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Copula-based estimation of health inequality measures

ABSTRACT

This paper aims to utilize bivariate copulas for deriving estimators of the health con-
centration curve and Gini coefficient for health distribution. We highlight the importance
of expressing health inequality measures in terms of bivariate copulas, which we in turn
use to build copula-based semi and nonparametric estimators of the above measures. Sub-
sequently, we investigate the asymptotic properties of these estimators, establishing their
consistency and asymptotic normality. We provide formulas for their variances, facilitating
the construction of confidence intervals and tests for the health concentration curve and Gini
health coefficient with respect to a given socioeconomic variable. Through a Monte-Carlo
simulation exercise, we demonstrate the superior performance of the semiparametric estima-
tor over the smoothed nonparametric estimator, with the latter outperforming the empirical
estimator in terms of Mean Squared Error. Additionally, an extensive empirical study ap-
plies our estimators, revealing that inequalities in U.S. states’ socioeconomic variables, such
as income/poverty and race, contribute to observed disparities in COVID-19 infections and

deaths in the U.S.
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1 Introduction

Measures of health inequalities, such as the Health Concentration Curve (hereafter CH) and
the Gini coefficient with respect to a given socioeconomic variable, hold significant relevance
for both healthcare professionals and policymakers. These metrics play a crucial role in
identifying socioeconomic classes that face heightened risks of contracting and succumbing
to specific diseases. Consequently, they serve as invaluable tools for formulating social and
economic interventions aimed at safeguarding vulnerable populations. In this paper, our goal
is to develop estimators for health inequality measures that leverage information regarding
the dependence between health variables (e.g., COVID-19 infection, overweightness, cancer,
etc.) and socioeconomic factors (e.g., income level, education level, race, etc.). This approach
is designed to enhance the accuracy of estimating these measures.

The health concentration curve, with respect to a given socioeconomic variable, graph-
ically represents the cumulative percentage of the health variable against the cumulative
percentage of the population ranked according to that socioeconomic variable; see Yitzhaki,
S. and Olkin (1991) and Yitzhaki and Schechtman (2013) among others. This ranking ranges
from the poorest to the richest individuals. The curve illustrates the effect of socioeconomic
variable on the concentration of health variable. Formally, let H represent a non-negative
health variable of interest, and Y denote a non-negative socioeconomic variable, such as
income. Consider the joint density function, f, for the vector (H,Y). The marginal densi-
ties of H and Y are denoted as fy and fy, respectively. Additionally, fzy represents the
conditional density of H given Y, while Fy and Fy represent the marginal distributions of
H and Y, respectively. For any p in the interval (0, 1), the health concentration curve with

respect to the socioeconomic variable Y is defined as:

JCE[H|Y = Fy'(u)] du
[E[H|Y = Fy'(u)] du

CH(]?» Y) = ) (1)

where, for u € (0,1), Fy,'(u) = inf{t : u < Fy(t)} is the quantile function of Y. The



values of Fy,'(u) at u = 0,1 can be set to arbitrary finite real numbers. For example, if Y
is the income and H is the rate of COVID-19 mortality, CH(p,Y") is the percentage of the
cumulative rate of COVID-19 mortality rate of the (100 * p) % of the poorest population.

In this paper, we initially demonstrate that the measure of health inequality in (1) can
be represented in terms of the bivariate copula function of the vector (H,Y). By explor-
ing the information regarding the dependence between H and Y through the copula-based
representation of the health concentration curve with respect to Y, we aim to develop more
accurate estimators that lower Mean Square Error. As we illustrate in Section (2), when
two health variables, say H; and Hs, exhibit similar marginal distributions, we find that the
presence of health inequality depends on the nature of the dependence between Y and H;,
for i« = 1,2. This dependence can be captured by bivariate copula functions. Copulas are
widely employed to model the dependence between variables of interest. Thanks to Sklar
(1959), the copula function is directly associated with the joint distribution function. In
simpler terms, the joint distribution function can be expressed in terms of marginal distrib-
utions that give information on each variable of interest, and the copula that captures the
dependence between all the variables under study.

The utility of copulas extends beyond this paper, with a growing body of literature in-
troducing novel estimation methods that leverage the advantages of copulas to improve the
estimation of mean, quantile, and distributional regression functions; see Sungur (2005),
Crane and Hoek (2008), Noh et al. (2013), Noh et al. (2015), Rémillard et al. (2017), Klein
and Kneib (2016), Hans (2023) among others. While mean and quantile regression copulas
focus on specific characteristics of the conditional distributions, distributional copulas offer a
more comprehensive framework by modeling the entire conditional distribution of a response
variable given a set of predictors. This distinction is critical, as it impacts the interpretation
of dependence structures and the choice of statistical methods used in empirical applications.
For instance, Kneib (2013) argues for moving beyond mean regression to capture more com-

plex relationships, while Dorn et al. (2024) illustrate the importance of using distributional



copula regression for understanding intersectional poverty by examining leisure time and
income simultaneously. Moreover, Klein et al. (2016) demonstrate the use of structured ad-
ditive conditional copula regression models, providing a Bayesian framework that integrates
both mean and distributional aspects. Thus, incorporating literature on distributional copula
models not only enhances methodological rigor but also broadens the analytical perspective
in understanding dependencies across dimensions of many socio-economic factors such as
well-being (Decancq, 2014; Klein et al., 2019). In this paper, we present estimators for the
health concentration curve and Gini coefficient based on semi-parametric and nonparametric
copulas.

Thereafter, we utilize the copula-based re-formulation of CH in (1) to construct semi-
and nonparametric estimators for health concentration curves and the Gini coefficient, with
respect to Y, of health distribution [hereafter referred to as the Gini health coefficient].
These estimators are specifically designed to quantify health inequalities. To derive the
semiparametric estimator, a parametric bivariate copula is employed to model the depen-
dence between health and socioeconomic variables. The parameter of the bivariate copula
function is estimated using the maximum pseudo-likelihood estimation method, wherein the
cumulative distribution of the health variable is substituted with its empirical estimator.
Once the maximum likelihood estimator of the bivariate copula’s parameter is acquired, it
is utilized to calculate the semiparametric estimator of the health concentration curve with
respect to Y. For the nonparametric estimator, we substitute the bivariate copula function
with its smoothed nonparametric estimator, specifically a Bernstein copula; see Bouezmarni
et al. (2010), Chen and Huang (2007), and Bouezmarni et al. (2012). The Bernstein esti-
mator proves advantageous in avoiding potential misspecification issues encountered by the
semiparametric estimator. Additionally, it remains unaffected by the boundary bias prob-
lem because, through smoothing with beta densities, the Bernstein copula does not assign
weight outside its support. Furthermore, we employ the aforementioned estimators of health

concentration curves with respect to Y to derive both semiparametric and nonparametric



estimators of the Gini health coefficient. It is worth mentioning that a limitation of the
Bernstein estimator used in this paper is its reliance on a bandwidth parameter. Selecting
an optimal bandwidth parameter is not straightforward. However, we address this issue by
adopting the rule of thumb for practical bandwidth parameters in our simulations and appli-
cations. Cross-validation can be employed to determine a practical value for the bandwidth
parameter.

Furthermore, we investigate the asymptotic properties of the aforementioned estimators.
We establish their consistency and asymptotic normality. We also provide expressions for
their variances, facilitating the construction of confidence intervals and the development of
tests for both the health concentration curve and the Gini health coefficient with respect to
Y. A Monte Carlo simulation exercise, conducted using various data-generating processes
and sample sizes, reveals that the semiparametric estimator surpasses the smoothed non-
parametric estimator. Moreover, the latter performs better than the empirical estimator in
terms of Integrated Mean Squared Error.

Additionally, we conduct a comprehensive empirical analysis to investigate disparities
in COVID-19 infections and deaths both across and within U.S. states using county-level
data. Our study uses a dataset covering 2,777 counties from 40 states, integrating health
data on confirmed COVID-19 cases and deaths with key socioeconomic indicators, including
income, race, poverty rate, and urban/rural status. The data are sourced from the U.S.
Centers for Disease Control and Prevention (CDC) for COVID-19 statistics, and from the
U.S. Census Bureau for demographic and socioeconomic information. To assess these dispar-
ities, we employ semi- and nonparametric estimators for the Health Concentration and Gini
health coefficients. The results reveal substantial inequalities in COVID-19 outcomes, with
infection and mortality rates varying significantly based on socioeconomic conditions, such
as poverty and race, particularly in the most disadvantaged areas. This empirical approach
offers valuable insights into how pre-existing socioeconomic inequalities have exacerbated

the pandemic’s effects.



The rest of the paper is organized as follows. In Section 2, we present some examples
to illustrate the importance of expressing health inequality measures in terms of bivariate
copulas. In Section 3, we introduce the notations, re-formulate the health concentration
curve with respect to a socioeconomic variable as a function of bivariate copula, and derive
its expression for specific copula functions. In Section 4, we formulate semiparametric and
nonparametric estimators of the health concentration curve with respect to a socioeconomic
variable using both parametric and nonparametric bivariate copulas. These estimators are
subsequently employed to derive estimates for the Gini health coefficient. In Section 5,
we explore the asymptotic properties of both the semi- and nonparametric estimators. In
Section 6, we conduct Monte Carlo simulations to evaluate the performance of both the
semi- and nonparametric estimators, comparing them with the empirical estimator of the
health concentration curve with respect to a socioeconomic variable. Section 7 presents an
extensive empirical study where our estimators are applied to analyze health inequality in
U.S. COVID-19 data. Section 8 provides the conclusion. The proofs, simulation details, and

empirical results are available in a separate companion appendix.

2 Motivation

This section aims to motivate the importance of expressing health inequality measures in
terms of copula. This helps illustrate the roles played by the marginal distribution of the
health variable, H, and the dependence structure between this variable and the socioeco-
nomic variable, Y, in estimating health inequality measures. Through examples, we demon-
strate that relying on mean regressions, as some papers do, to study health inequality may
lead to misleading conclusions. For instance, when Y and H exhibit linear dependence,
health inequality may or may not be present, contingent on the shape of the marginal distri-
bution of H. Moreover, when two health variables exhibit similar marginal distributions, the

existence of health inequality depends on the nature of the dependence between the socioe-



conomic variable and the health variable. We illustrate these points through the following
examples.

Example 1. Suppose that the health variable H is generated according to the following
process:

H, =3+2Y,+¢;, fori=1...n,

where n is the sample size, €; is an error term that follows a normal distribution N (0,0.2),
and the socioeconomic variable Y follows either: (i) a Weibull distribution Weibull(3,1)
[hereafter Case 1] or (ii) a mixture of Weibull distributions s; * Weibull(2,1) + (1 — s;) %
Weibull(15,1), with Pr (s, =0) = Pr (s, = 1) = 1/2 [hereafter Case 2]. The first and the
second values in the above notations of the Weibull distribution, say W eibull(c, B), represent
the values of the shape o and scale [ parameters, respectively.

Using the data in Example 1 [see Figure 1 of the separate companion appendix|, we
calculated the health concentration curves with respect to Y for Case 1 and Case 2 using
formula (1), and the results are reported in Figure 2 of the appendix. Panel (a) of Figure 1
and curve (a) of Figure 2 show that when Y and H are linearly dependent, health inequality
might not exist if the marginal distribution of H is unimodal and the data are well concen-
trated around the mean. However, under the same linear dependence between Y and H, we
find that when the marginal distribution of H is bimodal as shown in Panel (b) of Figure 1,
then there is a health inequality as illustrated by the curve (b) of Figure 2.

Example 1 illustrates that the use of linear regressions may not provide informative
insights into the presence or absence of health inequalities. For instance, an estimator of
the health concentration curve with respect to Y, relying on a parametric estimator of
the marginal distribution of H, could yield misleading results if the assumed parametric
distribution is misspecified [e.g., when the true distribution of H is a mixture of Weibull
distributions, as seen in Case 2, but the assumed distribution is a Weibull, as in Case 1],
as depicted in Figures 1 and 2.

Example 2. Suppose that the health variable H and the socioeconomic variable Y



follow the Weibull distributions Weibull(1,2) and Weibull(5, 1), respectively, and consider a
Guassian bivariate copula for the dependence between Y and H with two different correlation
coefficients: (i) p =0 [hereafter Case 1] and (ii) p = 0.9 [hereafter Case 2].

In line with Example 1, we employ the data generated in Example 2 to compute health
concentration curves for both Case 1 and Case 2, with the results detailed in Figures 3 and
4 found in the companion appendix. As expected, the nature of the dependence between Y
and H proves instrumental in indicating the presence or absence of health inequality. On
the one hand, as illustrated in Panel (a) of Figure 3 and curve (a) of Figure 4, the absence
of dependence between Y and H corresponds to the absence of health inequality. On the
other hand, for the same marginal distribution of H featured in Panel (a) of Figure 3, Panel
(b) of Figure 3, and curve (b) of Figure 4 reveal that health inequality emerges when Y and
H exhibit dependence (non-linearly dependent).

Example 2 illustrates the importance of having accurate estimators for both the marginal
distribution of H and the dependence between Y and H in order to obtain a reliable estimator
of the health concentration curve with respect to Y. This is why the focus of this paper is on
enhancing the estimation of the health concentration curve with respect to Y by providing
robust estimators of the bivariate copula function that captures the dependence between Y

and H, in addition to utilizing a nonparametric estimator of the marginal distribution of H.

3 Copula-based health concentration curve

The health concentration curve plots the cumulative percentage of the health variable against
the cumulative percentage of the population, ranked by socioeconomic covariates such as liv-
ing standards, beginning with the poorest and ending with the richest. The curve illustrates
the effect of a socioeconomic variable on the concentration of a health variable such as
COVID-19 infections and deaths.

Formally, the health concentration curve is given by formula (1). From this formula



and as we discussed in Section (2), we note that the dependence between H and Y plays
a crucial role in the calculation of health concentration curve with respect to Y CH(p,Y).
For instance, if H and Y are independent, then CH(p,Y) = p, i.e., we are in the presence
of perfect equality of health variable H across the socioeconomic variable Y. However, this
does not mean a perfect equality of the health concentration. As shown in the following
proposition, the concentration health curve with respect to Y can be derived through the
dependence structure of the vector (H,Y’) using bivariate copula function [see the proof of

Proposition 1 in the appendix of this paper].

Proposition 1 Let C and c be the bivariate copula function and the copula density function
of the vector (H,Y'), respectively. The health concentration curve with respect toY CH(p,Y’)

in Equation (1) can be rewritten as a function of bivariate copula:

1

CH(p,Y) = Jy Fri' (w)Co(u, p)du

E(H)

, forpe(0,1), (2)

where Cy,(u, p) is the partial derivative of the bivariate copula function of the vector (H,Y) :

Culu,v) = %Z’U) = /OU c(u, z)dz.

The result in (2) is a copula-based representation of CH. The formula (2) offers a break-
down of the health concentration curve (CH) into two components: the marginal information
about H and the dependence between Y and H through the bivariate copula. It’s important
to note that Y is only utilized for the copula, and any increasing transformation of Y will
not affect the copula or the CH curve.We can now use this representation to derive expres-
sions of the health concentration curve with respect to Y for some specific copula functions.
We consider independence and lower and upper Fréchet—Hoeffding dependence structures.
As shown below, the latter dependence structures can help illustrate the link between the

concentration curve and the Lorenz curve of the health variable H with respect to Y.

Example 1 (Independence): If H and Y are independent, then C,(u,v) = v. Therefore,

8



CH(p,Y) = p, and in this case we obtain a perfect equality, i.e. the socioeconomic variable
has no effect on the concentration of the health variable.

Example 2 (Lower Fréchet—Hoeffding): Suppose that H and Y are countermonotonic
variables, i.e., the dependence between the two variables can be modelled using Fréchet—
Hoeffding lower bound copula W (u,v) = max{u + v — 1,0}. In this case, W, (u,p) = I(u >
1—p), where I (.) is an indicator function that takes value one if u > 1—p and zero otherwise.

Hence,

1

CH(p,Y) = fo Fﬁl(U)Wu(u,p)du _ fl_p Fy (u)du

E(H) E(H)

where Ly is the Lorenz curve of H. For example, if H represents overweightness, then
CH(p,Y) is the percentage of the total overweightness of the (100 % p)% of the richest
population.

Example 3 (Upper Fréchet—Hoeffding): Suppose that H and Y are comonotone vari-
ables, i.e., the dependence between the two variables can be modelled using Fréchet—Hoeffding
upper bound copula M (u,v) = min{u, v}. In this case, M, (u,p) = I(u < p), where I(.) is
an indicator function that takes value one if u < p and zero otherwise. Hence,

Jo Pt ()M (u,p)du [ Fyp (u)du
HpY) = E(H) = E(H)

= Lu(p),

For example, if H represents the payments people made for health care and if we assume a
perfect positive correlation between Y and H, then C'H(p,Y) is the percentage of the total

payments spent by the (100 x p) % of the poorest population.

4 Copula-based estimation

The copula-based representation in Equation (2) will be used to derive semiparametric and

nonparametric estimators of health concentration curve and Gini health coefficient with re-



spect to a socioeconomic variable. For the semiparametric estimator, we use a parametric
bivariate copula function to model the dependence between health and socioeconomic vari-
ables. The bivariate copula’s parameter is estimated using the maximum pseudo-likelihood
estimator after replacing the cumulative distribution of health variable by its empirical ana-
logue. For the nonparametric estimator, we replace the bivariate copula function by a Bern-
stein copula estimator. Furthermore, we use the above estimators to derive semiparametric
and nonparametric estimators of Gini health coefficient.

Let us first set some notations. We denote by {(H;,Y;),i = 1,...,n} an independent and
identically distributed sample of n copies of the vector (H,Y"). From the representation in (2),
the health concentration curve with respect to Y CH (p,Y’) can be estimated using different
approaches that correspond to different ways of estimating the expectation and distribution
of H, say E(H) and Fy, but also to different ways of estimating bivariate copula function
Cyu(u,p). In the following, E(H) will be estimated using its empirical analogue (sample

average of H), and Fiy will be estimated using the rescaled empirical distribution:

n

> I(H; < h), (3)

i=1

~ 1
Fu(h) = n+1

where [(.) is an indicator function that takes the value one if H; < h and zero otherwise.
Note that alternative estimators of F - such as a parametric estimator or a smoothed
nonparametric estimator like Kernel, Bernstein, etc.- can be considered.

In the next two sub-sections, we consider two different estimators of bivariate copula
Cy(u, p). In Sub-section 4.1, we introduce a semiparametric estimator of CH (p,Y’) in which
only realizations of Y in C,(u,p) will be used for estimating the bivariate copula function,
i.e., the information on the order of Y is required for modelling the dependence structure
of the vector (H,Y’). In Sub-section 4.2, we derive a nonparametric estimator of CH(p,Y’)

using a nonparametric estimator of bivariate copula C,(u, p); hereafter Bernstein estimator.

10



4.1 Semiparametric estimation

We consider that the bivariate copula C' of (H,Y") belongs to a parametric family {C(., ., 0),0 €
©}, with an unknown vector of parameters 6 that is in the set ©, which is a compact subset
of R?. Denote by 6y the true value of #. There exist several estimators of #; and a most
popular one is given by the following maximum pseudo likelihood estimator, called Canonical

Maximum Likelihood method:

0, = argznaxé log ¢ (ﬁH(Hi), B(Y)), 9) , (4)
where c is the bivariate copula density of C, F 1 (h) is defined in Equation (3) and ﬁy(y) =
(n+1)"" 37, I(V; < y). Note that 8, is the estimator proposed by Shih and Louis (1995)
and Genest, Ghoudi and Rivest (1995), and its asymptotic representation can straightfor-
wardly be obtained from the proof of Theorem 1 in Tsukuhara (2005).

Using the maximum likelihood estimator of 0 in (4) and the nonparametric estimator of

Fpy in (3), a semiparametric estimator of CH(p, Y') is defined as follows:

_ Z:'L:l Hl OU(F\H(Hl)vpa/én)
Z?:l H; ’

CH(p,Y)
where Cy,(u,v,0) = W.

As an alternative to the canonical maximum likelihood approach, we can employ the
inference functions for margins method; see Joe and Xu (1996). This method assumes
a parametric model for the marginal distributions. However, to circumvent the need for
specifying the marginal distributions, we opt for semi-parametric estimation. It’s important
to note that the selection of parametric distributions plays a critical role in determining the
CH curve, as demonstrated in Example 1.

We next use simulations based on examples 1-3 of Section 3 to empirically illustrate the

semiparametric estimator in (5). We also compare this estimator with the following empirical
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estimator of CH(p,Y) [see Wagstaff (2002)],

T H Y < By ()

i=1""1

(6)

where I(.) is an indicator function that takes the value one if Y; < ﬁ; !(p) and zero otherwise.
The simulation results are reported in Figure 5 of the separate companion appendix, which we
obtain after generating n = 100 observations of (H;, Y;) from a Gaussian bivariate copula with
correlation coefficients p = 0 (Example 1), p = —0.99 (Example 2) and p = 0.99 (Example
3), and using as a marginal distribution of H and Y an exponential distribution with a
parameter A = 1. To avoid numerical problems, we excluded the cases p = £1. Thereafter,
we report the results for both known and unknown bivariate copulas. The unknown copula
case corresponds to the situation where the copula under consideration (Gaussian bivariate
copula in this case) is considered to be unknown, and we use the R package VineCopula [see
Nagler et al. (2023)] - available online for free - to select a copula function that fits better
our generated data [see curves of the unknown copula in Figure 5|. Furthermore, Figure 5
illustrates the estimators of 1 — Ly (1 — p) and Ly(p), where Ly is the Lorenz curve of H;
see subfigures (b) and (c) of Figure 5.

Subfigure (a) of Figure 5 shows that the copula-based estimator of C'H(p,Y’) is much
closer to the 45-degree line (true curve of CH(p,Y) under independence) than the empiri-
cal estimator, and that the former is much smoother than the latter. This result holds for
both known and unknown copulas, which might suggest a high performance in favour of the
semiparametric estimator. We also see that the estimators of CH(p,Y’) using known and
unknown copulas are very similar, which might indicate that the R package VineCopula
performs well in terms of copula selection. Moreover, we find that the Lorenz curve’s es-
timator is quite distant from the 45-degree line, which means that perfect equality using
CH(p,Y) does not imply perfect equality using Ly. Subfigures (b) and (c) illustrate the

semiparametric and empirical estimators of CH(p,Y) and 1 — Ly (1 — p) (or Ly) when the

12



dependence between H and Y is given by lower and upper Fréchet—Hoeffding, respectively.
From these, we see that the estimators of CH(p,Y) and 1 — Ly (1 — p) are quite similar, but

again the semiparametric estimator is smoother than the empirical estimator of CH (p,Y").

4.2 Nonparametric estimation

The semiparametric estimation of CH assumes that the bivariate copula C of (H,Y") belongs
to a parametric family of bivariate copulas. In practice, however, the bivariate copula family
is unknown and consequently the semiparametric estimator in (5) might be biased if the
chosen parametric bivariate copula is misspecified. To overcome this issue, we propose a
nonparametric estimation of CH based on the following nonparametric estimator of bivariate
copula. Formally, we consider the following Bernstein estimator of C'(u,v) :

Crn (1, 0) = YZ i ., (@ ﬁ) Py (@) P, (0), (7)

m m

and

is the binomial distribution function with the parameters (m, k). For independent and iden-
tically distributed (i.i.d.) data, Sancetta and Satchell (2004) introduced a Bernstein poly-
nomial estimator of the copula and established the asymptotic normality of the Bernstein
density copula. Under some regularity conditions, Sancetta and Satchell (2004) show that
any copula can be approximated by a Bernstein copula. Asymptotic properties of the Bern-
stein density copula for a-mixing data are studied in Bouezmarni et al. (2010). Furthermore,
Janssen et al. (2012) have shown that the Bernstein copula outperforms the classical empir-
ical copula originally proposed by Deheuvels (1979).

Moreover, it is worth noting that an estimator of the partial derivative C,(u,v) can be

13



derived using the Bernstein bivariate copula, but not the empirical bivariate copula. Using
the Bernstein bivariate copula in (7), a nonparametric estimator of the first-order partial

derivative of the bivariate copula function, C,(u, p), can be obtained as follows:

m—1 m
~ ko+1 ky ko k1
Cun=m> Y o () o (B8 p@rn®). ©
kio=0 k1 =0
The above estimator was introduced and its asymptotic properties were derived in Janssen
et al. (2016). From (2) and (8), a nonparametric estimator of CH(p,Y") can be defined as
follows:

CHpn(p,Y) = S . (9)
=1 ""1

We now use simulations and some examples of dependence between H and Y to illustrate

the nonparametric estimator in (9). We generated n = 100 observations of (H;,Y;) using
a Gaussian bivariate copula with correlation coefficients: (a) p = 0.6, (b) p = —0.6, (c)
dependence between H and Y is quadratic, and (d) p = 0 (independence). The simulation
results reported in Figure 6 of the separate companion appendix show that the Bernstein
copula-based estimator outperforms the empirical estimator as the former is much closer
to the 45-degree line under independence and it is much smoother under other cases of

dependence.

4.3 Gini health coefficient estimation

We now use the previously developed estimators of CH to propose estimators of Gini health
coefficient with respect to a socioeconomic variable. This index is a measure of dispersion
intended to quantify the health inequality within a given socioeconomic group. Formally,

the Gini health coefficient with respect to socioeconomic variable Y is defined as follows:

Cov(H, Fy(Y))

E(H) (10)

6=z [ (p— CHp.Y)) dp — 2

14



Under independence between H and Y, the covariance term Cov(H, Fy(Y')) is equal to zero,
and therefore the Gini health coefficient with respect to Y G(Y') is equal to zero. The index
takes values between —1 and 1. On the one hand, a negative value of G(Y) indicates a
pro-poor health, and in this case the health concentration curve with respect to Y will be
located above the 45-degree line; see Subfigure (b) of Figure 5 of the separate companion
appendix. On the other hand, a positive value of G(Y') indicates a pro-rich health, and the
health concentration curve with respect to Y in this case will be below the 45-degree line;
see Subfigure (c) of Figure 5 of the separate companion appendix. Furthermore, G(Y') is
equal to zero when the concentration curve with respect to Y is close to the 45-degree line,
see Subfigure (a) of Figure 5 of the separate companion appendix. Observe, however, that
the Gini health coefficient with respect to Y G(Y) - which is equal to the integral of the
difference between the 45-degree line and the curve CH(p,Y’) - can be equal to zero even
when the health concentration curve with respect to Y does not coincide with the 45-degree
line. Thus, CH(p,Y') curve should represent a better way of visualizing and detecting health
inequalities.

Note that if H and Y are comonotone random variables - i.e., the dependence between the
two variables can be modelled using the upper Fréchet—Hoeffding -, then CH (p,Y") = Ly(p)
and G(Y') represents a Gini health coefficient that is constructed from Lorenz curve. In this
case, we have Fy(H) = Fy(Y) and G(Y) = ﬁC’ov(H, F(Y)) = ﬁCov(H, Fy(H)).
Formally,

1 1
G0 =2 [ o= CHOYY) dp=2 [ (0= Lulo) dp

Now, if H and Y are countermonotonic random variables - i.e., the dependence between
the two variables can be modelled using the lower Fréchet—Hoeffding -, then CH(p,Y) =
1 — Ly(l —p) and G(Y) will be equal to minus Gini health coefficient that is calculated

based on Lorenz curve Ly. Formally,

G(Y) —2/01 (p—CH(p,Y)) dp—2/Ol(p—1+LH(1—p))dp——2/ol(p—LH(p))dp.
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We can show that G(Y) is equal to minus Gini health coefficient that is based on Lorenz
curve by observing that Fy(H) =1 — Fy(Y) and Cov(H, Fy(Y)) = —Cov(H, Fy(H)).
Thus, using the expression of G(Y') in Equation (10) and the estimators of CH(p,Y) in

Equations (5) and (9), we propose the following semiparametric

a2 (- CHG.Y)) dp (1)

and nonparametric

G(Y) =2 /01 (p ~ CHp(p, Y)) dp (12)

estimators of Gini health coefficient, respectively.

We next establish the asymptotic properties of the semiparametric and nonparametric
estimators of the health concentration curve with respect to Y CH (p,Y’). These properties
can be used to establish the asymptotic properties of the estimators of the Gini health

coefficient.

5 Asymptotic properties of the estimators of CH

We investigate the consistency and asymptotic normality of the previously developed estima-
tors of health concentration curve with respect to Y C'H (p,Y’). The following subsections
(5.1) and (5.2) state the asymptotic i.i.d. representations of the semiparametric and non-

parametric estimators C H (p,Y) and CH ma(D,Y) in (5) and (9), respectively.

5.1 Asymptotic properties of semiparametric estimator of CH

In this subsection, we assume that the bivariate copula function C' belongs to a known
parametric family of copulas C = {C(.;0),: 0 € ©}, where O is a compact subset of R?. Let

~

0, be an estimator of the true parameter 6, that satisfies the following condition:
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Assumption A: The estimator 0, of 6o has the following asymptotic representation:

A

O — 0o =n""Y & +o0,(n/?), (13)
=1

where &, = E(Fy(H;), Fy(Y;);60) is a q-dimensional random vector such that E (§;) = 0 and
E (|I&]?) < oo, with ||.|| represents the Euclidean norm.
Note that the estimators of 6 that have been proposed in Shih and Louis (1995) and Genest,
Ghoudi and Rivest (1995) satisfy Assumption A. Furthermore, Tsukuhara (2005) provides
an asymptotic representation of 0, and establishes its asymptotic properties.

Now, before we state the asymptotic representation of the semiparametric estimator of

CH, we need to introduce the following notations:

0*C
ocC 0Cy,
® Cuu:W and Ou?gz (89?7”" 69;>'

T
L4 Tﬁ(p7 9) - (%ﬁﬂ), ER) %@) ) where T(p7 9) =E [HCU(FH<H)7P7 6))} .

Using the above notations, we consider the following additional assumptions that we need
in order to establish the result of Theorem 1.

Assumption B: We assume that:
B1: E(H?) < cc.

B2: C,, (u,v,0) and C, ¢ (u, v,0) are continuous on (0, 1) x [0,1] x ©. In addition, there is

a constant ¢; such that

C1

) < ———
G (0,0 < 7

V(u,v) € (0,1) x [0,1].

Assuming a finite second moment of H is a classical assumption. The conditions outlined
in Assumption B2 are not restrictive and are met by numerous common copula families,

including Gaussian, Student, Clayton, Gumbel copulas, and others, as detailed in Omelka
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et al. (2009). These assumptions entail technical conditions that must be fulfilled. Both
Assumptions B1 and B2 are essential to establish the law of large numbers and the asymptotic
i.i.d. representation of a V-statistic.

The following theorem states the asymptotic i.i.d. representation of the semiparametric

estimator CH (p,Y) in (5) [see the proof of Theorem 1 in the Appendix of this paper].

Theorem 1 Under Assumptions A, B1-B4, we have

CH(p,Y)—CH(p,Y) =n""Y ¢+ 0p(n™"/?),
=1

¢ =EB(H) ' [HiCu(Fr(H;),p,00) + & ro(p, 00) + n(H;, p,00) — H; CH(p,Y)],

with n(Hivpa 00) = EH [H (H<Hz S H) - FH(H>>Cuu(FH(H)7p7 9)] 7T0(pa 90) =K [H Cu,O(FH(H)ap7 90)] )
&, is defined in Assumption A, By represents expectation with respect to H, and 1(.) is an

indicator function that takes value one if H; < H and zero otherwise.

Theorem 1 can be used to establish the asymptotic normality of the semiparametric
estimator C H (p,Y) with zero mean and asymptotic variance:

Var(@(p, V) =E (g?) — (E(<i>>27

(2

where the expression of (; is defined in Theorem 1. This variance is unknown, but it can be
estimated by replacing the unknown quantities in the expressions of E((;) and E (C 22) by their
empirical analogues. For testing and constructing confidence intervals around CH (p,Y), and
to mitigate the impact of the accuracy of the estimation of the unknown quantities involved
in (; on the sensitivity of the plug-in estimator of the variance, we recommend the use of

bootstrap.
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5.2 Asymptotic properties of nonparametric estimator of CH

We now establish the asymptotic i.i.d representation of the nonparametric estimator of C H.
Let us first define some new terms. For independent random vectors (U, Vi), ..., (Upn, Vi),

with joint distribution function C', we define

m—1 m
=m Z Z ]’C(), kl Ai<k07 m)CU<u> U)] Pm—l,ko (u)Pm,ku (U),
ko=0 k1=0

where

Ai(k0>k1)=H<@<Ui§ko—i_l,vigﬁ)_p(k@ < U <k0+17‘/i§ﬁ).
m m m m m m

The following theorem states the asymptotic i.i.d. representation of the nonparametric

estimator CH ma(D,Y) in (9) [see the proof of Theorem 2 in the Appendix of this paper].

Theorem 2 Suppose that the second deriwvatives C,,, = ag# nd Cy,, = % are

Lipshitz continuous on [0,1]%. If (m/n)log (m'/*n) — 0 as n — oo, we have

n

CHoun(p,Y) =~ CH(p,Y) = 0" > vi(p) + 0p(n2m14),

=1

where

vi(p) = B(H) " By [HW;m(Fu(H),p)] — H; CH(p,Y)].

Theorem 2 can be used to establish the asymptotic normality of the nonparametric
estimator of C'H with mean zero and - by adapting the proofs in Janssen et al. (2016) -
asymptotic variance of order O(n~'m!/2). This asymptotic variance, however, is unknown
as it depends on C,. In practice we suggest to use bootstrap for constructing confidence

intervals around CH mn(D,Y).
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6 Monte Carlo simulations

In this section, we run Monte Carlo simulations to assess the performance of the estimators
proposed previously. In particular, we calculate the Integrated Mean Square Errors (IMSE)
of semiparametric and nonparametric estimators of health concentration curves with respect
to socioeconomic variables, which we compare with the IMSE of the empirical estimator.

In our simulations, several data-generating processes (DGPs) are considered to model
the dependence structure between health and socioeconomic variables. We use different bi-
variate copulas to generate data under different degrees of dependence measured by different
values of Kendall’s tau coefficient 7. The bivariate copulas under consideration are Gaussian
copula, Student copula, Clayton copula, and Gumbel copula. The values of Kendall’s tau
coefficient under consideration are: (i) 7 = —0.4, 0.001, 0.01, 0.1, 0.2, 0.5, 0.7 for Gaussian
and Student copulas and (ii) 7 = 0.001, 0.01, 0.1, 0.2, 0.5, 0.7 for Clatyton and Gumbel cop-
ulas. To generate the data of health and socioeconomic variables, we also use an exponential
distribution with the parameter A = 1 and a Weibull distribution with the scale and shape
parameters A = 2 and k£ = 10, respectively.

The performances of the estimators CH (p,Y), CH mn(D,Y) and CH »(p,Y) are assessed
based on the IMSE that we calculate for different samples sizes: n = 50, 100, 200, and 500.
The calculation of IMSE is obtained using B = 1,000 replications. Formally, the IMSE is
defined as:

IMSE ~ %Z (% Z (ﬁj(piay) - CH(pz',Y)>2> :

i=1 j=1

for p; = 0.01,0.02,...,0.99, and where C/'Ej(pi,Y), for j =1,..., B, is the estimator of the

concentration health with respect to Y C'H(p;,Y’) that corresponds to the j-th replication.

The integral [ (.) of the MSE is approximated by replacing it with the sum ZI (.) for I =99.
For the semiparametric estimator CH (p,Y), we assume that the parametric bivariate

copula is unknown and we use the BiCopSelect function implemented in VineCopula R

package to select the appropriate bivariate copula from a set of bivariate copula families.
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This approach is expected to alleviate the negative effect that copula misspecification might
have on the semiparametric estimator. We recall that copulas can be selected according to
an Akaike or Bayesian Information Criteria [AIC and BIC, respectively]; see Akaike (1973),
Schwarz (1978), and Manner (2007). To do so, all available bivariate copulas are first fitted
using maximum pseudo-likelihood estimation. Then the information criteria of all fitted
bivariate copulas are computed, and the bivariate copula that has the minimum AIC or BIC
is selected. Formally, the AIC of a bivariate parametric copula density ¢(Fg(H), Fy(Y),0)
is defined as

AIC = =2 " In[e(Fy(H;), Fy(Y;),0,) + 2q,

where ¢ represents the number of parameters: e.g.; ¢ = 1 for a copula that depends on one
parameter, and ¢ = 2 for a copula with two parameters. Similarly, the BIC of bivariate

copula density ¢(Fy(H), Fy(Y),0) is given by

BIC = —2 i Inle(Fu(H,), Fy (Y;),0,) + In(n)q.

Furthermore, the bandwidth parameter m that we use to calculate CH mn(D,Y) is se-
lected according to the rule of thumb m = [a x n**?] | where [ is the integer part of

a X n23/5

. To assess the sensitivity of the estimation results with respect to m, we consider
various values of m € {1,2,3,4,5}, which is a common practice in nonparametric estimation
when no optimal bandwidth is available. In the simulations, we find that the optimal value
of a that works for all DGPs under consideration is equal to 4. Thus, to save space we only
report results for a = 4; see Table 1. The other values of a also provide reasonable results
and the latter are available upon request.

Table 1 shows that the IMSEs of all estimators are decreasing with the sample size.
Interestingly, we find that the semiparametric estimator dominates both the empirical and

the nonparametric estimators as it has the smallest IMSE under different bivariate copulas,

degrees of dependence and sample sizes, except when the dependence between H and Y is
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weak or when 7 takes values between 0.001 and 0.1. Thereafter, we find that the second
best estimator is the nonparametric estimator that does better than the empirical estimator,
except when the degree of dependence between H and Y takes values between 7 = 0.5 and
7 = 0.7 for Gaussian and Gumbel copulas.

The above results are obtained when the marginal distributions of H and Y are given by
the exponential distribution with the parameter A = 1. We have also got additional results
after replacing the exponential distribution by the Weibull distribution with the parameters
A =2 and k£ = 10. To save space, the latter results are not reported but they are available
upon request. Using Weibull as a marginal distribution of H and Y, we find similar results
to those discussed previously. The best estimator in terms of IMSE is the semiparametric
estimator C'H (p,Y), followed by the Bernstein estimator CH mn(p.Y') and then the empirical

estimator C'H, (p,Y).

7 Inequality in COVID-19’s infections and deaths

Since January 2020, the COVID-19 pandemic has resulted in millions of infections and
deaths, and caused economic distress worldwide. Recognizing the significance of measures
such as lockdowns, testing, and face masks in reducing the transmission of COVID-19, con-
cerns have emerged regarding the connection between pre-existing social and economic in-
equalities and disparities in COVID-19 infections and deaths, particularly affecting the most
deprived classes. In the United States, the spread of COVID-19 across states has highlighted
that not all Americans face an equal risk of infection and mortality from the virus. Further-
more, the World Health Organization (WHO) in the European Region has emphasized that
the exposure risk and severity of health, social, and economic impacts of COVID-19 are not
evenly distributed among European countries.

In this section, we apply our semi- and nonparametric estimators for the Health Concen-

tration and Gini health coefficient to assess and analyze disparities in COVID-19 infections
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and deaths both across and within U.S. states. The subsequent subsection provides a de-

scription of the U.S. data employed in our empirical analysis.

7.1 Data

We begin by describing our data and presenting key descriptive statistics. Micro-level data
on COVID-19 infections and deaths, combined with socioeconomic factors—such as median
income, total population, percentage of the population below the poverty line, and percent-
ages of Black, White, Asian, and Hispanic American residents, as well as the proportion of
urban residents and women in the population—at the unit-record level (specifically, at the
county level in the U.S.). To build our dataset, we merged county-level counts of COVID-
19 cases and deaths with socioeconomic characteristics, including average income, racial
demographics, income inequality, and poverty.

Our dataset includes data from 2,777 counties across 40 U.S. states. Ten states were
excluded due to insufficient data; each of these states has fewer than 10 counties, making
them unsuitable for estimating health concentration curves and the Gini health coefficient
based on our socioeconomic variables. The excluded states are New Hampshire, Connecticut,
Hawaii, Kansas, Kentucky, Louisiana, Maine, Maryland, Rhode Island, and the District of
Columbia.

The county-level variables in our dataset can be categorized into three main groups:

e Health variables encompassing confirmed COVID-19 infections and deaths.

e Socioeconomic covariates that include median income, total population, percentage of
the population below the poverty line, and the percentages of residents who are Black
Americans, White Americans, Asian Americans, and Hispanic Americans. Addition-
ally, the analysis includes the proportion of the population living in urban areas and

the percentage of women in the population.
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e Inequality measures, namely the Gini (economic) coefficient and Gini health coefficient,

which were estimated using our semi- and nonparametric estimators.

For data regarding confirmed COVID-19 infections and deaths, we rely on the U.S. Cen-
ters for Disease Control and Prevention (CDC), utilizing the most recent numbers available
as of writing this paper (June 10, 2021)!. Information on county population, population
density, demographics, and poverty rates is sourced from the U.S. Census Bureau. Median
income and the poverty rate are estimated from survey data, supplemented by small-area
estimation methods [refer to Rao and Molina (2015)].

Descriptive statistics detailing COVID-19 infection and death rates, along with socioe-
conomic variables for the 2,777 counties, are presented in Table 2 of the separate companion
appendix. In this table, the term "share of African Americans" pertains to the proportion
of the population identifying as Black only, while "share of White" denotes the propor-
tion identifying as White. The table reveals that the average infection and death rates per
county are 9.8% and 1.9%, respectively, with standard deviations of 2.99% and 1%, respec-
tively. Notably, Crowley County in Colorado recorded the highest infection rate at 37%, and
Chattahoochee County in Georgia had the second-highest rate at 36.8%.

The overall average poverty? rate is 14.3%, ranging from 2.3% in Sterling County (Texas)
to 54.7% in Todd County (South Dakota). The Gini (economic) coefficient is also estimated
using small-area methods, exhibiting significant variation across counties, from the lowest
value of 0.302 in Skagway County (Alaska) to the highest value of 0.609 in Harding County
(New Mexico).

Moreover, Table 3 of the separate companion appendix reports the correlation matrix

!The data are available through USA Facts : https://usafacts.org/visualizations/coronavirus-covid-19-
spread-map/. An alternative source is the New York Times data site for COVID-19 obtainable from their
Github repository. The NYT site, however, records infections and deaths according to the county in which
they occurred, while CDC does so according to the person’s place of residence.

2 The poverty rate is a measure of how many people in the country live in economic hardship. Poverty
is measured by comparing a person’s or family’s income to a set poverty threshold or minimum amount of
income needed to cover basic needs. The poverty threshold varies by family size, number of children, and
the age of the householder. For example, in 2023, the poverty threshold for a US family of four was $30,000
according to the U.S. Census Bureau which is the government agency in charge of measuring poverty.
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of socioeconomic variables. Significantly, there is a positive correlation between the share
of African Americans and the poverty rate, and a negative correlation between the share
of White Americans and the poverty rate, both statistically significant. Subsequently, we
present the results of the estimation of health concentration curves and the Gini health

coefficient with respect to our socioeconomic variables.

7.2 Estimation of health concentration curve

As previously mentioned, the health concentration curve with respect to a socioeconomic
variable enables the generation of plots depicting the cumulative percentage of the health
variable - specifically, COVID-19’s infection and death rates - against the cumulative per-
centage of the population ranked by the socioeconomic variable. This variable includes
metrics such as the poverty rate, population density, the share of African Americans, the
share of White Americans, and others. These plots offer a visual representation of health
inequalities by observing the position of the health concentration curve with respect to the
line of equality (45-degree line) in a two-dimensional space.

In scenarios where a higher socioeconomic variable corresponds to greater individual
wealth, if the health concentration curve lies above the 45-degree line, health inequality is
deemed pro-rich, indicating that the affluent possess better health than the less affluent. In
such cases, the associated health concentration index is negative. Conversely, if the health
concentration curve lies below the 45-degree line, health inequality is considered pro-poor,
suggesting that the less affluent have better health than the affluent, and the associated
health concentration index is positive. Should the health concentration curve align with the
45-degree line, it indicates the absence of socioeconomic health inequality, and the associated
health concentration index is necessarily zero.

We now utilize the data detailed in the previous subsection to compute semiparametric
and nonparametric estimators of the health concentration curve for COVID-19’s infection

and death rates concerning the aforementioned socioeconomic variables. For each state, we
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consider the following socioeconomic variables: income, poverty, and race (proportion of
Black Americans, Whites, Asians, and Hispanics), urban area, percentage of women. While
the results encompass all 40 U.S. states, we present findings for average, low, and high-
income states, average, low, and high-poverty rate states, and average, low, and high-share
of White states to enhance clarity. The outcomes are outlined in Figures 7 to 15 of the
separate companion appendix. 3

When employing income as a socioeconomic variable, Figures 7 and 8 reveal a distinct
pro-rich inequality for COVID-19’s death rate in both low and high-income states, except
for West Virginia. Intriguingly, for states with average income [refer to Figure 9], the health
concentration curve with respect to the poverty rate tends to align with the 45-degree line.
This suggests that individuals in these states had an equal chance of succumbing to COVID-
19, irrespective of their poverty level. Similar results emerge when replacing income with the
poverty rate, considering that a low poverty rate is expected to correlate highly with high
income, and vice versa.

Figures 10 and 11 confirm the pro-rich inequality for COVID-19’s death rate in both low
and high poverty rate states. The health concentration curve concerning the poverty rate
lies below the 45-degree line when the poverty rate is higher, indicating greater inequality in
counties with increased poverty. The result in Figure 12 echoes that obtained in Figure 9:
there is no inequality in COVID-19’s death rate in states with an average poverty rate, as
the health concentration curve aligns with the 45-degree line.

Moreover, Figures 13 and 14 indicate that the inequality in COVID-19’s death rate is
generally in favor of counties with a low share of white people, except in state of California.
However, the opposite happens in states with an average share of white people, where we
see that the inequality in COVID-19’s death rate is in favor of counties with high share of
white people.

In summary, socioeconomic variables such as income, poverty rate, and ethnicity sig-

3 Additional results related to other socioeconomic variables, such as those for Hispanic and Asian popu-
lations, are available in Figures 19 through 24 in the separate companion appendix.
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nificantly influence COVID-19’s death rate, disproportionately affecting the most deprived
classes. In the subsequent subsections, we delve deeper into the analysis by estimating
the Gini health coefficient and developing econometric models that establish connections be-
tween COVID-19’s cases and deaths, Gini health coefficient, and other crucial socioeconomic

factors.

7.3 Estimation of Gini health coefficient

We now use the available data to compute both semiparametric and nonparametric estima-
tors of the Gini health coefficient for COVID-19’s death rates, as expressed in Equations (11)
and (12) respectively. Our emphasis on death rates stems from the belief that this measure
more accurately reflects health inequalities across states characterized by diverse levels of
socioeconomic variables such as income, poverty, and race.

Once the infection occurs, one might expect that COVID-19 deaths will be higher in
the deprived states/areas due to the poor living conditions and underfunded local services
such as health services that are essential for saving lives. In estimating the Gini health
coefficient, states with fewer than 10 counties were excluded from the analysis. The affected
states include New Hampshire, Connecticut, Hawaii, Kansas, Kentucky, Louisiana, Maine,
Maryland, and Rhode Island. The outcomes for the remaining 40 U.S. states are presented
in Figures 16 to 18 of the separate companion appendix.

Firstly, in Figure 16, we present the outcomes of estimating the Gini health coefficient
for each U.S. state, with the health variable H representing COVID-19’s death rates and the
socioeconomic variable Y denoting median income. Given that, in this context, the lowest
socioeconomic position corresponds to counties with lower median income, the observed
negative Gini health coefficients across the majority of U.S. states signify a pro-rich health
inequality. In simpler terms, this result implies that individuals in counties with higher
median income experience lower COVID-19 mortality compared to those residing in counties

with lower median income.
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Secondly, Figure 17 showcases the results of semiparametric and nonparametric estima-
tions of the Gini health coefficient, with the socioeconomic variable Y being the poverty
rate. Unlike the previous scenario, where the lowest socioeconomic position for the poverty
rate represented affluent counties, the positive Gini health coefficients in Figure 17 affirm
a pro-rich health inequality. This implies that counties with a high poverty rate exhibit
elevated COVID-19 mortality compared to counties with a low poverty rate.

Finally, in Figure 18, we present results where the socioeconomic variable is the propor-
tion of African Americans. In this case, the lowest socioeconomic position corresponds to
counties with the lowest proportion of African Americans. The outcome depicted in Figure
18 indicates a pro-non-African American health inequality across U.S. states, with counties
having a high proportion of African Americans experiencing higher COVID-19 mortality
compared to counties with a low proportion of African Americans.

This study provides valuable insights for policymakers aiming to mitigate health inequali-
ties, thereby enhancing the overall chances of survival from COVID-19. The findings suggest
that authorities in U.S. states should prioritize the allocation of increased health resources to
counties characterized by higher deprivation and a substantial proportion of African Amer-
icans. This strategic approach is recommended to effectively address and reduce health

disparities in COVID-19 mortality across various counties.

7.4 Further analysis

In this subsection, we conduct further analysis utilizing state-level data to explore the factors
influencing COVID-19 infections and deaths. We consider the following mean regression
model

}/i:a—'—BIXi—i_Ei)

where Y; denotes one of the following dependent variables: i) state-level COVID-19 infections,

ii) state-level COVID-19 deaths. The covariates X; incorporated in the regressions encompass
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state population size, poverty rate, median income, Gini economic coefficient, Gini health
coefficient (calculated using the estimators developed in the previous sections), the share of
the population living in urban areas, the percentage of women, share of Black Americans,
share of Hispanic Americans, share of Asian Americans, share of Black women, poor women,
poor Hispanics, and poor Asians. The results are presented in Tables 4-5 of the separate
companion appendix.

Tables 4-5 reveal that Gini coefficient has a positive impact on COVID-19 infections and
deaths when we control for all the independent variables. These effects are statistically sig-
nificant. However, the effect of Gini health coefficient is statistically insignificant when we
include all control variables, possibly attributed to high correlations with other covariates.
Additionally, poverty rate and population size demonstrate significant and positive impacts
on both COVID-19 infections and deaths. The impact of a state’s share Black women and
poor women is statistically significant, while the impact of a state’s share of poor Asians
is negative and statistically significant. The results for COVID-19 infections and deaths
exhibit substantial similarity. The multiple regression framework used in our analysis en-
ables researchers and policymakers to identify variables that may influence health outcomes,
such as COVID-19 infections and deaths. The estimated parameters represent correlations
between COVID-19 outcomes and specific variables—such as the proportion of Black Amer-
ican residents—while controlling for other variables in the model. However, we note that the
mean regression model may be affected by multicollinearity, meaning that some independent
variables may be highly correlated, potentially reducing precision and causing shifts in the
direction of coefficients.

The above results once again confirm that increased economic and health inequalities
correspond to higher rates of COVID-19 infections and deaths, disproportionately impact-
ing the most-deprived classes. Policymakers are strongly encouraged to implement social
and economic measures aimed at reducing COVID-19 infections and deaths among the most

vulnerable populations. In the short term, initiatives such as providing free masks, sanitiz-
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ers, and targeted vaccination campaigns should be implemented to mitigate infection and
mortality rates in deprived states. In the long term, governments should implement policies
addressing economic and social inequalities in society, ultimately contributing to a reduction

in health disparities.

8 Conclusion

We developed semi- and nonparametric estimators for the health concentration curve and
Gini health coefficient with respect to a given socioeconomic variable to assess inequalities
in COVID-19 infections and deaths, identifying the social classes most susceptible to the
virus. Health concentration measure was initially expressed in terms of a bivariate copula
function, forming the basis for our estimators. In the semiparametric approach, a paramet-
ric bivariate copula modeled the dependence between health and socioeconomic variables,
with parameters estimated through maximum pseudo-likelihood estimation using the em-
pirical distribution of the health variable. For the nonparametric estimator, we employed
the Bernstein bivariate copula estimator. Additionally, health concentration curve estima-
tors were used to derive semi- and nonparametric estimators for the Gini health coefficient.
We established the consistency and asymptotic normality of the health concentration curve
estimators.

Monte Carlo simulations, encompassing various data-generating processes and sample
sizes, revealed superior performance of the semiparametric estimator over the Bernstein-
copula-based estimator, which, in turn, outperformed the empirical estimator in terms of
Integrated Mean Squared Error. An extensive empirical study highlighted the importance
of health concentration curves and Gini health coefficient estimators in analyzing COVID-
19 inequality in the U.S. The results demonstrated that socioeconomic variables, such as
poverty, race, and income at the state level, can help explain the observed disparities in

COVID-19 infections and deaths.
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The methodology proposed in this paper is applicable only for a univariate Y, presenting
a limitation in estimating health concentration curves using just one socio-economic variable.
This emerges as focusing on a single variable oversimplifies the intricate interplay of diverse
health determinants. This restriction arises from the technical issues associated with the use
of multivariate quantiles, making interpretation and estimation challenging. While consid-
ering several socio-economic variables simultaneously might provide a more comprehensive
understanding, the complexities involved in deciphering the combined impact of multiple fac-
tors hinder the practicality of such analyses. An alternative approach involves constructing
an index that combines diverse socio-economic variables, yet unraveling the nuanced inter-
pretation of this composite index proves to be a difficult task. These issues will be subject

to further investigation in future research.
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Appendix: Proofs

This appendix contains the proofs of the main results in the text.

Poof of Proposition 1: Observe that

Jo B[H|Y = F'(u)] du
CH®Y) N E [H|Y—F (u)] du
fo * hfuy(h)e(Fy(h),w)dhdu
fo “ hfu(h)c(Fg(h),u)dhdu
Sy T hfa(R)Cu(Fu(h), p)dh
= g CulFa(h), 1)
o Fi (@) Culu, p)du
E(H ’
where the last equality is due to the fact that [, hfu(h)Cu(Fi(h = [ hfu(h

E(H) since Cy(u,1) = 1.
Poof of Theorem 1: We start with the following decomposition

—HCH(p.Y) (E(H)— H)(ra(p) — HCH(p,Y))

Cll(p.y) - Cr(py) = M= BT ’

where H is the empirical mean of H and m(p) = n=* 1| H;Co(Fy(H;),p,0,). We study
the first term in (1) since the second term is negligible with respect to the first term. Using

Taylor expansion of C,, around (Fg(H;),p,00), we obtain

m(p) =n"" Z H; Cu(Fu(H;),p,00) + L1 + Ing, (2)
i=1
where
Ly =n "0y Hy Cou Frr (H;), p, 0)(Frr(H;) — Fyr(H,)
[n,2 =n"! Z;L:l Hz (én - GO)TCuﬂ(FH(H’L')?pa é)a
with

Fy(H;) = Fy(H,) + o(Fy(H;) — Fy(H;)), 0 = 0o+ (0, — 0,), o € (0,1).
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Under Assumptions B1 and B2, we have:

Ly =n"" ) H; Cou(Fir(Hy).p, 00)(Fyr (H;) — F(H;)) + 0,(n~"/?),

i=1
and, from Assumption B4, we obtain

[n,2 = nil Z Hz (én - QO)TCu,G(FH(Hi)apu 90) + Op(nil/Q)

=1

= (0 — 0p) 0! Z H; Cup(F(H;),p, 00) + op(n~'/?)

1=1

= (6, — 60) "B[H Coug(Fy(H), p, b0)] + 0p(n~"?)

=&/ ro(p, 00) + 0p(n17?), (3)

Where, r@(pa 90) =K [H Cu,G(FH(H)vpa 60)] :
Now, observe that I ,, is a V-statistic with the kernel hy (u, v, 6p) = 5 [ha(u, v, 60) + ha(v,u, 0y)],
where

ho(u,v,60) = uCyy(Fy(u),p,00)(I(v < u) — Fy(u)).

It can be shown that E(hy (H;, H;, 00)) = 0, and from Assumption B3, we have E(h3(H;, H;, 0p)) <
0.

Hence, we obtain

In,l = n_l Zn(Hzap7 90) + Op(n_1/2)7 (4)

=1

where

n(Hi, p,00)=Ey [H (I(H;<H)—Fy(H))Cyu(Fu(H),p,00)].

From (2), (3), and (4), we conclude the proof of Theorem 1.

Poof of Theorem 2: First, we recall the expression of the nonparametric estimator of



CH(p,Y):

CHypp(p,Y) =2 71; S, - IST)
n 1=1""17

Note that from Janssen et al. (2016), and using the conditions of the theorem, we have

~ 1 <&
Cu(FH(h),p) = E Z I/Vz,m(FH(h)’p) + Op(n_1/2m1/4).
=1

Using the above result, the numerator of CH mn(D,Y), can be written as:

n n

I~ I, 1 )
EZHqu(FH(Hj)»p)ZEZ H;= > Winm(Fu(H;),p) | + op(n~"*m"/*)
j=1

j=1 i=1

SRR I _
= 3 ST Wi Fu(H)), ) | + oy~ m )
=1

L J=1 i

- % Z Ep [HW; m(Fu(H),p)] + op(n~"/*m!/%).

=1

The proof of Theorem 2 follows from Equation (5) and the following decomposition:

m(p) = HCH(p,Y)  (B(H)— H)(m(p) — HCH(p,Y))

OHm,n(pa Y) - CH(p’ Y) = E(H) T E(H)H



Appendix: Simulation and empirical results
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Figure 1: This figure illustrates different marginal distributions of H and linear dependence

structure between H and Y.
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Figure 2: This figure illustrates health concentration curves with respect to Y for the marginal
distributions of H and linear dependence between H and Y reported in Figure 1; see panels (a)

and (b) of Figure 1.
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Figure 3: This figure illustrates similar marginal distributions of H and different structures for

the dependence between H and Y.
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Table 1: Integrated Mean Squared Error of Semiparametric (C/’I? ), Empirical (5?] n) and
Nonparametric (C/’ff m.n) estimators of CH. Simulation results based on 1000 replicates of

103 x IMSE of the concentration health estimators.

Copula T n =50 n =100 n =200 n = 500

cH cH, CHp, | CH CH, CHy, | CH cH, CHy, | CH CH, CHpp

Gaussian | -0.4 | 1.52405 2.37677 2.14225 | 0.81371 1.15701 1.06885 | 0.38623 0.58638 0.53311 | 0.12977 0.22836 0.22454

0.001 | 2.10629 3.44384 1.88307 | 1.07944 1.68181 1.00998 | 0.50564 0.85069 0.49509 | 0.19713 0.32445 0.19456

0.01 | 2.13191 3.38774 1.85736 | 1.06366 1.73533 0.96506 | 0.51634 0.82562 0.51147 | 0.20159 0.32712 0.20469

0.1 | 1.79796 3.20303 1.85608 | 0.87136 1.62803 1.04206 | 0.41574 0.81374 0.51939 | 0.17935 0.31983 0.22626

0.2 | 1.50939 3.10968 1.86665 | 0.79499 1.50698 0.97972 | 0.46025 0.77342 0.51299 | 0.18221 0.30089 0.25418

0.5 | 1.45913 1.98083 2.04345 | 0.84333 1.06459 1.17494 | 0.36143 0.51315 0.54520 | 0.10408 0.19161 0.16909

0.7 | 1.08239 1.22984 1.44666 | 0.64150 0.64480 0.85689 | 0.22934 0.31696 0.27078 | 0.08308 0.12031 0.11829

Student | -0.4 | 1.50998 2.41594 2.09419 | 0.91477 1.32553 1.14913 | 0.45419 0.64521 0.57807 | 0.15306 0.25293 0.23254

0.001 | 2.69858 3.84649 2.17324 | 1.34693 1.89724 1.13122 | 0.66351 0.98423 0.62257 | 0.22396 0.40470 0.24812

0.01 | 2.79426 3.90271 2.18947 | 1.37388 1.85705 1.17449 | 0.68979 1.00119 0.62375 | 0.21079 0.38427 0.25512

0.1 |2.34374 3.67801 2.05408 | 1.15942 1.84015 1.14661 | 0.52027 0.95107 0.60335 | 0.20992 0.38355 0.26273

0.2 |2.00519 3.63507 2.12335 | 1.04043 1.70332 1.15646 | 0.53195 0.86679 0.61781 | 0.20103 0.34301 0.28498

0.5 | 1.41260 2.04994 2.02757 | 0.74987 1.02980 1.01611 | 0.36943 0.48307 0.44746 | 0.15646 0.2214  0.24387

0.7 | 1.05205 1.27782 1.44762 | 0.57896 0.62840 0.75690 | 0.34523 0.36431 0.48286 | 0.12641 0.14386 0.21322

Clayton | 0.001 | 2.09081 3.42189 1.87387 | 1.00368 1.62497 0.91140 | 0.53735 0.83230 0.50405 | 0.21267 0.34863 0.20759

0.01 | 2.04309 3.39695 1.87465 | 1.06874 1.62283 1.01943 | 0.51462 0.84717 0.51277 | 0.21135 0.34748 0.21627

0.1 | 1.95105 3.44810 1.91312 | 0.91821 1.61878 1.02497 | 0.38758 0.82406 0.50239 | 0.13228 0.32879 0.20838

0.2 | 1.55803 3.16271 1.76030 | 0.76749 1.56814 1.00488 | 0.34245 0.79809 0.49569 | 0.13989 0.31672 0.21340

0.5 | 1.05728 2.33026 1.46983 | 0.46329 1.13629 0.88551 | 0.27416 0.55912 0.45783 | 0.09539 0.24638 0.20293

0.7 10.84169 1.63300 1.34834 | 0.42886 0.76142 0.66166 | 0.20152 0.40266 0.35363 | 0.07494 0.16145 0.15101

Gumbel | 0.001 | 2.23206 3.52253 1.96451 | 1.10604 1.72069 1.01641 | 0.51837 0.83419 0.50979 | 0.22490 0.36063 0.21245

0.01 | 2.17886 3.53497 1.87014 | 1.02629 1.63997 0.98007 | 0.54707 0.83069 0.49453 | 0.21463 0.34587 0.20453

0.1 |2.08629 3.47387 1.99008 | 1.11354 1.71672 1.15681 | 0.54978 0.89121 0.60417 | 0.21383 0.35531 0.27247

0.2 | 2.06448 3.18206 2.31921 | 1.01851 1.53778 1.27509 | 0.56014 0.81521 0.70188 | 0.20091 0.30514 0.39143

0.5 | 1.35059 1.81019 1.91188 | 0.77963 0.94400 1.04940 | 0.37581 0.46746 0.50481 | 0.13160 0.18465 0.17968

0.7 | 1.08024 1.15756 1.47898 | 0.62124 0.64797 0.85754 | 0.31388 0.32589 0.40235 | 0.09029 0.11647 0.11790
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Table 2: Summary statistics

Mean Std Dev. Min Max
Cases 0.098 0.0299 0.0029 0.375
Deaths 0.019 0.010 0.000 0.102
Population 106542 341079 66 10081570
Population density 214.77 778.96 0.000 17179
Poverty rate 0.143 0.058 0.023 0.547
Median income 27776 5850 8641 70390
Gini Index 0.444 0.035 0.302 0.609
Share of African Americans | 0.089 0.144 0 0.872
Share of White Americans 0.756 0.203 0.006 1
Share of Asian Americans 0.013 0.028 0 0.417

Note: This table provides the descriptive statistics of COVID-19’s infection and death rates and
socioeconomic variables for 2777 counties of 45 U.S. states. Data on COVID-19’s cases and deaths
rates are obtained from U.S. Centers for Disease Control and Protection (CC) and covers the period

until June 10, 2021. Demographic variables are drawn primarily from the US Census and CDC.
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Table 3: Correlation coeflicients between socio-economic variables

Density Median income Population Poverty rate
Median income 0.296
Population 0.366 0.227
Poverty rate -0.052 -0.742 -0.076
Share of African Americans 0.128 -0.263 0.057 0.441
Share of White Americans -0.185 0.194 -0.224 -0.475

Note: The table shows the correlation coefficients matrix of socioeconomic variables we use in our

empirical analysis. These variables are described in Table 2.
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Figure 7: The empirical estimator, the semiparametric and the nonparametric estimator
of the health concentration curve with respect to socioeconomic variables for COVID-19

deaths. High income states.
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Table 4: Regressions for COVID1-19 deaths

Dependent variable: Log(COVID-19’s deaths)
(1) (2) (3)
Constant 27.73***  7.59 —0.83
(2.60) (5.94) (5.7)
Gini index 24.83***  9.00** 6.06***
(3.40) (4.30) (3.83)
Gini health index 2.15 2.24 —0.35
(2.04) (1.89) (1.81)
Population 0.10*** 0.15%**
(0.01) (0.02)
Share of African Americans —0.03 —4.33**
(1.48) (2.12)
Share of Asian Americans —7.63***  4.56***
(2.07) (1.61)
Share of Hispanic Americans —4.31***  —10.5"**
(1.50) (5.37)
Share of women 0.0004 0.04
(0.005) (0.002)
Urban area (%) 0.04**  0.05***
(0.01) (0.01)
Median income 0.0008 0.0015**
(0.0006) (0.0005)
Poverty rate 19.18** 5.24***
(11.2) (1.51)
Share of Black women 0.13*
(0.06)
Share of women in poverty 0.049**
(0.23)
Share of Hispanic individuals in poverty (%?27)
Share of Asian individuals in poverty —5.57***
(1.7

Note: This table reports the estimation results of regressing state-level COVID-19’s death [log of
COVID-19’s deaths] on state’s population size, full set of socioeconomic variables under consider-
ation, and several interaction terms as described in the main text. Standard errors in parentheses.

*p<0.1; **p<0.05; **p<0.01.
16



Table 5: Regressions for COVID1-19 infections

Dependent variable: Log(COVID-19’s cases)

(1) (2) (3)

Constant 27.19***  11.31* 5.28
(2.57) (4.98) (5.12)
Gini index 18.75***  4.55 2.33%*
(3.36) (3.61) (3.44)
Gini health index 2.37 3.08** 1.27
(2.01) (1.58) (1.62)
Population 0.10*** 0.14***
(0.01) (0.02)
Share of African Americans —0.16 —3.94**
(1.24) (1.90)
Share of Asian Americans —8.20%**  25.3"**
(1.73) (12.5)
Share of Hispanic Americans —3.85"*  —6.22
(1.26) (4.18)
Share of women 0.0003 0.03
(0.004) (0.002)
Urban area (%) 0.03*** 0.04***
(0.009) (0.009)
Median income 0.00002  0.0007
(0.0009) (0.0005)
Poverty rate 10.03 34.59**
(9.46) (13.6)
Share of Black women 0.12**
(0.06)
Share of women in poverty 0.37**
(0.12)
Share of Hispanic individuals in poverty (1217.3)
Share of Asian individuals in poverty —3.51%**
(1.52)

Note: This table reports the estimation results of regressing state-level COVID-19’s infections
[log of COVID-19’s cases| on state’s population size, full set of socioeconomic variables under
consideration, and several interaction terms as described in the main text. Standard errors in

parentheses. *p<0.1; **p<0.05; ***p<0.01.
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Figure 8: The empirical estimator, the semiparametric and the nonparametric estimator of

the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

Low income states.
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Figure 9: The empirical estimator, the semiparametric and the nonparametric estimator of
the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

Average income states.
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Figure 10: The empirical estimator, the semiparametric and the nonparametric estimator of
the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

High poverty rate states.
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Figure 11: The empirical estimator, the semiparametric and the nonparametric estimator of

the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

Low poverty rate states.
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Figure 12: The empirical estimator, the semiparametric and the nonparametric estimator of
the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

Average poverty rate states.
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Figure 13: The empirical estimator, the semiparametric and the nonparametric estimator of
the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

High rate of white people states.
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Figure 14: The empirical estimator, the semiparametric and the nonparametric estimator of
the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

Low rate of white people states.
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Figure 15: The empirical estimator, the semiparametric and the nonparametric estimator of
the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

Average rate of white people states.
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Gini health index using the semiparametric method when H is the death rate and Y is the median income
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(a) Semi-parametric Estimator

Gini health index using the nonparametric method when H is the death rate and Y is the median income
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Figure 16: The figure reports the semi/non-parametric estimators of Gini health index
for 40 U.S. states when the health variable H represents COVID-19’s death rates and the

socioeconomic variable Y is the median income.
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Gini health index using the semiparametric method when H is the death rate and Y is the poverty rate
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Figure 17: The figure reports the semi/non-parametric estimators of Gini health index
for 40 U.S. states when the health variable H represents COVID-19’s death rates and the

socioeconomic variable Y s the poverty rate.
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Gini health index using the semiparametric method when H is the death rate and Y is the share of black americans
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(a) Semi-parametric Estimator

Gini health index using the nonparametric method when H is the death rate and Y is the share of black americans
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(b) Non-parametric Estimator

Figure 18: The figure reports the semi/non-parametric estimators of Gini health index
for 40 U.S. states when the health variable H represents COVID-19’s death rates and the

socioeconomic variable Y is the share of African Americans.
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Figure 19: The empirical estimator, the semiparametric and the nonparametric estimator of
the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

Average rate of Hispanic population states.
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Figure 20: The empirical estimator, the semiparametric and the nonparametric estimator of
the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

High rate of Hispanic population states).
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Figure 21: The empirical estimator, the semiparametric and the nonparametric estimator of

the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

Low rate of Hispanic population states.
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Figure 22: The empirical estimator, the semiparametric and the nonparametric estimator of
the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

Average rate of Asian population states.
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Figure 23: The empirical
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estimator, the semiparametric and the nonparametric estimator of

the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

High rate of Asian population states.
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Figure 24: The empirical estimator, the semiparametric and the nonparametric estimator of
the health concentration curve with respect of socioeconomic variable for COVID-19 deaths.

Low rate of Asian population states.
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