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Abstract

In this paper, we introduce the beta-Gaussian Iterated Posterior Linearisation
Filter (BG-IPLF). This filter is designed to deal with state-space models in
which one variable of the state space is constrained to be between zero and one,
such as the state of charge (SOC) in lithium-ion battery models. The BG-IPLF
propagates a joint beta-Gaussian distribution through the filtering recursion.
In each update, the filter performs iterated statistical linear regressions to look
for the optimal linearisation of the measurement function, accounting for lin-
earisation errors. A projection step is performed after each iteration to map
the updated moments to the constraints of beta-Gaussian distributions. We
conduct simulations and experimental battery test benches to assess the BG-
IPLF’s performance. This filter outperforms the Extended Kalman Filter, the
Unscented Kalman Filter and the standard Iterated Posterior Linearisation Fil-
ter, demonstrating high accuracy in SOC estimation.

Keywords: State of charge (SOC), Kalman filter, beta-Gaussian distribution,
iterated posterior linearisation filter.

1. Introduction

Electric vehicles (EVs) are increasingly popular due to their ability to reduce
dependence on fossil fuels and lower greenhouse gas emissions [1, 2]. Electric
vehicles are usually powered by lithium-ion batteries, which are monitored by
the battery management system (BMS) [3–5]. One fundamental aspect of BMS
is the State of Charge (SOC) estimation [6].

The SOC of a battery is defined as the percentage of the remaining capac-
ity relative to its maximum available capacity. Accurately estimating SOC is
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crucial for understanding the battery’s remaining capacity and ensuring safe
vehicle operation [7]. However, the SOC cannot be directly measured; it must
be inferred from indirect indicators such as voltage and current [8].

In this paper, we address SOC estimation using a model-based approach.
Model-based approaches, offer a more effective trade-off between accuracy, com-
plexity, real-time performance, and computational cost compared to data-driven
methods [7]. This makes them a highly promising choice for EV applications
[9, 10]. Battery models are generally categorized into four main types: empiri-
cal [11], electrochemical [12], and equivalent circuit models (ECM) [13]. Among
these, the ECM is particularly well-suited for SOC estimation due to its broad
applicability and lower computational demands [14].

Once the model is established, identifying its parameters becomes crucial,
as accurate parameters directly impact SOC estimation precision [15]. Param-
eter identification can be classified into two categories: offline and online [16].
Offline methods often struggle to accurately capture the battery’s dynamic be-
havior under complex operating conditions [17]. The recursive least squares
(RLS) method is widely used for online parameter identification due to its fast
computation [18]. However, it requires further refinement to effectively identify
model parameters. To address this, the forgetting factor recursive least squares
(FFRLS) method was introduced, offering improved convergence speed [19].

Once the model parameters are defined, SOC estimation typically involves
using a state-space model combined with Bayesian inference [20]. However, due
to the highly nonlinear nature of battery models [21], SOC estimation often
relies on a Gaussian approximation to the posterior to solve nonlinear filter-
ing problems. A standard solution is the extended Kalman filter (EKF), which
performs analytical linearisation of the nonlinear functions at the predicted and
updated means [22–25]. The unscented Kalman filter (UKF) instead propagates
a set of sigma-points through the non-linear functions to estimate the mean and
covariance matrix [26–29]. Other sigma-point Kalman filters include the cuba-
ture Kalman filter [30–32]. These sigma-point Kalman filters implicitly perform
a linearisation of both the dynamic and measurement models via statistical lin-
ear regression (SLR) [33]. In particular, the SLR in the update step is done
with respect to the predicted density, and in the prediction step with respect to
the updated density.

The drawback of the previous filters in the update step is that they do not
perform an optimal linearisation given the knowledge of the measurement. That
is, given the measurement, the optimal linearisation in the sense of minimising
the mean square error is given by statistical linear regression with respect to the
posterior, not the predicted density. The iterated posterior linearisation filter
(IPLF) addresses this drawback and aims to perform SLR with respect to the
posterior. This is achieved by an iterated update in which we perform iterated
SLRs w.r.t. the current approximation to the posterior [34].

A downside of the above Gaussian filtering methods when applied to SOC
estimation is that their assumption of a Gaussian distribution for the SOC is
inadequate because it does not naturally constrain SOC values within the 0 to
1 range. This is a gap in the literature in SOC estimation that we fill following

2



first principles. A sound statistical approach to deal with this type of constraint
is to use a distribution that naturally includes this constraint. As the SOC is
between 0 and 1, a natural choice for its distribution is a beta distribution
[35]. As in SOC estimation, the state typically includes other variables, such as
voltages, that can be modelled by Gaussian distributions, we therefore propose
a filter that propagates a joint beta-Gaussian distribution through the filtering
recursion. Similarly to a Gaussian distribution, a beta-Gaussian distribution
can also be characterised by its mean and covariance matrix. However, as we
will explain in the paper, the mean and covariance matrix must meet certain
constrains to represent a joint beta-Gaussian distribution.

Therefore, this paper aims to combine the optimal linearisation properties of
the IPLF, with the suitability of the beta-Gaussian distribution to characterise
a state in which one of the state variables is constrained within 0 and 1. The
resulting filter is known as the beta-Gaussian IPLF (BG-IPLF), which, in com-
bination with the FFRLS, is used for real-time SOC estimation by identifying
the model parameters. The BG-IPLF is of general applicability for nonlinear
state space models in which one state is constrained between 0 and 1, by ap-
plying the projection step to ensure beta-Gaussian distribution properties. The
update step of the BG-IPLF follows the same iterated scheme as the IPLF.
The different is that, after we compute the updated mean and covariance at
each iteration, we make a projection such that we obtain an updated mean
and covariance that are compatible with the moments of a joint beta-Gaussian
distribution.

In summary, the contributions of this paper are:

1. We propose a joint beta-Gaussian IPLF for state estimation in nonlin-
ear measurement models, specifically when one of the state variables is
constrained between 0 and 1.

2. We derive the Kullback-Leibler divergence (KLD) [36] for beta-Gaussian
distributions, which measures the distance between two distributions. This
is then used to design a convergence criterion for the iterations of the BG-
IPLF.

3. We combine the beta-Gaussian IPLF with the online parameter identifica-
tion algorithm FFRLS for simultaneous SOC and parameter estimation.

The complete process of the proposed algorithm is illustrated in Figure 1.

Figure 1: The output SOC from the BG-IPLF algorithm is fed into the online parameter
identification algorithm, whose parameters are then used in SOC estimation.

The rest of the paper is organized as follows. Section 2 introduces the SOC
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estimation problem along with the state-space model. Section 3 discusses the
beta-Gaussian distribution and explains its linear update. Section 4 covers the
nonlinear update for the beta-Gaussian density, introduces the BG-IPLF, and
derives the expression for the KLD of beta-Gaussian distributions, which serves
as a convergence criterion for the BG-IPLF. Additionally, this section discusses
parameter identification using the FFRLS algorithm in conjunction with the
BG-IPLF. Section 5 presents the simulation results to evaluate the performance
of BG-IPLF. Section 6 presents the experimental results of the BG-IPLF with
parameter estimation. Finally, Section 7 concludes the paper.

2. State-of-charge Estimation

In this section, we will explain the state-space model for SOC estimation
with known parameters. Section 2.1 defines SOC, Section 2.2 discusses lithium-
ion battery modeling and Section 2.3 describes the state-space model for the
battery.

2.1. SOC Definition

The SOC is an index between 0 and 1 that indicates the available capacity of
a battery relative to its total capacity. Theoretically, the SOC can be determined
using the Coulomb counting method, which involves integrating the battery’s
current over time. The equation for SOC is expressed as an integral evaluated
from time 0 to time t [8]:

s(t) = s(0)−
∫ t

0
ηiL(τ)dτ

CN
(1)

where s(0) is the initial SOC, η > 0 is the Coulombic efficiency factor, iL(τ) is
the load current and CN is the nominal capacity of the battery.

2.2. Lithium-Ion Battery Modeling

The single use of Equation (1) is not ideal to calculate the SOC for two
primary reasons. Firstly, the calculation of SOC by integrating the current
measurement is problematic due to inherent errors and noise that accumulate
over time. Secondly, an accurate initial SOC must be known beforehand [7].
Consequently, it is beneficial to construct a battery model, which we represent
by an equivalent circuit for the lithium-ion battery model, and then develop
SOC estimation algorithms for this model.

We consider the improved Thevenin model in Figure 2 [37]. This circuit has
three components:

1. Voltage source: this utilizes the open circuit voltage (Uoc) to represent the
battery’s voltage source.

2. Ohmic voltage across the equivalent ohmic resistance (R0), which reflects
the electrical resistance from various battery components or the accumu-
lation and dissipation of charge in the electrical double layer.
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3. Dynamic voltage behavior and mass transport effects: The system incor-
porates electrochemical polarization resistance (R1), concentration polar-
ization resistance (R2), alongside their corresponding capacitances, elec-
trochemical polarization capacitance (C1) and concentration polarization
capacitance (C2) [7].

Figure 2: Improved Thevenin Model of a battery. This model consists of 3 resistors, 2 capac-
itors and a voltage source.

The circuit’s electrical characteristics are modeled in discrete time with a
sampling interval ∆t. At the k-th time step, the SOC is sk, and the voltages
across C1 and C2 are U1,k and U2,k, respectively. The SOC and voltages are
described by the equations in [37].

sk = sk−1 −
ηiL,k−1∆t

CN
(2)

and

U1,k = U1,k−1 exp (−∆t/(R1C1)) + iL,k−1R1 (1− exp (−∆t/(R1C1))) ,

U2,k = U2,k−1 exp (−∆t/(R2C2)) + iL,k−1R2 (1− exp (−∆t/(R2C2))) ,

UL,k = Uoc(sk)− iL,kR0 − U1,k − U2,k

(3)

where the subscripts k and k − 1 denote the values at time steps k and k − 1,
respectively.

2.3. State-space Model

We proceed to write the SOC estimation problem in state-space form [8]:{
xk = f(xk−1, uk−1) + wk (Dynamic Model)

zk = h(xk, uk) + vk (Measurement Model)
(4)

where uk−1 represents the control input at time k − 1, xk ∈ Rnx is the state
vector at time k, and zk ∈ Rnz is the measurement vector. The function f(·)
defines the state transition, while h(·) represents the measurement function. The
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noise terms wk and vk are independent zero-mean white noises with covariance
matrices Qk and Rk, representing process and measurement noise, respectively.

In this model, we define the state vector xk and the control input uk−1 as
follows [38]:

xk =

 sk
U1,k

U2,k

 , uk−1 = iL,k−1. (5)

With the state vector and control input defined, we can specify the functions
for the state-space model. Using (3) and considering that we observe noisy val-
ues of UL, the state transition function f(xk−1, uk−1) and measurement function
h(xk, uk) are given by:

f(xk−1, uk−1) = Fk−1xk−1 +Bk−1uk−1 (6)

h(xk, uk) = Uoc(sk)− ukRo +
[
0 −1 −1

]
xk (7)

where the state transition matrix F and control input matrix B are given by:

Fk−1 =

1 0 0
0 exp (−∆t/(R1C1)) 0
0 0 exp (−∆t/(R2C2))

 ,
Bk−1 =

 −η∆t/CN

R1(1− exp (−∆t/(R1C1)))
R2(1− exp (−∆t/(R2C2)))

 (8)

In addition, both the dynamic and measurement models incorporate noise
to account for sensor reading errors and model uncertainties. It should be noted
that while the dynamic model is linear, the measurement model is nonlinear,
due to the function Uoc(sk).

The objective is to compute, or rather to approximate, the posterior density
of the state xk given the sequence of measurements (z1, . . . , zk). Due to the
nonlinear measurement model, a standard approach in the literature to solve
this problem is through the use of Gaussian distributions via methods such as
the EKF [39] and the UKF [26]. These filters perform sequential prediction and
update steps. The prediction step makes uses of the dynamic model to predict
the mean and covariance at the next time step. The update step makes use of
the measurement model and the received measurement to update the predicted
density.

However, these approaches do not consider that the SOC is inherently bounded
between 0 and 1, since a Gaussian distribution is unbounded. Consequently, per-
formance can be enhanced by employing a suitable probability density function
to model the state that naturally incorporates this constraint. In the following
sections, we will explain the filter we propose to address this problem.

Note: To simplify the rest of this paper and make it easier to read, We will
drop the time index from the notation, and simply use the notation x = xk.
This notation will also be applied to other vectors for consistency. Additionally,
we will denote h(x) = h(x, u).
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3. Linear Update for the Joint beta-Gaussian Density

As the SOC is bounded between 0 and 1, in this paper, we propose to use
a beta distribution to approximate the predicted and posterior densities. Since
there are other unbounded variables in the state vector, we will approximate
the predicted and posterior densities as joint beta-Gaussian densities.

Before addressing the non-linear update in the next section, we introduce
the update for a linear measurement model for the joint beta-Gaussian in this
section. This section is organised as follows. Section 3.1 introduces the beta dis-
tribution. Section 3.2 proposes the considered joint beta-Gaussian distribution.
Section 3.3 introduces the proposed linear update for the joint beta-Gaussian
density.

3.1. Beta Distribution

The beta distribution is a continuous probability distribution defined on the
interval [0, 1], making it suitable to represent the uncertainty of the SOC. The
probability density function of the beta distribution is parameterized by α > 0
and β > 0. It is expressed as follows [40]:

B(x;α, β) =
xα−1(1− x)β−1

B(α, β)
(9)

where B(α, β) is the beta function, defined as:

B(α, β) =

∫ 1

0

tα−1(1− t)β−1 dt (10)

The beta distribution can also be characterized by its mean and variance.
The mean is denoted as µ = E[x], where

0 < µ < 1, (11)

and the variance is given by σ2 = E[(x−µ)2]. For the beta distribution, it holds
that [41]

σ2 < µ(1− µ) (12)

The α and β parameters can be obtained from the mean and variance as [35]

α =

(
µ(1− µ)

σ2
− 1

)
µ (13)

β =

(
µ(1− µ)

σ2
− 1

)
(1− µ) (14)

Similarly, given α and β, we can calculate the mean and variance.
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3.2. Joint beta-Gaussian Density

In this section we define the joint beta-Gaussian density. Let us consider

we have a beta-Gaussian density p(·) on a state x =
[
a b

]T
, where a ∈ [0, 1]

and b ∈ Rnb . The beta-Gaussian distribution is characterised by the mean and
covariance matrix

x̄ =

[
ā
b̄

]
, P =

[
σ2 Pab

PT
ab Pb

]
(15)

where ā and σ2 meet (11) and (12), as they correspond to the mean and variance
of a beta distribution. Additionally, Pab is a row vector of size 1×nb, and Pb is
a matrix of size nb × nb.

The joint beta-Gaussian density with mean and covariance matrix (16) is
then given by:

p(a, b) = p(a)p(b | a) (16)

where

p(a) = B(a;α, β) (17)

p(b | a) = N (b; b̄+
PT
ab

σ2
(a− ā), Pb|a) (18)

where α and β are parameters computed using equations (13) and (14) with
mean ā and variance σ2, and (18) represents a Gaussian density with mean

b̄+
PT

ab

σ2 (a− ā) and covariance matrix

Pb|a = Pb −
PT
abPab

σ2
(19)

It should be noted that (16) has the following properties: the marginal
distribution of a is beta, the conditional distribution of b given a is Gaussian,
and the mean and covariance matrix are given by (15). Therefore, we refer to
(16) as a beta-Gaussian density.

3.3. Linear Update for beta-Gaussian distributions

This section explains the linear update of the joint beta-Gaussian distribu-
tion. This linear update will be a previous step to perform the non-linear update
discussed in the next section.

Let us consider the beta-Gaussian distribution with mean and covariance
matrix given in (15). The measurement model is described by (4) with h(x) =
h(x, u), and we consider a linear measurement function of the form:

h(x) = Ax+ b+ e (20)

where A ∈ Rnz×nx , b ∈ Rnz , and e ∈ Rnz is a zero-mean error uncorrelated
with x and v, that has covariance matrix Ω.
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To perform the update, we utilize the Linear Minimum Mean Square Error
(LMMSE) estimator. Given a measurement z, the updated mean ū and co-
variance matrix W produced by this estimator correspond to the ones obtained
with the Kalman filter update [34]

ū = x̄+ PAT (APAT +Ω+R)−1(z −Ax− b) (21)

W = P − PAT (APAT +Ω+R)−1AP (22)

A problem with the LMMSE update is that it may yield mean and variance
values for a that do not conform to the constraints of the beta distribution,
thereby failing to satisfy equations (11) and (12). To address this issue and
ensure compliance with the beta-Gaussian distribution properties, we project
the updated moments ū and W into a form that satisfies the beta-Gaussian
distribution properties.

To do this projection, let us first write the updated mean and covariance in
terms of its a and b components as

ū =

[
ūa
ūb

]
, W =

[
Wa Wab

WT
ab Wb

]
(23)

In addition, the updated mean and covariance after the beta-Gaussian pro-
jection are denoted by

ū⋆ =

[
ū⋆a
ū⋆b

]
, W ⋆ =

[
W ⋆

a W ⋆
ab

(W ⋆
ab)

T
W ⋆

b

]
(24)

where ū⋆a and W ⋆
a are determined as follows:

ū⋆a =


ϵ, if ūa < 0,

ūa, if 0 ≤ ūa ≤ 1,

1− ϵ, if ūa > 1,

(25)

W ⋆
a =

{
Wa, if Wa < ū⋆a(1− ū⋆a),
ū⋆a(1− ū⋆a)− ϵ, if Wa ≥ ū⋆a(1− ū⋆a).

(26)

where ϵ is a small positive parameter. It should be noted that we introduce
ϵ > 0, as if we set ϵ = 0, the variance W ⋆

a = 0 if ūa < 0 or ūa > 1, which would
create numerical problems while filtering.

Once we have updated the posterior moments of a to satisfy (11) and (12),
the posterior density of b given a and z remains unchanged. This implies that
the rest of the parameters of the updated mean and covariance matrix are [42]
[43]

ū⋆b = ūb +WT
ab(Wa)

−1(ūa − ū⋆a) (27)

W ⋆
ab =W ⋆

aW
−1
a Wab (28)

W ⋆
b =Wb −WT

ab(Wa)
−1(Wa −W ⋆

a )(Wa)
−1Wab (29)
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The resulting algorithm of the linear update of the beta-Gaussian density,
which includes the Kalman update followed by the beta-Gaussian projection is
provided in Algorithm 1.

Algorithm 1 Linear beta-Gaussian Distribution Update

Input: Prior joint beta-Gaussian moments x̄, P , and measurement model
parameters A, b,Ω and R.
Output: Updated moments ū⋆ and W ⋆.
Step 1: Kalman filter update

• Calculate ū,W using equations (21) and (22) with A, b,Ω.

Step 2: Beta-Gaussian projection

• Check beta distribution constraints of ūa and Wa using (11) and (12).

if ūa and Wa both meet the condition then
Output: ū⋆ = ū,W ⋆ =W
Terminate algorithm

else
Calculate ū⋆a and W ⋆

a using (25) and (26).
Step 3: Update the moments of b

• Calculate ū⋆b using equation (27).

• Update cross-covariance W ⋆
ab using equation (28).

• Update covariance W ⋆
b using equation (29).

Step 4: Output Moments

• Output ū⋆ andW ⋆ using the newly computed values in the form of (24).

end if

1) Illustrative Example: To gain more insight into this update, consider the

state-space model for battery with the prior x̄ =
[
ā b̄

]T
and covariance matrix

P . Here, ā = 0.8 represents the SOC, b̄ =
[
0 0

]T
represents U1 and U2, and

P = 0.01I3×3. The parameters of the linear measurement model are A = I1×3,
b = 1, R = Ω = 0.1, and the observed measurement is z = 2. We then apply
Algorithm 1 for the joint beta-Gaussian distribution linear update.

Figure 3 shows the prior joint-beta Gaussian, the updated Gaussian that is
obtained from the Kalman filter update, and the updated beta-Gaussian density
obtained with Algorithm 1. We can see that the updated Gaussian density has
non-negligible density for values of SOC that are prohibited as they are higher
than one. On the contrary, the updated beta-Gaussian density is constrained
in the interval [0,1], as required by the physical constraints of the SOC.
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Figure 3: The density of SOC shows that the Beta-Gaussian update keeps SOC within the
valid range, whereas the Gaussian update allows values to fall outside this range.

4. Beta-Gaussian Iterated Posterior Linearisation Filter

This section introduces the beta-Gaussian iterated posterior linearisation
filter. Section 4.1 explains the nonlinear update for the beta-Gaussian den-
sity. Section 4.2 reviews statistical linear regression to select parameters for
the nonlinear update. Section 4.3 covers the beta-Gaussian iterated posterior
linearisation. Section 4.4 introduces the stopping criteria for this iterative al-
gorithm. Section 4.5 discusses the prediction step for the beta-Gaussian IPLF.
Finally, Section 4.6 introduces the BG-IPLF&FFRLS algorithm for online SOC
and parameter estimation.

4.1. Nonlinear Beta-Gaussian Update

The update of a beta-Gaussian prior with a non-linear measurement model
does not have a closed-form expression. In this section, we leverage the results
from the previous section, where we obtained the update of a beta-Gaussian
prior using a linear measurement model.

Given a nonlinear measurement function h(x), we perform an enabling ap-
proximation of the form [34]

h(x) ≈ h̄(x) = Ax+ b+ e (30)

where h̄(x) approximates h(x) and e is a zero-mean noise with covariance matrix
Ω.

Once we have performed the enabling approximation (30), we can use Al-
gorithm 1 to obtain the mean and covariance of the updated beta-Gaussian
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distribution. As in Gaussian updates, the accuracy of the updated mean and
covariance only depends on the choice of (A, b,Ω) [34]. We proceed to explain
how to select these parameters.

4.2. Statistical Linear Regression

In the update step, the parameters (A, b,Ω) are typically selected using SLR
[34, 44]. Given a density p(·) on x with mean x̄ and covariance matrix P , the
SLR selects the parameters A and b that minimise the mean square error

(A+, b+) = argmin
A,b

E
[
(h(x)−Ax− b)T (h(x)−Ax− b)

]
(31)

SLR then chooses Ω as the resulting mean square error matrix:

Ω+ = E
[
(h(x)−A+x− b+)(h(x)−A+x− b+)T

]
(32)

It turns out that the above SLR parameters can be calculated as [33].

A+ = C[x, h(x)]TP−1 (33)

b+ = E[h(x)]−A+x̄ (34)

Ω+ = C[h(x)]−A+P (A+)T (35)

where E[x] is the expectation function and C[x] the covariance function. These
moments can be approximated using sigma points w.r.t. density p(·) [34][45],
e.g., the unscented transform (UT) [26].

4.3. Beta-Gaussian Iterated Posterior linearisation

Consider the approximation in (30). Traditional linearisation methods, such
as the Taylor series expansion and SLR, are applied to the prior distribution,
giving rise to the EKF and the sigma-point Kalman filters. The idea of posterior
linearisation is that, to account for the information contained in the measure-
ment, we must condition on z in the choice of the linearisation parameters
(A, b,Ω) in the SLR (31) and (32), such that the expectation is taken with
respect to the posterior.

The SLR with respect to the posterior provides us with the best linearisation
of h(·) in a mean square error given the measurement z. In this way, posterior
linearisation effectively captures the nuances within the measurement’s region
of interest once the measurement is known.

However this approach cannot be applied directly because we require knowl-
edge of the posterior to approximate the posterior. Nevertheless, it motivates
an iterated procedure in which we iteratively approximate the posterior and
the SLR parameters with respect to the current approximation of the posterior.
This process is known as the Iterated Posterior linearisation Filter (IPLF) [34].

The update step of the IPLF for the beta-Gaussian distribution is analogous
to the IPLF update for Gaussian distributions, with the difference that the
linear update is now given by the linear update for beta-Gaussian distributions.
The resulting beta-Gaussian IPLF update step is provided in Algorithm 2.
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Algorithm 2 The Update Step of the beta-Gaussian IPLF

Input: Prior moments ū1 = x̄,W 1 = P .
Output: Posterior moments ūi,W i.
Initialize by setting i = 1.
repeat

Approximate the SLR Ai, bi,Ωi: ▷ See Section 4.2

• (Ai, bi,Ωi) = SLR(h(·), ūi,W i)

Compute the posterior approximation moments ūi+1 and W i+1:

• Use Algorithm 1 with Ai, bi,Ωi and x̄, P .

i← i+ 1
until convergence, see Section 4.4.

4.4. Convergence Criterion based on KLD

The IPLF update step can be run for a pre-specified number of iterations
or following a certain convergence criterion. The standard convergence crite-
rion for the IPLF is based on measuring the difference between the updated
Gaussian density from one iteration to the next using the Kullback-Leibler di-
vergence (KLD) [34]. Since the densities in this paper are beta-Gaussian, this
section provides the KLD between beta-Gaussian distributions to be used as a
convergence criterion.

Lemma 1. The KLD between two joint beta-Gaussian densities, denoted as pi(·)
and pj(·), each with the parameters specified in (16)-(17) but with subindices i
and j, is given by:

D (pi ∥ pj) = log
B(αj , βj)

B(αi, βi)
+ (αi − αj)ψ(αi)

+ (βi − βj)ψ(βi) + (αj − αi + βj − βi)ψ(αi + βi)

+
1

2

tr((P b|a
j

)−1

P
b|a
i

)
− log


∣∣∣P b|a

i

∣∣∣∣∣∣P b|a
j

∣∣∣
− nb


+
(
b
b|a
j,i

)T (
P

b|a
j

)−1
(
P ba
j

σ2
j

− P ba
i

σ2
i

)
ai

+
1

2

[(
b
b|a
j,i

)T (
P

b|a
j

)−1

b
b|a
j,i

+

(
P ba
j

σ2
j

− P ba
i

σ2
i

)T (
P

b|a
j

)−1
(
P ba
j

σ2
j

− P ba
i

σ2
i

)(
σ2
i + a2i

) (36)
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where

b
b|a
j,i = bj − bi −

P ba
j aj

σ2
j

+
P ba
i ai
σ2
i

(37)

and ψ(·) is the digamma function [46].

Lemma 1 is proved in Appendix A. When using the KLD convergence cri-
terion, the beta-Gaussian IPLF iterations continue until D (pi ∥ pi+1), where pi
is the beta-Gaussian density at the i-th iteration, is smaller than a threshold γ,
which is a parameter of this convergence criterion.

4.5. Prediction for beta-Gaussian IPLF

In general, the prediction step of the BG-IPLF corresponds to the predic-
tion step of a UKF [26], followed by a beta-Gaussian projection, as described in
Section 3.3. That is, the prediction step of the UKF selects sigma points that
match the posterior mean and covariance at the previous time step and prop-
agates them through the nonlinear dynamic model to obtain the propagated
mean and covariance matrix.

If the dynamic model is linear, as in the SOC estimation (see Section 2),
it is analytically equivalent to applying the Kalman filter prediction step [20].
The prediction step equations can be found in Appendix B.

The entire diagram of the beta-Gaussian IPLF is shown in Figure 4. The
BG-IPLF follows a two-step process in its operation. Initially, it performs a pre-
diction step using either a UKF or a Kalman filter, followed by a beta-Gaussian
projection as outlined in Section 3.3. During the update phase, the filter re-
peatedly applies SLRs to the measurement function. After each SLR update, a
beta-Gaussian projection updates the mean and covariance. To determine when
to stop these iterations, the KLD for beta-Gaussian distributions serves as the
stopping criterion.

Figure 4: Diagram of the beta-Gaussian IPLF. There is a beta-Gaussian distribution projec-
tion after the prediction step, and after each iteration in the update step.

4.6. Parameter Identification

In this section, we introduce the BG-IPLF&FFRLS algorithm, which com-
bines the BG-IPLF approach with the online parameter estimation method
FFRLS [15]. The diagram of the online parameter identification algorithm is
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proposed in Figure 1. This parameter identification algorithm assumes the SOC
sequence sk up to the current time step is known.

First, following [37], the parameters R1, C1, R2, C2, and R0 are transformed
into parameters k1, k2, k3, k4, and k5. The specific transformation can be found
in Appendix B. Then, the vector of parameters of interest is:

θ =
[
k1, k2, k3, k4, k5

]T
(38)

We also define:
yk = Uoc(sk)− UL,k (39)

where yk is a known quantity because the parameter identification algorithm
assumes the SOC is known and UL,k is a measured voltage.

Our goal is to minimize the sum of squared errors. To prioritize new data
over older data, a forgetting factor λ (0 < λ < 1) is incorporated in the last
N step window. The sum of squared errors is derived using the least squares
estimation method, which incorporates the forgetting factor [47]:

J =

N∑
k=1

λvk
2 (40)

where J represents the sum of the squared errors of the system, and vk is the
error between the actual and estimated values, defined as:

vk = yk − ȳk (41)

where ȳk is the predicted observation, given by [48]:

ȳk = φkθ̄k−1 (42)

where θ̄k−1 is the estimated parameter at timestep k−1, and φk which combines
the observations yk from timesteps k − 2 and k − 1, and the load current iL
from timesteps k−2, k−1, and k [15], incorporating the previous two timesteps
within the window.

φk =
[
yk−1, yk−2, iL,k, iL,k−1, iL,k−2

]T
(43)

The recursive approach used to minimize the error in (46) is [48]:
Kk = Sk−1φk

(
λ+ φT

k Sk−1φk

)−1

θ̄k = θ̄k−1 +Kk

[
yk − φT

k θ̄k−1

]
Sk = λ−1

[
Sk−1 − Sk−1Kkφ

T
k Sk−1

] (44)

In this approach, Sk−1 is the covariance matrix, and Kk is the gain matrix
used to update the parameter, resulting in θ̄k at the next timestep.
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5. Simulation Results

In this section, we analyze the performance of the beta-Gaussian IPLF (BG-
IPLF), assuming known battery model parameters, through simulations in the
two scenarios presented in Sections 5.1 and 5.2. Specifically, we compare EKF,
UKF, IPLF, and BG-IPLF. The experimental setup consists of all algorithms
running on a 2.6 GHz 6-Core Intel Core i7 processor, implemented using the
open-source JAX software library [49], which supports automatic differentiation.
The unscented transform used in UKF, IPLF, and BG-IPLF is implemented
with 2nx + 1 sigma points, and the weight of the sigma point located at the
mean is set to 1/3 [26]. The convergence threshold for the KLD, used in both
IPLF and BG-IPLF, is γ = 10−1. The parameters of the battery model are
provided in Table 1.

Table 1: Battery model parameters and initial conditions.

Parameter Values
C1 201F
R1 0.001Ω
C2 10000F
R2 0.1Ω
η 0.98
R0 0.02225Ω
CN 38Ah
∆t 1 s

The voltage source as a function of the state of charge is a quadratic function
[37]:

Uoc(sk) = −13sk2 + 22sk + 57 (45)

5.1. Current Discharging and Charging Test

This scenario involves simulations with 10,000 time steps, which also corre-
sponds to the number of measurements processed. The simulation consists of cy-
cles, each of 300 timesteps: 20A discharging/charging current for 300 timesteps,
followed by 300 timesteps of idling. These cycles are repeated throughout the
entire simulation. Specifically, in this scenario, the initial parameters for all
filters are set as follows:

x̄0 =
[
0.8 0 0

]T
, R = 0.001,

P0 = diag [0.16, 0.16, 0.16] , Q = diag
[
10−10, 10−7, 10−7

]
.

The ground truth SOC is obtained by sampling from the modeled process.
The current profile iL,k and SOC estimation results are shown in Figure 5.
From the results, we can see that the BG-IPLF outperforms the other filters,
achieving the fastest convergence.
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Figure 5: Current Discharging and Charging Test: The upper figure shows the current profile,
while the bottom figure displays the SOC estimation results for a single Monte Carlo run.
Both figures share the same x-axis representing timesteps.

a) Monte Carlo runs evaluation: To better evaluate the filter performance,
we used 1000 Monte Carlo runs. Each run generated different noise added
to the measurements. The root mean square error (RMSE) of SOC at each
timestep is shown in Figure 6 along with the RMSE and average running time
across all timesteps in Table 2. Overall, BG-IPLF outperforms the other filters
at all timesteps but has a longer running time. Specially at the beginning
of the simulation, the EKF exhibits largest errors. After approximately 1000
timesteps, the UKF error increases and becomes higher than the IPLF error.
As the process continues, the errors in the EKF and BG-IPLF become similar,
while the UKF and IPLF consistently maintain higher errors compared to the
other filters.

A potential issue with the UKF and IPLF is that the propagated sigma
points may fall outside the valid range of 0 to 1, leading to higher errors in the
UKF and IPLF compared to the EKF as the process progresses. Additionally,
the UKF fails to achieve optimal linearisation with the measurement knowledge.
As a result, the IPLF exhibits a lower RMSE across all timesteps. As the models
are the same in all methods, the faster convergence of the BG-IPLF compared
to the other methods is the result of improved filtering due to how BG-IPLF
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deals with the constrained SOC, and the use of iterations.

Figure 6: The SOC RMSE results in each timestep show that the BG-IPLF outperforms the
other filters.

Table 2: RMSE and Average Running Time Across All Timesteps for Current Discharging
and Charging Test

EKF UKF IPLF BG-IPLF
RMSE 4.28 3.95 3.89 0.69
Average Running Time (s) 0.20 0.30 0.44 0.71

5.2. Hybrid Pulse Power Characterization Test

The battery hybrid pulse power characterization (HPPC) test is conducted
in segments [50], each consisting of 700 timesteps. Each segment includes a
prolonged 10A discharging phase followed by an idle period, and then an 80A
high pulse for charging and discharging. This sequence is repeated for a total
of 10,000 timesteps which also corresponds to the number of measurements
processed.

Specifically, in this scenario, we set the initial parameters for all filters as
follows:

x̄0 =
[
0.8 0 0

]T
, R = 0.001,

P0 = diag [0.16, 0.16, 0.16] , Q = diag
[
10−10, 10−7, 10−7

]
.

The ground truth SOC is also drawn sampling from the modelled process.
The current profile iL,k and ground truth SOC are shown in Figure 7.
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Figure 7: HPPC Test: The upper figure shows the current profile, while the bottom figure
displays the ground truth SOC. Both figures share the same x-axis representing timesteps.

a) Monte Carlo runs evaluation: In this test, we also performed 1000 Monte
Carlo runs. The RMSE results are shown in Figure 8 along with the RMSE and
avergage running time across all timestep in Table 3. The BG-IPLF consistently
outperforms the other filters, however it takes longer running time than other
filters. Overall, the EKF, UKF and IPLF require more timesteps to converge
in this test, resulting in a higher RMSE across all timesteps compared to the
previous test. The results indicate that the high pulse current charging and
discharging in the HPPC test, which causes sudden SOC rises and challenges
for filter estimation. Additionally, after roughly 1000 timesteps, the IPLF shows
better performance compared to both the EKF and UKF. By the end of the
simulation, the EKF and UKF have similar errors, while the IPLF has a slightly
higher error.

In terms of computational efficiency, the EKF has the shortest running time
(0.39s), followed by the UKF (0.62s) and IPLF (0.73s). The BG-IPLF, despite
achieving the lowest RMSE (0.74), has the longest execution time (1.10s). This
suggests that while BG-IPLF offers superior accuracy, it comes at the cost of
increased computational complexity.
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Figure 8: The SOC RMSE results in each timestep show that the BG-IPLF outperforms the
other filters.

Table 3: RMSE and Average Running Time Across All Timesteps for HPPC Test

EKF UKF IPLF BG-IPLF
RMSE 6.49 5.29 4.49 0.74
Average Running Time (s) 0.39 0.62 0.73 1.10

6. Experimental Results

In this section, we evaluate the accuracy of the BG-IPLF, with the pro-
posed parameter estimation technique, using experimental data provided by
the CALCE (Center for Advanced Life Cycle Engineering) research team at the
University of Maryland [51]. The dataset considers a Samsung INR 18650-20R
lithium-ion battery cell with nominal capacity 2 Ah tested under 25°C and 45°C
conditions.

The manufacturer’s specifications for this battery are detailed in Table 4.
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Table 4: Battery parameters and specifications.

Battery parameters Specifications
Name INR 18650-20R
Chemistry of the cell LiNiMnCo/Graphite
Maximum capacity 2000 mAh
Lower cut-off voltage 2.5 V
Upper cut-off voltage 4.2 V
Maximum current 22 A (at 25°C)
Mass 45.0 g

6.1. Incremental Current OCV Test

The incremental current test dataset [51] includes multiple SOC intervals,
where the battery, starting at 100% SOC, was discharged in 10% SOC incre-
ments. In each interval, a rest period was included. From this dataset, the
voltage during the rest period was considered the OCV corresponding to each
10% SOC increment. Using these values, we modeled the OCV-SOC relationship
with a 10th-order polynomial fit. Figure 9 presents the fitted results, illustrating
the relationship between OCV and SOC under 25°C and 45°C.
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Figure 9: OCV-SOC fitting curve in 25°C and 45°C.

6.2. Model Verification

Before proceeding to SOC estimation using the BG-IPLF&FFRLS algo-
rithm, we first verify the model with the FFRLS algorithm under known SOC
conditions in 25°C. The FFRLS algorithm was applied for online parameter
identification of the battery model, using voltage and current data collected
under incremental current test. The model’s accuracy was evaluated by com-
paring the experimentally measured voltage with the simulated output from the
FFRLS algorithm.
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As the parameters of the battery model change during pulse discharging, the
FFRLS algorithm estimates these parameters in real-time with λ = 0.99. The
results of the model’s parameter identification are presented in Figure 10.

Figure 10: Estimated parameter values of R0, R1, R2 and C1, C2 under 25°C.

Figure 11 presents the voltage comparison under the incremental current
test in 25°C, while Figure 12 illustrates the corresponding response error. The
voltage estimation RMSE under incremental current test across all timestep was
0.97%. These small errors highlight the precision of the FFRLS algorithm in es-
timating model parameters, confirming the model’s reliability and its suitability
for SOC estimation under dynamic current profiles.

Figure 11: Left: Current over time. Right: Comparison of actual and simulated voltage using
the FFRLS algorithm.
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Figure 12: Voltage RMSE using the FFRLS algorithm.

6.3. SOC Estimation Under Complex Working Conditions

To validate the proposed BG-IPLF algorithm, its accuracy is assessed using
experimental data provided by CALCE [51] under various complex tests at 25 °C
and 45 °C, including the Dynamic Stress Test (DST), Beijing Dynamic Stress
Test (BJDST), and Federal Urban Driving Schedule (FUDS).

These tests involve continuous charging and discharging processes of lithium
batteries, which are essential for evaluating the filter’s performance. All tests
were conducted at an 80% battery level [51], where the current and terminal
voltage profiles at 25 °C are shown in Figure 13.
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(a) DST

(b) BJDST

(c) FUDS

Figure 13: Current and terminal voltage profiles at 25 °C for (a) DST, (b) BJDST, and (c)
FUDS.

Specifically, we evaluated the EKF, UKF, IPLF, and BG-IPLF algorithms
using two SOC estimation scenarios: one with an informative SOC prior (accu-
rately known initial SOC) and oen with an uninformative SOC prior (mainly
unknown initial SOC), tested at 25 °C and 45 °C:
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1. Informative initial SOC: The initial state vector is set as x̄0 =
[
0.8 0 0

]T
with the covariance matrix P0 = diag [0.1, 0.01, 0.01].

2. Uninformative initial SOC: The initial state vector is set as x̄0 =
[
0.5 0 0

]T
with the covariance matrix P0 = diag [0.13, 0.01, 0.01].

Furthermore, the unscented transform for the UKF, IPLF, and BG-IPLF
algorithms was implemented using 2nx +1 sigma points, with the weight of the
sigma point located at the mean being 1/3 [26]. The convergence threshold for
the KLD used in both the IPLF and BG-IPLF algorithms was set to γ = 10−1.

It is important to note that in the experiments discussed below, the true
SOC was calculated using the Coulomb counting method.

6.3.1. SOC Estimation Under DST

To validate the superiority of the BG-IPLF algorithm, the SOC estimates
from the EKF, UKF, and IPLF algorithms were compared under both known
and unknown initial SOC conditions during the DST at ambient temperatures
of 25°C and 45°C.

a) Ambient temperature 25°C: In this scenario, we set R = 0.002 and Q =
diag[1×10−8, 1×10−8, 1×10−8]. The SOC estimation results and corresponding
errors for different algorithms under DST with known and unknown initial SOC
are illustrated in Figure 14.

According to Figure 14, the EKF tends to underestimate SOC, resulting
in lower values compared to the other filters. In contrast, the UKF and IPLF
exhibit similar performance, with the BG-IPLF consistently achieving better
performance than the other filters.
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(a) SOC estimation under 25°C DST conditions with known initial SOC.
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(b) SOC estimation under 25°C DST conditions with unknown initial SOC.

Figure 14: Comparison of SOC estimation results and estimation errors in 25°C DST for
different algorithms under (a) known initial SOC and (b) unknown initial SOC. Note that in
(b), for clarity of display, we ignore the initial error during the first 100 timesteps.

b) Ambient temperature 45°C: In this scenario, we set R = 0.001 and Q =
diag[1×10−5, 1×10−5, 1×10−8]. The SOC estimation results and corresponding
errors for different algorithms under DST with known and unknown initial SOC
are illustrated in Figure 15.

According to Figure 15, the filter performance is similar to that at 25°C,
with the BG-IPLF outperforming the other filters.
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(a) SOC estimation under 45°C DST conditions with known initial SOC.
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(b) SOC estimation under 45°C DST conditions with unknown initial SOC.

Figure 15: Comparison of SOC estimation results and estimation errors in 45°C DST for
different algorithms under (a) known initial SOC and (b) unknown initial SOC. Note that in
(b), for clarity of display, we ignore the initial error during the first 100 timesteps.

Table 5 presents the RMSE values and average running times for different
filtering algorithms (EKF, UKF, IPLF, and BG-IPLF) under the DST condition
at 25°C and 45°C. The results are reported for both known and unknown initial
SOC cases. The BG-IPLF consistently achieves the lowest RMSE across all
scenarios, indicating superior estimation accuracy compared to the other filters.
However, it also has the highest average running time (0.91s), whereas UKF has
the shortest (0.38s).

Table 5: RMSE values and average running time for different algorithms (EKF, UKF, IPLF,
BG-IPLF) under DST conditions at 25°C and 45°C with informative and uninformative initial
prior SOC.

Temperature Initial Prior SOC EKF UKF IPLF BG-IPLF

25°C Informative 2.55 1.53 1.23 0.96
Uninformative 3.12 1.70 3.43 1.32

45°C Informative 3.23 0.86 0.73 0.50
Uninformative 2.48 2.80 1.74 0.99

Average Running Time (s) 0.60 0.38 0.70 0.91
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6.3.2. SOC Estimation Under BJDST

We proceed to verify the SOC estimates using the EKF, UKF, IPLF, and
BG-IPLF algorithms. These estimates were compared under both known and
unknown initial SOC conditions during the BJDST at ambient temperatures of
25°C and 45°C.

a) Ambient temperature 25°C: In this scenario, we set R = 0.005 and Q =
diag[1×10−8, 1×10−8, 1×10−8]. The SOC estimation results and corresponding
errors for different algorithms under BJDST with known and unknown initial
SOC are illustrated in Figure 16.

According to Figure 16, the BG-IPLF consistently achieves better perfor-
mance than the other filters. Specifically, under the unknown initial SOC con-
dition, the UKF estimates SOC beyond the valid range (greater than 1), while
the IPLF initially overestimates the true initial SOC of 0.8. In contrast, the
BG-IPLF effectively constrains the SOC within the valid range and quickly
converges to the true value.
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(a) SOC estimation under 25°C BJDST conditions with known initial SOC.
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(b) SOC estimation under 25°C BJDST conditions with unknown initial SOC.

Figure 16: Comparison of SOC estimation results and estimation errors in 25°C BJDST for
different algorithms under (a) known initial SOC and (b) unknown initial SOC. Note that in
(b), for clarity of display, we ignore the initial error during the first 100 timesteps.

b) Ambient temperature 45°C: In this scenario, we set R = 0.01 and Q =
diag[1×10−5, 1×10−5, 1×10−7]. The SOC estimation results and corresponding
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errors for different algorithms under BJDST with known and unknown initial
SOC are illustrated in Figure 17.

As shown in Figure 17, the performance of the filters at 45°C remains com-
parable to that at 25°C, with the BG-IPLF achieving superior accuracy over
the other filters.
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(a) SOC estimation under 45°C BJDST conditions with known initial SOC.
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(b) SOC estimation under 45°C BJDST conditions with unknown initial SOC.

Figure 17: Comparison of SOC estimation results and estimation errors in 45°C BJDST for
different algorithms under (a) known initial SOC and (b) unknown initial SOC. Note that in
(b), for clarity of display, we ignore the initial error during the first 100 timesteps.

Table 6 presents the RMSE values and average running times for different
filtering algorithms (EKF, UKF, IPLF, and BG-IPLF) under the BJDST con-
dition at 25°C and 45°C.
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Table 6: RMSE values and average running time for different algorithms (EKF, UKF, IPLF,
BG-IPLF) under BJDST conditions at 25°C and 45°C with informative and uninformative
initial prior SOC.

Temperature Initial Prior SOC EKF UKF IPLF BG-IPLF

25°C Informative 1.07 1.34 1.36 0.77
Uninformative 5.65 9.90 1.47 1.15

45°C Informative 2.77 1.16 1.01 0.70
Uninformative 6.83 3.34 2.08 0.80

Average Running Time (s) 0.54 0.38 0.70 0.98

6.3.3. SOC Estimation Under FUDS

To further evaluate the performance of BG-IPLF, SOC estimates from the
EKF, UKF, and IPLF algorithms were analyzed in scenarios with and without
prior SOC knowledge during FUDS testing at 25°C and 45°C.

a) Ambient temperature 25°C: In this scenario, we set R = 0.009 and Q =
diag[1×10−8, 1×10−8, 1×10−8]. The SOC estimation results and corresponding
errors for different algorithms under FUDS with known and unknown initial
SOC are illustrated in Figure 18.

According to Figure 18, the EKF underestimates SOC, while the UKF and
IPLF perform similarly. The BG-IPLF consistently outperforms all other filters.
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(a) SOC estimation under 25°C FUDS conditions with known initial SOC.
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(b) SOC estimation under 25°C FUDS conditions with unknown initial SOC.

Figure 18: Comparison of SOC estimation results and estimation errors in 25°C FUDS for
different algorithms under (a) known initial SOC and (b) unknown initial SOC. Note that in
(b), for clarity of display, we ignore the initial error during the first 100 timesteps.

b) Ambient temperature 45°C: In this scenario, we set R = 0.01 and Q =
diag[1×10−5, 1×10−5, 1×10−7]. The SOC estimation results and corresponding
errors for different algorithms under FUDS with known and unknown initial
SOC are illustrated in Figure 19.

According to Figure 19, the filters perform similarly to those at 25°C, with
BG-IPLF achieving the best results.
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(a) SOC estimation under 45°C FUDS conditions with known initial SOC.
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(b) SOC estimation under 45°C FUDS conditions with unknown initial SOC.

Figure 19: Comparison of SOC estimation results and estimation errors in 45°C FUDS for
different algorithms under (a) known initial SOC and (b) unknown initial SOC. Note that in
(b), for clarity of display, we ignore the initial error during the first 100 timesteps.

The results presented in Table 7 show the RMSE values and average running
times for different filtering algorithms (EKF, UKF, IPLF, and BG-IPLF) under
FUDS conditions at 25°C and 45°C, with both informative and uninformative
initial prior SOC.

It is important to consider the computational cost and time of these algo-
rithms when implemented in a real BMS. In the context of FUDS, as seen in
the table, BG-IPLF consistently demonstrates lower RMSE values, indicating
better performance, especially with informative prior SOC. However, it also
shows higher average running time compared to the EKF and UKF, suggesting
a trade-off between accuracy and computation time.

Similar trends are observed under BJDST and DST conditions, where BG-
IPLF maintains its superior accuracy but at the cost of slightly increased com-
putational time. Given that real-time processing is critical in BMS applications,
it is important to balance this trade-off. For instance, the BG-IPLF offers higher
performance but at the cost of higher computational effort, while the EKF and
UKF are faster but come with reduced estimation accuracy.
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Table 7: RMSE values and average running time for different algorithms (EKF, UKF, IPLF,
BG-IPLF) under FUDS conditions at 25°C and 45°C with informative and uninformative
initial prior SOC.

Temperature Initial Prior SOC EKF UKF IPLF BG-IPLF

25°C Informative 2.11 4.02 1.81 1.04
Uninformative 4.20 4.08 4.59 2.09

45°C Informative 3.56 1.08 1.02 0.70
Uninformative 4.80 4.33 1.54 0.91

Average Running Time (s) 0.50 0.39 0.71 0.91

7. Conclusions

In this paper, we have developed an algorithm for nonlinear filtering of beta-
Gaussian distributions: the beta-Gaussian Iterated Posterior Linearisation Fil-
ter (BG-IPLF). This filter is of general applicability for nonlinear state space
models in which one state is constrained between 0 and 1. The BG-IPLF itera-
tively improves the selection of the parameters in the enabling approximation of
the update step. To do so, at each iteration, these parameters are chosen by sta-
tistical linear regression of the measurement function with respect to the current
posterior approximation. Then, a beta-Gaussian projection step is performed
such that the updated moments properly represent a beta-Gaussian distribution.
A stopping criterion based on the KLD between beta-Gaussian distributions has
also been derived and used as a stopping criterion for the iterations.

In SOC estimation, the BG-IPLF, combined with the online parameter iden-
tification from FFRLS, is used for real-time SOC estimation. This approach is
advantageous due to its ability to naturally constrain the SOC between 0 and
1, along with iterative improvements in approximation accuracy. We conducted
simulation tests, followed by experimental tests using DST, BJDST, and FUDS
profiles. The experimental results show that BG-IPLF outperforms standard
Gaussian filters such as EKF, UKF, and IPLF.

Future work will further explore SOC estimation applications and focus on
improving the parameter identification process.

Appendix A.

In this Appendix A, we prove the Lemma 1. The KLD between pi (·) and
pj (·) can be computed as follows [36]
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D (pi ∥ pj) =
∫ ∫

pi (a, b) log
pi (a, b)

pj (a, b)
da db

=

∫ ∫
pi (a, b) log

pi (a) pi (b | a)
pj (a) pj (b | a)

da db

=

∫
pi (a) log

pi (a)

pj (a)
da

+

∫
pi (a)

[∫
pi (b | a) log

pi (b | a)
pj (b | a)

db

]
da (A.1)

The first integral expression corresponds to the KLD between Beta distributions.
We have [40]:

∫
pi(a) log

pi(a)

pj(a)
da = log

B(αj , βj)

B(αi, βi)
+ (αi − αj)ψ(αi)

+ (βi − βj)ψ(βi) + (αj − αi + βj − βi)ψ(αi + βi)
(A.2)

Now, we can compute the second integral expression of (A.1). We have

∫
pi(a)

[∫
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where Ei [·] denotes the expectation with respect to pi (a) and

b
b|a
j − b

b|a
i = bj + P ba

j

a− aj
σ2
j

− bi − P ba
i

a− ai
σ2
i
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P ba
j aj

σ2
j

+
P ba
i ai
σ2
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(
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j

σ2
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− P ba
i
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We can write this as:

b
b|a
j − b

b|a
i = b

b|a
j,i +

(
P ba
j

σ2
j

− P ba
i

σ2
i

)
a (A.5)
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Next, we substitute (A.7) into (A.3) and then add the result to (A.2) to
obtain the final expression given in Equation (41). This finishes the proof of
Lemma 1.
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Appendix B.

In Appendix B, we present the prediction step for the BG-IPLF, as intro-
duced in Section 4.5. Let x̄k−1|k−1 and Pk−1|k−1 denote the posterior mean and
covariance at time step k − 1. The predicted mean and covariance matrix for
the linear model in (5) are given by [20]:

x̄k|k−1 = Fk−1x̄k−1|k−1 +Bk−1uk−1,

Pk|k−1 = Fk−1Pk−1|k−1F
T
k−1 +Q (B.1)

Appendix C.

In this Appendix C, we review the transformation of the parameters R1, C1,
R2, C2, and R0 into the parameters k1, k2, k3, k4, and k5.

First, let τ1 = R1C1 and τ2 = R2C2. As explained in [15], these trans-
formations are required for the parameter identification algorithm described in
Section 5. We can express the following relationships:

a = R0

b = τ1τ2

c = τ1 + τ2

d = R0 +R1 +R2

e = R0τ1 +R0τ2 +R2τ1 +R1τ2

(C.1)

Next, the parameters k1, k2, k3, k4, and k5 are defined as [15]:

k1 =
−∆t2 − 8b

∆t2 + 2∆tc+ 4b

k2 =
∆t2 − 2∆tc+ 4b

∆t2 + 2∆tc+ 4b

k3 =
d∆t2 + 2∆te+ 4ab

∆t2 + 2∆tc+ 4b

k4 =
2d∆t2 − 8ab

∆t2 + 2∆tc+ 4b

k5 =
d∆t2 − 2∆te+ 4ab

∆t2 + 2∆tc+ 4b

(C.2)

These equations correspond to the values given in equation (44).
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