
Journal of the Royal Statistical Society Series A: 
Statistics in Society, 2025, 00, 1–19 
https://doi.org/10.1093/jrsssa/qnaf039

Original Article

Copula-based estimation of health inequality 
measures
Taoufik Bouezmarni1, Mohamed Doukali2 and Abderrahim Taamouti2

1Département de Mathématiques, Université de Sherbrooke, CIREQ, CREAS, Sherbrooke, Canada
2Department of Economics, University of Liverpool Management School, Chatham St, Liverpool, UK
Address for correspondence: Mohamed Doukali, Department of Economics, University of Liverpool Management School, 
Chatham St, Liverpool, UK. Email: m.doukali@liverpool.ac.uk

Abstract
This paper aims to utilize bivariate copulas for deriving estimators of the health concentration curve and Gini 
coefficient for health distribution. We highlight the importance of expressing health inequality measures in 
terms of bivariate copulas, which we in turn use to build copula-based semi- and nonparametric estimators 
of the above measures. Subsequently, we investigate the asymptotic properties of these estimators, 
establishing their consistency, and asymptotic normality. We provide formulas for their variances, 
facilitating the construction of confidence intervals and tests for the health concentration curve and Gini 
health coefficient with respect to a given socioeconomic variable. Through a Monte–Carlo simulation 
exercise, we demonstrate the superior performance of the semiparametric estimator over the smoothed 
nonparametric estimator, with the latter outperforming the empirical estimator in terms of Mean Squared 
Error. Additionally, an extensive empirical study applies our estimators, revealing that inequalities in US 
states’ socioeconomic variables, such as income/poverty and race, contribute to observed disparities in 
COVID-19 infections and deaths in the U.S.
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1 Introduction
Measures of health inequalities, such as the Health Concentration Curve (hereafter CH) and the 
Gini coefficient with respect to a given socioeconomic variable, hold significant relevance for both 
healthcare professionals and policymakers. These metrics play a crucial role in identifying socio
economic classes that face heightened risks of contracting and succumbing to specific diseases. 
Consequently, they serve as invaluable tools for formulating social and economic interventions 
aimed at safeguarding vulnerable populations. In this paper, our goal is to develop estimators 
for health inequality measures that leverage information regarding the dependence between health 
variables (e.g. COVID-19 infection, overweightness, cancer, etc.) and socioeconomic factors (e.g. 
income level, education level, race, etc.). This approach is designed to enhance the accuracy of es
timating these measures.

The health concentration curve, with respect to a given socioeconomic variable, graphically rep
resents the cumulative percentage of the health variable against the cumulative percentage of the 
population ranked according to that socioeconomic variable; see Yitzhaki and Olkin (1991) and 
Yitzhaki and Schechtman (2013) among others. This ranking ranges from the poorest to the rich
est individuals. The curve illustrates the effect of socioeconomic variable on the concentration of 
health variable. Formally, let H represents a nonnegative health variable of interest, and Y denotes 
a nonnegative socioeconomic variable, such as income. Consider the joint density function, f, for 

D
ow

nloaded from
 https://academ

ic.oup.com
/jrsssa/advance-article/doi/10.1093/jrsssa/qnaf039/8114554 by guest on 22 April 2025

mailto:m.doukali@liverpool.ac.uk
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1093/jrsssa/qnaf039


the vector (H, Y). The marginal densities of H and Y are denoted as fH and fY, respectively. 
Additionally, fH |Y represents the conditional density of H given Y, while FH and FY represent 
the marginal distributions of H and Y, respectively. For any p in the interval (0, 1), the health con
centration curve with respect to the socioeconomic variable Y is defined as:

CH(p, Y) =
∫ p

0 E H ∣ Y = F−1
Y (u)

􏼂 􏼃
du

∫ 1
0E H ∣ Y = F−1

Y (u)
􏼂 􏼃

du
, (1) 

where, for u ∈ (0, 1), F−1
Y (u) = inf{t : u ≤ FY(t)} is the quantile function of Y. The values of F−1

Y (u) at 
u = 0, 1 can be set to arbitrary finite real numbers. For example, if Y is the income and H is the rate 
of COVID-19 mortality, CH(p, Y) is the percentage of the cumulative rate of COVID-19 mortality 
rate of the (100∗p)% of the poorest population.

In this paper, we initially demonstrate that the measure of health inequality in (1) can be repre
sented in terms of the bivariate copula function of the vector (H, Y). By exploring the information 
regarding the dependence between H and Y through the copula-based representation of the health 
concentration curve with respect to Y, we aim to develop more accurate estimators that lower 
Mean Square Error. As we illustrate in Section 2, when two health variables, say H1 and H2, ex
hibit similar marginal distributions, we find that the presence of health inequality depends on the 
nature of the dependence between Y and Hi, for i = 1, 2. This dependence can be captured by bi
variate copula functions. Copulas are widely employed to model the dependence between varia
bles of interest. Thanks to Sklar (1959), the copula function is directly associated with the joint 
distribution function. In simpler terms, the joint distribution function can be expressed in terms 
of marginal distributions that give information on each variable of interest, and the copula that 
captures the dependence between all the variables under study.

The utility of copulas extends beyond this paper, with a growing body of literature introducing 
novel estimation methods that leverage the advantages of copulas to improve the estimation of 
mean, quantile, and distributional regression functions; see Sungur (2005), Crane and Hoek 
(2008), Noh et al. (2013, 2015), Rémillard et al. (2017), Klein and Kneib (2016), and Hans et al. 
(2023) among others. While mean and quantile regression copulas focus on specific characteristics 
of the conditional distributions, distributional copulas offer a more comprehensive framework by 
modelling the entire conditional distribution of a response variable given a set of predictors. This 
distinction is critical, as it impacts the interpretation of dependence structures and the choice of stat
istical methods used in empirical applications. For instance, Kneib (2013) argues for moving beyond 
mean regression to capture more complex relationships, while Dorn et al. (2024) illustrate the im
portance of using distributional copula regression for understanding intersectional poverty by exam
ining leisure time and income simultaneously. Moreover, Klein and Kneib (2016) demonstrate the 
use of structured additive conditional copula regression models, providing a Bayesian framework 
that integrates both mean and distributional aspects. Thus, incorporating literature on distributional 
copula models not only enhances methodological rigour but also broadens the analytical perspective 
in understanding dependencies across dimensions of many socio-economic factors such as well- 
being (Decancq, 2014; Klein et al., 2019). In this paper, we present estimators for the health concen
tration curve and Gini coefficient based on semi-parametric and nonparametric copulas.

Thereafter, we utilize the copula-based reformulation of CH in (1) to construct semi- and non
parametric estimators for health concentration curves and the Gini coefficient, with respect to Y, 
of health distribution (hereafter referred to as the Gini health coefficient). These estimators are spe
cifically designed to quantify health inequalities. To derive the semiparametric estimator, a para
metric bivariate copula is employed to model the dependence between health and socioeconomic 
variables. The parameter of the bivariate copula function is estimated using the maximum pseudo- 
likelihood estimation method, wherein the cumulative distribution of the health variable is substi
tuted with its empirical estimator. Once the maximum-likelihood estimator of the bivariate 
copula’s parameter is acquired, it is utilized to calculate the semiparametric estimator of the health 
concentration curve with respect to Y. For the nonparametric estimator, we substitute the bivari
ate copula function with its smoothed nonparametric estimator, specifically a Bernstein copula; 
see Bouezmarni et al. (2010, 2012) and Chen and Huang (2007). The Bernstein estimator proves 
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advantageous in avoiding potential misspecification issues encountered by the semiparametric es
timator. Additionally, it remains unaffected by the boundary bias problem because, through 
smoothing with beta densities, the Bernstein copula does not assign weight outside its support. 
Furthermore, we employ the aforementioned estimators of health concentration curves with re
spect to Y to derive both semi- and nonparametric estimators of the Gini health coefficient. It is 
worth mentioning that a limitation of the Bernstein estimator used in this paper is its reliance 
on a bandwidth parameter. Selecting an optimal bandwidth parameter is not straightforward. 
However, we address this issue by adopting the rule of thumb for practical bandwidth parameters 
in our simulations and applications. Cross-validation can be employed to determine a practical 
value for the bandwidth parameter.

Furthermore, we investigate the asymptotic properties of the aforementioned estimators. We es
tablish their consistency and asymptotic normality. We also provide expressions for their varian
ces, facilitating the construction of confidence intervals and the development of tests for both the 
health concentration curve and the Gini health coefficient with respect to Y. A Monte Carlo simu
lation exercise, conducted using various data-generating processes and sample sizes, reveals that 
the semiparametric estimator surpasses the smoothed nonparametric estimator. Moreover, the lat
ter performs better than the empirical estimator in terms of Integrated Mean Squared Error.

Additionally, we conduct a comprehensive empirical analysis to investigate disparities in 
COVID-19 infections and deaths both across and within US states using county-level data. Our 
study uses a dataset covering 2,777 counties from 40 states, integrating health data on confirmed 
COVID-19 cases and deaths with key socioeconomic indicators, including income, race, poverty 
rate, and urban/rural status. The data are sourced from the US Centers for Disease Control and 
Prevention (CDC) for COVID-19 statistics, and from the US Census Bureau for demographic 
and socioeconomic information. To assess these disparities, we employ semi- and nonparametric 
estimators for the Health Concentration and Gini health coefficients. The results reveal substantial 
inequalities in COVID-19 outcomes, with infection and mortality rates varying significantly based 
on socioeconomic conditions, such as poverty and race, particularly in the most disadvantaged 
areas. This empirical approach offers valuable insights into how preexisting socioeconomic in
equalities have exacerbated the pandemic’s effects.

The rest of the paper is organized as follows. In Section 2, we present some examples to illustrate 
the importance of expressing health inequality measures in terms of bivariate copulas. In Section 3, 
we introduce the notations, reformulate the health concentration curve with respect to a socio
economic variable as a function of bivariate copula, and derive its expression for specific copula 
functions. In Section 4, we formulate semi- and nonparametric estimators of the health concentra
tion curve with respect to a socioeconomic variable using both parametric and nonparametric bi
variate copulas. These estimators are subsequently employed to derive estimates for the Gini 
health coefficient. In Section 5, we explore the asymptotic properties of both the semi- and non
parametric estimators. In Section 6, we conduct Monte Carlo simulations to evaluate the perform
ance of both the semi- and nonparametric estimators, comparing them with the empirical 
estimator of the health concentration curve with respect to a socioeconomic variable. Section 7
presents an extensive empirical study where our estimators are applied to analyze health inequality 
in US COVID-19 data. Section 8 provides the conclusion. The proofs, simulation details, and em
pirical results are available in online supplementary material.

2 Motivation
This section aims to motivate the importance of expressing health inequality measures in terms of 
copula. This helps illustrate the roles played by the marginal distribution of the health variable, H, 
and the dependence structure between this variable and the socioeconomic variable, Y, in estimat
ing health inequality measures. Through examples, we demonstrate that relying on mean regres
sions, as some papers do, to study health inequality may lead to misleading conclusions. For 
instance, when Y and H exhibit linear dependence, health inequality may or may not be present, 
contingent on the shape of the marginal distribution of H. Moreover, when two health variables 
exhibit similar marginal distributions, the existence of health inequality depends on the nature of 
the dependence between the socioeconomic variable and the health variable. We illustrate these 
points through the following examples.
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Example 1 Suppose that the health variable H is generated according to the following process:

Hi = 3 + 2Yi + εi, for i = 1 · · ·n, 

where n is the sample size, εi is an error term that follows a normal distribution 
N(0, 0.2), and the socioeconomic variable Y follows either: (i) a Weibull 
distribution Weibull(3, 1) (hereafter Case 1) or (ii) a mixture of Weibull 
distributions st ∗Weibull(2, 1) + (1 − st) ∗Weibull(15, 1), with Pr(st = 0)= 
Pr(st = 1) = 1/2 (hereafter Case 2). The first and the second values in the above 
notations of the Weibull distribution, say Weibull(α, β), represent the values of 
the shape α and scale β parameters, respectively.

Using the data in Example 1 (see online supplementary material, Figure S1), we calculated the 
health concentration curves with respect to Y for Cases 1 and 2 using formula (1), and the results 
are reported in online supplementary material, Figure S2. Online supplementary material, panel 
(a) of Figure S1 and curve (a) of Figure S2 show that when Y and H are linearly dependent, health 
inequality might not exist if the marginal distribution of H is unimodal and the data are well con
centrated around the mean. However, under the same linear dependence between Y and H, we 
find that when the marginal distribution of H is bimodal as shown in Panel (b) of online 
supplementary material, Figure S1, then there is a health inequality as illustrated by the curve 
(b) of online supplementary material, Figure S2.

Example 1 illustrates that the use of linear regressions may not provide informative insights into 
the presence or the absence of health inequalities. For instance, an estimator of the health concen
tration curve with respect to Y, relying on a parametric estimator of the marginal distribution of H, 
could yield misleading results if the assumed parametric distribution is misspecified (e.g. when the 
true distribution of H is a mixture of Weibull distributions, as seen in Case 2, but the assumed 
distribution is a Weibull, as in Case 1), as depicted in online supplementary material, Figures 
S1 and S2.

Example 2 Suppose that the health variable H and the socioeconomic variable Y follow 
the Weibull distributions Weibull(1, 2) and Weibull(5, 1), respectively, and 
consider a Guassian bivariate copula for the dependence between Y and H 
with two different correlation coefficients: (i) ρ = 0 (hereafter Case 1) and 
(ii) ρ = 0.9 (hereafter Case 2).

In line with Example 1, we employ the data generated in Example 2 to compute health concen
tration curves for both Cases 1 and 2, with the results detailed in online supplementary material, 
Figures S3 and S4. As expected, the nature of the dependence between Y and H proves instrumen
tal in indicating the presence or the absence of health inequality. On the one hand, as illustrated in 
Panel (a) of online supplementary material, Figure S3 and curve (a) of online supplementary 
material, Figure S4, the absence of dependence between Y and H corresponds to the absence of 
health inequality. On the other hand, for the same marginal distribution of H featured in Panel 
(a) of online supplementary material, Figure S3, Panel (b) of online supplementary material, 
Figure S3, and curve (b) of online supplementary material, Figure S4 reveal that health inequality 
emerges when Y and H exhibit dependence (nonlinearly dependent).

Example 2 illustrates the importance of having accurate estimators for both the marginal distri
bution of H and the dependence between Y and H in order to obtain a reliable estimator of the 
health concentration curve with respect to Y. This is why the focus of this paper is on enhancing 
the estimation of the health concentration curve with respect to Y by providing robust estimators 
of the bivariate copula function that captures the dependence between Y and H, in addition to util
izing a nonparametric estimator of the marginal distribution of H.

3 Copula-based health concentration curve
The health concentration curve plots the cumulative percentage of the health variable against the 
cumulative percentage of the population, ranked by socioeconomic covariates such as living 
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standards, beginning with the poorest and ending with the richest. The curve illustrates the effect 
of a socioeconomic variable on the concentration of a health variable such as COVID-19 infec
tions and deaths.

Formally, the health concentration curve is given by formula (1). From this formula and as 
we discussed in Section 2, we note that the dependence between H and Y plays a crucial role in 
the calculation of health concentration curve with respect to Y CH(p, Y). For instance, if H 
and Y are independent, then CH(p, Y) = p, i.e. we are in the presence of perfect equality of 
health variable H across the socioeconomic variable Y. However, this does not mean a perfect 
equality of the health concentration. As shown in the following proposition, the concentration 
health curve with respect to Y can be derived through the dependence structure of the vector 
(H, Y) using bivariate copula function (see the proof of Proposition 1 in online supplementary 
material).

Proposition 1 Let C and c be the bivariate copula function and the copula density function 
of the vector (H, Y), respectively. The health concentration curve with re
spect to Y CH(p, Y) in Equation (1) can be rewritten as a function of bivari
ate copula:

CH(p, Y) =
∫ 1

0F−1
H (u)Cu(u, p)du

E(H)
, for p ∈ 0, 1

( 􏼁
, (2) 

where Cu(u, p) is the partial derivative of the bivariate copula function of 
the vector (H, Y) :

Cu(u, v) =
∂C(u, v)

∂u
= ∫ v

0c(u, z) dz.

The result in (2) is a copula-based representation of CH. Formula (2) offers a breakdown of the 
health concentration curve (CH) into two components: the marginal information about H and the 
dependence between Y and H through the bivariate copula. It is important to note that Y is only 
utilized for the copula, and any increasing transformation of Y will not affect the copula or the CH 
curve. We can now use this representation to derive expressions of the health concentration curve 
with respect to Y for some specific copula functions. We consider independence and lower and 
upper Fréchet–Hoeffding dependence structures. As shown below, the latter dependence struc
tures can help illustrate the link between the concentration curve and the Lorenz curve of the 
health variable H with respect to Y.

Example 1 (Independence) If H and Y are independent, then Cu(u, v) = v. Therefore, 
CH(p, Y) = p, and in this case we obtain a perfect equality, i.e. the socio
economic variable has no effect on the concentration of the health variable.

Example 2 (Lower Fréchet–Hoeffding) Suppose that H and Y are countermonotonic var
iables, i.e. the dependence between the two variables can be modelled using 
Fréchet–Hoeffding lower bound copula W(u, v) = max {u + v − 1, 0}. In this 
case, Wu(u, p) = I(u > 1 − p), where I(.) is an indicator function that takes 
value one if u > 1 − p and zero otherwise. Hence,

CH(p, Y) =
∫ 1

0F−1
H (u)Wu(u, p)du

E(H)
=

∫ 1
1−pF−1

H (u)du

E(H)
= 1 − LH(1 − p), 

where LH is the Lorenz curve of H. For example, if H represents overweight
ness, then CH(p, Y) is the percentage of the total overweightness of the 
(100∗p)% of the richest population.
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Example 3 (Upper Fréchet–Hoeffding) Suppose that H and Y are comonotone variables, 
i.e. the dependence between the two variables can be modelled using Fréchet– 
Hoeffding upper bound copula M(u, v) = min {u, v}. In this case, Mu(u, p) = 
I(u < p), where I(.) is an indicator function that takes value one if u < p and 
zero otherwise. Hence,

CH(p, Y) =
∫ 1

0F−1
H (u)Mu(u, p)du

E(H)
=

∫ p
0 F−1

H (u)du
E(H)

= LH(p), 

For example, if H represents the payments people made for health care and if 
we assume a perfect positive correlation between Y and H, then CH(p, Y) is 
the percentage of the total payments spent by the (100∗p)% of the poorest 
population.

4 Copula-based estimation
The copula-based representation in Equation (2) will be used to derive semi- and nonparametric 
estimators of health concentration curve and Gini health coefficient with respect to a socio
economic variable. For the semiparametric estimator, we use a parametric bivariate copula func
tion to model the dependence between health and socioeconomic variables. The bivariate copula’s 
parameter is estimated using the maximum pseudo-likelihood estimator after replacing the cumu
lative distribution of health variable by its empirical analogue. For the nonparametric estimator, 
we replace the bivariate copula function by a Bernstein copula estimator. Furthermore, we use the 
above estimators to derive semi- and nonparametric estimators of Gini health coefficient.

Let us first set some notations. We denote by {(Hi, Yi), i = 1, . . . , n} an independent and iden
tically distributed sample of n copies of the vector (H, Y). From the representation in (2), the 
health concentration curve with respect to Y CH(p, Y) can be estimated using different approaches 
that correspond to different ways of estimating the expectation and distribution of H, say E(H) 
and FH, but also to different ways of estimating bivariate copula function Cu(u, p). In the follow
ing, E(H) will be estimated using its empirical analogue (sample average of H), and FH will be es
timated using the rescaled empirical distribution:

􏽢FH(h) =
1

n + 1

􏽘n

i=1

I(Hi ≤ h), (3) 

where I(.) is an indicator function that takes the value one if Hi ≤ h and zero otherwise. Note that 
alternative estimators of FH—such as a parametric estimator or a smoothed nonparametric esti
mator like Kernel, Bernstein, etc.—can be considered.

In the next two subsections, we consider two different estimators of bivariate copula Cu(u, p). In 
section 4.1, we introduce a semiparametric estimator of CH(p, Y) in which only realizations of Y 
in Cu(u, p) will be used for estimating the bivariate copula function, i.e. the information on the 
order of Y is required for modelling the dependence structure of the vector (H, Y). In section 
4.2, we derive a nonparametric estimator of CH(p, Y) using a nonparametric estimator of bivari
ate copula Cu(u, p); hereafter Bernstein estimator.

4.1 Semiparametric estimation
We consider that the bivariate copula C of (H, Y) belongs to a parametric family {C(., ., θ), θ ∈ 
Θ}, with an unknown vector of parameters θ that is in the set Θ, which is a compact subset of 
Rq. Denote by θ0 the true value of θ. There exist several estimators of θ0 and a most popular 
one is given by the following maximum pseudo-likelihood estimator, called canonical maximum- 
likelihood method:

θ̂n = argmax
θ

􏽘n

i=1

log c 􏽢FH(Hi),􏽢FY(Yi), θ
􏼐 􏼑

, (4) 
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where c is the bivariate copula density of C, 􏽢FH(h) is defined in Equation (3) and 
􏽢FY(y) = (n + 1)−1􏽐n

i=1 I(Yi ≤ y). Note that 􏽢θn is the estimator proposed by Shih and Louis 
(1995) and Genest et al. (1995), and its asymptotic representation can straightforwardly be ob
tained from the proof of Theorem 1 in Tsukahara (2005).

Using the maximum-likelihood estimator of θ0 in (4) and the nonparametric estimator of FH in 
(3), a semiparametric estimator of CH(p, Y) is defined as follows:

􏽤CH(p, Y) =
􏽐n

i=1 Hi Cu(􏽢FH(Hi), p,􏽢θn)
􏽐n

i=1 Hi
, (5) 

where Cu(u, v, θ) = ∂C(u, v, θ)
∂u .

As an alternative to the canonical maximum-likelihood approach, we can employ the inference 
functions for margins method; see Joe and Xu (1996). This method assumes a parametric model 
for the marginal distributions. However, to circumvent the need for specifying the marginal distri
butions, we opt for semi-parametric estimation. It is important to note that the selection of paramet
ric distributions plays a critical role in determining the CH curve, as demonstrated in Example 1.

We next use simulations based on Examples 1–3 of Section 3 to empirically illustrate the semi
parametric estimator in (5). We also compare this estimator with the following empirical estimator 
of CH(p, Y) (see Wagstaff , 2002),

􏽤CHn(p, Y) =
􏽐n

i=1 Hi I(Yi ≤􏽢F−1
Y (p))

􏽐n
i=1 Hi

, (6) 

where I(.) is an indicator function that takes the value one if Yi ≤􏽢F−1
Y (p) and zero otherwise. The 

simulation results are reported in online supplementary material, Figure S5, which we obtain after 
generating n = 100 observations of (Hi, Yi) from a Gaussian bivariate copula with correlation co
efficients ρ = 0 (Example 1), ρ = −0.99 (Example 2), and ρ = 0.99 (Example 3), and using as a mar
ginal distribution of H and Y an exponential distribution with a parameter λ = 1. To avoid 
numerical problems, we excluded the cases ρ = ±1. Thereafter, we report the results for both 
known and unknown bivariate copulas. The unknown copula case corresponds to the situation 
where the copula under consideration (Gaussian bivariate copula in this case) is considered to 
be unknown, and we use the R package VineCopula (see Nagler et al., 2023)—available online 
for free—to select a copula function that fits better our generated data (see curves of the unknown 
copula in online supplementary material, Figure S5). Furthermore, online supplementary material, 
Figure S5 illustrates the estimators of 1 − LH(1 − p) and LH(p), where LH is the Lorenz curve of H; 
see online supplementary material, subfigures (b) and (c) of Figure S5.

Online supplementary material, subfigure (a) of Figure S5 shows that the copula-based estima
tor of CH(p, Y) is much closer to the 45-degree line (true curve of CH(p, Y) under independence) 
than the empirical estimator, and that the former is much smoother than the latter. This result 
holds for both known and unknown copulas, which might suggest a high performance in favour 
of the semiparametric estimator. We also see that the estimators of CH(p, Y) using known and un
known copulas are very similar, which might indicate that the R package VineCopula performs 
well in terms of copula selection. Moreover, we find that the Lorenz curve’s estimator is quite dis
tant from the 45-degree line, which means that perfect equality using CH(p, Y) does not imply per
fect equality using LH. Online supplementary material, subfigures (b) and (c) of Figure S5
illustrates the semiparametric and empirical estimators of CH(p, Y) and 1 − LH(1 − p) (or LH) 
when the dependence between H and Y is given by lower and upper Fréchet–Hoeffding, respect
ively. From these, we see that the estimators of CH(p, Y) and 1 − LH(1 − p) are quite similar, but 
again the semiparametric estimator is smoother than the empirical estimator of CH(p, Y).

4.2 Nonparametric estimation
The semiparametric estimation of CH assumes that the bivariate copula C of (H, Y) belongs to a 
parametric family of bivariate copulas. In practice, however, the bivariate copula family is 
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unknown and consequently the semiparametric estimator in (5) might be biased if the chosen para
metric bivariate copula is misspecified. To overcome this issue, we propose a nonparametric esti
mation of CH based on the following nonparametric estimator of bivariate copula. Formally, we 
consider the following Bernstein estimator of C(u, v) :

Cm,n(u, v) =
􏽘m

k0=0

􏽘m

k1=0

Cn
k0

m
,

k1

m

􏼒 􏼓

Pm,k0
(u)Pm,k1

(v), (7) 

where m is an integer that plays the role of bandwidth, Cn is the empirical bivariate copula, and

Pm,k(z) = m
k

􏼒 􏼓

zk(1 − z)m−k, 

is the binomial distribution function with the parameters (m, k). For independent and identically 
distributed (i.i.d.) data, Sancetta and Satchell (2004) introduced a Bernstein polynomial estimator 
of the copula and established the asymptotic normality of the Bernstein density copula. Under 
some regularity conditions, Sancetta and Satchell (2004) show that any copula can be approxi
mated by a Bernstein copula. Asymptotic properties of the Bernstein density copula for 
α-mixing data are studied in Bouezmarni et al. (2010). Furthermore, Janssen et al. (2012) have 
shown that the Bernstein copula outperforms the classical empirical copula originally proposed 
by Deheuvels (1979).

Moreover, it is worth noting that an estimator of the partial derivative Cu(u, v) can be derived 
using the Bernstein bivariate copula, but not the empirical bivariate copula. Using the Bernstein 
bivariate copula in (7), a nonparametric estimator of the first-order partial derivative of the bivari
ate copula function, Cu(u, p), can be obtained as follows:

􏽥Cu(u, p) = m
􏽘m−1

k0=0

􏽘m

k1=0

Cn
k0 + 1

m
,

k1

m

􏼒 􏼓

− Cn
k0

m
,

k1

m

􏼒 􏼓􏼔 􏼕

Pm−1,k0
(u)Pm,k1

(p). (8) 

The above estimator was introduced and its asymptotic properties were derived in Janssen et al. 
(2016). From (2) and (8), a nonparametric estimator of CH(p, Y) can be defined as follows:

􏽤CHm,n(p, Y) =
􏽐n

i=1 Hi
􏽥Cu(􏽢FH(Hi), p)
􏽐n

i=1 Hi
. (9) 

We now use simulations and some examples of dependence between H and Y to illustrate the non
parametric estimator in (9). We generated n = 100 observations of (Hi, Yi) using a Gaussian bi
variate copula with correlation coefficients: (a) ρ = 0.6, (b) ρ = −0.6, (c) dependence between H 
and Y is quadratic, and (d) ρ = 0 (independence). The simulation results reported in online 
supplementary material, Figure S6 show that the Bernstein copula-based estimator outperforms 
the empirical estimator as the former is much closer to the 45-degree line under independence 
and it is much smoother under other cases of dependence.

4.3 Gini health coefficient estimation
We now use the previously developed estimators of CH to propose estimators of Gini health co
efficient with respect to a socioeconomic variable. This index is a measure of dispersion intended to 
quantify the health inequality within a given socioeconomic group. Formally, the Gini health co
efficient with respect to socioeconomic variable Y is defined as follows:

G(Y) = 2∫ 1
0(p − CH(p, Y)) dp = 2

Cov(H, FY(Y))
E(H)

. (10) 
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Under independence between H and Y, the covariance term Cov(H, FY(Y)) is equal to zero, and 
therefore the Gini health coefficient with respect to Y G(Y) is equal to zero. The index takes values 
between −1 and 1. On the one hand, a negative value of G(Y) indicates a pro poor health, and in 
this case the health concentration curve with respect to Y will be located above the 45-degree line; 
see online supplementary material, subfigure (b) of Figure S5. On the other hand, a positive value 
of G(Y) indicates a pro rich health, and the health concentration curve with respect to Y in this case 
will be below the 45-degree line; see online supplementary material, subfigure (c) of Figure S5. 
Furthermore, G(Y) is equal to zero when the concentration curve with respect to Y is close to 
the 45-degree line, see online supplementary material, subfigure (a) of Figure S5. Observe, how
ever, that the Gini health coefficient with respect to Y G(Y)—which is equal to the integral of 
the difference between the 45-degree line and the curve CH(p, Y)—can be equal to zero even 
when the health concentration curve with respect to Y does not coincide with the 45-degree 
line. Thus, CH(p, Y) curve should represent a better way of visualizing and detecting health 
inequalities.

Note that if H and Y are comonotone random variables—i.e. the dependence between the two 
variables can be modelled using the upper Fréchet–Hoeffding—then CH(p, Y) = LH(p) and G(Y) 
represents a Gini health coefficient that is constructed from Lorenz curve. In this case, we have 
FH(H) = FY(Y) and G(Y) = 2

E(H) Cov(H, FY(Y)) = 2
E(H) Cov(H, FH(H)). Formally,

G(Y) = 2∫ 1
0 p − CH(p, Y)
( 􏼁

dp = 2∫ 1
0(p − LH(p)) dp.

Now, if H and Y are countermonotonic random variables—i.e. the dependence between the two 
variables can be modelled using the lower Fré chet–Hoeffding—then CH(p, Y) = 1 − LH(1 − p) 
and G(Y) will be equal to minus Gini health coefficient that is calculated based on Lorenz curve 
LH. Formally,

G(Y) = 2∫ 1
0 p − CH(p, Y)
( 􏼁

dp = 2∫ 1
0(p − 1 + LH(1 − p)) dp

= −2∫ 1
0(p − LH(p)) dp.

We can show that G(Y) is equal to minus Gini health coefficient that is based on Lorenz curve by 
observing that FH(H) = 1 − FY(Y) and Cov(H, FY(Y)) = −Cov(H, FH(H)).

Thus, using the expression of G(Y) in Equation (10) and the estimators of CH(p, Y) in 
Equations (5) and (9), we propose the following semiparametric:

􏽢G(Y) = 2∫ 1
0 p − 􏽤CH(p, Y)
􏼐 􏼑

dp (11) 

and nonparametric

􏽥G(Y) = 2∫ 1
0 p − 􏽤CHm,n(p, Y)
􏼐 􏼑

dp (12) 

estimators of Gini health coefficient, respectively.
We next establish the asymptotic properties of the semi- and nonparametric estimators of the 

health concentration curve with respect to Y CH(p, Y). These properties can be used to establish 
the asymptotic properties of the estimators of the Gini health coefficient.

5 Asymptotic properties of the estimators of CH
We investigate the consistency and asymptotic normality of the previously developed estimators of 
health concentration curve with respect to Y CH(p, Y). The following sections 5.1 and 5.2 state the 

asymptotic i.i.d. representations of the semi- and nonparametric estimators 􏽤CH(p, Y) and 
􏽤CHm,n(p, Y) in (5) and (9), respectively.
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5.1 Asymptotic properties of semiparametric estimator of CH
In this subsection, we assume that the bivariate copula function C belongs to a known parametric 
family of copulas C = {C(.; θ), : θ ∈ Θ}, where Θ is a compact subset of Rq. Let θ̂n be an estimator of 
the true parameter θ0 that satisfies the following condition:

Assumption A The estimator θ̂n of θ0 has the following asymptotic representation:

θ̂n − θ0 = n−1
􏽘n

i=1

ξi + o p(n−1/2), (13) 

where ξi = ξ(FH(Hi), FY(Yi); θ0) is a q-dimensional random vector such 
that E(ξi) = 0 and E(‖ξi‖

2) < ∞, with ‖.‖ represents the Euclidean norm.

Note that the estimators of θ0 that have been proposed in Shih and Louis (1995) and Genest 
et al. (1995) satisfy Assumption A. Furthermore, Tsukahara (2005) provides an asymptotic re
presentation of θ̂n and establishes its asymptotic properties.

Now, before we state the asymptotic representation of the semiparametric estimator of CH, we 
need to introduce the following notations: 

• Cuu = ∂2C
∂u2 and Cu, θ = ∂Cu

∂θ1
, . . . , ∂Cu

∂θq

􏼐 􏼑
.

• rθ(p, θ) = ∂ r(p, θ)
∂θ1

, . . . , ∂ r(p, θ)
∂θq

􏼐 􏼑⊤
, where r(p, θ) = E[HCu(FH(H), p, θ)].

Using the above notations, we consider the following additional assumptions that we need in order 
to establish the result of Theorem 1.

Assumption B We assume that: 

B1: E(H2) < ∞.
B2: Cu,u(u, v, θ) and Cu,θ(u, v, θ) are continuous on (0, 1) × [0, 1] × Θ. In 

addition, there is a constant c1 such that

Cu,u u, v, θ
( 􏼁􏼌

􏼌
􏼌
􏼌 ≤

c1

u 1 − u( )
, ∀ u, v

( 􏼁
∈ 0, 1
( 􏼁

× 0, 1[ ].

Assuming a finite second moment of H is a classical assumption. The conditions outlined in 
Assumption B2 are not restrictive and are met by numerous common copula families, including 
Gaussian, Student, Clayton, Gumbel copulas, and others, as detailed in Omelka et al. (2009). 
These assumptions entail technical conditions that must be fulfilled. Both Assumptions B1 and 
B2 are essential to establish the law of large numbers and the asymptotic i.i.d. representation of 
a V-statistic.

The following theorem states the asymptotic i.i.d. representation of the semiparametric estima
tor 􏽤CH(p, Y) in (5) (see the proof of Theorem 1 in online supplementary material).

Theorem 1 Under Assumptions A, B1–B4, we have

􏽤CH(p, Y) − CH(p, Y) = n−1
􏽘n

i=1

ζ i + o p(n−1/2), 

where,

ζ i = E(H)−1 HiCu(FH(Hi), p, θ0) + ξ⊤
i rθ(p, θ0) + η(Hi, p, θ0) − Hi CH(p, Y)

􏼂 􏼃
, 
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with η(Hi, p, θ0) = EH[H (I(Hi ≤ H) − FH(H))Cuu(FH(H), p, θ)], rθ(p, θ0)= 
E[H Cu,θ(FH(H), p, θ0)], ξi is defined in Assumption A, EH represents expect
ation with respect to H, and I(.) is an indicator function that takes value one 
if Hi ≤ H and zero otherwise.

Theorem 1 can be used to establish the asymptotic normality of the semiparametric estimator 
􏽤CH(p, Y) with zero mean and asymptotic variance:

Var(􏽤CH(p, Y)) = E ζ2
i

( 􏼁
− E(ζ i)
( 􏼁2, 

where the expression of ζ i is defined in Theorem 1. This variance is unknown, but it can be esti
mated by replacing the unknown quantities in the expressions of E(ζ i) and E(ζ2

i ) by their empirical 

analogues. For testing and constructing confidence intervals around 􏽤CH(p, Y), and to mitigate the 
impact of the accuracy of the estimation of the unknown quantities involved in ζ i on the sensitivity 
of the plug-in estimator of the variance, we recommend the use of bootstrap.

5.2 Asymptotic properties of nonparametric estimator of CH
We now establish the asymptotic i.i.d representation of the nonparametric estimator of CH. Let us 
first define some new terms. For independent random vectors (U1, V1), . . . , (Un, Vn), with joint 
distribution function C, we define

Wi,m(u, v) = m
􏽘m−1

k0=0

􏽘m

k1=0

Ai(k0, k1) − Ai(k0, m)Cu(u, v)
􏼂 􏼃

Pm−1,k0
(u)Pm,k1

(v), 

where

Ai(k0, k1) = I
k0

m
< Ui ≤

k0 + 1
m

, Vi ≤
k1

m

􏼒 􏼓

− P
k0

m
< Ui ≤

k0 + 1
m

, Vi ≤
k1

m

􏼒 􏼓

.

The following theorem states the asymptotic i.i.d. representation of the nonparametric estimator 
􏽤CHm,n(p, Y) in (9) (see the proof of Theorem 2 in online supplementary material).

Theorem 2 Suppose that the second derivatives Cu,u = ∂2C(u, v)
∂2u 

and Cu,v = ∂2C(u, v)
∂u∂v are 

Lipshitz continuous on [0, 1]2. If (m/n) log (m1/2n)→ 0 as n→∞, we have

􏽤CHm,n(p, Y) − CH(p, Y) = n−1
􏽘n

i=1

νi(p) + op(n−1/2m1/4), 

where

νi(p) = E(H)−1 EH HWi,m(FH(H), p)
􏼂 􏼃

− Hi CH(p, Y)
􏼂 􏼃

.

Theorem 2 can be used to establish the asymptotic normality of the nonparametric estimator of 
CH with mean zero and—by adapting the proofs in Janssen et al. (2016))—asymptotic variance of 
order O(n−1m1/2). This asymptotic variance, however, is unknown as it depends on Cu. In prac

tice, we suggest to use bootstrap for constructing confidence intervals around 􏽤CHm,n(p, Y).

6 Monte Carlo simulations
In this section, we run Monte Carlo simulations to assess the performance of the estimators 
proposed previously. In particular, we calculate the Integrated Mean Square Errors (IMSE) of 
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semi- and nonparametric estimators of health concentration curves with respect to socioeconomic 
variables, which we compare with the IMSE of the empirical estimator.

In our simulations, several data-generating processes (DGPs) are considered to model the depend
ence structure between health and socioeconomic variables. We use different bivariate copulas to 
generate data under different degrees of dependence measured by different values of Kendall’s tau 
coefficient τ. The bivariate copulas under consideration are Gaussian copula, Student copula, 
Clayton copula, and Gumbel copula. The values of Kendall’s tau coefficient under consideration 
are: (i) τ = −0.4, 0.001, 0.01, 0.1, 0.2, 0.5, 0.7 for Gaussian and Student copulas and 
(ii) τ = 0.001, 0.01, 0.1, 0.2, 0.5, 0.7 for Clatyton and Gumbel copulas. To generate the data of health 
and socioeconomic variables, we also use an exponential distribution with the parameter λ = 1 and 
a Weibull distribution with the scale and shape parameters λ = 2 and k = 10, respectively.

The performances of the estimators 􏽤CH(p, Y), 􏽤CHm,n(p, Y) and 􏽤CHn(p, Y) are assessed based 
on the IMSE that we calculate for different samples sizes: n = 50, 100, 200, and 500. The calcu
lation of IMSE is obtained using B = 1, 000 replications. Formally, the IMSE is defined as:

IMSE ≈
1
I

􏽘I

i=1

1
B

􏽘B

j=1

􏽤CH j(pi, Y) − CH(pi, Y)
􏼐 􏼑2

􏼠 􏼡

, 

for pi = 0.01, 0.02, . . . , 0.99, and where 􏽤CH j(pi, Y), for j = 1, . . . , B, is the estimator of the con
centration health with respect to Y CH(pi, Y) that corresponds to the jth replication. The integral 
∫ (.) of the MSE is approximated by replacing it with the sum 

􏽐I (.) for I = 99.

For the semiparametric estimator 􏽤CH(p, Y), we assume that the parametric bivariate copula is 
unknown and we use the BiCopSelect function implemented in VineCopula R package to select the 
appropriate bivariate copula from a set of bivariate copula families. This approach is expected to 
alleviate the negative effect that copula misspecification might have on the semiparametric estima
tor. We recall that copulas can be selected according to an Akaike or Bayesian Information Criteria 
(AIC and BIC, respectively); see Akaike (1998), Schwarz (1978), and Manner (2007). To do so, all 
available bivariate copulas are first fitted using maximum pseudo-likelihood estimation. Then the 
information criteria of all fitted bivariate copulas are computed, and the bivariate copula that has 
the minimum AIC or BIC is selected. Formally, the AIC of a bivariate parametric copula density 
c(FH(H), FY(Y), θ) is defined as

AIC = −2
􏽘n

i

ln[c(F̂H(Hi), F̂Y(Yi), θ̂n) + 2q, 

where q represents the number of parameters: e.g. q = 1 for a copula that depends on one param
eter, and q = 2 for a copula with two parameters. Similarly, the BIC of bivariate copula density 
c(FH(H), FY(Y), θ) is given by

BIC = −2
􏽘n

i

ln[c(F̂H(Hi), F̂Y(Yi), θ̂n) + ln(n)q.

Furthermore, the bandwidth parameter m that we use to calculate 􏽤CHm,n(p, Y) is selected accord
ing to the rule of thumb m = [a × n2.5/5], where [.] is the integer part of a × n2.5/5. To assess the 
sensitivity of the estimation results with respect to m, we consider various values of 
m ∈ {1, 2, 3, 4, 5}, which is a common practice in nonparametric estimation when no optimal 
bandwidth is available. In the simulations, we find that the optimal value of a that works for all 
DGPs under consideration is equal to 4. Thus, to save space we only report results for a = 4; 
see online supplementary material, Table S1. The other values of a also provide reasonable results 
and the latter are available upon request.

Online supplementary material, Table S1 shows that the IMSEs of all estimators are decreasing 
with the sample size. Interestingly, we find that the semiparametric estimator dominates both the 
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empirical and the nonparametric estimators as it has the smallest IMSE under different bivariate 
copulas, degrees of dependence and sample sizes, except when the dependence between H and Y is 
weak or when τ takes values between 0.001 and 0.1. Thereafter, we find that the second best es
timator is the nonparametric estimator that does better than the empirical estimator, except when 
the degree of dependence between H and Y takes values between τ = 0.5 and τ = 0.7 for Gaussian 
and Gumbel copulas.

The above results are obtained when the marginal distributions of H and Y are given by the ex
ponential distribution with the parameter λ = 1. We have also got additional results after replacing 
the exponential distribution by the Weibull distribution with the parameters λ = 2 and k = 10. To 
save space, the latter results are not reported but they are available upon request. Using Weibull as 
a marginal distribution of H and Y, we find similar results to those discussed previously. The best 

estimator in terms of IMSE is the semiparametric estimator 􏽤CH(p, Y), followed by the Bernstein 

estimator 􏽤CHm,n(p.Y) and then the empirical estimator 􏽤CHn(p, Y).

7 Inequality in COVID-19’s infections and deaths
Since January 2020, the COVID-19 pandemic has resulted in millions of infections and deaths, 
and caused economic distress worldwide. Recognizing the significance of measures such as lock
downs, testing, and face masks in reducing the transmission of COVID-19, concerns have emerged 
regarding the connection between preexisting social and economic inequalities and disparities in 
COVID-19 infections and deaths, particularly affecting the most deprived classes. In the U.S., the 
spread of COVID-19 across states has highlighted that not all Americans face an equal risk of in
fection and mortality from the virus. Furthermore, the World Health Organization (WHO) in the 
European Region has emphasized that the exposure risk and severity of health, social, and eco
nomic impacts of COVID-19 are not evenly distributed among European countries.

In this section, we apply our semi- and nonparametric estimators for the Health Concentration 
and Gini health coefficient to assess and analyze disparities in COVID-19 infections and deaths 
both across and within US states. The subsequent subsection provides a description of the US 
data employed in our empirical analysis.

7.1 Data
We begin by describing our data and presenting key descriptive statistics. Micro-level data on 
COVID-19 infections and deaths, combined with socioeconomic factors—such as median income, 
total population, percentage of the population below the poverty line, and percentages of Black, 
White, Asian, and Hispanic American residents, as well as the proportion of urban residents and 
women in the population—at the unit-record level (specifically, at the county level in the U.S.). To 
build our dataset, we merged county-level counts of COVID-19 cases and deaths with socio
economic characteristics, including average income, racial demographics, income inequality, 
and poverty.

Our dataset includes data from 2,777 counties across 40 US states. Ten states were excluded due 
to insufficient data; each of these states has fewer than 10 counties, making them unsuitable for 
estimating health concentration curves and the Gini health coefficient based on our socioeconomic 
variables. The excluded states are New Hampshire, Connecticut, Hawaii, Kansas, Kentucky, 
Louisiana, Maine, Maryland, Rhode Island, and the District of Columbia.

The county-level variables in our dataset can be categorized into three main groups: 

• Health variables encompassing confirmed COVID-19 infections and deaths.
• Socioeconomic covariates that include median income, total population, percentage of the 

population below the poverty line, and the percentages of residents who are Black 
Americans, White Americans, Asian Americans, and Hispanic Americans. Additionally, the 
analysis includes the proportion of the population living in urban areas and the percentage 
of women in the population.

• Inequality measures, namely the Gini (economic) coefficient and Gini health coefficient, 
which were estimated using our semi- and nonparametric estimators.
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For data regarding confirmed COVID-19 infections and deaths, we rely on the US Centers for 
Disease Control and Prevention (CDC), utilizing the most recent numbers available as of writing 
this paper (2021 June 10).1 Information on county population, population density, demographics, 
and poverty rates is sourced from the US Census Bureau. Median income and the poverty rate are 
estimated from survey data, supplemented by small-area estimation methods (refer to Rao & 
Molina, 2015).

Descriptive statistics detailing COVID-19 infection and death rates, along with socioeconomic 
variables for the 2,777 counties, are presented in online supplementary material, Table S2. In this 
table, the term ‘share of African Americans’ pertains to the proportion of the population identify
ing as Black only, while ‘share of White’ denotes the proportion identifying as White. The table 
reveals that the average infection and death rates per county are 9.8% and 1.9%, respectively, 
with standard deviations of 2.99% and 1%, respectively. Notably, Crowley County in 
Colorado recorded the highest infection rate at 37%, and Chattahoochee County in Georgia 
had the second-highest rate at 36.8%.

The overall average poverty2 rate is 14.3%, ranging from 2.3% in Sterling County (Texas) to 
54.7% in Todd County (South Dakota). The Gini (economic) coefficient is also estimated using 
small-area methods, exhibiting significant variation across counties, from the lowest value 
of 0.302 in Skagway County (Alaska) to the highest value of 0.609 in Harding County 
(New Mexico).

Moreover, online supplementary material, Table S3 reports the correlation matrix of socio
economic variables. Significantly, there is a positive correlation between the share of African 
Americans and the poverty rate, and a negative correlation between the share of White 
Americans and the poverty rate, both statistically significant. Subsequently, we present the results 
of the estimation of health concentration curves and the Gini health coefficient with respect to our 
socioeconomic variables.

7.2 Estimation of health concentration curve
As previously mentioned, the health concentration curve with respect to a socioeconomic variable 
enables the generation of plots depicting the cumulative percentage of the health variable— 
specifically, COVID-19’s infection and death rates—against the cumulative percentage of the 
population ranked by the socioeconomic variable. This variable includes metrics such as the pov
erty rate, population density, the share of African Americans, the share of White Americans, and 
others. These plots offer a visual representation of health inequalities by observing the position of 
the health concentration curve with respect to the line of equality (45-degree line) in a two- 
dimensional space.

In scenarios where a higher socioeconomic variable corresponds to greater individual wealth, if 
the health concentration curve lies above the 45-degree line, health inequality is deemed pro rich, 
indicating that the affluent possess better health than the less affluent. In such cases, the associated 
health concentration index is negative. Conversely, if the health concentration curve lies below the 
45-degree line, health inequality is considered pro poor, suggesting that the less affluent have bet
ter health than the affluent, and the associated health concentration index is positive. Should the 
health concentration curve align with the 45-degree line, it indicates the absence of socioeconomic 
health inequality, and the associated health concentration index is necessarily zero.

We now utilize the data detailed in the previous subsection to compute semi- and nonparametric 
estimators of the health concentration curve for COVID-19’s infection and death rates concerning 
the aforementioned socioeconomic variables. For each state, we consider the following socio
economic variables: income, poverty, and race (proportion of Black Americans, Whites, Asians, 

1 The data are available through USA Facts: https://usafacts.org/visualizations/coronavirus-covid-19-spread-map/. 
An alternative source is the New York Times data site for COVID-19 obtainable from their Github repository. The 
NYT site, however, records infections and deaths according to the county in which they occurred, while CDC does so 
according to the person’s place of residence.

2 The poverty rate is a measure of how many people in the country live in economic hardship. Poverty is measured by 
comparing a person’s or family’s income to a set poverty threshold or minimum amount of income needed to cover basic 
needs. The poverty threshold varies by family size, number of children, and the age of the householder. For example, in 
2023, the poverty threshold for a US family of four was $30,000 according to the US Census Bureau which is the gov
ernment agency in charge of measuring poverty.
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and Hispanics), urban area, percentage of women. While the results encompass all 40 US states, we 
present findings for average, low, and high-income states, average, low, and high-poverty rate 
states, and average, low, and high-share of White states to enhance clarity. The outcomes are out
lined in online supplementary material, Figures S7–S15.3

When employing income as a socioeconomic variable, online supplementary material, Figures 
S7 and S8 reveal a distinct pro rich inequality for COVID-19’s death rate in both low and high- 
income states, except for West Virginia. Intriguingly, for states with average income (refer to 
online supplementary material, Figure S9), the health concentration curve with respect to the pov
erty rate tends to align with the 45-degree line. This suggests that individuals in these states had an 
equal chance of succumbing to COVID-19, irrespective of their poverty level. Similar results 
emerge when replacing income with the poverty rate, considering that a low poverty rate is ex
pected to correlate highly with high income, and vice versa.

Online supplementary material, Figures S10 and 11 confirm the pro rich inequality for 
COVID-19’s death rate in both low and high poverty rate states. The health concentration curve 
concerning the poverty rate lies below the 45-degree line when the poverty rate is higher, indicating 
greater inequality in counties with increased poverty. The result in online supplementary material, 
Figure S12 echoes that obtained in online supplementary material, Figure S9: there is no inequality 
in COVID-19’s death rate in states with an average poverty rate, as the health concentration curve 
aligns with the 45-degree line.

Moreover, online supplementary material, Figures S13 and S14 indicate that the inequality in 
COVID-19’s death rate is generally in favour of counties with a low share of white people, except 
in state of California. However, the opposite happens in states with an average share of white peo
ple, where we see that the inequality in COVID-19’s death rate is in favour of counties with high 
share of white people.

In summary, socioeconomic variables such as income, poverty rate, and ethnicity significantly 
influence COVID-19’s death rate, disproportionately affecting the most deprived classes. In the 
subsequent subsections, we delve deeper into the analysis by estimating the Gini health coefficient 
and developing econometric models that establish connections between COVID-19’s cases and 
deaths, Gini health coefficient, and other crucial socioeconomic factors.

7.3 Estimation of Gini health coefficient
We now use the available data to compute both semi- and nonparametric estimators of the Gini 
health coefficient for COVID-19’s death rates, as expressed in Equations (11) and (12), respective
ly. Our emphasis on death rates stems from the belief that this measure more accurately reflects 
health inequalities across states characterized by diverse levels of socioeconomic variables such 
as income, poverty, and race.

Once the infection occurs, one might expect that COVID-19 deaths will be higher in the deprived 
states/areas due to the poor living conditions and underfunded local services such as health services 
that are essential for saving lives. In estimating the Gini health coefficient, states with fewer than 10 
counties were excluded from the analysis. The affected states include New Hampshire, Connecticut, 
Hawaii, Kansas, Kentucky, Louisiana, Maine, Maryland, and Rhode Island. The outcomes for the 
remaining 40 US states are presented in online supplementary material, Figures S16–S18.

Firstly, in online supplementary material, Figure S16, we present the outcomes of estimating the 
Gini health coefficient for each US state, with the health variable H representing COVID-19’s 
death rates and the socioeconomic variable Y denoting median income. Given that, in this context, 
the lowest socioeconomic position corresponds to counties with lower median income, the ob
served negative Gini health coefficients across the majority of US states signify a pro rich health 
inequality. In simpler terms, this result implies that individuals in counties with higher median in
come experience lower COVID-19 mortality compared with those residing in counties with lower 
median income.

Secondly, online supplementary material, Figure S17 showcases the results of semi- and non
parametric estimations of the Gini health coefficient, with the socioeconomic variable Y being 

3 Additional results related to other socioeconomic variables, such as those for Hispanic and Asian populations, are 
available in online supplementary material, Figures S19–S24.
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the poverty rate. Unlike the previous scenario, where the lowest socioeconomic position for the 
poverty rate represented affluent counties, the positive Gini health coefficients in online 
supplementary material, Figure S17 affirm a pro rich health inequality. This implies that counties 
with a high poverty rate exhibit elevated COVID-19 mortality compared to counties with a low 
poverty rate.

Finally, in online supplementary material, Figure S18, we present results where the socio
economic variable is the proportion of African Americans. In this case, the lowest socioeconomic 
position corresponds to counties with the lowest proportion of African Americans. The outcome 
depicted in online supplementary material, Figure S18 indicates a pro non-African American 
health inequality across US states, with counties having a high proportion of African Americans 
experiencing higher COVID-19 mortality compared to counties with a low proportion of 
African Americans.

This study provides valuable insights for policymakers aiming to mitigate health inequalities, 
thereby enhancing the overall chances of survival from COVID-19. The findings suggest that au
thorities in US states should prioritize the allocation of increased health resources to counties char
acterized by higher deprivation and a substantial proportion of African Americans. This strategic 
approach is recommended to effectively address and reduce health disparities in COVID-19 mor
tality across various counties.

7.4 Further analysis
In this subsection, we conduct further analysis utilizing state-level data to explore the factors in
fluencing COVID-19 infections and deaths. We consider the following mean regression model

Yi = α + β′Xi + ϵi, 

where Yi denotes one of the following dependent variables: (i) state-level COVID-19 infections, 
(ii) state-level COVID-19 deaths. The covariates Xi incorporated in the regressions encompass 
state population size, poverty rate, median income, Gini economic coefficient, Gini health coeffi
cient (calculated using the estimators developed in the previous sections), the share of the popula
tion living in urban areas, the percentage of women, share of Black Americans, share of Hispanic 
Americans, share of Asian Americans, share of Black women, poor women, poor Hispanics, and 
poor Asians. The results are presented in online supplementary material, Tables S4 and S5.

Online supplementary material, Tables S4 and S5 reveal that Gini coefficient has a positive im
pact on COVID-19 infections and deaths when we control for all the independent variables. These 
effects are statistically significant. However, the effect of Gini health coefficient is statistically in
significant when we include all control variables, possibly attributed to high correlations with oth
er covariates. Additionally, poverty rate and population size demonstrate significant and positive 
impacts on both COVID-19 infections and deaths. The impact of a state’s share Black women and 
poor women is statistically significant, while the impact of a state’s share of poor Asians is negative 
and statistically significant. The results for COVID-19 infections and deaths exhibit substantial 
similarity. The multiple regression framework used in our analysis enables researchers and policy
makers to identify variables that may influence health outcomes, such as COVID-19 infections and 
deaths. The estimated parameters represent correlations between COVID-19 outcomes and spe
cific variables—such as the proportion of Black American residents—while controlling for other 
variables in the model. However, we note that the mean regression model may be affected by mul
ticollinearity, meaning that some independent variables may be highly correlated, potentially re
ducing precision and causing shifts in the direction of coefficients.

The above results once again confirm that increased economic and health inequalities corres
pond to higher rates of COVID-19 infections and deaths, disproportionately impacting the most- 
deprived classes. Policymakers are strongly encouraged to implement social and economic 
measures aimed at reducing COVID-19 infections and deaths among the most vulnerable popu
lations. In the short term, initiatives such as providing free masks, sanitizers, and targeted vaccin
ation campaigns should be implemented to mitigate infection and mortality rates in deprived 
states. In the long term, governments should implement policies addressing economic and social 
inequalities in society, ultimately contributing to a reduction in health disparities.

16                                                                                                                                          Bouezmarni et al.
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssa/advance-article/doi/10.1093/jrsssa/qnaf039/8114554 by guest on 22 April 2025

http://academic.oup.com/jrsssa/article-lookup/doi/10.1093/jrsssa/qnaf039#supplementary-data
http://academic.oup.com/jrsssa/article-lookup/doi/10.1093/jrsssa/qnaf039#supplementary-data
http://academic.oup.com/jrsssa/article-lookup/doi/10.1093/jrsssa/qnaf039#supplementary-data
http://academic.oup.com/jrsssa/article-lookup/doi/10.1093/jrsssa/qnaf039#supplementary-data
http://academic.oup.com/jrsssa/article-lookup/doi/10.1093/jrsssa/qnaf039#supplementary-data
http://academic.oup.com/jrsssa/article-lookup/doi/10.1093/jrsssa/qnaf039#supplementary-data


8 Conclusion
We developed semi- and nonparametric estimators for the health concentration curve and Gini 
health coefficient with respect to a given socioeconomic variable to assess inequalities in 
COVID-19 infections and deaths, identifying the social classes most susceptible to the virus. 
Health concentration measure was initially expressed in terms of a bivariate copula function, 
forming the basis for our estimators. In the semiparametric approach, a parametric bivariate cop
ula modelled the dependence between health and socioeconomic variables, with parameters esti
mated through maximum pseudo-likelihood estimation using the empirical distribution of the 
health variable. For the nonparametric estimator, we employed the Bernstein bivariate copula es
timator. Additionally, health concentration curve estimators were used to derive semi- and non
parametric estimators for the Gini health coefficient. We established the consistency and 
asymptotic normality of the health concentration curve estimators.

Monte Carlo simulations, encompassing various data-generating processes and sample sizes, re
vealed superior performance of the semiparametric estimator over the Bernstein-copula-based es
timator, which, in turn, outperformed the empirical estimator in terms of Integrated Mean 
Squared Error. An extensive empirical study highlighted the importance of health concentration 
curves and Gini health coefficient estimators in analyzing COVID-19 inequality in the U.S. The 
results demonstrated that socioeconomic variables, such as poverty, race, and income at the state 
level, can help explain the observed disparities in COVID-19 infections and deaths.

The methodology proposed in this paper is applicable only for a univariate Y, presenting a limi
tation in estimating health concentration curves using just one socio-economic variable. This 
emerges as focusing on a single variable oversimplifies the intricate interplay of diverse health de
terminants. This restriction arises from the technical issues associated with the use of multivariate 
quantiles, making interpretation and estimation challenging. While considering several socio- 
economic variables simultaneously might provide a more comprehensive understanding, the com
plexities involved in deciphering the combined impact of multiple factors hinder the practicality of 
such analyses. An alternative approach involves constructing an index that combines diverse 
socio-economic variables, yet unravelling the nuanced interpretation of this composite index 
proves to be a difficult task. These issues will be subject to further investigation in future research.
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