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Abstract

In this paper, the application of the relaxed power spectral density
(PSD) framework is developed for quantifying uncertainties in dy-
namical systems with fractional derivative elements. The proposed
methodology offers a systematic treatment of uncertainties in spectrum-
based stochastic simulation and their propagation for response deter-
mination of systems with memory-dependent or viscoelastic behavior.
A key advantage of the framework lies in its ability to model the vari-
ability of estimated PSD functions using a non-parametric probabilis-
tic representation, while explicitly accounting for frequency-domain
correlations that are typically overlooked in conventional PSD-based
estimates. First, a “relaxed” version of the power spectral density
is derived by extracting statistical moments across ensembles of dis-
cretized PSD estimates. Next, frequency-dependent truncated nor-
mal distributions are employed to capture PSD uncertainties. Sta-
tistically compatible realizations are generated using three distinct
sampling strategies: a single-variable inverse cumulative distribution
function-based method for efficient sampling of marginal probability
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density functions, a multivariate Gaussian approach that incorpo-
rates cross-frequency covariance to capture global correlation struc-
ture, and an Ornstein–Uhlenbeck Markov process model, which re-
constructs smoothly correlated PSD trajectories. The efficiency of
the proposed approach is demonstrated by considering three repre-
sentative case studies. These are a Duffing nonlinear oscillator with
fractional damping, a tuned mass-damper-inerter system with non-
linear coupling characteristics, and a nonlinear vibration energy har-
vester under stochastic excitation. It is shown that by accounting
for a comprehensive probabilistic treatment of the PSD, the proposed
framework yields enhanced reliability analysis results of dynamical
systems under spectral uncertainty.

Keywords: Stochastic dynamics, Fractional derivatives, Power spectral den-
sity function, Uncertainty quantification, Structural reliability analysis.

1 Introduction

Efficiently assessing the reliability of structural systems subjected to dy-
namic loads is critical for ensuring the safety, stability, and functionality of
structures across various engineering disciplines. These dynamic loads can
originate from natural phenomena, such as earthquakes, wind, and waves, as
well as from human activities, including traffic, machinery, and construction
operations. They often exhibit random characteristics and are therefore ef-
fectively modeled as stochastic processes [1, 2]. Unlike deterministic cases,
stochastic loads induce complex responses that depend on the properties of
the system in question, complicating the analysis of its response and neces-
sitating the adoption of appropriate probabilistic approaches [3, 4]. Never-
theless, this analysis is essential for ensuring the reliability and resilience of
structures, especially in critical infrastructure where uncertainty could lead
to catastrophic failures.

Assessing the reliability of structural systems can also be challenging due
to the inclusion of fractional order terms in the equations governing the sys-
tem dynamics, not to mention the stochastic nature of the applied loads
and the nonlinearities that are typical in most systems. In recent years,
fractional calculus has increasingly been applied in engineering, spanning
innovative non-local continuum models (e.g., [5]) to vibration energy har-
vesting (e.g., [6, 7]). It has been widely employed in structural engineering
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to model the viscoelastic behavior of materials (e.g., [8]), with the model-
ing of viscoelastic dampers being one of the most relevant applications in
seismic isolation (e.g., [9, 10]). More recent applications in earthquake engi-
neering pertain to the response analysis and reliability assessment of systems
that conform to modern seismic design codes (e.g., [11, 12, 13]). Addition-
ally, various methodologies have been proposed within the field of stochastic
dynamics to assess the stochastic response and reliability of systems with
fractional derivatives. These methods encompass techniques based on statis-
tical linearization (e.g., [14, 15, 16, 17]), memory-free formulation methods
(e.g., [18, 19]), strategies utilizing the globally evolving generalized density
evolution equation (e.g., [20]), frameworks that employ Wiener path integrals
(e.g., [21]), even approaches to address the challenging case of systems with
singular parameter matrices and constraints (e.g., [22, 23, 24]).

Failure probability estimation constitutes a persistent challenge in stochas-
tic dynamics and is a fundamental aspect of structural reliability analy-
sis [25, 26, 27]. These estimates are used to quantify the performance of
structures subjected to random vibrations under specified conditions, thereby
ensuring their safety and durability. To this end, several approaches have
been proposed to efficiently assess the failure probabilities of structural sys-
tems, with the ultimate goal of minimizing failure risks and enhancing their
resilience, even in uncertain and dynamically varying conditions. These ap-
proaches range from semi-analytical methods (e.g., [28]) to purely numer-
ical Monte Carlo simulation (MCS) schemes (e.g., [29]), including, among
others, reliability index methods (e.g., [30]), stochastic finite element-based
techniques (e.g., [31]), Bayesian methods (e.g., [32]), probabilistic sensitivity
analysis frameworks (e.g., [33]), and frameworks based on stochastic averag-
ing (e.g., [34]). More recently, advanced sampling strategies such as Bayesian
active learning and line sampling have been developed to improve efficiency
in estimating rare-event probabilities (e.g., [35, 36]).

Spectral analysis serves as a valuable tool for assessing the dynamic re-
sponse of structures, as it provides the frequency content of dynamic loads
and thus a clearer picture of how random excitations impact the system’s
behavior. Analyzing the power spectral density (PSD) function of dynamic
loads and structural responses facilitates the identification of resonant fre-
quencies, the development of damping strategies and performance-based struc-
tural optimization [37, 38]. However, the effectiveness of spectral analysis is
often challenged by uncertainties associated with data acquisition and esti-
mation of the underlying spectra. To address this, modern efforts have de-
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veloped enhanced spectral modeling techniques. For instance, energy-based
reckoning has been introduced to estimate evolutionary power spectra in non-
stationary processes [39], and dimension-reduction spectral representations
have enabled efficient reliability analysis in geotechnical systems [40]. A com-
prehensive review and reformulation of the spectral representation method
(SRM) has also been presented in [41], offering a unifying framework for
stochastic simulation in reliability applications.

Uncertainty quantification in the PSD function itself has emerged as a
robust method for incorporating epistemic and aleatory uncertainty into dy-
namic reliability analysis. For instance, interval-based models, such as those
presented in [42], address the imprecision in seismic power spectra by em-
ploying sets of recorded accelerograms, thereby accounting for the inherent
variability in seismic inputs. Models that incorporate fractional derivatives,
as discussed in [9, 10], enhance the reliability analysis of structures equipped
with external viscoelastic dampers by considering parameter intervals and
sensitivity under uncertain conditions. The probabilistic framework intro-
duced in [43, 44] captures uncertainties arising from multiple data records by
employing subjective probabilities to represent data-driven variability. This
framework has been further extended in [45] to incorporate dependent fre-
quency modeling and sampling, thereby enhancing the accuracy of failure
probability estimation under complex dynamic interactions. These develop-
ments enable a more realistic representation of input uncertainty and improve
failure probability estimation for complex systems such as those investigated
in Ref. [46].

The present work focuses on integrating the relaxed PSD concept, includ-
ing correlated models, into the reliability analysis of nonlinear dynamical
systems featuring fractional derivative elements. Recent advances in mul-
tivariate Gaussian field modeling, particularly those addressing nonlinear
probabilistic dependencies and heterogeneous spatial variabilities [47], fur-
ther support the importance of capturing correlation structures in reliability-
driven simulations. Incorporating fractional calculus into engineering models
is particularly valuable, as it enables an efficient and accurate representation
of complex material and system behavior under stochastic excitation. To this
end, a probabilistic framework is developed to estimate failure probabilities
by modeling uncertainties in the excitation through a dataset of PSD func-
tions. Unlike the standard relaxed PSD model, which assumes independence
across frequency components, the proposed approach explicitly accounts for
frequency correlations during PSD sampling. This leads to the generation
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of more realistic PSD realizations that better reflect observed spectral char-
acteristics, thereby improving the accuracy of downstream reliability assess-
ments. The PSD model is embedded within a MCS framework, allowing
uncertainties in the excitation to be propagated through systems with non-
linear and fractional-order dynamics. To demonstrate the capabilities of the
proposed method, three nonlinear dynamical systems with fractional deriva-
tive elements are considered: a Duffing oscillator, a tuned mass-damper-
inerter (TMDI) system, and a nonlinear vibration energy harvester. Each
system is subjected to stochastic excitations characterized by different PSD
forms, enabling a comparative evaluation of sampling strategies and their
effect on failure probability estimates. Overall, the proposed framework ad-
vances probabilistic modeling techniques by linking spectral uncertainty to
structural reliability in a physically consistent and computationally efficient
manner.

The remainder of the paper is structured as follows. Section 2 introduces
some basic concepts concerning PSD estimation and fractional derivatives-
based modeling of multi-degree-of-freedom (MDOF) systems. In Section 3
the concept of the relaxed PSD including different sampling procedures is
described. The application of the proposed framework is described in Sec-
tion 4, while the numerical examples are presented in Section 5. The work
is briefly summarized in the concluding remarks in Section 6.

2 Theoretical description

In this section, a concise discussion on the theoretical background and critical
aspects of the current paper is presented. In this context, concepts pertaining
to PSD estimation and generation of PSD compatible stochastic process re-
alizations are discussed, and the equations governing the dynamics of MDOF
systems comprising fractional derivative elements are defined.

2.1 Power spectral density estimation

The estimation of the stationary PSD is based on the discrete Fourier trans-
form (DFT), which facilitates the analysis of the frequency content of discrete
signals. PSD estimation is essential for the decomposition of a signal into its
harmonic components and allows the identification and quantification of the
contribution of each frequency component to the overall signal power. The
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theoretical foundation for PSD estimation is based on the Wiener-Khinchin
theorem, which establishes a mathematical relationship between the auto-
correlation function Rx(τ) and the PSD function Sx(ω) of the signal x(t),
where τ describes the time lag and ω is the frequency [26]. For a continuous-
time, wide-sense stationary signal with infinite duration, this relationship is
expressed by the pair

Sx(ω) =

∫ ∞
−∞

Rx(τ)e−iωτdτ (1)

and

Rx(τ) =
1

2π

∫ ∞
−∞

Sx(ω)eiωτdω, (2)

with i denoting the imaginary unit. However, in practical scenarios, signals
are neither continuous nor of infinite length. Consequently, direct application
of the Wiener-Khinchin theorem is not feasible, and alternative estimation
methods must be employed.

A commonly used approach for PSD estimation is based on the peri-
odogram [48]. The periodogram provides an approximation of the actual
PSD by using the squared absolute value of the DFT of a finite length signal

x(t) =
[
x0 x1 . . . xNt−1

]T
. The estimator is defined as

Ŝx(ωk) = lim
T→∞

(∆t)2

T

∣∣∣∣∣
Nt−1∑
n=0

xne
−2πikn/Nt

∣∣∣∣∣
2

, (3)

where ∆t is the time increment, T is the length of the signal, Nt is the total
number of data points in x(t), and ωk corresponds to the discrete angular
frequencies. Although the periodogram provides a straightforward and in-
tuitive method for spectral estimation, it suffers from limitations such as
spectral leakage and high variance. Therefore, the periodogram estimates
of power at any frequency can vary significantly from one realization to an-
other, even for signals with the same underlying PSD. This turns the pe-
riodogram to a noisy and unstable estimator, especially for short datasets.
To mitigate these issues, alternative methods were developed, such as the
Bartlett’s method [49, 50] or Welch’s method [51], which both define well-
known estimators. Bartlett’s method involves dividing the time series data
into non-overlapping segments, computing the periodogram for each segment,
and then averaging these periodograms to reduce variance in the spectral es-
timate. This approach improves the stability of the estimate at the loss
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of the frequency resolution. On the other hand, Welch’s method extends
Bartlett’s method by allowing overlapping segments by applying a window
function to each segment before the periodogram is calculated. The latter
further reduces variance and spectral leakage, resulting in a smoother and
more reliable spectral estimate.

Due to its advantages over Bartlett’s approach, Welch’s method is adopted
herein. It is described briefly in the following. First, the time signal x(t) is
divided into K segments, x1(t) = x(t∗), x2(t) = x(t∗ + D), ..., xK(t) =
x(t∗+(K−1)D), where t∗ = 0, 1, . . . , L−1 denotes the local time within the
segment, L is the segment’s length, and D accounts for the spacing between
the segment start points. The parameter D controls the overlap degree, with
D = L/2 resulting in 50% overlap, for instance. Then, each segment is win-
dowed using a function W (t∗). Various window functions can be applied to
reduce spectral leakage. In this work, the Hamming window [52] is employed,
which is defined as

W (t∗) = 0.54− 0.46 cos

(
2πt∗

Nt∗ − 1

)
, 0 ≤ t∗ ≤ Nt∗ − 1. (4)

The modified periodogram for each windowed segment is then computed as

Pk(ωm) =
1

L

∣∣∣∣∣
L−1∑
t∗=0

xk(t
∗)W (t∗)e−2πimt

∗/L

∣∣∣∣∣
2

, (5)

where k = 1, 2, . . . , K, and ωm corresponds to the frequency bins. The final
PSD estimate is obtained by averaging the modified periodograms as

ŜWx (ωm) =
1

K

K∑
k=1

Pk(ωm). (6)

2.2 The fractional derivative operator

Fractional calculus broadens the conventional concepts of differentiation and
integration to include non-integer orders [53]. As an extension of classical
calculus, it enables the calculation of derivatives and integrals of non-integer
order, offering in this way a more adaptable framework for modeling complex
systems and phenomena across various disciplines, including physics, finance,
biology and engineering [54, 55, 56]. In terms of engineering applications, the
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increasing use of fractional calculus is motivated by its proven ability to accu-
rately and efficiently model the behavior of viscoelastic materials. Fractional
order models are particularly well-suited to capture memory and hereditary
effects, providing a more accurate representation of the material’s constitu-
tive behavior [57]. This, in turn, leads to a more precise determination of
the system response compared to the corresponding classical integer-order
models, especially in applications related to viscoelastic dampers utilized in
vibration isolation and seismic isolation of engineering systems (e.g., [58]).
Moreover, fractional order models allow for a continuous spectrum of relax-
ation times, rather than being limited to discrete values, and offer a compact
formulation that reduces the complexity and number of parameters required
for system modeling (e.g., [8]). These advantages are especially valuable
when addressing uncertain or highly dynamic environments. The interested
reader is directed to Ref. [57] for a detailed discussion on the topic.

Among the different definitions of fractional order derivatives, these of
the Riemann-Liouville, the Caputo and the Grünwald-Letnikov fractional
derivatives stand out as the most used ones in engineering applications [59,
60, 54]. Following the Riemann-Liouville definition, the fractional derivative
of order q, m − 1 < q < m (m ∈ N), of a continuous function f(t) is given
by

RLD
q
a,tf(t) =

1

Γ(n− q)
dm

dtm

∫ t

a

f(τ)(t− τ)−q+m−1dτ, (7)

where Γ(·) denotes the gamma function. Although the Riemann-Liouville
definition is widely used, it does not handle the initial conditions imposed in
the problem under consideration in a straightforward manner, which can be
burdensome in terms of applications.

To compensate for the latter, the Caputo definition of fractional order q
is used (m− 1 < q < m, m ∈ N), which is given by

CD
q
a,tf(t) =

1

Γ(n− q)

∫ t

a

f (m)(τ)(t− τ)−q+m−1dτ. (8)

A key difference between adopting the definitions given by Eqs. (7) and (8) is
that the latter allows the initial conditions of the problem to be specified in
terms of the function rather than its derivatives. Thus, the aspect that makes
the Caputo definition compelling for engineering and physical problems is its
treatment of initial conditions, which are typically expressed in terms of the
function f(t) [57, 60, 61].
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Lastly, the Grünwald-Letnikov definition is based on a discrete approach
and is thus mostly used in computational algorithms, where numerical meth-
ods and simulations involving numerical approximations of fractional deriva-
tives are required. It is given by

GLD
q
a,tf(t) = lim

N→∞
h−q

N−1∑
r=0

Γ(r − q)
Γ(r − 1)Γ(−q)

f(t− rh), (9)

where q, m− 1 < q < m (m ∈ N), denotes the fractional order, and h = t−a
N

is the discretization step in the time domain.

2.2.1 Multi-degree-of-freedom systems comprising fractional deriva-
tive elements

The equation governing the dynamics of an MDOF nonlinear structural sys-
tem comprising fractional derivatives is given by [62]

Mẍ + Cẋ +

j0∑
j=1

CjD
qj(x) + Kx + h(t,x, ẋ) = w(t), (10)

where x =
[
x0 x1 . . . xn−1

]T
denotes the n-dimensional response displace-

ment vector and a dot over a variable accounts for differentiation with respect
to time. M, C, Cj and K denote the n×n mass, damping and stiffness ma-
trices, and h(t,x, ẋ) and w(t) denote the n-dimensional nonlinearity and
system excitation vectors, respectively. The derivatives of fractional order
qj, 0 < qj < 1, are represented by the fractional operator Dqj(·), which for
the purposes of this paper is modeled by adopting the Caputo definition in
Eq. (8) for a = 0 and m = 1, that is,

Dqj(xi(t)) =
1

Γ(1− qj)

∫ t

0

ẋi(τ)

(t− τ)qj
dτ. (11)

3 Efficient sampling methods for relaxed power

spectral density estimation

In this section, the relaxed PSD concept, as well as various sampling methods
that are used in the ensuing analysis are discussed.
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3.1 Definition of the relaxed power spectral density
function

The relaxed PSD function is a probabilistic representation of PSD functions
ensemble, which share some similar characteristics, such as peak frequency
and total power (e.g., [43, 44]). Its aim is to quantify uncertainties associated
with the acquisition of real data records, as well as the PSD estimation
process itself. To construct the relaxed PSD, an ensemble of Ne estimated
PSD functions is considered. These functions are typically estimated from
real or artificial time signals using a spectral estimation method, such as
Welch’s method. In this context, let si,ωn denote the spectral value of the
ith PSD estimate at frequency ωn, where i = 0, 1, . . . , Ne − 1, ωn = n∆ω,
and n = 0, 1, . . . , Nω−1, with Nω representing the total number of frequency
components. For each these component ωn, the mean

µωn =
1

Ne

Ne−1∑
i=0

si,ωn (12)

and standard deviation

σωn =

√√√√ 1

Ne

Ne−1∑
i=0

(si,ωn − µωn)2, (13)

are computed. These statistical moments characterize the variability of the
ensemble at each frequency and form the basis of the relaxed PSD model.

A probability density function (PDF) is then defined for each frequency
ωn based on the corresponding µωn and σωn in Eqs. (12) and (13). To this
end, a truncated normal distribution is often utilized, which has the form

fωn(s;µ, σ, a, b) =
1

σ

φ
(
s−µ
σ

)
Φ
(
b−µ
σ

)
− Φ

(
a−µ
σ

) , (14)

where φ(η) = 1√
2π

exp
(
−1

2
η2
)

represents the standard normal distribution,

and Φ(ζ) = 1
2

(
1 + erf(ζ/

√
2)
)

is its corresponding cumulative distribution
function (CDF), with erf(·) denoting the error function. In Eq. (14), a and
b correspond to the truncation bounds, while all subscripts are omitted for
simplicity. As dependencies and correlations between frequencies are not con-
sidered in the original model, the probability density functions (PDF) has

10



to be determined separately for each individual frequency ωn. Additionally,
the lower truncation bound a is set equal to 0, as negative values are not
physically meaningful for PSD functions. Therefore, the truncation bounds
aωn = 0 and bωn =∞ are considered in this paper. It should be noted that,
depending on the data distribution, different probability density functions
can be employed, providing flexibility in modeling uncertainties when deriv-
ing the relaxed PSD function. The interested reader is referred to [43] for a
detailed discussion.

Following the adoption of a relaxed PSD function-based formulation, in-
dividual PSD functions can be sampled for further analysis, such as within
a MCS framework. In essence, this approach enables the generation of ran-
dom realizations that reflect the marginal statistical characteristics of the
relaxed PSD. However, in the standard relaxed PSD model, as presented in
Ref. [43], the sampling is performed independently at each frequency, mean-
ing that the correlations between neighboring frequencies are not considered.
Specifically, a separate probability density function is constructed for each
frequency, and samples are drawn independently from these Nω marginal
distributions. While this method is computationally straightforward, it of-
ten leads to non-smooth or physically unrealistic PSD realizations that do
not capture the coherent structure typically observed in empirical spectra.
To address this limitation, the present work introduces enhanced sampling
strategies that incorporate frequency-dependent correlations directly into the
PSD generation process. By embedding cross-frequency dependencies into
the sampling scheme, the proposed models yield smoother and more real-
istic PSD samples that better represent the underlying stochastic process.
This not only improves the physical plausibility of the generated PSD func-
tions but also enhances the accuracy of downstream reliability analyses, such
as failure probability estimation under random excitation. The key nov-
elty of this manuscript lies in the application of such correlation-aware PSD
sampling models to dynamical systems that include fractional derivative el-
ements. These systems are particularly sensitive to the spectral content of
the input excitation due to their inherent memory and non-local behavior.
Accurately capturing the frequency structure of the input process is therefore
essential for meaningful reliability predictions. By combining correlated PSD
sampling with fractional-order system dynamics, the proposed framework of-
fers a more comprehensive and realistic approach to modeling uncertainty in
complex engineering systems.
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3.2 Sampling with one random variable

The first dependency sampling model, which is the simplest of those con-
sidered herein, is based on the use of a single random variable [45]. Specif-
ically, first, a uniformly distributed variable u ∼ U(0, 1) is sampled, and
then, the corresponding value X is obtained using the inverse CDF, that is
X = F−1(u). It is noted that sampling from the inverse CDFs of the individ-
ual probability densities in the relaxed PSD function yields samples that are
consistent with the respective target distributions. Clearly, the one-variable
sampling model does not account for frequency correlations. Nevertheless, it
is an efficient sampling method, not only because it requires a single random
variable per PSD sample, i.e., NZ = 1, but also because it can produce quite
smooth realizations. However, it has limited flexibility as it may not fully
capture variations or correlations in the data. In the ensuing analysis, this
sampling approach is referred to as the one random variable (RV) model.

3.3 Sampling with multivariate Gaussian distributions

A more efficient approach has been proposed to bypass the limitations aris-
ing from the simplicity of the scheme involving sampling with one RV in
Section 3.2. This pertains to modeling a multivariate Gaussian distribu-
tion based on the marginal PDFs of the relaxed PSD, while also account-
ing for correlations [45]. In this context, consider a random variable vector

X =
[
X1 X2 . . . XNω

]T
, with mean µX and covariance matrix ΣX. The

joint PDF is defined by

f(x) =
1√

(2π)Nω det(ΣX)
exp

(
−1

2
(x− µX)TΣ−1X (x− µX)

)
. (15)

A vector of independent standard Gaussian variables z is then defined as
x = µ+Lz, ensuring the desired distribution and correlation structure. Here,
L denotes the Cholesky factor of the covariance matrix ΣX, fulfilling ΣX =
LLT . This sampling model is efficient, numerically stable, and requires a
relatively small amount of NZ = Nω random variables. However, its accuracy
depends on the presence of sufficient correlation in the data. While the
method does not impose a theoretical limit on the dimensionality of the MVG
distribution, its practical feasibility depends on the available computational
resources and the structure of the covariance matrix. In the ensuing analysis,
this approach is referred to as the multivariate Gaussian (MVG) model.
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3.4 Sampling based on using the Ornstein-Uhlenbeck
process

In this section, an approach for sampling PSD functions, considering also
the correlations is presented. This sampling model is classified as Markov
sampling, and is specifically designed to account for the relaxed PSD function
S(ω) [45]. The resulting PSD function can be viewed as a sample trajectory of
a non-stationary Ornstein-Uhlenbeck (OU) process with respect to frequency.
By modeling the uncertainty in the relaxed PSD using observed data, the
mean, the variance and the covariance of a PSD function S(ω) are given by

µS(ω) = E[S(ω)], (16)

σ2
S(ω) = E[S2(ω)]− E2[S(ω)] (17)

and

σS(ω, ω + ∆ω) = E[S(ω)S(ω + ∆ω)]− E[S(ω)] E[S(ω + ∆ω)], (18)

respectively. The statistical quantities defined in Eqs. (16) to (18) are de-
terministic functions with respect to ω and are calculated from the relaxed
PSD at discrete points. Note, in passing, that the sampling model described
by Eqs. (16) to (18) accounts only for modeling the dependencies between
neighboring frequencies, improving in this way the sampling process.

As it is also mentioned above, the PSD function sampling follows a
Markov process, where the first value S1 is sampled from the PDF of the
relaxed PSD. The subsequent values S2, S3, . . . , SNω , are obtained by adding
a term ∆Sj to account for correlations between neighboring frequencies. This
process is described by

Sj+1 = Sj + ∆Sj, (19)

where ∆Sj depends on a set of parameters λj and kj, with j = 1, 2, . . . , n
and reads

∆Sj = −kjSj + λjΦj + µj+1 − (1− kj)µj. (20)

These parameters are determined by solving a system of linear equations
which depend on variance and cross-correlation conditions, namely,

kj = 1− σj,j+1

σ2
j

(21)
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and

λj =

√
σ2
j+1 −

σj,j+1

σ2
j

, (22)

for j = 1, 2, . . . , n.
The structure of ∆Sj is inspired by a discretized Ornstein–Uhlenbeck

process, which introduces damped stochastic perturbations to maintain con-
tinuity and correlation between neighboring frequency bins. However, unlike
the classical Ornstein–Uhlenbeck model, the present formulation includes ad-
ditional correction terms (involving µj and µj+1) to satisfy prescribed cross-
correlation and variance constraints across the ensemble of PSD functions.

It is noted that following the sampling framework described by Eqs. (16)
to (22), the resulting PSD functions are smooth, with strong correlations
between adjacent frequencies. Subsequently, this provides a realistic repre-
sentation of the data. Finally, the implementation of this sampling approach
requires using NZ = Nω independent random variables, while it generates
PSD functions that reflect efficiently the statistical properties of the ob-
served data, in comparison to the sampling frameworks discussed in Sections
3.2 and 3.3. A detailed description of the sampling procedures described in
Sections 3.2 to 3.4 can be found in Ref. [45].

4 Application of the proposed framework

4.1 Failure probability estimation for systems compris-
ing fractional derivatives

The estimation of failure probability is crucial in stochastic dynamics, as it
aims to assess the safety of structures and determine relevant safety mar-
gins [63, 64, 65, 66]. To conduct a precise probabilistic analysis for a system
under consideration, the failure probability pf is defined as

pf =

∫
X
I(x)f(x) dx, (23)

where f(x) denotes the PDF of the random variables and I(x) is the indicator
function defined as

I(x) =

{
1, if g(x) ≤ 0

0, otherwise,
(24)
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with g(x) as performance function, defining the failure region of the system.
From a MCS perspective, as it is demonstrated in the present work, the
failure probability can be defined as

pMC
f =

1

NMCS

NMCS∑
i=1

I
(
x(i)
)
, (25)

where NMCS and x(i) denote the number of MCS samples and the ith system
response, respectively.

In this context, considering Eq. (25), simulations are initially performed
in the following using the individual estimated PSD functions of the ensemble
(see Eqs. (5) and (6)) as the benchmark estimation, based on the raw and
unprocessed data shown in Fig. 1. This is followed by simulations using the
mean of the ensemble, and the uncorrelated relaxed PSD function model.
Additionally, the three models described in Section 3, i.e., the one RV model,
the MVG model and the correlated relaxed PSD model, are applied.

To ensure that the results obtained in the following numerical examples
section are stable, a sufficiently large number of MCS samples is used. By
doing so, it can be shown that the coefficient of variation (CoV) of the failure
probability estimate, namely

CoV(pf ) =

√
1− pf

pf ·NMCS

, (26)

is low enough. The latter indicates the stability of the results, and thus,
that these can be considered reliable [29]. This is reported for the three
dynamic models in the following analysis, in addition to the computed failure
probabilities.

4.2 Spectral Representation Method

The spectral representation method (SRM) is one of the most widely used
approaches to generate realizations of stationary and non-stationary stochas-
tic processes, which are compatible with a given PSD function S(ω) [38, 67];
additional extensions of the SRM for reducing the involved random variables
are found in [68, 69]. This method is particularly useful when the objective is
to generate artificial signals in the time domain, whose statistical properties
satisfy a predefined spectral description. For the stationary case, which is
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also of interest in the present paper, the process realization is constructed
using the following expression

f(t) =
√

2
Nω−1∑
n=0

(2S(ωn)∆ω)1/2 cos(ωnt+ φn). (27)

In Eq. (27), ωn represents the discretized angular frequencies and ∆ω =
ωu/Nω is the frequency discretization step, with ωu accounting for the up-
per cut-off frequency. Further, φn are random phase angles uniformly dis-
tributed over [0, 2π], Nω denotes the total number of frequency points used
in the discretization, and t is the time variable at which the process is eval-
uated. Employing Eq. (27) to generate multiple realizations with different
random phase sets {φn}, a variety of process samples can be obtained, each
statistically consistent with the original PSD S(ω).

4.3 Utilized PSD functions and sample derivation

For the numerical implementation, a set of predefined PSD functions is con-
sidered, and the SRM (see Eq. (27)) is used to generate 30 realizations of
stochastic processes compatible with each of the PSDs. Noting that the
random phase angles in the application of the SRM lead to different real-
izations, even when these are based on the same underlying PSD function,
the constructed time signals are regarded as input data, emulating real data.
Subsequently, an ensemble of PSD estimates is constructed. This is done by
using Welch’s method to transform the above time signals into the frequency
domain (see Eqs. (5) and (6)). The ensemble of PSD estimates reflects the
inherent uncertainties present in real data and serves as a representative
dataset for the following analysis.

Welch’s method is chosen particularly for its ability to produce smoother
and more stable spectral estimates compared to non-averaging methods, such
as the classical periodogram. This smoothing effect is crucial in the context of
the proposed approach, as highly oscillatory PSD estimates, often produced
by raw periodograms, can distort the underlying spectral structure and ob-
scure statistical correlations across frequencies. The use of Welch’s method
thus supports the identification and modeling of frequency-dependent de-
pendencies, which form the foundation for the correlation-aware sampling
strategy presented in this work. However, it is important to note that the
parameters of Welch’s method, such as segment length, window function,
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and degree of overlap, do influence the resulting PSD estimates. These
parameters affect both spectral resolution and variance reduction, thereby
influencing how well frequency correlations are preserved in the estimated
dataset. In this work, the Welch parameters are selected carefully to strike
a balance between smoothness and resolution, ensuring that the generated
PSD ensemble remains both physically meaningful and statistically robust
for subsequent reliability analysis.

The first PSD function that is utilized in the following is the Clough-
Penzien PSD function is used to generate realizations for the following ex-
amples [70]. It is given by

SCP(ω, S0, ωf , ζf , ωg, ζg) = S0 ·
ω4
g + 4ζ2gω

2
gω

2

(ω2
g − ω2)2 + 4ζ2gω

2
gω

2
· ω4

(ω2
f − ω2)2 + 4ζ2fω

2
fω

2
,

(28)
where ωg and ζg are the natural frequency and damping ratio of the soil, re-
spectively, ωf and ζf are the corresponding parameters for the bedrock, and
S0 corresponds to the intensity of the input white noise excitation process.
Eq. (28) extends the Kanai-Tajimi PSD model [71, 72] by incorporating the
filtering effects of both the soil and underlying bedrock. It provides a more
comprehensive representation of ground motion by considering the transmis-
sion of seismic waves through multiple layers. The first term on the right-
hand side of Eq. (28) represents the soil’s filtering effect, which is similar
to the Kanai-Tajimi model, while the second term accounts for the filtering
characteristics of the bedrock. This dual-filter approach enables a more ac-
curate characterization of ground motion, especially in regions where both
soil and bedrock properties significantly influence the seismic response. The
Clough-Penzien model is particularly useful for advanced structural analyses
where precise modeling of seismic excitation is required. In the following ex-
amples, realizations compatible with Eq. (28) are generated by considering
the parameters: ωg = 8π rad/s and ζg = 0.6 for the soil, ωf = 0.8π rad/s
and ζf = 0.6 for the bedrock [73], and S0 = 1 · 10−4 for the intensity of the
white noise process. Stochastic processes are generated using time signals
with a length of T = 10 s, a ∆t = 0.0209 s time increment, and a frequency
discretization of ∆ω = 1.1719 rad/s, with cut-off frequency set to ωu = 150
rad/s.

The second PSD function utilized in this work is the Davenport wind
PSD [74, 26], which is widely used to model wind-induced excitations on
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structures. It is given by

SD(ω,K, V10, c1) = 4KV 2
10 ·

f 2
1

ω(1 + f 2
1 )4/3

(29)

with f1 = c1ω
πV10

, where ω denotes the circular frequency, V10 is the mean wind
speed at a reference height of 10 m, c1 is a length parameter related to the
observation height or aerodynamic roughness, and K is an empirical scal-
ing constant that determines the overall energy level of the spectrum. The
dimensionless quantity f1 represents a normalized frequency that accounts
for wind speed and vertical scale. Eq. (29) captures the decay of turbu-
lence energy across frequencies and has been extensively validated against
field measurements for atmospheric boundary layer flows. The spectrum ex-
hibits a peak at a characteristic frequency and decays with a slope, reflecting
the inertial subrange and dissipation scales of turbulence. Its simplicity and
physical interpretability make it a common choice in wind engineering and
stochastic dynamic analyses. In the following examples, realizations com-
patible with Eq. (29) are generated by using the parameters V10 = 10 m/s,
c1 = 5 m, and K = 0.01. Stochastic processes are generated using time
signals with a duration of T = 30 s, a time increment of ∆t = 0.157 s, and a
frequency discretization of ∆ω = 0.209 rad/s, with cut-off frequency set to
ωu = 20 rad/s.

The last PSD function employed in the following case studies section
is the JONSWAP (Joint North Sea Wave Project) spectrum [75], which was
originally developed to characterize the energy distribution of wind-generated
sea waves. It is given by

SJ(ω, α, ωp, γ) =
αg2

ω5
exp

(
−5

4

(ωp
ω

)2)
γ
exp

(
−(ω−ωp)2

2σ2ω2p

)
, (30)

where ω is the circular frequency, ωp is the peak frequency, α is a scaling
parameter related to the energy level, γ is the peak enhancement factor, and
g is the gravity acceleration. The parameter σ controls the width of the peak
and is defined piecewise as

σ =

{
σa, ω ≤ ωp

σb, ω > ωp
, (31)

with σa and σb denoting parameters to be specified. Eq. (30) allows for
the modeling of strongly peaked spectra and is well suited for applications
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requiring realistic representations of stochastic broadband excitation with
pronounced dominant frequencies. Although originally derived from oceano-
graphic measurements, the JONSWAP spectrum has found application in
structural reliability studies as a flexible and physically motivated alterna-
tive to classical models like the Clough-Penzien PSD model. For generating
realizations compatible with Eq. (30), the following set of parameters are
used: ωp = 2 rad/s, γ = 3.3, α = 0.005, σa = 0.7, and σb = 0.9. A time
signal of duration T = 60 s and increment ∆t = 0.2094 s is used, with a
frequency resolution of ∆ω = 0.1047 rad/s and an upper cut-off frequency
ωu = 15 rad/s.

The datasets generated considering the PSD functions in Eqs. (28), (29),
and (30), respectively, are shown in Fig. 1. Using these datasets, a relaxed
PSD function is constructed for each case, and is subsequently used for uncer-
tainty quantification. The constructed probabilistic PSD functions are shown
in Fig. 2 for reference. A detailed description of the followed procedure can
be found in Section 3 (see also [43]).

Subsequently, the relaxed PSD functions are utilized to estimate the fail-
ure probabilities for the systems, including a Duffing nonlinear oscillator, a
TMDI system, and an vibration energy harvesting device, each equipped with
fractional derivative elements. Indicative examples of PSD functions sampled
with the schemes described in Sections 3.2 to 3.4 are shown in Fig. 3.

5 Numerical examples

In this section, three numerical examples including systems endowed with
fractional derivative elements are used to demonstrate the validity and effi-
ciency of the proposed framework. These are a Duffing nonlinear oscillator,
a TMDI, and a vibration energy harvesting device.

5.1 Duffing nonlinear oscillator comprising fractional
derivatives

The equation of motion of a Duffing nonlinear oscillator with fractional
derivative elements is given by

mẍ(t) + cDqx(t) + kx(t) + h(t, x) = F (t), (32)
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Figure 1: Datasets compatible with (a) the Clough-Penzien PSD function in
Eq. (28), (b) the Davenport PSD function in Eq. (29), and (c) the JONSWAP
PSD function in Eq. (30), estimated with Welch’s method.
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Figure 2: Relaxed PSD functions constructed by the three datasets in Fig. 1:
(a) relaxed PSD of the Clough-Penzien dataset; (b) relaxed PSD of the Dav-
enport dataset; (c) relaxed PSD of the JONSWAP dataset.
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Figure 3: Generated PSD samples for the different sampling schemes in Sec-
tions 3.2 to 3.4 for the presented datasets: (a) PSD samples compatible with
the Clough-Penzien PSD function in Eq. (28); (b) PSD samples compatible
with the Davenport PSD function in Eq. (29); (c) PSD samples compatible
with the JONSWAP PSD function in Eq. (30).

21



where m represents the mass of the system, and c and k denote the damping
and stiffness coefficients, respectively. The function

h(t, x) = εkx3(t) (33)

describes the nonlinearity of the system, with ε > 0 denoting a coefficient that
controls its magnitude. Further, Dq(·), 0 < q < 1, represents the fractional
derivative operator defined as the Caputo fractional derivative of Eq. (11)
with fractional order q. The term F (t) is the external stochastic excitation
such that F (t) = −mag(t), where ag(t) is a ground motion acceleration
described by the Clough-Penzien PSD form in Eq. (28). In this numerical
example, the following structural parameters are used: m = 0.5, c = 0.05,
k = 150, q = 0.5, and ε = 1.

Next, a performance function is defined to measure the deviation of the
system in Eq. (32) from a pre-determined behavior. This is defined as

g(x) = xcrit −max
t∈T
|x| , (34)

where xcrit represents a critical value, set in the following equal to xcrit = 0.07,
and max

t∈T
|x| represents the maximum displacement of the oscillator over the

time interval T . Thus, any displacement larger than the critical value xcrit
at any time instant within T is considered a system failure.

The SRM is employed to generate realizations of the excitation process
ag(t) that conform to the PSD described by Eq. (28), also illustrated in
Fig. 1a. A total of NMCS = 106 samples are produced to achieve a reliable
empirical estimate of the failure probability.

These simulations are based on an ensemble of Ne PSD functions, sampled
from the underlying probabilistic model, each representing a possible realiza-
tion of the spectral content of the excitation. For each PSD in this ensemble,
corresponding time-domain samples are generated using the spectral repre-
sentation method, allowing for the stochastic nature of the excitation and the
variability across different PSD realizations to be taken into account. Each
time signal is then applied to the dynamical system defined by Eqs. (32) and
(33). The system response is computed using the L1 algorithm [76], which
provides a numerical approximation of the Caputo fractional derivative in
Eq. (32). Subsequently, the resulting responses are evaluated based on the
failure criterion in Eq. (34). The benchmark failure probability is obtained
by averaging over all NMCS simulated responses, ensuring a robust and rep-
resentative assessment of the failure probability that accounts for both the
random excitation and variability in spectral content.
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To ensure a consistent comparison, the same number of time series sam-
ples is used to evaluate the failure probability for both the benchmark and
the correlations models. In all cases, a total of NMCS individual PSD func-
tions are sampled, either from the standard relaxed PSD model (benchmark)
or from the correlated models. For each PSD realization, a single time series
is generated using SRM and applied to the system, and the resulting system
response is computed and checked against the failure criterion. This one-to-
one sampling and simulation procedure ensures that all models are evaluated
under identical conditions in terms of sample size, excitation variability, and
numerical integration, with the only difference being the statistical structure
of the underlying PSD model.

Further, the failure probability is calculated using the relaxed PSD method-
ology outlined in Section 3. The resulting failure probabilities for the indi-
vidual models and sampling strategies are presented in Table 1. It can be
seen that the MVG model closely matches the benchmark solution, whereas
the models with one RV and the correlated relaxed PSD slightly overesti-
mate the failure probability. Thus, it can be argued that they lead to a
more conservative prediction. Conversely, the mean and relaxed PSD mod-
els underestimate the failure probability. The CoVs presented in Table 1
demonstrate the stability of the MCS-based estimate, indicating, in turn,
low variability and consistency of the obtained results. In addition, the ab-
solute percentage error (APE) is presented in Table 1. The APE is computed
as

APE =

∣∣∣∣pf,model − pf,benchmark

pf,benchmark

∣∣∣∣ · 100, (35)

where pf,model is the value obtained from a given model, and pf,benchmark is the
reference value used for comparison. The result is expressed as a percentage
and quantifies the relative deviation of the model output from the benchmark
solution.

5.2 Nonlinear tuned mass-damper-inerter system com-
prising fractional derivatives

In this section, a TMDI nonlinear system comprising a fractional derivative
element is considered to verify the effectiveness of the proposed framework.
Generally, TMDI systems are advancements of the traditional tuned mass-
damper (TMD) concept used in passive vibration control, leveraging the
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Table 1: Failure probabilities, absolute percentage error and CoV for the
Duffing nonlinear oscillator with fractional derivative terms in Eqs. (32) and
(33); comparison of different sampling schemes.

Model g(x) APEg [%] CoV
benchmark 0.0195 — 0.0071

mean 0.0147 24.62 0.0082
relaxed PSD 0.0158 18.97 0.0079

one RV 0.0250 28.21 0.0062
MVG 0.0196 0.51 0.0071

correlated relaxed PSD 0.0214 9.74 0.0068

mass amplification effect of the inerter–a two-terminal flywheel device that
generates forces proportional to the relative acceleration between its termi-
nals [77, 78, 62]. These systems have been widely utilized in engineering
practice to mitigate unwanted vibrations in structures and mechanical sys-
tems. An indicative TMDI system that is used in the following analysis is
shown in Fig. 4.

The governing equation of motion of the TMDI nonlinear system of pri-
mary mass m1 and tuned mass m2 is given by Eq. (10) for j0 = 1. As-

suming that the system response displacement is x =
[
x1 x2

]T
, the cor-

responding derivative of fractional order q1 (0 < q1 < 1) is written as

Dq1 [x] =
[
ẋ1 Dq1x2

]T
. Therefore,

M =

[
m1 0
0 m2 + b

]
, C =

[
c1 + c2 0
−c2 0

]
, C1 =

[
0 −c2
0 c2

]
, K =

[
k1 + k2 −k2
−k2 k2

]
(36)

denote the parameter matrices of the system, where c1 and c2 refer to the
damping coefficients, and k1 and k2 are the stiffness coefficients. The pa-
rameter b is a mass-equivalent constant of proportionality. Furthermore, the
system nonlinearity has the form

h(t,x, ẋ) =

[
εk1x

3
1

0

]
(37)

with ε denoting the nonlinearity magnitude. w(t) =
[
w(t) 0

]T
is the applied

excitation, with w(t) a stochastic process described by the Davenport PSD
form in Eq. (29). An overview of the structural parameter values used for
the TMDI system in Fig. 4 is given in Table 2.

24



𝑏

𝑚1

𝑐1

𝑚2

𝑘1𝑥1 + ℎ(𝑡, 𝑥1)

𝑘2

𝐷𝑞1 𝑐2

𝑥1(𝑡)

𝑤(𝑡) 𝑥2(𝑡)

Figure 4: A TMDI nonlinear system with a fractional derivative element
subjected to stochastic excitation.

Table 2: Parameter values for the TMDI nonlinear system in Eqs. (36) and
(37).

Parameter Variable Value Unit
Primary mass m1 11 kg
Tuned mass m2 1 kg

Mass-equivalent constant b 1.1 kg
Damping coefficient of primary mass c1 1 Ns/m
Damping coefficient of tuned mass c2 0.78 Ns/m

Stiffness of primary mass k1 972 N/m
Stiffness of tuned mass k2 124 N/m

Fractional derivative order q1 0.5 [-]
Intensity of the nonlinearity ε 0.1 [-]
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The deviation of the system response from a pre-determined threshold is
examined next by defining the performance function for the primary mass as

g1(x1) = x1,crit −max
t∈T
|x1| , (38)

and the performance function for the tuned mass as

g2(x2) = x2,crit −max
t∈T
|x2| . (39)

In Eqs. (38) and (39), x1,crit and x2,crit denote the critical values which char-
acterize the maximum displacement boundaries of the system, and in the
ensuing analysis are set equal to x1,crit = 2.5 and x2,crit = 0.85, respectively.
Furthermore, max

t∈T
|xi| accounts for the maximum displacement of mass i

(i = 1, 2) over the time interval T . Considering that the TMDI nonlinear
system is a 2-DOF system, failure is assumed to occur if either of the perfor-
mance conditions in Eqs. (38) and (39) is violated. Therefore, the combined
performance function is expressed as

g(x) = min {g1(x1), g1(x2)} , (40)

where g(x) < 0 indicates system failure.
Next, the SRM is utilized to generate ground motion process realizations

w(t) consistent with the prescribed PSD in Eq. (28), also shown in Fig. ??.
A sufficiently high number of MCS samples is considered, i.e., NMCS = 105,
for accurate estimation of the empirical failure probability. For each input
realization, the response is determined by solving the fractional differen-
tial equation defined by Eqs. (32) and (33) using the L1 algorithm [76].
The obtained responses are evaluated based on the performance functions in
Eqs. (38) to (40) to identify failure cases, with the failure probability being
estimated from the proportion of samples exceeding the defined limits; see
also Eqs. (25) and (26).

Table 3 summarizes the failure probabilities for the TMDI nonlinear sys-
tem for each of the three performance functions in Eqs. (38) to (40). Across
all three criteria, the MVG model shows the closest agreement with the
benchmark results, demonstrating its accuracy in estimating failure proba-
bilities. The correlated relaxed PSD model also provides comparable results,
although it yields slightly differing failure probabilities for the performance
functions in Eqs. (38) to (40). The MVG model yields higher failure prob-
abilities, indicating more conservative estimates. In contrast, the mean and
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relaxed PSD model consistently underestimate failure probabilities across all
criteria, indicating a lack of correlation structure. These observations high-
light the influence of the chosen estimation model on the resulting failure
probabilities and emphasize the importance of model selection for accurate
reliability assessment. The corresponding CoVs are given in Table 4. They
indicate that the results are stable and consistent.

Table 3: Failure probabilities for the TMDI nonlinear system with fractional
derivatives in Eqs. (36) and (37); comparison of different sampling schemes.

Model g1(x1) APEg1 [%] g2(xT ) APEg2 [%] g(x) APEg [%]
benchmark 0.0046 — 0.0048 — 0.0083 —

mean 0.0026 44.04 0.0029 40.18 0.0062 25.15
relaxed PSD 0.0023 50.50 0.0027 44.31 0.0059 28.77

one RV 0.0066 42.09 0.0065 34.00 0.0117 41.29
MVG 0.0048 3.31 0.0052 7.26 0.0087 5.03

correlated relaxed PSD 0.0042 9.60 0.0052 7.26 0.0089 7.45

Table 4: CoV for the TMDI nonlinear system with fractional derivatives in
Eqs. (36) and (37); comparison of different sampling schemes.

Model g1(x1) g2(x2) g(x)
benchmark 0.0463 0.0453 0.0346

mean 0.0619 0.0586 0.0400
relaxed PSD 0.0659 0.0608 0.0410

one RV 0.0388 0.0391 0.0291
MVG 0.0455 0.0437 0.0338

correlated relaxed PSD 0.0487 0.0437 0.0334

5.3 Nonlinear vibration energy harvesting system com-
prising fractional derivatives

The last numerical simulation in this paper pertains to a nonlinear vibration
energy harvesting device with fractional derivative elements in the mechanical
component (e.g., [6, 62]). One of the most commonly researched electrome-
chanical energy harvesting devices is a system consisting of a cantilever beam
equipped with piezoelectric patches positioned near its fixed ends; see Fig. 5.
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Figure 5: A nonlinear vibration energy harvesting system with a fractional
derivative element subjected to stochastic excitation.

The dynamic and the electric behavior of such a system are represented by
a set of coupled electromechanical equations, whose non-dimensional form is
written in the form of Eq. (10) for j0 = 1.

Next, assume that the system response displacement is denoted by x =[
x y

]T
, with x and y representing the displacement of the mechanical com-

ponent and the induced voltage in the electrical component, respectively.
Then, the derivative of fractional order q1 (0 < q1 < 1) becomes Dq1 [x] =[
Dq1x 0

]T
. The parameter matrices of the system are given by [62]

M =

[
1 0
0 0

]
, C =

[
2ζ 0
−1 0

]
, C1 =

[
0 0
0 1

]
, K =

[
1 κ2

0 α

]
, (41)

while the nonlinear vector of the system is

h(t,x, ẋ) =

[
δx2 + βx3

0

]
. (42)

The excitation vector is w =
[
w(t) 0

]T
, where w(t) is a stochastic process

described by the JONSWAP PSD form in Eq. (30). The set of parameter
values used for the nonlinear harvesting device are included in Table 5.

Next, a set of performance functions is defined to examine the response
behavior of the system. Specifically, the performance function for the me-
chanical component is defined as

gx(x) = xcrit −max
t∈T
|x| , (43)
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Table 5: Parameter values for the nonlinear vibration energy harvesting sys-
tem in Eqs. (41) and (42).

Variable ζ κ α δ β q1
Value 0.15 0.5 0.05 0.2 0.05 0.5

while the corresponding function for the electrical component is defined as

gy(y) = ycrit −max
t∈T
|y| , (44)

with xcrit = 0.7 and ycrit = 0.346 denoting the critical values that character-
ize the maximum displacement boundaries of the system. Further, max

t∈T
|v |

represents the maximum value that the variable v , with v ∈ {x, y}, may
attain over the time interval T . Considering that failure occurs based on vio-
lation of the either performance functions in Eqs. (43) or (44), the combined
performance function for this case is defined as

g(x) = min {gx(x), gy(y)} . (45)

Then, the failure probability is calculated by generating samples using the
SRM. Each sample is applied to the system, and the corresponding system
response is evaluated. Failure is determined by whether the response exceeds
a predefined threshold, as this is specified by Eqs. (43) to (45). Specifically, a
total of NMCS = 105 MCS samples are generated, and the L1 algorithm [76]
is used to solve the fractional differential equation defined by Eqs. (32) and
(33), and compute the corresponding responses. Similar to the examples in
Sections 5.1 and 5.2, the total number of samples is such that the obtained
results lead to a statistically reliable analysis of the system’s behavior.

The failure probabilities for the nonlinear vibration energy harvesting sys-
tem are shown in Table 6. Their calculation has been done by employing the
performance functions in Eqs. (43) to (45). Clearly, the results obtained by
the correlated relaxed PSD model and the MVG model are closely aligned
with the benchmark across all criteria, indicating a high accuracy level. On
the other hand, the one RV model tends to overestimate the failure proba-
bilities, resulting in slightly more conservative predictions. In contrast, the
mean and the relaxed PSD models produce lower estimates, underestimating
the failure probabilities. These results highlight the variability in predic-
tion accuracy depending on the chosen estimation approach and underscore
the importance of model selection for reliable failure probability assessment.
Finally, the CoVs presented in Table 7 show stable results with low variance.
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Table 6: Failure probabilities for the nonlinear vibration energy harvesting
system in Eqs. (41) and (42); comparison of different sampling schemes.

Model gx(x) APEgx [%] gy(y) APEgy [%] g(x) APEg [%]
benchmark 0.0024 — 0.0024 — 0.0026 —

mean 0.0019 19.14 0.0018 23.47 0.0020 23.24
relaxed PSD 0.0019 18.26 0.0020 15.38 0.0021 18.50

one RV 0.0029 21.97 0.0029 22.45 0.0031 20.25
MVG 0.0024 0.34 0.0024 1.19 0.0025 1.68

correlated relaxed PSD 0.0025 3.72 0.0024 1.61 0.0026 3.02

Table 7: CoV for the nonlinear vibration energy harvesting system in
Eqs. (41) and (42); comparison of different sampling schemes.

Model gx(x) gy(y) g(x)
benchmark 0.0650 0.0652 0.0625

mean 0.0723 0.0745 0.0714
relaxed PSD 0.0719 0.0708 0.0693

one RV 0.0588 0.0588 0.0570
MVG 0.0649 0.0647 0.0630

correlated relaxed PSD 0.0638 0.0646 0.0616

6 Concluding remarks

In this paper, a relaxed PSD framework was presented and evaluated for
quantifying uncertainties in dynamical systems that involve fractional deriva-
tive elements. The incorporation of fractional calculus enables more realistic
modeling of complex material behaviors and memory effects, which are par-
ticularly relevant under stochastic excitation. To demonstrate the effective-
ness of the proposed framework, three representative systems were analyzed:
a Duffing nonlinear oscillator, a tuned mass-damper-inerter nonlinear system,
and a nonlinear vibration energy harvester. These case studies highlighted
the importance of accounting for frequency-domain correlation structures
when estimating failure probabilities. The results indicated that probabilis-
tic models incorporating such structures, especially the multivariate Gaussian
and correlated relaxed PSD approaches, yield significantly improved accuracy
and reliability in failure assessment. By capturing frequency dependencies,
these models reduce the risk of underestimating system failure, ultimately
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leading to more robust and conservative design strategies. Nevertheless, the
proposed approach present certain challenges. First, its computational cost
increases with the number of frequency components, particularly due to the
need to store and manipulate high-dimensional covariance matrices. Addi-
tionally, the accuracy of the correlation structure depends on the availability
and quality of spectral information, which may be limited in real-world ap-
plications. Finally, while the relaxed PSD formulation introduces flexibility,
it may require careful calibration to avoid overly conservative or non-physical
results. Future research should address these challenges by developing effi-
cient approximation techniques for large-scale problems, incorporating data-
driven or physics-informed priors for correlation modeling, and validating the
framework across a broader class of dynamical systems. Furthermore, inte-
grating the relaxed PSD methodology into practical engineering workflows
remains an essential step to maximize its impact on reliability-based design
and analysis.
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