity measure has for tail µ̄(v) = c/v. We see here how the
extremal shot noise structure (1.3) is arising.

In the Super-log case (1.9), regardless of whether b < 0 or b ≥ 0, the immigration is so strong that
the exponential factor e−b(st−v) in (2.20) is negligible compred to the initial value Xv

0 . The log function
in the renormalisation will have to be replaced by a “slower” function, for instance L = ln ln. As a
consequence, the exponential term will have no contribution to the limit process and the latter will be
a classical extremal process. Notice that the renormalisation function can take here different shapes.
This renders the study more involved.

Establishing (2.20) and (2.21) rigorously is the approach taken in [IK18] for handling the Log case
for GWIs. We will take a different path and work with generators, instead of point processes.

It is important to note that the process Y may well hit 0. To address this and the fact that the
log function is not defined at 0, we will later use a renormalisation function that is well defined at 0,
for both Log and Super-log cases.

2.3 Extremal shot noise processes

Let µ be a measure on (0,∞) such that µ̄(x) < ∞ for all x > 0. Recall that by definition, an ESN
process M based on the measure µ with slope −γ ∈ R is a process of the form (1.3). We gather in the
following lemma some properties that we will need later on. Denote by C1,0([0,∞)) the space of C1

functions vanishing at ∞ and whose first-order derivatives are vanishing at ∞.

Lemma 2 (Theorem 1 and Theorem 2 in [FY23]). For any γ ∈ R and any µ such that ∫0 µ̄(x)dx = ∞.

(i) The process M is Feller.

(ii) The generator A of M has for core the space

DESN ∶= {f ∈ C1,0([0,∞)) ∶ ∫
0

∣f ′(x)∣µ̄(x)dx < ∞}, (2.22)

and for any f ∈ DESN :

Af(x) ∶= ∫ ∞

x
(f(y) − f(x))µ(dy) − γf ′(x) for any x ≥ 0. (2.23)

Remark 13. Note that any function f in DESN satisfies f ′(0) = 0 since by assumption ∫0 µ̄(x)dx = ∞.
Moreover all functions in C1,0([0,∞)) that are constant near 0 are in DESN. Last, DESN is also a core
for the classical extremal process (γ = 0).

In order to study the convergence of generators, we shall need the following technical lemma
ensuring in particular that one can approach any function in DESN with functions in the domain of
the CBI.

Lemma 3. For any f ∈ DESN (recall that it implies f ′(0) = 0), there exists a sequence of functions(fn) in C2
c ([0,∞)) and constant near 0 such that

∣∣f − fn∣∣ Ð→
n→∞

0 and ∣∣Afn −Af ∣∣ Ð→
n→∞

0. (2.24)

Proof. Let f ∈ DESN. Recall that f
′ is continuous vanishing at∞, f ′(0) = 0 and ∫0 ∣f ′(y)∣µ̄(y)dy < ∞.

By Stone-Weierstrass theorem, one can construct a sequence of C1 functions (gn) with compact
support on [0,∞) such that gn converges towards f ′ uniformly and in the L1-norm.

Let (sn) be a positive sequence going to 0 such that snµ̄(1/n) Ð→
n→∞

0. For such a sequence (sn), up
to working along a subsequence of (gn), we can assume that (gn) satisfies µ̄(1/n + sn)∥gn − f ′∥ Ð→

n→∞
0.
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One can find2 a sequence of functions (hn) so that supy∈[1/n,1/n+sn] hn(y) Ð→n→∞
0 and the functions

(ḡn) defined via (hn) below, are in C1
c ([0,∞)). For any n ≥ 1, set

ḡn(y) ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0 if y ∈ [0,1/n],
hn(y) if y ∈ [1/n,1/n + sn],
gn(y) if y ∈ [1/n + sn,∞).

Set for all x ≥ 0
fn(x) ∶= f(0) + ∫ x

0

ḡn(y)dy.
Note that fn belongs to C2

c ([0,∞)) and is constant on [0,1/n]. Furthermore,

∥f ′n − f ′∥ = ∥ḡn − f ′∥ ≤ sup
0≤y≤1/n

∣f ′(y)∣ + sup
y∈[1/n,1/n+sn]

∣hn(y) − f ′(y)∣ + sup
y∈[1/n+sn,∞)

∣gn(y) − f ′(y)∣,
and since f ′(0) = 0, the two first quantities in the upper bound go to 0, the third one also vanishes
since (gn) converges uniformly towards f ′. Hence the sequence (f ′n) converges uniformly towards f ′,
as well as (fn) towards f .

One has for any n ≥ 1, using (2.23)

∥Afn −Af∥ ≤ ∣γ∣∥ḡn − f ′∥ + ∫ 1/n

0

∣f ′(y)∣µ̄(y)dy + ∫ 1/n+sn

1/n
∣ḡn(y) − f ′(y)∣µ̄(y)dy

+ ∫
1

1/n+sn
∣gn(y) − f ′(y)∣µ̄(y)dy + µ̄(1)∫ ∞

1

∣gn(y) − f ′(y)∣dy.
The first term in the upper bound above, ∣γ∣∥ḡn − f ′∥, converges to 0. The second term goes to 0,
using the definition of DESN, see (2.22). For the third one, note that since ∥ḡn − f ′∥ is bounded by
some constant C > 0,

∫
1/n+sn

1/n
∣ḡn(y) − f ′(y)∣µ̄(y)dy ≤ Csnµ̄(1/n) Ð→

n→∞
0.

For the fourth term, we have the upper bound

∫
1

1/n+sn
∣gn(y) − f ′(y)∣µ̄(y)dy ≤ µ̄(1/n + sn)∥gn − f ′∥,

which goes to 0. The last term goes to 0 as (gn) converge in L1 towards f ′. ◻

3 Proofs

3.1 Proof of Proposition 1

Let (c(t), t ≥ 0) be a positive function and set h(x) ∶= xc(t) for all x, t ≥ 0. Plainly, the process(c(t)Yst, s ≥ 0) is Feller. Denote by A(t) its generator. We have for any function f in C2[0,∞),
A
(t)f(x) ∶= tL(f ○ h)(h−1(x)) = tL(f ○ h)(x/c(t)).

Recall ez(x)∶=e−zx and note that ez ○ h(x) = ezc(t)(x).
By (2.18), we have

A
(t)ez(x) = t( x

c(t)Ψ(zc(t)) − Φ(zc(t))) ez(x).
2for instance hn can be defined via a second order polynomial interpolation
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Recall that by assumption, for some α,β ∈ (0,1], such that β ≤ α, some slowly varying function ℓ at 0
and d ≥ 0, d′ > 0,

Φ(x) ∼
x→0

d′xβℓ(x) and Ψ(x) ∼
x→0

dx1+αℓ(x). (3.25)

Define c(t) ∶= Φ−1(1/t) for all t > 0. Plainly, c(t) Ð→
t→∞

0 and since Φ and Ψ are regularly varying at 0

with index, respectively, β and 1 +α, we have

tΦ(zc(t)) = Φ(zc(t))
Φ(c(t)) Ð→t→∞

zβ =∶ Φ̄(z) and Ψ(zc(t))
Ψ(c(t)) Ð→t→∞

z1+α.

Moreover by (3.25),

t
Ψ(c(t))
c(t) = Ψ(c(t))

c(t)Φ(c(t)) ∼t→∞
d

d′
c(t)α−β Ð→

t→∞

⎧⎪⎪⎨⎪⎪⎩
d/d′ when α = β,
0 when α > β.

We conclude that for all z ≥ 0,

t
Ψ(zc(t))

c(t) = Ψ(zc(t))
Ψ(c(t))

Ψ(c(t))
c(t) t Ð→

t→∞
Ψ̄(z) ∶=

⎧⎪⎪⎨⎪⎪⎩
d
d

′
z1+α when α = β,

0 when α > β.
Let L̄ be the generator of the CBI(Ψ̄, Φ̄), see Section 2.1 and recall L̄ez in (2.18), then

∣∣A(t)ez − L̄ez ∣∣ ≤ (t x

c(t)Ψ(zc(t)) −
d

d′
zα+1) × sup

x∈[0,∞)

xez(x) + (tΦ(zc(t)) − zβ) × sup
x∈[0,∞)

ez(x).
Both suprema above are finite and the right-term of the inequality above goes to 0 as t goes to ∞.
The convergence of generators is thus uniform on the core DCBI. Moreover, c(t)Y0 → 0 as t →∞ and
a standard result, see e.g. Kallenberg’s book [Kal02, Theorem 19.25-(i-iv)], ensures then the weak
convergence in D: (c(t)Yst, s ≥ 0)Ô⇒

t→∞
(Xs, s ≥ 0),

where (Xs, s ≥ 0) is a CBI(Ψ̄, Φ̄) started from 0. The latter shrinks to a subordinator when Ψ̄ ≡ 0,
namely when α > β. Recall that c(t) = Φ−1(1/t). Then the proof is finished. ◻

3.2 Convergence of generators

We study in this section the convergence of the generators of the renormalised CBIs towards those of
extremal and extremal shot noise processes. Recall that by convention 1/c = 0 if c = ∞.

3.2.1 Preparatory results on the renormalisation function

Recall the assumption H in Theorem 5 and (1.5). This is equivalent to the following facts: x ↦

1/Φ(e−x) is regularly varying at ∞ with some index δ ∈ [0,1] and if δ = 1 then xΦ(e−x) ∼ ℓ(x) where
ℓ is slowly varying and non-decreasing. The regular variation property will not provide good enough
properties when we will deal with derivatives. To circumvent this we shall first use an equivalent
function ϕ of Φ such that r ∶ x ↦ 1/ϕ(e−x) is smoothly regularly varying. This will entail that it has
derivatives with nice properties. We refer the reader to [BGT89, Section 1.8.1] for background on this
notion with the definition recalled in the lemma below.

Lemma 4 (Equivalent function). If H holds then there exists a function ϕ ∶ R+ ↦ R+ such that

1. ϕ(1/y) ∼ Φ(1/y) as y →∞.

2. r ∶ x ↦ 1/ϕ(e−x) is smoothly regularly varying at infinity with index δ, that is to say: h ∶ x ↦
ln r(ex) is C∞ and as x→∞,

h′(x) → δ, h(n)(x)→ 0, n = 2,3,⋯. (3.26)
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3. ϕ is strictly increasing,

4. f ∶ x↦ xϕ(e−x) is non-decreasing.

Proof. If δ = 0, define L(x) ∶= Φ(e−x) for x ≥ 1. Then L is slowly varying at infinity, strictly
decreasing, since Φ increases, and verifies limx→∞L(x) = 0. Applying [BGT89, Theorem 1.3.3], there
exists L̃ such that L̃(x) ∼ L(x) as x →∞, and L̃ is smoothly slowly varying which implies that

L̃(x) = exp(a + ∫ x

1

κ(s)ds
s
) , x ≥ 1, (3.27)

where a ∈ R and κ(s)→ 0 as s→∞. Moreover the construction of L̃ in the proof of [BGT89, Theorem
1.3.3] ensures that if L is strictly decreasing, L̃ is also strictly decreasing in x. Then L̃(− lnx) is strictly
increasing for 0 ≤ x ≤ e−1, with convention: L̃(− ln 0) = L̃(∞) = 0. Since L̃ is slowly varying, there exists
x0 ≥ 1 such that xL̃(x) is non-decreasing for x ≥ x0. Then we can set ϕ(x) = L̃(− lnx) on [0, e−x0].
Note that xϕ(e−x) = xL̃(x). Then all the four conditions are satisfied with ϕ(x) for x ∈ [0, e−x0]. It
then suffices to extend ϕ to (e−x0 ,∞) with necessary smoothness properties and monotonicity. The
proof for the case of δ = 0 is finished.

If 0 < δ < 1, define L such that Φ(e−x) = x−δL(x) for x ≥ 1. Then L is slowly varying at infinity.
Using the same arguments as above, there exists L such that L(x) ∼ L(x) as x →∞, and L is smoothly
slowly varying which implies that

L(x) = exp (b + ∫ x

1

ζ(s)ds
s
) , x ≥ 1, (3.28)

where b ∈ R and ζ(s) → 0 as s → ∞. Similarly, we can set ϕ(x) ∶= (− lnx)−δL(− lnx) for x close
enough to 0 and extend it to the whole positive half line with necessary smoothness properties and
monotonicity so that ϕ satisfies all the four conditions. Then the proof for the case of 0 < δ < 1 is
completed.

If δ = 1, we recall that we assume that xΦ(e−x) ∼ ℓ(x) as x goes to ∞ with ℓ slowly varying and
non-decreasing. By the same arguments as above in the case δ = 0 (i.e. use [BGT89, Theorem 1.3.3]
and its proof), there exists ℓ̃ such that ℓ̃(x) ∼ ℓ(x) as x→∞, ℓ̃ is smoothly slowly varying and

ℓ̃(x) = exp (ρ + ∫ x

1

η(s)ds
s
) , x ≥ 1, (3.29)

where ℓ̃ is non-decreasing, ρ ∈ R and η(s) → 0 as s → ∞. Then for x small enough, the function
ϕ(x) ∶= (− lnx)−1ℓ̃(− lnx) is strictly increasing. It suffices to extend ϕ to the whole positive half line
with necessary smooth properties and monotonicity such that ϕ satisfies all the first three conditions.
The last condition is also met since xϕ(e−x) = ℓ̃(x). Then the case for δ = 1 is proved. ◻

We shall now work with the function ϕ as introduced in Lemma 4 instead of Φ. We will go back
to Φ at the end of the proof. From now on, Assumption H is in force. Notice that it entails that

xϕ(e−x) Ð→
x→∞

c ∈ (0,∞].
The following is a key lemma.

Lemma 5. Let ϕ be an equivalent function as in Lemma 4. One has

lim
u→∞

ϕ′(1/u)
uϕ2(1/u) = 1/c (3.30)

and

lim
u→∞

ϕ′′(1/u)
u2ϕ2(1/u) = −1/c. (3.31)
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Proof. Recall that in the log case δ = 1. For (3.30), one has:

d

dx

1

ϕ(e−x) =
ϕ′(e−x)
ϕ2(e−x)e−x = h′(lnx)x−1eh(lnx) = (δ + o(1))eh(lnx)x−1 = 1

xϕ(e−x)(δ + o(1)) Ð→x→∞

1

c
.

For (3.31), we have, as x goes to ∞:

d2

dx2
1

ϕ(e−x) = −
e−xϕ′(e−x)
ϕ2(e−x) −

e−2xϕ′′(e−x)
ϕ2(e−x) + 2e−2x(ϕ′(e−x))2

ϕ3(e−x) = −1
c
− e−2xϕ′′(e−x)

ϕ2(e−x) + o(1).
The last equality is due to (3.30) and ϕ(e−x)→ 0 as x→∞. Next note that:

d2

dx2
1

ϕ(e−x) =
d

dx
h′(lnx)x−1eh(lnx) = h′′(lnx)x−2eh(lnx) → 0 as x →∞,

where the convergence is due to the fact that h′′(lnx) converges to a constant as x →∞, see (3.26),
and x−2eh(lnx) = 1

x2ϕ(e−x)
∼ 1

x2Φ(e−x)
→ 0 as x goes to ∞. The above two displays yield (3.31) and the

proof is finished. ◻

3.2.2 Preparatory results on the prelimiting generators

Let g ∶ y ↦ g(y) be a continuous strictly increasing function tending to ∞ as y goes to ∞. Fix t > 0,
and let x ∶= g(y) ≥ 0. The process (g(Yst), s ≥ 0) has for semigroup

E[f(g(Yst)) ∣Yst = g−1(x)] =∶ P (t)s f(x) = Pst(f ○ g)(g−1(x)),
where (Ps) denotes the semigroup of (Ys, s ≥ 0). Since the CBI process is Feller, for any s ≥ 0, Ps maps

C0([0,∞)) into itself and for any f ∈ C0([0,∞)), x↦ P
(t)
s f(x) is continuous on [0,∞) and vanishing

at ∞. The process (g(Yst), s ≥ 0) is therefore Feller.
Let A(t) be the generator of (g(Yst), s ≥ 0). That is,

lim
h→0

Pst(f ○ g)(g−1(x)) − f(x)
h

= A(t)f(x) = t(L(f ○ g))(g−1(x)),
uniformly in x ≥ 0 for any f in the domain of A(t).

Recall that ϕ is strictly increasing. For any t > 0, define

g(y) ∶= 1

tϕ(1/y) for all y ≥ 0 and its inverse g−1(x) = 1

ϕ−1(1/xt) for all x ≥ 0. (3.32)

We shall renormalise the CBI process with the function g. Notice that g depends on t and for t > 0
fixed, g is strictly increasing. Furthermore, y = g−1(x) goes to infinity as t→∞ with x fixed. We shall
treat both Log and Super-log cases at once. However in the Log case, many of the computations to
come can be simplified using the explicit form ϕ(x) = c

ln(1+1/x) . Indeed in this setting, we can set for
any t ≥ 0, x, y ≥ 0

g(y) ∶= ln(1 + y)
ct

and g−1(x) ∶= ectx − 1.
The following lemma is a key as it explains how the measure µ(dx) ∶= dx/x2 arises at the limit.

Lemma 6. Assume H. Recall the measure ν from (2.13). Let c0 > 0. For any x ≥ 0, v ≥ x + c0, we
have uniformly in v,x

tν(g−1(v) − g−1(x))ÐÐ→
t→∞

µ̄(v) ∶= 1/v. (3.33)
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Proof. The regular variation of 1/Φ(e−x) implies that Φ is slowly varying near zero. Then necessarily
Φ′(0) = ∫ ∞0 ν̄(u)du = ∞. Hence, by Fubini-Tonelli theorem

Φ(x)
x
= β + ∫

∞

0

e−uxν̄(u)du ∼
x→0
∫
∞

0

e−uxν̄(u)du. (3.34)

By applying Karamata Tauberian theorem, see [BGT89, Theorem 1.7.1], one has ∫ z
ν̄(u)du ∼

z→∞

zΦ(1/z). Since u ↦ ν̄(u) is monotone, we deduce by applying the monotone density theorem, see
[BGT89, Theorem 1.7.2], that

ν̄(u) ∼
u→∞

Φ(1/u). (3.35)

Recall g−1(x) = 1

ϕ−1(1/xt)
. Since Φ(1/y) ∼ ϕ(1/y) as y goes to ∞, we have

tν̄(g−1(x)) = tν̄(1/ϕ−1(1/xt)) Ð→
t→∞

1/x. (3.36)

Since ν̄ is decreasing and g−1 is increasing in x, the map x↦ ν̄(g−1(x)) is decreasing and the conver-
gence in (3.36) holds uniformly in x ≥ ε for some fixed ε > 0, see e.g. [PS98, Item 127 pages 81 and
270].

Next, we are going to show the following uniform convergence: for any c0 > 0

lim
t→∞

inf
v≥x+c0,x≥0

g−1(v)
g−1(x) = lim

t→∞
inf
x≥0

1/ϕ−1(1/(x + c0)t)
1/ϕ−1(1/xt) = ∞. (3.37)

Note that the first equality uses the definition of g−1, see (3.32), and the monotonicity of g−1. So we
only have to prove the second equality. We first prove a partial result as follows: for any ε > 0,

lim
t→∞

inf
v≥x+c0,x≥ε>0

1/ϕ−1(1/(x + c0)t)
1/ϕ−1(1/xt) = ∞. (3.38)

Recall that ϕ is strictly increasing, we have for all x > 0
ϕ−1(1/x) = exp ( − xf(− lnϕ−1(1/x))),

where f ∶ x↦ xϕ(e−x). Then, uniformly in x ≥ ε,
1/ϕ−1(1/(x + c0)t)

1/ϕ−1(1/xt) = exp ((x + c0)tf(− lnϕ−1(1/(x + c0)t)) − xtf(− lnϕ−1(1/xt)))
≥ exp (c0tf(− lnϕ−1(1/(x + c0)t))) ÐÐ→

t→∞
∞.

Here the inequality uses that x↦ − lnϕ−1(1/x) is strictly increasing to infinity and x↦ f(x) = xϕ(e−x)
is non-decreasing, see Lemma 4. Then (3.38) is proved.

In fact, the assumption x ≥ ε > 0 in (3.38) can be replaced by x ≥ 0. Setting z = x+ c0/2 and using
the fact that ϕ−1 is increasing, we have :

g−1((x + c0)t)
g−1(xt) = ϕ−1( 1

xt
)

ϕ−1( 1

(x+c0)t
) ≥

ϕ−1( 1

(x+c0/2)t
)

ϕ−1( 1

(x+c0)t
) =

ϕ−1( 1
zt
)

ϕ−1( 1

(z+c0/2)t
) =

g−1((z + c0/2)t)
g−1(zt) , z ≥ c0/2.

Using (3.38), the last term goes to ∞ uniformly in z ≥ ε ∶= c0/2. This allows us to conclude that the
first term in the above display also goes to ∞ uniformly for x ≥ 0. Therefore, (3.37) is proved.

Finally, we are ready to prove (3.33). Since ν̄ is slowly varying, the uniform convergence theorem
for slowly varying functions, see [BGT89, Theorem 1.2.1], together with (3.36) and (3.37), entail

tν(g−1(v) − g−1(x)) = tν (g−1(v)(1 − g−1(x)
g−1(v)))ÐÐ→t→∞

1/v. (3.39)

The convergence holds uniformly in v ≥ x + c0 and x ≥ 0. Then the proof is finished. ◻
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Recall g(y) = 1

tϕ(1/y) , see (3.32), and for any fixed x, set y = g−1(x). Let t > 0 be fixed. The

generator of the prelimiting process (g(Yst), s ≥ 0) takes the following form

A
(t)f(x) ∶= tL(f ○ g)(y)

= tyLΨ(f ○ g)(y) + tLΦ(f ○ g)(y)
= I1 + I2 + I3 + I4,

with respectively I1 the drift term, I2 the immigration jump term, I3 the diffusion term and I4 the
branching jump term:

I1 ∶= t(β − by)(f ○ g)′(y) (3.40)

I2 ∶= t∫
∞

0

(f ○ g(y + u) − f ○ g(y))ν(du) (3.41)

I3 ∶= tσ
2

2
y(f ○ g)′′(y) (3.42)

I4 ∶= ty∫
∞

0

(f ○ g(y + u) − f ○ g(y) − u(f ○ g)′(y))π(du). (3.43)

Recall A the generator of the ESN(b/c,µ) process M , see (1.7) with µ(dy) ∶= dy/y2. Note that
µ̄(y) = 1/y so that ∫0 µ̄(y)dy = ∞ and by Lemma 2, DESN defined in (2.22) is a core. For any f ∈ DESN

and x ≥ 0, an application of Fubini-Lebesgue’s theorem yields

Af(x) ∶= ∫ ∞

x
(f(y) − f(x))dy

y2
− b

c
f ′(x)

= ∫
∞

x
f ′(z)dz

z
− b

c
f ′(x).

We shall next establish the following lemma.

Lemma 7. For any f ∈ C2
c [0,∞) constant near zero,

A
(t)f →Af uniformly as t goes to ∞. (3.44)

Notice that any f ∈ C2
c [0,∞), both f and f ○ g belong to the domain of the CBI (Ys, s ≥ 0) and f

to that of the ESN (Ms, s ≥ 0). As we can see by the form of the generator A, I3 and I4 will have no
contribution at the limit. The proof of the above lemma is given by the two subsequent sections.

3.2.3 Proof of Lemma 7: uniform convergence on [ε,∞)
We first show the uniform convergence of generators (3.44) for x ≥ ε. The assumption of f being
constant near 0 will not play a role in this part. We will prove it in four steps, each dealing with one
term above.

Step 1: drift term I1. Note that

(β − by)(f ○ g)′(y) = (β − bg−1(x))(f ′ ○ g)(g−1(x)) × g′(g−1(x)) (3.45)

Plugging in y = g−1(x) to (3.45) and using that g′(y) = 1

y2
ϕ′(1/y)
ϕ2(1/y)

t−1, we have

(β − by)(f ○ g)′(y) = (β − bg−1(x))(f ′ ○ g)(g−1(x)) × g′(g−1(x))
= (β − by) 1

y2
ϕ′(1/y)
ϕ2(1/y) t−1f ′(x). (3.46)

Using (3.46) and (3.30), (3.31) from Lemma 5, we get the pointwise convergence for x ≥ ε fixed

I1 = t(β − by)(f ○ g)′(y)ÐÐ→
t→∞

b

c
f ′(x). (3.47)
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For the uniform convergence when x ≥ ε, we shall use the following fact: since y = g−1(x) is increasing
in x,

when x ≥ ε, y = g−1(x) ≥ g−1(ε) Ð→
t→∞
∞. (3.48)

Therefore

sup
x≥ε
∣t(β − by)(f ○ g)′(y) − b

c
f ′(x)∣ = sup

x≥ε
∣(β − by) 1

y2
ϕ′(1/y)
ϕ2(1/y) −

b

c
∣ × ∣f ′(x)∣

≤ sup
u≥g−1(ε)

∣(β − bu) 1
u2

ϕ′(1/u)
ϕ2(1/u) −

b

c
∣ × ∣∣f ′∣∣, (3.49)

the last upper bound goes to 0 as t goes to ∞ by Lemma 5. The convergence is thus uniform for all
x ≥ ε. ◻
Step 2: immigration jump term I2. By applying Fubini-Lebesgue’s theorem, we can rewrite it as
follows:

I2 = t∫
∞

0

(f ○ g(y + u) − f ○ g(y))ν(du) = t∫ ∞

y
f ′(g(u))g′(u)ν̄(u − y)du

= t∫
∞

x
f ′(z)ν̄(g−1(z) − g−1(x))dz.

Next, we are going to show that the last integral term converges uniformly in x ≥ ε towards ∫ ∞x f ′(v)v−1dv.
We first show the convergence on an interval of the form [x + c0,∞) with c0 > 0, x ≥ ε > 0. Since f ′ is
integrable near ∞, by using Lemma 6 and Lebesgue theorem, we get

sup
x≥ε
∣∫ ∞

x+c0
f ′(z) (tν̄(g−1(z) − g−1(x))dz − 1/z)dz∣

≤ ∫
∞

0

∣f ′(z)∣ sup
x≥ε
∣tν̄(g−1(z) − g−1(x)) − 1/z∣1{z≥x+c0}dz →t→∞ 0.

Next we deal with the integral from x to x+c0 and show that this integral is arbitrarily small uniformly
with respect to x ∈ [ε,∞), by choosing c0 small. We note that

t∫
x+c0

x
f ′(z)ν̄(g−1(z) − g−1(x))dz

= t∫
g−1(x+c0)−g−1(x)

0

(f ○ g(g−1(x) + u) − f(x))ν(du)
= t∫

g−1(x)

0

(f ○ g(g−1(x) + u) − f(x))ν(du) + t∫ g−1(x+c0)−g
−1(x)

g−1(x)
(f ○ g(g−1(x) + u) − f(x))ν(du)

=∶ J1 + J2.

By Lemma 6, note that J2 ≤ 2∥f∥t(ν̄(g−1(x)) − ν̄(g−1(x+ c0))) →
t→∞

2∥f∥( 1
x
− 1

x+c0
) which is, for small

c0, arbitrarily small uniformly in x ≥ ε. For J1, by applying the mean value theorem to the function
f ○ g in the integrand, one has

f ○ g(g−1(x) + u) − f ○ g(g−1(x)) = f ′(g(θ))g′(θ)u,
for some θ ∈ [g−1(x), g−1(x) + u] ⊂ [g−1(x),2g−1(x)] and

J1 = t∫
g−1(x)

0

f ′(g(θ))g′(θ)uν(du)
= t∫

C

0

f ′(g(θ))g′(θ)uν(du) + t∫ g−1(x)

C
f ′(g(θ))g′(θ)uν(du)

≤ ∥f ′∥t sup
g−1(x)≤θ≤2g−1(x)

g′(θ)∫ C

0

uν(du) + ∥f ′∥t sup
g−1(x)≤θ≤2g−1(x)

g′(θ)g−1(x)ν̄(C)
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for any C > 0. We now explain why J1 is arbitrarily small uniformly in x ≥ ε. Recall tg(x) = 1

ϕ(1/x) .
For the first term on the right-hand side in the last line of the above display, with fixed C, one has by
Lemma 5, see (3.31).

tg′(u) = − ϕ′(1/u)
ϕ(1/u)2u2 Ð→u→∞

0, (3.50)

Since tg′ does not depend on t and y = g−1(x) goes to ∞ as t goes to ∞,

tg′(g−1(x)) Ð→
t→∞

0.

Moreover, using the representation tg(u) = 1

ϕ(1/u) = eh(ln lnu) with the fact that lim
u→∞

h′(u) = δ and that

g is slowly varying, we see that tg′(u) = h′(ln lnu)g(u)(ln ln)′(u) is regularly varying at∞. Therefore,
by the uniform convergence theorem, see [BGT89, Theorem 1.2.1], we have

sup
u≤θ≤2u

tg′(θ) ∼
u→∞

tg′(u). (3.51)

Recall (3.48), in the same fashion as in (3.49), one has

sup
x≥ε

sup
g−1(x)≤θ≤2g−1(x)

tg′(θ) ≤ sup
u≥g−1(ε)

sup
u≤θ≤2u

tg′(θ)
which goes to 0 as t goes to ∞ by (3.51) and (3.50).

For the second term, note that by (3.51)

sup
g−1(x)≤θ≤2g−1(x)

tg′(θ)g−1(x) ∼
t→∞

tg′(g−1(x))g−1(x),
and by Lemma 5, see (3.30), tg′(g−1(x))g−1(x) is bounded above uniformly in x ≥ ε. Since ν̄(C) goes
to 0 as C goes to ∞, the second part is arbitrarily small uniformly for x ≥ ε.

In conclusion, we have shown that I2 converges uniformly in x ≥ ε to ∫ ∞x f ′(z)dz
z

as t →∞.
◻

Step 3: diffusion term I3. For any u,

(f ○ g)′′(u) = (f ′′ ○ g)(u) × (g′(u))2 + (f ′ ○ g)(u) × g′′(u). (3.52)

Plugging in (3.52) u = y and g(y) = 1

tϕ(1/y) leads to

(f○g)′′(y) = f ′′ ( 1

tϕ(1/y))
(ϕ′(1/y))2
ϕ4(1/y) y−4t−2−f ′ ( 1

tϕ(1/y))⋅(
2

y3
ϕ′(1/y)
ϕ2(1/y) +

1

y4
ϕ′′(1/y)
ϕ2(1/y) +

2

y4
(ϕ′(1/y))2
ϕ3(1/y) ) t−1.

Plugging in y = g−1(x), we obtain

(f ○ g)′′(y) = f ′′ (x) (ϕ′(1/y))2
ϕ4(1/y) y−4t−2 − f ′ (x) ⋅ ( 2

y3
ϕ′(1/y)
ϕ2(1/y) +

1

y4
ϕ′′(1/y)
ϕ2(1/y) +

2

y4
(ϕ′(1/y))2
ϕ3(1/y) ) t−1. (3.53)

From (3.53), by applying (3.30) and (3.31), we can see that

ty(f ○ g)′′(y)ÐÐ→
t→∞

0. (3.54)

Indeed all terms in ty(f ○ g)′′(y) will vanish when t goes to ∞, as they are of order at most 1

y2
. The

above convergence is uniform for all x ≥ ε since ∥f ′′∥ <∞ and ∥f ′∥ <∞. Since

Step 4: branching jump term I3.
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Note that

ty∫
∞

0

(f ○ g(y + u) − f ○ g(y) − u(f ○ g)′(y))π(du) (3.55)

= ty∫
C

0

(f ○ g(y + u) − f ○ g(y) − u(f ○ g)′(y))π(du) (3.56)

+ ty∫ ∞

C
(f ○ g(y + u) − f ○ g(y))π(du) − tyaC(f ○ g)′(y), (3.57)

with aC ∶= ∫ ∞C uπ(du). We show that (3.55) converges to zero uniformly in x ≥ ε. To this purpose, it
suffices to prove that (3.56) converges uniformly to zero for any given C, and (3.57) can be arbitrarily
small in absolute value by choosing C large enough, uniformly in x ≥ ε for large t.

For the first term (3.56), notice that by (3.54),

t(y + uv) ((f ○ g)′′(y + uv)) →
t→∞

0,

and if 0 < uv ≤ C, we get
ty ((f ○ g)′′(y + uv)) →

t→∞
0,

also uniformly in x ≥ ε. Recall that ∫ C
0

u2π(du) <∞, by the dominated convergence theorem we have
for any C > 0 fixed

ty∫
C

0

(f ○ g(y + u) − f ○ g(y) − u(f ○ g)′(y))π(du)
=∫

C

0

u2π(du)∫ 1

0

ty ((f ○ g)′′(y + uv)) (1 − v)dv →
t→∞

0 uniformly in x ≥ ε. (3.58)

Now we deal with (3.57). Recall that we have shown in Step 1 that ty(f ○g)(y) →
t→∞

f ′(x) uniformly

in x ≥ ε. Hence the second term in (3.57) converges towards −f ′(x)∫ ∞C uπ(du) which can be arbitrarily
small in absolute value if we take C large enough, uniformly in x ≥ ε. That implies that for any η > 0,
there exists tη,Cη such that

sup
t≥tη ,C≥Cη

∣−tyaC(f ○ g)′(y)∣ ≤ η. (3.59)

As for the integral term in (3.57), note that

(f ○ g)′(v + y) = f ′(g(v + y))g′(v + y),
and one can re-express the integral by

∣ty∫ ∞

C
(f ○ g(y + u) − f ○ g(y))π(du)∣

= ∣ty∫ ∞

C
π(du)∫ u

0

f ′(g(v + y))g′(v + y)dv∣
≤ ∥f ′∥C1aC ,

where C1 = supy≥0,v≥0 ∣tyg′(v + y)∣ ≤ supy≥0 ∣tyg′(y)∣ < ∞ by (3.30). Therefore by choosing C large
enough, the first term in (3.57) is arbitrarily small in absolute value uniformly for all x ≥ 0. Together
with (3.59) and (3.58), we conclude that (3.55) converges to zero uniformly in x ≥ ε. Then the proof
for Step 4 is finished. ◻

3.2.4 Proof of Lemma 7: uniform convergence on [0, ε]
We have shown in the previous section that

sup
x∈[ε,∞)

∣A(t)f(x) −Af(x)∣ Ð→
t→∞

0. (3.60)
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We study now the supremum over x ∈ [0, ε] and establish that for any function f in C2
c ([0,∞)) which

is constant near 0, one has:
sup

x∈[0,ε]
∣A(t)f(x) −Af(x)∣ Ð→

t→∞
0 (3.61)

It is equivalent to showing that for any sequence xt ∈ [0, ε] such that xt Ð→
t→∞

0, we have

∣A(t)f(xt) −Af(xt)∣ Ð→
t→∞

0. (3.62)

Indeed (3.61) plainly entails (3.62). If (3.62) is true, then (3.61) must be true. In fact, if (3.61) does
not hold, then

lim
t→∞

sup
x∈[0,ε]

∣A(t)f(x) −Af(x)∣ > 0.
Hence there exists a sequence (yt) in [0, ε] such that

lim
t→∞
∣A(t)f(yt) −Af(yt)∣ > 0.

If lim
t→∞

yt = 0 this contradicts (3.62) and if lim
t→∞

yt > 0, then by working along any convergent subsequence

of (yt), we would get that the convergence (3.60) previously obtained does not hold.
To prove (3.62), we first observe that

∣A(t)f(xt) −Af(xt)∣ ≤ ∣A(t)f(xt) −Af(0)∣ + ∣Af(0) −Af(xt)∣.
Clearly the second term on the right-hand side converges towards 0 as t goes to ∞ since xt Ð→

t→∞
0.

For the first term, recall that f is constant over [0, ε] for some ε > 0. One has f ′(xt) = 0 for large
enough t hence the drift part in the immigration and the branching components vanish. Let Ψ0 be
the branching mechanism Ψ0(u) = Ψ(u) − bu. One has

∣A(t)f(xt) −Af(0)∣ =
∣tLΨ0(f ○ g)(g−1(xt)) + ∫ ∞

xt

f ′(v)tν̄(g−1(v) − g−1(xt))dv −∫ ∞

0

f ′(v)dv
v
∣

≤ ∣tLΨ
0(f ○ g)(g−1(xt))∣ + ∣∫ ∞

ε
f ′(v)tν̄(g−1(v) − g−1(xt))dv −∫ ∞

ε
f ′(v)dv

v
∣

≤ ∣tLΨ
0(f ○ g)(g−1(xt))∣ + ∣∫ ∞

ε
f ′(v)(tν̄(g−1(v) − g−1(xt)) − 1/v)dv∣ .

By Lemma 6, the second summand above goes towards 0 and we are left to study tLΨ
0(f ○g)(g−1(xt)).

One has (f ○ g)′(g−1(xt)) = f ′(xt)g′(g−1(xt)) = 0 for large enough t, thus

tLΨ
0(f ○ g)(g−1(xt))

= tg−1(xt)∫ ∞

0

(f ○ g(g−1(xt) + u) − f ○ g(g−1(xt)) − u(f ○ g)′(g−1(xt)))π(du)
= tg−1(xt)∫ ∞

0

(f ○ g(g−1(xt) + u) − f ○ g(g−1(xt)))π(du)
= tg−1(xt)∫ C

0

(f ○ g(g−1(xt) + u) − f ○ g(g−1(xt)))π(du) (3.63)

+ tg−1(xt)∫ ∞

C
(f ○ g(g−1(xt) + u) − f ○ g(g−1(xt)))π(du). (3.64)

Note that f ○ g(g−1(xt)) = f(xt) which is constant for t large enough since xt goes to 0. For (3.63),
observe first that since g−1 is increasing g−1(xt) ≤ g−1(ε/2) for t large enough. The function g−1 being
rapidly varying in the variable t, see (3.32), one has g−1(ε/2)/g−1(ε) Ð→

t→∞
0. Moreover since g−1(ε)

goes to ∞ as t tends to ∞ and u is bounded by C, g−1(xt) + u ≤ g−1(ε) for t large enough. Therefore
(3.63) is identically zero for t large enough. For (3.64) we conclude that it converges towards 0 as in
Step 4, see the end of Section 3.2.3, using that supy≥0,v≥0 ∣tyg′(y + v)∣ < supy≥0 ∣tyg′(y)∣ <∞ by (3.30).
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3.3 Proof of Theorem 5

By combining the convergences obtained in (3.60) and (3.61) above on [ε,∞) and [0, ε], we get

∥A(t)f(x) −Af(x)∥ Ð→
t→∞

0 (3.65)

for any f ∈ C2
c ([0,∞)) such that f is constant near 0.

We now show that for any f ∈ DESN, there is a family of functions (ft) in C2
c ([0,∞)), constant

near 0 and such that
ft Ð→

t→∞
f and A(t)ft Ð→

t→∞
Af uniformly.

We appeal to Lemma 3. The latter provides a sequence (fn) converging uniformly towards f and
satisfying εn ∶= ∣∣Afn −Af ∣∣ Ð→

n→∞
0. Thus by (3.65) for any large n, there exists t(n) > 0 such that for

t ≥ t(n), ∥A(t)fn −Afn∥ ≤ εn, hence
∥A(t)fn −Af∥ ≤ ∥A(t)fn −Afn∥ + εn ≤ 2εn.

Choosing (t(n), n ≥ 1) strictly increasing and going to∞, we finally set ft = fn for any t ∈ [t(n), t(n+1))
and claim that

ft Ð→
t→∞

f and A(t)ft Ð→
t→∞
Af uniformly.

We can now apply [Kal02, Theorem 19.25-(i-iv)] and state

( 1

tϕ(1/Yst) , s ≥ 0)Ô⇒t→∞
(Ms, s ≥ 0), (3.66)

with M an ESN(b/c,µ) and µ(dx) ∶= dx/x2. It only remains to verify that we can replace ϕ by Φ. This
follows from the following lemma which also shows that one can exchange Φ or ϕ by any equivalent
function at 0 that is increasing, see the last statement of Theorem 5.

Lemma 8 (Convergence up to equivalence). Let F be increasing and equivalent to ϕ at 0. Then

sup
0≤s≤T

∣ 1

tF (1/Yst) −
1

tϕ(1/Yst) ∣Ô⇒t→∞
0. (3.67)

Proof. We first show that for any η ∈ (0,1), we have for large enough t,

∣ 1

tF (1/y) −
1

tϕ(1/y) ∣ ≤
η

tϕ(1/y) ∨ 2η, ∀y ≥ 0. (3.68)

Let η > 0 be fixed. Let y ≥ 0. If 1

tϕ(1/y) ≤ η, then 1/y ≥ ϕ−1(1/tη), and since F is increasing,

F (1/y) ≥ F (ϕ−1(1/tη)). On the other hand, since F and ϕ are equivalent at 0, for t large enough,
F (ϕ−1(1/tη)) ≥ 1

2
ϕ(ϕ−1(1/tη)) = 1/2tη and then

1

tF (1/y) ≤ 2η.
We deduce plainly that in the case 1

tϕ(1/y) ≤ η, the left hand side in (3.68) is smaller than 2η.

If now 1

tϕ(1/y) ≥ η (i.e. ϕ(1/y) ≤ 1

tη
), then by taking t large enough, we have 1/y small enough.

Using the equivalence of ϕ and F at 0, large enough t leads to

ϕ(1/y)
F (1/y) ∈ [1 − η,1 + η].

Factorising the left hand side of (3.68) by 1

tϕ(1/y) , we easily deduce that it is smaller than η
tϕ(1/y) .

Then we conclude that (3.68) is proved. Applying it to y = Yst provides that for any T > 0, η ∈ (0,1),
for t large enough,

sup
0≤s≤T

∣ 1

tF (1/Yst) −
1

tϕ(1/Yst) ∣ ≤ sup
0≤s≤T

η

tϕ(1/Yst) ∨ 2η. (3.69)
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On the other hand, the weak convergence (3.66) on the time interval [0, T ] entails the convergence in
law

sup
0≤s≤T

1

tϕ(1/Yst) Ð→t→∞
sup
0≤s≤T

Ms <∞,

see e.g. Whitt and Sleeman [WS80, Theorem 6.1]. This ensures that the upper bound in (3.69) is
arbitrarily small and we have established (3.67). ◻
Denouement: By choosing F = Φ which meets all requirements of Lemma 8 and combining the weak
convergence (3.66) with ϕ and the uniform control (3.68), we get by applying [Bil99, Theorem 3.1],

that ( 1

tΦ(1/Yst)
, s ≥ 0) converges weakly to the same limit process in the Skorokhod sense. The proof

of Theorem 5 is finished. ◻
We explain now Remark 7. In the so-called Sub-log case, namely when xΦ(e−x) Ð→

x→∞
0, the

convergence of generators in Section 3.2.3 fails, indeed the limiting drift term (3.47) (with c = 0) blows
up. There is therefore no weak convergence in this setting as convergence of generators is necessary,
see [Kal02, Theorem 19.25].

3.4 Proof of Theorem 9

We start by establishing the second statement (ii) namely the convergence of the renormalised process
in Skorokhod weak sense. The latter is obtained along similar arguments as in the CBI case.

3.4.1 Statement (ii): convergence in Skorokhod sense

Recall that we work under the assumption H. By applying Lemma 4 there is a strictly increasing
function ϕ equivalent to Φ at 0 satisfying the properties listed in Lemma 5 and in Lemma 6, that is
to say: by setting g(y) ∶= 1

tϕ(1/y) , we have for any c0 > 0,

ν̄(g−1(v) − g−1(x)) Ð→
t→∞

µ̄(v) = 1/v uniformly in v ≥ x + c0 with x ≥ 0, (3.70)

and

tg′(y) = ϕ′(1/y)
y2ϕ(1/y)2 Ð→y→∞

0. (3.71)

We now study the convergence of the generators. Recall LΦ the generator of the subordinator with
Laplace exponent Φ, see (2.17) and A that of the extremal process Z with µ̄(x) = 1/x. Let A(t) be
the generator of the process (g(Yst), s ≥ 0). Then for any f ∈ C1,0([0,∞))∩DESN, f ○ g belongs to the
domain of the subordinator and f to that of the extremal process and

A
(t)f(x) = tLΦ(f ○ g)(g−1(x))

= t∫
∞

0

[(f ○ g)(g−1(x) + u) − f(x)]ν(du) + βt(f ○ g)′(g−1(x))
= t∫

∞

x
f ′(v)ν̄(g−1(v) − g−1(x))dv + βtf ′(x)g′(g−1(x)).

For any ε > 0, the first term on the right side in the last equality converges to Af(x) ∶= ∫ ∞x f ′(v)dv
v

uniformly in x ≥ ε using (3.70) and the same method as in Step 2 in Section 3.2.3. For the second
term, we have by (3.71)

tg′(g−1(x)) = tg′(y) = ϕ′(1/y)
y2ϕ(1/y)2 Ð→y→∞

0.

Let x ≥ ε and set y ∶= g−1(x), since y ≥ g−1(ε) Ð→
t→∞

∞. The convergence above holds uniformly in

x ≥ ε > 0. For 0 ≤ x ≤ ε, we can proceed similarly as in Section 3.2.4 for the CBI case and establish the
uniform convergence for a function constant near 0. Finally any function in DESN satisfies f ′(0) = 0
and can thus be approximated by a C1 function constant near zero, see e.g. [FY23, Lemma 2]. We
conclude that A(t)f(x) converges uniformly in x ≥ 0 to Af(x) as t goes to ∞ for any f ∈ DESN (which
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is a core for the extremal process, see Lemma 2). As previously, [Kal02, Theorem 19.25-(i-iv)] ensures
the weak convergence

( 1

tϕ(1/Yst) , s ≥ 0)Ô⇒t→∞
(Ms, s ≥ 0).

Finally, the fact that we can replace ϕ by any increasing function F equivalent to ϕ at 0 (in particular,
one can take F = Φ) follows from the same argument as in Lemma 8. ◻
3.5 Statement (i): convergence in finite dimensional sense.

Recall, see e.g. [Res08], that if M is an extremal process based on a PPP whose intensity has for tail
µ̄(x) = 1/x then, for any 0 ≤ s1 ≤ ... ≤ sn and (x1, ..., xn) ∈ Rn,

P(Ms1 ≤ y1,Ms2 ≤ y2, ...,Msn ≤ yn) = F s1(y′1)F s2−s1(z′2)...F sn−sn−1(y′n) (3.72)

where y′i = ∧nk=iyk for all i ≥ 1 and F is the probability distribution function F (y) = e−1/y for y ∈ (0,∞).
We start by the two-dimensional convergence. The multi-dimensional convergence is explained in Step
2 and follows essentially from the same argument.
Step 1: two-dimensional convergence. Let θ1, θ2 > 0, s2 > s1 > 0 and x1, x2 > 0.

E[e−θ1Φ−1(x1/t)Ys1te
−θ2Φ

−1(x2/t)Ys2t] = E[e−(θ1Φ−1(x1/t)+θ2Φ−1(x2t ))Ys1te
−θ2Φ

−1(x2
t
)(Ys2t

−Ys1t
)]

= E[e−(θ1Φ−1(x1/t)+θ2Φ−1(x2t ))Ys1t]E[e−θ2Φ−1(x2t )(Y(s2−s−1)t)]
= e−s1tΦ(θ1Φ−1(x1/t)+θ2Φ

−1(x2/t))e−(s2−s1)tΦ(θ2Φ−1(x2/t)).
We now study the limit as t goes to∞. Since Φ is slowly varying at 0, and for any λ > 0, Φ−1(λ/t)Ð→ 0
as t→∞, we have

t

x2
Φ(θΦ−1(x2/t)) = Φ(θΦ−1(x2/t))

Φ(Φ−1(x2/t)) Ð→t→∞
1. (3.73)

Thus (s2 − s1)tΦ(θ2Φ−1(x2/t)) Ð→
t→∞
(s2 − s1)x2. Moreover Φ is an increasing slowly varying function,

therefore the inverse function Φ−1 is increasing and rapidly varying at 0, namely,

if x2 > x1, then Φ−1(x2/t)/Φ−1(x1/t) Ð→
t→∞

0. (3.74)

Hence, we see that

tΦ(θ1Φ−1(x1/t) + θ2Φ−1(x2/t)) ∼
t→∞

tΦ(Φ−1(x1 ∨ x2/t)) = x1 ∨ x2.
Therefore

lim
t→∞

E[e−θ1Φ−1(x1/t)Ys1te
−θ2Φ

−1(x2/t)Ys2t] = exp ( − s1x1 ∨ x2 − (s2 − s1)x2).
The convergence of the Laplace transform with θ1, θ2 > 0 arbitrary provides that

(Φ−1(x1/t)Ys1t,Φ
−1(x2/t)Ys2t) Ð→

t→∞
(W x1(s1),W x2(s2)) in law.

Moreover since the limit does not depend on θ1 and θ2, the limiting distribution is degenerated (i.e.
is supported by {0,∞}2) and

P(W x1(s1) = 0,W x2(s2) = 0) = exp ( − s1x1 ∨ x2 − (s2 − s1)x2).
To conclude on the convergence of the two-dimensional laws, observe that

P(tΦ(1/Ys1t) ≥ x1, tΦ(1/Ys2t) ≥ x2) = P(Ys1t ≤ 1/Φ−1(x1/t), Ys2t ≤ 1/Φ−1(x2/t))
= P(Φ−1(x1/t)Ys1t ≤ 1,Φ−1(x2/t)Ys2t ≤ 1)
Ð→
t→∞

exp ( − s1x1 ∨ x2 − (s2 − s1)x2).
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Finally, by setting yi = 1/xi for i = 1,2 we get

P( 1

tΦ(1/Ys1t) ≤ y1,
1

tΦ(1/Ys2t) ≤ y2) Ð→t→∞
P(M(s1) ≤ y1,M(s2) ≤ y2) = e−s1 1

y1
∧ 1

y2 e
−(s2−s1)

1

y2

which matches with (3.72) for n = 2.

Step 2: multi-dimensional convergence. Let n ∈ N. Let 0 = s0 < s1 < s2 < ⋯ < sn, x1 > 0, . . . , xn > 0 and
θ1, . . . , θn > 0. Then we have

E

⎡⎢⎢⎢⎢⎣
n

∏
j=1

e
−θjΦ

−1(xj/t)Ysjt

⎤⎥⎥⎥⎥⎦
= E
⎡⎢⎢⎢⎢⎣
exp
⎛
⎝−

n

∑
i=1

⎛
⎝

n

∑
j=i

θjΦ
−1(xj/t)⎞⎠ (Ysit − Ysi−1t)⎞⎠

⎤⎥⎥⎥⎥⎦
= exp⎛⎝−

n

∑
i=1

(si − si−1)tΦ⎛⎝
n

∑
j=i

θjΦ
−1(xj/t)⎞⎠

⎞
⎠

Ð→
t→∞

exp(−(sn − sn−1)xn − n−1

∑
i=1

(si − si−1)(xi ∨ xi+1 ∨⋯ ∨ xn))
= P(W x1(s1) = 0,W x2(s2) = 0,⋯,W xn(sn) = 0), (3.75)

where we used repeatedly (3.73) and (3.74) to get the limit and W xj(sj) stands for a random variable
valued in {0,∞} limit in law of Φ−1(xj/t)Ysjt as t goes to ∞. Now let yj = 1/xj and write

n

⋂
j=1

{1/tΦ(1/Ysjt) ≤ yj} = n

⋂
j=1

{1 ≥ Φ−1(xj/t)Ysjt}.
We see that

P(Ms1 ≤ y1, . . . ,Msn ≤ yn) = lim
t→∞

P
⎛
⎝

n

⋂
j=1

{1 ≥ Φ−1(xj/t)Ysjt}⎞⎠ = P(W x1(s1) = 0,⋯,W xn(sn) = 0),
and the identity (3.75) matches with (3.72). This allows us to conclude. ◻
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continuous-state branching processes with immigration, Stochastic Processes and their Ap-
plications 122 (2012), no. 6, 2329 – 2345.

[KW71] Kiyoshi Kawazu and Shinzo Watanabe, Branching processes with immigration and related
limit theorems, Teor. Verojatnost. i Primenen. 16 (1971), 34–51. MR 0290475 (44 #7656)

[Li20] Zenghu Li, Continuous-state branching processes with immigration, From probability to
finance. Lecture notes of BICMR summer school on financial mathematics, Beijing Interna-
tional Center for Mathematical Research, Beijing, China, May 29 – June 9, 2017, Singapore:
Springer, 2020, pp. 1–69 (English).

[MS19] Ross Maller and Tanja Schindler, Small time convergence of subordinators with regularly or
slowly varying canonical measure, Stochastic Processes and their Applications 129 (2019),
no. 10, 4144 – 4162.

[Pak79] Anthony G. Pakes, Limit theorems for the simple branching process allowing immigration.
I. The case of finite offspring mean, Adv. in Appl. Probab. 11 (1979), no. 1, 31–62. MR
517550 (80d:60114a)

[Pat09] Pierre Patie, Exponential functional of a new family of Lévy processes and self-similar
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