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Abstract10

Through the lens of Tullock contests, we take a fresh look at the contest game for crowdsourcing11

reviews [15] as a Tullock contest game with discrete strategies: Each of n players, endowed with skills,12

strategically invests an effort for writing a review of some quality she chooses from a finite set [Q]; she13

is awarded a payment, out of a budget β, in proportion to her effort, and pays a player-specific cost,14

which is the product of effort and skill. So both the payment and the utility functions for a player15

are strictly concave in the player’s effort. Players are anonymous if skills are identical, and so is the16

game. We study the mixed Nash equilibria of the game, where no player could deviate to increase17

her expected utility; her support in a Nash equilibrium is the set of qualities she chooses with strictly18

positive probability. By strict concavity, mixed Nash equilibria have the Small&Consecutive-Supports19

property: their supports have size at most 2. We present upper bound results and structural and20

(ir)rationality results about mixed Nash equilibria and their Price of Anarchy:21

For the anonymous Tullock contest game, there is an algorithm to compute all symmetric22

Nash equilibria up to a fixed precision ϵ and determine how many of them are rational; the23

algorithm resorts to an optimal algorithm for root-finding in univariate polynomials and takes24

time Θ (Q · poly(n) · log 1/ϵ). The algorithm extends naturally to games with an arbitrary strictly25

concave utility function.26

For two natural definitions of Social Cost, the corresponding Mixed Price of Anarchy, studied27

here for the first time, is upper-bounded by 1 and 2, respectively, plus an additive constant; a28

lower bound we provide establishes almost-tightness for the first upper bound. Corresponding29

bounds on the Asymptotic Mixed Price of Anarchy follow.30

For two families of instances of anonymous Tullock contest games with mandatory participation31

and β = 1, we provide (i) very simple, necessary and sufficient numerical conditions on the efforts32

for the existence of an (ir)rational Nash equilibrium and (ii) a single Nash equilibrium which33

is irrational, respectively. Specifically, the first family has n = 3, while the second has n = 434

and Q = 2. Deriving the irrational Nash equilibrium for the second instance draws heavily from35

connections to the theory of symmetric polynomials; a significant implication is that computing36

a Nash equilibrium for a Tullock contest game is outside PPAD [53]. Nonetheless, we observe37

that FIXP is an upper bound for such computations. Envisioning the Tullock contest game as a38

discrete Lipschitz game [2], we prove that, in contrast, there is some constant ε > 0 such that39

computing an additive ε-approximate pure Nash equilibrium for it is in PPAD.40

We propose a framework grounded on Algebraic Geometry as a plausible host for proving41

structural results disentangling rational and irrational Nash equilibria in the Tullock contest42

game. Towards this end and envisioning a reduction among contests as an isomorphism of43

ℚ-algebras, we present an isomorphism that maps rational (resp., irrational) fully mixed Nash44

equilibria to rational (resp., irrational) ones. As a by-product, we leverage the Algebraic45

Geometry framework to completely characterize the set of all Tullock contest games with n = 246

and Q = 2 as an algebraic variety.47
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1 The Contest Game as a Discrete Tullock Contest50

We continue the study of the contest game for crowdsourcing reviews, or contest game for51

short, which was considered in [15], with good blockchain-related motivation, assuming a52

discrete strategy space, a proportional payments scheme and a simple product-form function53

for the skill-effort cost. Results on the existence and Price of Anarchy of pure Nash equilibria54

in the contest game were claimed in [15]. The contest game was extended in [46] to incorporate55

more general assumptions on the payments and the skill-effort function and results on the56

existence, dynamics and computation of pure Nash equilibria were derived. Here we revisit57

the contest game in its form studied in [15] and focus on its mixed Nash equilibria, connecting58

and integrating it into well-studied game classes such as concave games [56] aggregative59

games [58] and Lipschitz games [2], and, most prominently, to Tullock contest games [63].60

In the contest game, there are n players, or contestants, with skills 0 < s1 ≤ s2 ≤ . . . ≤ sn,61

respectively, and a set [Q] of Q qualities; we think of skill as an intrinsic characteristic of62

a contestant. Players are anonymous if s1 = s2 = . . . = sn = 1, giving rise to anonymous63

contest games. Each player chooses a quality q ∈ [Q] and pays an effort fq. (For an integer64

k ≥ 1, [k] denotes {1, . . . , k}.) Efforts are distinct and monotonically strictly increasing;65

voluntary participation and mandatory participation require f1 = 0 and f1 > 0, respectively.66

Gvp is the class of contest games with voluntary participation. Skills and efforts are rational67

numbers of constant size (independent of n and Q). Assuming that each number other than n68

and Q is represented with a constant number of bits, the contest game requires an amount of69

Θ(n + Q) memory. For the case of anonymous players, this amount reduces to Θ(log n + Q).70

A pure profile, or profile for short, q is a vector ⟨q1, q2, . . . , qn⟩, where qi is the quality71

chosen by player i, called her (pure) strategy; thus, [Q]n is the set of all pure profiles.72

By abuse of notation, we extend the definition of the effort f to pure profiles by setting73

f(q) :=
∑

i∈[n] fqi
, called the total effort in q. Efforts are paid for out of a reward β > 0. We74

adopt proportional payments, where player i receives a payment equal to fqi

f(q) β if f(q) > 0,75

or 0 otherwise.1 Note that f(q) = 0 may only occur under voluntary participation. The76

utility of player i in a profile q is a rational number determined by the utility function as77

Ui(q) = fqi

f(q) β − sifqi
, where sifqi

is the skill-effort cost, or cost for short, of player i in q;78

as the utility function allows representing the contest game in size much smaller than the79

normal form representation, the contest game is a succinctly representable game (cf. [54]).80

The contest game is an example of an aggregative game, where the utility of each player is81

only affected by her own choice and an aggregate of the others’. Formally, a finite n-players82

aggregative game [58] is a tuple
〈

n, (Si)i∈[n] , (Ui)i∈[n] , (ui)i∈[n] , φ
〉

, where for each player83

i, Si is the strategy set, with S = ×i∈[n]Si, φ : S → Y is the aggregator function and y84

is an aggregate in the aggregate space Y, ui : Si × Y → ℝ is the aggregate utility function,85

and Ui : S → ℝ is the utility function, with Ui(s) = ui(si, φ(s)) for each profile s ∈ S. For86

the contest game, φ(q) = f(q) and Ui(q) = ui(fqi
, φ(q)) = fqi

f(q) β − sifqi
; so Ui(q) is strictly87

decreasing in φ(q) when qi is fixed. (This is not necessary for any aggregative game.)88

Proportional payments coincide with the Ratio-Form Contest Success Function [63], or89

Ratio-Form CSF for short, expressed as the player’s effort over the total effort of contestants.90

1 A normative convention for Tullock contests is to set the ratio fqi

f(q) equal to 1
n when f(q) = 0; however,

there are works adopting 0 as the ratio value. We choose the latter convention as it better fits into the
crowdsourcing reviews framework, where it is not reasonable to pay someone for producing no review.



2 Mixed Nash Equilibria in Discrete Tullock Contests

So the contest game from [15] can be considered as a Tullock contest game [63] with discrete91

strategies, linear costs and elasticity 1 (i.e., efforts are raised to power 1); call it a discrete92

Tullock contest (game). Henceforth, contest games and discrete Tullock contest games shall93

be used interchangeably. In contrast, strategy spaces are typically continuous and compact94

in a continuous Tullock contest (game); discretizing them yields the discrete Tullock contest.95

As a continuous function, the Ratio-Form CSF is strictly concave in a player’s effort, with96

other players’ efforts fixed. Adopting linear (hence, convex) costs in a player’s effort, the97

conditional utility function, conditioned on fixed efforts of the other players, is concave in98

a player’s effort in a continuous Tullock contest with Ratio-Form CSF. In general, games99

with such concave utility functions are called concave [56]. A best-response of player i to100

the (fixed) partial profile q−i is a strategy q that maximizes Ui(q, q−i). For strictly concave101

games with continuous and compact strategy spaces, best-responses exist uniquely [56]; by102

strict concavity, a player’s utility goes down as we move away from the best-response. Hence,103

in the discrete Tullock contest, a contestant has at most two and consecutive best-responses,104

which then lie on different sides of her best-response in the continuous Tullock contest.105

A mixed profile σ = ⟨σ1, . . . , σn⟩ is a vector of probability distributions, called mixed106

strategies and represented as vectors in [0, 1]Q, with σq
i denoting the probability of player107

i choosing quality q. A pure profile q is realizable by σ if Prσ(q) :=
∏

k∈[n] σqk

k > 0. The108

expected utility player i gets in σ is Ui(σ) :=
∑

q∈[Q]n Ui(q)Prσ(q). (To save notation, we109

use Ui to denote the utility that player i gets in either a mixed or a pure profile.) For110

the next definitions, we shall need some notation: For a k-tuple t = ⟨t1, . . . tk⟩ and an111

integer i ∈ [k], denote t−i := ⟨t1, . . . , ti−1, ti+1 . . . tk⟩. The conditional expected utility player112

i gets in σ had she chosen quality q is a function Ui(q, σ−i) : [Q] × {σ−i} 7→ ℝ; {σ} and113

{σ−i} denote the sets of profiles and partial mixed profiles excluding player i, respectively;114

clearly, Ui(q, σi) =
∑

q−i∈[Q]n−1 Ui(q, qi)Prσi
(qi). Thus, the conditional expected utility is a115

convex combination of utilities a player choosing a fixed pure strategy gets. Since the utility116

function is strictly concave in a player’s effort (with other players’ choices fixed), so also is117

conditional expected utility on the continuous strategy space [0, 1]Q. The support of player118

i in the mixed profile σ, is the set of qualities q with σq
i > 0; the expected total effort is119

f(σ) =
∑

q∈[Q]n f(q)Prσ(q).120

A mixed (resp., pure) profile σ (resp., q) is a mixed (resp., pure) Nash equilibrium if121

no player could unilaterally increase her expected utility (resp., utility) by switching to a122

different mixed strategy (resp., strategy); formally, for each player i and mixed strategy123

τ (resp., strategy q), Ui(σ) ≥ Ui(τ, σ−i) (resp., Ui(q) ≥ Ui(q, q−i)); so all players play124

best-responses in a Nash equilibrium. It is known [30, Theorem 4.1] that computing a pure125

equilibrium for a concave game is FIXP-complete. Since a mixed Nash equilibrium may be126

viewed as a pure Nash equilibrium on [0, 1]Q, the strict concavity property of the expected127

utility function implies that computing a mixed Nash equilibrium for the discrete Tullock128

contest game is in FIXP. (FIXP is the complexity class capturing the exact computation of129

fixed points [25]). Since a player has at most two and consecutive best-responses in a discrete130

Tullock contest, all supports in a mixed Nash equilibrium have size at most 2; this is called131

as the Small&Consecutive-Supports property. Henceforth, we shall usually refer to mixed132

Nash equilibria simply as Nash equilibria. NE(CG) denotes the set of Nash equilibria for the133

discrete Tullock contest game CG. Here is a characterization of mixed Nash equilibria.134

▶ Lemma 1 ([49]). A mixed profile σ is a Nash equilibrium if and only if for each player i ∈ [n],135

the following conditions hold: (1) For any pair of qualities q, q′ ∈ suppi(σ), Ui(q, σ−i) =136

Ui(q′, σ−i) (Indifference Principle, or IP). (2) For any pair of qualities q ∈ suppi(σ) and137

q′ /∈ suppi(σ), Ui(q, σ−i) ≥ Ui(q′, σ−i) (Weak Dominance Principle, or WDP).138
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By Lemma 1 and the Small&Consecutive-Supports property, Ui(q∗, σ−i) = Ui(q∗ + 1, σ−i) if139

and only if q∗ and q∗ + 1 are all and only global maxima of Ui(q, σ−i) as a function in q.140

Hence, for each quality q ∈ [Q] \ {q∗, q∗ + 1}, Ui(q∗, σ−i) > Ui(q, σ−i). Thus, the IP implies141

the WDP in the contest game, and more generally in any strictly concave game; this is called142

the Indifference Principle Implies Weak Dominance property. The IP (resp., the WDP) is143

expressed as a system of polynomial equations (resp., inequalities). A Nash equilibrium is144

rational if all probabilities are rational numbers; else, it is irrational. A Nash equilibrium is145

fully mixed if all probabilities are strictly between 0 and 1. By Nash’s celebrated result [49],146

the set of Nash equilibria for a finite game is non-empty; but it might not have a fully mixed147

Nash equilibrium. For a fully mixed Nash equilibrium, the WDP is vacuous, the IP is both148

necessary and sufficient and its solutions are the positive real points of an algebraic variety149

(see Appendix, Section B). By the Small&Consecutive-Supports property, a fully mixed Nash150

equilibrium for the contest game may exist only if Q = 2. A Nash equilibrium is symmetric151

if all players play the same strategy. Nash [49] showed that every finite symmetric game,152

where the utility of a player depends on her chosen strategy and the multiset of strategies153

chosen by others, such as the anonymous contest game, has a symmetric Nash equilibrium.154

By the Small&Consecutive-Supports property, a symmetric pure Nash equilibrium for the155

discrete Tullock contest game is computable in time Θ(Q).156

As a measure of the quality of a profile q (resp., a mixed profile σ), usually called Social157

Value (cf. [42]), we adopt the total effort f(q) (resp., the expected total effort f(σ)). A Social158

Optimum is a profile q∗ maximizing total effort. Capturing the degradation in performance159

due to both selfish users and the lack of central regulation, the Mixed Price of Anarchy of a160

game CG [42] is defined as MPoA(CG) = maxσ∈NE(CG)
f(q∗)
f(σ) . The Mixed Price of Anarchy of161

class G is MPoA(G) = supCG∈GPoA(CG). The Pure Price of Anarchy PPoA restricts to the162

set of pure Nash equilibria, provided this is non-empty. Clearly, PPoA(CG) ≤ MPoA(CG) for163

any game CG ∈ G, implying that PPoA(G) ≤ MPoA(G).164

When the Social Value of a Social Optimum increases with the number of players, it165

makes sense to evaluate the Price of Anarchy asymptotically by considering the Asymptotic166

Price of Anarchy [24]. Formally, consider the subclass Gk := {CG ∈ G : f(q∗) ≥ k}. The167

Asymptotic Mixed Price of Anarchy (resp., the Asymptotic Pure Price of Anarchy) of the168

class G is AMPoA(G) = limk→∞ MPoA(Gk) (resp., APPoA(G) = limk→∞ PPoA(Gk)). Note169

that an upper bound on MPoA applies also to AMPoA, while a lower bound on AMPoA170

applies to MPoA as well.171

The Non-Proportional Social Optimum for a contest game was defined in [15] as the172

maximum possible total effort in a feasible profile where a player i choosing quality q173

gets a payment of sifq, which is the smallest payment securing a non-negative utility for174

her. Thus, the resulting Price of Anarchy against a Non-Proportional Social Optimum175

did not restrict the Social Optimum to proportional payments. We consider that such a176

comparison is unfair and contrasts the intended meaning of the Price of Anarchy [42]; We177

shall instead evaluate it for the contest game by restricting Social Optima to both feasible178

profiles and proportional payments.2 Formally, the Proportional Social Optimum is a profile179

q∗ ∈ arg maxq∈[Q]n|mini∈[n] Ui(q)≥0 f(q). The MPoA (resp. PPoA) against a Proportional180

Social Optimum is defined in a corresponding way.181

2 Had we instead considered all profiles and chosen a sufficiently small β, all players would choose quality
Q in the Social Optimum and quality 1 in a unique Nash equilibrium, implying AMPoA = fQ/f1, which
can be made arbitrarily large.
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2 Results and Significance182

We embark on four major directions related to the mixed Nash equilibria: (i) the computation183

of symmetric Nash equilibria in anonymous Tullock contest games, (ii) their Mixed Price of184

Anarchy, (iii) their rationality and irrationality properties, and (iv) the structure of rational185

and irrational Nash equilibria through the lens of Algebraic Geometry. We derive these186

results:187

2.1 Symmetric Nash Equilibria for an Anonymous Contest Game188

We prove a significant structural property of symmetric mixed Nash equilibria: they simply189

do not exist for a non-anonymous discrete Tullock contest game (Proposition 2). The190

property naturally extends to all concave and aggregative games with non-anonymous players191

(Corollary 3). Proposition 2 implies that all symmetric Nash equilibria for a non-anonymous192

discrete Tullock contest game can be computed in Θ(Q) time — we simply have to check all193

pure ones, of which, by the Small&Consecutive-Supports property, there can be at most Q−1.194

In turn, this property is instrumental for devising an efficient algorithm with time complexity195

Θ (Q · poly(n) · log 1/ϵ) for computing all symmetric Nash equilibria of an anonymous contest196

game to an arbitrary precision ϵ (Theorem 4). The necessity of computing to some finite197

precision, versus computing exactly, is due to an algebraic obstruction: roots of a polynomial198

equation may be irrational or (when the degree is at least 5) even non-expressible by radicals.199

The algorithm is an instance of a general algorithm for computing all symmetric Nash200

equilibria for an arbitrary finite game with strictly concave utility functions that have size201

polynomial in n and the number of pure strategies (Theorem 5).202

2.2 Bounds on the Mixed Price of Anarchy203

We prove that for any contest game CG ∈ Gvp with a Nash equilibrium σ and Proportional204

Social Optimum q∗
pr, it holds that f(q∗

pr) ≤ f(σ) + ϕ(CG), where ϕ satisfies ϕ(CG) ≤205

2fQ (Theorem 7). Hence, AMPoA(Gvp) = 1 against a Proportional Social Optimum. We206

complement this upper bound with an almost-matching lower bound on the additive factor207

(Theorem 8). To the best of our knowledge, this result represents a rare case of a class of208

games where the Asymptotic Mixed Price of Anarchy is 1.209

Assume that fq divides fq+1 for each q ∈ {2, . . . , Q − 1}; this assumption, although210

restrictive, captures the interesting scenario in which the effort increases at a geometric211

pace with the achieved quality. Under this assumption, we prove that the total effort of212

a Non-Proportional Social Optimum is no more than twice that of a Proportional Social213

Optimum, plus an additive factor of fQ (Proposition 10). This allows leveraging the upper214

bound on total effort against a Proportional Social Optimum and immediately deriving that,215

under these premises, for any Non-Proportional Social Optimum q∗
np and Nash equilibrium216

σ, it holds that f(q∗
np) ≤ 2f(σ) + 5fQ (Theorem 11). Hence, the Asymptotic Mixed Price of217

Anarchy against a Non-Proportional Social Optimum is at most 2.218

2.3 Contest Games with Rational and Irrational Nash Equilibria219

For two families of anonymous contest games with n = 3 and n = 4, respectively, Q = 2,220

β = 1 and mandatory participation, we identify simple, necessary and sufficient numerical221

conditions on efforts for the non-existence of an irrational Nash equilibrium (Theorem 12)222

and the existence of a single and irrational Nash equilibrium (Theorem 14), respectively. The223

proof of Theorem 14 uses, as a combinatorial tool, the Elementary Symmetric Polynomials224



V. Bilò, M. Mavronicolas, P. G. Spirakis and D. Windisch 5

Indifference Equation, expressing the IP in Tullock contest games (Proposition 13) and named225

after the involved elementary symmetric polynomials [45]; On top of Proposition 13, the proof226

of Theorem 14 employs the Girard-Newton formulae for elementary symmetric polynomials.227

(A similar involvement of elementary symmetric polynomials in a study on mixed Nash228

equilibria in continuous contest games is established, perhaps not coincidentally, in [28].)229

By irrationality and uniqueness, as established in Theorem 14, computing a Nash equilib-230

rium is outside Linear-FIXP = PPAD [25]. It is natural to ask whether there is any fragment231

of the general problem in which computing a Nash equilibrium for a contest game is in232

PPAD. Indeed there is: We establish that the discrete Tullock contest game is a discrete233

Lipschitz game [2] with Lipschitz constant [2] o(1/n); in turn, this implies existence of an234

ε-approximate pure Nash equilibrium for any ε > 0 (Theorem 15). This allows leveraging235

a result showing membership in PPAD [35, Theorem 3.2] to conclude that there is some236

constant ε > 0 such that computing an ε-approximate pure Nash equilibrium is in PPAD237

(Theorem 17).238

Resolving the existence of irrational Nash equilibria, even without characterizing the condi-239

tions under which a discrete Tullock contest has a unique and irrational Nash equilibrium,240

is a necessary prerequisite for directing efforts towards the appropriate complexity class.241

Besides excluding PPAD membership, the existence of contest games with only irrational Nash242

equilibria is an important pivotal step towards proving appropriate PPAD- or FIXP-hardness243

results for (some kind of) approximate Nash equilibria.244

2.4 Irrationality Vs. Rationality Through the Algebraic Geometry Lens245

The anonymous contest game with a unique and irrational Nash equilibrium in Theorem 14246

self-poses the decision and search problems about the existence and computation, respectively,247

of an irrational Nash equilibrium in a multi-player contest game. The classical way to address248

it is by developing suitable reductions, as in, e.g., [9, 12, 14, 32], within the landscapes of249

∃ℝ [57] and FIXP [25], the two prominent complexity classes for hosting (among others)250

decision and search problems regarding the computation of fixed points, respectively, when251

these could be irrational. For the decision problem, it might be tempting to wonder whether252

the irrational contest game in Theorem 14 can be used as a gadget in an ∃ℝ-hardness proof253

of deciding the existence of an irrational Nash equilibrium in a multi-player contest game,254

as in [9, 12]; this would point to searching for a reduction of a general game to a game in255

the restricted (measure-zero perhaps) class (as opposed to a general one) that preserves256

the existence of an irrational Nash equilibrium. To the best of our knowledge, all previous257

reductions in this vein reduce to a game either in the whole class of strategic games as258

in [9, 14], or in some wide class of games, such as that of symmetric games [14, 32] or that of259

win-lose games [12].260

Nevertheless it remains challenging to investigate reductions among general games that261

preserve the existence of irrational Nash equilibria. We propose to explore the possibility and262

the potential of Algebraic Geometry as a host for such investigations; Algebraic Geometry263

has long been employed in algorithms for computing mixed Nash equilibria — see the264

book by Sturmfels [61] and references therein. In Algebraic Geometry terms we envision a265

complexity-theoretic reduction as an isomorphism of ℚ-algebras. (Section B in the Appendix266

serves as a Primer on Algebraic Geometry and includes formal definitions for all such terms267

we shall need to use.) We derive two modest yet interesting results; one is general and the268

other pertains to contest games:269

We present a bijective mapping between general games with n players and 2 strategies270

that preserve the existence of irrational Nash equilibria (Theorem 19).271
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We take advantage of the proposed framework of Algebraic Geometry by completely272

characterizing the set of all contest games with n = 2 and Q = 2 as algebraic varieties273

(Theorem 20). The proof is assisted by importing results from Algebraic Geometry and274

the software package (Macauley2). So is the proof of a complete characterization of Nash275

equilibria for anonymous contest games with n = 2 and Q = 2 (Theorem 21).276

We believe that investing into establishing connections with Algebraic Geometry is well277

worth the effort, as the approach is exemplifying a novel pathway (through polynomial maps278

between algebraic varieties) for addressing a wealth of complexity questions about (and not279

only) the contest game. Setting a precedent for this type of exploration, we hope to inspire a280

multitude of further research. Planning to exclusively focus on such complexity questions281

in a future work, we aspire to achieve impactful outcomes, possibly through appropriate282

complexity results in Algebraic Geometry.283

3 Related Work and Comparison284

The observation that the contest game is an instance of a Tullock contest with discrete285

strategies, linear costs and a Contest Success Function [59] in ratio-form, implying the286

cornerstone property that the corresponding utility function is strictly concave, remained287

elusive in both [15] and the (the conference version of) [46]. Remarkably, the first work in the288

crowdsourcing literature that adopted Tullock contests (exactly as [15] later did) as a tool to289

design incentive mechanisms had actually come in 2015 [44] for a continuous Tullock contest.290

It has been shown in [6] that pure Nash equilibria might not not exist in a continuous Tullock291

contest where elasticities take a common value exceeding 2. Complexity results about the292

existence of pure Nash equilibria in general discrete aggregative games appear in [60]. Mixed293

Nash equilibria for a continuous Tullock contest were considered in [7, 26, 29].294

The utility gradient of a game with compact strategies is defined as the vector each295

component of which is the partial derivative of each player’s utility function with respect to296

the player’s own strategy; the game is strictly monotone if the inner product of the difference297

between two arbitrary profiles and the difference between the corresponding utility gradients298

is strictly negative. An important property of a strictly monotone game is that it has strictly299

concave utility functions; using this property, it was shown in [56, Theorem 2] that a strictly300

monotone game has a unique pure Nash equilibrium. Another subclass of strictly concave301

games known to have a pure Nash equilibrium are the so called socially concave games [22,302

Theorem 3.1]. Linear Cournot oligopoly games, well-known to be strategically equivalent to303

Tullock contest games (see, e.g., [62]), have been shown to be socially concave [22, Lemma304

4.2]; hence, so is the Tullock contest game.305

Ewerhart [27] proves that a Tullock contest with linear costs and anonymous players306

belongs to the class of best-response potential games [65], containing the class of exact307

potential games and related to the classes of weighted, ordinal and generalized ordinal308

potential games — see [65, Figure 1] for their relations. This yields that the contest game309

with anonymous players and linear costs is a best-response potential game. Best-response310

dynamics in Tullock contests have been recently studied in [23, 33, 34] for continuous Tullock311

contests. A short conference paper [17] outlines a general model for a Tullock contest game,312

in which, effectively, also payments are player-specific [47]: there is no common β; instead,313

effectively each player i has her own βi. [17] claims (with no proofs) the existence of pure314

Nash equilibria and an upper bound on the Pure Price of Anarchy.315

Related to Theorem 4 is [54, Theorem 7.1], proving that a symmetric Nash equilibrium316

in a symmetric game with n players and Q strategies can be computed to precision ϵ in time317
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polynomial in nQ, the number of bits required for the representation of the utility functions318

and log 1/ϵ. For anonymous contest games, where the utility functions can be described with319

Θ(log n + Q) bits, the algorithm in [54, Theorem 7.1] specializes to an algorithm running in320

time Θ
(
poly(nQ) · log 1/ϵ

)
. The algorithm in Theorem 4 significantly improves on running321

time, while computing all (as opposed to an arbitrary one) Nash equilibria, thanks to the322

small-supports property, which is a consequence of the strict concavity property.323

The first strategic game with a single irrational Nash equilibrium is the famous Three-Man324

Poker Game, discussed in the celebrated work of Nash [49] and originally solved by Nash and325

Shapley [48]. Other examples of strategic games with a (single) irrational Nash equilibrium326

come from certain classes of congestion games [30, 31], financial networks games [39, 40]327

or from the class of 3-player games [9, 12, 13]. Less well-known in the Algorithmic Game328

Theory community are some examples of Bayesian games defined from Tullock contests with329

only irrational Bayes-Nash equilibria; see, e.g., [1, Example 2]. A preprint by Ewerhart [28]330

presents the first (to our knowledge) example of a 5-players Tullock contest game with a331

single Nash equilibrium that is even not expressible by radicals, by virtue of Galois Theory332

(see, e.g. [28, Section 2]). In the spirit of Theorem 14, we have no reason to doubt the333

existence of a corresponding 5-players Tullock contest game with Q = 2.334

Birmpas et al. [15, Theorem 2] analysed the Pure Price of Anarchy against a Non-335

Proportional Social Optimum for contest games with voluntary participation, restricting336

their analysis to contest games with Q = 3 and corresponding efforts f2 = 1 and f3 = α,337

for some α > 1; they prove that for any pure Nash equilibrium q and Non-Proportional338

Social Optimum q∗
np, f(q∗

np) ≤ 4f(q) + 6α, implying that APPoA(Gvp) ≤ 4 against a Non-339

Proportional Social Optimum. They provide no lower bound on the corresponding Pure340

Price on Anarchy; instead, they prove that an absolute additive factor of α − 1 is unavoidable.341

The upper bound we prove on the Mixed Price of Anarchy against a Non-Proportional Social342

Optimum significantly improves and extends the one claimed by Birmpas et al. [15, Theorem343

2] for their restricted setting with Q = 3, where the assumption that fq divides fq+1 for each344

q ∈ {2, . . . , Q − 1} is satisfied by design. Specifically, our upper bound concerns the Mixed345

Price of Anarchy and an arbitrary number of qualities, while it more than halves the upper346

bound in [15, Theorem 2]. It is significant that we upper-bound the Mixed Price of Anarchy347

as pure Nash equilibria may fail to exist for the contest games considered in [15]: although348

Birmpas et al. [15, Theorem 1] claim the existence of pure Nash equilibria under voluntary349

participation for their contest games with Q = 3, we provide counterexamples to existence350

under voluntary participation in the Appendix (Section C). Hence, the Pure Price of Anarchy351

is not even well-defined for the contest games considered in [15]. The Asymptotic Price of352

Anarchy was introduced in [24] in the context of selfish bin packing. Subsequently, both353

attracted interest — see, e.g., [11] and references therein.354

The Logit-Form CSF φ (fqi
)∑

k∈[n] φ (fqk
) [19] generalizes the Ratio-Form CSF (cf. [10, Section355

2.4]). The particular case where φ (fqi
) = αi (fqi

)ri , where ri, αi > 0 are the effort’s elasticity356

or decisiveness [26] and the efficiency or weight, respectively, gives rise to a generalized357

Tullock contest [63] with Ûr,α
i (q) = αi(fqi)ri

fr,α(q) β − si αi(fqi
)ri ; r and α are the elasticity and the358

weight vectors, respectively, and fr,α(q) =
∑n

k=1 αk (fqk
)rk . When ri ≤ 1 for all players i, the359

Generalized-Form CSF remains strictly concave and the shown results on the Tullock contest360

for the case r = 1 shown in Section 4 carry over. He et al. [38] consider the complexity of361

computing or deciding the existence of pure Nash equilibria for continuous Tullock contests.362

Although existence results for that model may carry over to the discrete Tullock contest game,363

where possible efforts are constrained to specific discrete values, computational algorithms364
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might not – the computational methods outlined in [38] perform, e.g., binary search over365

continuous strategy spaces (such as their claimed FPTAS for computing a ε-pure Nash366

equilibrium, if one exists [38, Algorithm 1]), or mirror decent based on the exact gradient367

of their utility function (such as their claimed method for finding a pure Nash equilibrium368

when ri ≤ 1 [38, Section 4.1], employing the MMD with perfect gradient algorithm from [16],369

under additional regularity assumptions on the utility functions).370

4 Symmetric Nash Equilibria for an Anonymous Contest Game371

We start with a property of symmetric mixed Nash equilibria in Tullock contest games:372

▶ Proposition 2. In the discrete Tullock contest game, players with different skills cannot373

play the same mixed strategy in a Nash equilibrium. Hence, there can be no symmetric374

non-pure Nash equilibrium unless the game is anonymous.375

Proof. Given a partial profile q−k and a partial mixed profile σ−k for any player k ∈ [n],376

denote f(q−k) :=
∑

l∈[n]\{k} fql
and Prσ−k

(q−k) :=
∏

l∈[n]\{k} σl(ql). For a quality q ∈ [Q] and377

a partial mixed profile σ−k, Uk(q, σ−k) = β
∑

q∈[Q]n

Prσ−k
(q−k) fq

fq + f(q−k) −skfq if f(q) = fq +f(qk) > 0,378

or 0 if f(q) = 0. Define the function g(k) = Prσ−k
(q−k) fq

fq + f(q−k) for k ∈ [n]. Assume, by way of379

contradiction, that there is a mixed Nash equilibrium σ in which players i, j ∈ [n], with380

∆i,j := sj − si > 0, play the same mixed strategy. The assumption implies that g(i) = g(j),381

or Prσ−i
(q−i) fq

fq + f(q−i)
= Prσj

(q−j) fq
fq + f(q−j) . It follows that

∑
q∈[Q]n

Prσ−i
(q−i) fq)

fq + f(q−i)
=
∑

q∈[Q]n

Prσ−j
(q−j) fq

fq + f(q−j) .382

Hence, Uj(q, σ−j) = Ui(q, σ−i) − ∆i,jfq. By the Small&Consecutive-Supports property,383

Uj(q∗, σ−j) = Ui(q∗, σ−i) − ∆i,j fq∗ and Uj(q∗ + 1, σ−j) = Ui(q∗ + 1, σ−i) − ∆i,j fq∗+1, where384

q∗ and q∗ + 1 are the two consecutive qualities. By Lemma 1, we have Ui(q∗, σ−i) =385

Ui(q∗ + 1, σ−i) and Uj(q∗, σ−j) = Uj(q∗ + 1, σ−j). It follows that Ui(q∗, σ−i) − ∆i,jfq∗ =386

Ui(q∗ + 1, σ−i) − ∆i,jfq∗+1; that is, fq∗ = fq∗+1, contradicting the fact that f is strictly387

increasing. The claims follow. □388

The careful reader may have observed that the proof of Proposition 2 does not use the389

particular definition of the utility function in the discrete Tullock contest game, which390

happens to be aggregative, but only uses the Small&Consecutive-Supports property, which391

is a consequence of its strict concavity. Hence, Proposition 2 readily extends to all (finite)392

discrete concave games, even to those that are not aggregative.393

▶ Corollary 3. In a concave game with non-anonymous players, players cannot play the394

same mixed strategy in a Nash equilibrium. Hence, there can be no symmetric non-pure Nash395

equilibrium unless the game is anonymous.396

We now use Proposition 2 to establish that symmetric mixed Nash equilibria for an anonymous397

and discrete Tullock contest game are computable in pseudo-polynomial (resp, polynomial)398

time with respect to n (resp., to Q):399

▶ Theorem 4. There is an algorithm to compute, given an anonymous and discrete Tullock400

contest game, all symmetric Nash equilibria to a fixed precision ϵ and count the number of401

rational Nash equilibria in time Θ (Q · poly(n) · log 1/ϵ).402

Proof. By Proposition 2, we have to search for both pure and mixed symmetric Nash403

equilibria. Here is an algorithm to compute them all in the anonymous game:404
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(1) Check all pure strategies. Each can be checked in Θ(1) time, for a total time Θ(Q).405

(2) We now consider mixed strategies, aiming to construct and solve a univariate polynomial406

equation expressing the IP, which is both necessary and sufficient for a Nash equilibrium407

in a concave game. Specifically, for each mixed support {q∗, q∗ + 1}, where 1 ≤ q∗ < Q408

(thanks to the Small&Consecutive-Supports Property) and players choose qualities q∗ and409

q∗ + 1 with probabilities x and 1 − x, respectively:410

(2.a) For any i, formulate the univariate (in x) IP equation Ui(q∗, σ−i) = Ui(q∗ + 1, σ−i);411

this is an equation of degree at most n − 1 with coefficients of size polynomial in n412

and Q.413

(2.b) Solve the equation in (2.a) using an optimal algorithm by Pan [50, 51, 52] for root-414

finding in univariate polynomials, which either returns a solution (to precision ϵ) in415

the interval (0, 1) or replies that the equation has no solution. (Note that the returned416

set of solutions to precision ϵ includes all rational, irrational and non-expressible by417

radicals solutions as well; by Galois Theory, the latter might exist for n ≥ 5. )418

Since there are Q−1 supports to check and Pan’s algorithm has (optimal) Θ(poly(n) · log 1/ϵ)419

time complexity, the total time complexity is Θ (Q · poly(n) · log 1/ϵ). We remark that the420

algorithm in [54] relies on importing the approach in the seminal paper of Renagar [55],421

which also leads to time complexity Θ (poly(n) · log 1/ϵ) but resorts to Quantifier Elimination422

algorithms (see, e.g., [5, Chapter 14]), which are not always practical.423

For counting the number of rational Nash equilibria, we use the Rational Root Theorem:424

For each rational solution p
q , where p and q are relatively prime, of a univariate polynomial425

equation with integer coefficients, p divides the constant term and q divides the coefficient of426

the leading term. The Rational Roots Theorem gives a finite number of possible fractions and427

checking if they are roots yields the rational Nash equilibria. □428

Although the time complexity of the algorithm from Theorem 4 is polynomial in both n and429

Q, the algorithm does not count as a polynomial one since its input size is Θ(log n + Q) bits;430

however, it becomes a polynomial algorithm when n is polynomial in Q. This algorithm is an431

instance of a general algorithm to compute all Nash equilibria of a discrete and anonymous,432

concave game whose size is polynomial in n and the number Q̃ of pure strategies:433

▶ Theorem 5. There is an algorithm to compute, given an arbitrary, discrete, anonymous434

and concave game whose utility functions have size polynomial in n and the number Q̃ of435

pure strategies, all symmetric Nash equilibria to a fixed precision ϵ and count the number of436

rational Nash equilibria in time Θ
(

Q̃ · poly(n) · log 1/ϵ
)

.437

5 The Mixed Price of Anarchy438

We establish almost-matching bounds on MPoA for contest games with voluntary participation439

against a Proportional Social Optimum and a Non-Proportional Social Optimum, respectively.440

Let Pq(q) denote the set of players choosing quality q in q. Say that player i necessarily441

contributes in the profile q if i ∈ Pq(q) for some quality q > 1. Generalizing to mixed profiles,442

player i necessarily contributes in the mixed profile σ if σ1
i = 0; so, player i necessarily443

contributes in any profile that can be realized in σ.444

5.1 MPoA Against a Proportional Social Optimum445

We start with an upper bound on Proportional Social Optimum. A simple technical fact,446

which we prove using Schwarz’s Inequality, will be instrumental for the proof:447
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▶ Lemma 6. Consider two sequences a1, . . . ak and x1, . . . , xk of k ≥ 1 real numbers such448

that aj > 0 and xj ≥ 0 for each j ∈ [k]. Then,
∑k

j=1 ajxj ·
∑k

j=1
xj
aj

≥
(∑k

j=1 xj

)2
.449

▶ Theorem 7. Fix a Nash equilibrium σ and a Proportional Social Optimum q∗
pr for450

the contest game CG with voluntary participation. Then, f(q∗
pr) ≤ f(σ) + ϕ(CG), where451

ϕ(CG) = f2 if Q = 2 and ϕ(CG) = maxc≥2 min
{

c(fQ − f2), c
c − 1 fQ

}
if Q > 2. Hence,452

AMPoA(Gvp) = APPoA(Gvp) = 1 against a Proportional Social Optimum.453

Proof. If f(q∗
pr) = 0, the claim trivially holds. So assume that f(q∗

pr) > 0 and consider454

a player i ∈ [n] who always contributes in q∗
pr. Consider any quality q ≥ 2 such that455

i ∈ Pq∗
pr

(q). Since q∗
pr is feasible, β fq

f(q∗
pr) − sifq ≥ 0. Since fq > 0, si ≤ β

f(q∗
pr) . As-456

sume first that σ1
i > 0, i.e., i does not always contribute in σ. By definition of con-457

ditional expected utility, Ui(2, σ−i) =
∑

q−i∈[Q]n−1

(
Prσ−i(q−i)

(
β f2

f(q−i) + f2
− sif2

))
=458

β f2
∑

q−i∈[Q]n−1

(
Prσ−i

(q−i)
f(q−i) + f2

)
− sif2. Since σ is a Nash equilibrium and 1 ∈ suppi(σ),459

Lemma 1 implies that Ui(2, σ−i) ≤ Ui(1, σ−i) = 0. Since f2 > 0, it follows that si ≥460

β
∑

q−i∈[Q]n−1
Prσ−i

(q−i)
f(q−i) + f2

≥ β
∑

q−i∈[Q]n−1
Prσ−i

(q−i)
f(q) + f2

. Set k := |[Q]n−1| = Qn−1 and map461

every partial profile q−i ∈ [Q]n−1 to a distinct index j ∈ [k]. Defining xj := Prσ−i(q−i) ≥ 0462

and aj := f(q) + f2 > 0 for each j ∈ [k], by Lemma 6 and observing that
∑

j∈[k] xj =463 ∑
q−i∈[Q]n−1 Prσ−i(q−i) = 1, it follows that si ≥ β∑

q−i∈[Q]n−1(Prσ−i(q−i)(f(q) + f2)) =464

β
f(σ) + f2

. Since si ≤ β
f(q∗

pr) , it follows that f(q∗
pr) ≤ f(σ) + f2. For Q = 2, the proven inequal-465

ity is the claim. For Q > 2, taking a sufficiently large c yields min
{

c(fQ − f2), c
c − 1 fQ

}
≥ fQ,466

so that ϕ(CG) ≥ fQ > f2 and the claim holds.467

So far the claim has been proved assuming that there exists a player that is always contribut-468

ing in q∗
pr but not always contributing in σ. It remains to consider the case where every always469

contributing player in q∗
pr always contributes in σ. Then, the number c ≥ 1 of always con-470

tributing players in q∗
pr is at most the number of always contributing players in σ. It follows471

that f(q∗
pr) ≤ c fQ and f(σ) ≥ c f2, so that ∆ := f(q∗

pr)−f(σ) ≤ c (fQ −f2). For c ≥ 2, we prove472

an alternative upper bound on ∆. Let i be an always contributing player in q∗
pr who is playing473

with positive probability the lowest quality in σ. Formally, there are qualities k, h ∈ [Q] \ {1}474

such that (i) i ∈ Pq∗
pr

(k), σh
i > 0 and σq

i = 0 for each quality q < h, and (ii) there exists no475

other always contributing player i′ in q∗
pr such that σq

i′ > 0 for some quality q < h. Clearly,476

if h = Q, then f(q∗
pr) ≤ f(σ) immediately holds and we are done; so assume that h < Q,477

implying that h + 1 ≤ Q. By definition of conditional expected utility, Ui(h + 1, σ−i) =478 ∑
q−i∈[Q]n−1

(
Prσ−i (q−i)

(
β fh+1

f(q−i)+fh+1
− sifh+1

))
= β fh+1

∑
q−i∈[Q]n−1

(
Prσ−i (q−i)

f(q−i) + fh+1

)
− sifh+1479

and Ui(h, σ−i) =
∑

q−i∈[Q]n−1

(
Prσ−i (q−i)

(
β fh

f(q−i) + fh
− sifh

))
= β fh

∑
q−i∈[Q]n−1

(
Prσ−i (q−i)
f(q−i) + fh

)
−480

sifh. As σ is a Nash equilibrium and quality h ∈ suppi(σ), by Lemma 1, Ui(h + 1, σ−i) ≤481

Ui(h, σ−i). Plugging in the above expressions for Ui(h + 1, σ−i) and Ui(h, σ−i), and di-482

viding through by fh+1 − fh > 0 yields si ≥ β
∑

q−i∈[Q]n−1
Prσ−i

(q−i) f(q−i)
(f(q−i) + fh)(f(q−i) + fh+1) .483

As done before, defining k := |[Q]n−1| = Qn−1, xj := Prσ−i(q−i) ≥ 0 (implying that484 ∑
j∈[k] xj = 1) and aj := f(q−i)

(f(q−i) + fh)(f(q−i) + fh+1) > 0 by Lemma 6, we obtain si ≥485
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β
∑

q−i∈[Q]n−1
Prσ−i (q−i) f(q−i)

(f(q−i) + fh)(f(q−i) + fh+1) ≥ β∑
q−i∈[Q]n−1

(
Prσ−i (q−i) (f(q−i) + fh)(f(q−i) + fh+1)

f(q−i)

) =486

β∑
q−i∈[Q]n−1

(
Prσ−i (q−i)

(
f(q−i) + fh+1 + fh + fh fh+1)

f(q−i)

)) . For any profile q realized in σ, since487

i is choosing qualities of at least h, we have f(σ) ≥
∑

q−i∈[Q]n−1
(
Prσ−i

(q−i) (f(q−i) + fh)
)
.488

Moreover, by assumption, in each partial profile q−i realized in σ−i there are at least c − 1489

players who are not playing qualities smaller than h. It follows that f(q−i) ≥ (c − 1)fh.490

Hence, we conclude that si ≥ β∑
q−i∈[Q]n−1

(
Prσ−i

(q−i)
(

f(q−i) + fh+1 + fh + fh fh+1)
f(q−i)

)) ≥491

β
f(σ) + c

c − 1 fh+1
. Since si ≤ β

f(q∗
pr) , this implies that f(q∗

pr) ≤ f(σ) + c
c − 1 fh+1 ≤492

f(σ)+ c
c − 1 fQ. It follows that ∆ ≤ c

c − 1 fQ when c ≥ 2. Together with the proved bound ∆ ≤493

c(fQ − f2) for c ≥ 1, it follows that ∆ ≤ max
{

fQ − f2, maxc≥2 min
{

c(fQ − f2), c
c − 1 fQ

}}
.494

Observe that for c = 2 the attained minimum is by 2(fQ − f2) > fQ − f2. Hence, ∆ ≤495

maxc≥2 min
{

c(fQ − f2), c
c − 1 fQ

}
= ϕ(CG), as needed. Since the difference between the496

total effort of a Proportional Social Optimum and that of any Nash equilibrium is bounded497

by ϕ(CG) ≤ 2fQ, the tight bound on the Asymptotic Mixed Price of Anarchy follows. □498

An almost-matching lower bound holds even when restricting to the Pure Price of Anarchy499

and to anonymous contest games:500

▶ Theorem 8. There exists an anonymous contest game with voluntary participation, which501

has, for any integer c ≥ 2, a pure Nash equilibrium q and a Proportional Social Optimum502

q∗
pr such that f(q∗

pr) ≥ f(q) + c(fQ − f2).503

Proof. Fix an integer c ≥ 2. Consider the anonymous contest game with n = c anonymous504

players, β = c · fQ, and Q = 3, with fQ = f3 ≤ (c − 1)
c − 2 f2 if c ≥ 3, and fQ > f2 if c = 2.505

The profile q in which all players choose quality Q is feasible as β fQ
c fQ − fQ = 0. So since506

q maximizes total effort, it is a Proportional Social Optimum. Consider now the profile q507

in which all players choose quality 2. In q each player’s utility is β·f2
c·f2

− f2 = fQ − f2 > 0.508

Hence, no player has an incentive to deviate to quality 1. Now if a player chooses quality509

Q, she gets utility β fQ
fQ + (c − 1)f2

− fQ =
c f2

Q

fQ + (c − 1)f2
− fQ = (c − 1)fQ(fQ − f2)

fQ + (c − 1)f2
. The last510

quantity never exceeds fQ − f2 since, by assumption, c = 2 or c ≥ 3 and fQ ≤ (c − 1)f2
c − 2 . So q511

is a pure Nash equilibrium, and the claim follows. □512

5.2 MPoA Against a Non-Proportional Social Optimum513

We now show how to extend the upper bound in Theorem 7 to the case of Non-Proportional514

Social Optimum. To do so, we need an assumption on the effort function, namely that for each515

q ∈ {2, . . . , Q − 1}, fq divides fq+1. For every quality q, we define a set Aq and a number n∗
q516

which are constructed by backward induction as follows. AQ is the set of all players with lower517

indices that can choose quality Q and receive a non-negative utility; n∗
Q denotes the largest518

index of a player in AQ. AQ−1 is the set of all players with lower indices other than those in519

AQ that can choose quality Q−1 and receive a non-negative utility, assuming that the players520

in AQ are playing quality Q; n∗
Q−1 denotes the largest index of a player in AQ−1. In general,521

Aq is the set of all players with lower indices other than those in
⋃

h>q Ah that can choose522
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quality q and receive a non-negative utility, assuming that, for each h > q, the players in Ah523

are playing quality h; n∗
q denotes the largest index of a player in Aq. Formally, set n∗

Q+1 := 0;524

for every q = Q, Q − 1, . . . , 2, define n∗
q := max

{
i ∈ [n] ∪ {0} : i ∈ Aq ∪ {n∗

q+1}
}

, where Aq525

is defined as the set of all i ∈ [n] \ [n∗
q+1] such that

∑Q
h=q+1(n∗

h − n∗
h+1)fh + (i − n∗

q+1)fq ≤ β
si

.526

We start with proving the existence of a Proportional Social Optimum with a certain property.527

▶ Proposition 9. For a contest game with voluntary participation, assume that for each528

q ∈ {2, . . . , Q − 1}, fq divides fq+1. Then, there is a Proportional Social Optimum q∗
pr with529

Pq∗
pr

(q) = [n∗
q ] \ [n∗

q+1] for every q ∈ [Q] \ {1}.530

Proof. We define two transformations which, given a feasible Proportional Social Optimum,531

construct a second Proportional Social Optimum with a required property.532

Transformation T1 constructs a contiguous [46, Section 4] Proportional Social Optimum:533

one in which the quality chosen by any player i is at least as large as any quality chosen by534

a player j with j > i. Towards this end, consider a feasible, non-contiguous Proportional535

Social Optimum q′ such that q′
i < q′

j for players i and j with i < j. By the feasibility536

of q′,
β · fq′

i

f(q′) − sifq′
i

≥ 0 and
β · fq′

j

f(q′) − sjfq′
j

≥ 0. Let q′′ be the profile in which i and j537

swap their chosen qualities; so q′′
i = q′

j and q′′
j = q′

i; Clearly, f(q′′) = f(q′); hence, q′′
538

is also a Proportional Social Optimum. For player i,
β · fq′′

i

f(q′′) − sifq′′
i

=
β · fq′

j

f(q′) − sifq′
j

≥539

β · fq′
j

f(q′) − sj fq′
j

≥ 0. Since fq′
j

> 0,
β · fq′

j

f(q′) − sj fq′
j

≥ 0 implies that β
f(q′) − sj ≥ 0. It follows540

that
β · fq′′

j

f(q′′) − sjfq′′
j

≥ 0, so that the Proportional Social Optimum q′′ is feasible.541

Observe that T1 preserves the number of always contributing players. So a finite number542

of applications of T1 is sufficient to obtain a contiguous Proportional Social Optimum543

starting with a non-contiguous one.544

Transformation T2 constructs a Proportional Social Optimum where, for every quality545

q ∈ {2, . . . , Q − 1}, the number of players contributing a review of quality q is strictly546

smaller than fq+1
fq . Towards this end, consider a Proportional Social Optimum q such547

that |Pq(q)| ≥ fq+1
fq for some quality q ∈ {2, . . . , Q − 1}. Consider the smallest index548

i ∈ Pq(q). Consider a subset R ⊆ Pq(q) \ {i} with |R| = fq+1
fq − 1. Let q′ be the549

profile obtained by setting q′
i = q + 1, q′

j = 0 for each j ∈ R and q′
j = qj for all550

j ∈ [n] \ (R ∪ {i}). Clearly, f(q′) = f(q); hence, q′ is also a Proportional Social Optimum.551

Since β · fq
f(q) −sj fq ≥ 0 for each j ∈ R∪{i}, it follows that 0 ≤

∑
j∈R∪{i}

(
β fq
f(q) − sjfq

)
=552

fq+1
fq · β fq

f(q) − fq
∑

j∈R∪{i} sj ≤ β fq+1
f(q) − fq+1

fq fq si = β fq+1
f(q) − sifq+1. Clearly, T2 strictly553

decreases the number of always contributing players.554

The properties of the transformations T1 and T2 established above imply that a finite555

sequence of their applications yields a contiguous Proportional Social Optimum q with556

|Pq(q)| <
fq+1
fq for each q ∈ {2, . . . , Q − 1}. If q = q∗

pr we are done; so assume q ̸= q∗
pr. Define557

q as the largest quality such that Pq(q) ̸= Pq∗
pr

(q).558

Assume that |Pq(q)| > |Pq∗
pr

(q)|. Define i∗ := min
(

Pq(q) \ Pq∗
pr

(q)
)

. As (i) both q and559

q∗
pr are contiguous, (ii) Pq(h) = Pq∗

pr
(h) for each h > q, (iii) |Pq(q)| > |Pq∗

pr
(q)| and (iv)560
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q is feasible, we derive si∗ fq ≤ β · fq
f(q) ≤ β · fq∑

j∈[i∗] fqj

= β · fq
Q∑

h=q+1
(n∗

h − n∗
h+1) fqh

+ (i∗ − n∗
q+1)fq

,561

which contradicts the definition of n∗
q . Hence, |Pq(q)| < |Pq∗

pr
(q)|. As both q and q∗

pr are562

contiguous, Pq(h) = Pq∗
pr

(q) for each quality h > q and |Pq(q)| < |Pq∗
pr

(q)|, it follows that563

fq∗
pr

≥
∑Q

h=q+1(n∗
h − n∗

h+1)fqh
+ |Pq∗

pr
(q)|fq and f(q) ≤

∑Q
h=q+1(n∗

h − n∗
h+1)fqh

+ |Pq(q)| fq +564 ∑q−1
h=1 |Pq(h)|fqh

, which yields f(q∗
pr) − f(q) ≥ fq −

∑q−1
h=1 |Pq)(h)|fqh

. Since |Pq(h)| <
fh+1
fh565

for each h ∈ {2, . . . , Q − 1}, it follows that
∑q−1

h=1 |Pq(h)|fqh
< fq. Hence, f(q∗

pr) > f(q). A566

contradiction to the fact that q is a Proportional Social Optimum. □567

Removing the assumption that fq divides fq+1 for all q ∈ [Q − 1] from Proposition 9, or568

proving that the assumption is necessary, remains a very interesting open problem. We now569

establish a connection between Proportional and Non-Proportional Social Optima.570

▶ Proposition 10. For a contest game with voluntary participation, assume that for each571

q ∈ {2, . . . , Q − 1}, fq divides fq+1, and consider a Proportional Social Optimum q∗
pr and a572

Non-Proportional Social Optimum q∗
np. Then, f(q∗

np) ≤ 2 f(q∗
pr) + fQ.573

Proof. [15, Lemma 2] implies that there exists a Non-proportional Social Optimum q∗
np574

with f(q∗
np) ≤ fQ (i∗ + 1), where i∗ := max{i ∈ [n] | fQ ·

∑
i∈[i∗] si ≤ β}. Using q = Q in575

Proposition 9 and recalling that n∗
Q+1 := 0, we derive that there exists a Proportional Social576

Optimum q∗
pr in which n∗

Q players choose quality Q, so that f(q∗
pr) ≥ fQ n∗

Q. By the definition577

of n∗
Q, we have β

n∗
Q + 1 − fQ sn∗

Q
+1 < 0. Assume that n∗

Q < i∗

2 . Then, i∗ − n∗
Q ≥ i∗ + 1

2 and578

n∗
Q + 1 ≤ i∗ + 1

2 , by sn∗
Q

+1 >
β

fQ (n∗
Q + 1) ≥ β

fQ i∗ + 1
2

. So
∑i∗

i=n∗
Q

+1 fQsi ≥ i∗ + 1
2 sn∗

Q
+1 >579

i∗ + 1
2

fQβ

fQ i∗ + 1
2

= β, contradicting the definition of i∗. Hence, n∗
Q ≥ i∗

2 . Then, f(q∗
np) ≤580

fQ i∗ + fQ ≤ 2 fQ n∗
Q + fQ ≤ 2f(q∗

pr) + fQ, as needed. □581

We are now ready to show almost tight bounds on the Mixed Price of Anarchy and the582

Asymptotic Mixed Price of Anarchy. Combining Theorem 7 and Proposition 10, we obtain:583

▶ Theorem 11. For a contest game with voluntary participation, assume that for each584

q ∈ {2, . . . , Q−1}, fq divides fq+1 and fix a Nash equilibrium σ and a Non-Proportional Social585

Optimum q∗
np. Then, it holds that f(q∗

np) ≤ 2f(σ) + 2ϕ(CG) + fQ. Hence, AMPoA(Gvp) ≤ 2586

against a Non-Proportional Social Optimum.587

Proof. Fix a Proportional Social Optimum q∗
pr. By Theorem 7 and Lemma 10, 2f(σ) +588

2ϕ(CG) + fQ ≥ 2f(q∗
pr) + fQ ≥ f(q∗

np), which implies that AMPoA(Gvp) ≤ 2 against a589

Non-Proportional Social Optimum. □590

Proving a lower bound to complement Theorem 11 remains an interesting open problem.591

6 Contest Games with Rational and Irrational Nash Equilibria592

We show via an exhaustive case analysis (the complete proof is in the Appendix (Section F)):593

▶ Theorem 12. Consider the anonymous contest game CG with n = 3, β = 1 and mandatory594

participation. Assume that f1 > 1
3 and minℓ∈[Q−1](fℓ+1 − fℓ) is sufficiently large. Then:595

(1) CG has no irrational Nash equilibrium.596
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(2) CG has a unique, non-pure and rational Nash equilibrium, which is symmetric, if and597

only if for each quality ℓ ∈ [Q − 1], 0 <
(2fℓ+1 + fℓ)(2 − 3(2fℓ + fℓ+1))

fℓ+1 − fℓ < 1.598

We now turn to a class of contest games with a unique Nash equilibrium that is irrational.599

As a tool, we derive the Elementary Symmetric Polynomials Indifference Equation, or IE for600

short, which expresses the IP. It owes its name to the elementary symmetric polynomials601

from the theory of symmetric polynomials [45] it involves. We show (the complete proof is602

in the Appendix (Lemma G)):603

▶ Proposition 13 (Elementary Symmetric Polynomials Indifference Equation). Consider an604

anonymous contest game under mandatory participation. Then, in a Nash equilibrium σ, for605

a mixed player i ∈ [n] with suppi(σ) = {ℓ, ℓ + 1},606

∑
1≤t≤n−1

(
t
(
f2
ℓ+1 − f2

ℓ

)
((n − t) fℓ+1 + t fℓ) ((n − t) fℓ + t fℓ+1) ·607  ∑

S⊆[n]\{i}||S|=t

(
en−1−|S|(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))608

− 1
n

(
n−1∑
k=1

(−1)kek(σ−i) − en−1(σ−i)

)
= 1

n
+ fℓ+1 − fℓ .609

We now use Proposition 13 to show (the complete proof is in the Appendix (Section H)):610

▶ Theorem 14. Every anonymous contest game with n = 4, Q = 2 and a sufficiently611

large ratio α := f2/f1 has an irrational Nash equilibrium, which is unique, fully mixed and612

symmetric.613

In view of Theorem 14, it is natural to investigate the existence of special cases of the general614

problem of computing a Nash equilibrium that lie in PPAD. Towards this end, we consider615

the computation of an ε-approximate pure Nash equilibrium, with ε > 0: a profile q such that616

for any player i and quality q̂ ∈ [Q], Ui(q̂, q−i) ≤ Ui(q) + ε. The Lipschitz constant of a game617

G [2] is given by δ = δ(G) := max{|Ui(si, s′
−i) − Ui(si, s′

−i)|}, where the maximum ranges618

over all players i, all strategies si in her strategy set and all pairs s′
−i and s′′

−i that differ in619

the strategy chosen by one player. Thus, for a game with Lipschitz constant δ, the utility of620

a player does not change by more than δ when a single opponent changes her strategy. A621

λ-Lipschitz game G, or just Lipschitz game, has δ(G) = λ; for any ε > 0, an ε
2n -Lipschitz622

game with n players has an ε-pure Nash equilibrium [2, Proposition 2.3]. If the Lipschitz623

constant of a game is o
(

1
n

)
, then, when the number n of players grows, any game with624

sufficiently many players has an additive ε-pure Nash equilibrium, since in this case a player’s625

utility is essentially independent of the strategies chosen by her opponents. Formally, for a626

function δ : ℕ → [0, 1] such that δ(n) = o
(

1
n

)
. for every ε > 0, there is an integer N = N(ε)627

such that every game with n ≥ max{Q, N(ε)} players and Lipschitz constant smaller than628

δ(n) has an ε-pure Nash equilibrium [2, Corollary 2.4]. We use it to show:629

▶ Theorem 15. For any ε > 0, there is an integer N = N(ε) such that every contest game630

with n ≥ max{N(ε), Θ(Q)} players has an ϵ-approximate pure Nash equilibrium.631

Proof. Fix a contest game G and consider a player i, a quality qi and partial quality profiles632

q′
−i and q′′

−i in which player j chooses qualities q′
j and q′′

j , respectively, and all other players633

choose the same qualities in the two partial quality profiles. Denote as (qi, q′
j , q−{i,j}) (resp.,634
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(qi, q′′
j , q−{i,j})) the profiles in which player i chooses quality qi, player j chooses quality635

q′
j (resp., quality q′′

j ) and all other players choose qualities as in q−i; so all other players636

choose the same qualities in the profiles (qi, q′
j , q−{i,j}) and (qi, q′′

j , q−{i,j}). Denote the637

number of players choosing quality q in a profile q as Nq(q). Clearly, N(qi,q′′
j

,q−{i,j})(q′
j) =638

N(qi,q′
j
,q−{i,j})(q′

j) − 1 and N(qi,q′′
j

,q−{i,j})(q′′) = N(qi,q′
j
,q−{i,j})(q′′

j ) + 1. Define the function639

δ(n) := δ(G). We prove a simple fact (the complete proof is in the Appendix (Section I)):640

▶ Lemma 16. δ(n) = o (1/n).641

Define fmin := f2 if f1 = 0 or f1 if f1 > 0; so fmin is the smallest non-zero effort. (Using642

fmin allows proving the result for either mandatory or voluntary participation.) Note that643 (∑
q∈[Q] fqN(qi,q′

j
,q−{i,j})(q)

)(∑
q∈[Q] fqN(qi,q′′

j
,q−{i,j})(q)

)
≥ f2

min

(∑
q∈[Q] N(qi,q′

j
,q−{i,j})(q)

)
644 (∑

q∈[Q] N(qi,q′′
j

,q−{i,j})(q)
)

= f2
min ·n2 = Θ(n2). Hence, min

{∣∣∣(∑q∈[Q] fqN(qi,q′
j
,q−{i,j})(q)

)
645 (∑

q∈[Q] fq N(qi,q′′
j

,q−{i,j})(q)
)∣∣∣} = Ω(n2). Since Ω(n2) ⊂ ω(n), this implies that δ(n) =646

o
(

1
n

)
. Hence, by [2, Corollary 2.4], the claim follows. □647

We recall from [35, Theorem 3.2] (see also [36, Theorem 7] for a simplified statement):648

There is some constant ε > 0 such that for all functions λ(n) = Θ(n− 3
4 ), computing an649

ε-approximate pure Nash equilibrium of a λ-Lipschitz game is PPAD-complete. Since the650

contest game is a λ-Lipschitz game for some function λ(n), the PPAD upper bound from [35,651

Theorem 3.2] is inherited to the class of contest games. For establishing PPAD-hardness, a652

reduction has been used in [35, Theorem 3.5] from the PPAD-complete problem of computing653

a (mixed) Nash equilibrium for a suitable polymatrix game. We do not know how to adjust654

the reduction in [35, Theorem 3.5] to the special case of contest games; doing so (or otherwise655

proving) remains a very interesting open problem. Hence, we are only able to claim:656

▶ Proposition 17. There is some constant ε > 0 such that computing an ε-approximate pure657

Nash equilibrium of a contest game is in PPAD.658

We finally show:659

▶ Theorem 18. Consider a contest game CG with proportional payments, anonymous players,660

mandatory participation, n = 3, Q = 2 and β = 1. Assume that (1) 0 < f1 < 1
27 and (2)661

4f1 < f2 ≤ 1 − 3f1
6 . Then, the mixed profile (0, x, y) is a Nash equilibrium if and only if662

x = y = 2f1 + f2
2(f2 − f1) .663

Proof. Represent a mixed profile as (σ1, σ2, σ3), where σi is the probability that player i664

chooses quality 1, i ∈ [3]. First assume that (0, x, y) is a Nash equilibrium. Since CG665

is symmetric, Theorem 12 implies that there is no irrational Nash equilibrium. We use a666

formulation of Lemma 1 from [61, Theorem 6.4] reproduced in the Appendix (Section A);667

these have the parameters i (for the player) and k (for the choice of pure strategy of player i).668

If x = 0 (and analogously if x = 1), the equations for i = 2 reduce to f1(f1 − f2)y(y − 1) = 0.669

By mandatory participation, this implies y(y − 1) = 1, which gives a pure strategy, a670

contradiction. So, we may assume that 0 < x, y < 1. A computation using Macaulay2 gives671

the following system of equations and inequality for x and y: (i) (x−y)(x+y−1)f2(f1−f2) = 0,672

(ii) y(y − 1)(x − y)f2(f1 − f2) = 0, (iii) y(y − 1)(2f1y − 2f2y − 2f1 − f2)f2(f1 − f2) = 0 and (iv)673

(f1 − f2)x + (f1 − f2)y + 6f2
1 + 15f1f2 + 6f2

2 − 4f1 − 2f2 ≥ 0. Since 0 < y < 1 and participation is674

mandatory, (ii) implies x = y, which makes (i) superfluous. Combining these proves the claim.675

Now, combining (1), 0 < y < 1 and the inequality above gives a system of two inequalities in676

f1 and f2. Simple calculations yield the ranges described in (1) and (2). □677
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7 Irrationality Vs. Rationality via Algebraic Geometry678

Our original motivation has been to import techniques from Algebraic Geometry (see the679

Primer in the Appendix (Section B)) into constructing reductions in hardness proofs for680

deciding the existence of irrational Nash equilibria in the contest game. Consider an n-players681

game with (expected) utility function U. Abusing notation, denote the game by U. We aim682

to construct the utility function Û for another game from a targeted class of games and, in683

particular, for the class of contest games with Q = 2. To reach this goal, it must hold that684

Û has an irrational Nash equilibrium if and only if U has an irrational Nash equilibrium.685

Towards this end, we construct a suitable isomorphism between algebraic varieties, defined686

over ℚ and preserving positive real points between the two varieties V̂ and V representing the687

Nash equilibria of Û and U, respectively. A promising approach towards such a construction688

is grounded on rational positive dilation of the coordinates, as done below for n-player,689

2-strategies games. Given that a computational hardness reveals a kind of universality,690

2-strategies games have had a central role also in recent works proving universality results691

about Nash equilibria [3, 4, 18, 64], perhaps for some yet uncovered reason – see [20, Open692

Problem 4.4].) We show:693

▶ Theorem 19. Assume that the utility functions U and Û of the n-players, 2-strategies games694

SG and ŜG, respectively, satisfy Ûi(j1, . . . , jn) = a
(1)
j1

· · · a
(i−1)
ji−1

a
(i+1)
ji+1

· · · a
(n)
jn

Ui(j1, . . . , jn), for695

a vector α =
(

a
(i)
ji

)
i∈[n],j1,...,jn∈[2]

of positive rationals, for each i ∈ [n]. Then, fully mixed696

Nash equilibria of SG are in bijective correspondence with fully mixed Nash equilibria of ŜG697

via the map given by coordinate-wise multiplication with α. Hence, SG has an irrational698

(resp., rational) fully mixed Nash equilibrium if and only if ŜG does.699

Proof. By [61, Theorem 6.6], the fully mixed Nash equilibria for U with di = 2 for each i700

are given by the positive real points of the variety V defined by the polynomials fi in the701

polynomial ring R = ℚ[p(k)
jk

| k ∈ [n], jk ∈ {1, 2}], with702

fi :=703 ∑
j1,...,ji−1,ji+1,...,jn∈{1,2}

(Ui(j1, . . . , ji−1, 2, ji+1, . . . , jn) − Ui(j1, . . . , ji−1, 1, ji+1, . . . , jn))
∏

k∈[n]\{i}

p
(k)
jk

,704

where i ∈ [2] and p
(k)
jk

denotes the probability that player k chooses pure strategy jk. For705

each k ∈ [n] and jk ∈ {1, 2}, a
(k)
jk

denotes a positive rational number. Denote as φ : R → R706

the map that fixes the ground field ℚ and maps p
(k)
jk

to a
(k)
jk

p
(k)
jk

. Since this is an isomorphism707

of ℚ-algebras, it induces an isomorphism 𝔸2k
ℂ → 𝔸2k

ℂ . From a geometric point of view,708

this isomorphism dilates the coordinate p
(k)
jk

by the positive rational factor a
(k)
jk

. φ maps a709

polynomial fk to the polynomial710

f̂k :=711 ∑
j1,...,ji−1,ji+1,...,jn∈{1,2}

(
Ûi(j1, . . . , ji−1, 2, ji+1, . . . , jn) − Ûi(j1, . . . , ji−1, 1, ji+1, . . . , jn)

) ∏
k∈[n]\{i}

p
(k)
jk

,712

where Ûi(j1, . . . , jn) := Ui(j1, . . . , jn)a(1)
j1

· · · a
(i−1)
ji−1

a
(i+1)
ji+1

· · · a
(n)
jn

. So, the f̂k’s define a variety713

V̂ whose positive real points are the fully mixed Nash equilibria of the game Û. As the714

dilation factors are positive rational numbers, φ preserves fully mixed Nash equilibria; so715

an irrational (resp., rational) fully mixed Nash equilibrium of U is mapped to an irrational716

(resp., rational) fully mixed Nash equilibrium of Û and vice versa. The dilation φ maps the717

defining polynomials for the fully mixed Nash equilibria of U to the defining polynomials718
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for the fully mixed Nash equilibria of Û. Since the a
(i)
ji

are positive rational numbers, its719

corresponding map of affine spaces restricts to a self-bijection of positive rational (resp.,720

irrational) points, as needed. □721

In view of Theorem 19, a few interesting open problems pose themselves. First, is it in722

general necessary for a strategic game with an irrational Nash equilibrium, that a fully mixed723

Nash equilibrium, if existing, has to be irrational? In the same vein, the weaker question for724

a discrete Tullock contest game with Q = 2 might be more tractable. Settling this necessity725

could be instrumental for verifying the existence of an irrational Nash equilibrium in such a726

contest game.727

▶ Theorem 20. Represent the 2-players, 2-strategies strategic game with utility tables728 (
a11 a12
a21 a22

)
and

(
b11 b12
b21 b22

)
as the point (a11, a12, a21, a22, b21, b12, b21, b22) ∈ ℝ8; consider729

the subset C ⊆ ℝ8 of contest games with n = 2 and Q = 2. Then:730

(1) C is the constructible set of points satisfying the sets (1) and (2)731

(1/i) a22 = a21 + a12 − a11 (2/i) a11 ̸= a12 (2/v) b11 ̸= b21

(1/ii) b22 = b21 + b12 − b11 (2/ii) a11 ̸= a22 (2/vi) b11 ̸=b22

(1/iii) a11 − a12 = b11 − b21 (2/iii) a21 ̸= a22 (2/vii) b12 ̸= b22

(1/iv) a21b21 = a12b12 (2/iv) a21 ̸= a12 (2/viii) b21 ̸= b12

or a21 = a12 = 0 or b21 = b12 = 0

732

of algebraic conditions. The closure of C is the irreducible variety of dimension 4 and733

degree 2 defined by (1/i) through (1/iv).734

(2) The set of contest games with n = 2, Q = 2 and efforts f1, f2 ̸= 0, such that β ≠ f1 + f2735

is the set of games with n = 2, Q = 2 and utility tables
(

a11 a12
a21 a21 + a12 − a11

)
and736 (

a11 − a12 + a12b
a21

a12b
a21

b b − a11 + a12

)
, where a11, b ∈ ℝ and a21, a12 ∈ ℝ \ {0}.737

Proof. We start with (1). By simple transformations on the defining equations for the utilities738

of a contest game, we obtain aij(fi+fj)−βfi+s1fi(fi+fj) = 0 and bij(fi+fj)−βfj+s2fj(fi+fj) =739

0 for i, j ∈ {1, 2}. The ideal I generated by the left-hand sides of these equations in the740

complex polynomial ring in the appearing variables defines an algebraic variety V in the741

complex affine space with coordinates aij , bij , fi, β and si for i, j ∈ {1, 2}. To remove742

irreducible components from V , where the utilities may not be well-defined due to a division743

by zero, I is saturated at the principal ideal generated by the product of the polynomials fi+fj ,744

with i, j ∈ {1, 2}. By Chevalley’s Theorem (Theorem 24 in the Appendix), the projection745

of the resulting variety to the coordinates aij and bij , i, j ∈ {1, 2}, is a constructible set in746

its ambient affine space and its Zariski closure V̂ coincides with its Euclidean closure. A747

Macaulay2 computation for V̂ yields the defining equations (1/i) - (1/iv) for V̂ and the values748

for dimension and degree. (Note that since every non-zero point on V̂ is smooth, the real part749

V̂ (ℝ) (the closure of C in its real ambient space) is dense inside V̂ and gives the same values750

for the constructible set C.) To get the set of all defining equation and non-equations for751

the C, note that the condition f1 ̸= f2 (which is the standing assumption for contest games)752

is equivalent to (2/i) - (2/viii). For (2), note that the assumption β ̸= f1 + f2 implies that753

a21, a12 ̸= 0; hence, we get the required representation by using the conditions from (1). □754

Note that conclusions (1) and (2) in Theorem 20 are not inverses of each other: (1) gives a755

characterization of contest games in the form of algebraic equations on the utilities; (2) gives756

an alternative characterization in the form of a parametrization of the utilities by rational757
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functions in the four free variables a11, b, a21 and a12. Since we showed in Theorem 20 that758

the variety is 4 dimensional; so at least 4 parameters are needed and the parametrization759

is as small as possible. (To justify this in a different way, we used the set of relations with760

homogeneous defining polynomials from (1) to derive the parametrization and used Macaulay2761

to check that this set is minimal.) Although, by Chevalley’s Theorem (Theorem 24 in762

the Appendix), the set of all contest games of arbitrary size is constructible, computing763

the defining equations of its Zariski closure in the general case with arbitrary n and Q764

seems infeasible by using Macaulay2. Nevertheless, it would be interesting to determine765

its dimension and degree as a variety in the affine space of contest games. A Macaulay2766

computation shows that for n = 3 and Q = 2, there are 226 polynomial equations, which cut767

out a variety of dimension 12 and degree 2 in the 24-dimensional vector space of all strategic768

games with n = 3. Some preliminary computations suggest that in the case with general n769

and Q, the dimension is around nQn

2 and the degree is equal to Q, but this remains to be770

proven. We finally show:771

▶ Proposition 21. An anonymous contest game CG with n = 2, Q = 2 and mandatory772

participation has a rational, fully mixed Nash equilibrium if and only if 2(f1 + f2) = 1. If773

2(f1 + f2) = 1, then every fully mixed profile is a Nash equilibrium.774

Proof. We shall investigate conditions for the existence of a fully mixed Nash equilib-775

rium {pλ
i }i∈[2],ℓ∈{0,1}. Clearly, 𝔼(Ui(ℓ) = pℓ

ī

(
1
2 − f(ℓ)

)
+ (1 − pℓ

ī
)
(

f(ℓ)
f(ℓ) + fℓ̄

− f(ℓ)
)

=776

pℓ
ī

(
1
2 − f(ℓ)

f(ℓ) + fℓ̄

)
+ f(ℓ)

f(ℓ) + fℓ̄
− f(ℓ); 𝔼(Uℓ̄

i) =
(
1 − pℓ

ī

) (1
2 − fℓ̄

)
+ pℓ

ī

(
fℓ̄

f(ℓ) + fℓ̄
− fℓ̄

)
=777

pℓ
ī

(
−1

2 + fℓ̄
f(ℓ) + fℓ̄

)
+ 1

2 − fℓ̄. By the Indifference Principle, 𝔼(Uℓ
i) = 𝔼(Uℓ̄

i) if and only778

if 0 · pℓ
ī

= 1
2 − fℓ̄ − f(ℓ)

f(ℓ) + fℓ̄
+ f(ℓ) = (f(ℓ) − fℓ̄)

(
1 − 1

2(f(ℓ) + fℓ̄)

)
if and only if (since779

f(ℓ) ̸= fℓ̄) 2(f(ℓ) + fℓ̄) = 1; then, every fully mixed profile is a Nash equilibrium. □780

The defining equations and inequalities for Nash equilibria from [61, Theorem 6.4], which781

restate Lemma 1, may be handy for characterizing mixed Nash equilibria other than the782

fully mixed one. For example, it is straightforward to derive directly:783

▶ Corollary 22. For an anonymous contest game with n = 2, Q = 2, mandatory participation784

and utility tables
(

a11 a12
a21 a22

)
and

(
b11 b12
b21 b22

)
, the mixed profile ((1, 0), (x, y)) is a Nash785

equilibrium if and only if a11 ≥ a21 and b11 = b12.786

8 A Few More Open Problems787

1. The techniques used to show the MPoA bounds are specifically tailored to the special788

form of both payments and skill-effort functions in the discrete Tullock contest game. In789

addition, the MPoA refers to Social Optima that also obey particular restrictions. It is790

an intriguing open problem whether these results could be extended (and how) to more791

general classes of concave or aggregative games.792

2. Beyond the scope of the present article lies a complexity-theoretic question that remains793

tantalizingly open: What is the complexity of computing an approximate Nash equilibrium794

or some (strong or weak) approximation of a Nash equilibrium for the contest game? We795

conjecture PPAD-hardness and FIXP-hardness, respectively.796
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A Sturmfels’ Form [61, Theorem 6.4] of Lemma 1941

Consider a game G, where player i has di pure strategies and utility matrix U(i), where i ∈ [n],942

in the game G. A mixed profile σ = {σk
i }i∈[n],k∈[di] is a Nash equilibrium for G if and only if943

the pair ({σi}i∈[n], {πi}) is a zero of the polynomials944

σk
i

πi −
d1∑

j1=1
· · ·

di−1∑
ji−1=1

di+1∑
ji+1=1

· · ·
dn∑

jn=1
U(i)

j1...ji−1kji+1...jn
σj1

1 . . . σ
ji−1
i−1 σ

ji+1
i+1 . . . σjn

n

 ,945

with i ∈ [n] and k ∈ [di], where946

πi =
d1∑

j1=1

d2∑
j2=1

· · ·
dn∑

jn=1
U(i)

j1j2...jn
· σj1

1 σj2
2 · · · σjn

n947

and all parenthesized expressions in these polynomials is always nonnegative.948

B A Primer on Algebraic Geometry949

Some basic familiarity of the reader with basic concepts of Abstract Algebra (e.g., rings,950

fields and vector spaces) and Topology (e.g., topology, constructible sets, closures) is assumed.951

For a panoramic view of Algebraic Geometry, we refer the reader to [8, 37] or to [5, Chapter952

4] for a concise exposition of the machinery needed for the proofs using Algebraic Geometry.953

The Primer attempts to distill this machinery. Macaulay2 is a computer algebra system for954

computation in Commutative Algebra and Algebraic Geometry.955

A field 𝕜 is a set endowed with two operations, addition and multiplication, satisfying956

certain axioms. We shall restrict to the three fields ℂ, ℝ and ℚ. The Euclidean closure957

operator is an operator Ke that extends a subset A of the finite-dimensional vector space958

𝕜d to include all points arbitrarily close to points in A under the usual Euclidean metric de,959

called distance, on 𝕜d; formally, KeA := {x ∈ 𝕜d | (∀ε > 0)(∃a ∈ A) d(x, a) < ε}. For an960

integer e, with 1 ≤ e < d, a projection map from 𝕜d to 𝕜e maps a point (x1, . . . , xd) ∈ 𝕜d to961

the point (x1, . . . , xe) ∈ 𝕜e; that is, it projects it to its first e coordinates.962

The space of polynomials in d indeterminates x1, . . . , xd, with coefficients in 𝕜, equipped963

with an addition, a multiplication and a scalar muliplication that make it a commutative964

algebra over 𝕜, is denoted as 𝕜[x1, . . . , xd] and called the polynomial ring over 𝕜; when 𝕜 = ℂ,965

it is called the complex polynomial ring.966

Henceforth, we shall assume that the field 𝕜 is algebraically closed. A finite subset967

S ⊆ 𝕜[x1, . . . , xd] defines an affine algebraic set V = V (S) as the set of all common zeros of968

the polynomials in S; roughly speaking, V is the set of points defined by polynomial equations.969

V is a subset of 𝕜d, which is called the ambient affine space of V . An affine algebraic variety970

embedded in 𝕜d is an affine algebraic set (defined by a finite subset S ⊆ 𝕜[x1, . . . , xd]) that971

is not the union of two proper affine algebraic sets; so it is irreducible.3 When S is a set of972

linear polynomials, the induced affine algebraic variety is called linear. The Zariski topology973

on 𝕜d is defined as the topology on 𝕜d whose closed sets are affine algebraic sets. The Zariski974

closure of a set A ⊆ 𝕜d extends A to the smallest (affine) algebraic set containing it. (When975

A is constructible, the Zariski closure of A coincides with its Euclidean closure.)976

3 The currently dominating trend is to define an affine algebraic variety as an affine algebraic set and
reserve the term of irreducible variety, or, in full, irreducible affine algebraic variety for an algebraic set
that is not the union of two proper affine algebraic subsets.
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The coordinate ring of V , denoted as 𝕜[V ], is defined to be the set of all polynomial977

functions f |V : V → 𝕜, where f ∈ 𝕜[x1, . . . , xd]; f |V , is the restriction of f to V . The ring978

𝕜[V ] is called the ring of polynomial functions on V . A major strength of Computational979

Algebraic Geometry is due to that 𝕜[V ] reflects most geometric properties, such as dimension980

and degree, of V in pure algebraic terms; thus, many questions about varieties can be981

addressed by symbolic computations in 𝕜[V ] using the technique of Gröbner bases, which is982

implemented in Macaulay2, for instance (see below).983

A reducible algebraic variety V is the union of a finite number of affine algebraic varieties,984

called subvarieties; it can be expressed uniquely as the union of finitely many, maximal985

subvarieties, called the irreducible components of V . For an irreducible algebraic variety V , if986

V = V1 ∪ V2, then either V = V1 or V = V2.987

The dimension of an affine algebraic variety V , denoted as dim := dim(V ), is the maximal988

length of a chain V0 ⊊ V1 ⊊ . . . ⊊ Vdim of distinct, nonempty, closed irreducible subvarieties989

of V . By way of example, a finite point set, a curve and a surface have dimension 0, 1990

and 2, respectively. The degree of an affine algebraic variety V embedded in 𝕜d is the991

maximal (finite) number of intersection points of V with a linear variety L ⊆ 𝕜d such that992

dim(V ) + dim(L) = d. For example, a variety given by a single polynomial of degree r has993

degree r. The codimension of a subvariety Z ⊆ V is defined as dim(V ) − dim(Z).994

The correspondence 𝕀 maps an affine algebraic variety V ⊆ 𝕜d to the ideal I associ-995

ated to V or simply the ideal of V , as I = 𝕀(V ) := {f ∈ 𝕜[x1, . . . , xd] | f(α1, . . . , αd) =996

0 for all (α1, . . . , αd) ∈ V }. A finite set of non-zero polynomials G = {g1, . . . , gs} ⊆997

𝕜[x1, . . . , xd] generates the ideal I ⊆ 𝕜[x1, . . . , xd] if I is the smallest ideal in 𝕜[x1, . . . , xd] con-998

taining G; that is, I is the intersection of all ideals containing S. A principal ideal is an ideal999

generated by a singleton set G. If V has the irreducible decomposition V = V1 ∪V2 ∪ . . .∪Vk,1000

then 𝕀(V ) = 𝕀(V1) ∩ 𝕀(V2) ∩ . . . ∩ 𝕀(Vk); so the ideal of the Zariski closure of a set A ⊆ 𝕜d
1001

is the intersection of principal ideals. The correspondence 𝕍, also called vanishing locus,1002

maps an ideal I to the set 𝕍(I) := {(α1, . . . , αd) ∈ 𝕜d | f(α1, . . . , αd) = 0 for all f ∈ I}; so1003

𝕍(I) is the set of common zeros of functions f ∈ 𝕜[x1, . . . , xd] in I. The saturation of an ideal1004

I1 at an ideal I2 is a new ideal associated to the affine algebraic variety consisting of those1005

irreducible components of V(I1) that are not contained in V(I2). An ideal 𝕀(V ) is always1006

radical. Hilbert’s Nullstellensatz links the geometry of algebraic sets to the algebra of ideals.1007

▶ Theorem 23. [Hilbert’s Nullstellensatz (or Zero-Locus-Theorem)] For an algebraically1008

closed field 𝕜, there is an order-reversing bijection between the set of radical ideals in1009

𝕜[x1, . . . , xd] and the set of affine algebraic subsets of 𝕜d.1010

So, Hilbert’s Nullstellensatz links the geometry of algebraic sets to the algebra of ideals.1011

The Affine Jacobi criterion yields a necessary and sufficient condition for an affine1012

algebraic variety V ⊂ 𝕜d with ideal I(V ) = {f1, . . . , fr} to be smooth at a point p ∈ V : the1013

rank of the r × d Jacobian matrix
[

∂fi
∂xj

(p)
]

1≤i≤r,1≤j≤d

is d − dim(V ). A set X is Zariski-1014

dense in a set Y if the Zariski closure of X equals Y . A necessary and sufficient condition1015

for the set V (ℝ) of points with real coordinates on an affine algebraic variety V ⊆ ℂd to be1016

Zariski-dense in V is that V has the smoothness property: it contains a real point at which1017

it is smooth. Although the existence of a smooth real point is not checkable in Macaulay2,1018

one can instead check in Macaulay2 whether the variety is smooth, i.e., all of its points are1019

smooth; then, in particular, every real point will be smooth.1020

A subset of a topological space is locally closed if it is the intersection of an open set and1021

a closed set. A constructible set is a disjoint finite union of locally closed sets. Removing a1022
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lower-dimensional variety from an affine algebraic variety V ⊂ 𝕜d (for instance, removing a1023

curve from a surface) results in a constructible set. We have the famous Chevalley’s Theorem:1024

▶ Theorem 24 (Chevalley’s Theorem). The image of a constructible subset of an algebraic1025

variety under a polynomial map is a constructible set.1026

A morphism, also called regular map, between two algebraic varieties is a polynomial1027

map between them. In case the algebraic varieties are defined over a smaller field 𝕗 ⊂ 𝕜1028

and all the coefficients of the polynomial map lie in 𝕗, we say that the morphism is defined1029

over 𝕗. By Chevalley’s Theorem, the image of the projection of an affine algebraic variety1030

V = 𝕍(I) ⊆ 𝕜d to the coordinates x1, . . . , xe of 𝕜d, with e < d, is a constructible set. Its1031

Zarisky closure is the algebraic set associated with the contracted ideal I ∩ 𝕜[x1, . . . , xe]. An1032

isomorphism between two algebraic varieties is a bijective morphism between them whose1033

inverse map is also a morphism.1034

A finite set G of non-zero polynomials that generates the ideal I is a Gröbner basis of1035

I if the leading monomial (with respect to a fixed monomial order) of every polynomial1036

in I is a multiple of the leading monomial of some polynomial in G. Gröbner bases can1037

be computed using Macaulay2. An important application of Gröbner basis is to eliminate1038

variables; elimination consists of finding generators for the i-th elimination ideal of the ideal1039

I ⊆ 𝕜[x1, . . . , xd], where 1 < i ≤ n, defined as I ∩ [xi, xi+1 . . . , xd].1040

For a fixed ideal I ⊆ 𝕜[x1, . . . , xd], one can define the quotient ring 𝕜[x1, . . . , xd]/I, which1041

is a set consisting of the cosets of I in ℂ[x1, . . . , xd]. By Hilbert’s Nullstellensatz, there is1042

an order-reversing bijection between the varieties V ⊆ ℂd and the set of radical ideals in1043

ℂ[x1, . . . , xd]. Using this bijection, we define a correspondence mapping a variety V ⊆ ℂd
1044

to the quotient ring ℂ[x1, . . . , xd]/𝕀(V ). Under this correspondence, morphisms of algebraic1045

varieties are in bijection with ℂ-algebra homomorphisms of the corresponding quotient1046

rings. For us, this concretely means the following: To construct an isomorphism V → W1047

between two varieties V = 𝕍(I) and W = 𝕍(J), it suffices to construct a bijective ℂ-algebra1048

homomorphism ℂ[x1, . . . , xd]/J → ℂ[x1, . . . , xd]/I.1049

C Counterexample to a Claim in [15] about the Existence of Pure1050

Nash Equilibrium1051

▶ Proposition 25. There is a contest game with n = 2, Q = 3 and voluntary participation,1052

admitting no pure Nash equilibrium.1053

Proof. Set β := 36, s1 := 5, s2 := 14 f2 := 1 and f3 := 2. We verify in Table 1 that for each1054

of the 9 profiles, there is an improvement step for some player. □1055

D Proof of Lemma 21056

For (1), assume, by way of contradiction, that there is a Nash equilibrium σ with suppi(σ) =1057

suppj(σ), |suppi(σ)| = 2 and si < sj . Set ∆ := sj − si > 0. As i and j are playing the same1058

mixed strategy in σ, we have, for each quality q ∈ [Q],
∑

q∈[Q]n

Prσ(q−i)fq
fq + f(q−i)

=
∑

q∈[Q]n

Prσ(q−j)fq
fq + f(q−j) .1059

Hence, Uj(q, σ−j) = Ui(q, σ−i) − ∆fq. Since the common support of players i and j1060

contains two consecutive qualities, say q∗ and q∗ + 1, and σ is a Nash equilibrium, Lemma1061

1 implies that Ui(q∗, σ−i) = Ui(q∗ + 1, σ−i) and Uj(q∗, σ−j) = Uj(q∗ + 1, σ−j). Using1062

Uj(q∗, σ−j) = Ui(q∗, σ−i) − ∆fq∗ and Uj(q∗ + 1, σ−j) = Ui(q∗ + 1, σ−i) − ∆fq∗+1, we derive1063
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In profile q: U1(q) U2(q) Player Takes an improvement step to:

(1, 1) 0 0 2 (1, 2)
(1, 2) 0 22 1 (2, 2)
(1, 3) 0 8 1 (2, 3)
(2, 1) 31 0 2 (2, 2)
(2, 2) 13 4 1 (3, 2)
(2, 3) 7 −4 2 (2, 1)
(3, 1) 26 0 1 (2, 1)
(3, 2) 14 −2 2 (3, 1)
(3, 3) 8 −10 2 (3, 1)

Table 1 The game CG and the improving deviations.

that Ui(q∗, σ−i) − ∆fq∗ = Ui(q∗ + 1, σ−i) − ∆fq∗+1, or fq∗ = fq∗+1. A contradiction to the1064

assumption that f is strictly increasing. (1) rules out the existence of symmetric non-pure1065

Nash equilibria in non-anonymous contest games, proving (2). Finally, (3) follows from1066

strict concavity of the expected utilities.1067

E Proof of Lemma 61068

Define bj = √
ajxj and cj =

√
xj/aj for each j ∈ [k]. Since, for every j ∈ [k], aj is positive1069

and xj is non-negative, both bj and cj are real numbers. Thus, by Schwarz’s Inequality,1070

√√√√ k∑
j=1

ajxj ·
k∑

j=1

xj

aj

2

=

√√√√ k∑
j=1

b2
j ·

k∑
j=1

c2
j

2

≥

 k∑
j=1

(bjcj)

2

=

 k∑
j=1

xj

2

,1071

as needed.1072

F Proof of Theorem 121073

Denote the three anonymous players as i, j and k. For ease of notation, write M :=1074

maxℓ∈[Q] fℓ = fQ and m := minℓ∈[Q] fℓ = f1. If CG has no mixed Nash equilibrium, then1075

(1) holds vacuously. So assume CG has a mixed Nash equilibrium. Consider a mixed Nash1076

equilibrium σ. Since a player has at most two (consecutive) best-responses in a Tullock1077

contest with discrete strategy sets and strictly concave utility functions, a mixed player i has1078

suppi(σ) = {ℓ, ℓ̄}; where, for ease of notation, we denote ℓ + 1 as ℓ̄. The expected conditional1079

utility of player i had she chosen quality ℓ is1080

Ui(ℓ, σ−i)1081

=
(

1
3 − fℓ

)
σℓ

j σℓ
k +

(
fℓ

2fℓ + fℓ̄
− fℓ

)
σℓ

j σℓ̄
k +

(
fℓ

2fℓ + fℓ̄
− fℓ

)
σℓ̄

j σℓ
k1082

+
(

fℓ
2fℓ̄ + fℓ

− fℓ
)

σℓ̄
j σℓ̄

k1083

= 1
3σℓ

j σℓ
k + fℓ

2fℓ + fℓ̄

(
σℓ

j σℓ̄
k + σℓ̄

j σℓ
k

)
+ fℓ

2fℓ̄ + fℓ
σℓ̄

j σℓ̄
k − fℓ .1084
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By the Indifference Principle, Ui(ℓ, σ−i) = Ui(ℓ̄, σ−i), or1085

1
3

(
σℓ

jσℓ
k − σℓ̄

jσℓ̄
k

)
+
(

fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

) (
σℓ

j σℓ̄
k + σℓ̄

j σℓ
k

)
1086

+ fℓ

fℓ + 2fℓ̄

σℓ̄
j σℓ̄

k − fℓ̄

2fℓ + fℓ̄

σℓ
j σℓ

k + fℓ̄ − fℓ1087

= 0 .1088

We proceed by case analysis, using the anonymity of players to exclude symmetric cases:1089

(1) σℓ
j = σℓ̄

j = σℓ
k = σℓ̄

k = 0: (None of the other players is playing on {ℓ, ℓ̄}.) Then, by the1090

Indifference Principle, fℓ − fℓ̄ = 0. A contradiction. The second case is symmetric.1091

(2) Either σℓ
j = σℓ̄

j = 0 and σℓ
k, σℓ̄

k > 0 or σℓ
k = σℓ̄

k = 0 and σℓ
j , σℓ̄

j > 0: (Either player j or player1092

k is not playing on {ℓ, ℓ̄}, and the other player plays on {ℓ, ℓ̄} — these are two cases.)1093

Then, by the Indifference Principle, fℓ − fℓ̄ = 0. A contradiction.1094

(3) Either σℓ
j , σℓ

k > 0 and σℓ̄
j = σℓ̄

k = 0 or σℓ
j = σℓ

k = 0 and σℓ̄
j , σℓ̄

k > 0: (Either (both j and k1095

play only on ℓ) or (both j and k play only on ℓ̄) - these are two cases). In the first case,1096

by the Indifference Principle, 1
3σℓ

jσℓ
k − fℓ̄

2fℓ + fℓ̄
σℓ

j σℓ
k + fℓ̄ − fℓ = 0, or σℓ

jσℓ
k = 3(2fℓ + fℓ̄)

2 >1097

9m
2 > 1, since m > 2

9 . A contradiction. In the second case, by the Indifference Principle,1098

−1
3σℓ̄

jσℓ̄
k + fℓ

fℓ + 2fℓ̄
σℓ̄

j σℓ̄
k + fℓ̄ − fℓ = 0, or σℓ̄

jσℓ̄
k = 3(fℓ + 2fℓ̄)

2 > 9m
2 > 3

2 , since m > 1
3 . A1099

contradiction.1100

(4) Either (σℓ
j > 0 and σℓ̄

j = σℓ̄
k = σℓ̄

k = 0) or (σℓ̄
j > 0 and σℓ

j = σℓ̄
j = σℓ̄

k = 0): (Only one player1101

is playing on only one link in {ℓ, ℓ̄} — these are four cases.) Then, by the Indifference1102

Principle, fℓ − fℓ̄ = 0. A contradiction.1103

(5) Either (σℓ
j , σℓ̄

k > 0 and σℓ̄
j = σℓ

k = 0) or (σℓ̄
j , σℓ

k > 0 and σℓ
j = σℓ̄

k = 0): (One player is play-1104

ing on only one link in {ℓ, ℓ̄} and the other player is playing only on the other — these are1105

two cases.) Then, in the first case, by the Indifference Principle,
(

fℓ
2fℓ + fℓ̄

− fℓ̄
2fℓ̄ + fℓ

)
σℓ

j σℓ̄
k+1106

fℓ̄ − fℓ = 0, or (fℓ − fℓ̄)(fℓ + fℓ̄)
(2fℓ̄ + fℓ)(2fℓ + fℓ̄)

σℓ
j σℓ̄

k + fℓ̄ − fℓ = 0, or σℓ
jσℓ̄

k = (2fℓ̄ + fℓ)(2fℓ + fℓ̄)
fℓ + fℓ̄

=1107 (
1 + fℓ̄

fℓ + fℓ̄

)
(2fℓ + fℓ̄) ≥

(
1 + m

2M
)

·3m > 1, since m > 1
3 . A contradiction. The second1108

case is treated similarly.1109

(6) (σℓ
j , σℓ̄

j > 0 and either (σℓ
k > 0 and σℓ̄

k = 0) or (σℓ
k = 0 and σℓ̄

k > 0): (One player is play-1110

ing on {ℓ, ℓ̄} and the other player is playing only on one link in {ℓ, ℓ̄} — these are four1111

cases.) Then, in the first case where σℓ
k > 0 and σℓ̄

k = 0, by the Indifference Principle,1112

1
3σℓ

jσℓ
k +

(
fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

)
σℓ̄

j σℓ
k − fℓ̄

2fℓ + fℓ̄

σℓ
j σℓ

k + fℓ̄ − fℓ = 0 ,1113

or1114

σℓ
k

(
1
3σℓ

j +
(

fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

)
σℓ̄

j − fℓ̄

2fℓ + fℓ̄

σℓ
j

)
= fℓ − fℓ̄ .1115

or1116

σℓ
k

(
σℓ

j

(
1
3 −

(
fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

)
− fℓ̄

2fℓ + fℓ̄

)
+
(

fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

))
= fℓ − fℓ̄ .1117

Note that1118

1
3 −

(
fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

)
− fℓ̄

2fℓ + fℓ̄

1119

= 1
3 − fℓ + fℓ̄

2fℓ + fℓ̄

+ fℓ̄

2fℓ̄ + fℓ
1120

= (2fℓ + fℓ̄)(2fℓ̄ + fℓ) − 3 (fℓ + fℓ̄)(2fℓ̄ + fℓ) + 3fℓ̄(2fℓ + fℓ̄)
3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)1121
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=
−4f2

ℓ − f2
ℓ̄

+ 5fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)1122

= −(2fℓ + fℓ̄)2 + 9fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ) .1123

So we have1124

σℓ
k

(
σℓ

j
−(2fℓ + fℓ̄)2 + 9fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ) +
f2
ℓ − f2

ℓ̄

(2fℓ + fℓ̄)(2fℓ̄ + fℓ

)
= fℓ − fℓ̄ ,1125

or1126

σℓ
k

(
σℓ

j

−(2f2
ℓ + f2

ℓ̄
+ 9fℓfℓ̄)

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)(fℓ − fℓ̄) + fℓ + fℓ̄

(2fℓ + fℓ̄(2fℓ̄ + fℓ

)
= 1 .1127

Since σℓ
j , σℓ

k < 1, it follows that1128

σℓ
k

(
σℓ

j

−(2f2
ℓ + f2

ℓ̄
+ 9fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)(fℓ − fℓ̄) + fℓ + fℓ̄

(2fℓ + fℓ̄)(2fℓ̄ + fℓ)

)
1129

<
−(2f2

ℓ + fℓ̄)2 + 9fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)(fℓ − fℓ̄) + fℓ + fℓ̄

(2fℓ + fℓ̄)(2fℓ̄ + fℓ)1130

≤ 9(M2 − m2)
27m2(m − M)

+ 2M
9m21131

= −9(M + m)
27m2 + 2M

9m21132

= −3(M + 9m)
27m21133

< 0 .1134

A contradiction. In the second case where σℓ
k = 0 and σℓ̄

k > 0, by the Indifference1135

Principle,1136

−1
3σℓ

jσℓ̄
k +

(
fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

)
σℓ

j σℓ̄
k + fℓ̄

2fℓ + fℓ̄

σℓ̄
j σℓ̄

k + fℓ̄ − fℓ = 0 ,1137

or1138

σℓ̄
k

(
−1

3σℓ
j +
(

fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

)
σℓ

j + fℓ̄

2fℓ + fℓ̄

σℓ̄
j

)
= fℓ − fℓ̄ .1139

or1140

σℓ̄
k

(
σℓ

j

(
−1

3 +
(

fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

)
− fℓ̄

2fℓ + fℓ̄

)
+ fℓ̄

2fℓ + fℓ̄

)
= fℓ − fℓ̄ .1141

Clearly,1142

−1
3 +

(
fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

)
− fℓ̄

2fℓ + fℓ̄

= −1
3 + fℓ − fℓ̄

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ
1143

= −(2fℓ + fℓ̄)(2fℓ̄ + fℓ) + 3 (fℓ − fℓ̄)(2fℓ̄ + fℓ) − 3fℓ̄(2fℓ + fℓ̄)
3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)1144

= −(2fℓ + fℓ̄)(2fℓ̄ + fℓ) + 3 fℓ(2fℓ̄ + fℓ) − 3fℓ̄ · 3(fℓ + fℓ̄)
3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)1145

=
5f2

ℓ − 7f2
ℓ̄

+ 2fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ) .1146

So we have1147

σℓ
k

(
σℓ

j

−f2
ℓ − 17f2

ℓ̄
− 2fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ) + fℓ̄

(2fℓ + fℓ̄)

)
= fℓ − fℓ̄ ,1148

or1149

σℓ
k · 1

fℓ̄ − fℓ
·
(

σℓ
j

f2
ℓ + 17f2

ℓ̄
+ 2fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ) − fℓ̄

2fℓ + fℓ̄

)
= 1 .1150

Since σℓ
j < 1, it follows that1151

σℓ
j

f2
ℓ + 17f2

ℓ̄
+ 2fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ) − fℓ̄

2fℓ + fℓ̄

<
f2
ℓ + 17f2

ℓ̄
+ 2fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ) − fℓ̄

2fℓ + fℓ̄

1152

=
f2
ℓ + 17f2

ℓ̄
+ 2fℓfℓ̄ − 3fℓ̄(2fℓ̄ + fℓ)

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)1153

=
f2
ℓ + 11f2

ℓ̄
− fℓfℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)1154
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=
f2
ℓ + 11f2

ℓ̄
− fℓfℓ̄

3(2f2
ℓ + 2f2

ℓ̄
+ 5fℓfℓ̄)

.1155

Since σℓ
k ≤ 1 and minℓ̄,ℓ∈[Q]|fℓ̄>fℓ

fℓ̄ − fℓ is sufficiently large, it follows that σℓ
k · 1

fℓ̄ − fℓ ·1156

f2
ℓ + 11f2

ℓ̄
− fℓfℓ̄

3(2f2
ℓ + 2f2

ℓ̄
+ 5fℓfℓ̄)

< 1. A contradiction.1157

(7) σℓ
j , σℓ̄

j , σℓ
k, σℓ̄

k > 0: (Each other player is playing on {ℓ, ℓ̄}.) By the Indifference Principle,1158

1
3

(
(1 − σℓ̄

j)(1 − σℓ̄
k) − σℓ̄

jσℓ̄
k

)
+
(

fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

) (
(1 − σℓ̄

j) σℓ̄
k + σℓ̄

j (1 − σℓ̄
k)
)

1159

+ fℓ

fℓ + 2fℓ̄

σℓ̄
j σℓ̄

k − fℓ̄

2fℓ + fℓ̄

(1 − σℓ̄
j) (1 − σℓ̄

k) + fℓ̄ − fℓ1160

= 0 ,1161

or1162

1
3

(
1 − σℓ̄

j − σℓ̄
k

)
+
(

fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

) (
σℓ̄

j + σℓ̄
k − 2 σℓ̄

j σℓ̄
k

)
1163

+ fℓ

fℓ + 2fℓ̄

σℓ̄
j σℓ̄

k − fℓ̄

2fℓ + fℓ̄

(
1 − σℓ̄

j − σℓ̄
k + σℓ̄

j σℓ̄
k

)
+ fℓ̄ − fℓ1164

= 0 ,1165

or1166 (
−2
(

fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ

)
+ fℓ

fℓ + 2fℓ̄

− fℓ̄

2fℓ + fℓ̄

)
σℓ̄

j σℓ̄
k1167

+
(

−1
3 + fℓ

2fℓ + fℓ̄

− fℓ̄

2fℓ̄ + fℓ
+ fℓ̄

2fℓ + fℓ̄

)
(σℓ̄

j + σℓ̄
k) + 1

3 − fℓ̄

2fℓ + fℓ̄

+ fℓ̄ − fℓ1168

= 01169

The coefficient of σℓ̄
j σℓ̄

k is 2fℓ̄ + fℓ
2fℓ̄ + fℓ − 2fℓ + fℓ̄

2fℓ + fℓ̄
= 0. The coefficient of σℓ̄

j + σℓ̄
k is1170

−1
3 + fℓ

2fℓ + fℓ̄
− fℓ̄

2fℓ̄ + fℓ
+ fℓ̄

2fℓ + fℓ̄
1171

= −1
3 + fℓ + fℓ̄

2fℓ + fℓ̄
− fℓ̄

2fℓ̄ + fℓ
1172

= −(2fℓ + fℓ̄)(2fℓ̄ + fℓ) + 3(fℓ̄ + fℓ)(2fℓ̄ + fℓ) − 3fℓ̄(2fℓ + fℓ̄)
3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)

1173

=
−
(
4fℓfℓ̄ + 2f2

ℓ + 2f2
ℓ̄

+ fℓfℓ̄
)

+ 3
(
2f2

ℓ̄
+ fℓfℓ̄ + 2fℓfℓ̄ + f2

ℓ

)
− 6fℓfℓ̄ − 3f2

ℓ̄

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)
1174

=
f2
ℓ + f2

ℓ̄
− 2fℓfℓ̄

3(2fℓ + fℓ)(2fℓ̄ + fℓ)
1175

= (fℓ̄ − fℓ)2

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)
.1176

The constant term is1177

1
3 − fℓ̄

2fℓ + fℓ̄
+ fℓ̄ − fℓ = 2fℓ + fℓ̄ − 3fℓ̄ + 3(fℓ̄ − fℓ)(2fℓ + fℓ̄)

3(2fℓ + fℓ̄)
1178

= 2(fℓ − fℓ̄) + 3(fℓ̄ − fℓ)(2fℓ + fℓ̄)
3(2fℓ + fℓ̄)

1179

= (fℓ̄ − fℓ)(3(2fℓ + fℓ̄) − 2)
3(2fℓ + fℓ̄)

.1180

Hence,1181

(fℓ̄ − fℓ)2

3(2fℓ + fℓ̄)(2fℓ̄ + fℓ)
(σℓ

j + σℓ
k) + (fℓ̄ − fℓ)(3(2fℓ + fℓ̄) − 2)

3(2fℓ + fℓ̄)
= 0 ,1182

or1183

σℓ̄
j + σℓ̄

k = (2fℓ̄ + fℓ)(2 − 3(2fℓ + fℓ̄))
fℓ̄ − fℓ

.1184
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Since fℓ̄ > fℓ > 0, we have 2fℓ̄ + fℓ, fℓ̄ − fℓ > 0. Since σℓ̄
j + σℓ̄

k > 0, it follows that1185

2 − 3(2fℓ + fℓ̄) > 0 is necessary for the existence of a mixed Nash equilibrium. Similarly,1186

we derive:1187

σℓ̄
k + σℓ̄

i = σℓ̄
i + σℓ̄

j = (2fℓ̄ + fℓ)(2 − 3(2fℓ + fℓ̄))
fℓ̄ − fℓ

.1188

By symmetry, it follows that1189

σℓ̄
i = σℓ̄

j = σℓ̄
k = (2fℓ̄ + fℓ)(2 − 3(2fℓ + fℓ̄))

2(fℓ̄ − fℓ)
.1190

Note that σℓ̄
i , σℓ̄

j and σℓ̄
k represent probabilities if and only if 0 <

(2fℓ̄ + fℓ)(2 − 3(2fℓ + fℓ̄))
fℓ̄ − fℓ <1191

1. By Proposition 2, no player could increase her utility by switching to a quality other1192

than ℓ and ℓ̄.1193

G Proof of Proposition 131194

Consider a mixed Nash equilibrium σ. Fix a mixed player i ∈ [n]. By strict concavity,1195

|suppi(σ)| = 2; let suppi(σ) = {ℓ, ℓ̄}, where, for ease of notation, ℓ̄ denotes ℓ + 1. The1196

expected conditional utility of player i ∈ [n] had she chosen quality ℓ is1197

Ui(ℓ, σ−i) =
∑

0≤t≤n−1

∑
S⊆[n]\{i}||S|=t

(
fℓ

(n − t) fℓ + t fℓ̄

− fℓ

) ∏
j∈([n]\{i})\S

σℓ
j

∏
k∈S

σℓ̄
k1198

=
∑

0≤t≤n−1

fℓ

(n − t) fℓ + t fℓ̄

∑
S⊆[n]\{i}||S|=t

∏
j∈([n]\{i})\S

σℓ
j

∏
k∈S

σℓ̄
k1199

−fℓ

∑
0≤t≤n−1

∑
S⊆[n]\{i}||S|=t

∏
j∈([n]\{i})\S

σℓ
j

∏
k∈S

σℓ̄
k︸ ︷︷ ︸

=1

1200

=
∑

0≤t≤n−1

fℓ

(n − t) fℓ + t fℓ̄

∑
S⊆[n]\{i}||S|=t

∏
j∈([n]\{i})\S

σℓ
j

∏
k∈S

σℓ̄
k − fℓ .1201

By the Indifference Principle, Ui(ℓ, σ−i) = Ui(ℓ̄, σ−i), or1202 ∑
0≤t≤n−1

fℓ

(n − t) fℓ + t fℓ̄

∑
S⊆[n]\{i}||S|=t

∏
j∈([n]\{i})\S

σℓ
j

∏
k∈S

σℓ̄
k − fℓ1203

=
∑

0≤t≤n−1

fℓ̄

(n − t) fℓ̄ + t fℓ

∑
S⊆[n]\{i}||S|=t

∏
j∈([n]\{i})\S

σℓ̄
j

∏
k∈S

σℓ
k − fℓ̄ .1204

Note that the term with t = 0 in the LHS is 1
n
∏

j∈[n]\{i} σℓ
j and the term with t = 0 in the1205

RHS is 1
n
∏

j∈[n]\{i} σℓ̄
j . Hence,1206

1
n

∏
j∈[n]\{i}

σℓ
j +

∑
1≤t≤n−1

fℓ

(n − t) fℓ + t fℓ̄

∑
S⊆[n]\{i}||S|=t

∏
j∈([n]\{i})\S

σℓ
j

∏
k∈S

σℓ̄
k − fℓ1207

= 1
n

∏
j∈[n]\{i}

σℓ̄
j +

∑
1≤t≤n−1

fℓ̄

(n − t) fℓ̄ + t fℓ

∑
S⊆[n]\{i}||S|=t

∏
j∈([n]\{i})\S

σℓ̄
j

∏
k∈S

σℓ
k − fℓ̄ .1208

or1209

1
n

∏
j∈[n]\{i}

(1 − σℓ̄
j) +

∑
1≤t≤n−1

fℓ

(n − t) fℓ + t fℓ̄

∑
S⊆[n]\{i}||S|=t

∏
j∈[n]\({i}∪S)

(1 − σℓ̄
j)
∏
k∈S

σℓ̄
k − fℓ1210

= 1
n

∏
j∈[n]\{i}

σℓ̄
j +

∑
1≤t≤n−1

fℓ̄

(n − t) fℓ̄ + t fℓ

∑
S⊆[n]\{i}||S|=t

∏
j∈[n]\({i}\S)

σℓ̄
j

∏
k∈S

(1 − σℓ̄
k) − fℓ̄ .1211
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By abuse of notation, define the vectors σ = (σℓ̄
1, . . . , σℓ̄

n) and σ−{i} = (σℓ̄
1, . . . , σℓ̄

i−1, σℓ̄
i+1, . . . , σℓ̄

n).1212

The Indifference Equation becomes1213

1
n

n−1∑
k=0

(−1)kek(σ−i)1214

+
∑

1≤t≤n−1

fℓ

(n − t) fℓ + t fℓ̄

∑
S⊆[n]\{i}||S|=t

(
n−1−|S|∑

k=0

(−1)kek

(
σ−{i}∪S

))
e|S|(σ | S) − fℓ1215

= 1
n

en−1(σ−i)1216

+
∑

1≤t≤n−1

fℓ̄

(n − t) fℓ̄ + t fℓ

∑
S⊆[n]\{i}||S|=t

en−1−|S|(σ−{i}∪S)

( |S|∑
k=0

(−1)kek(σ | S)

)
− fℓ̄ .1217

Fix any set S ⊆ [n] \ {i} with |S| = t. Setting T := [n] \ ({i} ∪ S) we get1218 (
n−1−|S|∑

k=0

(−1)kek(σ−{i}∪S)

)
e|S|(σ | S) =

( |T |∑
k=0

(−1)kek (σ | T )

)
en−1−|T |(σ−{i}∪T )1219

=

( |S|∑
k=0

(−1)kek(σ | S)

)
en−1−|S|

(
σ−{i}∪S

)
,1220

setting S := T . Hence, the Indifference Equation becomes1221

1
n

n−1∑
k=0

(−1)kek(σ−i)1222

+
∑

1≤t≤n−1

fℓ

(n − t) fℓ + t fℓ̄

∑
S⊆[n]\{i}||S|=t

( |S|∑
k=0

(−1)kek(σ | S)

)
en−1−|S|

(
σ−{i}∪S

)
− fℓ1223

= 1
n

en−1(σ−i)1224

+
∑

1≤t≤n−1

fℓ̄

(n − t) fℓ̄ + t fℓ

∑
S⊆[n]\{i}||S|=t

en−1−|S|(σ−{i}∪S) ]

( |S|∑
k=0

(−1)kek(σ | S)

)
− fℓ̄ ,1225

or1226 ∑
1≤t≤n−1

(
fℓ̄

(n − t) fℓ̄ + t fℓ
− fℓ

(n − t) fℓ + t fℓ̄

) ∑
S⊆[n]\{i}||S|=t

en−1−|S|(σ−{i}∪S) ]

( |S|∑
k=0

(−1)kek(σ | S)

)
1227

= 1
n

(
n−1∑
k=0

(−1)kek(σ−i) − en−1(σ−i)

)
+ fℓ̄ − fℓ1228

or1229 ∑
1≤t≤n−1

t
(
f2
ℓ̄

− f2
ℓ

)
((n − t) fℓ̄ + t fℓ) ((n − t) fℓ + t fℓ̄)

∑
S⊆[n]\{i}||S|=t

en−1−|S|(σ−{i}∪S)

( |S|∑
k=0

(−1)kek(σ | S)

)
1230

= 1
n

(
n−1∑
k=0

(−1)kek(σ−i) − en−1(σ−i)

)
+ fℓ̄ − fℓ ,1231

or1232 ∑
1≤t≤n−1

t
(
f2
ℓ̄

− f2
ℓ

)
((n − t) fℓ̄ + t fℓ) ((n − t) fℓ + t fℓ̄)

∑
S⊆[n]\{i}||S|=t

(
en−1−|S|(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
1233
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= 1
n

(
1 +

n−1∑
k=1

(−1)kek(σ−i) − en−1(σ−i)

)
+ fℓ̄ − fℓ .1234

or1235

∑
1≤t≤n−1

t
(
f2
ℓ̄

− f2
ℓ

)
((n − t) fℓ̄ + t fℓ) ((n − t) fℓ + t fℓ̄)

∑
S⊆[n]\{i}||S|=t

(
en−1−|S|(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
1236

− 1
n

(
n−1∑
k=1

(−1)kek(σ−i) − en−1(σ−i)

)
1237

= 1
n

+ fℓ̄ − fℓ .1238

H Proof of Theorem 141239

Consider a fully mixed Nash equilibrium σ. For the special case where n = 4, the Indifference1240

Equation becomes1241

∑
1≤t≤3

t
(
f2
2 − f2

1
)

((4 − t) f2 + t f1) ((4 − t) f1 + t f2)
∑

S⊆[4]\{i}||S|=t

(
e3−|S|(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
1242

−1
4

(
3∑

k=1

(−1)kek(σ−i) − e3(σ−i)

)
1243

= 1
4 + f2 − f1 .1244

Expanding yields1245 (
f2
2 − f2

1
)

(3f2 + f1) (3 f1 + f2)
∑

S⊆[4]\{i}||S|=1

(
e2(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
1246

+
2
(
f2
2 − f2

1
)

(2 f2 + 2 f1) (2 f1 + 2 f2)
∑

S⊆[4]\{i}||S|=2

(
e1(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
1247

+
3
(
f2
2 − f2

1
)

(f2 + 3 f1) (f1 + 3 f2)
∑

S⊆[4]\{i}||S|=3

(
e0(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
1248

−1
4

(
3∑

k=1

(−1)kek(σ−i) − e3(σ−i)

)
1249

= 1
4 + f2 − f1 ,1250

or1251 (
f2
2 − f2

1
)

(3f2 + f1) (3 f1 + f2)

 ∑
S⊆[4]\{i}||S|=1

(
e2(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
1252

+3
(
f2
2 − f2

1
)

(3f2 + f1) (3 f1 + f2)
∑

S⊆[4]\{i}||S|=3

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

)1253

+ f2 − f1

2 (f2 + f1)
∑

S⊆[4]\{i}||S|=2

(
e1(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
1254
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−1
4

(
3∑

k=1

(−1)kek(σ−i) − e3(σ−i)

)
1255

= 1
4 + f2 − f11256

or1257 (
f2
2 − f2

1
)

(3f2 + f1) (3 f1 + f2) ·1258  ∑
S⊆[4]\{i}||S|=1

(
e2(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
+ 3

∑
S⊆[4]\{i}||S|=3

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

)1259

+ f2 − f1

2 (f2 + f1)
∑

S⊆[4]\{i}||S|=2

(
e1(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
1260

−1
4

(
3∑

k=1

(−1)kek(σ−i) − e3(σ−i)

)
1261

= 1
4 + f2 − f11262

We now calculate:1263

1.

∑
S⊆[4]\{i}||S|=1

(
e2(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

))
1264

=
∑

S⊆[4]\{i}||S|=1

e2(σ−{i}∪S) (1 − e1(σ | S))1265

= e2(σ−{1,4})
(
1 − e1(σ2

1)
)

+ e2(σ−{2,4})
(
1 − e1(σ2

2)
)

+ e2(σ−{3,4})
(
1 − e1(σ2

3)
)

1266

= σ2
2σ2

3
(
1 − σ2

1
)

+ σ2
1σ2

3
(
1 − σ2

2
)

+ σ1
1σ2

2
(
1 − σ2

3
)

1267

= σ2
2σ2

3 + σ2
1σ2

3 + σ2
1σ2

2 − 3σ2
1σ2

2σ2
31268

= e2(σ−i) − 3e3(σ−i) .1269

2.

∑
S⊆[4]\{i}||S|=3

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

)
= 1 +

3∑
k=1

(−1)kek(σ | [3])1270

= 1 − e1(σ2
1 , σ2

2 , σ2
3) + e2(σ2

1 , σ2
2 , σ2

3) − e3(σ2
1 , σ2

2 , σ2
3)1271

= 1 − σ2
1 − σ2

2 − σ2
3 + σ2

1σ2
2 + σ2

2σ2
3 + σ2

1σ2
3 − σ2

1σ2
2σ2

31272

= 1 − e1(σ−i) + e2(σ−i) − e3(σ−i) .1273

Hence,1274

∑
S⊆[4]\{i}||S|=1

e2(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

)
+ 3

∑
S⊆[4]\{i}||S|=3

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

)
1275

= 3 − 3
(
σ2

1 + σ2
2 + σ2

3
)

+ 4
(
σ2

1σ2
2 + σ2

2σ2
3 + σ2

1σ2
3
)

− 6σ2
1σ2

2σ2
31276

= 3 − 3e1(σ−i) + 4e2(σ−i) − 6e3(σ−i) .1277

We continue to calculate:1278
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3.

∑
S⊆[4]\{i}||S|=2

e1(σ−{i}∪S)

(
1 +

|S|∑
k=1

(−1)kek(σ | S)

)
1279

=
∑

S⊆[4]\{i}||S|=2

e1(σ−{i}∪S)

(
1 +

2∑
k=1

(−1)kek(σ | S)

)
1280

= e1(σ−{i}∪{1,2})

(
1 +

2∑
k=1

(−1)kek(σ | {1, 2})

)
1281

+e1(σ−{i}∪{1,3})

(
1 +

2∑
k=1

(−1)kek(σ | {1, 3})

)
+ e1(σ−{i}∪{2,3})

(
1 +

3∑
k=1

(−1)kek(σ | {2, 3})

)
1282

= e1(σ2
3)

(
1 +

2∑
k=1

(−1)kek(σ2
1 , σ2

2)

)
1283

+e1(σ2
2)

(
1 +

2∑
k=1

(−1)kek(σ2
1 , σ2

3)

)
+ e1(σ2

1)

(
1 +

2∑
k=1

(−1)kek(σ2
2 , σ2

3)

)
1284

= σ2
3
(
1 − e1(σ2

1 , σ2
2) + e2(σ2

1 , σ2
2)
)

1285

+σ2
2
(
1 − e1(σ2

1 , σ2
3) + e2(σ2

1 , σ2
3)
)

+ σ2
1
(
1 − e1(σ2

2 , σ2
3) + e2(σ2

2 , σ2
3)
)

1286

= σ2
3
(
1 − σ2

1 − σ2
2 + σ2

1σ2
2
)

1287

+σ2
2
(
1 − σ2

1 − σ2
3 + σ2

1σ2
3
)

+ σ2
1
(
1 − σ2

2 − σ2
3 + σ2

2σ2
3
)

1288

= σ2
1 + σ2

2 + σ2
3 − 2

(
σ2

1σ2
2 + σ2

1σ2
3 + σ2

2σ2
3
)

+ 3σ2
1σ2

2σ2
31289

= e1(σ−i) − 2e2(σ−i) + 3e3(σ−i) .1290

Finally:1291

4.
3∑

k=1

(−1)kek(σ−i) − e3(σ−i) = −e1(σ−i) + e2(σ−i) − 2e3(σ−i) .1292

Hence, the Indifference Equation is1293 (
f2
2 − f2

1
)

(3f2 + f1) (3 f1 + f2) (3 − 3e1(σ−i) + 4e2(σ−i) − 6e3(σ−i))1294

+ f2 − f1

2 (f2 + f1) (e1(σ−i) − 2e2(σ−i) + 3e3(σ−i))1295

−1
4 (−e1(σ−i) + e2(σ−i) − 2e3(σ−i))1296

= 1
4 + f2 − f1 .1297

or1298  −3
(
f2
2 − f2

1
)

(3f2 + f1) (3 f1 + f2) + f2 − f1

2 (f2 + f1) + 1
4︸ ︷︷ ︸

:=A

 e1(σ−i)1299

 4
(
f2
2 − f2

1
)

(3f2 + f1) (3 f1 + f2) − f2 − f1

f2 + f1
− 1

4︸ ︷︷ ︸
:=B

 e2(σ−i)1300
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 −6
(
f2
2 − f2

1
)

(3f2 + f1) (3 f1 + f2) + 3 (f2 − f1)
2 (f2 + f1) + 1

2︸ ︷︷ ︸
:=C

 e3(σ−i)1301

= −
3
(
f2
2 − f2

1
)

(3f2 + f1) (3 f1 + f2) + 1
4 + f2 − f1︸ ︷︷ ︸

:=D

.1302

1303

Now solve the system of Indifference Equations to compute a Nash equilibrium:1304

1305

Step 1: Express each of e1(σ−i), e2(σ−i) and e3(σ−i) in terms of e1(σ), e2(σ) and e3(σ):1306

For simplicity, denote x = σ2
1 , y = σ2

2 , z = σ2
3 and w = σ2

4 . For each k ≥ 1, denote1307

pk(σ) = xk + yk + zk + wk, the k-th power sum. Recall the Girard-Newton formulae1308

pk(x1, x2, . . . , xn) = (−1)k−1kek(x1, x2, . . . , xn) +
k−1∑
ι=1

(−1)k+1−ιek−ι(x1, x2, . . . , xn)pι(x1, x2, . . . , xn) ,1309

for 1 ≤ k ≤ n. (Recall that 0 < x < 1.) Note that:1310

(1) e1(σ−i) = e1(σ) − x.1311

(2)

e2(σ−i) = yz + zw + yw1312

= 1
2
(
(z + y + w)2 − (z2 + y2 + w2)

)
1313

= 1
2
(
(e1(σ) − x)2 − (p2(σ) − x2)

)
1314

= 1
2
(
e2

1(σ) − 2e1(σ)x + x2 − p2(σ) + x2)
1315

= 1
2
(
2x2 − 2e1(σ)x + e2

1(σ) − p2(σ)
)

1316

= x2 − e1(σ)x + e2(σ) ,1317

using the Girard-Newton formula with k = 2 and n = 4.1318

(3) e3(σ−i) = e3(σ)
x .1319

Step 2: Wrap up: Substituting (1), (2) and (3) into the Indifference Equation, we get1320

A(e1(σ) − x) + B
(
x2 − e1(σ)x + e2(σ)

)
+ C e3(σ)

x
= D .1321

or (since x > 0)1322

Bx3 − (A + Be1(σ)) x2 + (Ae1(σ) + Be2(σ) − D) x + Ce3(σ) = 0 . (1)1323

Denote as (x1, x2, x3) the three roots of (1). Since (1) is also satisfied by y, z and w1324

and each of e1(σ), e2(σ) and e3(σ) is a symmetric function in x, y, z and w, it follows1325

that (x1, x2, x3) = (y1, y2, y3) = (z1, z2, z3) = (w1, w2, w3). This implies that e1(σ) = 4x,1326

e2(σ) = 6x2 and e3(σ) = 4x3. Hence, (1) becomes1327

Bx3 − (A + 4x) x2 +
(
A · 4x + B · 8x2 − D

)
x +

(
C · 4x3)] = 0 ,1328

or1329

(−4 + 9B + 4C) x3 + 3Ax2 − Dx = 0 . (2)1330

Since σ is a Nash equilibrium, the root x1 = 0 is rejected. The remaining two roots are1331

x2,3 =
−3A ±

√
9A2 + 4 (−4 + 9B + 4C) D
2 (−4 + 9B + 4C) ,1332

assuming that −4+9B+4C ≥ 0. We now choose f2 and fℓ so that 9A2+4 (−4 + 9B + 4C) D >1333

0 subject to (1) −4 + 9B + 4C ≥ 0, and (2) 0 < x2 < 1 or 0 < x3 < 1, yields an irrational1334

Nash equilibrium (either (x2, x2, x2, x2) or (x3, x3, x3, x3) or both). Set f2 := αfℓ, where1335

α > 1 is sufficiently large. Then:1336
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A = −3 α2 − 1
(3α + 1)(α + 3) + α − 1

2(α + 1) + 1
41337

= −12(α2 − 1)(α + 1) + 2(α − 1)(3α + 1)(α + 3) + (3α + 1)(α + 3)(α + 1)
4(3α + 1)(α + 3)(α + 1)1338

= −12α3 − 12α2 + 12α + 12 + (3α + 1)(α + 3)[2(α − 1) + (α + 1)]
4(3α + 1)(α + 3)(α + 1)1339

= −12α3 − 12α2 + 12α + 12 + (3α + 1)(α + 3)(3α − 1)
4(3α + 1)(α + 3)(α + 1)1340

= −12α3 − 12α2 + 12α + 12 + (9α2 − 1)(α + 3)
4(3α + 1)(α + 3)(α + 1)1341

= −12α3 − 12α2 + 12α + 12 + 9α3 + 27α2 − α − 3
4(3α + 1)(α + 3)(α + 1)1342

= −3α3 + 15α2 + 11α + 9
4(3α + 1)(α + 3)(α + 1)1343

= −3α3 + o(α3)
12α3 + o(α3)

)1344

= −1
4 + o(1) .1345

B = 4 α2 − 1
(3α + 1)(α + 3) − α − 1

α + 1 − 1
41346

= 16(α2 − 1)(α + 1) − 4(α − 1)(3α + 1)(α + 3) − (3α + 1)(α + 3)(α + 1)
4(3α + 1)(α + 3)(α + 1)1347

= 16α3 + 16α2 − 16α − 16 − (3α + 1)(α + 3)[4(α − 1) + (α + 1)]
4(3α + 1)(α + 3)(α + 1)1348

= 16α3 + 16α2 − 16α − 16 − (3α + 1)(α + 3)(5α − 3)
4(3α + 1)(α + 3)(α + 1)1349

= 16α3 + 16α2 − 16α − 16 − (α2 − 4α − 3)(α + 3)
4(3α + 1)(α + 3)(α + 1)1350

= 16α3 + 16α2 − 16α − 16 − (α3 + 3α2 − 4α2 − 12α − 3α − 9)
4(3α + 1)(α + 3)(α + 1)1351

= 15α3 + 17α2 − α − 7
4(3α + 1)(α + 3)(α + 1)1352

= 15α3 + o(α3)
12α3 + o(α3)

1353

= 15
12 + o(1) .1354

C = −6 α2 − 1
(3α + 1)(α + 3) + 3(α − 1)

2(α + 1) + 1
21355

= −12(α2 − 1)(α + 1) + 3(α − 1)(3α + 1)(α + 3) + (3α + 1)(α + 3)(α + 1)
2(3α + 1)(α + 3)(α + 1)1356
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= −12(α2 − 1)(α + 1) + (3α + 1)(α + 3)[3(α − 1) + α + 1]
2(3α + 1)(α + 3)(α + 1)1357

= −12(α2 − 1)(α + 1) + (3α + 1)(α + 3)[2(2α − 1)]
2(3α + 1)(α + 3)(α + 1)1358

= −6(α2 − 1)(α + 1) + (3α + 1)(α + 3)(2α − 1)
(3α + 1)(α + 3)(α + 1)1359

= −6α3 − 6α2 + 6α + 6 + (3α + 1)(α + 3)(2α − 1)
(3α + 1)(α + 3)(α + 1)1360

= −6α3 − 6α2 + 6α + 6 + (3α2 + 10α + 3)(2α − 1)
(3α + 1)(α + 3)(α + 1)1361

= −6α3 − 6α2 + 6α + 6 + 6α3 − 3α2 + 20α2 − 10α + 6α − 3)
(3α + 1)(α + 3)(α + 1)1362

= 11α2 + 2α + 3
(3α + 1)(α + 3)(α + 1)1363

= 11α2 + o(α2)
3α3 + o(α3)

1364

= o(1) .1365

D = −3 α2 − 1
(3α + 1)(α + 3) + α − 1 + 1

41366

= −12(α2 − 1) + 4α(3α + 1)(α + 3) − 3(3α + 1)(α + 3)
4α(3α + 1)(α + 3)1367

= −12(α2 − 1) + (4α − 3)(3α + 1)(α + 3)
4α(3α + 1)(α + 3)1368

= −12α2 + 12 + (12α2 − 5α − 3)(α + 3)
4α(3α + 1)(α + 3)1369

= −12α2 + 12 + 12α3 + 36α2 − 5α2 − 15α − 3α − 9
4α(3α + 1)(α + 3)1370

= 12α3 + 19α2 − 18α + 3
4α(3α + 1)(α + 3)1371

= 12α3 + o(α3)
12α3 + o(α3)

1372

= 1 + o(1) .1373

−4 + 9B + 4C = −4 + 9
(

15
12 + o(1)

)
+ 4 o(1)1374

= 29
4 + o(1) .1375

It follows that1376

9A2 + 4(−4 + 9B + 4C)D = 9
16 + o(1) + 4

(
29
4 + o(1)

)
(1 + o(1))1377

= 473
16 + o(1)1378
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> 0 ,1379

for sufficiently large α > 1. Hence, x2 is irrational while x3 is a negative irrational,1380

and as such it is rejected. Therefore, it is only left to prove that 0 < x2 < 1. Clearly,1381

x2 =
−3

(
−1

4 + o(1)
)

+
√

473
16 + o(1)

2
(

29
4 + o(1)

)1382

=
3
4 +

√
473
16 + o(1)

29
2 + o(1)

1383

= 2
29 · 3 +

√
473

4 + o(1)1384

= 3 +
√

473
58 + o(1)1385

∈ (0, 1) ,1386

for sufficiently large α.1387

I Proof of Lemma 161388

By the definition of δ(G),1389

δ(n)1390

= max
{∣∣Ui(qi, q′

j , q−{i,j} − Ui(qi, q′
j , q−{i,j}

∣∣}1391

= max

{∣∣∣∣∣ fqi∑
q∈[Q] fq N(qi,q′

j
,q−{i,j})(q)

− fqi −

(
fqi∑

q∈[Q] fq N(qiq′′
j

,q−{i,j})(q)
− fqi

)∣∣∣∣∣
}

1392

= max

{∣∣∣∣∣fqi

(
1∑

q∈[Q] fq N(qi,q′
j
,q−{i,j})(q)

− 1∑
q∈[Q] fq N(qi,q′′

j
,q−{i,j})(q)

)∣∣∣∣∣
}

1393

= max


∣∣∣∣∣∣fqi

fq′
j

(
N(qi,q′′

j
,q−{i,j})(q′

j) − 1
)

+ fq′′
j

(
N(qi,q′′

j
,q−{i,j})(q′′

j ) + 1
)

− fq′
j

N(qi,q′
j
,q−{i,j})(q′

j) − fq′′
j

N(qi,q′′
j

,q−{i,j})(q′′
j )(∑

q∈[Q] fq N(qi,q′
j
,q−{i,j})(q)

)(∑
q∈[Q] f(q) N(qi,q′′

j
,q−{i,j})(q)

)
∣∣∣∣∣∣
1394

= max


∣∣∣∣∣∣ fqi (fq′′

j
− fq′

j
)(∑

q∈[Q] fq N(q′
j
,q−j )(q)

)(∑
q∈[Q] fq N(q′′

j
,q−j )(q)

)
∣∣∣∣∣∣
1395

= Θ(1)

min
{∣∣∣(∑q∈[Q] fq N(qi,q′

j
,q−{i,j})(q)

)(∑
q∈[Q] fq N(qi,q′′

j
,q−{i,j})(q)

)∣∣∣}1396

To prove that δ(n) = o
(

1
n

)
, we have to prove that1397

min


∣∣∣∣∣∣
∑

q∈[Q]

fq N(qi,q′
j

,q−{i,j})(q)

∑
q∈[Q]

f(q) N(qi,q′′
j

,q−{i,j})(q)

∣∣∣∣∣∣
 = ω(n) .1398

We shall prove that1399

min


∣∣∣∣∣∣
∑

q∈[Q]

fq N(qi,q′
j

,q−{i,j})(q)

∑
q∈[Q]

f(q) N(qi,q′′
j

,q−{i,j})(q)

∣∣∣∣∣∣
 = Ω(n2) .1400
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Define fmin := f2 if f1 = 0 or f1 if f1 > 0; so fmin is the smallest non-zero effort. (Using fmin1401

allows proving the result for either mandatory or voluntary participation.) Note that1402 ∑
q∈[Q]

fqN(qi,q′
j

,q−{i,j})(q)

∑
q∈[Q]

fqN(qi,q′′
j

,q−{i,j})(q)

1403

≥ f2
min

∑
q∈[Q]

N(qi,q′
j

,q−{i,j})(q)

 ∑
q∈[Q]

N(qi,q′′
j

,q−{i,j})(q)

1404

= f2
min · n2 = Θ(n2) .1405

Hence,1406

min


∣∣∣∣∣∣
∑

q∈[Q]

fqN(qi,q′
j

,q−{i,j})(q)

∑
q∈[Q]

fq N(qi,q′′
j

,q−{i,j})(q)

∣∣∣∣∣∣
 = Ω(n2) .1407

Since Ω(n2) ⊂ ω(n), this implies that δ(n) = o
(

1
n

)
.1408


	1 The Contest Game as a Discrete Tullock Contest
	2 Results and Significance
	2.1 Symmetric Nash Equilibria for an Anonymous Contest Game
	2.2 Bounds on the Mixed Price of Anarchy
	2.3 Contest Games with Rational and Irrational Nash Equilibria
	2.4 Irrationality Vs. Rationality Through the Algebraic Geometry Lens

	3 Related Work and Comparison
	4 Symmetric Nash Equilibria for an Anonymous Contest Game
	5 The Mixed Price of Anarchy
	5.1 MPoA Against a Proportional Social Optimum
	5.2 MPoA Against a Non-Proportional Social Optimum

	6 Contest Games with Rational and Irrational Nash Equilibria
	7 Irrationality Vs. Rationality via Algebraic Geometry
	8 A Few More Open Problems
	A Sturmfels' Form [Theorem 6.4]SturmfelsBook of Lemma 1
	B A Primer on Algebraic Geometry
	C Counterexample to a Claim in BKLO22 about the Existence of Pure Nash Equilibrium
	D Proof of Lemma 2
	E  Proof of Lemma 6 
	F Proof of Theorem 12
	G Proof of Proposition 13
	H Proof of Theorem 14
	I Proof of Lemma 16

