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Periodic Scheduling

Pinwheels, Pareto Surfaces, and Polycules

Benjamin Mark Smith

Abstract Pinwheel Scheduling aims to find a perpetual schedule for unit-length tasks on
a single machine subject to periodic deadlines or frequencies: maximal time spans between
consecutive executions of each task. The density of a Pinwheel Scheduling instance is the sum
of the inverses of these frequencies; in 1993, Chan and Chin conjectured that any Pinwheel
Scheduling instance with a density of at most 5/6 is schedulable – this conjecture stood for
31 years before being proved by Akitoshi Kawamura in 2024. We provided key elements of
this proof that will be reproduced here: a formalized notion of Pareto surfaces (finite sets of
solutions capable of solving infinite classes of Pinwheel Scheduling instances), the state-of-
the-art oracle for arbitrary Pinwheel Scheduling instances, and 23 schedules which solve all
Pinwheel Scheduling instances with at most 5 tasks.

Polyamorous Scheduling is the related problem of scheduling pairwise meetings between
members of a complex social group, represented as an edge-weighted graph. The goal of
Polyamorous Scheduling is to find a schedule that minimises the maximal weighted waiting
time between consecutive occurrences of the same edge. We introduce this problem, giving
both a 5.24-approximation and the first hardness-of-approximation result presented for a
Periodic Scheduling problem. We also introduce poly density – a generalization of the density
of Pinwheel Scheduling that serves to define both upper and lower bounds for Polyamorous
Scheduling.

Our final topic is unrelated: Multiway Powersort, a stable mergesort variant that exploits
existing runs and finds nearly-optimal merging orders for k-way merges with negligible over-
head. This builds on Powersort (Munro & Wild, 2018), which has recently been adopted by
the CPython reference implementation of Python, as well as by PyPy and other libraries.
Multiway Powersort reduces the number of memory transfers, which increasingly determine
the cost of internal sorting. We demonstrate that our 4-way Powersort implementation can
achieve substantial speedups over 2-way Powersort and other stable sorting methods without
compromising the optimally run-adaptive performance of Powersort.
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Chapter 1

Introduction

This chapter will introduce the three key problems of this thesis: Pinwheel Scheduling,
Polyamorous Scheduling, and Multiway Powersort.

1.1 Periodic Scheduling
Since the beginning of human civilization, people of all cultures have organised their lives as
a series of circles within circles. Of the many, many tasks that each of us must perform, most
must be performed indefinitely many times: we cook food, eat it, and must then prepare
more; we clean the dog, walk her, and soon find ourselves back at the tub; we process a
message from a satellite geostationary communications satellite, but what do you know – it
soon transmits again.

There are many formalizations of Periodic Scheduling, each with its own quirks and
results. These methods have many applications, from the mundane process of managing our
lives to communications, periodic maintenance, automated manufacturing, and workforce
management.

We will focus on two Periodic Scheduling problems: Pinwheel Scheduling, where the
theory of Periodic Scheduling really began, and Polyamorous Scheduling, a new problem of
my own design.

1.1.1 Pinwheel Scheduling

Pinwheel Scheduling (or PWS) is the problem of indefinitely repeating a set of tasks with
periodic deadlines while limited to performing a single task each day. For example, consider

8



P = [3, 4, 5, 8] – a satisfying schedule must schedule f1 = 3 at least once every 3 days, f2 = 4
at least once every 4 days, f3 = 5 at least once every 5 days, and f4 = 8 at least once in
every 8-day period. A solution for this instance is shown in Figure 1.1:

4
35

3

4
5 3

8

Figure 1.1: A schedule for the [3,4,5,8] instance of Pinwheel Scheduling.

The key difficulty of Pinwheel Scheduling is the collisions which are unavoidable when
scheduling many instances. As an example, consider P = [2, 3, ∗]. As can be seen in Fig-
ure 1.2, any attempt to schedule this instance is doomed by the collisions between f1 = 2
and f2 = 3, which fill any gap that the last task (f3 = ∗) could use, whatever its frequency.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 . . .

. . .2 2 2 2 2 2 2 2

. . .2 2 2 2 2 2 2 23 3 3 3 3 3 3 3

Figure 1.2: A demonstration that the [2,3,*] instance of Pinwheel Scheduling has no valid
schedule: first schedule f1 = 2, then f2 = 3; observe that no space remains for the third
task.

Pinwheel Scheduling is NP-hard[JL14], intuitively due to the potential snowballing effect
of even the smallest change to a partial schedule. Even if we successfully schedule most
tasks in some instance P, resolving a single collision by scheduling a single task f a single
day early could have significant consequences. Scheduling f early in one location moves its
deadline one day earlier forever; if our partial schedule lacks the slack to deal with this,
we will end up having to move other tasks, potentially sending us all the way back to the
drawing board. This domino effect means that Pinwheel schedules are often long, intricate,
and messy constructions.

Crucial to the study of Pinwheel Scheduling is the notion of density – a relaxation in
which we forget about collisions momentarily and consider what fraction of our schedule
could be spent resting if we did not have to worry about them. Consider again P = [2, 3, ∗]:

9



in this relaxation, we must spend 1
2 of our schedule on f1 = 2, 1

3 on f2 = 3, and a small
ε on f3 = ∗. However, as we show in Figure 1.2, this instance has no solution – density
d = ∑k

i=1
1
fi

must be at most 1, but this is not sufficient for an instance to be solvable.
In their 1993 paper [CC93], Chan and Chin conjectured that any instance less dense than

this has a schedule:

Question 1.1.1 5/6 Density Conjecture.
Every Pinwheel Scheduling instance with density d ≤ 5

6 is schedulable.

Chapter 4 introduces methods and results from our 2022 paper [GSW22] which provided
support for this conjecture in several ways. We formalized the notion of Pareto Surfaces
for Pinwheel Scheduling, proving that each member of several infinite classes of Pinwheel
Scheduling instances can be solved by a schedule selected from a finite Pareto Trie. We then
presented two highly engineered depth-first search algorithms: an algorithm which generates
this Pareto Trie and the state-of-the-art oracle for arbitrary Pinwheel Scheduling problems.
Finally, we used these algorithms to provide schedules for all Pinwheel Scheduling instances
with at most five tasks and to prove Question 1.1.1 for all Pinwheel Scheduling instances
with at most twelve tasks.

Question 1.1.1 went unsolved for 31 years before Akitoshi Kawamura proved it in 2024
[Kaw24], using a somewhat similar approach. This breakthrough paper generalized Pinwheel
Scheduling to allow non-integer periods, showed that each Pinwheel Scheduling instance with
a density d ≤ 5

6 can be solved by modifying a schedule for one member of a finite set of
Pinwheel Scheduling instances, then scheduled these instances computationally (aided by
some of our techniques).

1.1.2 Polyamorous Scheduling

In Chapters 5 and 6, we turn our attention to a natural Periodic Scheduling problem faced by
groups of regularity-loving polyamorous people: Consider a set of persons connected by a set
of pairwise relationships, with a value representing the neediness, importance, or emotional
weight of each pairing. Find a periodic schedule of pairwise meetings between couples that
minimizes the maximal weighted waiting time between such meetings, given that each person
can meet with at most one of their partners on any particular day.

10
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Day A–B A–D A–F B–C C–D D–E D–G E–F E–H F–G
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1 ♥ ♥ ♥

2 ♥ ♥ ♥

3 ♥ ♥

4 ♥ ♥ ♥ ♥

5 ♥ ♥

6 ♥ ♥ ♥

7 ♥ ♥

Figure 1.3: An example Polyamorous Scheduling instance with 8 persons: Adam, Brady,
Charlie, Daisy, Eli, Frankie, Grace, and Holly. Top left: a Graph representation of the
decision version with edge labels showing the meeting frequency required by each relation-
ship. Top right: An optimization version of the same instance with edge labels showing the
weight (desire growth rates) of each pairwise relationship. Bottom: A periodic schedule
which solves the decision version and optimally solves the optimization version. The set of
meetings scheduled each day are indicated by ♥s.

Before formally defining Optimisation Polyamorous Scheduling (OPS) and Decision Polyamor-
ous Scheduling (DPS), we will illustrate some of their features using an example. Figure 1.3
shows an instance (or polycule) using the natural graph-based representation: We represent
each person as a vertex and each relationship as an undirected weighted edge.

The optimization version is shown on the top-right, with an analogous decision version
on the top-left and a schedule for both on the bottom. It is easy to check that this schedule
never assigns more than one daily meeting to any of the eight persons in the group; in the
graph representation, this means that the set of meetings for each day must form a matching
in the graph.
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We begin by considering Optimisation Polyamorous Scheduling. Each day, every couple’s
mutual desire to meet grows by the weight or desire growth rate of that relationship1 – that
is, until a meeting occurs, satisfying this desire and returning it to zero. We will refer to
the highest desire ever felt by any pair when following a given schedule as the heat of that
schedule. The heat of the schedule in Figure 1.3 is 160; as the reader can verify, no pair
ever feels a desire greater than 160 at any point. Desire 160 is also reached; e.g., Adam and
Daisy are scheduled to see each other every other day, but over the period of 2 days between
subsequent meetings, their desire grows to 2 · 80 = 160.

For the instance in Figure 1.3, it is also easy to show that no schedule with heat < 160 can
exist. For that, we first convert from desire growth rates to required frequencies; under a heat-
160 schedule, a pair with desire growth rate g must meet at least every ⌊160/g⌋ days. The
top-left part of Figure 1.3 shows the resulting Decision Polyamorous Scheduling polycule. It is
easy to check that the given schedule indeed achieves these frequencies. However, any further
reduction of the desired heat to 160 − ε would leave, e.g., Adam hopelessly overcommitted:
the relationship with Daisy would need a frequency of ⌊(160 − ε)/80⌋ = 1, forcing them to
meet every day; but then Brady and Frankie, each with frequency ⌊(160−ε)/40⌋ ≤ 3 cannot
meet with Adam at all.

While local arguments suffice for our small example, we will show that Polyamorous
Scheduling is, in general, NP-hard. We will, therefore, focus on approximation algorithms
and inapproximability results. Chapter 5 will present the results of our first paper concerning
Polyamorous Scheduling [GSW24], while Chapter 6 contains the findings of our second such
paper [Bik+25].

Note on Conventions and Style As we will show in Section 2.1, there are many Peri-
odic Scheduling problems with issues regarding their naming. I chose the name "Polyamorous
Scheduling" because I believe that problems should have persistent, consistent, eye-catching
names that clearly distinguish them from similar problems; but also for one other reason:
Polyamorous Scheduling [GSW24] was originally introduced in the 12th International Con-
ference on Fun with Algorithms (FUN2024). I have retained and expanded on the humorous
style called for by this venue.

1“Remember, absence makes the heart grow fonder” [CAG73].
(https://getyarn.io/yarn-clip/ae628721-c1d1-49d1-bd7c-78cbffceabf0)
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1.2 Multiway Powersort
Sorting lists of objects is another foundational problem with an extremely long history [Hol89;
Hol17]. To the simplest of analyses, “standard” sorting is a solved problem: comparison-
based internal sorting of simple objects using a single thread on a single machine requires
O(n log(n)) comparisons, and there are multiple methods which are best-possible from this
perspective. Versions of Quicksort and Mergesort are both commonly used: the former for its
average case performance, the latter for its stability and its worst-case guarantees. If we look
a little deeper, however, there is more to be gained than mere constant-factor performance
improvements.

In the worst case, elements are initially in either a random order or an order specifically
designed to foil our algorithm. Adaptive sorting methods look beyond these adversarial
inputs; many practical applications involve sorting data which already has some exploitable
structure, and to that we turn now. There are multiple measures of presortedness, including
the number of inversions in the input, the number of elements outside of their final positions,
and the number of runs: regions of the input which are already in sorted order.

Part II introduces Multiway Powersort, an adaptive sorting method first described in our
2023 paper of the same name [Gel+23]. Powersort is a version of mergesort which adapts to
runs in the input, but doing so raises a new problem: in what order should we merge the runs
that we find? The traditional bottom-up mergesort begins by treating each element as a run
of length 1, then repeatedly passes through the input from left to right, merging each run
with its neighbour as it passes. Because each initial run has the same length, the resultant
merge tree is a complete and balanced binary tree. Figure 1.4 shows how two features of
traditional merge sort separate when we begin with runs: on the left, we see that naively
merging each run with its neighbor results in a long run being merged O(lg(n)) times for a
merge cost of O(n lg(n)); on the right, we see that the optimal merge order only touches this
long run once, for an O(n) merge cost. Powersort [MW18] takes the latter strategy, finding
a nearly-optimal merge order based on nearly-optimal binary search trees with only minimal
overheads.

The true cost of sorting is, in general, more complicated than counting the number of
comparisons used: every time two runs are sent to the processor to be merged, they must
be moved from the RAM to the processor cache and back again. Multiway merging avoids
this: by increasing the number of runs merged at once, we reduce the number of times each
element takes that round trip. As well as introducing Multiway Powersort, Chapter 7 will
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show that 4-way Powersort halves the merge cost of 2-way Powersort and can yield significant
performance improvements. It will also show that abstract cost measures like merge cost
explain this speedup.
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Figure 1.4: Example merge trees using a naive merge order (left) and the optimal merge
order (right) for an input of length n = 16 with one run of length n − √

n followed by
√

n
runs of length 1. Runs, represented by grey bars, are merged in grey circles from bottom to
top. The naive merge order merges the long run O(lg(n)) times for a total cost of O(n lg(n))
or 46 merged elements; the optimal merge order merges the long run once, for a total cost
of O(n) or 24 merged elements.

1.3 Contributions
The majority of this thesis has been published in four papers:

1. Leszek Gąsieniec, Benjamin Smith and Sebastian Wild. ‘Towards the 5/6-Density Con-
jecture of Pinwheel Scheduling’. In: 2022 Proceedings of the Symposium on Algorithm
Engineering and Experiments (ALENEX). ed. by C. A. Phillips and B. Speckmann.
SIAM, Jan. 2022, pp. 91–103

2. Leszek Gąsieniec, Benjamin Smith and Sebastian Wild. ‘Polyamorous Scheduling’.
In: 12th International Conference on Fun with Algorithms (FUN 2024). Schloss
Dagstuhl—Leibniz Center for Informatics. 2024

3. Yuriy Biktairov, Leszek Gąsieniec, Wanchote Po Jiamjitrak, Namrata, Benjamin Smith
and Sebastian Wild. ‘Simple approximation algorithms for Polyamorous Scheduling’.
In: 2025 Symposium on Simplicity in Algorithms (SOSA). SIAM. 2025, pp. 290–314
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4. William Cawley Gelling, Markus E. Nebel, Benjamin Smith and Sebastian Wild. ‘Mul-
tiway Powersort’. In: 2023 Proceedings of the Symposium on Algorithm Engineering
and Experiments (ALENEX) (2023), pp. 190–200

“Towards the 5/6-Density Conjecture of Pinwheel Scheduling” was my first pub-
lication. I contributed the key ideas of this paper: I designed an algorithmic oracle for
arbitrary Pinwheel Scheduling problems, developed the Pareto trie and Pareto surface, and
proposed the 2k−1 conjecture (Conjecture 4.1.4). I also implemented both this oracle and
algorithms designed to generate the Pareto trie, evaluated their performance experimentally,
was the primary author of the text, and presented the paper at the conference.

“Polyamorous Scheduling” introduced two novel scheduling problems: Decision Polyamor-
ous Scheduling and Optimisation Polyamorous Scheduling – both were my original ideas.
Aside from this, I introduced the first nontrivial hardness-of-approximation result ever
demonstrated for a Periodic Scheduling problem (Theorem 5.1.1). I also wrote significant
portions of the paper, finding example problems such as Figures 5.2 and 5.3, and introducing
the Secure and Fungible variants as open problems (Definitions 8.1.5 and 8.1.4).

My primary contribution to “Simple approximation algorithms for Polyamorous
Scheduling” was the extension of Theorem 5.1.1 to bipartite graphs (Theorem 6.1.3), but
I also contributed the final length of schedules proof (Section 6.2.3) and heavily edited the
final paper.

In addition to presenting “Multiway Powersort” at ALENEX in 2023[Gel+23], I also
aided in the generalization from 2-way Powersort to 4-way Powersort and extended this to
the version of k-way Powersort that was finally published, as well as performing preliminary
experiments and proposing the use of virtual sentinels (Section 8.1.4).

* * * * * *
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Part I

Periodic Scheduling
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Chapter 2

Related Work

This chapter begins by introducing several Standard Periodic Scheduling problems, surveying
known hardness and density results. We then give a more detailed review of the literature
concerning Pinwheel Scheduling before turning our attention to Bamboo Garden Trimming
and other related problems.

2.1 The Periodic Scheduling Family
Pinwheel Scheduling is at the heart of a cluster of closely related Periodic Scheduling prob-
lems which often share features and even names, rendering their taxonomy noteworthy and
challenging [JL14; Kaw24]. Building on the discussion of problem variants by Jacobs and
Longo [JL14], I define Standard Periodic Scheduling problems as those which have a set of
periodic tasks with associated integer frequencies (f) = f1 ≤ f2 ≤ · · · ≤ fk and are described
using only those choices laid out in Table 2.1; also defining Exotic Periodic Scheduling prob-
lems as those requiring additional concepts (though many of these features are still useful
when describing such problems). As defined here, Standard Periodic Scheduling problems
are decision problems; Section 2.2 examines a group of optimisation problems which reduce
each to a collection of standard Periodic Scheduling problem instances by replacing fixed
deadlines/budgets with cost functions.

This typology uses several terms that we will formally introduce later on:
Standard Density d and Daily Work Capacity W are introduced in Section 2.1.1, along

with a broad discussion of density. Note that all Dense Standard Periodic Scheduling prob-
lems are necessarily Exact: we can consider Exact problems in general, Dense problems in
particular, or Inexact problems – there are no Dense Inexact problems.
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Schedules here are finite sequences of assignments, i.e.mappings from the set of agents
to the set of tasks; a valid schedule for a given instance is one that obeys the frequency, task
duration, and workload constraints of that instance. Section 3.1 formally defines schedules
for Pinwheel Scheduling and Bamboo Garden Trimming.

While schedules are certificates, alternative certificates include compressed schedules,
algorithms proven to produce valid schedules for certain problems, or other proofs that
an instance permits a valid schedules. Note that the existence of an infinite valid schedule
implies the existence of a finite valid schedule, but not that such a schedule is easy to identify.

We will follow the convention of [BL03] and others by calling schedules which solve the
exact version of a Periodic Scheduling problem Exact or Perfect schedules.

Decision Selection Term

1 In every fi day period, task i
must be performed

exactly once Exact
at least once Inexact

2 Task i takes unit time Unit Tasks
non-unit time Non-Unit Tasks

3 Tasks are assigned to one agent Single-Agent
agent aj ∈ A Multi-Agent

4 In each day, agent aj can
perform

bj = 1 task Unit Workload(s)
bj ≥ 1 tasks1 Busy Workload(s)

5 Standard Density d
equals W Dense
is unbounded by W Non-Dense

6 f1, f2, and f3 have the same
frequency, so

f = (f1, f2, f3) Standard Representation
f = (f1, 3) Compact Representation

7 The output for a solvable
instance is

a schedule Standard Version
any other certificate Decision Version

1 note that several sources describe the case where one agent can do multiple tasks per
day as multiple agents who can freely share tasks – there is no mathematical difference.

Table 2.1: A taxonomy of the features of Standard Periodic Scheduling problems.

Standard Periodic Scheduling Problems A wide variety of problems in the literature
fit into the taxonomy of Standard Periodic Scheduling laid out in Table 2.1, including:

• Pinwheel Scheduling [Hol+89]: Inexact Periodic Scheduling with unit tasks and a single
agent with a unit workload.
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• Dense Pinwheel Scheduling [Hol+89]: Dense Periodic Scheduling with unit tasks and
a single agent with a unit workload.

• Exact Pinwheel Scheduling1 [WL83; Bar+02]: Exact Periodic Scheduling with unit
tasks and a single agent with a unit workload.

• Windows Scheduling2 [BL03]: Inexact Periodic Scheduling with unit tasks and a single
agent with a busy workload.

• Exact Windows Scheduling3 [WL83; BL03]: Exact Periodic Scheduling with unit tasks
and a single agent with a busy workload.

• Bin Scheduling4 [BL03; BLT07]: Inexact Periodic Scheduling with unit tasks and mul-
tiple agents with unit workloads.

• Exact Bin Scheduling5 [BL03; BLT07]: Exact Periodic Scheduling with unit tasks and
multiple agents with unit workloads.

• Generalized Pinwheel Scheduling [FC05]: Inexact Periodic Scheduling with non-unit
tasks and a single agent with a unit workload.

Note that while the nature of the deadlines, tasks, and agents define the above problems,
the representation and version only need to be stated for some technical results, such as
those concerning hardness.

Hardness of Periodic Scheduling Every Standard Periodic Scheduling problem named
above has been shown, in some respect, to be NP-hard: Exact Pinwheel Scheduling is NP-
complete [Bar+02], and is a special case of both Exact Windows Scheduling and Exact Bin
Scheduling. Bar-Noy et al. [BLT07] show that the hardness of Exact Windows scheduling
implies the hardness of Dense Windows Scheduling, which is a subset of Windows scheduling;

1Studied as the one-server case of the Machine Maintenance problem by [WL83] and the Periodic Main-
tenance Scheduling Problem by [Bar+02]

2Various sources use Windows Scheduling to refer to multiple problems in this class or to other specific
Periodic Scheduling problems

3Called the Machine Maintenance problem by [WL83], and Perfect Schedules for Windows Scheduling by
[BL03]

4Called Windows Scheduling without migration [BLT07], and distinguished from what we call Windows
Scheduling by the first remark in [BL03]

5Studied as a variant of Windows Scheduling by [BL03], and as Windows Scheduling with exact gaps and
without migration by [BLT07]
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Jacobs and Longo [JL14] noticed that this proof also applies to Exact Pinwheel Scheduling,
showing Pinwheel Scheduling and Dense Pinwheel Scheduling to be NP-hard in compact
representation. Finally, both Bin Scheduling and Generalized Pinwheel Scheduling contain
Pinwheel Scheduling as a special case. Fienberg and Curry [FC05] go even further, showing
Generalized Pinwheel Scheduling to be strongly NP-hard, even in standard representation.

2.1.1 Density

Most Periodic Scheduling problems have one or more definable densities: relaxations that
eliminate the need for a collision-free schedule while retaining work capacity limitations.
Some problems allow density relaxations which also capture other features. Densities easily
identify classes of unsolvable instances for multiple problems, but can also identify classes of
solvable instances, usually by producing algorithms which can schedule all instances below
a given density threshold.

In Pinwheel Scheduling, a task with frequency fi must constitute at least 1
fi

of any valid
schedule, at most 100% of which can be assigned to the set of all tasks: thus the density of
a Pinwheel Scheduling instance P = (f) is given by d = ∑k

i=1
1
fi

, and d ≤ 1 is a necessary
condition for P to be schedulable. This is not sufficient, as shown by the infeasible instance
(2, 3, M) with d = 5

6 +1/M for any M ∈ N. Multiple authors have developed the usefulness of
the density of Pinwheel Scheduling as a lower bound, which will be discussed in Section 2.1.2.

While introducing Windows Scheduling, Bar-Noy and Ladner [BL03] used the same meas-
ure of density d = ∑k

i=1
1
fi

, showing that at least ⌈d⌉ agents6 are needed for an instance to be
schedulable. They also introduced an algorithm which produces an exact schedule for any
input using at most d + e ln(d) + 7.3595 agents provided d > 1. Bar-Noy, Ladner, and Tamir
[BLT07] later showed that the Unit Fractions Bin Packing problem, in which items of size
1
fi

must be packed into unit size bins, is another such relaxation for Bin Scheduling; at least
as many agents will be needed to schedule (f) = f1, . . . , fk as bins will be needed to pack
1
f1

, . . . , 1
fk

. Packing bins only up to density 5/6 guarantees a Pinwheel schedule [Kaw24], at
the expense of a 6/5 factor increase in the agents needed, and even better exploitations of
this result are probably possible.

Han and Lin [HL92] use an expanded definition of density which covers Periodic Schedul-
ing problems with non-unit tasks: if task i has duration li, then the density becomes
d = ∑k

i=1
li
fi

, inheriting the bound from Windows Scheduling that at least ⌈d⌉ agents are

6often called channels
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necessary for an instance to be schedulable. They present an algorithm which can schedule
Generalized Pinwheel Scheduling problem instances with k tasks and density d ≤ k(21/k −1).
I define this the Standard Density of Periodic Scheduling problems:

Definition 2.1.1 Standard Density.
Any Standard Periodic Scheduling problem with tasks i ∈ [k], task lengths l1, . . . , lk, and task
frequencies f1 ≤ f2 ≤ · · · ≤ fk has standard density d = ∑k

i=1
li
fi

.

Each Standard Periodic Scheduling problem also has a Daily Work Capacity:

Definition 2.1.2 Daily Work Capacity.
Any Standard Periodic Scheduling problem with agents aj ∈ A, who can each perform bj

tasks per day has a Daily Work Capacity of W = ∑|A|
j=1 bj.

In Chapter 5, we introduce poly density and show it to be an upper bound for Polyamorous
Scheduling (introduced in Section 3.2); Chapter 6 shows this to be a generalization of the
Standard Density for Pinwheel Scheduling and uses it to generate lower bounds.

2.1.2 Pinwheel Scheduling

The Pinwheel Scheduling problem (hence PWS) was originally proposed by Holte et al. in
1989 [Hol+89], with the intention of assigning receiver time slots to satellites with varying
bandwidth requirements but a single shared ground station. Each Pinwheel Scheduling
instance P consists of k positive integer frequencies f1 ≤ f2 ≤ · · · ≤ fk. Schedulable instances
are those which permit a valid Pinwheel Schedule: a finite sequence of tasks 1, . . . , k which
can be repeated infinitely such that any contiguous time window of length fi will contain
at least one occurrence of task i, for all tasks. In Pinwheel Scheduling, our goal is to either
find or report the non-existence of such a schedule.

Hardness

The complexity status of Pinwheel Scheduling has gained some notoriety in the literature.
When they introduced Pinwheel Scheduling, Holte et al. [Hol+89] showed that Decision
Pinwheel Scheduling in standard representation is in PSPACE. As introduced in Table 2.1,
problems in standard representation are composed of a single multiset of positive integer
frequencies P=(f), where f = f1 ≤ f2 ≤ · · · ≤ fk. In compact representation, f instead be-
comes a set, and the instance is expressed as P=(f, x), where each element xi ∈ x corresponds
to some frequency fi ∈ f and represents the number of tasks with that frequency.
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Holte et al. also introduced Dense Pinwheel Scheduling, whose density d = 1, showed
that Dense Decision Pinwheel Scheduling in standard representation is in NP, and claimed
that Dense Decision Pinwheel Scheduling in compact representation is NP-hard; however,
it seems that their proof of this was never published. Jacobs and Longo [JL14]7 showed
that PWS is NP-hard in the compact representation, using two earlier results: the proof by
Bar-Noy et al. [Bar+02] that Exact Pinwheel Scheduling in standard representation is NP-
complete (via a reduction from graph coloring), and the proof by Bar-Noy et al. in [BLT07]
that the NP-hardness of Exact Windows Scheduling in compact representation implies that
Windows Scheduling in compact representation is also NP-hard (using dummy tasks, with
a proof that also applies to the single-agent case).

Jacobs and Longo [JL14] also showed that PWS does not even emit a psuedo-polynomial
time algorithm unless SAT can be solved by a randomized method in expected nO(log n log log n)

time. However, my co-authors and I demonstrated in [GSW22] that PWS is fixed parameter
tractable with respect to the number of tasks k (Corollary 4.1.2).

Whether PWS is in NP in either representation remains open, as schedules can be expo-
nentially long, and it is not known whether the most general case allows shorter certificates.

Density

Since the introduction of Pinwheel Scheduling, it has been known that there is a threshold d∗

such that d ≤ d∗ implies schedulability and for each ϵ > 0 there is an instance with density
d = d∗ + ϵ which cannot be scheduled. Whenever d ≤ 1

2 , we can replace each frequency fi

by 2⌊lg(fi)⌋ without increasing d above 1, giving a periodic schedule which uses the largest
frequency as the period. In their 1992 paper [CC93], Chan and Chin introduced the “5/6
Conjecture”, Question 1.1.1, which has motivated several papers improving the bounds on
d∗: from 1/2 [Hol+89], to 2/3 [CC93], 7/10 [CC92], 3/4 [FL02], to its final value of 5/6 by
Kawamura in 2024 [Kaw24].

Question 1.1.1 (restated). 5/6 Density Conjecture.
Every Pinwheel Scheduling instance with density d ≤ 5

6 is schedulable.

Several papers built up to Kawamura’s proof of the 5/6 density conjecture, with inde-
pendently interesting results. In his 2020 paper, Ding [Din20] manually applied exhaustive
case distinction to produce a finite set of schedules which solve all Pinwheel Scheduling
problems with d ≤ 5

6 and k ≤ 5 tasks, proving the 5/6 conjecture up to k = 5. Our 2022
7Note that this paper is an arxiv preprint and has not, to my knowledge, been peer reviewed.
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paper [GSW22] formalizes the notion of Pareto surfaces for PWS, proving that ∀k ∈ N there
exists a finite set of schedules which solve all schedulable PWS instances with at most k

tasks. We also implemented the best known oracle for arbitrary PWS instances and general
algorithms to efficiently automate the generation of Pareto surfaces. These algorithms sub-
stantially reduce the effort to verify the completeness of a Pareto surface: for k = 11, they
reduced the number of calls to an oracle for this NP-hard problem from tens of thousands
down to just 37. Using these methods, we published a set of 23 schedules that collectively
solve all schedulable PWS instances with k ≤ 5 and proved the 5/6 conjecture for k ≤ 12. To
do this, we exploited several novel insights into PWS, including methods like “folding” large
PWS instances to reduce them to smaller instances and “unfolding” solved PWS instances
to apply their schedules to larger instances. These methods and results are presented in
detail in Chapter 4.

In his 2024 paper[Kaw24], Kawamura extended the idea of folding using fractional PWS
tasks to generate a finite set of PWS instances whose schedulability demonstrates the truth
of the 5/6 conjecture; he then showed that these instances are schedulable using exhaustive
methods incorporating some of our techniques, proving this 32-year-old conjecture.

Key Results

An orthogonal line of work considered all Pinwheel Scheduling instances with a fixed number
of distinct values for frequencies (but an arbitrary number of tasks), first for 2 distinct
frequencies [Hol+89; Hol+92] and later for 3 [LL97].

Efficient algorithms for computing schedules are sometimes also considered; here the
potential necessity of exponentially long periodic schedules motivated the introduction of
“fast online schedulers”: simple programs that produce schedules from beginning to end,
avoiding the need to retain the full schedule in memory [Hol+89; HL98].

2.2 Optimisation Periodic Scheduling Problems
Many Periodic Scheduling problems have optimisation variants, substituting periodic dead-
lines and pass-fail checks for cost functions. One of the earliest and most influential of these
is the Optimal Windows Scheduling problem [BL03; BLT07], which asks for the smallest
number of agents with unit workloads who can solve a particular set of unit tasks.
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Another way to formulate optimisation variants of Standard Periodic Scheduling prob-
lems is to replace the deadline of each task with a "badness" that we will call height, hi,
and a growth rate gi. When applied to Pinwheel Scheduling, this gives Bamboo Garden
Trimming (BGT), which we will address in the next section, but broadly these problems
create a series of decision problems and ask which are schedulable. Windows Scheduling has
an optimisation version called Multi-Processor Bamboo Garden Trimming [Kus22], though
decent algorithms for the multi-processer case can be derived from any algorithm for Bamboo
Garden Trimming, to which we turn now.

2.2.1 Bamboo Garden Trimming

The Bamboo Garden Trimming Problem (hence BGT) is an optimisation variant of Pinwheel
Scheduling introduced in 2017 [Gąs+17]. BGT replaces frequencies f1 ≤ f2 ≤ · · · ≤ fk with
daily growth rates g1 ≤ g2 ≤ · · · ≤ gk (of k bamboo plants 1, . . . , k). Each day, a single
gardener selects a plant to cut (reducing its height to zero) – the task in BGT is to find a
perpetual schedule of cuts that minimizes the maximum height ever reached by any of these
plants8. Analogously to the density of PWS, the height hmax is lower bounded by the total
growth volume9 G = ∑k

i=1 gi.
BGT permits efficient constant-factor approximations whose approximation factor has

seen a lively race of successive improvements over the last few years: from 2 [Gąs+17],
32000
16947 ≈ 1.89 [Del20], 12

7 ≈ 1.71 [Ee21], 1.6 [Gąs+24], and 10
7 ≈ 1.43 [HS23], down to the

current record, 4
3 ≈ 1.33, again by Kawamura [Kaw24].

Various online greedy approaches have been applied to BGT: As well as introducing BGT,
Gąsieniec et al. [Gąs+17] introduced Reduce-Max, in which the tallest plant is trimmed every
day, and Reduce-Fastest(x), which trims the fastest growing plant whose height is above a
threshold x. Kuszmaul [Kus22] introduced Deadline-Driven scheduling, which uses two
thresholds and trims the plant above the lower threshold which will be the first to reach the
upper threshold.

When introduced, Reduce-Max was shown to have an approximation ratio of O(log n)
[Gąs+17], but this paper also speculated that Reduce-Max may keep the maximum bamboo
height within O(G), i.e. have an approximation ratio of O(1). Bilò et al. [Bil+22] confirmed
this, proving a bound of 9G on the maximum bamboo height under the Reduce-Max al-
gorithm; this was later improved to 4G by Kuszmaul [Kus22] – the best bound currently

8Called backlog by [Kus22] and makespan by [Bil+22]
9Various sources, including [Gąs+17] use H for the total growth volume.
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known. In their later journal paper, Gąsieniec et al. [Gąs+24] constructed a BGT instance
with which they proved that the approximation ratio of Reduce-Max is at least 9

8 .
The bounds known for Reduce-Fastest(x) are tighter than those demonstrated for Reduce-

Max. When introduced [Gąs+17], it was shown that Reduce-Fastest(2) is a 4-approximation.
Subsequently, Bilò et al. [Bil+22] proved that the the maximum height reached when x =
1+1/

√
5 ≈ 1.45, is (3+

√
5)

2 G ≈ 2.62G. Kuszmaul [Kus22] recently showed that for any x ≥ 2,
Reduce-Fastest(x) achieves a precise bound of (x + 1)G and also that Reduce-Fastest(1)
cannot achieve a bound of 2G.

This paper also introduced the Deadline-Driven algorithm and showed that it bounds
the maximum height of plants to 2G when the lower threshold is set to G and the upper
threshold to 2G.

2.3 Polyamorous Scheduling
Our publication of [GSW24] originally introduced Polyamorous Scheduling, which we fol-
lowed with [Bik+25]; as far as we know, this problem has not been addressed by earlier
publications.

Decision Polyamorous Scheduling(DPS) contains Pinwheel Scheduling as a special case:
the case where the underlying graph is a star, i.e., a centre connected to k pendant vertices
with edges of frequencies f1 ≤ f2 ≤ · · · ≤ fk. This causes Decision Polyamorous Scheduling
to inherit hardness results from Pinwheel Scheduling: there are representations in which it
is NP-hard, but it is not known to be in NP. Note that it is not generally possible to obtain
a polyamorous schedule by combining the local schedule of each person10; see for example a
triangle with edge frequencies of 2: In the DPS instance ({A, B, C},{A−B, B−C, A−C}, f)
with f(e) = 2 for all edges, the local problem for each person is feasible by alternating
between their two partners, but the global DPS instance has no solution. This example
also shows that the simple strategy of replacing fi by 2⌈lg(fi)⌉ is not sufficient to solve DPS
instances with low density, as it is for Pinwheel Scheduling.

As reviewed above, no Optimisation Polyamorous Scheduling(OPS) problems have pre-
viously been shown to have hardness of approximation results; we changed that by rul-
ing out the existence of a PTAS (polynomial-time approximation scheme) for Optimisation
Polyamorous Scheduling: Theorem 5.1.1. It remains open whether it is possible to obtain
a PTAS for the Bamboo Garden Trimming Problem or the Optimal Windows Scheduling

10The current state-of-the-art approach in practice, usually via Google Calendar.
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Problem. As with Pinwheel Scheduling and DPS, Bamboo Garden Trimming is the special
case of OPS on star graphs.

By applying the logic of density to Bamboo Garden Trimming, we can form a fractional
relaxation where each day is divided between the k tasks g1 ≤ g2 ≤ · · · ≤ gk; the optimal
fractional schedule achieves a height of G by spending a fraction gi/G of each day on task
i. While this is sufficient to establish G as a lower bound on hmax, many instances have a
tighter bound from the density of the underlying PWS instances: if ∑k

i=1⌊ G
gi

⌋ > 1, hmax must
be raised until the corresponding PWS instance has density d ≤ 1. For example, consider
B = (1, 2, 4) with G = 7: the PWS instance P(B, G) = (1, 3, 7) has a density of 31

21 , while
P(B, 8) = (2, 4, 8) is trivially schedulable. Versions of these relaxations can be defined for
OPS, and a similar but far richer fractional problem is introduced in Section 5.5.

2.4 Related Problems
In addition to introducing Bamboo Garden Trimming, Gąsieniec et al. [Gąs+17] introduced
Continuous Bamboo Garden Trimming, a patrolling problem in which tasks are located on a
labeled graph which the agent must traverse to access them. This problem contains BGT as
a special case where the graph is complete and the edges are all labelled with the same travel
time. Other patrolling problems also involve periodic schedules, such as some Multi-Robot
Patrolling Problems [KS20; Afs+22], each of which tasks a group of robots with covering a
given area, using various metrics to measure success. The Point Patrolling Problem [KS20] is
particularly relevant and can be seen as a “covering version” of Pinwheel Scheduling; it has a
single task which must be done daily by one of n workers, and requires that worker i rests for
ai days between each day of work. Another group of patrolling problems is Replenishment
Problems with Fixed Turnover Times [Bos+22], where vertices in a graph must be visited
with given frequencies, but instead of restricting the number of vertices that can be visited
per day, we must minimize the length of a tour that visits all of them (starting at a depot
node).

Cup Games are closely related to the Bamboo Garden Trimming problem, sharing the
mechanics of growth and cutting, as well as similar applications [BFK19; Kus20]. Single
processor cup games follow a similar daily routine in which an adversarial filler distributes
1 unit of water freely between a set of cups, after which an emptyer selects a single cup and
removes up to 1 unit of water from it. Multi-processor versions are also of interest, relating to
the multi-gardener version of Bamboo Garden Trimming [Kus22]. As with Bamboo Garden
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Trimming, greedy algorithms perform well. Cup Emptying Games [BK21] are one step closer
to Bamboo Garden Trimming; they retain the adversarial filler, but allow the emptyer to
remove all of the water from a single cup, rather than at most 1 unit.

In the Fair Hitting Sequence Problem [Cic+19], we are given a collection of sets S =
{S1, . . . , Sm}, each consisting of a subset of the set of elements V = {v1, . . . , vn}. Each set Sj

has an urgency factor gj, which is comparable to the growth rates in BGT instances but with
one key difference: We say that a set Sj is visited whenever any vi ∈ Sj is scheduled. The
goal is again similar to BGT: to find a perpetual schedule of elements vi ∈ V that minimizes
the time between visits to each set Sj, weighted by gj. There is also a decision variant,
similar to Pinwheel Scheduling in that growth rates are replaced by frequencies. We use
a similar layering technique in our approximation algorithm (Section 5.4) as the O(log2 n)-
approximation from [Cic+19], but we obtain a better approximation ratio for OPS. Their
O(log n)-approximation based on randomized rounding does not extend to OPS since the
linear program it uses would have exponentially many variables in this context (Section 5.5).

Optimal Job Scheduling problems are a family of problems broadly comparable to Peri-
odic Scheduling problems. Graham et al. introduce a similar taxonomy in their 1979 paper
[Gra+79], detailing a wide variety of intricately differentiated non-Periodic Scheduling prob-
lems. Optimal Job Scheduling problems have many direct applications, and are easy to tailor
to both computational settings and real-world settings like manufacturing.

* * * * * *
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Chapter 3

Preliminaries

Outline In this chapter, we will formally define the four Periodic Scheduling problems
that the rest of this part will focus on: Pinwheel Scheduling in Section 3.1.1, Bamboo
Garden Trimming in Section 3.1.2, Decision Polyamorous Scheduling in Section 3.2.1, and
Optimisation Polyamorous Scheduling in Section 3.2.2. Key ideas will also be introduced
and defined: the state graph, dominance, and methods for converting between decision and
optimisation versions of each problem.

3.1 Single Agent Problems

3.1.1 Pinwheel Scheduling

Introduced by [Hol+89], Pinwheel Scheduling examines a set of tasks which must be repeated
indefinitely subject to a set of periodic deadlines:

Definition 3.1.1 Pinwheel Scheduling (PWS).
A Pinwheel Scheduling instance P = (f) consists of a set of k tasks [k] = {1, . . . , k} with
ascending positive integer frequencies f = f1, f2, . . . , fk : f1 ≤ f2 ≤ · · · ≤ fk.

The goal of Pinwheel Scheduling is to either find or report the nonexistence of a valid
Pinwheel Schedule S, a finite sequence which can be repeated infinitely to map N0 to k. A
Pinwheel Schedule is valid iff, for every task i and every time t, we have i ∈ {S(t), S(t +
1), . . . , S(t + fi − 1)}.

If a valid Pinwheel Schedule for P exists, P is called feasible; if no valid Pinwheel Schedule
exists, it is called infeasible.
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If a Pinwheel Scheduling instance P = (f1 ≤ f2 ≤ · · · ≤ fk) satisfies fk = fk−1 = · · · =
fk−ℓ+1 ̸= fk−ℓ, we call ℓ, the number of tasks of equal maximal frequency, the symmetry of
P.

States & the State Graph

Although the goal of periodic scheduling is to find sequences which can indefinitely satisfy
a set of constraints, we define schedules as finite sequences; one reason for this is that
periodic scheduling problems have finite State Spaces. Let P = (f1 ≤ f2 ≤ · · · ≤ fk) be a
Pinwheel Scheduling instance with valid infinite schedule S∞. For any day t in S∞, the state
X = X(S∞, t) of a Pinwheel Scheduling instance is a vector X = (x1, . . . , xk), where xi is
the number of days since the last occurrence of i in the schedule (xi = t − max(0, t′ ≤ t :
S(t′) = i)). Note that since S∞ is valid, all states it reaches must also be valid (0 ≤ xi < fi,
for i ∈ [k]). This condition also implies that there are only finitely many valid states, and
therefore that some subsequence of S∞ must be a circuit that starts and ends at the same
state; a finite schedule S.

This notion of states allows us to cast Pinwheel Scheduling to a graph problem. Define
the state graph GP = (VP , EP) as a directed graph with all possible states as vertices, i.e.,
VP = {(x1, . . . , xk) : ∀i ∈ [k], 0 ≤ xi < fi}. Edges (X, X ′) ∈ EP are either:
(a) (task edges) ∃j ∈ [k] :

(
x′

j = 0 ∧ ∀i ∈ [k] \ {j} : x′
i = xi + 1

)
, or

(b) (gap edges) ∀i ∈ [k] : x′
i = xi + 1.

P is then feasible if and only if GP contains an infinite walk starting at X0 = (0, . . . , 0).
Since GP is finite and any valid schedule must be valid from X0, P is feasible if and only
if GP contains a directed cycle1. We call a state sustainable if it can be revisited infinitely
often by some valid schedule (i.e., when it is part of a directed cycle in GP).

It follows from the state-graph representation that if P is feasible, it is so by a periodic
schedule, i.e., there is a schedule S = s1, s2, . . . and an integer p, so that for all t we have
st = st+p. Unless explicitly mentioned in the following we assume schedules to be periodic
and represent them by the finite periodic part S = s1 . . . sp. Since p corresponds to the
length of a cycle in GP , we can always find S with p = |S| ≤ |VP | = ∏k

i=1 fi, so long as P
is feasible [Hol+89].

In Section 4.2.3, conventional states X(S, t) are transformed into urgency states U(S, t) =
(u1, . . . , uk) using the following equation:

1See Lemma 4.2.1
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∀i, t : ui(t) = fi − xi(t) − 1 (3.1)

Task urgency ui counts down if unattended and is reset to fi −1 when a task is executed.
This is a relabeling containing exactly the same information; the same state graph connects
urgency states and regular states, but urgency states do a better job of capturing the ticking
clock inherent to Pinwheel Scheduling. Further features of urgency states are introduced
and exploited in Section 4.2.3.

Holidays, Loose Feasibility, & Dominance

While we have defined Pinwheel Scheduling in the typical way, with schedules assigning some
task to each day in the finite repeat unit of an infinite period, we will sometimes allow an
additional possibility - holidays, gaps in a schedule on which no task is performed. Such
days are represented by a special symbol: “–”.

We call a feasible Pinwheel Scheduling instance P loosely feasible if it admits a periodic
schedule with a gap (i.e., when GP has a cycle containing a gap edge); otherwise P is tight or
tightly feasible. For example, (2, 4) is loosely feasible by (1, 2, 1, −), whereas (2, 3) is tightly
feasible despite having density d = 5/6 < 1. Recall that (2, 3, ∗) is not feasible for any value
of ∗; this extends to all tightly feasible instances – none allow for the addition of an extra
task.

Clearly, any holidays in a valid schedule could either be removed or filled with an arbitrary
task without affecting the validity of the schedule, but the distinction between tight and loose
feasibility will prove useful in Chapter 4.

Proposition 3.1.2.
Given a Pinwheel Scheduling instance P = (f1 ≤ f2 ≤ · · · ≤ fk), it can be decided whether P
is infeasible, tightly feasible or loosely feasible using O(k∏k

i=1 fi) time and space. Moreover,
if it exists, a corresponding schedule can be computed with the same complexity and has length
at most ∏k

i=1 fi.

Proof. We construct the state graph GP and compute the strongly connected components
of GP . Note that GP contains a directed cycle iff there is a strong component containing
at least two vertices; moreover, GP contains a directed cycle containing a gap edge iff there
is a gap edge with both endpoints in the same strong component. Both the computation of
strong components and the testing of these two conditions can be done in linear time with
respect to the size of the state graph GP . We have |VP | = ∏k

i=1 fi vertices in GP . Since each
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vertex in GP has at most k + 1 outgoing edges, a schedule can be found using a depth-first
search.

The algorithm sketched in this proof is mostly of theoretical interest due to its prohibitive
space cost; we present several alternatives in Section 4.2.

Given two Pinwheel Scheduling instances with k tasks each, A = (a1 ≤ a2 ≤ · · · ≤ ak) and
B = (b1 ≤ b2 ≤ · · · ≤ bk), we say that A dominates B, written A ≤ B, if ∀i ∈ [k] : ai ≤ bi.
Obviously, any schedule that is valid for A is also valid for B. Moreover, A ≤ B implies that
density d(A) ≥ d(B).

These ideas are used mainly in Section 4.1, where they allow us to construct Pareto
Surfaces: classes of solved Pinwheel Scheduling problems that collectively solve much larger
or even infinte classes of Pinwheel Scheduling problems.

3.1.2 Bamboo Garden Trimming

Bamboo Garden Trimming is the natural optimisation version of Pinwheel Scheduling, in-
troduced in [Gąs+17]. Much of this thesis either supports future study of Bamboo Garden
Trimming (Chapter 4), extends Bamboo Garden Trimming (Chapter 5), or exploits past
work studying Bamboo Garden Trimming (Chapter 6).

Definition 3.1.3 Bamboo Garden Trimming (BGT).
A Bamboo Garden Trimming instance B = (g) consists of a set of k tasks [k] = {1, . . . , k}
with descending positive growth rates g = g1, g2, . . . , gk : g1 ≥ g2 ≥ · · · ≥ gk.

On each day t ∈ N0 of a Bamboo Schedule S : N0 → k, each task i ∈ [k] has height

hi(S, t) =
gi · (t − t′ + 1) ∃t′ < t ∈ N0 : S(t′) = i, i /∈ {S(t′ + 1), S(t′ + 2), . . . , S(t)};

gi · (t + 1) otherwise.

The goal of Bamboo Garden Trimming is to find a Bamboo Schedule which minimises the
maximum height hmax = max

i∈[k],t∈N0
hi(S, t).

Note the similarity between the height vector H(S, t) = (h1, . . . , hk) and the state vector
of Pinwheel Scheduling X(S, t) = (x1, . . . , xk). In general, H is unbounded, but if we impose
some maximum height hmax we arrive at a PWS instance with fi = ⌊hmax/gi⌋ and xi =
hi/gi − 1.

31



3.2 Multi-Agent Problems

3.2.1 Decision Polyamorous Scheduling

We begin by defining a decision version of Polyamorous Scheduling: In the Decision Polyamor-
ous Scheduling problem, we are given a set of people and pairwise relationships with “attend-
ance frequencies” fi,j, and we are trying to find a daily schedule of two-person meetings such
that each couple {i, j} meets at least every fi,j days. The only constraint on the number
of meetings that can occur on any given day is that each person can only participate in at
most one of them. A Decision Polyamorous Scheduling instance can naturally be modelled
as a graph of people with the edges representing their relationships. Because each person
can participate in at most one meeting per day, the edges scheduled on any given day must
form a matching in this graph.

Definition 3.2.1 Decision Polyamorous Scheduling (DPS).
A Decision Polyamorous Scheduling instance D = (P, R, f) (a “decision polycule”) consists
of an undirected graph (P, R) where the vertices P = {p1, . . . , pn} are n persons and the
edges R are pairwise relationships between them, with integer frequencies f : R → N for
each relationship e ∈ R.

The goal of Decision Polyamorous Scheduling is to either find or report the nonexistence
of a valid schedule S, a finite sequence which maps N0 to 2R. A schedule is valid if:
(a) (no conflicts) for all days t ∈ N0, S(t) is a matching in (P, R), and

(b) (frequencies) for all e ∈ R and t ∈ N0, we have e ∈ S(t)∪S(t+1)∪· · ·∪S(t+f(e)−1).

As with PWS, D is feasible if it has a valid schedule, and is infeasible if it does not.
We write fi,j and fe as shorthands for f({pi, pj}) and f(e). An infinite schedule exists

if and only if a periodic schedule exists, i.e., a schedule where there is a period T ∈ N such
that for all t, we have S(t) = S(t + T ): any feasible schedule corresponds to an infinite walk
in the finite configuration graph of the problem (see Section 5.2), implying the existence of a
finite cycle. A periodic schedule can be finitely described by listing S(0), S(1), . . . , S(T − 1).

3.2.2 Optimisation Polyamorous Scheduling

By relaxing the hard maximum frequencies of meetings between couples to “desire growth
rates”, we obtain the Optimisation Polyamorous Scheduling problem. Our objective is to
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find a schedule that minimizes the “heat”, i.e., the worst pain of separation ever felt by any
couple in the polycule.

Definition 3.2.2 Optimisation Polyamorous Scheduling (OPS).
An Optimisation Polyamorous Scheduling instance (or “optimisation polycule”) O = (P, R, g)
consists of an undirected graph (P, R) along with a desire growth rate g : R → R>0 for each
relationship e ∈ R. An infinite schedule S : N0 → 2R is valid if, for all days, t ∈ N0, S(t) is
a matching in O.

On each day t ∈ N0 in a schedule S, the heat he(S, t) of each relationship e ∈ R is:

he(S, t) =
ge · (t − t′ + 1) ∃t′ ∈ N0 : e ∈ S(t′), e /∈ S(t′ + 1) ∪ S(t′ + 2) ∪ . . . ∪ S(t);

ge · (t + 1) otherwise.

The goal of Optimisation Polyamorous Scheduling is to find a valid schedule that minim-
ises the maximum heat hmax = max

e∈R,t∈N0
he(S, t).

As for DPS, S can be assumed to be periodic without loss of generality, meaning that S
is finitely representable.

It will be convenient for much of the following to use Normalised OPS instances, which we
define in the following way: Considering an OPS polycule O = (P, R, g), define the personal
growth rate Gv for person v ∈ P as Gv := ∑

e∈R:v∈e g(e) and the maximum personal growth
rate across all v ∈ P as G∗ := maxv∈P Gv. O is normalised, or in normal form, if G∗ = 1.
Any OPS polycule O can be trivially normalised by dividing each growth rate ge ∈ g by G∗,
and restored by inverting this.

3.2.3 Additional Preliminaries

In this section, we introduce some general notation (mostly concerning graph theory) and
collect a few simple facts about Polyamorous Scheduling which will be used later.

We write [n..m] for {n, n+1, . . . , m} and [n] for [1..n]. For a set A, we denote its powerset
by 2A. We also use lg for log2 universally. All graphs G = (V, E) are simple and undirected
unless indicated otherwise. We represent the set of vertices in the neighbourhood of v ∈ V

by N (v). We denote by M = M(G) the set of inclusion-maximal matchings in graph G,
where matching has the usual meaning of an edge set with no two edges incident to the same
vertex. By ∆ = ∆(G), we denote the maximum degree in G = (V, E). A pendant vertex is a
vertex with degree 1. The chromatic index χ1 = χ1(G) is the smallest number of “colours”
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in a proper edge colouring of G = (V, E) (i.e., the number of disjoint matchings required to
cover E); by Vizing’s Theorem [Viz65], we have ∆ ≤ χ1 ≤ ∆ + 1 for every graph. Misra
and Gries provide a polynomial-time algorithm for edge colouring any graph using at most
∆ + 1 colours [MG92].

Given a schedule S : N0 → 2R and an edge e ∈ R, we define the (maximal) recurrence
time r(e) = rS(e) of e in S as the maximal time between consecutive occurrences of e in S,
formally:

rS(e) = sup
d∈N

d + 1 ∃t ∈ N0 : e /∈ S(t) ∪ S(t + 1) ∪ · · · ∪ S(t + d − 1);
∞ otherwise,

where t here is the first day when e was not scheduled and d is the number of days on which
e was not scheduled.

If an infinite schedule S contains O(1) instances of e, then rS(e) = ∞, but all schedules
in the following will have finite recurrence times for all edges. Note that recurrence times
can be used to find the hardest DPS or PWS instance solved by a valid schedule for either
problem.

Using recurrence time, the heat h = h(S) of a schedule S in an OPS instance (P, R, g) is
h(S) = max

e∈R
g(e) · r(e). Clearly, for any schedule S : N0 → 2R, we can obtain S ′ : N0 → M

by adding edges to S(t) until we have a maximal matching S ′(t) ⊇ S(t); then rS′(e) ≤ rS(e)
for all e ∈ R and hence S ′ is a valid schedule for any DPS instance for which S is valid, and
if S schedules an OPS instance with heat h(S) then S ′ does too, with h(S ′) ≤ h(S).

Manipulating Polycules We use Lemma 3.2.3 to reduce OPS to DPS, and Lemma 3.2.4
to formalize how DPS solves OPS:

Lemma 3.2.3 OPS to DPS.
For every combination of OPS instance O = (P, R, g) and heat value h, there exists a DPS
instance D = (P, R, f) such that
(a) any feasible schedule S : N0 → 2R for D is a schedule for O with heat ≤ h, and

(b) any schedule S ′ for O with heat h′ > h is not feasible for D.

Proof. Consider an OPS polycule O = (P, R, g); we set D = (P, R, f) where f(e) =
⌊

h
g(e)

⌋
for all e ∈ R. Schedules satisfying D when applied to O will allow heat of at most max

e∈R
g(e) ·

f(e) = max
e∈R

g(e)⌊ h
g(e)⌋ ≤ h.
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Now consider a schedule S ′ for O with heat h′ > h. By definition, h′ = max
e∈R

rS′(e) · g(e),
where r(e) = rS′(e) is the recurrence time of e in S ′. Assume towards a contradiction that
r(e) ≤ f(e) for all e ∈ R. This implies that h′ = max

e∈R
r(e) · g(e) ≤ max

e∈R
⌊ h

g(e)⌋ · g(e) ≤ h, a
contradiction to the assumption.

Lemma 3.2.4 DPS to OPS.
Let D = (P, R, f) be a DPS instance. Set F = max

e∈R
f(e). There is an OPS instance

O = (P, R, g) such that the following holds:
(a) If D is feasible, then O admits a schedule of height h ≤ 1.

(b) If D is infeasible, then the optimal heat h∗ of O satisfies h∗ ≥ F +1
F

.

Proof. Consider a DPS instance D = (P, R, f); we set O = (P, R, g) with g(e) = 1/f(e) for
e ∈ R. By definition, any feasible schedule S for D has recurrence time re = rS(e) ≤ f(e) for
all e ∈ R, so its heat in O is given by h(S) = max

e∈R
r(e) ·g(e) = max

e∈R

r(e)
f(e) ≤ 1. Conversely, if D

is infeasible, then for every S : N0 → 2R there exists an edge e′ ∈ R where r(e′) > f(e′), i.e.,
r(e′) ≥ f(e′) + 1. In O, the heat h(S) must then be h(S) = max

e∈R
r(e) · g(e) ≥ r(e′) · g(e′) ≥

f(e′)+1
f(e′) ≥ F +1

F
.

It is also often convenient to rescale OPS instances to set h∗ = 1; this can be assumed
without loss of generality but is not generally useful for algorithms unless h∗ is known.

Lemma 3.2.5 Unit Optimal Heat for OPS.
For every OPS instance O = (P, R, g), there is an equivalent OPS instance O′ = (P, R, g′)
with optimal heat 1 where g′ : R → U for U = {1/m :∈ N≥1}, i.e., the set of unit fractions.
More precisely, for every schedule S : N0 → 2R holds: S has optimal heat h∗ in O iff S has
heat 1 in O′. That is, any optimal schedule S∗ for either problem is also optimal for the
other problem.

Proof. Let (P, R, g) be an arbitrary OPS instance with optimal heat h∗. Setting ĝ(e) =
g(e)/h∗ yields OPS instance (P, R, ĝ) with optimal heat 1. We now start by setting g′(e) =
ĝ(e) for all e ∈ R. Consider a particular optimal schedule S∗. Suppose that for some edge
e ∈ R, we have g′(e) /∈ U. In S, there is a maximal separation r(e) = q ∈ N between
consecutive occurrences of e with q · g(e) ≤ h∗. But then, increasing g(e) to h∗/q would not
affect the heat of S. We can thus set g′(e) = 1/q. By induction, we thus obtain g′ : R → U
without affecting the heat of S.

* * * * * *
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Chapter 4

Towards the 5/6-Density Conjecture
of Pinwheel Scheduling

Outline This chapter presents results originating in our 2022 paper of the same name
[GSW22]. It begins with our main theoretical results in Section 4.1, after which Section 4.2
introduces our algorithms which determine the feasibility of and find schedules for single
Pinwheel Scheduling instances; Section 4.3 then describes our algorithms for computing the
Pareto surface. In Section 4.4, we report on a running-time study, comparing our algorithms
and analyzing their efficiency. We conclude in Section 4.5 with a brief summary.

4.1 The Pareto Surface
We begin by deriving our main new structural tool for analyzing Pinwheel Scheduling: Pareto
Surfaces. A special case of such a Pareto Surface is implicitly used in [Din20], but without
developing its general applicability as we will now do.

To this end, we need some more vocabulary. It is often helpful to reduce Pinwheel
schedules to their recurrence vectors: the hardest Pinwheel Scheduling instance solved by
the schedule, i.e. the one which minimises fi for all i. To this end, we call a tuple consisting
of a schedule and its recurrence vector a scheduled Pinwheel Scheduling problem. Let Pa be
a (finite or infinite) set of Pinwheel Scheduling instances. We say that a (finite or infinite)
set of Pinwheel Schedules Sa solves Pa if, for every problem P ∈ Pa, there is some S ∈ Sa

such that S is a valid schedule for P. This is equivalent to saying that every problem in Pa

is dominated by the recurrence vector of some problem in Sa.
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A Pareto Surface Ca = C(Pa) for a set of Pinwheel Scheduling instances Pa is an
inclusion-minimal set of scheduled Pinwheel Scheduling problems C = (P, S) that solves Pa,
i.e., for every feasible Pi ∈ Pa there is some C ∈ Ca with P(C) ≤ Pi. We use inclusion-
minimal to mean that no member of a set can be removed from that set without violating
its defining property, i.e., for every C in Ca there must be some P in Pa that is solved by C
but not by any other member of Ca. Note that while we will only consider finite Ca surfaces,
Pa does not need to be finite, per Theorem 4.1.1.

The Pareto Surfaces of two families of sets of Pinwheel Scheduling instances are of par-
ticular interest: Pk, by which we denote the class of all Pinwheel Scheduling instances with
k tasks, and Pk,d, by which we denote the Pinwheel Scheduling instances with k tasks and
density at most d. For Pareto Surfaces solving Pk for 1 ≤ k ≤ 5, see Table 4.1.

The main result of this section is the following theorem:

Theorem 4.1.1 Finite Pareto Surfaces.
For every k ∈ N, there is a finite set of periodic schedules such that every Pinwheel Scheduling
instance with k tasks has a solution if and only if it has a solution in that set. Moreover,
there is a unique inclusion-minimal such set Sk.

Before proceeding with the proof of this theorem in the following two subsections, let us
note a complexity-theoretic consequence of this result:

Corollary 4.1.2 Pinwheel is FPT.
Pinwheel Scheduling is fixed-parameter tractable with respect to the number of tasks k.

Proof. We give an algorithm deciding any instance P ∈ Pk in time O(N + f(k)) where N is
the encoding length of P and f is some computable function; this implies the claim.

By Theorem 4.1.1, all of Pk is solved by Sk. Let m(k) be the maximum over all distances
between consecutive occurrences of all tasks in any solution S ∈ Sk. We first compute Sk and
m(k); as Sk only depends on k, the cost to do so is bounded by some function g(k). Read
the input P = (f1 ≤ f2 ≤ · · · ≤ fk) for cost O(N), then replace any frequency fi > m(k)
with m(k), producing a new Pinwheel Scheduling instance P ′ = κ(P) of (encoding) size
N ′ = O(k lg m(k)). Now P ′ is feasible iff P is feasible, because any S ∈ Sk solves P ′ iff
it solves P. Comparing P ′ with all S ∈ Sk for some cost h(k) determines whether there
exists a schedule to P, so the schedulability of any input P can be determined for a cost
O(g(k) + N + h(k)).
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Instance Schedule
(1) (1)
(2,2) (1,2)
(2, 4, 4) (1, 2, 1, 3)
(3, 3, 3) (1, 2, 3)
(2, 4, 8, 8) (1, 2, 1, 3, 1, 2, 1, 4)
(2, 6, 6, 6) (1, 2, 1, 3, 1, 4)
(3, 3, 6, 6) (1, 2, 3, 1, 2, 4)
(3, 4, 5, 8) (1, 2, 4, 1, 3, 2, 1, 3)
(3, 5, 5, 5) (1, 2, 3, 1, 4, 2, 1, 3, 4)
(4, 4, 4, 4) (1, 2, 3, 4)
(2, 4, 8, 16, 16) (1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 5)
(2, 4, 12, 12, 12) (1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 5)
(2, 6, 6, 12, 12) (1, 2, 1, 3, 1, 4, 1, 2, 1, 3, 1, 5)
(2, 6, 8, 10, 16) (1, 2, 1, 3, 1, 5, 1, 2, 1, 4, 1, 3, 1, 2, 1, 4)
(2, 6, 10, 10, 10) (1, 2, 1, 3, 1, 4, 1, 2, 1, 5, 1, 3, 1, 2, 1, 4, 1, 5)
(2, 8, 8, 8, 8) (1, 2, 1, 3, 1, 4, 1, 5)
(3, 3, 6, 12, 12) (1, 2, 3, 1, 2, 4, 1, 2, 3, 1, 2, 5)
(3, 3, 9, 9, 9) (1, 2, 3, 1, 2, 4, 1, 2, 5)
(3, 4, 5, 14, 14) (1, 2, 3, 1, 4, 2, 1, 3, 1, 2, 5, 1, 3, 2)
(3, 4, 6, 10, 16) (1, 2, 3, 1, 4, 2, 1, 3, 1, 2, 4, 1, 3, 2, 1, 5)
(3, 4, 6, 11, 11) (1, 2, 3, 1, 5, 2, 1, 3, 2, 1, 4)
(3, 4, 8, 8, 8) (1, 2, 4, 1, 5, 2, 1, 3)
(3, 5, 5, 9, 9) (1, 2, 5, 1, 3, 2, 1, 4, 3)
(3, 5, 6, 7, 12) (1, 2, 4, 1, 3, 2, 1, 4, 2, 1, 3, 5)
(3, 5, 7, 7, 9) (1, 2, 3, 1, 4, 2, 1, 5, 3, 1, 2, 4, 1, 3, 2, 1, 5, 4)
(3, 5, 7, 8, 8) (1, 2, 3, 1, 4, 2, 1, 5, 1, 3, 2, 1, 4, 5)
(3, 6, 6, 6, 6) (1, 2, 3, 1, 4, 5)
(4, 4, 4, 8, 8) (1, 2, 3, 4, 1, 2, 3, 5)
(4, 4, 5, 7, 12) (1, 2, 3, 4, 1, 2, 5, 3, 1, 2, 4, 3)
(4, 4, 6, 6, 6) (1, 3, 2, 4, 1, 5, 2, 3, 1, 4, 2, 5)
(4, 5, 5, 6, 10) (1, 2, 3, 5, 1, 4, 2, 3, 1, 4)
(4, 5, 5, 7, 7) (1, 2, 5, 3, 1, 4, 2, 1, 3, 5, 2, 1, 4, 3)
(5, 5, 5, 5, 5) (1, 2, 3, 4, 5)

Table 4.1: The Pareto Surfaces C1, C2, C3, C4, and C5.
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Note that the input size N of a Pinwheel Scheduling instance can be substantially larger
than k since it has to encode the frequencies (say, in binary); frequencies of 2k−1 are needed
to form C1−5 in Table 4.1 as well as the density-limited Ck,d surfaces generated for other
parts of this work, and it remains open whether even larger frequencies are also needed
for some Ck. In general, N has not been shown to be bounded in terms of k; though we
conjecture that it can be.

4.1.1 Small Frequency Conjecture

We propose two new conjectures about the structure of feasible Pinwheel Scheduling in-
stances. These arose from observations made while engineering our algorithms, but are
of independent interest. We list evidence in their support in Section 4.3.2, with further
arguments in Section 8.1.2.

Conjecture 4.1.3 2k Conjecture.
Let A = (a1 ≤ a2 ≤ · · · ≤ ak) be a loosely feasible Pinwheel Scheduling instance. Then A

admits a schedule S with a holiday at least every 2k days.

Conjecture 4.1.4 Kernel Conjecture.
Let A = (a1 ≤ a2 ≤ · · · ≤ ak) be a feasible Pinwheel Scheduling instance. Then there exists
another Pinwheel Scheduling instance B = (b1 ≤ b2 ≤ · · · ≤ bk) such that:

(a) B is also feasible,

(b) B dominates A, B ≤ A, and

(c) bk ≤ 2k−1.

We show that these two conjectures are indeed equivalent.

Proposition 4.1.5 Equivalent conjectures.
Conjecture 4.1.3 and Conjecture 4.1.4 are equivalent.

Proof. First, assume that Conjecture 4.1.3 holds true. Let A = (a1 ≤ a2 ≤ · · · ≤ ak) be an
arbitrary instance with schedule SA. If ak ≤ 2k−1, we can satisfy Conjecture 4.1.4 by setting
B = A; instead, assume that the last ℓ ≥ 1 frequencies obey 2k−1 < ak−ℓ+1 ≤ ak+1 ≤ · · · ≤
ak. Define C to exclude these frequencies: C = (a1 ≤ a2 · · · ≤ ak−ℓ). C is loosely feasible
since we can replace all occurrences of i > k − ℓ in SA by “–”. By Conjecture 4.1.3, C then
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admits a gapped schedule SC with at least one gap every 2k−ℓ days. We claim that we can
now set B = (a1 ≤ · · · ≤ ak−ℓ, 2k−1, . . . , 2k−1), i.e., truncate all frequencies exceeding 2k−1

at 2k−1, and remain feasible. We make a schedule SB for B by using ℓ repetitions of SC and
assigning the ℓ tasks k − ℓ + 1, . . . , k in a Round-Robin fashion to the gaps. This achieves
frequency at most ℓ · 2k−ℓ, for each of these tasks. We check indeed ℓ · 2k−ℓ ≤ 2k−1, for all k

and ℓ ∈ N.
Now, conversely, assume that Conjecture 4.1.4 holds true. Let A = (a1 ≤ a2 ≤ · · · ≤ ak)

be loosely feasible, and let SA be a gapped schedule for A, setting g to the frequency of the
gap in SA. Define B = (b1 ≤ b2 ≤ · · · ≤ bk+1) with bi = ai for i ∈ [k] and bk+1 = max{g, ak}.
B is feasible since we can replace the gap in SA by k + 1 and obtain a schedule for B. Hence
by Conjecture 4.1.4, there is a feasible instance C = (c1 ≤ c2 ≤ · · · ≤ ck+1) with ci ≤ bi and
ci ≤ 2k. Let SC be a schedule for C. By replacing k + 1 in SC by “–”, we obtain a valid
gapped schedule for A and since ck+1 ≤ 2k, the gap frequency in this schedule is at most
2k.

In light of this, the evidence in support of Conjecture 4.1.4 that we provide in Section 4.3.2
equally supports Conjecture 4.1.3.

Remark 4.1.6 Kernel size.
The construction used to prove Corollary 4.1.2 shows that Pinwheel Scheduling has an FPT-
kernel of size O(k lg m(k)); assuming Conjecture 4.1.4, this reduces to O(k2).

4.1.2 The Pareto Trie

Towards the proof of the first claim of Theorem 4.1.1, we describe an algorithm to compute
the Pareto Surface Ck for a given k, based on an oracle for deciding whether a given Pinwheel
Scheduling instance is infeasible, tightly feasible or loosely feasible (cf. Proposition 3.1.2).
We describe our implementation of such an oracle in Section 4.2.

This algorithm conceptually explores an (infinite) trie Tk for Pk, each node of which is
a Pinwheel Scheduling instance that is a prefix of all of its descendants. The root of Tk

is the empty instance P0 = (), which has no tasks but infinitely many children, reached
through the edges labelled 1, 2, 3, . . . . In general, every node v at depths between 0 and
k has infinitely many children; if v is reached from its parent by an edge labeled a, v has
children a, a + 1, a + 2, . . . . We identify a node v in the trie with the sequence of edge labels
on the path from the root to v. In this way, each node v at depth ℓ corresponds to a Pinwheel
Scheduling instance with ℓ tasks.
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Our algorithm explores Tk using a depth-first search. Since Tk has depth k, we can only
descend in the tree k times; however, we have to show that we only need to explore finitely
many children of any node. Suppose we are currently visiting a node v at depth ℓ < k,
corresponding to a Pinwheel Scheduling instance A = (a1 ≤ a2 ≤ · · · ≤ aℓ). If A is infeasible
or tightly feasible, all of v’s descendants are infeasible; in particular, none of the descendants
at depth k – corresponding to extensions of A to instances in Pk – will be feasible. We,
therefore, need not visit any of them.

If A is loosely feasible, some descendant at depth k is guaranteed to be feasible: Let SA

be a gapped schedule for A with some gap frequency g. Then B = (a1 ≤ a2 ≤ · · · ≤ aℓ ≤
(k−ℓ)g, . . . , (k−ℓ)g) – i.e., A with k−ℓ copies of (k−ℓ)g appended – is solved by a schedule
SB consisting of k − ℓ repetitions of SA whose gaps are replaced by ℓ + 1, . . . , k, respectively.
Hence, we need not visit any child of v with label larger than (k − ℓ)g (they are all feasible
and dominated by B), and we therefore only have to visit finitely many children of v. For
later reference, we call the smallest frequency f so that (a1 ≤ a2 ≤ · · · ≤ aℓ < f, . . . , f) ∈ Pk

is feasible the Round Robin frequency of A with respect to k. The root can be treated as a
loosely feasible node with a gap frequency g = 1, depth ℓ = 0, and Round Robin frequency
k. An example for the Pareto trie for k = 4 is shown in Figure 4.1.

As the Pareto trie is searched, an inclusion-minimal subset of its leaves, along with their
solutions, are maintained – after the search is complete, these will form Ck.

Figure 4.1: The portion of the Pareto trie for k = 4 that is explored by the traversal from
Section 4.1.2. Nodes show one or more Pinwheel Scheduling instances: The black root node
is the empty Pinwheel Scheduling problem; blue nodes are tightly feasible; orange nodes are
loosely feasible; red nodes are infeasible and green nodes are feasible, complete and form the
Pareto Surface. Solutions to the green nodes are shown in Table 4.1 (page 38).

Remark 4.1.7 Periodic solution length.
We can prove a bound on m(k), the largest frequency in any instance of Sk, using the trie
and Proposition 3.1.2. For a loosely feasible instance P = (f1 ≤ f2 ≤ · · · ≤ fℓ), we can
always find a schedule of length ≤ ∏ℓ

i=1 fi with at least one gap, so g ≤ ∏ℓ
i=1 fi. Hence,
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P’s Round Robin frequency f is f ≤ (k − ℓ)∏ℓ
i=1 fi, which gives an upper bound for all

expansions fℓ+1 to P that can occur in Sk. We hence always have m(k) ≤ mk, where
m1 = 1, mℓ+1 = (k − ℓ)∏ℓ

i=1 mi. Since mk = Ω(22k), this proven upper bound for m(k)
is doubly exponential in k, whereas Conjecture 4.1.3 suggests the singly exponential bound
m(k) ≤ 2k−1 is sufficient. As m(k) ≥ 2k−1, assuming Conjecture 4.1.3 would completely
settle the question of the worst-case periodic solution length.

4.1.3 Uniqueness

Next we prove that Ck is unique.

Lemma 4.1.8 Characterization Pareto Surface.
A Pinwheel Scheduling instance A can exist in some Pareto Surface Ck iff A is feasible and
decreasing any component of A by 1 makes it infeasible.

Proof. Consider some A ∈ Ck, which is feasible by the definition of Ck. Define Ai− = (a1 ≤
· · · ≤ ai−1 ≤ ai − 1 ≤ ai+1 ≤ · · · ≤ ak). Assume towards a contradiction that, for some value
of i ∈ [k], Ai− is also feasible. Since Ai− is feasible there must be some B ∈ Ck such that
B ≤ Ai− and B is feasible. This means that B ≤ Ai− ≤ A, so anything dominated by A is
also dominated by B, and we can remove A from the Pareto Surface; a contradiction.

Conversely, let A be feasible and let Ai− be infeasible for all i ∈ [k]. By the definition of
Ck, there is a feasible instance B = (b1 ≤ b2 ≤ · · · ≤ bk) ∈ Ck with B ≤ A. Assume towards
a contradiction that there is an index i ∈ [k] with bi < ai; then we have B ≤ Ai−. Since Ai−

is already infeasible, so must B be; a contradiction.

The uniqueness claim from Theorem 4.1.1 now follows immediately from Lemma 4.1.8:
Ck consists of exactly those instances that satisfy the condition of that lemma.

Note that Pk,d does not in general have a unique Pareto Surface; for example, P2,2/3 has
Pareto Surfaces {(2, 2)} and {(2, 6), (3, 3)}. Both dominate all instances with density at most
2/3 but fail to do so after deleting any one element of the sets, meeting the definition for
C(Pk,d). In this instance, the former (C2) dominates the latter but that does not disqualify
it as a Pareto Surface. Clearly Pk is also a Pareto Surface for Pk,d, so a finite C(Pk,d) always
exists.
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4.2 Engineering Pinwheel Scheduling
In this section, we introduce our backtracking algorithm for general Pinwheel Scheduling
instances, with three consecutive stages building on each other: the Naïve algorithm, the
Optimised algorithm, and finally the Foresight algorithm. The effects of each optimisation
are discussed in Section 4.4.

4.2.1 The Naïve Algorithm

Each of the three algorithms presented here uses the same backtracking procedure to assess
the schedulability of Pinwheel Scheduling instances. They form all possible solutions into a
trie of candidate solution prefixes (Sc), which they explore using four basic operations:

1. Push, which appends the next unexplored letter i ∈ k to Sc.

2. Pop, which deletes the last letter from Sc.

3. Failure testing, which tests whether the current state is valid.

4. Success testing, which tests whether the current state is known to be sustainable.

Whenever a node is reached, the process tests for failure first, then for success. If a node
is invalid, the pop operation is employed until there is an unexplored letter to push. Nodes
pass the success test if their state is the same as some ancestral node – the path from that
node to this node is a solution S. If a node is valid but not known to be sustainable, the push
operation is again employed. A flow chart depicting this procedure is shown in Figure 4.2.

Failure testing has two parts: conditions 1 and 2, called the safety conditions. Condition
3 is used for success testing. For a state X in candidate solution prefix Sc:

1. Sc is feasible (∀t, i : xi(t) ≤ fi),

2. Sc is not known to fail in the future (it has unexamined extensions that may succeed),
and

3. S eventually succeeds (X(S, t) = X(S, t + p), for some t and some p > 0).

To show that an instance P is unsolvable, we must eliminate all candidate solution prefixes
by showing that they fail either condition one or condition two. The third condition invokes
periodicity – any path that returns to somewhere it has been can be followed indefinitely,
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Figure 4.2: The backtracking procedure used to solve Pinwheel Scheduling problems. The left
hand (red) loop climbs the tree when nodes have no potentially valid descendants, shortening
Sc. The central (blue) loop shows letters being tried until one is found which is valid, moving
horizontally. The right hand (green) loop shows the extension of the tree when the safety
conditions are passed.

returning to that location after each loop. Thus, if Sc has this property, it can be safely
repeated indefinitely, making Sc a solution to P.

In the naïve algorithm, tasks are pushed in descending frequency order. In feasible cases,
this reduces the observed length of failed candidate solutions attempted before finding a
viable schedule, thus reducing success testing cost. This seemed to reduce overall cost in
many cases, probably because success testing is O(n2) (where n is the length of the testable
solution fragment – naively |(Sc)|, but optimised in Section 4.2.2) and failure testing is O(k).
An example of this difference is described in Figure 4.4.

Note that the first move can be freely chosen as all tasks must be a part of the final
schedule.

Worked Examples

Examples of the trees generated by the Naïve method are shown in Figure 4.3 (infeasible)
and Figure 4.4 (feasible). These examples follow conventions from the implemented code,
which are slightly different from those used elsewhere:
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1. states are 0 indexed, rather than 1 indexed (xi = 0 after execution of task i), and

2. Pinwheel Scheduling instances are listed by weakly decreasing frequency, rather than
weakly increasing frequency.

4.2.2 The Optimised Algorithm

The Optimised algorithm expands the Naïve algorithm described above with three improve-
ments that remove repetitive and symmetric sections of the search space and reduce the cost
of success testing.

Repetition

We first establish two simple properties when comparing different states. If we consider
two states of the system, X and X ′, then X is worse than X ′ if no xi ∈ X is less than
the corresponding x′

i ∈ X ′ and some xi is greater than the corresponding x′
i. Formally:

∀i : xi ≥ x′
i and ∃i such that xi > x′

i. X ′ is then considered to be better than X.

Lemma 4.2.1.
Any schedule S which is valid from state X in Pinwheel Scheduling instance P is also valid
from any better state X ′.

Proof. Let P be a Pinwheel Scheduling instance for which S is a valid schedule starting at
state X. Execute S twice in parallel from two initial states: X, and some better state X ′.
At time t, let X(t) be the state of the former and X ′(t) be the state of the latter. Proceed
inductively:

The starting state must be valid in both executions: X(0) is part of a valid schedule and
X ′(0) is better, so ∀i : x′

i(0) ≤ xi(0) ≤ fi.
On an arbitrary day t, the schedule will select the same task j = S(t) for both executions.

S is valid from starting state X, so for this execution ∀i : xi(t) ≤ fi before and after day t.
After executing task j, xj(t) = 0 and ∀i ̸= j : xi(t) = xi(t−1)+1. If X ′(t−1) is better than
or equal to X(t − 1), then ∀i : x′

i(t − 1) ≤ xi(t − 1) ≤ fi before day t and x′
j(t) = xj(t) = 0

and ∀i ̸= j : x′
i(t) = x′

i(t − 1) + 1 ≤ xi(t) after day t.
Thus, by induction, every state reached by both executions is valid, and S is a valid

schedule for P from either starting state.
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Figure 4.3: The trie produced by the Naïve procedure when applied to the input (6, 3, 2).
States which pass condition 1 are shown in yellow, while states which fail it are shown in
red. As the tree is closed, success testing does not find a repeated condition, but success
testing would compare all yellow elements to all of their ancestor elements for a total cost
of 34 comparisons.

Figure 4.4: The trie produced by the Naïve procedure when applied to the input (6, 3, 3).
States which pass condition 1 are shown in yellow, states which fail it are shown in red
and the eventual successful state is shown in green. Every state with descendants examines
them from left to right, though several states have fewer than three descendants as the tree
is open and is therefore only partially explored. Every yellow state was compared to all of
its ancestor elements, while the green case was only compared until an identical state was
found, for a total cost of 9 comparisons. If this example had used the most urgent to least
urgent order described in Section 4.2.1, it would have examined 27 nodes for a testing cost
of 104 comparisons. The solution found is [1, 2, 0].
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Lemma 4.2.2.
If Pinwheel Scheduling instance P permits no valid schedule starting at some state X ′, then
it permits no valid schedule starting at any worse state X.

Proof. Consider a Pinwheel Scheduling system P which permits no valid schedule from some
state X ′. Suppose towards a contradiction that P permits a valid schedule S starting at some
worse state X. Per the previous Lemma, any schedule which is valid from state X must also
be valid from any better state X ′ – a contradiction.

Avoiding immediate repetitions which are not themselves solutions shrinks the search
space without changing the schedulability of Pinwheel Scheduling problems. This optimisa-
tion is based on the following observation.

Proposition 4.2.3 Repetition.
If a Pinwheel Scheduling instance P admits a valid repetitive schedule Sr = . . . , r, r, . . . and
r is not a solution to P, then S!r = . . . , r, . . . is also a valid schedule for P.

Proof. Let Sr be a solution to a Pinwheel Scheduling problem P, and let r be a repeated
phrase within Sr, i.e., Sr takes the form Sr = S1, r, r, S2. Repeat Sr until the same state is
reached after the execution of each subsequence; let the state following S1, r, r be called X
and the state following S1, r be called X ′.

The state component xi is the time since task i was last performed. For any tasks i ∈ r, it
follows that xi = x′

i < |r| – likewise, For any task j ̸∈ r, it follows that x′
j ≥ |r| and xj ≥ 2|r|.

This means that state X is worse than state X ′ and, per Lemma 4.2.1, that any schedule
valid from X is valid from X ′. S2, S1, r is such a schedule, and is a cyclic permutation of
S!r.

The simplest exploitation of Proposition 4.2.3 considers the simplest possible repeated
subsequence – single character repetitions. Forbidding these has a small benefit in infeasible
instances, namely reducing the effective alphabet size by 1 as the last letter played cannot
be repeated.

In feasible instances the observed effect was larger, because of the order in which the trie
is explored. Due to fixed order conventions, immediately repetitive additions to candidate
solution prefixes are often the first to be tried. If we divide the search space around the
first schedule found (S1), repetitive candidate solution prefixes are over-represented before
S1 and thus removing them has a stronger effect on feasible instances.
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Frequency Duplication

We call tasks in a Pinwheel Scheduling instance P with the same values of fi duplicates,
as they are indistinguishable until either task is performed (after this point they can be
distinguished by their xi values, which can never again be identical). Naïvely, duplicate
tasks are distinguished by their order of appearance in P, but an alternative method exists
which exploits frequency duplication by pruning identical subtrees.

Proposition 4.2.4 Duplicates.
If a Pinwheel Scheduling instance contains two tasks i ̸= i′ with fi = f ′

i , then it is feasible
when i is performed before i′ iff it is feasible when i′ is performed before i.

Proof. Consider a Pinwheel Scheduling system Ps containing two symmetric tasks (i and
i′ such that fi = fi′). Let Sc be an arbitrary sequence in Ps where fi is performed before
fi′ . Then let S ′

c be an arbitrary sequence identical to Sc, save that every occurrence of i is
replaced with an occurrence of i′ and vice versa. As fi = fi′ , S ′

c exists iff Sc exists. Therefore,
if an infinite Sc exists, an infinite S ′

c exists and vice versa. Also, if no infinite Sc exists then
no infinite S ′ exists and vice versa. Therefore Ps is feasible when i is performed before i′ iff
Ps is feasible when i′ is performed before i.

As having the same frequency is a transitive relation, Proposition 4.2.4 clearly applies to
instances with more than two duplicate tasks. The algorithm can be optimised by choosing
one ordering of all duplicate tasks, instead of naively exploring all orderings. While this
effect is limited in scope (many Pinwheel Scheduling instances have no duplicates), it has a
large effect on instances which have many duplicates: If the frequencies are sorted into bins
according to their exact values, with bj members per bin, then the total size of the graph is
reduced by a factor of B = ∏jmax

j=1 bj! by this optimisation.

Minimum Solution Length

A valid schedule S for Pinwheel Scheduling instance P must contain all tasks i ∈ [k], but
must also follow the logic of density: each task i with frequency fi must be at least 1

fi
of S.

To account for this, consider the composition formula R of candidate solution prefix Sc. R

has k components, with component ri representing the number of instances of i in Sc. If L is
the length of the candidate solution prefix, then L is given by L = ∑k

i=1 ri. For a candidate
solution prefix to be sustainable, each letter i must appear at least every fi letters, so over
the whole solution ri ≥ ⌈ L

fi
⌉. To calculate the minimum value of L, Lmin, we start by setting
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ri = 1 for all i, then increment ri for each i value until this condition is met simultaneously
for all i.

Lmin can be used to avoid unnecessary comparisons in success testing in 2 ways:

1. Only comparing states which are Lmin apart, because no closer states can be identical.

2. Only performing success testing when |S| ≥ Lmin.

The former reduces the cost of success testing each node, while the latter reduces the
number of nodes which perform success testing. This effect is significant because the cost
of testing for success grows as |S|2 while all other costs remain constant over |S|. For a
discussion of minimum solution lengths in Pinwheel Scheduling instances with two distinct
numbers, including several minimum solution length algorithms, see [Hol+92].

Worked Examples

Worked examples for the Pinwheel Scheduling instances shown in Section 4.2.1 are repeated
using the Optimised algorithm in Figures 4.5 and 4.6.

4.2.3 The Foresight Algorithm

This optimisation modifies the Naïve failure testing process to gain more information from
a similar amount of work. Instead of tracking conventional states X(t), recall urgency states
U(t):

∀i, t : ui(t) = fi − xi(t) − 1 (4.1)

This requires a different procedure when a task is performed (to perform task i, set
ui = fi − 1) and a different growing procedure (to grow V , set ui(t + 1) = ui(t) − 1 for all
i). The Naïve failure testing procedure would test that ∀i : ui ≥ 0 but an alternative failure
testing procedure is now possible if the urgency values of tasks are stored in ascending order
(∀i : ui ≤ ui+1):

Proposition 4.2.5 Urgency.
If an urgency state U is feasible, then for every i we have ui ≥ i.

Proof. Consider a Pinwheel Scheduling instance P at urgency state U such that P is feasible
from U. Proceed by induction over i.
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Figure 4.5: The trie produced by the Optimised algorithm when applied to the input (6, 3,
2). States which pass condition 1 are shown in yellow or white, while states which fail it
are shown in red. As opposed to the Naïve method for solving the same input (Figure 4.3),
tasks are only scheduled if they were not performed the previous day. The minimum solution
length for this input is 4, so only nodes deeper than 4 (coloured yellow) require success testing.
Each such node is compared with all elements at least 4 days older than itself for a total of
7 comparisons and 17 nodes (while the Naïve algorithm uses 34 comparisons and 31 nodes
for this instance).

Figure 4.6: The trie produced by the Optimised algorithm when applied to the input (6, 3,
3). States which pass condition 1 are shown in yellow, white or green; while states which fail
it are shown in red. As opposed to the Naïve method for solving the same input (Figure 4.4),
only tasks which were not performed the previous day are executed. The minimum solution
length for this input is 3, so only nodes deeper than 3 (coloured yellow or green) require any
success testing. Each such node is compared with all elements at least 3 days older than
itself for a total of 3 comparisons and 6 nodes (while the Naïve algorithm uses 9 comparisons
and 12 nodes for this instance).
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• Base case: as U is feasible, ∀i : ui ≥ 0 so u0 ≥ 0.

• Inductive hypothesis: ui ≥ i.

• Inductive step: U is ordered, so ui+1 ≥ ui, hence ui+1 ≥ i. If ui+1 > ui then ui+1 ≥ i+1.
Alternatively, if ui = ui+1 then either ui > i and ui+1 = ui > i or ui+1 = ui = i.

Assume that ui+1 = ui = i towards a contradiction.

As U is feasible, some infinite S exists such that ∀i, t : ui(t) ≥ 0.

This schedule must execute ui before i + 1 days have passed or it will have urgency
ui ≤ i − (i + 1) and hence ui < 0 before being executed.

Likewise for ui+1 as ui = ui+1. As U is ordered, all elements before ui are less than or
equal to ui and hence less than or equal to i. Therefore they must also be executed
before i + 1 days have passed, by the same reasoning. Therefore at least i + 1 tasks
must be executed in the first i days, which contradicts the rule that only one element
may be performed daily.

Therefore, ui+1 ≥ i + 1.

Therefore in all feasible states ∀i : ui ≥ i.

This can be used to detect failure up to to k days in advance for little additional cost
over the Naïve failure testing method, reducing tree height. It can also be used to force the
execution of certain tasks on certain days:

Proposition 4.2.6 Forcing.
If a feasible urgency state U exists such that ∃i′ : ui′ = i′, then the task at position i′ and all
preceding tasks must be executed in the next i′ days.

Proof. Let U be an urgency state of a Pinwheel Scheduling system P, and let i′ be a task
in this system such that ui′ = i′. Let S be an arbitrary schedule for P from U. As U is
ordered, ∀i : ui ≤ ui+1, so for all elements preceding i′ it holds that ui<i′ ≤ ui′ and hence
ui<i′ ≤ i. Assume towards a contradiction that there exists an i′′ ≤ i′ such that the task
at i′′ is executed after i′ days. Initially, ui′′(0) ≤ i. ui′′ decreases by 1 each day, so if it is
executed on day t, before it is executed ui′′(t ≥ i + 1) ≤ i − (i + 1) < 0. This contradicts the
safety condition that ∀i, t : ui(t) ≥ 0.

Therefore no task at positions ≤ i′ can be executed later than day i′.
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This can be used to greatly restrict branching and hence tree breadth; if there exists some
i′ such that ui′ = i′ then the next move must have i ≤ i′. This optimisation is compatible
with all three changes described in Section 4.2.2, and all three are included in the final
Foresight implementation.

4.2.4 Deciding Tight Feasibility

As introduced in Chapter 3, the tightness of Pinwheel Scheduling instances can be determined
by testing for the existence of a schedule containing at least one gap. This was implemented
using the Optimised algorithm in Section 4.2.2, by making the default action from every
position a holiday and adding an extra testing step after a sustainable state was found –
searching the schedule that produced this state for a holiday. If no gap was found in that
schedule, the search continued until a loose schedule was found, or it was demonstrated that
no loose schedule could exist. In principle, it would be possible to implement the Foresight
algorithm from Section 4.2.3 with gaps, but this would have required a full re-implementation
of Foresight – a substantial time investment.

4.3 Engineering the 5/6 Surfaces
Our principal application of the algorithms from Section 4.2 is the investigation of the 5

6
conjecture for low k values. This section describes our algorithm for computing a Pareto
Surface for C(Pk,5/6), code for which is available online [Smi21].

4.3.1 Core Algorithm

We search the trie of Pinwheel Scheduling problems introduced in Section 4.1.2 using the
depth first search procedure outlined in that section. The search from a node at depth h

begins by creating a child with the smallest possible added frequency, then proceeds until
the subtrie of the new node is fully explored. If a node has density d = 5

6 , it can have
no descendants and is fully explored – otherwise the depth first search proceeds by fully
exploring all children until each has a descendent with a symmetry of k + 1 − h. This
descendent necessarily dominates all siblings seen after it in a depth first search. As only
nodes with a density d ≤ 5

6 need be considered, denser nodes are ignored by this process.
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We will outline several optimisations which introduce denser problems that may be used
to dominate problems found by this search. To show that the 5

6 conjecture is true for a
certain value of k, we need to show that no infeasible Pinwheel Scheduling systems with a
density ≤ 5

6 exist for that value of k. That is, we need to show that the set of all infeasible
Pinwheel Scheduling systems with d ≤ 5

6 found when constructing C(Pk,5/6) is the empty
set.

4.3.2 Constructing the Pareto Surface

We could consider the density restricted Pareto Surface comprised exclusively of members
of Pk,5/6, but this would prevent many useful optimisations. Instead, we require any density
restricted Pareto Surface, consisting of a set of solutions which solve all Pinwheel Scheduling
instances with a density ≤ 5

6 – that is, we allow our surface to contain denser instances, so long
as it remains complete, inclusion-minimal, and no infeasible Pinwheel Scheduling instances
with density ≤ 5

6 are found. This allows for optimisations which use easily schedulable feas-
ible Pinwheel Scheduling instances to dominate large classes of feasible Pinwheel Scheduling
instances with density below 5

6 that are harder to schedule.

Frequency Capping

This optimisation builds on Conjecture 4.1.4, which we eagerly assume to be true here but
then immediately check the validity of for each instance generated. We cap the maximum fi

value of considered Pinwheel Scheduling instances at 2k−1. This only lowers frequencies, so
the capped Pinwheel Scheduling instance dominates both the instance it was created from
and often many similar instances – particularly when multiple frequencies are capped.

Because capping reduces frequencies, it raises densities. To avoid a potential issue where
the density of a problem is below 5

6 before capping but above 5
6 after capping, we replace

Pk,5/6 with the similar and dominant P′
k,5/6. This set includes all problems where either

d ≤ 5
6 and ∀i : fi < 2k−1 or which consist of a prefix with density d ≤ 5

6 and a suffix where
∀i : fi = 2k−1.

Any infeasible members of P′
k,5/6 would be counterexamples to either the 5/6 Conjecture

(Question 1.1.1), or the Kernel Conjecture (Conjecture 4.1.4); which one would require future
investigation, but both conjectures have proved true in all instances we have tested.
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k Foresight Optimised Naïve Opt/FS Naïve/Opt Surface Size
6 2.36 ± 0.02 3.30 ± 0.07 4.97 ± 0.06 1.40 ± 0.03 1.51 ± 0.04 23
7 6.65 ± 0.04 18.80 ± 0.07 39.5 ± 0.3 2.83 ± 0.02 2.10 ± 0.02 78
8 16.3 ± 0.2 487 ± 3 895 ± 6 29.8 ± 0.3 1.84 ± 0.02 214
9 105.0 ± 0.8 367 ± 3 645 ± 3 3.50 ± 0.04 1.76 ± 0.02 638

10 869 ± 5 944 ± 2 3130 ± 30 1.086 ± 0.006 3.31 ± 0.04 5347
11 4300 ± 20 4670 ± 10 9860 ± 60 1.015 ± 0.006 2.26 ± 0.02 15265

Table 4.2: Total time in seconds and relative speedup to generate the 5/6 Pareto Surface
using three Pinwheel Scheduling oracles and all optimisations from Section 4.3.2; the last
column shows the size of the Pareto Surface found by Foresight, taken from a representative
run because errors are too small to adequately estimate. Data for k = 12 is not shown: this
surface took substantially longer to generate, requiring both the Foresight oracle and a more
powerful computer than was used to generate the data shown here.

Folding

This optimisation uses a pair of simple operations on Pinwheel Scheduling instances: folding
and unfolding. The c-task folding of a Pinwheel Scheduling instance A = (a1 ≤ a2 ≤ · · · ≤
ak) is the instance B = (b1 ≤ b2 ≤ · · · ≤ bk−c+1) with k − c tasks a1 ≤ a2 ≤ · · · ≤ ak−c and
one task of frequency ⌊ak−c+1/c⌋, i.e., B is obtained from A by replacing the last c tasks
for a single one with frequency ⌊ak−c+1/c⌋. The c-wise unfolding of a Pinwheel Scheduling
instance A = (a1 ≤ a2 ≤ · · · ≤ ak) at task i is the instance B = (b1 ≤ b2 ≤ · · · ≤ bk+c−1),
where B has k −1 tasks of frequencies a1 ≤ · · · ≤ ai−1, ai+1 ≤ · · · ≤ ak plus c tasks each with
frequency c · ai, i.e., B is obtained from A by replacing task i with c tasks with frequency
c · ai.

Note that unfolding does not alter density, whereas folding never lowers density (but
can substantially increase it if the folded tasks have different frequencies). Moreover, any
schedule for A can be turned into a schedule for a c-wise unfolding of A by repeating the
schedule c times, replacing each occurrence of i in B with the next of the c new tasks.
Likewise, any schedule for a c-task folding of A can be used to generate a schedule for A

itself, using the same process.
We use this as follows. Whenever a Pinwheel Scheduling instance P needs to be solved,

we try to find schedules for all viable foldings of that instance in parallel. If any c-task
folding is feasible, we find the strictest Pinwheel Scheduling instance solved by its schedule
and unfold the folded task back into c tasks. If c > 1, this unfolded instance will dominate
the original instance P but will frequently have higher symmetry than P, and hence reduce
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the amount of the Pareto Trie which must be explored. These folded problems will usually
be faster to solve than P because they have fewer tasks, smaller task separations, and exploit
the frequency duplication optimization.

No challenge to the 5
6 conjecture has been found unless the original instance P is infeasible,

so all foldings can be considered in parallel and any infeasible instances with c > 1 discarded.
As some Pinwheel Scheduling instances can be dramatically more challenging to solve than
others (for our tools), a very substantial speedup was achieved by running all foldings in
parallel and terminating all threads as soon as the first feasible folding was found.

Initializing the Pareto Surface

While the core algorithm constructs C(Pk,5/6) from scratch, we can speed this up substan-
tially by starting with some scheduled Pinwheel Scheduling problems, which may then be
used to dominate problems in need of a solution. Unfolding a feasible smaller instance to k

tasks is an easy way to generate many scheduled Pinwheel Scheduling problems.
We pump prime our computations by using an unfolding surface: Consider the example

of the one-task instance (1). We recursively unfold this problem in each way that obtains
k tasks. All resulting instances are both dense and feasible. If we want instances of k = 3
tasks, we first unfold (1) to (3, 3, 3) directly, then to (2, 2) and unfold that to (2, 4, 4).

The first version of this optimisation (P (1)) uses this unfolding of the single task instance
(1) as sketched above; the second (P (5)) unfolds C5, the Pareto Surface for k = 5 and the
third (P (k − 1)) adds all elements of the previous Pareto trie. These developmental stages
are evaluated in Section 4.4.2.

4.3.3 Searching the Pareto Surface

With the above approximations, most Pinwheel Scheduling problems considered at any k

value have known solutions at any time (99.8% of problems in the Pareto Surface for k = 11
were solved by unfolding the k = 10 surface). In this case, the challenge is to search for a
viable schedule in the known portion of the Pareto Surface. This is large at high k values
(per Table 4.2), so it is crucial to search this surface efficiently. This task is effectively a
dominance query over a dynamic set of points in Rk.

While we could employ a standard data structure for orthogonal range searching here,
the specific structure of our point set (the Pinwheel instances) suggests a bespoke trie-based
solution: We maintain all members of the known portion of the Pareto Surface in a set of
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tries, separated according to their symmetries (each a subset of the Pareto trie, and using
the same ordering conventions). These tries are searched in descending order of symmetry
with depth first dominance queries, to find the highest symmetry solution to each solved
problem. This data structure minimises repeated comparisons of the same value, but also
exploits the structure of solvable Pinwheel Scheduling problems.

When searching for a problem with a low value of f0, high f0 problems are immediately
excluded; when searching for a problem with a higher f0 value, low f0 problems are initially
considered but quickly eliminated, because density constraints force them to escalate rapidly.
The latter parts of problems are far less predictable, while also having a much larger range
of possible values, and thus the dimensions which must be searched are highly asymmetric.

4.4 Performance Evaluation
This section reports on an extensive running-time study for various aspects of our tools.

4.4.1 Pinwheel Schedulers

We begin by evaluating the relative performance of an implementation of the state-graph
based algorithm (Graph) and our backtracking algorithms (Naïve, Optimised and Foresight)
using synthetic data. We then further evaluate the ability of the Naïve, Optimised and
Foresight algorithms to compute Pareto Surfaces.

Randomly Generated Data

The four schedulers introduced in Sections 3.1.1 and 4.2 were evaluated using Pinwheel
Scheduling instances generated using the following random process: Let a real number b be
a density budget, initially 1. Generate a random real number 0 < r ≤ b, and from it a
candidate task fc = ⌊1

r
⌋. While b − 1

fc
> 0, continue adding new tasks to an initially empty

Pinwheel Scheduling problem P, updating b each time (b → b − 1
fc

). Eventually, a task will
be proposed which would raise the density of P above 1; this task will be rejected. If b ̸= 0,
we add a final task fk = ⌈1

b
⌉. Finally, we sort P and replace any tasks where fi > 2k−1 with

fi = 2k−1.
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Problems generated this way have high densities, a variety of k values and a mixture of
low and high fi values, which makes them challenging to schedule. Capping by 2k−1 is done
in light of Conjecture 4.1.3 to make instances more representative of the instances for which
our algorithms were designed.
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Figure 4.7: Results of a tournament between the four Pinwheel Scheduling solvers introduced
in Chapter 3 and Section 4.2, using the randomly generated Pinwheel Scheduling problems
introduced in Section 4.4.1. After each round, the slowest method was eliminated: first the
Graph method, then the Naïve method, and finally the Optimised method. The x-axes show
the total time all methods took to solve each instance, a measure of overall complexity due
to the apparent correlation between solve times for different methods. The y-axis shows the
individual running time of the compared algorithms.

A running-time study using these problems is shown in Figure 4.7, which demonstrates
that each algorithm improves on its predecessor. Here, we repeatedly draw instances from
the above distribution, but if an instance had already been drawn earlier, it is rejected and
replaced with a newly drawn instance. Since instances with few tasks are more likely to arise
in the above random process, non-rejected instances tend to get increasingly challenging over
time. The correlation between instance difficulty for different algorithms is noteworthy. This
suggests the existence of an intrinsic “difficulty” for Pinwheel Scheduling instances, at least
w.r.t. the algorithms we studied. We leave a further exploration of this observation for
future work.

The 5/6 Surface

A secondary evaluation used the time to solve C(Pk,5/6) with each method (see Table 4.2).
This evaluation showed more variability between the performance of the Optimised and
Foresight algorithms than seen in the previous section – with the Optimised algorithm taking
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29.8 ± 0.3 times as long at k = 8 but 1.015 ± 0.006 times as long at k = 11 as the Foresight
algorithm. This is likely due to the dominance of search time at high k values – at k = 11,
Foresight and Optimised respectively spent 96.2±0.6% resp. 87±4% of their time matching
problems with known solutions.

As such, the size of the P (k−1) approximation of the Pareto Surface was the determining
factor in these times – a complex effect of the properties of the specific solutions found by
each method. Future algorithms will aim to produce solutions more capable of dominating
many problems and less costly search procedures for the Pareto Surface.

4.4.2 Constructing the 5/6 Pareto Surface

This section evaluates the methods used to generate C(Pk,5/6), which were introduced in
Section 4.3.2.

Frequency Capping

The Kernel optimisation improved performance in two key ways: Firstly, it increased the
symmetry of problems, thus reducing the number of problems that needed to be considered.
Secondly, it reduced the largest fi values, which was particularly helpful for the deadline-
driven Foresight algorithm, as it often ignores tasks with large fi values for long periods of
time. Reducing the maximum fi value combated this, but our ongoing work will produce a
version of Foresight more capable of handling arbitrarily large fi values.

Folding

While folding had several benefits, the principal one was in exploiting the large variance
between the cost of solving different Pinwheel Scheduling problems. Feasible problems,
problems with smaller k values, and problems with smaller maximum fi values are substan-
tially faster than the converse – solving only the fastest of a set of problems that differ in
these respects thus saves very considerable amounts of time. While starting all problems in
the folded set increases overall work, these problems are solved in parallel, so this does not
translate to a substantial additional time cost.

In addition to often being faster to solve, problems which have been folded, solved and
then unfolded usually have higher symmetries and lower fi values than the problems used
to generate them, making them better at dominating other instances.
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Initializing the Pareto Surface

Approximating the Pareto Surface had significant effects on solve times. In addition to
being very cheap to generate, schedules produced by approximation tend to solve problems
with very high densities (as all unfoldings of a problem share the density of that problem)
and high symmetries – they are thus ideal for dominating problems and reducing the size of
the search space.
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Figure 4.8: Running time (left) and total updates to each approximation required to generate
a complete density-restricted Pareto Surface (right) with no approximation, and with all
three approximations introduced in Section 4.3.2. The left hand figure demonstrates that
while all costs are exponential with respect to k, P(k − 1) improves on P(5), which improves
on P(1), which improves on the algorithm using no approximation. The right hand figure
shows why – the approximation of the Pareto Surface is significantly better for the later
methods.

As shown in Figure 4.8, each of the three approximations we considered substantially
improves on its predecessor. With the introduction of the P(k − 1) approximation, the
cost of searching the partial Pareto Surface began to dominate the cost of producing useful
schedules, limiting the observed performance of P(k − 1) – though we plan to address this
with our future work.
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4.4.3 Searching the Pareto Surface

Both trie-based searching and Naïve searching were implemented, with trie-based searching
running 8.80 ± 0.05 times faster at k = 11, a substantial speed increase (though the per-
formance gain was less substantial at smaller k values, probably due to their smaller Pareto
Surfaces and the overheads inherent in a more complex data structure).

4.5 Conclusion
At time of publication, the paper on which this chapter was based presented new evidence for
the 5/6-density conjecture in Pinwheel Scheduling (Question 1.1.1) by engineering algorithms
to compute a finite set of schedules that solves any of the infinitely many solvable instances
with at most 12 tasks and d ≤ 5

6 . This substantially strengthened the confidence in the
conjecture and has led to new tools (theoretical and software) of independent interest for
studying Pinwheel Scheduling.

As discussed in Section 2.1.2, several of these tools contributed to the eventual resolution
of the 5/6 density conjecture[Kaw24].

Moreover, we have constructed the full Pareto Surfaces of Pinwheel Scheduling problems
for k ≤ 5, shown in Table 4.1, i.e., any Pinwheel Scheduling instance with at most 5 tasks
is feasible if and only if one of the schedules listed in Table 4.1 is valid for it.

* * * * * *
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Chapter 5

Polyamorous Scheduling

Outline Finding schedules for pairwise meetings between the members of a complex so-
cial group without creating interpersonal conflict is challenging, especially when different
relationships have different needs. This chapter presents our initial study of the underly-
ing optimisation problem presented at FUN 2024: “Polyamorous Scheduling” [GSW24]. In
Polyamorous Scheduling, we are given an edge-weighted graph and try to find a periodic
schedule of matchings in this graph such that the maximal weighted waiting time between
consecutive occurrences of the same edge is minimised.

We begin in Section 5.1 by formally introducing key results. We continue in Section 5.2
by showing that Decision Polyamorous Scheduling (DPS) is in PSPACE and is NP-hard.
In Section 5.3, we examine the unweighted version of Optimisation Polyamorous Scheduling
(OPS), showing that OPS does not allow polynomial time approximation algorithms with
any ratio less than 4

3 unless P = NP, with or without weights. On the other hand, Section 5.4
presents an O(log n)-approximation algorithm (indeed, an O(log ∆)-approximation where ∆
is the maximum degree of the graph). Finally, Section 5.5 defines a generalisation of density
from the Pinwheel Scheduling Problem, “poly density”, and asks whether there exists a poly
density threshold similar to the 5/6-density threshold for Pinwheel Scheduling [Kaw24].

5.1 Results
Despite the flurry of recent results for Periodic Scheduling problems, Polyamorous Scheduling
seems not to have been studied before we introduced it in 2024 [GSW24]. Apart from its
immediate practical applications, some quirks make Polyamorous Scheduling an interesting
combinatorial optimization problem in its own right.
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The first version of this manuscript used a direct reduction from 3sat to introduce
the following hardness-of-approximation result, which rules out the existence of a PTAS
(polynomial-time approximation scheme) for Optimisation Polyamorous Scheduling.

Theorem 5.1.1 sat Hardness of approximation.
Unless P = NP, there is no polynomial-time (1 + δ)-approximation algorithm for the Optim-
isation Polyamorous Scheduling problem for any δ < 1

12 .

We retain this original proof in Appendix A, both for the record and because we ex-
pect future works to expand on the methods it develops. We have, however, since found
a substantially simpler and stronger hardness-of-approximation result, Theorem 5.1.2, by
containing the 3-Regular Chromatic Index Problem as a special case.

Theorem 5.1.2 Hardness of approximation.
Unless P = NP, there is no polynomial-time (1 + δ)-approximation algorithm for the Optim-
isation Polyamorous Scheduling problem for any δ < 1

3 .

Though the current form of Theorem 5.1.1 follows from Theorem 5.1.2, the direct 3sat
reduction is significantly more versatile and we hope to improve the lower bound on the
approximation ratio in future work. The core idea of the reduction in Theorem 5.1.1 is
to force any valid schedule to have a periodic structure with a 3-day period, where edges
scheduled on days t with t ≡ 0 (mod 3) represent the value True and edges scheduled on
days with t ≡ 1 (mod 3) represent False; the remaining slots, t ≡ 2 (mod 3), are required
to enforce correct propagation along logic gadgets. We return to this proof in Chapter 6.

Appendix A gives the detailed gadget constructions and proofs; Figure A.1 (page 158)
shows the resulting DPS instance corresponding to an example 3-CNF formula.

Theorems 5.1.1 and 5.1.2 of course imply the NP-hardness of Polyamorous Scheduling;
overall, we have 3 independent reductions establishing this. Section 5.2 surveys these and
shows that the best-known upper bound for the complexity of Polyamorous Scheduling is
PSPACE. We could thus call Polyamorous Scheduling very NP-hard; yet, efficient approx-
imation algorithms are possible. Finding an edge colouring then using a simple round-robin
schedule of its colours yields a good approximation if both the maximum degree and the ratio
between the smallest and the largest desire growth rates are small:
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Theorem 5.1.3 Colouring approximation.
For an Optimisation Polyamorous Scheduling instance O = (P, R, g) set gmin = min

e∈R
g(e),

gmax = max
e∈R

g(e). Also, let ∆ be the maximum degree in (P, R) and h∗ be the heat of an
optimal schedule. There is an algorithm that computes in polynomial time a schedule S of
heat h with h

h∗ ≤ min
{

∆+1
∆ · gmax

gmin
, ∆ + 1

}
.

A fully general approximation seems only possible with much weaker ratios; we provide
an O(log ∆)-approximation by applying Theorem 5.1.3 to groups with similar weight and
interleaving the resulting schedules:

Theorem 5.1.4 Layering approximation.
For an Optimisation Polyamorous Scheduling instance O = (P, R, g), let ∆ be the maximum
degree in (P, R) and h∗ be the heat of an optimal schedule. There is an algorithm that
computes in polynomial time a schedule S of heat h with h

h∗ ≤ 3⌈lg(∆ + 1)⌉ = O(log n),
where n = |P |.

Finally, we generalize the notion of density to Polyamorous Scheduling. As discussed
above, density has proven instrumental in understanding the structure of Pinwheel Schedul-
ing and in devising better approximation algorithms, by providing a simple, instance-specific
lower bound. For Polyamorous Scheduling, the fractional problem is much richer, and in-
deed remains nontrivial to solve. We devise a generalization of density1 for Polyamorous
Scheduling from the dual of the Linear Program (LP) corresponding to a fractional variant
of Polyamorous Scheduling, which gives the following instance-specific lower bound:

Theorem 5.1.5 Fractional lower bound.
Let O = (P, R, g) be an OPS instance with optimal heat h∗. For any set of values ze ∈ [0, 1],
for e ∈ R, with ∑e∈R ze = 1, we have

h∗ ≥ h̄(z) = 1
max
M∈M

∑
e∈M

ze

g(e)

where M is the set of all inclusion-maximal matchings in (P, R). The poly density of O is
h̄∗, the largest value of h̄(z) over all feasible z.

1Note that poly density describes how tightly the polycule packs meetings together and not how dense
each member personally is.

63



This bound formally establishes simple ad hoc bounds such as the following, which cor-
responds to the lower bound of G on the height in Bamboo Garden Trimming (setting
ze = g(e)/G):

Corollary 5.1.6 Total growth bound.
Given an OPS instance O = (P, R, g) with optimal heat h∗, let G = ∑

e∈R
g(e) and m be the

size of a maximum matching in (P, R); then h∗ ≥ G/m.

More importantly though, Theorem 5.1.5 allows us to define a poly density similarly to
the Pinwheel Scheduling Problem, and allows us to formulate the most interesting open
problem about Polyamorous Scheduling:

Question 5.1.7 Is there a Poly Density Threshold?.
Is there a constant c such that every Decision Polyamorous Scheduling instance D = (P, R, f)
with poly density h̄∗(D) ≤ c admits a valid schedule?

We will answer this question in the next chapter by showing that c = 1
4 is such a constant.

For a DPS instance D = (P, R, f), define the poly density of D, h̄∗(D), as the poly
density of the OPS instance O = (P, R, 1/f) (see also Lemma 3.2.3).

5.2 Computational Complexity
One proof of the NP-hardness of the Decision Polyamorous Scheduling (DPS) Problem is
that it contains Pinwheel Scheduling as a special case, an NP-hard problem [JL14]. We show
in Section 5.3 that OPS also contains the Chromatic Index problem as a special case, which
gives another proof of the NP-hardness of DPS using the conversion in Lemma 3.2.3. Since
all good things come in threes, our inapproximability result in Appendix A gives a third
independent proof of NP-hardness by reducing 3sat to DPS.

Upper bounds on the complexity of DPS are much less clear. Similar to other Periodic
Scheduling problems, characterizing the computational complexity of Polyamorous Schedul-
ing is complicated by the fact that there are feasible instances that require an exponentially
large schedule. It is, therefore, unclear whether Decision Polyamorous Scheduling is in NP
since no succinct Yes-certificates are known; this is unknown even for the more restricted
Pinwheel Scheduling Problem [Kaw24].
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The following simple algorithm shows that DPS is at least in PSPACE (see also [KS20;
GSW22]): Given the polycule D = (P, R, f) with |P | = n and |R| = m, construct the
configuration graph Gc = (V, E), where V consists of “countdown vectors” listing for each
edge e how many days remain before e has to be scheduled again. v ∈ V has an outgoing edge
for every maximal matching M in M(P, R), and leads to a successor configuration where all
e ∈ M have their urgency reset to f(e) and all e /∈ M have their countdown decremented.
Feasible schedules for D correspond to infinite walks in the finite Gc, and hence must contain
a cycle. Conversely, any cycle forms a valid periodic schedule. Our algorithm for DPS thus
checks whether Gc contains a cycle in time O(|V | + |E|).

The configuration graph Gc has single exponential size: V = {(ue)e∈R : ue ∈ [0..f(e)]}
and E has an edge for every matching in (P, R). So |E| ≤ |V | · 2m (since we have at most
2|R| matchings) and |V | ≤ ∏

e∈R f(e). To further bound this, we use the fact that all f(e)
need to be encoded explicitly in binary in the input. ∏e∈R f(e) ≤ ∏

e∈R 2|fe| = 2
∑

|fe| ≤ 2N ,
where N is the size of the encoding of the input.

To obtain a PSPACE algorithm, we use the polylog-space s-t-connectivity algorithm
(using Savich’s Theorem on the NL-algorithm that guesses the next vertex in the path) on
Gc, computing the required part of the graph on-the-fly when queried; this yields overall
polynomial space.

5.3 Unweighted Polyamorous Scheduling &
Edge Coloring

Given an OPS instance O = (P, R, g), one can always obtain a feasible schedule from a
proper edge colouring c : E → [C] of the graph (P, R): any round-robin schedule of the
colours is a valid schedule for O, and the number of colours becomes the separation between
visits. More formally, we can define a schedule S via S(t) = {e ∈ R : c(e) ≡ t (mod C)}.
An example is shown in Figure 5.1.

Such a schedule can yield an arbitrarily bad solution to general instances of O, but it
gives optimal solutions for a special case: The non-hierarchical polycule Ou, which is an OPS
polycule where all growth rates are gi,j = 1 (i.e., an unweighted graph). Recall that any
graph with maximal degree ∆ can be edge-coloured with at most ∆ + 1 colours and clearly
needs at least ∆ colours.
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Figure 5.1: An unweighted polyamorous scheduling instance (that is, an OPS instance where
all edges have growth rate 1). Edge colours show one optimal schedule, where every edge
is visited exactly every three days: [3, 3, 3], i.e., all red edges are scheduled on days t with
t ≡ 0 (mod 3), all blue edges when t ≡ 1 (mod 3) and green edges for t ≡ 2 (mod 3).

Proposition 5.3.1 Unweighted OPS = edge coloring.
An unweighted OPS problem admits a schedule with heat h if and only if the corresponding
graph is h-edge-colourable.

Proof. First note that any k-edge-colouring immediately corresponds to a schedule that visits
each edge every k days, since we can schedule all edges e with c(e) = i on days t ≡ i (mod C).
Moreover, any schedule with height h must visit every edge at least once within the first h

days (otherwise it would grow to desire > h · 1). We can therefore assign h colours according
to these first h days of the schedule; some edges might receive more than one colour, but we
can use any of these and retain a valid colouring using h colours.

Since it is NP-complete to decide whether a graph has chromatic index χ1 = ∆ (even
when the graph is 3-regular [Hol81]) unweighted Polyamorous Scheduling is NP-hard. This
provides a second restricted special case of the problem that is NP-hard, which also gives us
the inapproximability result stated in Theorem 5.1.2:

Theorem 5.1.2 (restated). Hardness of approximation.
Unless P = NP, there is no polynomial-time (1 + δ)-approximation algorithm for the Optim-
isation Polyamorous Scheduling problem for any δ < 1

3 .

Proof of Theorem 5.1.2. Assume that there is a polynomial-time algorithm A that achieves
an approximation ratio of 4

3 − ε for some ε > 0. Given an input G = (V, E) to the 3-Regular
Chromatic Index Problem (i.e., given a 3-regular graph, decide whether χ1(G) = ∆ = 3
or χ1(G) = ∆ + 1 = 4), we can apply A to (V, E, g), setting g(e) = 1 for all e ∈ E. By
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Proposition 5.3.1, A finds an edge colouring with c ≤ (4
3 −ε)·χ1(G) colours. If χ1(G) = ∆ = 3,

then c ≤ 4 − 3ε < 4, so c = 3; if χ1(G) = 4, then c ≥ 4. Comparing c to ∆ thus
determines χ1(G) exactly in polynomial time; in particular, for every 3-regular graph, this
decides whether χ1(G) = 3. Since 3-Regular Chromatic Index is NP-complete [Hol81], it
follows that P = NP.

We close this section with the remark that there are weighted DPS instances where any
feasible schedule must “multi-colour” some edges, including the polycule shown in Figure 5.2.
For the general problem, we thus cannot restrict our attention to edge colourings (though
they may be a valuable tool for future work).
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B

CD

E
3

33

3

22

Figure 5.2: A discrete polyamorous scheduling instance which is solvable only by assigning
multiple colours to the CD edge.

5.4 Approximation Algorithms
In this section, we present two efficient polynomial-time approximation algorithms for Op-
timisation Polyamorous Scheduling, thereby proving Theorems 5.1.3 and 5.1.4. Throughout
this section, we assume a fixed instance O = (P, R, g) of Optimisation Polyamorous Schedul-
ing (OPS) is given.

5.4.1 Lower Bounds

We first collect a few simple lower bounds used in the analysis later; note that Section 5.5
has further lower bounds.
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Lemma 5.4.1 Simple lower bound.
Given an OPS instance O = (P, R, g), set gmin = mine∈R g(e), gmax = maxe∈R g(e), and
∆ = maxp∈P deg(p). Any periodic schedule for O has heat h ≥ max{∆ · gmin, gmax}.

Proof. The chromatic number χ1 of the unweighted graph (P, R) is χ1 ∈ {∆, ∆ + 1}. This
means that under any periodic schedule, some edge desires will grow to at least to χ1 ·gmin ≥
∆ · gmin, since we cannot schedule any two edges incident to a degree-∆ node on the same
day. Moreover, we cannot prevent the weight-gmax edge from growing to heat gmax.

A second observation is that the lower bound for any subset of the problem is also a
lower bound for the problem as a whole:

Lemma 5.4.2 Subset bound.
Given two OPS instances O = (P, R, g) and O′ = (P, R′, g′) with R′ ⊆ R and g(e) = g′(e)
for all e ∈ R′, i.e., O′ results from O by dropping some edges. Assume further that any
schedule for O′ has heat at least h∗. Then, any schedule for O also has heat at least h∗.

Proof. Suppose there is a schedule S for O of heat h′ < h. We obtain a schedule S ′ for O′ by
dropping all edges e /∈ R′. (The resulting schedule may have empty days.) By construction,
when using S ′ to schedule O′, all edges in R′ will grow to the same heat as in O under S,
and hence also to heat h′ < h.

5.4.2 Approximation for Almost Equal Growth Rates

We first focus on a special case of OPS instances with “almost equal weights”, which is used
as base for our main algorithm. Let the edge weights satisfy gmin ≤ g(e) ≤ gmax for all
e ∈ R. We will show that scheduling a proper edge colouring round-robin gives a ∆+1

∆ · gmax
gmin

approximation algorithm, establishing Theorem 5.1.3:

Theorem 5.1.3 (restated). Colouring approximation.
For an Optimisation Polyamorous Scheduling instance O = (P, R, g) set gmin = min

e∈R
g(e),

gmax = max
e∈R

g(e). Also, let ∆ be the maximum degree in (P, R) and h∗ be the heat of an
optimal schedule. There is an algorithm that computes in polynomial time a schedule S of
heat h with h

h∗ ≤ min
{

∆+1
∆ · gmax

gmin
, ∆ + 1

}
.

Proof of Theorem 5.1.3. We compute a proper edge colouring for (P, R) with ∆ + 1 colours
using the algorithm from [MG92] and schedule these ∆ + 1 matchings in a round-robin
schedule. No edge desire will grow higher than (∆ + 1) · gmax in this schedule. Lemma 5.4.1
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shows that OPT ≥ max{∆ · gmin, gmax}. The edge-colouring schedule is thus never more
than a min{∆+1

∆ · gmax
gmin

, ∆ + 1} factor worse than OPT.

5.4.3 Layering Algorithm

The colouring-based algorithm from Theorem 5.1.3 can be arbitrarily bad if desire growth
rates are vastly different and ∆ is large. For these cases, a more sophisticated algorithm
achieves a much better guarantee (Theorem 5.1.4). The algorithm consists of 3 steps:

1. breaking the graph into layers (by edge growth rates),

2. solving each layer using Theorem 5.1.3, and

3. interleaving the layer schedules into an overall schedule.

Let L be a parameter to be chosen later. We define layers of O = (P, R, g) as follows.
For i = 0, . . . , L − 1, set Oi = (P, Ri, g) where

Ri =
{

e ∈ R : gmax

2i+1 < g(e) ≤ gmax

2i

}
.

Moreover, OL = (P, RL, g) with RL =
{
e ∈ R : g(e) ≤ gmax

2L

}
.

Denote by ∆i, for i = 0, . . . , L, the maximal degree in (P, Ri). Let Si be the round-robin-
(∆i + 1)-colouring schedule from Theorem 5.1.3 applied on the OPS instance Oi. If run in
isolation on Oi, schedule Si has heat hi ≤ (∆i + 1)gmax/2i ≤ (∆ + 1)gmax/2i by the same
argument as in Section 5.4.2. Moreover, for i < L, Si is a 2∆i+1

∆i
-approximation (on Oi in

isolation); for i = L, we can only guarantee a (∆L + 1)-approximation.
To obtain an overall schedule S for O, we schedule the L + 1 layers in round-robin

fashion, and within each layer’s allocated days, we advance through its schedule as before,
i.e., S(t) = S(t mod (L+1))

(
⌊t/(L + 1)⌋

)
. Any advance in layer i is now delayed by a factor

(L + 1). Hence S achieves heat at most

h = max
i∈[0..L]

(L + 1) · hi ≤ max
i∈[0..L]

(L + 1)(∆i + 1) · gmax

2i

Using Lemma 5.4.2 on the layers and Lemma 5.4.1, we obtain a lower bound for OPT of

h = max
{

max
i∈[0..L−1]

∆i · gmax

2i+1 , gmax

}
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We now distinguish two cases for whether the maximum in h is attained for an i < L or
for i = L. First suppose h = (L + 1)(∆i + 1)gmax/2i for some i < L. Since we also have
h ≥ ∆i · gmax/2i+1, we obtain an approximation ratio of 2(L + 1)∆i+1

∆i
≤ 3(L + 1) overall in

this case. Here, we assume that ∆i ≥ 2; otherwise we have only monogamous couples in this
layer and scheduling is trivial, giving hi = ∆i · gmax/2i.

For the other case, namely h = (L + 1)(∆L + 1)gmax/2L > (L + 1) · (∆i + 1)gmax/2i for all
i < L, we do not have lower bounds on the edge growth rates. But we still know h ≥ gmax,
so we obtain a (L + 1)(∆L + 1)/2L-approximation overall in this case.

Equating the two approximation ratios suggests to choose L such that L ≈ lg(∆L + 1) −
lg 3; with L = ⌈lg(∆+1)− lg 3⌉ and using ∆L ≤ ∆, we obtain an overall approximation ratio
of at most 3(L + 1) ≤ 3⌈lg(∆ + 1)⌉ ≤ 3⌈lg n⌉. This concludes the proof of Theorem 5.1.4.

5.5 Fractional Polyamorous Scheduling
In this section, we generalize the notion of density from Pinwheel Scheduling for the Polyamor-
ous Scheduling Problem. For that, we consider the dual of the linear program corresponding
to a fractional variant of Polyamorous Scheduling.

5.5.1 Linear Programs for Polyamorous Scheduling

In the fractional Polyamorous Scheduling problem, instead of committing to a single match-
ing M in (P, R) each day, we are allowed to devote an arbitrary fraction yM ∈ [0, 1] of
our day to M, but then switch to other matchings without cost or delay for the rest of
the day (a simple form of scheduling with preemption). The heat of a fractional schedule is
again defined as maxe∈R r(e)g(e), but the recurrence time r(e) now is the maximal time in
S before the fraction of days devoted to matchings containing e sum to at least 1. (For a
non-preemptive schedule with one matching per day, this coincides with the definition from
Section 3.2.3.)

Schedules for the fractional problem are substantially easier because there is no need to
have different fractions yM for different days: the schedule obtained by always using the
average fraction of time spent on each matching yields the same recurrence times. We can
therefore assume without loss of generality that our schedule is given by S = S({yM}M∈M),
with yM ∈ [0, 1] and ∑

M∈M yM = 1. S schedules the matchings in some arbitrary fixed
order, each day devoting the same yM fraction of the day to M. Then, recurrence times are
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simply given by rS(e) = 1
/∑

M∈M:e∈M yM .
With these simplifications, we can state the fractional relaxation of Optimisation Polyamor-

ous Scheduling instance O = (P, R, g) as the following optimisation problem:

min h̄ (5.1)
s. t.

∑
M∈M

yM ≤ 1 (5.2)

1∑
M∈M:e∈M yM

· ge ≤ h̄ ∀e ∈ R (5.3)

yM ∈ [0, 1] ∀M ∈ M (5.4)

Substituting h̄ = 1/ℓ, this is equivalent to the following linear program (LP):

max ℓ (5.5)
s. t.

∑
M∈M

yM ≤ 1 (5.6)

1
ge

∑
M∈M:e∈M

yM ≥ ℓ ∀e ∈ R (5.7)

yM ≥ 0 ∀M ∈ M (5.8)

The optimal objective value ℓ∗ of this LP gives h̄∗ = 1/ℓ∗, the optimal fractional heat.

Lemma 5.5.1 Fractional lower bound.
Consider an OPS instance O = (P, R, g) with optimal heat h∗ and let h̄∗ = 1/ℓ∗ where ℓ∗ is
the optimal objective value of the fractional-problem LP from Equations (5.5 − 5.8). Then
h̄∗ ≤ h∗.

Proof. We use the same approach as in [Cic+19, §3]: For any schedule S, h(S) is at least the
heat hT (S) obtained during the first T days only, which in turn is at least maxe g(e) · r̄(e)
for r̄(e) the average recurrence time of edge e during the first T days. A basic calculation
shows that for the fractions yM of time spent on matching M during the first T days there
exists a value 1/ℓ = h(S)(1 − o(T )), so that we obtain a feasible solution of the LP (5.5).
Hence 1/ℓ∗ ≤ 1/ℓ = h(S)(1 − o(T )). Since these inequalities hold simultaneously for all T ,
taking the limit as T → ∞, we obtain 1/ℓ∗ = h̄∗ ≤ h(S).

The immediate usefulness of Lemma 5.5.1 is limited since the number of matchings can
be exponential in n.
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Remark 5.5.2 Randomized-rounding approximation?.
One could try to use this LP as the basis of a randomized-rounding approximation algorithm,
but since it is not clear how to obtain an efficient algorithm from that, we do not pursue this
route here. The simple route taken in [Cic+19] cannot achieve an approximation ratio better
than O(log n), so Theorem 5.1.4 already provides an equally good deterministic algorithm.

We therefore proceed to the dual LP of Equations (5.5) to (5.8):

min x (5.9)
s. t.

∑
e∈R

ze ≥ 1 (5.10)
∑

e∈M

ze

ge

≤ x ∀M ∈ M (5.11)

ze ≥ 0 ∀e ∈ R (5.12)

While still exponentially large and thus not easy to solve exactly, the dual LP yields the
versatile result from Theorem 5.1.5:

Theorem 5.1.5 (restated). Fractional lower bound.
Let O = (P, R, g) be an OPS instance with optimal heat h∗. For any set of values ze ∈ [0, 1],
for e ∈ R, with ∑e∈R ze = 1, we have

h∗ ≥ h̄(z) = 1
max
M∈M

∑
e∈M

ze

g(e)

where M is the set of all inclusion-maximal matchings in (P, R). The poly density of O is
h̄∗, the largest value of h̄(z) over all feasible z.

Proof of Theorem 5.1.5. Using the given ze and x = maxM∈M
∑

e∈M
ze

g(e) , we fulfil all con-
straints of (5.9). The optimal objective value x∗ is hence x∗ ≤ x. By the duality of LPs, we
have x∗ ≥ ℓ∗ for ℓ∗ the optimal objective value of (5.5). Together with Lemma 5.5.1, this
means h∗ ≥ h̄∗ = 1/ℓ∗ ≥ 1/x∗ ≥ 1/x.
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5.5.2 Poly Density

Theorem 5.1.5 gives a more explicit way to compute the poly density h̄∗ than the primal LP,
but it is unclear whether it can be computed exactly in polynomial time. Given the more
intricate global structure of Polyamorous Scheduling, h̄∗ is necessarily more complicated than
the density of Pinwheel Scheduling. A particularly interesting open problem for Polyamorous
Scheduling is whether a sufficiently low poly density implies the existence of a valid (integral)
schedule.

Specific choices for ze in Theorem 5.1.5 yield several known bounds:

• Setting ze = ge/G for G = ∑
e∈R ge yields Corollary 5.1.6.

• Fix any subset R′ ⊆ R. Now set ze = ge/C if e ∈ R′ and 0 otherwise, where C =∑
e∈R′ ge. The maximum from Theorem 5.1.5 then simplifies to 1

C
maxM∈M |M ∩ R′|,

so
h∗ ≥

∑
e∈R′ ge

maxM∈M |M ∩ R′| .

• An immediate application of that observation with R′ being all edges incident at a
person p ∈ P yields the BGT bound:

Corollary 5.5.3 Bamboo lower bound.
Given an OPS instance (P, R, g) and p ∈ P with g1 ≥ · · · ≥ gd the desire growth rates
for edges incident at p. Set Gp = g1 + · · · + gd. Any periodic schedule for (P, R, g) has
heat at least Gp.

Remark 5.5.4 Better general bounds?.
For the general case, it seems challenging to obtain other such simple bounds. The bound
of G/m is easy to justify without the linear programs by a “preservation-of-mass argument”:
Assume a schedule S could achieve a heat h < G/m. Every day, the overall polycule’s desire
grows by G, and S can schedule at most m pairs to meet, whose desire is reset to 0 from
some value ≤ h. Every day, S thus removes only a total of ≤ mh < G desire units from the
polycule, whereas the overall growth is G, a contradiction to the heat remaining bounded.

Note that the bound of G/m is tight for some instances, so we cannot hope for a strict
lower bound. On the other hand, the example from Figure 5.3 demonstrates that it can also
be arbitrarily far from h∗.
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Figure 5.3: The tadpole family of DPS instances, defined for parameters k ≥ 0 (tail length)
and F ≥ 3 (tail frequency). The total growth rate is G = 1

2 + 2
3 + k · 1/F = 7

6 + k
F

and the
size of a maximum matching is m = 1 + ⌊(k + 1)/2⌋.

Figure 5.3 shows the tadpole family of instances demonstrating the power of the dual-LP
approach and Theorem 5.1.5. All DPS tadpoles (as shown in the figure) are infeasible since
already the triangle A−B−C does not admit a schedule obeying the given frequencies. The
corresponding OPS instances (as given by Lemma 3.2.4) with g(e) = 1/f(e) thus have h∗ > 1;
indeed h∗ = 4/3 if F ≥ 2. However, the simple lower bounds or local arguments do not
detect this: (a) All local Pinwheel Scheduling instances (any person plus their neighbours)
are feasible. (b) The mass-preservation bound (Corollary 5.1.6) is G/m < 1 for k ≥ 1.
Indeed, setting F = k and letting k → ∞, G/m = O(1/k), gives an arbitrarily large gap to
h∗. By contrast, consider the LP fractional lower bound. One can show that h̄∗ = 7

6 > 1 for
any k ≥ 1 and F ≥ 2, so Theorem 5.1.5 correctly detects the infeasibility in this example.

Remark 5.5.5 Better Pinwheel density via dual LPs?.
Since Polyamorous Scheduling is a generalization of Pinwheel Scheduling resp. Bamboo Garden
Trimming, we can apply Theorem 5.1.5 also to these problems. However, for this special
case, the optimal objective value of the dual LPs is always x∗ = ℓ∗ = 1/G for G the sum
of the growth rates, so we only obtain the trivial “biomass” lower bound of G for Bamboo
Garden Trimming resp. the density ≤ 1 necessary condition for Pinwheel Scheduling. The
more complicated structure of matchings in non-star graphs makes fractional lower bounds
in Polyamorous Scheduling much richer and more powerful.

* * * * * *
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Chapter 6

Simple Approximation Algorithms for
Polyamorous Scheduling

Outline This chapter lays out the findings of our second foray into the study of Polyamor-
ous Scheduling: “Simple Approximation Algorithms for Polyamorous Scheduling” [Bik+25].
As before, we begin by formally defining key results in Section 6.1, before addressing them
in detail in the following three sections:

Section 6.2 studies Optimisation Polyamorous Scheduling, showing that the “layering
algorithm” from the previous chapter is best possible up to constant factors in the class of
methods that schedule a series of disjoint matchings. We also show that constant-factor
approximations are possible outside of this class by introducing a simple generalization
of the Reduce-Fastest(x) strategy from Bamboo Garden Trimming which achieves a 5.24-
approximation. Finally, we introduce a technique for constructing polynomial schedules for
both Optimisation Polyamorous Scheduling and Bamboo Garden Trimming.

Section 6.3 revisits “poly density”: providing improved upper and lower bounds, showing
that poly density is a true generalization of the density of Pinwheel Scheduling, and proving
that Optimisation Polyamorous Scheduling instances with d ≤ 1

4 are schedulable.
Section 6.4 returns to inapproximability: showing that a 13

12 approximation for Bipartite
Decision Polyamorous Scheduling is NP-hard via a reduction from 3sat.
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6.1 Results
Despite being an interesting combinatorial optimisation problem, Polyamorous Scheduling
has only been formally studied in [GSW24]. This paper introduced several approximations
for Optimisation Polyamorous Scheduling, the notion of poly density, and the first inapprox-
imability result for any Periodic Scheduling problem; in this chapter we introduce better
approximations, bound and exploit poly density, and extend this inapproximability result to
Bipartite Decision Polyamorous Scheduling.

Approximating OPS An Optimisation Polyamorous Scheduling instance O = (P, R, g)
consists of an undirected graph (P, R) of people P connected by relationships R, along with
a desire growth rate ge : R 7→ R>0 for each relationship e ∈ R. The current heat of an
edge is the total desire grown since the last time it was scheduled; every day, the scheduler
must choose a set of all-day meetings such that each person v ∈ P is not double-booked,
with the goal of minimising the highest heat ever experienced by any couple. Optimisation
Polyamorous Scheduling is formally defined in Section 3.2.2.

The previous chapter introduced the “layering algorithm”, a 3 lg(∆ + 1)-approximation
for Optimisation Polyamorous Scheduling, where ∆ is the highest number of partners of
any person in the input. In Section 6.2.1, we will show that this layering algorithm is best
possible up to constant factors in the class of methods that work by scheduling relationships
as series of disjoint matchings.

In spite of this, constant-factor approximations remain possible; in Section 6.2.2, we
define a simple generalization of the Reduce-Fastest(x) algorithm introduced by [Gąs+17]
and show that it achieves a 5.24-approximation. Broadly speaking, Reduce-Fastest(x) is an
online scheduling method which chooses a matching to schedule each day: the matching with
the fastest-growing edges whose current heat is above some user-selected threshold x. Sec-
tion 6.2.2 presents a simple analysis showing that Reduce-Fastest(4) gives a 6-approximation,
then a more in-depth analysis showing that Reduce-Fastest(2+ 2

√
5

5 ≈ 2.89) gives a 3+
√

5 ≈
5.24 approximation. These both substantially improve on the O(log ∆) approximation ratio
in [GSW24]. Reduce-Fastest(x) for Optimisation Polyamorous Scheduling is formally defined
in Section 6.2.
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It is well established that schedules with exponentially long periods are often neces-
sary when solving certain Optimisation Polyamorous Scheduling instances exactly; in fact,
whether any feasible instance of Pinwheel Scheduling admits a succinctly encodable sched-
ule remains an open problem. We show that the same is not true for approximate solutions.
In Section 6.2.3, we introduce a method that takes an arbitrary Optimisation Polyamorous
Scheduling schedule and constructs a new schedule with polynomial length and a maximum
heat at most four times that of the original schedule, an alternative to accepting superpoly-
nomial schedules for constant-factor approximations.

Poly Density The previous chapter introduced the notion of “poly density” for both OPS
and DPS but this, as originally defined, is based on a linear program of exponential size and
the task of computing the poly density of an instance is left unsolved: it therefore fails to
provide an efficiently testable sufficient criterion.

In Section 6.3.1, we show that the poly density for OPS is narrowly sandwiched by the
maximum personal growth rate of any person in the polycule: G∗ = maxv∈P

∑
e∈R:v∈e g(e).

Theorem 6.1.1 Poly Density Approximation.
For an OPS instance with poly density h̄∗ and maximum personal growth rate G∗, we have
G∗ ≤ h̄∗ < 3

2G∗.

This shows that, from the perspective of constant-factor approximations, the cost of any
OPS instance is dominated by a single BGT instance embedded in it – the single busiest
person in the polycule1. This insight was the key ingredient to designing and analyzing a
generalization of the Reduce-Fastest(x) approximation [Gąs+17] for Polyamorous scheduling.

We then turn our attention to the poly density of Decision Polyamorous Scheduling.
Each instance of DPS, or DPS polycule D = (P, R, f) consists of a set P of people, a set R of
relationships, and a set f of “meetup frequencies” fe. The goal is to either find a schedule of
pairwise meetings such that each couple e = {i, j} meets at least every fe days or to report
that no such schedule exists (subject to the constraint that each person can attend at most
one meeting per day). A DPS polycule can naturally be represented as a graph of people
with the edges representing their relationships; since each person can attend at most one
meeting per day, the edges scheduled on any given day must form a matching in this graph.
DPS is formally defined in Section 3.2.1.

1A simple rule of thumb for practical applications: if the identification of this individual is non-trivial,
it’s probably you.
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As discussed in Section 2.3, Pinwheel Scheduling is a special case of DPS where the
polycule is a star graph. In Section 6.3.2, we show that the poly density of DPS for star
graphs is equivalent to the density of Pinwheel Scheduling, and hence that poly density gen-
eralizes the density of Pinwheel Scheduling. The recent proof of the long-standing 5

6 -density
conjecture of Pinwheel Scheduling by [Kaw24] admits a strong sufficient criterion to certify
feasibility for this class of polycules; we produce a similar result by proving Theorem 6.1.2,
affirmatively answering Question 5.1.7 from the previous chapter.

Theorem 6.1.2 Density Threshold.
Any DPS instance D = (P, R, f) with poly density d ≤ 1

4 is schedulable.

Inapproximability A well-motivated special case of Polyamorous Scheduling considers a
bipartite graph of relationships (Bipartite Polyamorous Scheduling). In the original motiv-
ation for scheduling meetings of polyamorous people, bipartite polycules correspond to a
group of heterosexuals; it also models Periodic Scheduling scenarios with two explicit classes
or hierarchies, such as the members of a sports team who each need to regularly train on a
shared set of machines or with a shared set of trainers. Apart from applications, there are
strong indications in Chapter 5 that bipartite instances may be more well-behaved: every
presented example of a decision polycule that was non-trivial to show to be infeasible had
an odd cycle. Moreover, the hardness-of-approximation proof in Section 5.3 reduces the
Chromatic Index problem to unweighted DPS instances; the latter is trivial on bipartite
graphs, since they can always be ∆-edge coloured. We show that bipartiteness does indeed
not make the problem easier: it remains NP-hard to find even approximate solutions to Bi-
partite Polyamorous scheduling. As a consequence, the hardness of Polyamorous Scheduling
is intrinsically linked to the frequencies resp. weights of edges, not simply the embedded edge
colouring problem.

In Section 6.4 we strengthen the inapproximability result introduced by Section 5.3 by
proving that it holds even in the bipartite case:

Theorem 6.1.3 sat Hardness of Approximation.
Unless P = NP, there is no polynomial-time (1+δ)-approximation algorithm for the Bipartite
Optimisation Polyamorous scheduling problem for any δ < 1

12 .

We prove this by constructing a bipartite DPS polycule Dφ from an arbitrary 3sat
instance φ such that Dφ is schedulable iff φ is satisfiable.
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6.2 Approximating OPS
This section will examine approximation algorithms for OPS in 3 ways: Section 6.2.1 con-
siders several lower bounds on OPS, Section 6.2.2 evaluates Reduce-Fastest(x) as an ap-
proximation algorithm for OPS, and Section 6.2.3 introduces a method for constructing
polynomial schedules for OPS and BGT.

As OPS generalises BGT, with instances on star-graphs being fully equivalent, these
problems share both features and algorithms. Particularly of interest here is the Reduce-
Fastest(x) heuristic, which we generalise here and will use in multiple parts of this section:

Definition 6.2.1 Reduce-Fastest(x) for OPS.
Begin with an OPS instance O = (P, R, g) and relabel to sort edges e ∈ R by decreasing
growth rates g(e), breaking ties arbitrarily. Construct an online schedule using the fixed
parameter x by scheduling a greedy matching M each day, built the following way:

For all edges e = {u, v} ∈ R in order of decreasing growth rate, add e to M iff:

• the current heat of e is at least x · G∗, and

• no edge incident at u or v is already in M.

Note that on a star graph, each matching M will contain a single edge, so our OPS
Reduce-Fastest(x) behaves like the BGT Reduce-Fastest(x) heuristic introduced by [Gąs+17]
on such instances.

6.2.1 Lower Bounds

We will begin by defining Disjoint Matching Algorithms and demonstrating them to be a
dead end, then show a simple but general lower bound from the local BGT instance, then a
lower bound for the Reduce-Fastest(x) algorithm.

Disjoint Matching Algorithms

In addition to introducing OPS, the previous chapter presented multiple proofs that OPS is
NP-hard, several lower bounds for it, and the Layering Algorithm – an O(log ∆)-approximation
for OPS.

This algorithm partitions edges into layers based on their growth rates, uses a fixed round-
robin schedule for each layer, and then interleaves these schedules into another fixed round-
robin schedule. Further details are not needed here, only that each edge only appears in a
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single matching, and thus, all matchings in schedules produced by the Layering Algorithm
are disjoint.

We define Disjoint Matching Algorithms as algorithms whose schedules contain only
disjoint matchings, and will show that such algorithms obey the following:

Theorem 6.2.2.
The approximation ratio of any Disjoint Matching Algorithm for Optimisation Polyamorous
Scheduling is Ω(log n).

Proof. Consider an OPS instance O∗ = (P, R, g) consisting of d disjoint stars ∗1, . . . , ∗i, . . . , ∗d,
such that star i has i edges and g = 1

i
for all edges in star i. The first four such stars are

shown in Figure 6.1. The optimal heat for O∗ is 1, and can be obtained by scheduling each
star independently in a round-robin fashion.

Any set of disjoint matchings M which covers all edges e ∈ R will consist of at least
d matchings due to the largest star ∗d. Let g∗

M be the maximum growth rate of any edge
in matching Mi ∈ M, i.e. g∗

i := maxe∈Mi
g(e) and g∗ = maxi∈M g∗

i . In the given disjoint
stars, there is at least one matching with g∗

i = 1, at least two matchings with g∗
i ≥ 1/2,

at least three with g∗
i ≥ 1/3, and so on. Once we commit to scheduling the matchings as

atomic objects, the problem has become equivalent to a BGT instance with d bamboos of
growth rates g∗

1 ≤ g∗
2 ≤ · · · ≤ g∗

d. The optimal height for any schedule of this instance is at
least ∑d

i=1 g∗
i ≥ ∑∆

i=1 1/i ∼ ln ∆. Since n = ∑∆
i=1(2i − 1) = ∆2, any such schedule for O∗

thus has heat Ω(log ∆) = Ω(log n), compared to the optimal heat of 1.

This means that, in its “league” of algorithms that first divide the graph into a set
of disjoint matchings and then schedule these matchings as atomic objects, the Layering
Algorithm’s approximation ratio is best possible up to constant factors. To do much better
than this, different kinds of approach will be needed.

1

1/2 1/2 1/3 1/3

1/3

1/4

1/4

1/4

1/4

∗1 ∗2 ∗3 ∗4
Figure 6.1: The first four disjoint stars in the OPS instance O∗ used to prove the worst-case
lower bound of Ω(log n) for the maximum heat reached by any Disjoint Matching Algorithm
for OPS instances.
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Lower Bound due to the Local BGT Instance

Recall that the schedule for every person in an OPS polycule must solve the BGT instance
consisting of all edges e ∈ R connected to that person. These BGT instances can be used to
obtain a natural lower bound for OPS. To formalise this, consider a vertex v ∈ P , recalling
that the personal growth rate Gv for person v ∈ P is Gv := ∑

e∈R:v∈e g(e) and that the
maximum personal growth rate across all v ∈ P is G∗ := maxv∈P Gv. We claim that G∗ is a
natural lower bound on the maximum heat of any schedule of an OPS instance:

Theorem 6.2.3.
For any OPS instance O = (P, R, g), G∗ is a lower bound on the maximum heat of any
schedule for O.

Proof. This can be easily proved by contradiction. Let v∗ = arg maxv∈P

∑
e:v∈e g(e) be the

vertex that corresponds to G∗. Assume that there exists a periodic schedule that keeps the
heat of all edges incident on v∗ to some heat h < G∗. In the neighbourhood of v∗, N (v∗),
we can only schedule one edge on any given day. After

⌊ |N(v∗)|·h
G∗−h

⌋
+ 1 days, the heat of at

least one edge must be greater than h, a contradiction.

Lower Bound for Reduce-Fastest(x)

The next section will analyse the approximation ratio of the Reduce-Fastest(x) heuristic,
but first, we will demonstrate a lower bound for this heuristic. The proof concerns a fully
connected OPS polycule which is fair in the sense that all growth rates are the same, but
whose edges are ordered adversarially with respect to a single unfortunate individual.

Theorem 6.2.4.
When applied to normalised OPS instances O = (P, R, g), Reduce-Fastest(x) with x ≥ 2 can
produce schedules with heat h ≥ x + 2 − 1

n−1 .

Proof. For some odd n, consider a normalised OPS instance O = (P, R, g) where (P, R) is the
complete graph Kn on n vertices, and has uniform growth rates of 1

n−1 . Reduce-Fastest(x)
will not schedule edges until they reach the threshold heat x, and will then schedule edges
according to growth rate (all tied), then to an arbitrary choice of their ordering to break
ties. To construct an adversarial ordering of edges, we will consider two subgraphs: the
arbitrary induced subgraph Kn−1 of P , and the subgraph of edges in Kn, but not Kn−1,
called Kn − R(Kn−1).
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Since n is odd, n − 1 is even, and Kn−1 is 1-factorizable, i.e. edges of Kn−1 can be
decomposed into n − 2 disjoint matchings, each covering all vertices in Kn−1. As only one
vertex appears in Kn but not Kn−1, Kn − R(Kn−1) requires a further n − 1 matchings to
cover, as each matching can only contain a single edge from Kn − R(Kn−1).

So, for some initial ordering of edges e ∈ R, Reduce-Fastest(x) will first wait for all edges
to grow to heat x, then schedule matchings in Kn−1, then matchings covering Kn −R(Kn−1).
This means that the last edge is scheduled (n − 2 + n − 1) = 2n − 3 days later. This last
edge thus starts with heat at least x and grows a further heat of (2n − 3) · 1

n−1 = 2 − 1
n−1

before being scheduled.
Note that in this 2n − 3 day period, the heat of each edge grows by 1

n−1 per day, so no
previously scheduled edge will reach the threshold of x ≥ 2, and thus no edge will interfere
with the scheduling sequence.

Remark 6.2.5.
Note that if Reduce-Fastest(x) is applied to the above graph with x < 2, the maximum heat
will tend to infinity for an appropriately large n. This is because the edges which are scheduled
first will cross the threshold x for a second time before the last edge is scheduled, causing this
last edge to grow indefinitely.

6.2.2 Reduce-Fastest(x)

This section gives two analyses for the approximation ratio of the OPS version of Reduce-
Fastest (x), defined by Definition 6.2.1.

Both analyses use a notion of blocking: Each day, Reduce-Fastest(x) constructs a match-
ing M by greedily selecting edges with heat at least G∗x according to their growth rates
(with ties broken by some initial ordering). This means that for some edge e with heat
h ≥ G∗x not to be added to M, a higher priority edge containing one of the vertices in e

must block e by being added to M before e was considered.

6-Approximation Algorithm

In this section, we prove that Reduce-Fastest(4) is a 6-approximation for OPS by proving
Theorem 6.2.6. This analysis is inspired by the similar proof of an (x + 1)-approximation
algorithm for the BGT problem in [Kus22].
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Theorem 6.2.6.
Given a normalised OPS instance O = (P, R, g); for all x ≥ 4, the maximum heat achieved
by an edge in Reduce-Fastest(x) is strictly less than x + 2.

Proof. Suppose for the sake of contradiction that some edge ei ∈ R achieves heat of at least
x + 2 at time t2 after most recently reaching heat x at time t1. This implies that on every
day in the interval [t1, t2), ei was blocked by a higher-priority adjacent edge. Consider the
sequence of these t2 − t1 blocking edges and denote the set of distinct edges in this sequence
by S. ei could be blocked by two separate higher-priority edges at the same time – in this
case, arbitrarily select one to include in the sequence. For all ej ∈ S, we denote by mj the
number of times that ej appears in the sequence. For an edge to appear mj times in our
sequence, its growth rate must follow:

Claim 6.2.7.
For all ej ∈ S, we have g(ej) > mj · g(ei).

Proof. Begin by considering the case of mj = 1, which simply implies that g(ej) ≥ g(ei).
This follows from the definition of Reduce-Fastest(x) (Definition 6.2.1) – the edge with faster
heat growth rate is scheduled earlier and hence blocks the edge ei.

Given that edge ej can have any initial heat, it could be scheduled as early as t1. After
this, it must grow to heat x before each time it is scheduled again, mj − 1 times total. Thus,
to achieve mj ≥ 2, edge ej has to grow a total heat of at least x(mj − 1) in the interval
T = (t1, t2). In this time interval, ei must grow less than 2 units of heat, as it starts with
heat x and does not reach a heat of x + 2 until t2. Thus

2
g(ei)

> T ≥ x(mj − 1)
g(ej)

and
g(ej) > x(mj − 1)g(ei)

2 > 2(mj − 1)g(ei) > mjg(ei),

for x ≥ 4 and mj ≥ 2. This completes the proof of the claim.

Using Claim 6.2.7, we can argue from the number of blockers:

t2 − t1 ≤
∑

ej∈S
mj <

∑
ej∈S

g(ej)
g(ei)

= 1
g(ei)

∑
ej∈S

g(ej) ≤ 2
g(ei)

(1 − g(ei)),
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where the last inequality is a product of normalisation – since G∗ = 1, for each edge ei =
{u, v}, we have Gu ≤ 1 and Gv ≤ 1.

Since the heat of ei is less than x + g(ei) at t1, the heat level reached by t2 is strictly less
than

x + g(ei) + (t2 − t1)g(ei) ≤ x + g(ei)
(

1 + 2
g(ei)

(
1 − g(ei)

))
= x + 2 − g(ei) < x + 2,

which is a contradiction.

Corollary 6.2.8.
Reduce-Fastest(4) is a 6-approximation of OPS.

From Theorems 6.2.4 and 6.2.6, the following simple corollary follows:

Corollary 6.2.9.
Given an OPS instance O = (P, R, g), the x + 2 bound on the maximum heat achieved by
Reduce-Fastest(x) is tight for x ≥ 4 and large n.

5.24-Approximation Algorithm

In this section, we prove our best bound on Reduce-Fastest(x): Reduce-Fastest(2.89) is a 5.24
approximation for OPS. The analysis follows the related proof of approximation algorithm
for the BGT problem in [Bil+22].

Theorem 6.2.10.
Given a normalised OPS instance O = (P, R, g); for all x > 2, the maximum heat achieved
by an edge in Reduce-Fastest(x) is bounded by

max
{

x + x2

4(x − 2) , x + 1
2 + x2

4(x − 1)

}
.

Proof. Let Srf be the schedule produced when Reduce-Fastest(x) is applied to O, h = h(Srf)
be the heat of this schedule, and ei = {u, v} be an edge which reaches heat h on day T .
Before reaching day T , the heat of ej has grown for some period without being scheduled,
reaching threshold x on day 0 in this period. As ei was not scheduled in the interval [0, T −1],
for each day in this interval, there must have been some higher-priority edge adjacent to ei

which was scheduled instead; construct the blocking sequence Sb from these T blocking edges.
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On any day which has two separate blocking edges, arbitrarily choose one to add to Sb and
add the other to the suppressed sequence Q. Let N be the number of distinct edges in Sb.

Let the volume V be the overall growth of ei and its adjacent edges in the days of the
interval [0, T − 1]. Because of normalisation, Gu ≤ 1 and Gv ≤ 1, so the heat of this set of
edges grows by at most 2 − g(ei) per day, and V ≤ T (2 − g(ei)).

For each edge ej ∈ Sb, call the first time it was scheduled in Sb the first-time scheduling
and further times repeated schedulings. The volume of heat associated with edge ej is either
removed by the first-time scheduling, removed by repeated scheduling, or is leftover volume:
heat that remains after day T − 1.

In order to bound the amount of volume Vr removed by repeated schedulings, we first
calculate the volume Vf that is accumulated before the first time each edge is scheduled in
Sb, then the volume Vl which is leftover after the last time each edge is scheduled in Sb.
Note that g(ej) ≥ g(ei) for each edge ej ∈ Sb. If ej appears in Sb for the first time on day d,
then the volume removed on day d in addition to the total volume removed by the preceding
schedulings of ej in Q will be at least (d+1)g(ej) ≥ (d+1)g(ei). This is because (d+1)g(ej)
is the total growth of ej up to and including the day d, all of which will be removed when ej is
scheduled. It follows that the total volume removed by all first-time schedulings in addition
to the preceding schedulings of the corresponding edges in the suppressed sequence Q will be
given by Vf ≥ ∑N

j=1 jg(ei) = N(N+1)
2 ·g(ei), since exactly one edge is added to the sequence Sb

per day.
Moreover, if ej appears in the sequence Sb for its last time at day T − 1 − d, then the

leftover volume of ej in addition to the volume removed by the following schedulings of ej

in Q is at least d′ · g(ei). Therefore, for all N edges, the total volume left after the last
scheduling of ej in Sb will be Vl = ∑N

j=1(j − 1)g(ei) = N(N−1)
2 · g(ei) . Finally, the edge ei is

not scheduled in the interval [0, T − 1] but does grow by exactly Tg(ei) during this time.
We can then bound the total volume removed by repeated schedulings of edges in Sb as

Vr ≤ V −
(

N(N + 1)
2 + N(N − 1)

2

)
g(ei) − Tg(ei)

= V − N2 · g(ei) − Tg(ei)
≤ T (2 − g(ei)) − N2g(ei) − Tg(ei)
= 2T (1 − g(ei)) − N2g(ei).

Each of these removes heat at least x, so the number Nr of repeated schedulings is upper
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bounded by Vr

x
= 2T (1−g(ei))−N2g(ei)

x
, which gives us the following bound on the total number

of elements in the sequence:

|Sb| = T = N + Nr ≤ N + 2T (1 − g(ei)) − N2g(ei)
x

,

which, with x ≥ 2, implies
T ≤ Nx − N2g(ei)

2g(ei) + x − 2
Consider the minimum value of the right-hand side; as g(ei) and x are fixed, we can view

it as a function of N : R(N) = (Nx − N2g(ei))/(2g(ei) + x − 2). The function R(N) is a
concave downward parabola that attains its maximum at N = x

2g(ei) , giving us

T ≤ R

(
x

2g(ei)

)
= x2

4g(ei)(2g(ei) + x − 2)

Using this upper bound to T , we now bound the overall growth of the edge ei, i.e. the
maximum heat h(Srf). At day d = 0, ei has heat at most x + g(ei) by our choice of the time
interval, and in the next T days it grows by Tg(ei). Hence:

h(Srf) ≤ x + g(ei) + Tg(ei) ≤ x + g(ei) + x2

4(2g(ei) + x − 2) .

We now show that the claimed bound follows. We distinguish two cases; first assume g(ei) ≤
1
2 . Viewed as a function of g(ei) ∈ [0, 1

2 ], the upper bound on h(Srf) is a convex function
since its second derivative w.r.t. g(ei) is

2x2

(2g(ei) + x − 2)3 > 0

(for x > 2). The maximum (worst upper bound) is thus attained at the extreme points,
either g(ei) = 0 or g(ei) = 1

2 :

h(Srf) ≤ max
{

x + x2

4(x − 2) , x + 1
2 + x2

4(x − 1)

}
. (6.1)

The second case, g(ei) > 1
2 , is trivial because then there are no possible blocking edges, as

both Gu and Gv are at most 1. The edge ei is then always scheduled immediately upon
reaching x, and, thus, h(Srf) ≤ x + 1 ≤ x + 1

2 + x2

4(x−1) for x ≥ 2.

86



This bound on h(Srf) gives us the following corollaries:

Corollary 6.2.11.
For Reduce-Fastest(4), we have h(Srf) ≤ 6.

The above corollary gives the upper bound on the maximum heat achieved by Reduce-
Fastest(4), which also meets the bound from Theorem 6.2.6. Optimizing the bound in (6.1)
allows to slightly improve upon this by changing to x = 2 + 2

√
5

5 .

Corollary 6.2.12.
Reduce-Fastest(2 + 2

√
5

5 ≈ 2.89) gives h(Srf) ≤ 3 +
√

5 < 5.24.

6.2.3 Length of Schedules

In this section, we will show how an arbitrary schedule for an OPS problem can be modified
to produce a periodic schedule with a polynomial-sized period and a maximum heat of at
most 4 times the maximum heat of the original schedule.

This proof uses an overloading of the definition of heat h such that h(S, R′) is the heat
achieved by applying some cyclic schedule S to an OPS instance O′ = (P, R′, g) where
R′ ⊆ R, and h(S, e, d) is the heat of a single edge e ∈ R that results from applying the same
schedule S such that d is the duration since e was last scheduled.

Theorem 6.2.13.
Consider an OPS instance O = (P, R, g). Given an Arbitrary Schedule SA for O, we can
construct a Polynomial Schedule SP with period 2χ1(P, R) and heat h(SP ) ≤ 4h(SA).

Proof. Recall that rS(e) is the recurrence time of an edge e in any schedule S. First, consider
a Truncated Schedule ST which consists of the first χ1 characters of SA. Let the subset
of edges RT ⊆ R consist of the edges e ∈ RT that appear in ST . Using these, prove the
following claim:

Claim 6.2.14.
Given the schedules SA and ST , defined above, it holds that h(ST , RT ) ≤ 2h(SA).

Proof. For the first χ1 days, SA and ST are identical, so both have heat at most h(SA)
within that period. Any edge e ∈ RT will have a heat h(ST , e, d) = g(e) · d, where d

is again the duration since e was last scheduled. The set of such durations D includes the
duration db before the first meeting, the duration da after the last meeting, and the durations
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Di = d1, d2 . . . di between meetings, so D = {db} ∪ {da} ∪ Di. Note that the heats of edges
grow on days when they are scheduled, so the sum of all such durations ∑d∈D d is the period
χ1 of ST .

For the first χ1 days, ST does not repeat, so it holds that:

h(SA) ≥ max
d∈D

(h(ST , e, d)) = g(e) · arg max({db} ∪ {da} ∪ Di)

Thus:
g(e) ≤ h(SA)

arg max({db} ∪ {da} ∪ Di)
(6.2)

After χ1 days, SA and ST diverge, with ST repeating itself. The maximum heat of e in this
period h(ST , e) is therefore given by:

h(ST , e) = max
d∈D

(h(ST , e, d)) = g(e) · arg max({(db + da)} ∪ Di)

If h(ST , e) > h(SA), it follows that h(ST , e) = g(e) · (db + da). Which, along with (6.2) shows
that for all e ∈ RT :

h(ST , e) ≤ h(SA) db + da

arg max({db} ∪ {da} ∪ Di)
≤ 2h(SA)

Hence, h(ST , RT ) ≤ 2h(SA).

Let C := χ1(P, R) be the number of colours required for edge colouring the graph (P, R).
Observe that for an OPS instance O, one can always obtain a feasible schedule from a proper
edge colouring c : e → [C] of the graph (P, R), where e ∈ R, by taking any round-robin
schedule of the C colours. More formally, we can define a Coloured Schedule SC(t) :=
{e ∈ R : c(e) ≡ t (mod C)}. As shown by [GSW24][Proposition 5.1], unweighted OPS is the
same problem as edge colouring; thus, the round-robin schedule SC of the coloured edges
will cover all of the edges.

Finally, we construct the Polynomial Schedule SP by interleaving the Truncated Sched-
ule ST with the Coloured Schedule SC . This means that for any edge e ∈ RT , the recurrence
times obey 2rST

(e) ≤ rSP
(e). Now consider the complement to RT , R∁

T := R\RT . As edges
e′ ∈ R∁

T do not appear in the first χ1 days of SA, their growth rate is bounded by g(e′) < h(SA)
χ1

,
and they grow to heat h(SC , R∁

T ) < h(SA) over the course of SC . This completes the claim:
for any edge e′ ∈ R∁

T , we have 2rSC
(e′) = rSP

(e′). In other words, the recurrence time of any
edge in SP is at most twice its recurrence time in either ST or SC .
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This finally demonstrates that h(SP ) ≤ 2h(SC) ≤ 2h(ST , RT ) and therefore, from
Claim 6.2.14, we have h(SP ) ≤ 4h(SA).

Corollary 6.2.15.
As BGT is a special case of OPS on star graphs, Theorem 6.2.13 also applies to BGT.

Remark 6.2.16.
Only the first χ1 days of SA appear in SP , and only edges e′ ∈ R∁

T need to appear in SC. Fur-
ther works may apply this process to unsustainable intermediary schedules, taking advantage
of these facts to reduce overall heat.

6.3 Poly Density
This section introduces two key results: Section 6.3.1 provides improved upper and lower
bounds by proving Theorem 6.1.1, while Section 6.3.2 shows that poly density for DPS
generalizes density for PWS and proves Theorem 6.1.2, showing that DPS instances with
d ≤ 1

4 are schedulable.

6.3.1 Bounding Poly Density for OPS polycules

Recall the notion of poly density introduced in Section 5.5.2, which follows the same intuition
as Pinwheel Scheduling: relax the requirement that one complete task must be done each
day, instead allowing any fractions of a day to be spent on each task, and use this relaxation
to identify classes of schedulable or unschedulable instances. Pinwheel Scheduling uses an
implicit schedule of unit length in which each task i with frequency fi has contribution
yi ≥ 1

fi
. Task i is then considered to be performed after 1

yi
days, with the density of the

PWS instance given by the sum of these contributions d = ∑k
i=1

1
fi

. If d > 1 then these
contributions cannot fit into a single day, and the instance clearly cannot be scheduled.

Section 5.5.2 applied similar reasoning to determine the poly density of Optimisation
Polyamorous Scheduling problems, obtaining a lower bound on the optimal heat h∗. First,
compose an optimisation problem using the same logic as Pinwheel Scheduling: construct
a fractional schedule of unit length by assigning contribution yM ∈ [0, 1] to each matching
M. The heat h̄ of the best such schedule provides a lower bound on h∗.
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min h̄ (6.3)
s.t.

∑
M∈M

yM ≤ 1 (6.4)

g(e)∑
M∈M:e∈M yM

≤ h̄ ∀e ∈ R (6.5)

yM ∈ [0, 1] (6.6)

We previously defined the poly density h̄∗ of an OPS polycule O = (P, R, g) as the optimal
objective value of the fractional-schedule LP.2 From the dual of this LP, we obtained a more
explicit term for h̄∗. A dual solution consists of weights ze for edges e ∈ R with ∑e∈R ze = 1.
Intuitively these account for their growth rates ge and the inclusion-maximal matchings
M ∈ M in which they appear. Any such weighting implies a lower bound h̄(z) on h̄∗ and
hence on h∗, with the best choice of z yielding the poly density

h̄∗ = max
z∈Z

h̄(z), where h̄(z) = min
M∈M

1∑
e∈M

ze

g(e)
, (6.7)

and Z is the set of all weightings.
Recall from Section 3.2.2 that the maximum personal growth over some polycule O =

(P, R, g) is given by G∗ = maxv∈P
∑

e∈R:v∈e g(e). We now show that the poly density is
within a constant factor of G∗, proving Theorem 6.1.1 in two parts: The lower bound by
Lemma 6.3.1 and the upper bound by Lemma 6.3.3.

Lemma 6.3.1.
For any OPS instance O = (P, R, g), the poly density h̄∗ is bounded by h̄∗ ≥ G∗.

Proof. Let v∗ be the vertex with the maximum local heat G∗, i.e.

v∗ = arg max
v∈P

∑
e∈R:v∈e

g(e).

Consider the weighting z∗ with ze = g(e)
G∗ when v∗ ∈ e and ze = 0 otherwise. For z∗, it holds

that
max
M∈M

∑
e∈M

ze

g(e) = 1
G∗

and h̄(z) = G∗. Since h̄∗ ≥ h̄(z) for all weights z, the inequality holds.
2A change of variables ℓ = 1/h̄ and taking reciprocals in the second constraint yields this LP.
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Lemma 6.3.2.
For any OPS instance O = (P, R, g) with integer growth rates, h̄∗ ≤ 3

2G∗.

Proof. Begin by constructing an unweighted multigraph O′ = (P, R′) such that each edge
e ∈ R is replaced by a bundle of g(e) parallel edges in R′, noting that the maximum degree
∆ of O′ is exactly G∗. By [Sha49], we can colour edges in O′ using C ≤ 3

2∆ colours. Given
that each colour induces a matching in O such that each edge e ∈ R appears in exactly g(e)
colours, construct a fractional solution by assigning a contribution yM = 1

C
to each colour

class M. Checking Equations (6.4) – (6.6) shows that this is a valid fractional schedule with
heat

h̄ ≥ g(e)
/ ∑

M∈M:e∈M
yM = C

for all edges. Hence, h̄ = C ≤ 3
2G∗ for this assignment, and h̄∗ ≤ 3

2G∗ globally.

Lemma 6.3.3.
The poly density h̄∗ of any OPS instance O = (P, R, g) is bounded by h̄∗ ≤ 3

2G∗ + ϵ for any
ϵ > 0.

Proof. When all heat growth rates are rational numbers, we can scale all of them by their
common denominator to reduce them to the integral case. If any growth rate is irrational,
we can upper-bound it with a rational number that is arbitrarily close.

6.3.2 Poly Density of DPS Polycules

In this section, we turn our attention to to the poly density of Decision Polyamorous Schedul-
ing: showing that it generalizes the density of Pinwheel Scheduling with Theorem 6.3.5,
introducing the PolyGreedy algorithm, and analyzing it to schedule two classes of DPS
Polycules. In Section 5.5.2 we chiefly discussed poly density in the context of OPS, but the
poly density of a DPS instance D = (P, R, f) was defined as the poly density of a paired
OPS instance O = (P, R, 1

f
):
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Definition 6.3.4 Poly Density of DPS instances.
The poly density d of a DPS polycule D = (P, R, f) is given by

d = max
z∈Z

1
max
M∈M

∑
e∈M

ze · fe

where Z is the set of all weightings applying ze ∈ [0, 1] to each edge e ∈ R such that∑
e∈R ze = 1 and M is the set of inclusion maximal matchings M in the graph (P, R).

Given the equivalence between DPS polycules on star graphs D∗ = (P, R, f) and Pinwheel
Scheduling instances with the same frequency set f , this is a generalisation of the density of
Pinwheel Scheduling:

Theorem 6.3.5.
The poly density d of any DPS polycule D∗ = (P, R, f) whose graph (P, R) is a star is given
by d = ∑

e∈R
1
fe

Proof. Begin with the poly density defined by Definition 6.3.4. As D∗ is a star graph, each
matching M ∈ M contains a single edge e ∈ R, so d = maxz∈Z 1

/
(maxe∈R ze · fe). This will

be solved by the value of z which minimizes maxe∈R ze · fe. As ∑e∈R ze = 1, any assignment
Z which does not set ze · fe = ze′ · fe′ for all e, e′ ∈ R will have a higher maximum than one
that does. Try

ze = 1
fe
∑

e′∈R
1

fe′

,

observing that ∑
e∈R

ze = 1∑
e′∈R

1
fe′

·
∑
e∈R

1
fe

= 1,

and that d = ∑
e∈R

1
fe

.

The PolyGreedy Algorithm

We will now introduce PolyGreedy, an algorithm for DPS inspired by similar ideas presented
in [Hol+89], which motivated this analysis3. Theorem 6.3.6 shows that the PolyGreedy
algorithm is capable of scheduling the entire “Power Couples” class of DPS instances; this

3Note that the greed here is exercised by the scheduler – in practical applications, “PolyDecisive” or
“PolyKnowingWhereYouWantToEat” may better capture the spirit of this algorithm.
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allows us to prove Theorem 6.1.2 by showing that the class of polycules with d ≤ 1
4 is

dominated by the “Power Couples” class4.

PolyGreedy(P, R = {e1, ..., e|R|}, f)
// Assumes f(ei) = 2ki for some ki ∈ N for all ei ∈ R

// W.l.o.g. let f(e1) ≤ f(e2) ≤ · · · ≤ f(e|R|)
1 fmax = f(e|R|)
2 for t = 0, . . . , fmax
3 S[t] := ∅
4 end for
5 for i = 1, . . . , |R|
6 si := min

{
t ∈ [0..fmax) : S[t] ∪ {ei} is a matching

}
7 for k = 1, . . . , fmax/fi

8 t := si + (k − 1) · fi

9 S[t] := S[t] ∪ {ei}
10 end for
11 end for
12 return S[0..fmax)

Algorithm 6.1: PolyGreedy(P, R = {e1, ..., e|R|}, f)

Power Couples and Low-Density Polycules

Theorem 6.3.6 Power Couples.
Let D = (P, R, f) be a DPS instance such that

1. ∀e ∈ R, fe is a power of two

2. ∀v ∈ P ,
∑

e∈R:v∈e

1
fe

≤ 1
2 .

Then, there exists a valid schedule for D.

Proof. Let fmax be the maximum frequency among all edges and construct a periodic schedule
of size fmax using Algorithm 6.1. By Definition 3.2.1, schedules which lack conflicts and
respect frequencies are valid; we proceed by showing inductively that schedules produced by
Algorithm 6.1 have both properties.

In the initial state, S is empty and thus contains no conflicts. Assuming that there are
no conflicts after i − 1 edges have been added, observe that adding edge ei initially places it

4Formalizing another common feature of real-world Polyamorous Scheduling [CA19].
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in a conflict-free slot si, then in slots si + fi, si + 2fi, si + 3fi, . . .. As all frequencies fe are
powers of two and all edges placed thus far obey fj ≤ fi, slots si + fi, si + 2fi, si + 3fi, . . .

must also be conflict-free for ei.
If we again consider an arbitrary edge ei at any point in S after its initial inclusion si, it

is clear that the schedule is frequency respecting. Initially, ei is placed in the first slot with
no edges that conflict with ei. If ei = {u, v}, the number of slots with conflicting edges is at
most

∑
ej :u∈ej

fj<fi

fi

fj

+
∑

ej :v∈ej

fj<fi

fi

fj

= fi

 ∑
ej :u∈ej

fj<fi

1
fj

+
∑

ej :v∈ej

fj<fi

1
fj



< fi

(
1
2 + 1

2

)
= fi.

Hence, there must be at least one slot si among the first fi slots with no conflicting edges.
The last occurrence of ei in S is at si + fmax − fi, so the recurrence time r between the first
and last instances of ei in the periodic solution is given by fi

Theorem 6.1.2 (restated). Density Threshold.
Any DPS instance D = (P, R, f) with poly density d ≤ 1

4 is schedulable.

Proof of Theorem 6.1.2. Begin by constructing an OPS instance O′ = (P, R, g) with ge = 1
fe

for all edges e ∈ R; by Definition 6.3.4, the poly density h̄∗ of O′ equals the density d of the
corresponding D = (P, R, f). By Lemma 6.3.1, the maximum personal growth rate G∗ of O′

is at most 1
4 , so

1
4 ≥ G∗ = max

v∈P

∑
e∈R:v∈e

g(e) = max
v∈P

∑
e∈R:v∈e

1
fe

,

and ∀v ∈ V , ∑e∈R:v∈e
1
fe

≤ 1
4 .

Now construct D′ = (P, R, f ′) such that ∀e ∈ R, f ′(e) = 2⌊log2 fe⌋, i.e. round all the
frequencies down to the nearest power of two such that ∑e:v∈e

1
f ′

e
≤ ∑

e:v∈e
2
fe

≤ 2 · 1
4 = 1

2 .
Applying Theorem 6.3.6 then gives a feasible schedule for D′, which must also solve D.
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6.4 Inapproximability
In this section, we prove Theorem 6.1.3: showing, via a reduction from 3sat, that Bipartite
OPS does not allow efficient (1 + δ)-approximation algorithms for δ < 1

12 unless P = NP.

6.4.1 Overview of Proof

The proof of Theorem 6.1.3 has two steps: a reduction from 3sat to Bipartite DPS, and a
conversion to Bipartite OPS such that a 13

12 approximation is shown to be NP-hard.
3sat is the following problem: given a 3-CNF formula φ = c1 ∧ c2 ∧ · · · ∧ cm with clauses

C = {c1, c2, . . . , cm}, each consisting of exactly 3 literals over variables X = {x1, x2, . . . , xn},
decide whether there is an assignment of Boolean values to the variables in X such that all
m clauses in C are satisfied.

Lemma 6.4.1 3sat ≤p Bipartite DPS.
For any 3-CNF formula φ with m clauses, we can construct in polynomial time a bipart-
ite decision polycule Dφ which has a valid schedule if and only if all clauses of φ can be
simultaneously satisfied.

The bulk of Section 6.4 will introduce our construction of Dφ, which we will use to prove
this Lemma. This construction is designed to be modular and communicable, rather than
efficient with constant factors.

The second step in the proof of Theorem 6.1.3 is to convert the decision polycule Dφ

from Lemma 6.4.1 to an optimisation polycule Oφ using Lemma 3.2.4. It will be immediately
obvious from the construction that the largest frequency in Dφ is F = 12. So by Lemma 3.2.4,
Oφ has a schedule with h∗ = 1 if Dφ is feasible or has schedules where h∗ ≥ 13

12 otherwise.

Theorem 6.1.3 (restated). sat Hardness of Approximation.
Unless P = NP, there is no polynomial-time (1+δ)-approximation algorithm for the Bipartite
Optimisation Polyamorous scheduling problem for any δ < 1

12 .

Proof of Theorem 6.1.3. Assume that there is a polynomial-time approximation algorithm
A, which solves Bipartite OPS with approximation ratio α < 13

12 . If Oφ has optimal heat
h∗ = 1, A produces a schedule with heat 1 ≤ h ≤ α < 13

12 ; if h∗ ≥ 13
12 , A must produce a

schedule of heat 13
12 ≤ h ≤ α · 13

12 . By running A, we are therefore able to distinguish between
h∗ ≤ 13

12 and h∗ ≥ 13
12 for Oφ, and hence between the feasibility or infeasibility of Dφ. This

then discriminates between Yes and No instances of 3sat, via the polynomial-time reduction
from Lemma 6.4.1. 3sat is NP-hard, hence P = NP follows.
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Let us denote by α∗ the approximability threshold for Bipartite OPS, that is: efficient
polynomial-time approximation algorithms with approximation ratio α exist if and only if
α ≥ α∗ (assuming P ̸= NP). Theorem 6.1.3 shows that α∗ ≥ 13

12 , while Theorem 6.2.10
shows that α∗ ≤ 5.24, leaving a substantial gap. We conjecture that the constant 13

12 can be
improved by careful analysis of our construction, but we leave this to future work.

Conjecture 6.4.2.
The approximability threshold for Bipartite OPS is α∗ ≥ 4

3 .

T x1 x2 x36G 6G 6G 6G

6P 3R 3B 31R 31B 32R 32B 33R 33B

D3R D3B D31

3R 3B 31R

6G 6G6G 6G

·5 ·2·4
3R 3B 31R3R

OR1

31R 32R 3B

3R OR2

31B 3B 3B

3R OR3

31R 32B 33R

3R OR4

33B 3B 3B

3R

Te

3R

6G

6P

12O1
12O2 12O4

12O3

Figure 6.2: A Bipartite DPS polycule which is schedulable iff there is some assignment that
satisfies (x1 ∨ x2), (x1), (x1 ∨ x2 ∨ x3), and (x3) (which is not possible). Connections between
layers are omitted for clarity but flow from top to bottom, starting with the variable layer,
then a layer duplicating nodes with frequency 3, the OR layer, and finally the tensioning
layer. Note that larger problems will also require a D6 layer to support additional tension
gadgets.
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6.4.2 Overview of Reduction

We now give the proof of Lemma 6.4.1. For the remainder of this section, we will assume
that a 3-CNF formula φ = c1 ∧ · · · ∧ cm over variables X = {x1, . . . , xn} is given. Using
this, we will show how to construct a DPS instance Dφ which admits a schedule iff there is a
variable assignment v : X → {True, False} that satisfies all clauses in C = {c1, . . . , cm}. This
construction directly represents components of Boolean formulas as Bipartite DPS “gadgets”:

• variables (Section 6.4.4),

• clauses (OR gadgets) (Section 6.4.7), and

• the tension gadget (Section 6.4.8), which checks that all clauses are True.

To make these gadgets work, we require further auxiliary gadgets:

• a “True Clock” to break ties between symmetric choices for schedules (Section 6.4.3),

• slot duplication gadgets: D3 duplicators and D6 duplicators (Section 6.4.6).

The overall conversion algorithm is given by Definition 6.4.3 and a worked example is
shown in Figure 6.2.

Definition 6.4.3 Dφ polycules.
The decision polycule Dφ = (P, R, f) is constructed in layers as follows:
(a) Variable layer:

The variable layer consists of a variable gadget with outputs 3iR and 3iB for each variable
xi ∈ X, as well as a single special variable: the True Clock.

(b) Duplication layer:
The duplication layer duplicates outputs of the variable layer: D3 duplicators create one
3iR edge for each xi in clauses cj ∈ C, and one 3iB edge for each occurrence of xi in
clauses cj ∈ C. They also create as many 3R and 3B edges as are needed, while D6

duplicators do the same for 6G and 6P edges. Both male and female constant edges are
created, and unused edges are connected to pendant nodes.

(c) Clause layer:
The clause layer consists of one OR gadget for each clause cj ∈ C. OR gadgets have
three inputs, each corresponding to a literal in cj: 3iR for xi, 3iB for xi. For clauses with
less than 3 literals, 3B edges fill the OR gadget’s unused inputs.
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(d) Tension layer:
The tension layer attaches tension gadgets to all outputs of the sorting layer; any spare
inputs to the tension layer are connected to pendant nodes.

6.4.3 The True Clock & Colour Slots

Figure 6.3 introduces gadgets representing sample variables x1 and x2, as well as a special
variable: the True Clock T , which acts as a drumbeat for the polycule as a whole. Variables,
including T , have four relationships: [3, 3, 6, 6], so their local schedules must all have the
following form: [3a, 3b, 6a, 3a, 3b, 6b]. As schedules are cyclic, we can choose to start this
schedule with the 3a edge of T without loss of generality. We then assign names to these
edges as dictated by the slots they are in:

Definition 6.4.4 Slots.
We call days t ∈ N0 with t ≡ 0 (mod 3) the red slots, days t ≡ 1 (mod 3) blue slots, days
t ≡ 2 (mod 6) green slots, and days t ≡ 5 (mod 6) purple slots.

The local schedule of the True Clock is therefore given by [3R, 3B, 6G, 3R, 3B, 6P ]. As 3R

is scheduled on day 0, it will always be assigned in red slots, with 3B, 6G, and 6P edges also
restricted to slots of their respective colours. We will sometimes represent this by underlining
elements or gaps in a schedule, e.g., [ , , , , , ], or by referring to edges as being
red, blue, green, or purple.

All gadgets introduced below are constructed such that the lengths of their schedules
are integer multiples of 6; in the final polycule Dφ they will be connected (usually through
intermediaries) to the True Clock, such that their edges must stick to certain slots. To keep
correctness proofs of individual gadgets readable, we call a schedule S that schedules all
coloured edges in slots of the given colour slot-respecting.

Drawing Conventions Gadgets are connected by input and output edges, represented
by incoming and outgoing arrows respectively – each arrow corresponding to half of a rela-
tionship between two people from different gadgets. In addition to their frequencies, input
and output edges share restrictions on their permissible schedules, carrying them from one
gadget to another as discussed in the proofs associated with each gadget.

In shorthand gadgets, vertical incoming edges are the primary input to a gadget, encoding
the value of some variable or logical function; horizontal inputs contain edges of fixed colour,
which we will refer to as constants. Similarly, vertical outgoing edges represent primary
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T F6 x1 F6 x26G 6G 6P

6P 3R 3B 31R 31B

6G 6G 6P

32r 32B

6G

T x1 x2

6P 3R 3B

6G 6G 6G 6G

31R 31B

6G

32r 32B

Figure 6.3: Gadgets for the True Clock and for sample variables x1 and x2 (top, left to
right), with shorthand versions shown below. Gadgets are shown connected as they would
be in a sample variable layer, and their colours and schedules are discussed in Section 6.4.3.
Further variables can be added to the right.

outputs that encode the result of the gadget, while horizontal outgoing edges represent
incidentally created constants which may either be used by other gadgets or connected to
pendant vertices.

Some incoming and outgoing edges will have end labels of the form “·i”, indicating i

connections of the given type, each with a different person.
To show that Dφ is bipartite, we assign a gender to each node: male nodes have solid

borders; female nodes have dotted borders. We will also use a directed graph to show the
gender of the originating node: edges coming from male nodes have solid edges, while edges
coming from female nodes will have dotted edges. Note that this convention is only used
to show that the complete graph is bipartite while reasoning about parts of it; when fully
assembled, the overall graph is undirected (as we would expect for polyamorous scheduling).

6.4.4 Variables

Figure 6.3 also introduces the gadget for a sample variable, x1, which again has four re-
lationships: [31R, 31B, 6G, 6P ]. The key property of variable gadgets is summarized in the
following Lemma:

Lemma 6.4.5 Variable gadget schedules.
The xi node in each variable gadget xi has a valid local schedule which must be of the form
[3a, 3b, 6G, 3a, 3b, 6P ] in any slot-respecting global schedule.
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Proof. xi nodes have tasks [31R, 31B, 6G, 6P ] and local density D = 1, so 3iR and 3iB must be
scheduled exactly once in each 3-day period, forcing every 3 days to be of the form [3a, 3b, ],
and every 6-day schedule to be of the form [3a, 3b, , 3a, 3b, ]; this leaves two remaining
slots, which must contain 6G and 6P .

The 6G edge of the first variable node, x1, is shared with T such that it must be green,
so valid schedules for x1 are of the form [3a, 3b, 6G, 3a, 3b, ], which must be completed as
[3a, 3b, 6G, 3a, 3b, 6P ] – a valid schedule for x1.

The 6P edge leaving x1 is then connected to an F6 flipper gadget, which returns a 6G

edge by Lemma 6.4.6. Further variables are each connected to the 6G edge returned from
the F6 flipper gadget of the previous variable gadget, so their schedules must be of the same
form. It therefore follows inductively that each variable gadget xi has a valid schedule, and
that it must be of the form [3a, 3b, 6G, 3a, 3b, 6P ].

In accordance with Lemma 6.4.5, the incident 6G edge is used to restrict the valid sched-
ules for x1, leaving two possibilities: [31R , 31B , 6G, 31R , 31B , 6P ] and [31B , 31R , 6G, 31B , 31R , 6P ].
The former schedule, where 31R is scheduled in red slots, corresponds to a variable assign-
ment where x1 is True, whereas the the second schedule corresponds to x1 being assigned
False.

This technique of connecting 3R, 3B, 6G, or 6P edges to nodes in a gadget in order to
limit their valid local schedules and force relationships between edges, slots, and particular
meanings will be used extensively in what follows.

Note that 3iB has the opposite value to 3iR, so using 3iB edges in the polycule corresponds
to the negated literal xi, just as 3iR edges correspond to the literal xi.

6.4.5 Flippers

Flippers are introduced by Figure 6.4, and are used to ensure that Dφ = (P, R, f) is bipartite
by converting between male and female edges. They allow variable and duplicator gadgets
to each consume a constant, rather than linear, amount of 3B, 6G, and 6P edges.

Lemma 6.4.6 F6 Flipper gadget schedules.
The F6 node in each F6 flipper gadget has a valid local schedule which must be of the form
[3a, 3b, 6G, 3a, 3b, 6P ] in any slot-respecting global schedule.

Proof. Note that F6 flippers and variables share the same tasks: [3, 3, 6, 6]. By the proof
of Lemma 6.4.5, schedules for F6 flippers must be of the form [3a, 3b, , 3a, 3b, ], where
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the remaining slots must contain 6G and 6P edges. The incoming edge, either a 6G or 6P ,
must be in a corresponding slot, forcing schedules to be of the form [3a, 3b, 6G, 3a, 3b, ]
or [3a, 3b, , 3a, 3b, 6P ] respectively. Both must yield the complete and valid local schedule
[3a, 3b, 6G, 3a, 3b, 6P ].

Lemma 6.4.7 F3 Flipper gadget schedules.
The F3 node in each F3 flipper gadget has a valid local schedule which must be of the form
[3R, 3B, 6G, 3R, 3B, 6P ] in any slot-respecting global schedule.

Proof. F3 flipper nodes have two inputs, [3i, 6i] and two outputs, [3o, 6o]. 3i and 6i are
indirectly connected to the True Clock such that 3i must be red or blue, and 6i must be
either green or purple. This forces partial schedules to be of the form [3i, , 6i, 3i, , ] or
[3i, 6i, , 3i, , ]. As F3 nodes have density D = 1, the 6o edge must be placed 3 days
after the 6i edge to avoid violating the condition of the 3o edge, for schedules of the form
[3i, 3o, 6i, 3i, 3o, 6o] and [3i, 6i, 3o, 3i, 6o, 3o] respectively. If 3i is red, 3o will be blue, and vice
versa; similarly, one 6 edge will be purple and the other green. In either case, the resultant
schedule will be valid and of the form [3R, 3B, 6G, 3R, 3B, 6P ].

F6 F66G 6P

3a 3b

6P 6G

3a 3b

F6 F66G 6P 6P 6G

F3 F36G

3B

6P

3R

6P

3R

6G

3B

F3 F36G

3B

6P

3R

6P

3R

6G

3B

Figure 6.4: Four sample flipper gadgets, each with shorthand versions below them: 6G male
to 6P female (top left), 6P female to 6G male (top right), 3B male to 3R female (bottom
left), and 3R female to 3B male (bottom right). Note that F3 flippers act incidentally as F6
flippers, but are used separately in our construction for clarity.
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6.4.6 Duplication of Variables and Constants

Variables may appear in multiple clauses, while the constant 3R, 3B, 6G, and 6P edges are
used in multiple gadgets, engendering a need for the duplication of variables and constants.

3-Duplicators

A gadget for duplicating edges with period 3 is shown in Figure 6.5 and proven to accurately
reproduce its input by Lemma 6.4.8.

F6a

3a

6G 6P 6G

F6 b F6 c F6 d

9b1 9b2 9b3

6P 6P 6P6G 6G 6G 6G

·2 ·2 ·2

3a 9b 3a 9b 3a 9b

D3

·3

3a

6G

3a

6G

Figure 6.5: A gadget for duplicating input edges with frequency 3, with a shorthand version
on the right. Note that the input can be duplicated indefinitely many times by adding
further layers which each use the 9b edges from the previous layer, but the output will
alternate between male and female 3a edges. Odd layers will have female main nodes with
F6 flipper nodes on the right, as shown in the top layer, while even layers will have male
main nodes with F6 flipper nodes on the left, as shown on the bottom layer. 6P edges can be
connected continuously from layer to layer, with the final edge released to another gadget.

Lemma 6.4.8 3-Duplicator gadget schedules.
In any slot-respecting global schedule, the non-flipper nodes in 3-duplicator gadgets D3 have
two forms of valid local schedules, either:

[3a , 9b , 6G, 3a , 9b′ , 6P , 3a , 9b′′ , 6G, 3a , 9b , 6P , 3a , 9b′ , 6G, 3a , 9b′′ , 6P ] or
[9b , 3a , 6G, 9b′ , 3a , 6P , 9b′′ , 3a , 6G, 9b , 3a , 6P , 9b′ , 3a , 6G, 9b′′ , 3a , 6P ].
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Proof. Each non-flipper node in D3 has tasks [3a, 6P , 6G, 9b1, 9b2, 9b3] and has local density
D = 1, so each task with frequency f must appear exactly once every f days. Further, in
any slot-respecting schedule, the 6G edge must be scheduled in green slots, forcing partial
schedules of the form [ , , 6G, , , ].

Considering node a, note that if incident edge 3a is scheduled on a combination of red and
blue days then either it will appear more than once in some 3-day period or its constraint
will be violated. This demonstrates that schedules must be of the form:

[3a , , 6G, 3a , , , 3a , , 6G, 3a , , , 3a , , 6G, 3a , , ] or
[ , 3a , 6G, , 3a , , , 3a , 6G, , 3a , , , 3a , 6G, , 3a , ],

depending on the colour of the incident 3a edge.
Assume towards a contradiction that the 6P edge is not consistently scheduled in purple

slots. This produces the schedules:

[3a , 6P , 6G, 3a , , , 3a , 6P , 6G, 3a , , , 3a , 6P , 6G, 3a , , ] and
[6P , 3a , 6G, , 3a , , 6P , 3a , 6G, , 3a , , 6P , 3a , 6G, , 3a , ],

and their cyclic permutations. Both schedules have two free slots in the first 9 day period,
and four free slots in the second 9 day period – forcing a contradiction when the 9b1, 9b2 and
9b3 edges are added.

Thus, two partial schedules remain:

[3a , , 6G, 3a , , 6P , 3a , , 6G, 3a , , 6P , 3a , , 6G, 3a , , 6P ] and
[ , 3a , 6G, , 3a , 6P , , 3a , 6G, , 3a , 6P , , 3a , 6G, , 3a , 6P ],

In either case, 9b1, 9b2 and 9b3 must occupy the remaining slots, which match the schedules
shown in the Lemma for some mapping of 9b1, 9b2 and 9b3 to 9b, 9b′ and 9b′′ .

Now consider an arbitrary non-flipper node n ̸= a, with an incident 9b node. If the 3a

edge incident to a is red, the schedule for n must be of the form:

[ , 9b , 6G, , , , , , 6G, , 9b , , , , 6G, , , ],
[ , , 6G, , 9b , , , , 6G, , , , , 9b , 6G, , , ], or
[ , , 6G, , , , , 9b , 6G, , , , , , 6G, , 9b , ].

103



In any case, if we schedule the outgoing 3a edge in either blue or purple slots, its constraint
will be violated, so it must be scheduled in the remaining red slots, leading to the following
partial schedules:

[3a , 9b , 6G, 3a , , , 3a , , 6G, 3a , 9b , , 3a , , 6G, 3a , , ],
[3a , , 6G, 3a , 9b , , 3a , , 6G, 3a , , , 3a , 9b , 6G, 3a , , ], or
[3a , , 6G, 3a , , , 3a , 9b , 6G, 3a , , , 3a , , 6G, 3a , 9b , ].

If either the 9b′ edge or the 9b′′ edge is scheduled in the remaining purple slots, it will conflict
with the 6G edge, so the 9b′ and 9b′′ edges must be scheduled in the remaining blue slots,
and the 6P edge must be purple. This leads to full schedules of the form:

[3a , 9b , 6G, 3a , 9b′ , 6P , 3a , 9b′′ , 6G, 3a , 9b , 6P , 3a , 9b′ , 6G, 3a , 9b′′ , 6P ],

which again matches the Lemma. If the 3a edge incident to a is blue instead, the same logic
applies, with all 3a edges also being blue and all 9b edges being red.

6-Duplicators

Figure 6.6 and Lemma 6.4.9 introduce a gadget which duplicates incident 6G or 6P edges.

Lemma 6.4.9 6-Duplicator gadget schedules.
In any 6-duplicator gadget D6P with an input 6P edge, the non-flipper nodes have valid local
schedules, which must be of the form:

[3R, 3B, 12G1, 3R, 3B, 6P , 3R, 3B, 12G2, 3R, 3B, 6P ]

in any slot-respecting global schedule.

Proof. Each non-flipper node in D6P has tasks [3R, 3B, 6P , 12G1, 12G2], giving them density
D = 1; it follows that each task with frequency f must appear exactly once every f days.

Consider node a, which has inputs 3B and 6P . In any slot-respecting schedule these are
scheduled in slots of their respective colours, which forces partial schedules for a to be of the
form [ , 3B, , , 3B, 6P ].

104
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d F3
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3R
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3B 3R 3B6G 6P

6P 6P 12G1
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6P

3B
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6P 12G1

D6p ·2

·2

6P3B

6P

6G

3B
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Figure 6.6: A gadget for duplicating 6P input edges, with a shorthand version on the right.
The gadget consists of a female root node (a), male branch nodes (b, c), and female branch
node (d). The root node consumes one male 6P edge, one female 6P edge, and produces one
male 6G edge; male branch nodes produce one male 6P edge and one female 6P edge while
consuming one male 6G edge; female branch nodes produce one male 6G edge. Constant edges
produced by some node and consumed by some other node are connected in some legal way
not shown, with production and consumption cancelling each other out. The gadget can be
extended by adding a pair of branch nodes, one male and one female, to produce one more
male 6P edge and one more female 6P edge. As shown, male nodes have F3 flippers on their
left, while female nodes have F3 flippers on their right. 6G edges can be duplicated with a
very similar D6G gadget simply by replacing the topmost 6P edge with a 6G edge.
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Exactly two of these slots must be filled by 3R, and if these are not both red slots, the
constraint of 3R will be violated. Thus, the schedule for a must be of the form:

[3R, 3B, , 3R, 3B, 6P , 3R, 3B, , 3R, 3B, 6P ].

Two spaces remain, which must then contain 12G1 and 12G2, as shown in the Lemma.
Now consider an arbitrary female node which is neither a nor a flipper; all such nodes

will have inputs 12Ga and 3R, forcing their partial schedules to be of the form:

[3R, , 12Ga, 3R, , , 3R, , , 3R, , ].

As with a, exactly four of these slots must schedule 3B edges, and these must be the blue
spaces for the 3B constraint not to be violated, forcing schedules of the form:

[3R, 3B, 12Ga, 3R, 3B, , 3R, 3B, , 3R, 3B, ].

Similarly, male non-flipper nodes such as b and c have 12Ga and 3B inputs which force
their partial schedules to be of the form:

[ , 3B, 12Ga, , 3B, , , 3B, , , 3B, ].

We must add 3R edges to exactly four of these slots, and these must be the red slots for the
3R constraint not to be violated, again giving schedules of the form:

[3R, 3B, 12Ga, 3R, 3B, , 3R, 3B, , 3R, 3B, ].

One of these slots must contain the 12Gb edge, with the other two scheduling the 6P edge.
If the 12Gb edge is not scheduled in the remaining green slot, the constraint on the 6P edge
will be violated, so the schedule must be as shown in the Lemma.

Corollary 6.4.10.
Note that by replacing the 6P input edge with a 6G input edge, a D6G replicator will be made
instead that produces 6G edges according to the same logic.
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6.4.7 Clauses

Clauses in C are disjunctions of at most 3 literals, i.e. the logical OR of at most 3 variables xi,
or their negations xi. A gadget which determines the truth value of a clause given the values
of its variables is shown in Figure 6.7. Lemma 6.4.11 shows that the 12O output edges of this
gadget can be blue iff the corresponding clause is evaluated to be True; Definition 6.4.3 and
Lemma 6.4.12 ensure that all 12O edges must be blue in any valid global schedule. Thus, for
Dφ to have a valid schedule, φ must have a satisfying assignment.

I1 I2 I3

31R 32R 33R

OR

121 122 123

3R

f1

f2

61
62

12O

OR

31R 32R 33R

3R

12O

Figure 6.7: A gadget which computes x1 ∨ x2 ∨ x3 (left), along with a shorthand version
(right). To compute x1 ∨ x2 ∨ x3, replace the incoming 33R edge with a 33B edge. To instead
compute x1 ∨ x2, replace the incoming 33R edge with a male 3B edge. Lemma 6.4.11 shows
that the 12O edge can be blue iff at least one input is assigned True, while Definition 6.4.3
and Lemma 6.4.12 show that 12O edges must be blue in any valid global schedule.

Lemma 6.4.11 OR gadget schedules.
Consider an OR gadget whose input edges 31R, 32R, and 33R are either red or blue. There
exists a slot-respecting schedule in which the 12O output edge of this OR gadget is blue iff at
least one of its input edges is red.

While this Lemma only considers the clause x1 ∨x2 ∨x3, all other clauses can be handled
similarly: For a literal xj, we use 3jR as input and for negated literals xj, we instead use
3jB. Clauses with fewer literals also share the same gadget and proof: here, we replace
each unused 3jR edge with a male 3B edge, effectively replacing clauses such as x1 ∨ x2 with
analogous clauses in the form x1 ∨ x2 ∨ ⊥.
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Proof of Lemma 6.4.11. The node labelled OR has tasks [3R, 61, 62, 121, 122, 123, 12O] and
local density D = 1, so each task with frequency f must appear exactly once in every f day
period. Any slot-respecting schedule must assign the 3R edge to red slots, so schedules for
the OR node must be of the form [3R, , , 3R, , ].

Consider an inverter node Ii∈{1,2,3}, which has tasks [3iR, 12i] where 3iR is either red or
blue by assumption. If the input edge of this node, 3iR, is red, then partial schedules for Ii

must be of the form [3iR , , , 3iR , , ] and the 12i edge must be either green, purple,
or blue. Similarly, if 3iR is scheduled in blue slots, then partial schedules for Ii must instead
be of the form [ , 3iR , , , 3iR , ] and the 12i edge must be either green, purple, or
red; however, this 12i edge is also connected to the OR node, which has no empty red slots,
further restricting it to be either green or purple.

Suppose that one input edge, 3tR, is scheduled in red slots, while the others, 3iR and 3i′R,
may be scheduled in either red or blue slots. As 3tR is red, the output of the associated
inverter, 12t, may be blue, green, or purple. Consider the schedule

[3R, 12t , 6a , 3R, 6b , 12i , 3R, 12O , 6a , 3R, 6b , 12i′ ],

observing that 12O is scheduled in blue slots and that the schedule is slot-respecting.
Now suppose that all three inputs, 31R, 32R, and 33R, are scheduled in blue slots. By the

reasoning above, 121, 122, and 123 must now be scheduled in green or purple slots. This will
force schedules for the OR node to be of the form:

[3R, , 12a , 3R, , 12b , 3R, , 12c , 3R, , ] or
[3R, , 12a , 3R, , 12b , 3R, , , 3R, , 12c ],

for some mapping of 121, 122, and 123 onto 12a, 12b, and 12c. Assume towards a contradiction
that the 12O edge is blue, observing an immediate constraint violation when scheduling 61

and 62. This demonstrates that the 12O edge cannot be blue and the schedule for the OR
node must be of the form:

[3R, 6a , 12a , 3R, 6b , 12b , 3R, 6a , 12c , 3R, 6b , 12d ]

(likewise, for some mapping of 121, 122, 123, and 12O onto 12a, 12b, 12c, and 12d). Thus, if
all input edges are blue, then the 12O edge must be either green or purple; it cannot be blue,
confirming the Lemma.

108



6.4.8 Tension

Pdφ is intended to have a valid schedule iff the underlying φ is satisfied by some assignment
of values to its variables. Lemma 6.4.11 shows that the 12O output edge of an OR gadget
can be blue iff the associated clause is satisfied by this assignment. This section introduces
Tension gadgets (shown in Figure 6.8), which ensure that in any global schedule for Pdφ all
12O edges must be blue, and hence that all clauses must be True.

Te

12O1 12O2 12O3 12O4
3R

6G

6P

Te

12O1 12O2 12O3 12O4
3R

6G

6P

Figure 6.8: A gadget (left) which applies tension to four inputs, ensuring that either 12O1,
12O2, 12O3, and 12O4 are scheduled in blue slots or no schedule can be found for Te. To apply
tension to fewer than 4 inputs, connect any unneeded inputs to their own male pendant node.

Lemma 6.4.12 Tension gadget schedules.
Each Tension gadget Te has a valid local schedule iff all 12O input edges are scheduled in blue
slots.

Proof. The single node of each tension gadget Te, as shown in Figure 6.8, has tasks [3R,
6G, 6P , 12O1, 12O2, 12O3, 12O4] and density D = 1, so each task with frequency f must
appear exactly once in every f day period. Further, the 3R, 6G, and 6P edges are indirectly
connected to the True Clock such that they must be scheduled in slots of their respective
colours. Partial schedules for Te nodes must therefore be of the form [3R, , 6G, 3R, , 6P ].
All empty slots in schedules of this form are blue, so the remaining 12O1, 12O2, 12O3, 12O4

edges must be scheduled in blue slots, restricting valid schedules to the form:

[3R, 12Oa , 6G, 3R, 12Ob , 6P , 3R, 12Oc , 6G, 3R, 12Od , 6P ],

for any mapping of 12O1, 12O2, 12O3, and 12O4 onto 12Oa, 12Ob, 12Oc, and 12Od.
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6.4.9 Proof of Reduction

With these preparations we can, at long last, prove Lemma 6.4.1, and hence complete the
proof of Theorem 6.1.3.

Lemma 6.4.1 (restated). 3sat ≤p Bipartite DPS.
For any 3-CNF formula φ with m clauses, we can construct in polynomial time a bipart-
ite decision polycule Dφ which has a valid schedule if and only if all clauses of φ can be
simultaneously satisfied.

Proof of Lemma 6.4.1. Consider a polycule Dφ built from some 3-CNF formula φ = c1 ∧
· · · ∧ cm over variables X = {x1, . . . , xn} using the algorithm defined by Definition 6.4.3.

First, suppose that there is a variable assignment v : X → {True, False} which satisfies all
clauses ci ∈ C. We construct a slot-respecting schedule S for Dφ by combining the following:
(a) At the variable gadget for each xi ∈ X, schedule 3iR in red slots if v(xi) = True and in

blue slots otherwise. This fixes a schedule for all edges in the variable layer.

(b) Lemma 6.4.8 and Lemma 6.4.9 give schedules for duplication gadgets, whose number
should be sufficient to cover the needs of all other gadgets.

(c) As v satisfies all clauses ci ∈ C, each clause has at least one literal (xi or xi) which
evaluates to True. Hence, each clause has one input 3iR or 3iB edge which will be
scheduled in red slots. By Lemma 6.4.11, there therefore exists a valid schedule for each
OR gadget in the clause layer such that the 12O output edge of that gadget is scheduled
in blue slots.

(d) Lemma 6.4.12 shows that this implies a valid schedule for each Tension gadget.
Now, assume that we are given a schedule S for Dφ. By applying Lemma 6.4.5 to the True

Clock, we can assign coloured slots to S. It then follows from the construction of Dφ that
S must be slot-respecting. Set v(xi) = True if S schedules 3iR in red slots and v(xi) = False
otherwise. Lemma 6.4.11 shows that for each ci ∈ C, at least one input edge must be red
for the output edge to be blue; Lemma 6.4.12 shows that all such output edges must be blue
given the existence of S. Thus, all clauses ci ∈ C evaluate to True under v, and the claim
follows.

It remains to argue that our reduction can be realised in polynomial time. The size
of the polycule Dφ is clearly polynomial in the size of the formula, leaving the gadgets
themselves. Variable, OR, and Tension gadgets have both constant size and constant number.
D6 duplicator gadgets are linear in size with respect to the number of 6P and 6G edges
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consumed by the system as a whole, bounded by the number of Tension gadgets, hence by
the number of clauses. Blue D3 duplicator gadgets are linear with respect to the number of
3B edges consumed by OR gadgets, i.e. the number of clauses. 3R edges are consumed by
both Tension gadgets and OR gadgets, but this still leaves the size of their D3 duplicator
gadgets bounded by the number of clauses and hence by the size of the formula. Thus, it is
easy to implement our reduction in polynomial time.

* * * * * *

111



Part II

Multiway Powersort
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Chapter 7

Multiway Powersort

Outline This chapter presents Multiway Powersort: a stable Mergesort variant that ex-
ploits existing runs and finds nearly-optimal merging orders for k-way merges with negligible
overhead. We will demonstrate that our 4-way Powersort implementation can achieve sub-
stantial speedups, both over standard 2-way Powersort and over other stable sorting methods
without compromising the optimally run-adaptive performance of Powersort.

Section 7.1 is a general introduction to the topic, including a brief account of the develop-
ment of adaptive sorting methods, a summary of results, and a review of relevant literature.
Section 7.2 introduces key ideas and terminology: Shannon entropy, memory-transfers, and
definitions pertaining to run-adaptive Mergesort. Section 7.3 defines k-way Powersort, shows
examples of 2-way and 4-way Powersort, and proves several theoretical results. Section 7.4
describes our implementation and experiments, introduces the key idea of sentinels, and
provides strong evidence for 3 hypotheses – compared with 2-way Powersort:

1. 4-way Powersort can yield significant performance improvements;

2. Scanned elements are a good predictor for this speedup;

3. 4-way Powersort halves the merge cost of 2-way Powersort.

Section 7.5 concludes the chapter with a summary.
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7.1 Introduction
Sorting a list of items is one of the foundational problems of computer science and is studied
in a wide variety of contexts, from sorting punch-cards in the early 1900s [Hol89; Hol17] to
sorting databases today [Kuh+25]. Here we will focus on a simple modern context: internal
comparison-based methods for sorting relatively simple objects using a single core on a single
machine. Prominent sorting algorithms include Quicksort and Mergesort, for which highly
engineered implementations exist. While Quicksort is typically faster, Mergesort has the
optimal Θ(n log(n)) worst-case behavior and is stable, i.e., it preserves the relative order of
elements that compare equal under the sorting criterion. Stability is a central requirement
in many programming libraries, for example, the Java runtime library requires the sorting
method for objects to be stable. Indeed, the need for a fast and stable general-purpose
sorting method for the CPython reference implementation of the Python programming lan-
guage motivated Tim Peters to develop a widely adopted variant of Mergesort, known as
Timsort [Pet02].

Apart from its stability, Mergesort is also particularly well-suited for adaptive sorting,
i.e., for saving effort when the input is already partially sorted (see also Section 7.2). Again,
Timsort did pioneering work in bringing adaptive sorting to most modern standard libraries
(including Python, Java, Android runtimes, the V8 Javascript engine, Rust, Swift, Apache
Spark, Octave, and the NCBI C++ Toolkit), giving users linear complexity for sufficiently
sorted inputs.

More specifically, Timsort takes advantage of existing runs: contiguous regions of the
input that are already in sorted order. Timsort detects such runs on the fly and maintains
a stack of runs yet to be merged. When the next run is found, a particular merge policy
triggers a (potentially empty) sequence of merges before that new run is added to a stack;
this merge policy determines which merges are included. Since the runs in the input can
vary wildly in length, the chosen merge order can have a huge impact on efficiency. Consider
as an indicative example an input with one run of length n/2 and n/4 runs of length 2.
Repeatedly merging the long run with one small run would take Θ(n2) overall time, whereas
first merging all small runs into a single run (using a balanced tree) and then combining this
run with the original long run is much cheaper: Θ(n log n) time.

Despite its overwhelming success in practice, increased scrutiny revealed several issues
with the original merge policy of Timsort: First, an algorithmic bug allowed the run stack to
grow larger than anticipated, twice leaving widely deployed libraries vulnerable to memory

114



access violations when sorting adversarial inputs1 [Gou+19; Aug+18]. Second, when com-
pared with an optimal merge policy, Timsort incurs an overhead of up to 50% for certain
inputs [BK19; Aug+18; Aug+18] with noticeable effects on running times [MW18]. These
deficiencies have sparked a flurry of publications suggesting possible alternatives [Aug+18;
MW18; BK19; Jug24], some with much stronger efficiency guarantees. After proving ef-
ficient in running time studies [Pet+18], Powersort [MW18] has now replaced Timsort’s
original merge policy in CPython, PyPy, and AssemblyScript [Pet21].

Multiway algorithms have also seen recent adoption, with a surprising change in the Java
runtime library’s unstable method for sorting primitive-typed arrays. There, a state-of-the-
art implementation of classic Quicksort – the standard sort for decades – was replaced in
2011 by a novel dual-pivot variant after the latter proved 10% faster in practice[Wil12].
Detailed analysis revealed that the observed speedup is due to memory transfers: dual-pivot
Quicksort profits from savings in “scanned elements”, the number of touched memory cells
not in cache [Kus+13; ADK16; NWM16]. Since improvements in CPU speed have outpaced
improvements in memory bandwidth for several decades, it now pays to avoid memory
transfers in internal sorting, even at the expense of slightly increasing effort inside the CPU
or running more complicated code [ADK16; Wil16]. Multiway partitioning in Quicksort and
multiway merging in Mergesort do exactly that; by getting more of the sorting task done
in one pass over the data, the overall volume of data transferred between the memory and
the CPU is reduced. Abstract cost measures such as scanned elements and the less general
“merge cost” (the total length of the output from a merge method) have proven appropriate
to capture the corresponding effects.

We will use merge cost and scanned elements somewhat interchangeably because they
will always be proportional in our algorithms and implementations; this is not, however,
generally true. Merging a run of length a with a run of length b will always have a merge
cost of a + b, but the number of scanned elements will depend on the merge method. a and
b will both be scanned while being merged; our methods copy them both to a cache before
merging, for a total of 2(a + b) scanned elements. If we copied only the shorter run to the
cache like Timsort does, the number of scanned elements would instead be a + b + min(a, b),
but this would add complexity and gives diminishing returns with multi-way merging.

While multiway merging is an elementary trick of the trade to reduce the memory-transfer
cost in Mergesort, applying it to state-of-the-art adaptive sorting methods is a delicate task:

1although Java is memory-safe, so attempts to overflow the allocated memory should only result in a
failed sort
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to not forsake the gains on partially sorted inputs, we have to generalize the policy for
deciding which runs to merge. Indeed, in the case of Timsort it seems quite unclear how
to utilize multiway merges; Timsort’s local rules are tailored to 2-way merges. Apart from
Peeksort and Powersort, the same is true for all other practical methods suggested to replace
Timsort, in particular adaptive Shivers Sort [Jug24] and α-MergeSort [BK19]. By contrast,
Powersort is based on a principled construction, mimicking nearly-optimal binary search tree
algorithms – this allows us to present a multiway generalization.

Powersort has two principal inspirations: Like Timsort, it scans the input from left to
right, merging runs somewhat lazily by maintaining a logarithmic stack of merges delayed
until their time is right. This substantially reduces the working memory requirements of
these methods, and with it the rate of cache misses – improving performance. From the
Huffman-Merge of Burge [Bur58], Golin & Sedgewick [GS93], Takaoka [Tak98], Barbay &
Navarro [BN09], and Chandramouli & Goldstein [CG14] it takes the idea of conforming a
merge tree to a well studied data structure (though it replaces Huffman trees with nearly-
optimal binary search trees), as well as guarantees in terms of run-length entropy (defined
in Section 7.2).

7.1.1 Results

In this chapter, we show how to use multiway merging in nearly-optimal Mergesort vari-
ants and that significant performance improvements result from that. More precisely, our
contributions are as follows:

(1) We design k-way Powersort, a provably optimal generalization of Powersort which
simultaneously merges k runs wherever this is possible. To our knowledge, this is the first
run-adaptive multiway Mergesort variant presented in the literature. We prove that – just
like standard 2-way Powersort – k-way Powersort uses ≤ n ·H+3n comparisons to sort a list
of n elements, where H is the run-length entropy when k is a power of two(Theorem 7.3.3);
this is optimal in the worst case. We furthermore show that the asymptotic worst-case merge
cost for k-way Powersort is a factor log2(k) smaller than for 2-way Powersort. Here the merge
cost counts the total number of output elements of all merges conducted by an algorithm
and thus approximates the amount of memory transfers in Mergesort variants.

(2) We engineer an efficient implementation of 4-way Powersort in C++ and demonstrate
in an extensive running time study that it realizes performance improvements between 15%
and 20% over standard 2-way Powersort. This observation is robust against changes of
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the size of elements to be sorted (we compare both integer and record data) and different
amounts of presortedness of the input. Besides wall-clock running times, we determine
scanned elements and cache performance in valgrind/cachegrind to explain the observed
speedup.

(3) We confirm that the results reported in [MW18] for Java implementations of the
algorithms are reproducible in a low-level implementation.

7.1.2 Related Work

Adaptive sorting algorithms are those which exploit some kind of structure in the input to
improve their performance. They date back to methods from the 1950s [Bur58] that sort
faster when the number of inversions is small. A systematic treatment of adaptive sorting
algorithms, including several other measures of presortedness (e.g., the number of inversions,
the number of runs, and the number of shuffled up-sequences), the relationship between
them, and how to sort adaptively w.r.t. these measures is discussed by Estivill-Castro and
Wood [EW92].

In addition to introducing Powersort and Peeksort, Munro and Wild give a more up-to-
date survey of adaptive sorting and tell the story of Timsort in their 2018 paper [MW18].
Since then, Buss and Knop [BK19] pointed out the suboptimal worst-case of Timsort’s
merge policy, and several papers suggested alternatives [Aug+18; Jug24; MW18]. The most
noteworthy of these is Adaptive Shivers Sort [Jug24], which shares many favorable properties
with Powersort and proves the existence of a merge policy that is optimal up to an O(n)
term in the theoretical model of Buss and Knop [BK19]. It is not clear whether Shivers Sort
can easily be generalized to multiway merging.

Another key paper studies Timsort’s galloping merge method in detail: Ghasemi et
al. [Gha+25] show that most Mergesort variants can sort in H∗n + O(n) comparisons when
using a galloping merge, where H∗ is the “dual-run-length entropy” (which is at most the
classical entropy of multiplicities of equal elements). Note that for sorting arrays, gallop-
ing only saves on comparisons; one still has to move elements around. The improvements
obtainable from galloping merges are thus largely orthogonal to our work.
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7.2 Preliminaries
If considering a bottom-up approach for Mergesort, one can take advantage of continuous
regions of the input that are already sorted. We call such a region a run and define both
maximal weakly increasing (i.e., non-decreasing), and strictly decreasing regions as runs –
the latter can easily be reversed without causing stability issues. We will always denote the
number of runs in the input by r and their respective lengths by L0, . . . , Lr−1, such that
L0 + · · · + Lr−1 = n holds. From an algorithmic point of view, the unique partitioning of the
input into sorted segments (runs) can be found by an initial scan of the input.

7.2.1 Lower Bound

The binary Shannon entropy H often shows up in lower bounds for the cost of sorting: For
p1, . . . , pm ∈ (0, 1) with p1 + · · · + pm = 1 we define H(p1, . . . , pm) = ∑

pi lg(1/pi), where
here and throughout lg = log2.

Theorem 7.2.1 [BN13, Thm. 2].
Sorting a list of n elements with initial runs of lengths L0, . . . , Lr−1 requires H(L0

n
, . . . , Lr−1

n
)n−

O(n) comparisons in the worst case.

Where the run lengths are clear from the context, we will use H to abbreviate H(L0
n

, . . . , Lr−1
n

).

7.2.2 Merging and its Memory-transfer Cost

Merging describes the process of combining two or more sorted lists (i.e., runs) into a single
sorted list containing the same elements, by means of pairwise comparisons of these elements.
All of our merge methods retain the input runs in a buffer area and produce the merged
output in another area; in-place methods exist, but their time overhead renders them un-
competitive for our purposes. Important metrics for merging methods include the number of
key comparisons and the number of scanned elements, i.e., memory accesses (read or write)
that are not served from cache [NWM16].

Merging can be achieved by iteratively finding the minimum among the smallest remain-
ing elements of the runs and moving it to the output. When merging k input runs at once,
maintaining a tournament tree [Knu98] of the run minima (initialized using k − 1 comparis-
ons) allows us to find the next output element after ⌈lg(k)⌉ or ⌊lg(k)⌋ comparisons. This lets
us merge k runs with n total elements using at most ⌈lg(k)⌉n+k −1 comparisons; unless the
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input runs are of very different lengths, this strategy is essentially optimal (for worst-case
comparison cost). When the input runs already reside in the buffer area, we can assume
that each element is “scanned” exactly twice (fetched once and output once); it can be read
and compared many times, but these accesses can be assumed to be cached (for moderate
k).

7.2.3 Run-adaptive Mergesort

Mergesort operates by successively merging runs until only a single one remains. To get
started, classic top-down Mergesort considers each individual element as a trivial run. An
adaptive (i.e., run-adaptive) Mergesort instead finds contiguous segments of the input that
are already in order.

Since both scanned-element count and comparison count are linear in the output size of
a merge (for fixed k and sufficiently long runs), a convenient abstract measure to compare
different Mergesort variants is the merge cost [BK19], defined as the total size of the outputs
of all the merges.

Let R0, . . . , Rr−1 be the runs in the input, recalling that Li denotes the length of Ri. Any
stable run-adaptive Mergesort can be described as a merge tree T : an ordered, rooted tree
with leaves R0, . . . , Rr−1 (appearing in that order from left to right). Each internal node v

of T corresponds to the result of merging its children; we write M(v) for the total length of
the result of that merge. The total merge cost of T is then M = M(T ) = ∑

v∈T M(v). T

is a k-way merge tree if all its nodes have degree at most k. Note that it is not generally
possible to have all merge-tree nodes combine exactly k runs, therefore a k-way merge tree
is allowed to contain nodes of smaller degree (though we do not allow unary nodes).

We further denote by Bi the boundary between the (i−1)st and ith run (i = 1, . . . , r−1).
In binary merge trees (k = 2), there is a one-to-one correspondence between the Bi and the
(inner/non-leaf) merge-tree nodes; for multiway merging, this becomes many-to-one: each
merge-tree node v of degree d is associated with exactly d − 1 (not necessarily adjacent) run
boundaries B(v, 1), . . . , B(v, d − 1); conversely each run boundary Bi is assigned to exactly
one merge-tree node m(Bi).

Let di be the depth of leaf Ri in T , where depth is the number of edges on the path
to the root. Every element in run Ri is counted exactly di times in ∑

v M(v), so we have
M = ∑r−1

i=0 di · Li.
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7.3 Multiway Powersort
We now introduce Powersort’s merge policy for general k-way merging. We expressly in-
clude the special case k = 2 here; the resulting merge policy is equivalent to Powersort
from [MW18].

7.3.1 Intuition and the Merge Tree

Let k ≥ 2 be fixed, and first assume for ease of presentation that n = km, m ∈ N. The
intuition behind Powersort is to imagine a complete k-ary tree TV sitting on top of the array,
where each element A[i] of the input corresponds to a leaf of TV . TV corresponds to the
merge tree of a non-adaptive k-way Mergesort (starting with individual elements). Now
each run boundary Bj also corresponds to an (inner) node w of this (virtual) k-ary tree TV ,
namely the lowest common ancestor of the two leaves adjacent to Bj.

We cannot follow TV if we want to retain all existing runs, as most will usually straddle
node boundaries; instead, we will use the depths dw of the nodes of TV as a guide: Any
non-leaf node w in TV splits a range of the array into k segments. At the k − 1 boundaries
between these segments, we draw a vertical bar of height m − dw (see Figure 7.1). Then, we
assign each boundary Bj its midpoint interval: the horizontal interval from the middle of
Rj−1 (exclusive) up to the middle of Rj (inclusive). Midpoint intervals are shown in blue in
Figure 7.1. Now, the power Pj of Bj is defined as the depth dw of the node w contributing
the tallest vertical bar inside Bj’s midpoint interval (Definition 7.3.1).

Since the midpoint intervals are disjoint, each vertical bar is assigned at most one Bj,
and so each node w in TV is assigned at most k − 1 run boundaries. These k − 1 run
boundaries define one merge-tree node v(w); the collection of v(w) forms the k-way merge
tree T of Powersort. Intuitively, T is a good merge tree since it uses boundaries as close to
the perfectly balanced TV as is possible while respecting existing runs.

Note that going from 2-way powers to 4-way powers as in Figure 7.1 corresponds to a
simple transformation: We “squish” pairs of adjacent levels of 2-way powers into one layer of
4-way powers: P

(4)
i = ⌊(P (2)

i − 1)/2⌋ + 1. We thus obtain the merge tree of 4-way Powersort
from the one for 2-way Powersort by letting all nodes at even depth absorb their children
(and adopt their grandchildren and great grandchildren).

When n is not a power of k, the virtual tree TV does not align with element boundaries,
but we can treat the array and its runs as continuous intervals, working in the same way.
An example of this is shown in Figure 7.2. Formally, we map the array to the unit interval,
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Figure 7.1: Example merge tree for Powersort (top) and 4-way Powersort (bottom) for an
input of size n = 16: Run boundaries are mapped (grey arrows) to nodes of a (virtual)
perfectly balanced binary resp. 4-ary tree TV (shown in light red), which has the array
elements as its leaves. The midpoints of two adjacent runs form the horizontal range in
which this node is allowed to move; it then “snaps” to the highest pole in that range.
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Bi

0 1k−p

ai bi

ℓi−1 ℓi

Pi ≤ p

Figure 7.3: Illustration of the power of a run boundary. Since there is an orange tick
inside the midpoint interval, we obtain P

(k)
i ≤ p; in the example, the midpoint interval is

(ai, bi] = (0.225, 0.475], k = 4 and p = 1, so P
(4)
i = 1.

partitioned by the runs to define the power of run boundaries:

Definition 7.3.1 Run Boundary Power.
Let k ≥ 2 be fixed. For run lengths L0, . . . , Lr−1, set ℓi = Li/n. For 1 ≤ i < r, let Bi be the
run boundary between the (i − 1)st and ith run. The (k-way) power of Bi is

P
(k)
i = min

{
p ∈ N :

⌊
ai · kp

⌋
<
⌊
bi · kp

⌋}
,

where ai =
i−1∑
j=0

ℓj − 1
2ℓi−1, bi =

i−1∑
j=0

ℓj + 1
2ℓi.

We drop the superscript when k is clear from context. Figure 7.3 illustrates Defini-
tion 7.3.1. Intuitively, ai is the normalized distance between the left hand side of the input
and the middle of the run before Bi and bi is the normalized distance between the left hand
side of the input and the middle of the run after Bi.

Based on (just) P1, . . . , Pr−1, we can recover the merge tree T by recursively finding all
occurrences of the smallest occurring power and using these run boundaries as the splitting
points for recursion. The pseudocode in Algorithm 7.1 makes this concrete.

This is just a conceptual algorithm; Multiway Powersort will produce the same merge tree
as KwayTreek(A[0..n)), but without having to search for minimal powers explicitly or even
knowing all runs and powers at any point in time (as described below). KwayTreek makes
it obvious that Pj is the “intended” depth of m(Bj) since we combine nodes recursively by
increasing power. Nodes can end up higher in the merge tree if not all power values occur.
Since we count edges for the depth, but powers start at 1, this yields the following useful
inequality:

Fact 7.3.2.
depth(m(Bj)) ≤ Pj − 1.
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KwayTreek(A[b..e))
1 Let s0 = b, s1, . . . , sr−1, sr = e be the start indices of runs in A[b..e)
2 Let P1, . . . , Pr−1 be the boundary powers
3 {i1, . . . , im} = arg min{Pi : i ∈ [1..r)}
4 i0 = s0; im+1 = sr

5 for j = 0, . . . , m
6 KwayTreek(A[ij ..ij+1)) // recurse
7 end for
8 Merge(A[i0..i1), . . . , A[im..im+1))

Algorithm 7.1: Conceptual algorithm to compute the merge tree of k-way Powersort.

A simple proof by induction shows that in each recursive call of KwayTreek(A[0..n)),
we have m ≤ k − 1, so we are merging at most k runs at once.

7.3.2 k-way Powersort

Powersort is presented in Algorithm 7.2. Like Timsort, it processes the merge tree from left
to right. We maintain a stack S of runs and powers, subject to the invariant that powers are
weakly increasing in S (from bottom to top). When the next run boundary Bi has a power Pi

larger than or equal to S.top(), we push (Ri−1, Pi) onto S and continue. Otherwise, we merge
Ri with all runs on S with power equal to S.top(); this is a key difference from standard
Powersort, where we always merge with S.top(). We repeatedly perform such merges until
we can push (Ri−1, Pi) onto S without violating the invariant.

The definition of k-way powers ensures that there are at most k − 1 equal powers on S

at any time, so all merges executed in the above process combine at most k runs. Once all
run boundaries have been treated that way, the remaining stack is merged top to bottom
(similar to Timsort).

7.3.3 Analysis

We state a few properties about Multiway Powersort, most importantly a bound on its merge
cost. The case where k = 2 has been covered in [MW18], but the following self-contained
proof is arguably more direct:

Theorem 7.3.3.
The merge cost of k-way PowerSort is M ≤ 1

lg(k)H(L0
n

, . . . , Lr−1
n

)n + 2n and the number
of comparisons C ≤ ⌈lg k⌉

lg k
H(L0

n
, . . . , Lr−1

n
)n + (1 + 2 ⌈lg k⌉

lg k
)n + (k − 1)r.
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KwayPowerSortk(A[0..n))
1 S := empty stack // capacity (k − 1)⌈logk(n) + 1⌉
2 b1 := 0
3 e1 = FirstRunOf(A[b1..n))
4 while e1 < n
5 b2 := e1
6 e2 := FirstRunOf(A[b2..n))
7 P := Powerk(n, b1, e1, b2, e2)
8 while S.top().power > P
9 P ′ := S.top().power

10 L := empty list
11 L.append(S.pop())
12 while S.top().power == P ′

13 L.append(S.pop())
14 end while

// merge runs in L with A[b1..e1)
15 (b1, e1) := Merge(L, A[b1..e1))
16 end while
17 S.push(A[b1, e1), P )
18 b1 := b2
19 e1 := e2
20 end while // Now A[b1..e1) is the rightmost run
21 while ¬S.empty()

// pop (up to) k − 1 runs, merge with A[b1..e1)
22 (b1, e1) := Merge(S.pop(k − 1), A[b1..e1))
23 end while

Powerk(n, b1, e1, b2, e2)
1 n1 := e1 − b1; n2 := e2 − b2; p := 0
2 a := (b1 + n1/2)/n; b := (b2 + n2/2)/n
3 while ⌊a · kp⌋ == ⌊b · kp⌋ do p := p + 1 end while
4 return p

Algorithm 7.2: Multiway Powersort pseudocode. The function FirstRunOf finds the left-
most run in an array and returns its endpoint.
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Proof. We actually show M/n ≤ ∑r−1
i=0 ℓi⌈logk(1/ℓi) + 1⌉, which implies the claim. We start

with the expression from Section 7.2.3 for the merge cost: M = ∑r−1
i=0 di · Li where di is the

depth of leaf Ri in T . Since Ri is a leaf, it must be the (direct) child of either m(Bi) or
m(Bi+1) in T and hence di = 1 + max{depth(m(Bi)), depth(m(Bi+1))}; by formally setting
depth(m(B0)) = depth(m(Br)) = 0, this equality holds for all i = 0, . . . , r − 1. Now,
Fact 7.3.2 yields di ≤ P̂i, i = 0, . . . , r − 1, where P̂i := max{Pi, Pi+1} and we similarly set
P0 = Pr = 0. So we have M/n ≤ ∑r−1

i=0 ℓiP̂i.
We will now show that k−p ≤ ℓi/2 implies P

(k)
i ≤ p. It is easy to see that with ai and

bi as in Definition 7.3.1, we have P
(k)
i = min{p : ∃c ∈ N : c · k−p ∈ (ai, bi]}; (cf. Figure 7.3).

It suffices to note that |(ai, bi]| ≥ ℓi/2 and whenever k−p ≤ |(ai, bi]| is given, (ai, bi] clearly
contains a value ck−p (an orange “tick” in Figure 7.3). Note that since |(ai+1, bi+1]| ≥ ℓi/2
similarly holds, the above argument also shows that k−p ≤ ℓi/2 implies P

(k)
i+1 ≤ p.

Now, k−p ≤ ℓi/2 iff p ≥ logk(1/ℓi) + 1, so setting p = ⌈logk(1/ℓi) + 1⌉ implies that
condition and hence P

(k)
i ≤ ⌈logk(1/ℓi)⌉ + 1 as well as P

(k)
i+1 ≤ ⌈logk(1/ℓi)⌉ + 1; hence P̂i ≤

⌈logk(1/ℓi)⌉ + 1. Inserting this into M/n ≤ ∑r−1
i=0 ℓiP̂i gives M/n ≤ ∑r−1

i=0 ℓi⌈logk(1/ℓi) + 1⌉
as claimed.

For the number of comparisons, recall that the tournament-tree merge uses ≤ ⌈lg(k)⌉
comparisons per output element, except for the first output element of each merge, where
we initialize the tournament using k − 1 comparisons. Let µ be the number of merges; the
exact number depends on the merge policy, but ⌈ r−1

k−1⌉ ≤ µ ≤ r − 1. Including the n − 1
comparisons to find runs, we overall spend C ≤ M · ⌈lg k⌉ + µ · (k − 1 − ⌈lg k⌉) + n − 1.
Inserting the bound for M , we obtain the claimed C ≤ ⌈lg k⌉

lg k
· (Hn + 2n) + (k − 1)r + n

comparisons.

Remark 7.3.4.
We note that the analysis of C could be slightly sharpened, but we are mostly interested in
the case where k is a small power of two; there, the above bound is tight up to lower order
terms.

Remark 7.3.5.
For k = 2, the bounds simplify to Thm. 5 of [MW18], for which we above give an alternative
proof that is entirely self-contained and elementary.
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Proposition 7.3.6.
The maximal stack height for k-way Powersort is (k − 1)⌈logk(n) + 1⌉.

Proof. We use that Pi ≤ ⌈logk(1/ℓi) + 1⌉ (see above); since ℓi ≥ 1/n, we obtain 1 ≤
Pi ≤ ⌈logk(n) + 1⌉. So there are ⌈logk(n) + 1⌉ different possible values for Pi. The run
stack S is weakly increasing and can contain at most k − 1 entries with equal power, so
|S| ≤ ⌈logk(n) + 1⌉(k − 1).

7.3.4 k-way Peeksort

Peeksort, the other algorithm from [MW18], can also be generalized to k-way merges, as
shown in Algorithms 7.3 and 7.4. This is a top-down version of multiway Mergesort, produ-
cing a similar merge tree to multiway Powersort.

2-way Peeksort uses a single midpoint and finds the run boundary closest to it; instead,
we use k − 1 equidistant midpoints and use their closest run boundaries to bound further
recursive calls. These midpoints are scanned from left to right, recursing as necessary, with
the start of each run stored in a merge stack S until the end of the pass. In 2-way Peeksort,
known initial or final runs can cover the whole input, contain the midpoint, or neither;
likewise, discovered runs can cover the whole input, be left-aligned, or be right-aligned.

Each case of 2-way Peeksort has an analogous case in the k-way version, but the extra
midpoints add several subtleties: If the known initial run A[l..e] or known final run A[s..r]
contains a midpoint, then they must be at least ⌊ r−l

k
⌋ long, and we treat them as resolved

regions by sending them to the merge stack S (the cases LongInitial and LongFinal of
Algorithm 7.4). If we discover a run containing multiple midpoints, this is at least as long
and should be treated in the same way (lines 5-13 of LeftAligned, again in Algorithm 7.4).

We expect that k-way Peeksort will give similar analytical guarantees to k-way Powersort,
but will have worse practical performance due to the increased overheads inherent to top-
down algorithms:

Conjecture 7.3.7.
The merge cost of k-way PeekSort is M ≤ 1

lg(k)H(L0
n

, . . . , Lr−1
n

)n + O(n) and the number
of comparisons C ≤ ⌈lg k⌉

lg k
H(L0

n
, . . . , Lr−1

n
)n + O(n, k, r).
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KwayPeekSortk(A[l..r], e, s)
1 if e == r or s == l then return
2 for i ∈ [1..k)
3 mi := l + i⌈ r−l

k ⌉ // the k − 1 midpoints
4 end for
5 S := empty stack // capacity k

6 S.push(l)
7 c := e
8 i := 1
9 if mi ≤ e

10 S, c, i := LongInitial(e, m, S, c, i)
11 end if
12 while i < k
13 if mi ≥ s
14 LongFinal(A, r, s, S, c)
15 return
16 end if

// discover the run A[a..b] containing index mi

17 a := ExtendRunLeft(A, mi, l)
18 b := ExtendRunRight(A, mi, r)
19 if a == l and b == r then return
20 if mi − a ≤ b − mi

21 S, c, i :=LeftAligned(A, r, m, S, a, b, c, i)
22 else
23 S, c, i :=RightAligned(A, r, S, a, b, c, i)
24 end if
25 end while
26 KwayPeekSortk(A[S.top..r], c, s)
27 Merge(A, S, r)

Algorithm 7.3: Multiway Peeksort pseudocode. A[l..r] is the domain, A[l..e] is the known
first run, and A[s..r] is the known last run; the initial call is KwayPeekSortk(A[1..n], 1, n).
S contains the first index of each run waiting to be merged, while c is the last character of the
known first run for the next recursive call (becoming the e for that call). Methods for handling
nontrivial runs are shown in Algorithm 7.4; LongInitial and LongFinal handle long runs
(those which contain multiple midpoints), while LeftAligned and RightAligned handle
runs whose midpoints are closer to the left or right edge respectively.
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LongInitial(e, m, S, c, i)
1 S.push(e + 1)
2 c := e + 1
3 while mi ≤ e
4 i := i + 1
5 end while
6 return S, c, i

LongFinal(A, r, s, S, c)
1 KwayPeekSortk(A[S.top..s − 1], c, s − 1)
2 S.push(s)
3 Merge(A, S, r)

LeftAligned(A, r, m, S, a, b, c, i)
1 KwayPeekSortk(A[S.top..a − 1)], c, a − 1)
2 S.push(a)
3 c := b
4 i := i + 1
5 if mi ≤ b // handle a long discovered run
6 if b < r
7 S.push(b + 1)
8 c := b + 1
9 end if

10 while mi ≤ b
11 i := i + 1
12 end while
13 end if
14 return S, c, i

RightAligned(A, r, S, a, b, c, i)
1 KwayPeekSortk(A[S.top..b], c, a)
2 c := b
3 i := i + 1
4 if b + 1 ≤ r
5 S.push(b + 1)
6 c := b + 1
7 end if
8 return S, c, i

Algorithm 7.4: pseudocode for functions which handle four cases encountered in Al-
gorithm 7.3, which implements Multiway Peeksort.
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7.4 Results
This section describes our empirical results around Multiway Powersort.

7.4.1 Implementations and Compilation

We have implemented 2-way and 4-way Powersort in C++ and engineered both for per-
formance under the GNU Compiler Collection. We also compare them to a few standard
algorithms including std::sort and std::stable_sort from the GNU implementation of
the C++ Standard Library. Key parts of the code are shown in Appendix B, and the full im-
plementations, including instructions to reproduce our running-time study, are available on
GitHub: https://github.com/sebawild/powersort. We comment on a few implementa-
tion details that are relevant for the running-time comparisons.

Tournament tree For 4-way merging, we use a tournament tree with 3 internal nodes.
We represent it as a winner tree, i.e., each node stores the run contributing the smaller
element among its two children; more specifically, each node stores a pointer to the first
element of a run that has not been output yet. The root additionally stores whether the
minimum there came from the left or right subtree. That way each element moved to the
output entails 2 tournaments (node recomputations), and we know which ones these are.
Since our tournament tree is small and will entirely reside in registers, directly accessing the
two children of a node for playing a match is very inexpensive, so there seems to be little
benefit from using a loser tree instead of the simpler winner tree. Whenever an element of
a run enters the tournament tree (because it has won against its sibling run), we already
advance the pointer for the leaves of the tournament tree; this decouples the advancement
of the pointer from writing the output.

Sentinel values We implemented merging methods that assume the availability of a value
that is strictly larger than any element in the list to be sorted, usually +∞. Such values
are often available: floating-point types directly support them, integer types may require
that the maximum value is reserved for this use, while strings and characters may be able
to use the null character. We can place such a sentinel value at the end of runs to avoid a
pointer comparison in the inner loop of the merging methods, which saves a few instructions
and branches per iteration. Below, we report on results for algorithms with and without
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sentinels, and we also propose a method for extending the range of keys with which sentinels
can be used in Section 8.1.4.

Sentinel-free merging by stages When a type does not (efficiently) support a +∞
value, it can be beneficial to have a merge method that does not use sentinels. For 2-
way Powersort, a trivial such merge implementation is only slightly slower overall than using
sentinel-based 2-way merge. For 4-way merging using tournament trees, there are many more
cases to distinguish (which runs are empty), making a trivial implementation inefficient. We
combine two tricks to improve upon that: First, we merge in “stages” where a stage ends
whenever one run is exhausted. This allows us to reduce the number of cases to distinguish in
the code (at the expense of longer code). Second, if s is the length of the shortest remaining
(nonempty) run, we can clearly do at least s iterations without checking boundaries, after
which we recompute s. When s reaches 0, we know that the current stage is over. “4-way
Powersort (no sentinel)” uses merging by stages.

Buffer for runs All our merge methods have an in-place interface, i.e., they produce the
merged result in the array initially occupied by the input runs (and assume those to be
adjacent), but they use a linear-size buffer for efficient merging. Most methods copy all runs
to the buffer (which tends to give the fastest code for the merging phase), but we also include
a 2-way method that only copies the smaller run to the buffer and merges “into the gap” (a
standard trick used, e.g., in Timsort). This method does not use sentinels.

Minimal run length All our Mergesort variants use Insertionsort on subproblems of size
≤ 24; for Timsort-based methods like Powersort, this means that when a new run is found
with fewer elements, it is extended to 24 elements.

7.4.2 Experimental Setup

The experiments were run on a PC running Ubuntu 20.04.4 LTS. The CPU has 4 cores
running 2 hyperthreads each and 16 GB of main memory. The model of the CPU is Intel(R)
Core(TM) i7-4790 CPU @ 3.60GHz. Each core has a private level-1 cache with 32KB for
data and 32KB for instructions and a unified level-2 cache of 256KB. Moreover, there’s a
shared level-3 cache of 8MB. All caches are organized into 64B cache lines and are 8-way
associative; the level-3 cache is 16-way associative.
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The experiments use g++ from the GNU Compiler Collection 9.4.0, specifically Ubuntu
9.4.0-1ubuntu1 20.04.1, with optimization flags -Ofast -march=native -mtune=native.
(Results did not change noticeably when using -O3 instead.)

7.4.3 Hypothesis 1: 4-way Powersort can yield significant per-
formance improvements

To test this hypothesis, we conducted a running-time study varying several dimensions to
investigate the speedup obtainable from 4-way merging in Powersort.

As an indicative first scenario, Figure 7.4 shows normalized running times for sorting a
mildly presorted list of ints (as in [MW18]): across four orders of magnitude of input sizes,
4-way Powersort is consistently around 20% faster. Figure 7.5 shows that the distribution
of running times is concentrated around the mean, showing a robust difference. Figure 7.4
also shows that adaptive mergesort methods outperform the Quicksort-based std::sort.

4 5 6 7 8

1.4

1.6

1.8

2.0

2.2

running time (int, random runs) 4-way Powersort

4-way Powersort

(no sentinels)

2-way Powersort

2-way Powersort

(no sentinels)

2-way Powersort

(buffer smaller run only)

std::sort

std::stable_sort

top-down mergesort

Figure 7.4: Normalized running times for sorting ints (4 byte signed integers) where the
input has random initial runs with a geometric distribution and expected length

√
n. The

x-axis shows log10(n), the y-axis shows average running time in ms multiplied by 106/n lg n;
error bars show one standard deviation. We used 1000 repetitions up to 106 elements and
100 repetitions for 107 and 108 elements.
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The random-runs inputs have substantial sorted parts; in expectation
√

n runs with an
expected

√
n elements each, albeit with substantial variation. However, the lower bound nH

approaches 1
2n lg(n), so they are still far from fully sorted; in particular, sorting these still

has linearithmic complexity (as clearly visible in Figure 7.4).

320

340

360

380

400

running time (107 ints, random runs)

4-way Powersort

4-way Powersort

(no sentinels)

2-way Powersort

2-way Powersort

(no sentinels)

2-way Powersort

(buffer smaller run only)

Figure 7.5: Distribution of running times for n = 107 from Figure 7.4 (sorting ints with
random runs).

A first variation considers a more realistic data type than integers: Stable sorting is
most relevant for sorting objects that have various properties / instance variables and which
are (partially) sorted according to one of its properties. We model this by sorting records
containing a long key and a pointer. Figure 7.6 shows the respective running times.

Since elements are now 4 times larger (16 vs. 4 bytes), it is not surprising that all methods
are slower than for ints, but they are not uniformly so. 4-way Powersort with the sentinel-
free merging by stages was roughly as fast as 2-way Powersort, which in turn had essentially
equal performance under all three considered 2-way merge methods. Note that both the 4-
way method and the 2-way method that copies only the smaller run to a buffer substantially
outperform the other 2-way Powersort variants. 4-way Powersort with sentinel-based merge
remains substantially faster still (between 15 and 20% across the studied input-size range).

Finally, we vary the input distribution. In particular, any adaptive sorting method should
remain competitive with the best general purpose methods when no significant presortedness
exists to be exploited. Figure 7.7 shows running times for random permutations. Somewhat
surprisingly, even where effectively no presortedness exists, 4-way Powersort is still 15–20%
faster than the fastest 2-way stable sorting method and almost as fast as std::sort.
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running time (long+pointer, random runs) 4-way Powersort

4-way Powersort

(no sentinels)

2-way Powersort

2-way Powersort

(no sentinels)

2-way Powersort

(buffer smaller run only)

std::sort

std::stable_sort

top-down mergesort

Figure 7.6: Normalized running times for sorting records of a long key and a pointer (16
bytes in total) where the input has random initial runs with a geometric distribution and
expected length

√
n. Axes as in Figure 7.4.
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4-way Powersort
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2-way Powersort
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std::sort

std::stable_sort

top-down mergesort

Figure 7.7: Normalized running times for sorting ints where the input is a random
permutation of n. The x-axis shows log10(n), the y-axis shows average running time in ms
multiplied by 106/n lg n; error bars show one standard deviation.
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We have taken care to implement the merge methods (2-way and multiway) as efficiently
as possible. The presented methods are chosen from a much larger collection of implement-
ation alternatives we have experimented with. As Figures 7.4–7.7 show, a +∞ value, that
can be used as a sentinel value for stopping loops (where otherwise a range check for the
iterator would be needed), can yield a substantial speedup in multiway merging.

7.4.4 Hypothesis 2: Scanned elements explain the speedups

After documenting the speedup realized by 4-way Powersort, we now explore likely explana-
tions for these observations. To that end, we ran our code through the cachegrind/callgrind
memory hierarchy simulator for valgrind; Table 7.1 shows the results. While there is an
8% saving in the plain number of executed instructions – owing to the extremely lean inner
loops in our sentinel-based 4-way method – the much more dramatic improvement lies in the
number of cache misses: these are reduced to 54% of the 2-way method that copies both runs
to buffer resp. 73% when copying the smaller only. Our data shows that 4-way Powersort
simultaneously reduces both the number of instructions and the number of cache misses.

Algorithm L1 rm L1 wm instructions cycle estimate merge cost buffer cost comparisons
nop 17 6 250 001 400 000 361 1 087 503 111 — — —
4P 90 998 034 90 941 221 14 386 631 421 26 834 656 351 678 233 797 678 244 262 1 401 885 151
4P w/o sent 91 104 862 90 991 531 21 788 074 703 34 238 304 273 678 233 797 678 233 797 1 401 804 460
2P 168 472 841 168 392 912 15 593 213 610 36 636 357 390 1 298 329 585 1 298 349 759 1 398 341 256
2P w/o sent 124 242 042 118 893 488 17 678 030 619 32 327 153 489 1 298 329 585 603 947 459 1 398 280 296

Table 7.1: Cachegrind results for sorting one input of n = 108 ints with random runs of
expected length

√
n = 104. The table shows level 1 cache read misses (L1 rm), level 1 cache

write misses (L1 wm), the total number of executed instructions, and cachegrind’s total-time
estimate, defined as cycles = instr + 10 · L1-misses + 100 · LL-misses, where LL = level 3
cache. The algorithms are “nop” = no sorting at all, “4P” = 4-way Powersort, “2P” = 2-
way Powersort, “4P w/o sent” = 4-way Powersort without sentinels, “2P w/o sent” = 2-way
Powersort without sentinels and copying only the smaller run to the buffer. Here, “nop” is
used to get a baseline; the reads come from checking that the input is correctly sorted as
part of our running time setup. The reported numbers do not include the cost of generating
the random input. The L1 cache lines can hold 16 elements (for our machine); read and
write misses are determined by cachegrind. The last three columns were determined directly
from the code using counters.

All memory accesses in our sorting methods happen in sequential scans, so the memory
access patterns are already as cache-friendly and prefetcher-friendly as can be; instead of
cache misses, rather the sheer data volume transferred from memory is the issue. Since the
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memory scans in merging are either read-only or write-only, the total number of scanned
elements can be computed very accurately: On the used machine, a cache line has 64 bytes,
i.e., 16 ints, so we obtain scanned element counts as 16 · (L1rm + L1wm) (Figure 7.8). As a
sanity check, we can compare numbers as follows: Each merge with merge cost m entails 2m

reads and 2m writes, moreover, we do (in total) one scan over the input for run detection
(n reads) and initialize the buffer (n writes); this yields 100.034% of the reported L1 read
misses and 100.097% of L1 write misses for 4P (slightly more since a few reads are cached).

4 5 6 7 8
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1.5

2.0

2.5
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3.5

scanned elements (int, random runs)

4-way Powersort

2-way Powersort

(buffer smaller run only)

2-way Powersort

top-down mergesort

Figure 7.8: Normalized scanned elements when the input has random initial runs with a
geometric distribution and expected length

√
n. The x-axis shows log10(n), the y-axis shows

average merge cost divided by n lg(n/24). Error bars show one standard deviation.

We use cachegrind’s simple linear-combination model as a first-order approximation for
explaining running times from scanned elements and instruction counts; see column cycle
estimate in Table 7.1. Comparing Figure 7.4 (at n = 108) to the cycle estimate, we see
that despite its simplicity, this model is able to correctly identify 4P as the most efficient
variant and it even gives a usable approximation of the relative improvement over the 2-way
methods. While it does not rank the remaining algorithms (whose running time is very
similar) correctly, we conclude that the large reduction in scanned elements is the most
likely reason for the speedup in 4-way Powersort. However, reducing scanned elements at
the expense of a substantial increase in executed instructions is not fruitful.
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7.4.5 Hypothesis 3: 4-way Powersort halves merge cost

Last, we tie the reduction in scanned elements to the key algorithmic innovation. Figure 7.9
shows the merge cost over different input sizes.
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Figure 7.9: Normalized merge cost when the input has random initial runs with a geometric
distribution and expected length

√
n. The x-axis shows log10(n), the y-axis shows average

merge cost divided by n lg(n/24). Error bars show one standard deviation.

We note that for worst-case inputs and as H → ∞, Theorem 7.3.3 shows that the merge
cost of 4-way Powersort is asymptotically half of that for 2-way Powersort. Whether that is
possible to realize for practical values of n is not clear a priori, though. As Figure 7.9 shows,
4-way Powersort reduces the merge cost to around 52% of that of Powersort, very close to
halving costs.

7.5 Conclusions
Powersort, introduced in 2018 by Munro & Wild, is a stable (binary) Mergesort variant
that exploits existing runs and finds nearly-optimal merging orders with negligible overhead.
In this chapter, we presented Multiway Powersort, a generalization of Powersort, that uses
k-way merges in order to speed up the algorithm. While the extension of classic 2-way
Mergesort to k-way merges is straightforward, doing the same with optimal run-adaptive
performance is an algorithmic challenge. In solving that, we also generalize the underlying
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algorithm for nearly-optimal binary search trees to nearly-optimal k-way search trees, which
might be of independent interest.

The motivation for our generalization are expected advantages of multiway merges for
the memory hierarchy of modern computers. We used a highly engineered implementation
of 4-way Powersort to conduct extensive experiments around the following hypotheses –
compared with 2-way Powersort:

1. 4-way Powersort can yield significant performance improvements;

2. Scanned elements are a good predictor for this speedup;

3. 4-way Powersort halves the merge cost.

Our experiments fully confirmed the first hypothesis. Considering presorted integer inputs,
4-way Powersort was about 20% faster than the 2-way variant. This speedup was robust
in terms of the size of the data items to be sorted (record data instead of integers) as well
as the amount of presortedness. However, significant speedups are only realized when the
data type allows sentinels to be used. If these are not available (because there is no largest
possible value), the running time advantages are made up for by additional range checks.

Regarding the second hypothesis, we find that compared to different versions of 2-way
Powersort, 4-way Powersort incurs between 54% and 73% of the cache misses, and scanned-
element counts very accurately reflect that. This is a plausible explanation for the observed
speedup. A simple linear combination of the number of executed instructions and scanned
elements explains most (but not all) of the difference in performance.

Last but not least, we find that the reduced flexibility of doing 4-way merges instead
of 2-way merges hardly affects the effectiveness of Powersort’s nearly-optimal merge policy:
The merge cost is reduced to 52% for moderate-sized inputs, close to the theoretical optimum
of 1

2 approached in the limit.
In conclusion, 4-way Powersort provides notable advantages over both 2-way Powersort,

and other known stable sorting algorithms. Thus, Multiway Powersort is a strong contender
for the fastest general, stable sorting algorithm – especially in cases where presorted data
can be expected. Both Mergesort variants use Θ(n) words of extra space for buffer areas;
while binary merges can easily work with a buffer for n/2 elements, the same is not easily
achieved with 4-way merging, where our current implementation uses space n elements.

* * * * * *
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Conclusion
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Chapter 8

Conclusion

This thesis addressed four algorithmic problems:
In Chapter 4, we introduced the state-of-the-art algorithm for solving arbitrary Pinwheel

Scheduling instances, as well as demonstrating the existence of finite Pareto surfaces for
Pinwheel Scheduling and successfully developing methods for finding them. The contribu-
tions of this chapter took us one step closer to solving the longstanding 5/6 Conjecture
(Question 1.1.1).

In Chapters 5 and 6, we introduced two novel problems: Decision Polyamorous Schedul-
ing and Optimisation Polyamorous Scheduling. We showed that these NP-hard problems
generalize Pinwheel Scheduling and Bamboo Garden Trimming and introduced poly density,
which we showed yields sufficient conditions for both solvable and unsolvable polycules. We
also provided multiple upper and lower bounds – including demonstrating the first inapprox-
imability results in the field of Periodic Scheduling.

Chapter 7 begins with 2-way Powersort, a sorting algorithm recently adopted by multiple
major programming languages, and takes it to another level: We generalize this to k-way
Powersort and show that k = 4 gives significant practical speedups. As well as providing
a sorting method suitable for mass adoption, we expand the study of why some methods
out-compete others by showing that scanned elements explain the improved performance of
4-way Powersort.
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8.1 Future Work

8.1.1 Periodic Scheduling

Section 2.1 introduces seven defining features of Standard Periodic Scheduling problems and
surveys several known results; it remains for future works to expand on this taxonomy, study
unexamined combinations of variables, and generalize results from individual problems to
classes of them where possible.

Bin Scheduling

Bin Scheduling1 has several avenues of future work opened by recent developments. First,
Theorem 4.1.1 clearly extends to Bin Scheduling: There must be finite Pareto surfaces for
Bin Scheduling, as each worker in a Bin Scheduling instance is assigned a set of k tasks
which, in a valid assignment, form a schedulable Pinwheel Scheduling problem. Given this,
what surfaces can be proven to exist for Bin Scheduling? The Pinwheel Schedules provided
in Table 4.1 and methods developed in Section 4.1.2 are a starting point, but this work of
generalizing relevant proofs and formulating and implementing relevant methods remains to
be done.

The recent proof of the 5/6 Density Conjecture (Question 1.1.1) also provides oppor-
tunities for the study of Bin Scheduling. It seems likely that the following generalization
holds:

Conjecture 8.1.1 Bin Scheduling Density Threshold – Weak.
All Bin Scheduling instances W with |a| workers and density d ≤ 5

6 |a| are schedulable.

This conjecture is supported by the simplicity of the partition it requires; most Bin
Scheduling instances allow some workers to be assigned solvable workloads with d > 5

6 ; each
of these workers takes us one step closer to being able to spread the remaining tasks such
that each worker has d ≤ 5

6 . Even if true, however, this conjecture may not be tight; it
remains possible that the following holds, or that there is some threshold between the two:

Question 8.1.2 Bin Scheduling Density Threshold – Strong.
Are all Bin Scheduling instances W with |a| workers and density d ≤ |a| − 5

6 schedulable?
1inexact periodic scheduling with unit tasks and multiple agents with unit workloads, sometimes called

Windows Scheduling
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8.1.2 Pinwheel Scheduling

Pinwheel Scheduling has a variety of avenues for future work, but our 2k and Kernel Con-
jectures (Conjecture 4.1.3 and the equivalent Conjecture 4.1.4) are particularly interesting:

Conjecture 4.1.3 (restated). 2k Conjecture.
Let A = (a1 ≤ a2 ≤ · · · ≤ ak) be a loosely feasible Pinwheel Scheduling instance. Then A

admits a schedule S with a holiday at least every 2k days.

Conjecture 4.1.4 (restated). Kernel Conjecture.
Let A = (a1 ≤ a2 ≤ · · · ≤ ak) be a feasible Pinwheel Scheduling instance. Then there exists
another Pinwheel Scheduling instance B = (b1 ≤ b2 ≤ · · · ≤ bk) such that:

(a) B is also feasible,

(b) B dominates A, B ≤ A, and

(c) bk ≤ 2k−1.

Theorem 4.1.1 shows that each finite k has a finite Pareto surface Ck, and hence that there
is some maximum frequency fmax such that, for all tasks fi,j ∈ Pj in all instances Pj ∈ Ck,
fmax ≥ fi,j; these conjectures merely claim that this fmax accords with the surfaces we have
generated for Ck≤5 and C(Pk≤12,d≤5/6).

Proof of this conjecture would confirm Remark 4.1.6, showing that Pinwheel Scheduling
has an FPT-kernel that is O(k2). It would also substantially reduce the search space for
future works using Pareto surfaces, and could allow even stronger versions for Pinwheel
Scheduling instances with prefixes other than 2, 4, 8, . . ..

On the practical side, the Bamboo Garden Trimming problem has recently received
attention in an extensive experimental work [DDN19] in the context of approximation al-
gorithms. Our Pareto surfaces for Pinwheel Scheduling immediately imply similar equival-
ence classes for Bamboo Garden Trimming; the consequences of these results for approxim-
ation algorithms in Bamboo Garden Trimming deserve further exploration.

8.1.3 Polyamorous Scheduling

In Section 5.3, we showed that (4
3 −ε)-approximations for Optimisation Polyamorous Schedul-

ing can only exist if P=NP, while Section 6.2.2 introduces a 5.24-approximation; closing this
gap is the most natural open problem for Optimisation Polyamorous Scheduling. As we will
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go on to say in Conjecture A.1.2, we expect that further analysis of the sat reduction given
in Appendix A may demonstrate better inapproximability results for OPS in the general
case.

Section 6.3.2 shows that any Decision Polyamorous Scheduling instance with poly dens-
ity h̄∗ ≤ 1

4 admits a schedule, while Section 2.3 and Section 6.3.2 show that Decision
Polyamorous Scheduling inherits a version of the unschedulable (2, 3, ∗) instance from Pin-
wheel Scheduling. This leaves a substantial gap; somewhere between h̄∗ = 1

4 + ε and h̄∗ = 5
6 ,

there is a density threshold below which instances are schedulable and above which they
may not be:

Open Problem 8.1.3 Poly Density Threshold.
What is the highest constant c such that every Decision Polyamorous Scheduling instance
D = (P, R, f) with poly density h̄∗(D) ≤ c admits a valid schedule?

Polyamorous Scheduling Variants

Polyamorous scheduling has several interesting generalizations including Fungible Polyamorous
Scheduling, whose decision version we define as:

Definition 8.1.4 Fungible Decision Polyamorous Scheduling (FDPS).
An FDPS instance Df = (P, R, s, f) (a “(fungible decision) polycule”) consists of an un-
directed graph (P, R) where the vertices P = {p1, . . . , pn} are n classes of fungible persons
and the edges R are pairwise relationships between those classes. Classes have integer sizes
s : P → N and relationships have integer frequencies f : R → N.

The goal is find an infinite schedule S : N0 → 2R, such that
(a) (no overflows) for all days t ∈ N0, S(t) is a multiset of elements from P such that each

node p ∈ P appears at most s(p) times, and

(b) (frequencies) for all e ∈ R and t ∈ N0, we have e ∈ S(t)∪S(t+1)∪· · ·∪S(t+f(e)−1);
or to report that no such schedule exists.

FDPS also has an optimisation version, which again allows each class p ∈ P to have at
most s(p) meetings each day. These problems have clear implications for the scheduling of
staff, locations, resources etc. in real-world applications.
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Another natural generalisation is Secure Polyamorous Scheduling. Suppose that Adam is
dating both Brady and Charlie, who are also dating each other. In a DPS or OPS polycule,
on any day, Adam must choose to meet with either Brady or Charlie, who each face the
same dilemma; but why can’t he meet both?2 The Secure Decision Polyamorous scheduling
problem allows this:

Definition 8.1.5 Secure Decision Polyamorous Scheduling (SDPS).
An SDPS instance Ds = (P, R, f) (a “(secure decision) polycule”) consists of an undirected
graph (P, R) where the vertices P = {p1, . . . , pn} are n persons, and the edges R are pairwise
relationships, with integer frequencies f : R → N for each relationship.

The goal is find an infinite schedule S : N0 → 2R, such that
(a) (no third-wheels) for all days t ∈ N0, S(t) is a set of disjoint cliques in (P, R), and

(b) (frequencies) for all e ∈ R and t ∈ N0, we have e ∈ S(t)∪S(t+1)∪· · ·∪S(t+f(e)−1);
or to report that no such schedule exists.

Again, this has a natural optimisation version.
Can poly density be generalized to these problems? Can it identify classes of instances

which do or do not permit solutions? And finally, how well do Reduce-Fastest(x) and other
known heuristics perform on them?

Restricted Polyamorous Scheduling and Other Motivated Problems

Polyamorous Scheduling also motivates the study of several restricted versions of Pinwheel
Scheduling and Bamboo Garden Trimming, including partial scheduling (wherein some por-
tion of the schedule is fixed as part of the problem and the challenge is to find the remainder
of the schedule), and fixed holidays (where the fixed part of the schedule consists of periodic
gaps).

Another natural research direction is to look at restricted classes of polycules. For ex-
ample, can we obtain better approximation guarantees on graphs with bounded maximum
degree ∆ (beyond the simple results from Chapter 5)? Can we exploit bipartite polycules
towards a better approximation?

Given the similarities between these problems, it is also natural to ask whether Bamboo
Garden Trimming can be approximated arbitrarily well, or whether it too has provable
hardness-of-approximation results.

2A key part of polyamory [Thr11]!
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8.1.4 Multiway Powersort

Multiway Powersort admits several directions for future study: Can we produce similar
speedups when sorting pointers to objects, as always happens in CPython? Can multiway
merging be combined with the galloping merge strategy used by Timsort, and could this
improve performance, i.e. when comparisons are expensive?

Another interesting question is whether values of k larger than 4 offer some benefit. On
one hand, a further reduction of memory transfers is likely beneficial for large inputs; on
the other hand, the merging method becomes more complicated and thus potentially causes
additional overheads. It is also conceivable that with larger k, the fraction of merge cost that
arises from non-full merges, i.e., merging < k runs, would grow. A more aggressive strategy
would be to examine k-way Powersort more generally, potentially opening up adaptive-k
methods to future study.

Virtual Sentinels

Also of interest are methods for addressing the disparity between 4-way Powersort with and
without sentinels (as shown in Section 7.4.3). When a +∞ value is not available but a
maximum value is, the following Virtual Sentinel method could be employed: When finding
runs in an input A[0..n), scan the input from right to left and send any element with a
maximum-valued key directly to the output. This frees up the maximum value for use as
a sentinel, potentially allowing multiway Powersort with sentinels to sort inputs where the
keys are integers or other common data types with a maximum value but no +∞.

* * * * * *
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Appendix A

Original Inapproximability Proof

In this appendix, we will use a reduction from MAX-3sat to prove Theorem 5.1.1:

Theorem 5.1.1 (restated). sat Hardness of approximation.
Unless P = NP, there is no polynomial-time (1 + δ)-approximation algorithm for the Optim-
isation Polyamorous Scheduling problem for any δ < 1

12 .

A.1 Overview of Proof
The proof of Theorem 5.1.1 has two steps: The first step is a reduction from the decision
version of MAX-3sat (D-MAX-3sat) to DPS. D-MAX-3sat is the following problem: given
a 3-CNF formula φ = c1 ∧ c2 ∧ · · · ∧ cm with clauses C = {c1, c2, . . . , cm} over variables
X = {x1, x2, . . . , xn′} and integer k, decide whether there is an assignment of Boolean values
to the variables in X such that at least k clauses in C are satisfied.

Lemma A.1.1 D-MAX-3sat ≤p DPS.
For any 3-CNF formula φ with m clauses and integer k ≤ m, we can construct in polynomial
time a decision polycule Pdφk which has a valid schedule if and only if at least k clauses of
φ can be simultaneously satisfied.

Lemma A.1.1 is our key technical contribution and its proof will be given over the course
of the remainder of this section.

The second step in the proof of Theorem 5.1.1 is to convert the decision polycule Pdφk

from Lemma A.1.1 to an optimisation polycule Poφk using Lemma 3.2.4. It will be immediate
from the construction that the largest frequency in Pdφk is F = 12. So by Lemma 3.2.4,
Poφk has either h∗ = 1, namely if Pdφk is feasible, or h∗ ≥ 13

12 , otherwise.
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Proof of Theorem 5.1.1. Assume that there is a polynomial-time approximation algorithm
A for OPS with approximation ratio α < 13

12 . If Poφk has optimal heat h∗ = 1, A produces a
schedule with heat 1 ≤ h ≤ α < 13

12 , whereas if h∗ ≥ 13
12 , A must produce a schedule of heat

13
12 ≤ h ≤ α · 13

12 . So, by running A, we are able to distinguish between h∗ ≤ 1 and h∗ ≥ 13
12

for Poφk, hence between feasibility or infeasibility of Pdφk and, therefore, between Yes and
No instances of D-MAX-3sat via the polynomial-time reduction from Lemma A.1.1. As a
generalisation of 3sat, D-MAX-3sat is NP-hard, hence P = NP follows.

Let us denote by α∗ the approximability threshold for Optimisation Poly Scheduling, that
is: efficient polynomial-time approximation algorithms with approximation ratio α exist if
and only if α ≥ α∗ (assuming P ̸= NP). Theorem 5.1.1 shows that α∗ ≥ 13

12 and Theorem 5.1.4
shows that α∗ = O(log n), leaving a substantial gap. We conjecture that the constant 13

12 can
be improved by careful analysis of our construction, but we leave this to future work.

Conjecture A.1.2.
α∗ ≥ 4

3 .

Remark A.1.3 Towards stronger inapproximability results.
Our reduction includes additional degrees of freedom not currently used towards the proof of
Lemma A.1.1. In particular, for the current statement, a reduction for standard 3sat would
have sufficed, removing the sorting network from the construction. However, to find better
constant or even superconstant lower bounds for α∗ it seems likely that starting with a gapped
MAX-3sat problem can provide stronger gaps for the outcome. For that, we need that our
construction allows us to specify freely how many clauses have to be satisfiable for Pdφk to
be feasible. While we leave this to future work, we include here the required features in the
construction which may facilitate these results.

A.2 Reduction Overview
We now give the proof of Lemma A.1.1. For the remainder of this section, we assume a 3-CNF
formula φ = c1 ∧ · · · ∧ cm over variables X = {x1, . . . , xn′} and integer k are given. We will
describe how to construct the DPS instances Pdφk that admit a schedule iff there is a variable
assignment v : X → {True, False} that satisfies at least k clauses in C = {c1, . . . , cm}. The
construction is based on building components of Boolean formulas via DPS “gadgets”:

156



• variables (Section A.4),

• clauses (OR gadgets) (Section A.6),

• a sorting network, comprised of SWAP gadgets (Section A.7.5) to group satisfied out-
puts together, and

• a check for ≥ k true clauses, the tension gadget (Section A.8).

To make those gadgets work, we require further auxiliary gadgets:

• a “True Clock” to break ties between symmetric choices for schedules (Section A.3),

• slot duplication gadgets: D3 duplicators (Section A.5.1), D6 duplicators (Section A.5.2),
D12 duplicators (Section A.7.1), and

• slot splitting gadgets SB6, SB12, SG12 (Section A.7.4).

The overall conversion algorithm is stated in Definition A.2.1 below; a worked example
is shown in Figure A.1.

Definition A.2.1 Pdφk polycules.
The decision polycule Pdφk = (P, R, f) is constructed in layers as follows:
(a) Variable layer:

The variable layer consists of a True Clock and a variable gadget with outputs 3iR and
3iB for each variable xi ∈ X.

(b) Duplication layer:
The duplication layer duplicates outputs of the variable layer: D3 duplicators create one
3iR edge for each xi ∈ C, and one 3iB edge for each xi ∈ C. They also create as many
3R and 3B edges as are needed, while D6 duplicators do the same for 6G and 6P edges.
Unused edges are connected to pendent nodes.

(c) Clause layer:
The clause layer consists of one OR gadget for each clause cj ∈ C. OR gadgets have
three inputs, each corresponding to a literal in cj: 3iR for xi, 3iB for xi. For clauses with
less than 3 literals, 3B edges fill the OR gadget’s unused inputs.
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·2
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6P 12B
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OR1
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3R OR2

31B 3B 3B

3R OR3

31R 32B 33R

3R OR4

33B 3B 3B
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12O2

SWAP

12O1

SWAP

SWAP

SWAP

12O4

Te

3R
6G
6P

12O1
12O2 12O3

12O4′

Figure A.1: A DPS polycule which is schedulable iff there is some assignment that simul-
taneously satisfies at least 3 of (x1 ∨ x2), (x1), (x1 ∨ x2 ∨ x3), and (x3) (possible in this case).
Note that re-unifying the bottom-most 12O4 edge with the 12O4′ edge will make a polycule
which is schedulable iff all 4 clauses can be satisfied (and hence has no valid schedule here).
Similarly, breaking the 12O3 edge in the middle and connecting the two new ends to pendent
nodes will create a polycule which is schedulable iff 2 clauses can be satisfied. Connections
between layers are omitted for clarity but flow from top to bottom, starting with the variable
layer, then three layers concerned with the duplication of variables, the OR layer, the sorting
network, and the tension layer.
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(d) Sorting network:
The next layer is a single gadget – a sorting network. The 12O output edges of the clause
layer will each be the input to one of m channels, each of which terminates with a 12O

output edge. This gadget also consumes 12B and 12G edges created by SB12 and SG12

gadgets.

(e) Tension layer:
The tension layer attaches tension gadgets to the leftmost k outputs of the sorting layer –
any other outputs from this layer and any spare inputs to the tension layer are connected
to pendent nodes.

A.3 The True Clock & Colour Slots

T x1 x26G 6P 6G

6P 3R 3B 31R 31B 32r 32B

T

6P 3R 3B

x16G x26P

31R 31B

6G

32r 32B

Figure A.2: Gadgets for the True Clock and for sample variables x1 and x2 (top, left to
right), with shorthand versions shown below. Gadgets are shown connected as they would
be in a sample variable layer, and their colours and schedules are discussed in Section A.3.
Further variables can be added to the right, and must be added in pairs to conserve the 6G

output edge (though the final variable may be connected to pendent nodes if not otherwise
needed).

Figure A.2 introduces gadgets representing sample variables x1 and x2, as well as a special
variable: the True Clock T , which acts as a drumbeat for the polycule as a whole. Variables,
including T , have four relationships: [3, 3, 6, 6], so their local schedules must all have the
following form: [3a, 3b, 6a, 3a, 3b, 6b]. As schedules are cyclic, we can choose to start this
schedule with the 3a edge of T without loss of generality. We then assign names to these
edges as dictated by the True Clock.
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Definition A.3.1 Slots.
We call days t ∈ N0 with t ≡ 0 (mod 3) the red slots, days t ≡ 1 (mod 3) blue slots, days
t ≡ 2 (mod 6) green slots, and days t ≡ 5 (mod 6) purple slots.

The local schedule of the True Clock is therefore given by [3R, 3B, 6G, 3R, 3B, 6P ]. As 3R

is scheduled on day 0, it will always be assigned in red slots, with 3B, 6G, and 6P edges also
restricted to slots of their respective colours. We will sometimes represent this by underlining
elements or gaps in a schedule, e.g., [ , , , , , ], or by referring to edges as being
red, blue, green, or purple.

All gadgets introduced below will be constructed such that the lengths of their schedules
are integer multiples of 6. In the final polycule Pdφk they will be connected (usually through
intermediaries) to the True Clock, such that their edges must stick to certain slots.

To keep correctness proofs of individual gadgets readable, we call a schedule S that
schedules all coloured edges in slots of the given colour slot-respecting.

Drawing Conventions Gadgets are connected by input and output edges, represented by
incoming and outgoing arrows respectively – each one being half of a relationship between
two people from different gadgets. In addition to their frequencies, input and output edges
share restrictions on their permissible schedules, carrying them from one gadget to another
as discussed in the proofs associated with each gadget.

In shorthand gadgets, vertical incoming edges are the primary input to a gadget, encoding
the value of some variable or logical function; horizontal inputs contain edges of fixed colour,
which we will refer to as constants. Similarly, vertical outgoing edges represent primary
outputs that encode the result of the gadget, while horizontal outgoing edges represent
incidentally created constants which may either be used by other gadgets or connected to
pendent vertices.

Some incoming and outgoing edges will have end labels of the form “·i”, indicating i

connections of the given type, each between different people.

A.4 Variables
Figure A.2 also introduces the gadget for a sample variable, x1, which again has four re-
lationships: [31R, 31B, 6G, 6P ]. The key property of variable gadgets is summarized in the
following lemma:
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Lemma A.4.1 Variable Gadget Schedules.
Any valid global schedule must yield a local schedule for the variable gadget xi of the form
[3a, 3b, 6G, 3a, 3b, 6P ].

Proof. Note that xi has local density D = 1, so 3iR and 3iB must be scheduled exactly once
in each 3-day period, forcing every 3 days to be of the form [3a, 3b, ], and every 6-day
schedule to be of the form [3a, 3b, , 3a, 3b, ]; this leaves two remaining slots, which must
contain 6G and 6P .

The 6G edge of the first variable, x1, must be green due to its connection with T , so
schedules for x1 must be of the form [3a, 3b, 6G, 3a, 3b, ], which can then only be completed
as [3a, 3b, 6G, 3a, 3b, 6P ]. This proceeds for x2, whose 6P edge is shared with x1 such that
it must be purple, forcing the partial schedule [3a, 3b, , 3a, 3b, 6P ] which likewise must be
completed [3a, 3b, 6G, 3a, 3b, 6P ].

Further pairs of variables are each connected to the 6G edge returned by the previous
pair, so their schedules must be of the same form. Thus, by induction, schedules for each
variable gadget xi must be of the form [3a, 3b, 6G, 3a, 3b, 6P ].

According to Lemma A.4.1, the incident 6G edge is used to restrict the valid schedules for
x1, leaving two possibilities: [31R , 31B , 6G, 31R , 31B , 6P ] and [31B , 31R , 6G, 31B , 31R , 6P ]. The
former schedule, where 31R is scheduled in red slots, corresponds to a variable assignment
where x1 is True, whereas the the second schedule corresponds to x1 being assigned False.

This technique of connecting 3R, 3B, 6G, or 6P edges to people in a gadget to limit their
valid local schedules and force relationships between edges, slots, and particular meanings
will be used extensively in what follows.

Note that 3iB has the opposite value to 3iR, so using 3iB edges in the polycule corresponds
to the negated literal xi, just as 3iR edges correspond to the literal xi.

A.5 Duplication of Variables and Constants
Variables may appear in multiple clauses, while the constant 3R, 3B, 6G, and 6P edges are
used in multiple gadgets, engendering a need for the duplication of variables and constants.

A.5.1 3-Duplicators

A gadget for duplicating edges with period 3 is shown in Figure A.3 and proven to accurately
reproduce its input by Lemma A.5.1.
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a
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6G 6P

b c d

9b1 9b2 9b3

6P 6G 6P 6G

·2 ·2 ·2
3a 9b 3a 9b 3a 9b

D3

·3

3a

6G

6P

3a

6G

6P

Figure A.3: A gadget for duplicating input edges with frequency 3 (left), with a shorthand
version (right). Note that the input can be duplicated indefinitely many times by repeating
the second layer using the 9b edges from the previous layer and a 6P or 6P edge from two
layers above.

Lemma A.5.1 3-Duplicator Gadget Schedules.
Any slot-respecting schedule must yield a local schedule for each node in any 3-duplicator
gadget D3 of the same form, either:

[3a , 9b , 6G, 3a , 9b′ , 6P , 3a , 9b′′ , 6G, 3a , 9b , 6P , 3a , 9b′ , 6G, 3a , 9b′′ , 6P ] or

[9b , 3a , 6G, 9b′ , 3a , 6P , 9b′′ , 3a , 6G, 9b , 3a , 6P , 9b′ , 3a , 6G, 9b′′ , 3a , 6P ].

Proof. Each node in D3 has tasks [3a, 6P , 6G, 9b1, 9b2, 9b3] and has local density D = 1, so
each task with frequency f must appear exactly once every f days. Further, in any slot-
respecting schedule, tasks 6P and 6G are scheduled in purple and green slots respectively,
forcing partial schedules of the form: [ , , 6G, , , 6P ].

Considering node a, note that if incident edge 3a is scheduled on a combination of red and
blue days then either it will appear more than once in some 3-day period or its constraint
will be violated. This demonstrates that schedules must be of the form:

[3a , , 6G, 3a , , 6P , 3a , , 6G, 3a , , 6P , 3a , , 6G, 3a , , 6P ] or

[ , 3a , 6G, , 3a , 6P , , 3a , 6G, , 3a , 6P , , 3a , 6G, , 3a , 6P ],
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depending on the colour of the incident 3a edge. In either case, 9b1, 9b2 and 9b3 must occupy
the remaining slots, which match the schedules shown in the lemma for some mapping of
9b1, 9b2 and 9b3 to 9b, 9b′ and 9b′′ .

Now consider an arbitrary node p ̸= a, with an incident 9b node. If the 3a edge incident
to a is red, the schedule for n must be of the form:

[ , 9b , 6G, , , 6P , , , 6G, , 9b , 6P , , , 6G, , , 6P ],

with 9b′ , 9b′′ , and 3a filling the remaining slots. If either 9b′ or 9b′′ are ever scheduled in a
red slot, the constraint of 3a will be violated, therefore either partial schedule leads to the
full schedule:

[3a , 9b , 6G, 3a , 9b′ , 6P , 3a , 9b′′ , 6G, 3a , 9b , 6P 3a , 9b′ , 6G, 3a , 9b′′ , 6P ]

matching the schedule of a, and of the lemma. If the 3a edge incident to a is blue, the same
logic applies, with all 3a edges also being blue and the 9b nodes being red.

A.5.2 6-Duplicators

Figure A.4 and Lemma A.5.2 introduce a gadget which duplicates incident 6G or 6P edges.

a

b c

6P

3B 3R

12G112G2

3R 3B 3R

6P12G2 6P12G1

D6 ·2

·2

6P

3B

3R

3R

6P

Figure A.4: A gadget for duplicating 6P input edges (left), with a shorthand version (right).
Note that if additional 6P edges are needed, additional layers can be added, re-using constants
from above. Also note that 6G edges can be duplicated with the same gadget simply by
replacing the topmost 6P edge with a 6G edge, forcing the 121 and 122 edges to be purple.
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Lemma A.5.2 6-Duplicator Gadget Schedules.
Any slot-respecting schedule must yield a local schedule for each node in any 6-duplicator
gadget D6 of the form:

[3R, 3B, 12G1, 3R, 3B, 6P , 3R, 3B, 12G2, 3R, 3B, 6P ].

Proof. Each node in D6 has tasks [3R, 3B, 6P , 12G1, 12G2]. It also has density D = 1, so
each task with frequency f must appear exactly once every f days.

Consider node a, which has inputs 3B and 6P . In any slot-respecting schedule these are
scheduled in slots of their respective colours, which forces partial schedules for a to be of the
form [ , 3B, , , 3B, 6P ]. Exactly two of these slots must be filled by 3R, and if these
are not both red slots, the constraint of 3R will be violated. Thus, the schedule for a must
be of the form:

[3R, 3B, , 3R, 3B, 6P , 3R, 3B, , 3R, 3B, 6P ].

Two spaces remain, which must then contain 12G1 and 12G2, as shown in the lemma.
Now consider an arbitrary node other than a. All such nodes will have inputs 12Ga and

3R, forcing their partial schedules to be of the form:

[3R, , 12Ga, 3R, , , 3R, , , 3R, , ].

As with a, exactly four of these slots must schedule 3B edges, and these must be the blue
spaces for the 3B constraint not to be violated, forcing schedules of the form:

[3R, 3B, 12Ga, 3R, 3B, , 3R, 3B, , 3R, 3B, ].

One of these slots must contain the 12Gb edge, with the other two scheduling the 6P edge.
If the 12Gb edge is not scheduled in the remaining green slot, the constraint on the 6P edge
will be violated, so the schedule must be as shown in the lemma.
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A.6 Clauses
Clauses in C are disjunctions of at most 3 literals, i.e., the logical OR of at most 3 variables,
any of which may be negated. A gadget which determines the truth value of a clause given
the values of its variables is shown in Figure A.5. Lemma A.6.1 and Remark A.6.2 show that
the output of this gadget (12O) can be scheduled in blue slots iff the corresponding clause is
evaluated to be True, though it can always be scheduled in green slots.

I1 I2 I3

31R 32R 33R

OR

121 122 123

3R

f1

f2

61
62

12O

OR

31R 32R 33R

3R

12O

Figure A.5: A gadget which computes x1 ∨ x2 ∨ x3 (left), along with a shorthand version
(right). To compute x1 ∨ x2 ∨ x3, replace the incoming 33R edge with a 33B edge. To instead
compute x1 ∨ x2, replace the incoming 33R edge with a 3B edge. According to Lemma A.6.1
and Remark A.6.2, 12O will be scheduled in green slots if all inputs are assigned False and
may be scheduled in green or blue slots if any input is assigned True.

Recall the intuitive meaning of slots assigned to the outputs from variable gadgets: a
schedule that schedules 3iR in red slots corresponds to a variable assignment where xi is
True. Unfortunately, the output of the OR gadget has to be encoded with a different (and
weaker) invariant.

Lemma A.6.1 OR Gadget Schedules.
In any slot-respecting schedule where 31R, 32R, and 33R are scheduled in red or blue slots, the
local schedule of the OR gadget has the following form:

• If all of 31R, 32R, and 33R are scheduled in blue slots,
then 12O will be scheduled in green or purple slots.

• If at least one of 31R, 32R, and 33R are scheduled in red slots,
then 12O will be scheduled in green, purple, or blue slots.
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The lemma only covers the clause x1 ∨ x2 ∨ x3, but all other clauses can be handled
similarly: For a literal xj, we use 3jR as input, and for negated literals xj, we use the 3jB

edge instead of 3jR.

Proof. The node labelled OR has tasks [3R, 61, 62, 121, 122, 123, 12O] and local density D = 1,
so each task with frequency f must appear exactly once every f days. Any slot-respecting
schedule must schedule the 3R edge in red slots so schedules for the OR node must be of the
form [3R, , , 3R, , ].

Consider an inverter node Ii, i = 1, 2, 3, which has tasks [3iR, 12i] where 3iR is red or
blue by assumption. Given these constraints, if the input edge 3iR is scheduled in red slots,
then partial schedules for Ii must be of the form [3iR , , , 3iR , , ] and the 12i edge
must be scheduled in either green, purple, or blue slots. Similarly, if the input edge 3iR is
scheduled in blue slots then partial schedules for Ii must be of the form [ , 3iR , , ,
3iR , ], restricting the 12i edge to green, purple, or red slots. However, the 12i edge is also
connected to the OR node which has no empty red slots, further restricting it to green or
purple slots.

Suppose that all inputs 31R, 32R, 33R are scheduled in blue slots. By the reasoning above,
121, 122, 123 are then scheduled in green or purple slots. This will force schedules for the
OR node to be of the form:

[3R, , 12a , 3R, , 12b , 3R, , 12c , 3R, , ] or

[3R, , 12a , 3R, , 12b , 3R, , , 3R, , 12c ]

(for some mapping of 121, 122, and 123 onto 12a, 12b, and 12c). Assume towards a con-
tradiction that the 12O edge is blue. This immediately causes a constraint violation when
scheduling either 61 or 62, which demonstrates that the 12O edge cannot be blue, and the
schedule for the OR node must be of the form:

[3R, 6a , 12a , 3R, 6b , 12b , 3R, 6a , 12c , 3R, 6b , 12d ]

(likewise, for some mapping of 121, 122, and 123, and 12O onto 12a, 12b, 12c, and 12d). This
ensures that the 12O edge must be scheduled in either green or purple slots if all input edges
are blue.
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Now suppose that one input edge, 3tR, is scheduled in red slots, while the other two, 3iR

and 3i′R may be either red or blue. Consider the schedule:

[3R, 12t , 6a , 3R, 6b , 12i , 3R, 12O , 6a , 3R, 6b , 12i′ ],

where 12O is scheduled in blue slots and no constraints are violated. However, even if 3tR is
assigned red, the corresponding edge 12t may be also be scheduled in green, or purple slots,
permitting schedules of the form:

[3R, 6a , 12a , 3R, 6b , 12b , 3R, 6a , 12c , 3R, 6b , 12d ],

in which 12O is scheduled in green or purple slots. This shows that if one or more inputs are
red, then 12O may be scheduled in blue, green, or purple slots.

Remark A.6.2 No purple output for OR.
Note that in Pdφk, the 12O edge of an OR gadget will always be connected to the I node of
a D12 gadget (discussed below, see Figure A.6). Due to this node’s 6P edge, I has no empty
purple slots, so the purple slots in Lemma A.6.1 for 12O are not actually possible once the
gadget is part of the overall polycule.

A.7 Sorting Networks
The previous section introduced gadgets whose output edges (12O1, 12O2, . . . , 12Om) each
capture the truth value of one clause from φ by being blue or green if the clause can be
satisfied, but restricted to green slots if it cannot. The green ambiguity will be resolved
by a gadget that applies Tension to the system by forcing a subset of k of the 12O edges
to be scheduled in blue slots in any valid schedule (Section A.8). However, this Tension
gadget requires us to pick a fixed k-subset; to be able to capture the difference between any
k clauses being potentially blue and at most k − 1 being blue, we build a sorting network
gadget. This moves edges scheduled in green slots to the right, which in turn moves edges
scheduled in blue slots to the left. We can then apply tension to the leftmost k outputs to
obtain a polycule which is schedulable iff the corresponding φ has at least k simultaneously
satisfiable clauses.
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Sorting networks have two components: wires, which carry data, and comparators1, which
compare two inputs a and b, re-ordering them if necessary. More specifically, the left output
always contains max{a, b} and the right output min{a, b}. Note that since we are sorting
Boolean values, we can compute these as a ∨ b and a ∧ b, respectively.

Figure A.1 includes the sorting network for 4 inputs where the wires are represented by
channels of 12O edges, and comparators by SWAP gadgets (introduced below). We use the
simple Θ(m2)-size insertion/bubble sort network [Knu98, §5.3.4]. While asymptotically bet-
ter sorting networks are obviously available, this simple method is sufficient for our reduction
as we are only aiming for polynomial time overall. We give the general construction here for
reference.

Definition A.7.1 DPS Sorting Networks.
Our DPS sorting network takes m input 12O edges arranged in vertical channels which are
connected by layers of SWAP nodes and terminate with output 12O edges. 12O1 and 12O2

are connected by 1 SWAP node in layer 0, 12O2 and 12O3 are connected by 2 SWAP nodes
in layers 1 and −1, and 12Ok and 12O(k+1) are connected by k SWAP nodes in layers k −
1, k − 3, . . . , 1 − k.

The goal of the rest of this section is to establish the following lemma for the sorting
network:

Lemma A.7.2 Sorting Network Gadget Schedules.
Consider a DPS sorting network with m each of input 12O edges and output 12O edges.
(a) (sufficient input) for all ℓ, every slot-respecting schedule in which the leftmost ℓ output

edges are scheduled in blue slots must schedule at least ℓ input edges in blue slots.

(b) (sorted output) for any assignment C : [m] → {green, blue} of colours to input edges such
that at least ℓ are blue, there exists a slot-respecting schedule S for the sorting Network
that assigns in which the leftmost ℓ output edges are scheduled in blue slots.

The proof relies on the SWAP gadgets, which in turn require a few auxiliary gadgets, so
we introduce the latter first before we return to Lemma A.7.2 in Section A.7.6.

A.7.1 12-Edge Duplicator

We begin by introducing our first auxiliary gadget: a frequency-12 edge duplicator, D12,
shown in Figure A.6.

1sometimes called modules or comparator modules
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I
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12O
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6B
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12O′
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6B

6P

12O 12O′

D12

·2

·2
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·2
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3R

6B
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12O

Figure A.6: A gadget for duplicating input edges with frequency 12 (left), and a shorthand
version (right). Note that while it can be easily modified to have three 12O outputs, two
are sufficient for our purposes. Also note that the 12O outputs will not both be scheduled
concurrently with the 12O input, merely in a slot of the same colour (green or blue).

Lemma A.7.3 12-duplicator Gadget Schedules.
Any slot-respecting schedule must yield a local schedule for the D12 gadget where all edges
labelled 12O are scheduled in slots of the same colour.

Proof. Nodes I and D12 each have tasks [3R, 6B, 6P , 6O, 12O, 12O′ ] and density D = 1, so
each task with frequency f must appear exactly once in every f -day period in the schedules
for either node. Further, tasks 3R, 6B, and 6P are indirectly connected to the True Clock
such that their partial schedules must either be of the form:

[3R, 6B, , 3R, , 6P , 3R, 6B, , 3R, , 6P ], or

[3R, , , 3R, 6b, 6P , 3R, , , 3R, 6B, 6P ].

Note that all empty slots in both schedules are either blue or green.
Assume towards a contradiction that the 6O edge is scheduled in a mixture of blue and

green slots and note that, as it is also scheduled twice in each 12-day period, its constraint
must be violated. This means that either the 6O edge is consistently green and all 12O and
12O′ edges are blue, or the 6O edge is consistently blue and all 12O and 12O′ edges are green.
Either way, all 12O and 12O′ edges are scheduled in slots of the same colour.
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A.7.2 OR2 Gadget

Next, we introduce the ∨ gadget, shown in Figure A.7. Note that the surrounding construc-
tion in the sorting layer provides weaker guarantees than for the OR gadget of the clause
layer, requiring a slightly different approach.

∨

I

12O112O2

3R

6P

12S

6S

12∨′

3R

6P

6B

12B

12G 12O∨

∨

·2

·2

12O112O2

3R

6P

6B

12B

12G

12O∨

Figure A.7: A gadget for computing y1 ∨ y2 (left), along with a shorthand version (right).
12O1, 12O2, and 12O∨ can always be scheduled in green slots, but may be scheduled in blue
slots only if the corresponding logical term is assigned True. Again, ambiguity introduced
by True logical terms being scheduled in green slots will be addressed in Section A.8. Note
that while Figure A.5 also calculates a logical OR, its incoming edges both have different
frequencies and a different mapping from truth values to edge colours.

Lemma A.7.4 ∨ Gadget Schedules.
Any slot-respecting schedule must yield a local schedule for the ∨ gadget where the 12O∨ edge
is either blue or green. Further, if the 12O∨ edge is blue then either 12O1, 12O2, or both are
also blue.

Proof. Consider the node labelled “∨” which, by Figure A.7, has tasks [3R, 6P , 6S, 12S, 12∨′ ,

12O1, 12O2] and density D = 1, so each task with frequency f must appear exactly once in
every f -day period. Further, 3R and 6P are indirectly connected to the True Clock such that
partial schedules must be of the form:

[3R, , , 3R, , 6P , 3R, , , 3R, , 6P ].
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Suppose that neither 12O1 nor 12O2 is blue – instead, schedule both in the remaining green
slots. This forces partial schedules to be of the form:

[3R, , 12O , 3R, , 6P , 3R, , 12O′ , 3R, , 6P ],

that is, schedules where all remaining slots are blue, including the slot assigned to 12∨′ .
Now consider the alternative, scheduling some 12O input edges (12O1 or 12O2 or both) in

blue slots. Under this assumption, partial schedules must be of the form:

[3R, 12O , , 3R, , 6P , 3R, , , 3R, , 6P ] or

[3R, , , 3R, 12O , 6P , 3R, , , 3R, , 6P ].

Note that either case allows schedules where 12∨′ is green, and also schedules where 12∨′ is
blue. Thus it is always possible for 12∨′ to be scheduled in blue slots, but if 12O1 or 12O2 are
scheduled in blue slots then 12∨′ must be scheduled in green slots.

Now consider schedules for node I, which has tasks [3R, 6P , 6B, 12B, 12G, 12∨′12O∨], and
has density D = 1, with the same implication. Partial schedules for I have two free slots
in each 12-day period, with all other slots taken by 3R, 6P , 6B, 12B, and 12G – all of which
must be scheduled in slots of their corresponding colour due to their indirect connections to
the True Clock. These free slots are blue and green, so either 12∨′ is blue and 12O∨ must be
green, or 12∨′ is green and 12O∨ must be blue.

It, therefore, follows that if both 12O1 and 12O2 are green then 12∨′ will be blue and 12O∨

must be green, while if either 12O1 or 12O2 are scheduled in blue slots then 12∨′ and 12O∨

may both be scheduled in either green or blue slots.

A.7.3 AND2 Gadget

We will now introduce the ∧ gadget, shown in Figure A.8.

Lemma A.7.5 ∧ Gadget Schedules.
Any slot-respecting schedule must yield a local schedule for the ∧ gadget where the 12O∧ edge
is either blue or green. Further, if the 12O∧ edge is blue then both 12O1 and 12O2 must also
be blue.

Proof. Consider the node labelled “∧” in Figure A.8, which has tasks [3R, 6P , 6∧, 12O1, 12O2,

12S, 12S′ ] and density D = 1, forcing each task with frequency f to appear exactly once in

171



∧

I

12O112O2

3R

6P

12S

12S′

6∧
3R

6B

6P

12∧′

12O∧

∧

·2

·2

12O112O2
3R

6B

6P

12O∧

Figure A.8: A gadget for computing y1 ∧ y2 (left), along with a shorthand version (right).
Here, 12Oi will be scheduled in blue or green slots if yi is True and restricted to green slots
if yi is False. Similarly, 12O∧ will be scheduled in blue or green slots if y1 ∧ y2 is True and
restricted to green slots otherwise. As with other such gadgets, ambiguities resulting from
edges corresponding to True variables being scheduled in green slots will be addressed in
Section A.8.

every f -day period. Further, 3R and 6P are indirectly connected to the True Clock such that
partial schedules must be of the form [3R, , , 3R, , 6P , 3R, , , 3R, , 6P ].

Assume towards a contradiction that the 6∧ edge is scheduled in a mixture of blue and
green slots. Under this assumption, either 6∧ occurs more than once in some 6-day periods,
or its constraint must violated. Thus, it must be scheduled consistently in either blue slots
or green slots.

Suppose that some 12O edge, either 12O1 or 12O2, is scheduled in a green slot. In this
case, partial schedules for ∧ will either be of the form:

[3R, , 12O , 3R, , 6P , 3R, , , 3R, , 6P ] or

[3R, , , 3R, , 6P , 3R, , 12O , 3R, , 6P ].

Either way, 6∧ must then be scheduled in a blue slot to avoid constraint violations. If we
instead suppose that both 12O1 and 12O2 are scheduled in blue slots, then two valid schedules
for ∧ are:

[3R, 6∧ , 12S , 3R, 12O1 , 6P , 3R, 6∧ , 12S′ , 3R, 12O2 , 6P ] and

[3R, 12O1 , 6∧ , 3R, 12O2 , 6P , 3R, 12S , 6∧ , 3R, 12S′ , 6P ],
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demonstrating that in this case 6P may be scheduled in either blue or green slots.
Now consider the node labelled I, which has tasks [3R, 6B, 6P , 6∧, 12O∧, 12O∧′ ], and

density D = 1 with the same implication as above for the ∧ node. Again, partial schedules
of the coloured nodes (3R, 6B, and 6P ) are restricted by their indirect connections to the
True Clock, and must either be of the form:

[3R, 6B, , 3R, , 6P , 3R, 6B, , 3R, , 6P ] or

[3R, , , 3R, 6B, 6P , 3R, , , 3R, 6B, 6P ].

In either case, if 6∧ is scheduled in blue slots then only green slots remain for 12O∧ and
12O∧′ . Likewise, if 6∧ is scheduled in green slots then 12O∧ and 12O∧′ must be scheduled in
the remaining blue slots. Thus 12O∧ must be either green or blue, and further can only be
blue if 6∧ is green, which is only possible if both 12O1 and 12O2 are blue, as claimed.

A.7.4 Slot Splitting Gadgets

Several of the gadgets introduced in this section have constant input edges which are sched-
uled in slots with a specific colour, but with a larger frequency than those produced by the
gadgets introduced in Section A.5. These can be produced by the simple slot-splitter gadgets
shown in Figure A.9.

Lemma A.7.6 Slot Splitting Gadget Schedules.
Any slot-respecting schedule must yield a local schedule for the slot splitting gadgets where
6B, 12B, and 12G edges produced by SB6, SB12, and SG12 nodes must be scheduled in blue,
blue, and green slots, respectively.

Proof. In addition to their respective output edges, the SB6 and SB12 nodes each have 3R,
6G, and 6P input edges, which are connected indirectly to the True Clock such that they
must be scheduled in slots of their respective colour, with partial schedules of the form: [3R,

, 6G, 3R, , 6P , 3R, , 6G, 3R, , 6P ]. In these schedules, all remaining slots are blue,
so the output edges (6B and 6B′ for the SB6 node, and 12B, 12B′ , 12B′′ , 12B′′′ for the SB12

node) must be scheduled in blue slots.
Similarly, the SG12 node has 3R, 3B, and 6P input edges, and partial schedules of the

form [3R, 3B, , 3R, 3B, 6P , 3R, 3B, , 3R, 3B, 6P ], where, as above, all remaining slots are
green, so the output edges (12G and 12G′) must be scheduled in green slots.
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Figure A.9: Gadgets for generating 6B edges (top left) and 12B edges (top centre), and 12G

edges (top right), with shorthand versions below. Excess 6B, 12B, and 12G edges should be
connected to pendent nodes.

A.7.5 SWAP Gadgets

With these preparations, we are finally able to build the SWAP gadgets which act as com-
parators in the sorting network. The internal structure of SWAP gadgets is shown in Fig-
ure A.10.

Lemma A.7.7 SWAP Gadget Schedules.
Any slot-respecting schedule must yield a local schedule for the SWAP gadget with the fol-
lowing properties:

• Both output edges, 12O∨ and 12O∧, are scheduled in either green or blue slots.

• If 12O∨ is blue, then either 12O1, 12O2, or both are blue.

• If 12O∧ is blue, then both 12O1 and 12O2 are blue.

Note that this is again a weaker invariant than a true ∨ and ∧; SWAP correctly sorts its
inputs, sending green to the right and blue to the left, but it is allowed to “swallow” a blue
value, turning it green. Fortunately, this is good enough for our purposes, as we will go on
to demonstrate.
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Figure A.10: A gadget for comparing and re-ordering two input edges (top), and a shorthand
version (bottom). The 6B, 12B, and 12G edges used by SWAP nodes come from slot splitting
gadgets, which are not shown because they are shared between multiple SWAP nodes. If
the gadget has as many outputs as it has inputs, 12O1 and 12O2 must be scheduled in blue
or green slots and 12O∨ and 12O∧ will match them in all cases save one: if 12O1 is green and
12O2 is blue, 12O∨ will be blue and 12O∧ will be green.
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Proof of Lemma A.7.7. Assume a slot-respecting global schedule S is given, i.e., all coloured
edges are scheduled in slots of their respective colours. At D12, the 12O11 and 12O12 edges
must be scheduled in slots of the same colour as 12O1; similarly, at D12′ , edges 12O21 and
12O22 must be scheduled in slots of the same colour as 12O2 (both by Lemma A.7.3). By
Lemma A.7.4, 12O∨ must be green or blue, and can only be blue if at least one of its inputs,
12O11 and 12O21, is also blue. Similarly, by Lemma A.7.5, 12O∧ must be green or blue, and
further can only be blue if both of its inputs, 12O12 and 12O22, are also blue.

A.7.6 Sorting Network Schedules

We now finally show that under the assumptions enforced on the schedule by the surrounding
gadgets, our sorting network correctly groups green edges on the right, with enough blue
edges on the left to suit our purposes.

Lemma A.7.2 (restated). Sorting Network gadget schedules.
Consider a DPS sorting network with m each of input 12O edges and output 12O edges.
(a) (sufficient input) for all ℓ, every slot-respecting schedule in which the leftmost ℓ output

edges are scheduled in blue slots must schedule at least ℓ input edges in blue slots.

(b) (sorted output) for any assignment C : [m] → {green, blue} of colours to input edges such
that at least ℓ are blue, there exists a slot-respecting schedule S for the sorting Network
that assigns in which the leftmost ℓ output edges are scheduled in blue slots.

Proof of Lemma A.7.2. (a) Assume a slot-respecting schedule S that schedules the leftmost
ℓ output edges in blue slots. Then, starting at the outputs of the sorting network, move
backwards through the sorting network, one SWAP gadget at a time (sweeping from bottom
to top in Figure A.1). We will show by induction that while moving through the sorting
network in this way, there are always at least ℓ blue edges between all channels. Most
importantly, this holds at the inputs – implying the claim.

The inductive basis at the output level is true by assumption. When moving over
each SWAP gadget, we replace the two outputs of that SWAP with its two inputs. By
Lemma A.7.7, there are several different valid colour combinations for the inputs, but we
always have at least as many blue values among the inputs as are among the outputs: If
both outputs are green or blue, this is obvious. If exactly one output is blue it will either be
the 12O∨ input (implying that at least one input is blue), or the 12O∧ input (implying that
both inputs are blue, but the ∨ gadget chose a green output). Hence the number of blue
values cannot drop when moving over a SWAP gadget.
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(b) We build the local slot-respecting schedule inductively by again moving through the
sorting network one SWAP node at a time, only now we will move forwards (that is, top
to bottom in Figure A.1). We will also restrict S to the special case S ′, where each SWAP
node has as many blue output 12O edges as it has blue input 12O edges (possible due to
Lemma A.7.7). Note that not all schedules satisfying the lemma will necessarily have this
property, but it is sufficient to show that one such schedule exists.

In this class of schedules S ′, SWAP gadgets behave exactly like the comparator modules
in a sorting network for binary inputs: if both inputs are blue then both outputs will be blue,
if both inputs are green then both outputs will be green, and if exactly one input is blue
then the 12O∨ output will be blue and the 12O∧ output will be green (all by Lemma A.7.7).
By the correctness of the insertion/bubble sort network, we hence end up with an output
layer with exactly ℓ blue edges on the left, followed by m − ℓ green edges on the right.

A.8 Tension
Lemma A.7.2 assumes that the leftmost k output edges of a sorting network must be sched-
uled in blue slots – we ensure this by connecting Tension gadgets (shown in Figure A.11) to
these output edges.

Te

12O112O2 12O312O4
3R

6G

6P

Te

12O112O2 12O312O4
3R

6G

6P

Figure A.11: A gadget (left) which applies tension to four inputs, ensuring that a schedule
for Te can be found iff all 12O inputs are scheduled in blue slots. To apply tension to less
than four inputs, connect any unneeded input to its own pendent node.

Lemma A.8.1 Tension Gadget Schedules.
Any slot-respecting schedule must yield a local schedule for a tension gadget Te where each
12O edge must be scheduled in blue slots.

Proof. The single node of each tension gadget Te, as shown in Figure A.11, has tasks [3R,
6G, 6P , 12O1, 12O2, 12O3, 12O4] and density D = 1, so each task with frequency f must
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appear exactly once in every f -day period. Further, the 3R, 6G, and 6P edges are indirectly
connected to the True Clock such that they must be scheduled in slots of their respective
colours. Partial schedules for Te nodes must therefore be of the form [3R, , 6G, 3R, , 6P ,
3R, , 6G, 3R, , 6P ]. All empty slots in schedules of this form are blue, so the remaining
12O1, 12O2, 12O3, 12O4 edges must be scheduled in blue slots.

A.9 Correctness Proof of Reduction
With these preparations we can, at long last, prove Lemma A.1.1, and hence complete the
proof of Theorem 5.1.1.

Lemma A.1.1 (restated). D-MAX-3sat ≤p DPS.
For any 3-CNF formula φ with m clauses and integer k ≤ m, we can construct in polynomial
time a decision polycule Pdφk which has a valid schedule if and only if at least k clauses of
φ can be simultaneously satisfied.

Proof of Lemma A.1.1. Consider a polycule Pdφk built from some 3-CNF formula φ using
the algorithm defined by Definition A.2.1.

First, suppose that there is a variable assignment v : X → {True, False} such that
clauses ci1 , . . . , cik

evaluate to True under v (1 ≤ i1 < i2 < · · · < ik ≤ m). We construct
a slot-respecting schedule S for Pdφk as follows: At the variable gadget for each xi ∈ X,
schedule 3iR in red slots if v(xi) = True and in the blue slots otherwise. This fixes a schedule
for all edges in the variable and duplication layers (by Lemma A.5.1 and Lemma A.5.2).
In the clause layer, we schedule the 12O output edges of the OR gadgets for clauses cij

,
j = 1, . . . , k, in blue slots, and schedule all other 12O output edges in green slots (noting
that, by Lemma A.6.1, this yields a valid schedule for all OR gadgets). In the sorting layer,
we now have at least k blue inputs and at most m − k green inputs. By Lemma A.7.2–(b),
we can extend this schedule to the sorting layer such that the leftmost k output edges of
the sorting layer are scheduled in blue slots. This then also yields a valid schedule for the
Tension gadgets (Lemma A.8.1). Overall, this shows that a schedule S for Pdφk exists.

Now assume that we are given a schedule S for Pdφk. By applying Lemma A.4.1 to
the True Clock, we can assign coloured slots to S. It then follows from the construction of
Pdφk that S must be slot-respecting. Set v(xi) = True if S schedules 3iR in red slots and
v(xi) = False otherwise. Next, show that v satisfies at least k clauses in φ: By Lemma A.8.1,
the k leftmost output edges of the sorting layer must all be scheduled in blue slots. By
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Lemma A.7.2–(a), this means that there are (at least) k output edges of the clause layer
that are scheduled in blue slots, say those for clauses ci1 , . . . , cik

for some 1 ≤ i1 < i2 < · · · <

ik ≤ m. Considering this along with Lemma A.6.1 implies that for each cij
, at least one

input is scheduled in a red slot. By the definition of v, this means that clauses ci1 , . . . , cik

all evaluate to True under v, and the claim follows.
It remains to argue that our reduction can be realised in polynomial time. The size

of the polycule Pdφk is clearly polynomial in the size of the formula, with the quadratic
sorting network contributing the most persons. All other gadgets, including the SWAP
nodes composing the sorting network, have constant size and thus are easy to implement in
polynomial time.

* * * * * *
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Appendix B

Powersort – C++ Code

We provide some key parts of our C++ implementation (slightly redacted for readability).

B.1 4-way merge with sentinels
We first give the sentinel-based 4-way merge method; this is the method that gave the best
performance.

/∗∗
∗ Merge runs [ l . . g1 ) and [ g1 . . g2 ) and [ g2 . . g3 ) and [ g3 . . r ) in−

↪→ p lace in t o [ l . . r )
∗ us ing a b u f f e r at B o f l e n g t h at l e a s t r−l +4.
∗/ .

template<typename I t e r , typename I t e r2 >
void merge_4runs ( I t e r l , I t e r g1 , I t e r g2 , I t e r g3 , I t e r r , I t e r 2

↪→ B) {
auto n = r − l ;
// Copy runs to B and append a s e n t i n e l va lue a f t e r each .
std : : copy ( l , g1 , B) ; ∗(B + ( g1 − l ) ) =

↪→ p lu s_ in f_sent in e l ( ) ;
s td : : copy ( g1 , g2 , B + ( g1 − l ) + 1) ; ∗(B + ( g2 − l ) + 1) =

↪→ p lu s_ in f_sent in e l ( ) ;
s td : : copy ( g2 , g3 , B + ( g2 − l ) + 2) ; ∗(B + ( g3 − l ) + 2) =

↪→ p lu s_ in f_sent in e l ( ) ;
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std : : copy ( g3 , r , B + ( g3 − l ) + 3) ; ∗(B + ( r − l ) + 3) =
↪→ p lu s_ in f_sent in e l ( ) ;

I t e r 2 c [ 4 ] ; // p o in t e r s to runs in B.
c [ 0 ] = B, c [ 1 ] = B + ( g1−l ) +1, c [ 2 ] = B + ( g2−l ) +2, c [ 3 ] = B +

↪→ ( g3−l ) +3;
// i n i t i a l i z e tournament t r e e
I t e r 2 x , y ; std : : pa ir<I te r2 , bool> z ;
// z x , y , z s t o r e i t e r a t o r
// / \ from winning run ;
// x y z a l s o whether min
// / \ / \ min came from l e f t s u b t r e e
// 0 1 2 3
i f (∗ c [ 0 ] <= ∗c [ 1 ] ) x = c [0]++; else x = c [1]++;
i f (∗ c [ 2 ] <= ∗c [ 3 ] ) y = c [2]++; else y = c [3]++;
i f (∗x <= ∗y) z = {x , true } ; else z = {y , fa l se } ;

∗ l++ = ∗( z . f i r s t ) ; // vacate roo t in t o output
for (auto i = 1 ; i < n ; ++i ) {

i f ( z . second ) { // min came from c [ 0 ] or c [ 1 ] , so
↪→ recompute x .

i f (∗ c [ 0 ] <= ∗c [ 1 ] ) x = c [0]++; else x = c [1]++;
} else { // min came from c [ 2 ] or c [ 3 ] , so recompute y .

i f (∗ c [ 2 ] <= ∗c [ 3 ] ) y = c [2]++; else y = c [3]++;
}
// always recompute z
i f (∗x <= ∗y) z = {x , true } ; else z = {y , fa l se } ;
∗ l++ = ∗( z . f i r s t ) ;

}
}

B.2 3-way merge and 2-way merge
The method for merging 3 runs is similar, but doesn’t use the right subtree; instead y is
simply also set to c[2]. For 2-way merging many variations have been explored; when the

181



type supports a sentinel value, the following method has a very efficient merging loop.

void merge_2runs ( I t e r l , I t e r m, I t e r r , I t e r 2 B) {
auto n1 = m−l , n2 = r−m;
std : : copy ( l , m, B) ; ∗(B+(m−l ) ) = p lu s_ in f_sen t ine l

↪→ ( ) ;
s td : : copy (m, r , B+(m−l +1) ) ; ∗(B+(r−l )+1) = p lu s_ in f_sen t in e l

↪→ ( ) ;
auto c1 = B, c2 = B + (m − l + 1) , o = l ;
while ( o < r ) ∗o++ = ∗c1 <= ∗c2 ? ∗c1++ : ∗c2++;
}

B.3 4-way Powersort
Our implementation of 4-way Powersort uses a stack of records maintained in a fixed-size
array. As in Timsort, we extend the natural runs in the input to a minimal length minRunLen;
setting this parameter to 1 disables that optimization.

struct run { I t e r begin ; I t e r end ; } ;
struct run_n_power { I t e r begin ; I t e r end ; int power = 0 ; } ;
struct run_begin_n_power{ I t e r begin ; int power ; } ;
run_begin_n_power NULL_RUN_N_POWER{};

/∗∗ s o r t s [ begin , end ) ∗/
void powersort_4way ( I t e r begin , I t e r end ) {

auto n = end − begin ;
auto maxStackHeight = 3∗( c e i l_ l og4 (n)+1) ;
auto s tack = new run_n_power [ maxStackHeight ] ;
run_begin_n_power ∗ top = stack ; // topmost v a l i d s t a c k element
∗ top = NULL_RUN_N_POWER; // power 0 as s e n t i n e l en try
run_begin_n_power ∗ const endOfStack = stack + maxStackHeight ;

run_n_power runA = {begin , extend_and_reverse_run ( begin , end ) ,
↪→ 0} ;

// extend to minimal run l e n g t h
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i f (auto lenA = runA . end − runA . begin < minRunLen) {
runA . end = std : : min ( end , runA . begin + minRunLen) ;
i n s e r t i o n s o r t ( runA . begin , runA . end , lenA ) ; // s k i p s f i r s t

↪→ lenA i t e r a t i o n s
}
while ( runA . end < end ) {

run runB = {runA . end , extend_and_reverse_run ( runA . end , end
↪→ ) } ;

i f ( s i z e_t lenB = runB . end − runB . begin < minRunLen) {
runB . end = std : : min ( end , runB . begin + minRunLen) ;
i n s e r t i o n s o r t ( runB . begin , runB . end , lenB ) ;

}
runA . power = node_power (0 , n , runA . begin − begin , runB .

↪→ begin − begin , runB . end − begin ) ;
// Invar i an t : powers on s t a c k are weakly i n c r ea s in g from

↪→ bottom to top
while ( top−>power > runA . power )

merge_loop ( top , runA) ;
∗(++top ) = {runA . begin , runA . power } ; // push new run onto

↪→ s t a c k
runA = {runB . begin , runB . end , 0} ;

}
merge_down( stack , top , runA) ;
delete [ ] s tack ;

}

To make the code more readable, the body of the main loop has been moved to a function
merge_loop; g++ inlined the call as part of its compiler optimizations. merge_loop counts
the number of (contiguous) entries on top of the stack with equal power and then merges
these with runA.

void merge_loop ( run_begin_n_power ∗ &top_of_stack , run_n_power &
↪→ runA) {

int nRunsSamePower = 1 ;
while ( ( top_of_stack − nRunsSamePower )−>power == top_of_stack−>
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↪→ power )
++nRunsSamePower ;

i f (nRunsSamePower == 1) { // 2way
I t e r g [ ] = {top_of_stack−>begin } ;
merge_2runs ( g [ 0 ] , runA . begin , runA . end , _buf fer . begin ( ) ) ;
runA . begin = g [ 0 ] ;

} else i f (nRunsSamePower == 2) { // 3way
I t e r g [ ] = {( top_of_stack −1)−>begin , top_of_stack−>begin } ;
merge_3runs ( g [ 0 ] , g [ 1 ] , runA . begin , runA . end , _buf fer .

↪→ begin ( ) ) ;
runA . begin = g [ 0 ] ;

} else { // 4way
I t e r g [ ] = {( top_of_stack −2)−>begin , ( top_of_stack −1)−>

↪→ begin , top_of_stack−>begin } ;
merge_4runs ( g [ 0 ] , g [ 1 ] , g [ 2 ] , runA . begin , runA . end ,

↪→ _buffer . begin ( ) ) ;
runA . begin = g [ 0 ] ;

}
top_of_stack −= nRunsSamePower ; // pop runs

}

The function merge_down successively merges the top 4 elements on the stack; since runs
are typically exponentially increasing in size as we work our way through the stack, it is
beneficial to first bring the number of runs to 3k + 1 for a k ∈ N using a single 2-way or
3-way merge at the beginning. Then all remaining merges are 4-way merges.

void merge_down( run_begin_n_power ∗ begin_of_stack ,
↪→ run_begin_n_power ∗ &top_of_stack , run_n_power &runA) {

// we have the e n t i r e s t a c k o f runs , so in s t ead o f f o l l o w i n g
↪→ e x a c t l y the powersort ru le , we can

// be s l i g h t l y more c l e v e r and make sure we have 4way merges
↪→ a l l the way through excep t the f i r s t merge

auto nRuns = top_of_stack − begin_of_stack + 1 ; // s t a c k s i z e
↪→ + runA

// We want 3k+1 runs , so t ha t r e p e a t e d l y merging 4 and p u t t i n g
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↪→ the r e s u l t back g i v e s 4way merges a l l the way through .
switch (nRuns % 3) {

case 0 : // merge topmost 3 runs
merge_3runs<mergingMethod >(( top_of_stack −1)−>begin ,

↪→ top_of_stack−>begin ,
runA . begin , runA . end ,

↪→ _buffer . begin ( ) ) ;
runA . begin = ( top_of_stack −1)−>begin ;
top_of_stack −= 2 ;
break ;

case 2 : // merge topmost 2 runs
merge_2runs ( top_of_stack−>begin , runA . begin , runA . end ,

↪→ _buffer . begin ( ) ) ;
runA . begin = top_of_stack−>begin ;
−−top_of_stack ;
break ;

default :
break ;

}
a s s e r t ( ( ( top_of_stack − begin_of_stack ) % 3) == 0) ;
// merge remaining s t a c k 4way each
while ( top_of_stack > begin_of_stack ) {

merge_4runs ( ( top_of_stack −2)−>begin , ( top_of_stack −1)−>
↪→ begin ,

top_of_stack−>begin , runA
↪→ . begin , runA . end ,
↪→ _buffer . begin ( ) ) ;

runA . begin = ( top_of_stack −2)−>begin ;
top_of_stack −= 3 ;

}
}

Note that this merge-down strategy can lead to a slightly different merge tree compared
to the “pure Powersort” merge tree realized by kway_treek; however, it is easy to show this
change can only reduce the resulting merge cost.
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B.4 Sentinel-free 2-way merge
If +∞ values are not available, we need to include boundary checks. This changes the code
to the following method.

void merge_2runs_no_sentinel ( I t e r l , I t e r m, I t e r r , I t e r 2 B)
↪→ {

auto n1 = m−l , n2 = r−m;
std : : copy ( l , r ,B) ;
auto c1 = B, e1 = B + n1 , c2 = e1 , e2 = e1 + n2 ; auto

↪→ o = l ;
while ( c1 < e1 && c2 < e2 ) ∗o++ = ∗c1 <= ∗c2 ? ∗c1++

↪→ : ∗ c2++;
while ( c1 < e1 ) ∗o++ = ∗c1++;
while ( c2 < e2 ) ∗o++ = ∗c2++;

}

For 2-way merging, we also use the following merge method that only copies the smaller run
to the buffer.

void merge_2runs_copy_smaller ( I t e r l , I t e r m, I t e r r , I t e r 2 B)
↪→ {

auto n1 = m−l , n2 = r−m;
i f ( n1 <= n2 ) {

std : : copy ( l ,m,B) ;
auto c1 = B, e1 = B + n1 ; auto c2 = m, e2 = r , o = l ;
while ( c1 < e1 && c2 < e2 ) ∗o++ = ∗c1 <= ∗c2 ? ∗c1++ : ∗

↪→ c2++;
while ( c1 < e1 ) ∗o++ = ∗c1++;

} else {
std : : copy (m, r ,B) ;
auto c1 = m−1, s1 = l , o = r −1; auto c2 = B+n2−1, s2 = B;
while ( c1 >= s1 && c2 >= s2 ) ∗o−− = ∗c1 <= ∗c2 ? ∗c2−− :

↪→ ∗c1−−;
while ( c2 >= s2 ) ∗o−− = ∗c2−−;

}
}
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B.5 Sentinel-free 4-way merge (merging by stages)
We created a 4-way merging method that does not use sentinels and works in “stages” (as
described in the main text). We use C++ templates to exploit similarities of the stages;
during compilation, these templates are unfolded and code optimization runs on the deflated
code.

struct tournament_tree_node { I t e r 2 i t ; bool fromRun0Or1 ; } ;
enum number_runs { TWO = 2 , THREE = 3 , FOUR = 4 } ;

template<number_runs nRuns>
long compute_safe ( std : : vector<I te r2 > & c , std : : vector<I te r2 > & e ,

↪→ std : : vector<long> & nn) {
for ( int i = 0 ; i < nRuns ; ++i ) nn [ i ] = e [ i ] − c [ i ] ;
long s a f e = ∗( std : : min_element (nn . begin ( ) , nn . end ( ) ) ) ;
return s a f e ;

}

template<number_runs nRuns>
void i n i t i a l i z e_tournament_tr ee ( std : : vector<I te r2 > &c , std : : vector

↪→ <Ite r2 > &e ,
std : : array<tournament_tree_node<

↪→ I t e r2 >, 3> &N) {
// tourament t r e e :
// N[ 0 ]
// / \
// N[ 1 ] N[ 2 ]
// / \ / \
// 0 1 2 3
i f (∗ c [ 0 ] <= ∗c [ 1 ] ) N[ 1 ] = {c [0]++ , true } ; else N[ 1 ] = {c

↪→ [1]++ , true } ;
i f (nRuns == 4)

i f (∗ c [ 2 ] <= ∗c [ 3 ] ) N[ 2 ] = {c [2]++ , fa l se } ; else N[ 2 ] = {c
↪→ [3]++ , fa l se } ;

else
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N[ 2 ] = {c [2]++ , fa l se } ;
N[ 0 ] = ∗(N [ 1 ] . i t ) <= ∗(N [ 2 ] . i t ) ? N[ 1 ] : N [ 2 ] ;

}

template<number_runs nRuns>
void update_tournament_tree ( std : : vector<I te r2 > &c , std : : vector<

↪→ I t e r2 > &e ,
std : : array<tournament_tree_node<Ite r2

↪→ >, 3> &N) {
i f (N [ 0 ] . fromRun0Or1 ) {

i f (∗ c [ 0 ] <= ∗c [ 1 ] ) N[ 1 ] = {c [0]++ , true } ; else N[ 1 ] = {c
↪→ [1]++ , true } ;

} else { // o the rw i s e min came from c [ 2 ] or c [ 3 ] , so recompute
↪→ y .

i f (nRuns == 4)
i f (∗ c [ 2 ] <= ∗c [ 3 ] ) N[ 2 ] = {c [2]++ , fa l se } ; else N[ 2 ]

↪→ = {c [3]++ , fa l se } ;
else

N[ 2 ] = {c [2]++ , fa l se } ;
}
// always recompute z
N[ 0 ] = ∗(N [ 1 ] . i t ) <= ∗(N [ 2 ] . i t ) ? N[ 1 ] : N [ 2 ] ;

}

template<number_runs nRuns>
bool rol lback_tournament_tree ( std : : vector<I te r2 > &c , std : : vector<

↪→ I t e r2 > &e ,
std : : array<tournament_tree_node<

↪→ I t e r2 >, 3> &N,
std : : vector<long> &nn) {

auto other = N[ 0 ] . fromRun0Or1 ? N[ 2 ] : N [ 1 ] ;
// r o l l back in t o ’ i t s ’ run
int r o l l b a c k s = 0 ;
for (auto i = 0 ; i < nRuns ; ++i )
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i f ( c [ i ] − 1 == other . i t ) {
−−c [ i ] , ++nn [ i ] , ++r o l l b a c k s ; break ;

}
int i = std : : f i nd (nn . begin ( ) , nn . end ( ) , 0) − nn . begin ( ) ;
i f ( i == nRuns ) {

// r o l l e d back in t o run t ha t go t empty ; nas ty s p e c i a l case
↪→ .

// But we made progre s s in the root , so j u s t cont inue one
↪→ more round wi th same nRuns .

// need to r e b u i l d the t r e e f o r t ha t
i n i t i a l i z e_tournament_tree <nRuns>(c , e , N) ;
return fa l se ;

} else {
c . e r a s e ( c . begin ( ) + i ) ;
e . e r a s e ( e . begin ( ) + i ) ;
return true ;

}
}

template<number_runs nRuns>
bool do_merge_runs ( I t e r & l , I t e r const r , s td : : vector<I te r2 > &c ,

↪→ std : : vector<I te r2 > &e ) {
i f (nRuns == TWO) {

// s imple twoway merge
while ( c [ 0 ] < e [ 0 ] && c [ 1 ] < e [ 1 ] ) ∗ l++ = ∗c [ 0 ] <= ∗c [ 1 ]

↪→ ? ∗c [0]++ : ∗c [1]++;
while ( c [ 0 ] < e [ 0 ] ) ∗ l++ = ∗c [0]++;
while ( c [ 1 ] < e [ 1 ] ) ∗ l++ = ∗c [1]++;
return true ;

} else {
// use tournament t r e e
std : : array<tournament_tree_node<Ite r2 >, 3> N;
in i t i a l i z e_tournament_tree <nRuns>(c , e , N) ;
std : : vector<long> nn(nRuns ) ; // run s i z e s
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while ( l < r ) {
long s a f e = compute_safe<nRuns>(c , e , nn ) ;
i f ( s a f e > 0) {

for ( ; s a f e > 0 ; −−s a f e ) {
∗ l++ = ∗(N [ 0 ] . i t ) ; // output roo t
update_tournament_tree<I te r2 , nRuns>(c , e , N) ;

}
} else {

// one run i s exhaus ted ; need to handle e lements
↪→ in the t r e e

∗ l++ = ∗(N [ 0 ] . i t ) ; // easy f o r the roo t (
↪→ guaranteed min)

// r o l l b a c k o ther e lement in t o i t s run
i f ( rol lback_tournament_tree<nRuns>(c , e , N, nn) )

// occa s i ona l l y , we r o l l b a c k in t o an empty run
↪→ and have to keep going ; o therwise ,
↪→ t erminate loop .

break ;
}

}
return fa l se ;

}
}

void detect_and_remove_empty_runs ( std : : vector<I te r2 > & c , std : :
↪→ vector<I te r2 > & e ) {

int nRuns = c . s i z e ( ) ; long s a f e ;
while ( true ) {

std : : vector<long> nn(nRuns ) ;
for ( int i = 0 ; i < nRuns ; ++i ) nn [ i ] = e [ i ] − c [ i ] ;
s a f e = ∗( std : : min_element (nn . begin ( ) , nn . end ( ) ) ) ;
i f ( s a f e > 0) return ;
int i = std : : f i nd (nn . begin ( ) , nn . end ( ) , 0) − nn . begin ( ) ;
c . e r a s e ( c . begin ( ) + i ) ; e . e r a s e ( e . begin ( ) + i ) ; −−nRuns ;
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}
}

template<typename I t e r , typename I t e r2 >
void merge_4runs_no_sentinels ( I t e r l0 , I t e r g1 , I t e r g2 , I t e r g3 ,

↪→ I t e r r , I t e r 2 B) {
I t e r l = l 0 ; const auto n = r − l ;
std : : copy ( l , g1 , B) ;
std : : copy ( g1 , g2 , B + ( g1 − l ) ) ;
s td : : copy ( g2 , g3 , B + ( g2 − l ) ) ;
s td : : copy ( g3 , r , B + ( g3 − l ) ) ;
∗(B+n) = ∗(B+n−1) ; // s e n t i n e l va lue so t ha t acce s s e s to

↪→ endpo in t s don ’ t f a i l
std : : vector<I te r2 > c {B, B+(g1−l ) , B+(g2−l ) , B+(g3−l ) } ;

↪→ // current e lement
std : : vector<I te r2 > e { B+(g1−l ) , B+(g2−l ) , B+(g3−l ) , B+n } ;

↪→ // endpo in t s
detect_and_remove_empty_runs ( c , e ) ;
while ( l < r ) {

switch ( c . s i z e ( ) ) {
case 4 : i f ( do_merge_runs<FOUR> ( l , r , c , e ) ) break ;
case 3 : i f ( do_merge_runs<THREE>(l , r , c , e ) ) break ;
case 2 : i f ( do_merge_runs<TWO> ( l , r , c , e ) ) break ;
case 1 : return ;

} ;
}

}

* * * * * *
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Glossary

Bamboo Garden Trimming A periodic scheduling problem in which a single agent sched-
ules trimming of k plants whose height h grows daily, with the goal of minimizing the
maximum observed height of any plant. Instances are represented as B = (g) =
(g1, g2, . . . , gk), while classes of Bamboo Garden Trimming problems are represented
by B. 17, 18, 24–28, 31, 64, 74, 75, 140, 142, 144, 193

Decision Polyamorous Scheduling A periodic scheduling problem in which persons are
connected by a graph and must schedule pairwise meetings, with constraints on the
maximum time between such meetings. Instances are represented as D = (P, R, f),
where P is a set of n persons, R is a set of relationships, and f is a set of frequencies, one
per relationship. Classes of Decision Polyamorous Scheduling problems are represented
by D. 11, 12, 15, 25, 28, 32, 61, 64, 75–77, 91, 140, 143, 193

Optimisation Polyamorous Scheduling A periodic scheduling problem in which persons
are connected by a graph and must schedule pairwise meetings. Each relationship
has heat h, which grows daily, and the goal is to minimize the maximum observed
heat of any relationship. Instances are represented as O = (P, R, g), where P is a
set of n persons, R is a set of relationships, and g is a set of heat growth rates,
one per relationship. Classes of Optimisation Polyamorous Scheduling problems are
represented by O. 11, 12, 15, 25, 28, 32, 33, 61–63, 66–68, 71, 75–77, 80, 89, 140, 142,
155, 193

Pinwheel Scheduling A periodic scheduling problem in which a single agent schedules
k tasks of unit length with constraints on the maximum time between repetitions.
Instances are represented as P = (f) = (f1, f2, . . . , fk), while classes of Pinwheel
Scheduling problems are represented by P. 7–10, 15, 17–31, 36, 37, 39–45, 47–49,
51–58, 60, 61, 63, 64, 70, 73–75, 77, 78, 89, 91, 92, 140–144, 193
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schedule Schedules for Pinwheel Scheduling, Bamboo Garden Trimming, Optimisation
Polyamorous Scheduling, and Decision Polyamorous Scheduling are all expressed as
mappings: on day i, schedule this task or these tasks. Schedules are represented by S,
with elements s1, s2, . . .. Classes of schedules are represented by S. 7, 9–12, 18, 20–41,
44, 45, 47, 51, 52, 54, 55, 57, 59–71, 73, 74, 76, 77, 79–81, 84, 87–89, 91, 93–95, 97–104,
106–110, 142–144

193


	Introduction
	Introduction
	Periodic Scheduling
	Pinwheel Scheduling
	Polyamorous Scheduling

	Multiway Powersort
	Contributions


	I Periodic Scheduling
	Related Work
	The Periodic Scheduling Family
	Density
	Pinwheel Scheduling

	Optimisation Periodic Scheduling Problems
	Bamboo Garden Trimming

	Polyamorous Scheduling
	Related Problems

	Preliminaries
	Single Agent Problems
	Pinwheel Scheduling
	Bamboo Garden Trimming

	Multi-Agent Problems
	Decision Polyamorous Scheduling
	Optimisation Polyamorous Scheduling
	Additional Preliminaries


	Towards the 5/6-Density Conjecture of Pinwheel Scheduling
	The Pareto Surface
	Small Frequency Conjecture
	The Pareto Trie
	Uniqueness

	Engineering Pinwheel Scheduling
	The Naïve Algorithm
	The Optimised Algorithm
	The Foresight Algorithm
	Deciding Tight Feasibility

	Engineering the 5/6 Surfaces
	Core Algorithm
	Constructing the Pareto Surface
	Searching the Pareto Surface

	Performance Evaluation
	Pinwheel Schedulers
	Constructing the 5/6 Pareto Surface
	Searching the Pareto Surface

	Conclusion

	Polyamorous Scheduling
	Results
	Computational Complexity
	Unweighted Polyamorous Scheduling & Edge Coloring
	Approximation Algorithms
	Lower Bounds
	Approximation for Almost Equal Growth Rates
	Layering Algorithm

	Fractional Polyamorous Scheduling
	Linear Programs for Polyamorous Scheduling
	Poly Density


	Simple Approximation Algorithms for Polyamorous Scheduling
	Results
	Approximating OPS
	Lower Bounds
	Reduce-Fastest(x)
	Length of Schedules

	Poly Density
	Bounding Poly Density for OPS polycules
	Poly Density of DPS Polycules

	Inapproximability
	Overview of Proof
	Overview of Reduction
	The True Clock & Colour Slots
	Variables
	Flippers
	Duplication of Variables and Constants
	Clauses
	Tension
	Proof of Reduction



	II Multiway Powersort
	Multiway Powersort
	Introduction
	Results
	Related Work

	Preliminaries
	Lower Bound
	Merging and its Memory-transfer Cost
	Run-adaptive Mergesort

	Multiway Powersort
	Intuition and the Merge Tree
	k-way Powersort
	Analysis
	k-way Peeksort

	Results
	Implementations and Compilation
	Experimental Setup
	Hypothesis 1: 4-way Powersort can yield significant performance improvements
	Hypothesis 2: Scanned elements explain the speedups
	Hypothesis 3: 4-way Powersort halves merge cost

	Conclusions


	Conclusion
	Conclusion
	Future Work
	Periodic Scheduling
	Pinwheel Scheduling
	Polyamorous Scheduling
	Multiway Powersort



	III Appendices
	Original Inapproximability Proof
	Overview of Proof
	Reduction Overview
	The True Clock & Colour Slots
	Variables
	Duplication of Variables and Constants
	3-Duplicators
	6-Duplicators

	Clauses
	Sorting Networks
	12-Edge Duplicator
	OR2 Gadget
	AND2 Gadget
	Slot Splitting Gadgets
	SWAP Gadgets
	Sorting Network Schedules

	Tension
	Correctness Proof of Reduction

	Powersort – C++ Code
	4-way merge with sentinels
	3-way merge and 2-way merge
	4-way Powersort
	Sentinel-free 2-way merge
	Sentinel-free 4-way merge (merging by stages)



