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Abstract—This paper presents a multi-target metric driven
approach to sensor management for Bernoulli filtering, in which
at most one target of interest is present. The metric used is the
generalised optimal sub pattern assignment (GOSPA) metric. We
consider the problem of having an agile sensor operating in a
surveillance area, tracking objects as they appear from a target
birth distribution. Only one target of interest can exist at any
given time-step and its single-target density is Gaussian. In this
scenario, we have a grid of sensors that we can select from, one at
a time using myopic planning. We evaluate the proposed sensor
management algorithm via simulations.

Index Terms—Sensor management, GOSPA, target tracking,
metrics.

I. INTRODUCTION

Conducting surveillance in a large area can be completed
by using an agile sensor with a Field of View (FOV) smaller
than the area of interest. The sensor is able to look and point
at desired locations within the surveillance region, taking one
action per time-step. The discipline that plans at what area
the sensor must be directed at each time-step is referred to as
sensor management [1].

This paper deals with sensor management for Bernoulli
filtering, in which only one target can be alive at any given
time. Bernoulli filters are a class of exact Bayesian filters
for non-linear/non-Gaussian recursive estimation of dynamic
systems. The common feature of Bernoulli filters is that they
are designed for stochastic dynamic systems which randomly
switch on and off. The applications are primarily in target
tracking, where the switching process models target appear-
ance or disappearance from the surveillance volume [2]. The
Bernoulli filter propagates the posterior probability of object
existence and the spatial density through the filtering recursion
(2], [3].

The myopic case of sensor management refers to selecting
the action which will be of the most immediate benefit, only
considering one time-step ahead. These sensor management
problems are usually posed as partially observed Markov de-
cision processes (POMDPs) [4], [5] where we aim to minimise
a cost function (or maximise a reward function). We address
the problem of myopic sensor management in this paper by
using a cost function, that is a metric for sets of targets,

specifically, the generalised optimal sub-pattern assignment
(GOSPA) metric [6].

In the literature there are multiple other cost functions used
for sensor management in multiple target tracking scenarios.
One of the cost functions is the posterior Cramér-Rao lower
bound (PCRLB) [7]-[9]. PCRLB is a bound on the mean
square error, so using this as a cost function must incorporate
some external criteria that allow it to deal with an unknown
and variable number of targets. Another approach is to use
a cost function derived from information theory. These ap-
proaches aim to maximise the expected gain in information of
the posterior in relation to the predicted density by using an
information theoretic divergence, such as the Kullback-Liebler
divergence or the Rényi divergence [10]-[13]. While informa-
tion theoretic approaches can provide desirable outcomes, it
is not completely clear what the resulting policy aims for in
terms of more practical multi-target tracking considerations.

Here, we use the GOSPA metric as it penalises the quantities
of interest in a target tracking scenario [6] [14]. GOSPA
accounts for the localisation error, missed and false targets
and combines these into a single measure that we can use as
an indicator of performance [15]. The GOSPA metric has been
used for track-before-detect sensor management in Bernoulli
filtering in [14]. An analysis of performance comparing the
GOSPA with other multi-target metrics for sensor management
applications is provided in [6].

A benefit of the use of the GOSPA metric for sensor man-
agement is that the cost function is additive over independent
Bernoulli targets that are far from each other. This enables
the decoupling of a sensor management problem into different
sub-problems, one per Bernoulli target, if the possible actions
can also be decoupled.

In this paper, we make the following contributions in
myopic sensor management for detection-based Bernoulli fil-
tering. 1) we derive a tractable upper bound for the mean
square GOSPA error when the spatial density is Gaussian and
2) we derive a sensor management algorithm based on this
upper bound.

The remainder of the paper is organised as follows: In
Section II the models used are discussed, along with a review
of both Bernoulli filtering and the GOSPA metric. In Section
IIT the main derivation of our proposed solution is discussed,



in Section IV we provide the simulation results. Section V
offers concluding remarks and lines of future work.

II. PROBLEM FORMULATION AND BACKGROUND

This paper considers the problem of sensor management for
Bernoulli filtering. The set of targets at time-step k, with at
most one target, is denoted by Xj.

At time-step k, the sensor can select a measurement mode
ar € A to sense the environment, where A is a finite set
with all the possible modes. Then, a target x € X} can be
detected with a probability of detection pl?k () and produce a
target-generated measurement z with linear Gaussian density
l(z|z) = N (z; Hy,x + b, , Ra,) Where H,, represents the
observation matrix, R,, the observation noise and b,, a bias
term. The clutter is generated via a Poisson point process
with the intensity (clutter rate) defined as A.(-). Notation
N (z;2,5) represents a Gaussian density with mean Z and
covariance matrix S evaluated at z.

Our objective is to select, at each time-step, the action ay
that minimises the predicted mean square GOSPA error. In
the rest of the section, we proceed to review the Bernoulli
dynamic models, Bernoulli filtering, the GOSPA metric and
the predicted mean square GOSPA error.

A. Bernoulli Dynamic Model

In a Bernoulli filter, the object may or may not be present
in the surveillance area at a given time-step k. The set of
objects at time-step k is a Bernoulli Random Finite Set [16]
where the state can either be empty (X, = () or a singleton
(Xi = {zi}).

In order to model object appearance and disappearance, it
is helpful to introduce a binary random variable ¢, € {0, 1}.
The convention is that ¢, = 1 means that the object exists at
time-step k. From this, a probability of birth can be calculated
as pP = P{ex = 1|er_1 = 0} and a probability of survival
as p° = P{e, = 1lex_1 = 1}. At time-step 0 these two
quantities as well as the initial probability of existence r( are
assumed to be known.

The dynamics of the Bernoulli
characterised by the multi-object
Grjk—1(Xk|Xk—1) and is specified as [2]:
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where by|;—1(zx) is the birth density at time-step & and
Thlk—1(Tk|zr—1) is the single-target transition density. For
both (1) and (2), if the cardinality of the state set |Xj|> 2
then ¢y —1(Xk|0) = ¢pjp—1(Xk|{zr_1}) = 0. It should be
noted that the birth density has information on where a new
target may appear, and the single target transition density has
information on how the target moves in time, for example,
modelled with a nearly constant velocity model [17].

B. Bernoulli Filtering

In Bernoulli filtering, the predicted and posterior densities
are Bernoulli of the form [16]

Tk Prk (Th—1) X = {o1}
Xp=0 (3)
0 | Xk|> 2

T (X)) = Q1 = 7

where k' € {k—1,k}, 7y, is the probability of existence and
Prjir (+) is the single-target density.

As outlined in [2], the two quantities which must be prop-
agated across each time-step are the probability of existence
1|, and the spatial density py(-). The filter follows that of a
standard Bayesian filter, predicting and updating at each time-
step. The prediction equations are (see Eqgs. (28) and (29) in
[2])
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The update equations are (56),(57),(59) in [2]:
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where Zj, is the measurement set at time-step k.

C. GOSPA Metric

The GOSPA metric [15] can be used to quantify the
performance of a tracker in a multi-target tracking context.
It penalises for the quantities of interest in a target tracking
scenario, accounting for the missed and false detections, as
well as the localisation error.

An assignment set 7y between two sets X and
is a set which has the following properties: -y
(Lo [ X[} % {L o [V (65), (6,5) € v = ]
j' and (i,7),(#,j) € v = i = i’ where the last two
properties ensure that every ¢ and j get at most one assignment.
Then given a metric in the single target space d(-, -) parameter
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p > 0 and o = 2, the GOSPA metric between sets X and Y
is
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where dP(-) is the localisation error (to the p-th power), ¢ is
the maximum localisation error, p is the outlier penalization
term (the higher the value, the more penalisation) and v being
the assignment set between X and Y. When X represents the
ground truth and Y the estimated set, | X |—|7| is the number
of missed targets and |Y'|—|v| is the number of false targets.

For notational simplicity, in the rest of the paper we drop
the superindices and subindices in the GOSPA metric and just
write it as d(X,Y"). We also assume that p = 2 and the base
metric is the Euclidean metric.

D. Predicted Mean Square GOSPA Error

For sensor management we want to select the action which
has the lowest associated predicted cost. We first introduce
the minimum mean square GOSPA (MMSGOSPA) error and
X (ar, Zx) as the estimated set of targets [6]. In this setting,
the optimal action (aj,) is obtained by minimising the mean

square GOSPA (MSGOSPA) error (11) [6].

MMSGOSPA(Z, a) =
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where the expectation is taken over the joint density of the
predicted set of targets f;,—1(-) and the measurement set Zj,
parameterised by action ag. The density f;?fkfl(';ak) is the
predicted density of the measurements for action ay.

III. SENSOR MANAGEMENT FOR GAUSSIAN BERNOULLI
FILTERING

In this section, we explain the proposed algorithm for sensor
management for Gaussian single-target posteriors. In Section
III-A and III-B we explain the predicted measurement density
and updated Bernoulli density respectively. In Section II-C
we propose a closed-form upper bound for the mean square
GOSPA error. In Section III-D we identify the upper bound
for the optimal detection threshold, in Section III-E we derive
the upper bound on the predicted MSGOSPA and in Section
III-F we provide the pseudo-code of the GOSPA driven sensor
management algorithm.

A. Predicted Measurement Density

In the Bernoulli filter, the single-target posterior is a Gaus-
sian mixture with at least two components; one representing
a Gaussian target birth density and the rest of the components
in the mixture representing a persisting target. For simplicity
in our sensor management algorithm, we only use the Gaus-
sian component with the highest associated weight and plan
according to this.

That is, for the purpose of sensor management we assume
the predicted density takes the form of a Gaussian Bernoulli:

) rrp—1Prp—1 (k) Xk = {71}
1(Xg) = 12
Jrjk—1(Xk) {1—7“k|k1 Xo =0 (12)
where

Prik—1(Tr) = N (Tr; Trjp—1, Prjk—1) (13)

where rp;,_1 is the predicted probability of existence and
Prjk—1(zr—1) is the predicted target density.

In the proposed sensor management algorithm, we assume
that clutter is negligible (A.(-) — 0) and the probability
of detection is a constant, obtained by evaluating paDk(~)
at the predicted mean. Then, the predicted density of the
measurement is Bernoulli with
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and the predicted mean and covariance matrix are obtained via
the standard Kalman Filter recursion [18].

B. Updated Bernoulli Density

We proceed to compute the posterior density for the two
situations where a target-generated measurement is received
Zy, = {z} and where there is no target-generated measure-
ment Z; = (), the updated parameters are

Using the Bernoulli update (6)(7)(8) for A.(-) — 0, we
obtain the updated parameters

1) For Z;, = 0:

a?i\k,ak = Tplk-1 (17)

Plkar = Prik—1 (18)

0 B (1= P2 (Zkpe—1))repp—1
ey = 1. (19)
’ L= rppp—1 + (1= p2 (Zhpr—1))Tk|k—1




2) For Zy, = {z}: the updated probability of existence is

ik, = 1 (20)

We show in Appendix A that r,lc‘ k.a), Teduces to 1 and the
updated density is a single Gaussian by taking A.(z) — 0 in
(6) and (7).

The updated density is then a Gaussian of the form

Prii () = N (25 T4t 0 Pijian) @2y

where
f}qk,ak = Tt + Pepp—1Hg, (San) " (20 — 2a,)  (22)
Piigan = Prik—1 = Pep—1Hg, (Sa,) " Hop Prp—1 - (23)

It should be noted that the superscript O and 1 in the updated
Bernoulli parameters denote no measurement and measure-
ment received respectively.

C. An Upper Bound for the MSGOSPA Error

Calculating the predicted MSGOSPA error is intractable.
The following lemma provides us with a closed-form upper
bound of the MSGOSPA error that is suitable for sensor
management applications.

Let us consider an estimator for a Gaussian updated
Bernoulli with parameters of the form (17)-(23)

|Z|
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where T'y is the detection threshold. That is, X (ax, Zx)
estimates a target located at the posterior mean if the updated
probability of existence is higher than I'; and an empty set
if the probability of existence is lower than this threshold.
Then, the upper bound for the mean square GOSPA error is
provided in the following lemma.

Lemma 1: Let (TZ-| k,,ak,P,zl k.a,) denote the updated prob-
ability of existence and covariance matrix for |Z|= j,j €
{0,1}. An upper bound on the mean square GOSPA error for
a given measurement set 7y, is

/d2 (Xkan (akvzk)) frpe (Xi | Zk; ax ) 6 X,

| Z k| | Z k|
< C(Fd’rk|k,ak7pk|k,ak) (25)
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A proof of this Lemma can be found in Appendix B.

D. Upper Bound for the Optimal Detection Threshold

The upper bound in Lemma 1 has two entries, depending on
whether the updated probability of existence TLTIZ‘% is above
the detection threshold, I';, or not. This interestingly does not
depend on the received measurement itself or the posterior
mean, it only depends on whether there is a detection or not.
From Lemma 1, we can also obtain the optimal detection

threshold

1
I = 27)
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The proof of this result is provided in Appendix C. Substitut-
ing (27) into (26), the upper bound of the MSGOSPA error
for the optimal detection threshold is

|Z|
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E. An Upper Bound on the Predicted MSGOSPA Error

We proceed to calculate an upper bound of the integral in
(11), which calculates the MSGOSPA error averaged over the
received set of measurements Zj, by making use of the upper
bound in (25). Assuming that the probability of detection is a
constant evaluated at the predicted mean, we obtain

Z Z m
/C (rLU:kP/‘cmk‘) file—1 (Zk; ar) 02y,
~ |2kl D (= 0,|Zk|  p0,|Zk]
= (1 ~ Thjk-1Pa, (mk\kfl)) C (rk|k,;k7pk\k,cfk)

D /— | Z| L1Zel pl,|Zk]
+ Do, (xklkfl) rk|12—1c (rk\k,sk’Pklk,;k> (29)

where we have used (14).

F. GOSPA-Driven Sensor Management Algorithm

We are now able to select the optimal action (aj,) by min-
imising (29). Algorithm 1 outlines the steps of the proposed
Gaussian Bernoulli sensor management algorithm based on
GOSPA.



Algorithm 1 GOSPA driven Gaussian Bernoulli sensor man-
agement

Input: Zy,_1, Pyjr—1, Weik—1, Thjr—1, P (), ¢
Output: a}

1: Select Tpp—y and Pyp_, with the highest associated
Wglk—1 in the predicted mixture in the single target
density.
2: for a; € A do
Calculate 2,, and S,, using (15)-(16)

3: for Z,, = () do
Calculate jglk,ak’ Plglk,ak’ rl?:\k,ak using (17)-(19)
Calculate the optimal detection threshold I%; (27)
using P/?\k,ak
Calculate the cost C(r,g‘k,ak,Plglk’ak) using (28)

: end for

5: for Zy = {?:’ak} do
Calculate jilk,ak’ Pk1|k,ak’ Ti\k,ak using (17)-(19)
Calculate the optimal detection threshold I (27)

using Py, .
Calculate the cost C(ry ;. .., Prig o) (28)
: end for
7: Compute the MSGOSPA cost for this action using
(29).
8: end for
9: Select the action a; which has the lowest associated total
cost ajy,

IV. SIMULATIONS

In this section, we evaluate the proposed sensor manage-
ment algorithm via simulations. We compare the proposed
approach with a nearest sensor approach that can solve this
sensor management problem heuristically. All the units in this
section are given in the international system but omitted for
brevity.

A. General Setup

A Bernoulli target has been considered; travelling across
a [400x400] km surveillance area, born at the origin. The
target traverses a path that the sensor platform must follow to
maintain tracking. The surveillance area has been discretized
into an evenly spaced [10x10] grid, offering 100 positions
for the sensor platform to move to (or view), (probability of
detection pP(-) = 0.99). The sensor has a uniform p?(-)
inside a radius of 60km (centred at the sensors location)
with pP(-) = 0 outside. As the targets experience birth
and death, a pre-defined probability of birth p” = 0.1 and
survival p® = 0.99 is built into the model. The state is
four dimensional, consisting of x and y coordinates and their
respective velocities. A snapshot of this scenario is depicted
in Figure 1. The performance metric used in this simulation to
compare the Nearest Sensor (NS) algorithm and the GOSPA
Driven (GD) algorithm is the GOSPA metric. The GOSPA
metric has been implemented with a = 2,p = 2 and ¢ = 120
[15].
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Fig. 1. A snapshot of the scenario, including a ground-truth of two Bernoulli
trajectories(alive at different times), filter prediction at time k, filter estimates,
the synthetic measurement at time k and sensor position. The sensor radius
is depicted by the yellow circumference with radius = 60.

B. Model Specifics

The motion model is the nearly constant velocity model [17,
Chap. 6]. In this motion model, the state is [z # y y] and the
transition matrix and process noise matrix are shown in (30)
where T represents the sampling period.

3 2
1 700 %2 5 0 0
01 00 - 7 0 O
= . — . 2
F=1lo 01 +[:9=2 |5 2o (30)
0 0 0 1 0 0 TQj -
where in the simulations, we use 7 = 1 and ¢ = 5.

The birth mean used is xp = [0.1,0,0.1,0]7 and the birth
covariance is a zero matrix with diagonal entries of Pp =
[1000, 100, 1000, 100].

The linear measurement model comprises of observation
and observation noise matrices, denoted H and R respectively.
From this, the measurable characteristics of the target are the
z and y position - with additive noise.

H:F 0 0 0};}%:{10 0} 31

0 010 0 10
C. Nearest Sensor Approach

In the NS approach, the predicted mean for the highest
weighted Gaussian component of the single-target density is
selected from the filter at each time-step and the Euclidean
distance from all available sensor positions is calculated. The
chosen sensor position is the one that is the closest to the pre-
dicted mean. It should be noted that this approach is suitable



for this type of problem, but it does not consider the covariance
of the predicted target, and only uses the information contained
within the mean. If the sensor management problem is more
complicated with more different sensing options or geometry,
NS may no longer provide reasonable results. It has been used
here as it is a good heuristic solution to this simple problem.

D. GOSPA Driven Approach

For each available action, one for each sensor position, an
expected cost will be calculated, based on the upper bound of
the predicted MSGOSPA error, see Algorithm 1. This error
will only differ in three situations (due to the approximation
of pP as a constant):

1) A sensor position with the mean position of the target
in the FOV.

2) A sensor position with the mean position of the target
outside of the FOV.

3) A sensor position viewing the mean of the Gaussian
birth component area.

These situations can be the same, if a target has just been
born. All situations that arise fall into the three categories
above. Both 1) and 2) are evaluated with respect to the mean
position of the target and 3) is evaluated with respect to the
Gaussian birth density.

From a sensor management perspective, the optimal action
would be to select the minimal cost each time, resulting in the
sensor platform being able to ’decide’ between maintaining
track of the target or returning to the birth location.

There are some considerations however in forming these
costs. As described above there are three distinct cost groups,
each associated with a different scenario. This means that
a threshold for moving between exploration and exploitation
could be found, based on the cost of each action.

The assumption that the probability of detection is a
constant anywhere within the FOV of the sensor, see (14),
gives rise to the condition that multiple actions will have the
same associated cost. Due to this assumption, the ability to
differentiate between ’good’ and optimal actions is limited
from the approximated GOSPA cost alone. This should not
matter for this basic scenario as any action with the lowest
cost should suffice, but during implementation, when the target
reaches the outer limits of the sensors FOV, the algorithm
sometimes makes poor choices and tends to remain stationary
until it is too late to make a move. To better distinguish
between these actions, rather than using improved numerical
integration methods for computing the required integrals, we
have combined both the GD and NS methodologies together.
Once the GD has identified the subset of lowest cost actions,
the action which results in the sensor being closest to the
predicted mean is selected.

E. Results

The root mean square GOSPA (RMS-GOSPA) error at time-
step k is

\/E [d2 (Xk,Xk)} ~ %Zn:dz (Xk,Xk,i)

=1

(32)

where )A(k,i is the estimated set of targets at time-step k in
the ¢-th Monte Carlo run, and n is the number of Monte
Carlo runs. The nearest sensor approach and the GOSPA
driven approach are shown in Figure 2, which also shows
the decomposition of the RMS-GOSPA error into localisation
errors, and false and missed target costs. The main errors arise
from either when the target is born and has not yet been
detected up by the sensor, or when the target dies and the death
has not yet been confirmed by the sensor. The three births
in the simulation correspond to the three peaks in Figure 2
where the majority of the error can be attributed to the missed
detections. The other two peaks, mainly associated with false
detection error, correspond to the target death.

Apart from the RMS-GOSPA error at each time-step, we
also calculate the RMS-GOSPA error across all time-steps.

This error is defined as
iiE [d2 (Xk Xk)] < | S (Xk X )
K~ ’ Kn £ T
(33)

=11i=1
where K is the number of time-steps in the simulation. The
results are in Table L.

The results were collected over 90 Monte Carlo runs with a
varying clutter rate (\.). The performance of the GD algorithm
is similar to that of the NS algorithm - indicating that the GD
algorithm provides a generalised framework, with analogous
performance to a heuristic solution to this simple scenario.

K

TABLE I
AVERAGE RMS-GOSPA ERROR FOR EACH ALGORITHM

Avg. GOSPA A,
NS 4448 3
GD 40.05 3
NS 1333 2
GD 43.60 2
NS 42.66 I

GD 417 1

V. CONCLUSIONS

We have proposed an implementation of a GOSPA-driven
sensor management algorithm for Bernoulli filtering. To do
so, we have derived a closed-form upper bound of the pre-
dicted mean-square GOSPA error for Gaussian densities. The
proposed approach is of general applicability to Bernoulli
myopic sensor management algorithms. We have compared
the approach in a scenario where a reasonable policy is known
(selecting the nearest sensor), and the proposed approach
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Fig. 2. Plots to compare the performance of the NS and GD sensor
management algorithms over 90 Monte Carlo runs. With the top plot showing
overall GOSPA cost, plot 2 showing localisation contributions, plot 3 showing
missed detection contributions and plot 4 false detection contributions.

behaves comparably, with the benefit of being a general
approach, independent of the scenario.

Future work will address sensor management cases in
which no obvious policy is known as well as the extension
to non-myopic planning. Including work to more accurately
approximate the probability of detection p” based on sampling
and extending the scenario to Poisson Multi Bernoulli filtering
[19], meaning there can be multiple targets of interest in the
surveillance area at any given time-step.

Using GOSPA as a driver in sensor management allows the
algorithm to explicitly optimise for the quantities of interest in
an object tracking context. This approach can also be extended
to a non-myopic planning horizon [4], as each action in the
discrete action space can have an associated expected cost;
thus being able to determine the optimal non-myopic action
path.
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APPENDIX
A - Updated Probability of Existence tends to One

In this appendix, we show (20). That is, if the clutter
intensity tends to zero, the updated probability of existence,
if there is a detection, tends to one. Approximating the
probability of detection as a constant at the predicted mean,
from (6) we obtain

_ N( 1 Za ’Sa )
1 1 pb, (e 1)(1 - V)
Tklk,ar = - N (220 B0 )~ klk—1
L 1P, (@) (1 — Y es5ed

Ae(2) — paDk (-ik|k71)()‘0(z) - N(z;, Zay Say,))

Ae(2) = Thik—1PE, (Trjp—1)(Ae(2) = N (23, 24y, Say.))
(34)

Setting A.(z) — 0
Pg)k (Ek|k—1)N(Z; 3 73ak 9 Sak)

Thlk—1P5, (Zri—1)N (25, 2y s Say,)
=1

Tépmk = Tk|k—1
(35)

The updated density therefore only contains a single term as
in (21).

B - Proof of Lemma 1

In this Appendix, we provide the proof of Lemma 1. The
MSGOSPA error is

/d2 (Xk,X (ak,Zk)) Frpe (X [Zk; ax ) 6 Xk,
— & (@,X (ar, Zk)) (1 - TL‘Z,’;‘%)
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If r}j,j | < Tq, we substitute (24) into (36) to obtain
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If 7! > T4, we substitute (24) into (36) to obtain
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This finishes the proof of Lemma 1.



C - Obtaining the Optimal Detection Threshold

Given the upper bound on the mean square GOSPA error
in Lemma 1, we can calculate the optimal detection threshold.
It is beneficial to detect the target if its corresponding cost is
lower than no detection. From (26) we obtain the minimum
that we must detect the target if

2
& VA . 4
- (1 - TL“’;‘%) + 74| min (tr (PIL\kk,‘ak) ,c2>

2
|z
E;Tthk (39)
Operating, we obtain that we must detect the target if
1

>
rk|k,ak ) tr(Pllg\ZkkL )
2{1—=min | —z,1

so the optimal detection threshold I'}; is the right-hand side of
(40), which is

1
=

d 1Z |
tr(p,”k
2 (1 a ln( ( )€C2k,ak)71>)

This optimality threshold can imply that I'}; > 1. To ensure
that ' € [0, 1]

(41)
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