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Abstract

This thesis studies a range of algorithmic problems inspired by applications in chem-
istry, developing combinatorial and optimisation techniques for words and graphs.

The search for new materials is of great importance and discovering new materi-
als with interesting properties could lead to a multitude of uses in many varied fields.
A way that research into finding new materials is being conducted is focusing on pe-
riodic structures — crystals. Crystal structure prediction (CSP) is an optimisation
problem seeking to minimize the potential energy of a chemical configuration. Many
approaches to CSP can be modelled in terms of permutations applied to chemical
structures, which can themselves be represented as words. For part of this thesis we
study the graph induced by the 2-swap permutation on words with a fixed Parikh
vector (a vector of the number of occurrences of each symbol) which we refer to as the
Configuration Graph. By a 2-swap we mean a permutation which swaps exactly two
symbols in a word, leaving all others unchanged. Each vertex in the configuration
graph corresponds to a unique word with the Parikh vector P , with an edge between
any pair of words v and w if there exists a swap s such that v ◦ s = w. We provide
several key combinatorial properties of this graph, including the exact diameter of
this graph, the clique number and size of each clique, as well as the isomorphism of
the balls around any pair of vertices. Additionally, we show that for every vertex in
the graph, there exists a Hamiltonian path starting at this vertex. We also provide
an algorithm enumerating these paths from a given input word of length n with a
delay (processing time between outputting each edge of the Hamiltonian Path) of
at most O(log n). This is due to the use of binary search trees to store the indices
of each symbol in the current word, requiring O(n log n) preprocessing to create the
binary search trees.

Automation has become a topic of much interest in chemistry in the past few
years and so in order to financially responsible and time efficient we need to schedule
the robots to automate chemical experiments in the most efficient way possible whilst
avoiding any collisions. In our work we investigate the problem of designing schedules
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for completing a set of tasks at fixed locations with multiple robots in a laboratory.
We represent the laboratory as a graph with tasks placed on fixed vertices and robots
represented as agents, with the constraint that no two robots may occupy the same
vertex at the same time. The goal is to determine a set of schedules which completes
all tasks in the minimum number of timesteps possible. We show how this is NP-
Complete, even when restricted to graph classes such as complete graphs, planar
graphs or trees. We provide an approximation algorithm for coming up with these
schedules on a path which is optimal for tasks of equal duration, called the partition
algorithm, which we also adadpt for use on a small selection of other graph classes.
As well as being optimal for equal duration tasks we experimentally show that for
most cases the partition algorithm performs well by comparing it against solutions
found by a linear program optimiser — Gurobi.
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Chapter 1

Introduction

Graph theory is a powerful tool that can be used to model a variety of situations in

order to solve complex problems. There are a vast number of situations that arise

in the real world that benefit from modelling the situation as a graph, examples can

range from warehouse logistics to phylogeny (the passing on of genetic traits through

multiple generations), but applications in chemistry is where our motivations lie.

The applicability of graph theoretic models for use in chemistry is vast and varied

and this thesis covers two different scenarios modelled by graph theory. The first we

shall introduce is the configuration graph used for modelling crystal configurations

with the aim of exploring the entire space of configurations to find new crystal struc-

tures. This part stems from prior research done into the crystal structure prediction

problem which informally says — given a set of ions, can we determine the most

stable configuration? A configuration in this context is simply the ions’ arrangement

in 3D space, and by most stable we mean minimum energy which can be calculated

in several ways for a given configuration.

The other way we use graphs in this thesis is very different, as a discretization of

a chemistry laboratory which has experiments to be automated by a set of robots.

Here the graph represents a physical space that can be navigated by mobile agents

(robots) which have a set of tasks to be completed. Our objective is to complete all

the tasks around the lab in the least time possible, with the requirement of not letting

the robots collide into one another. Despite this motivation the work presented in
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this thesis sits firmly in the field of Theoretical Computer Science as problems in

their own right.

1.1 Background and Motivation

In this section we introduce the relevant background and preliminary results for the

two different themes in this thesis. Subsection 1.1.1 presents prior results about

the crystal structure prediction problem. Whereas subsection 1.1.2 presents results

about similar dynamic problems on graphs, considering both agent coordination and

temporal graph exploration.

1.1.1 Crystal Structure Prediction

The Crystal Structure Prediction problem (CSP) is one of the most challenging

problems in the fields of computational chemistry and materials science, due to the

many variables involved and the inevitable combinatorial explosion in possibilities

(making any brute force approaches impossible). The aim of CSP is, given a set of

ions, find some stable configuration of these ions to form a crystal structure. By

stable here we mean low potential energy, so CSP is essentially a (very involved)

optimisation problem about minimising the energy of a structure. A crystal is a

periodic structure which repeats in 3D, and so for simplicity it is useful to consider

a single period of this repeating pattern which is called a unit cell.

Crystal Structure Prediction is a very highly studied [8, 17, 42, 16, 47] problem in

chemistry and is one of great importance and impact as it can lead to the discovery

of new materials.

There are many different functions that one can use to estimate the potential

energy of a given configuration. Most of these are functions of the ions’ locations

and their charge (all ions have some amount of positive or negative charge), these

are called interatomic potentials. An example of a highly used interatomic potential

function is the Buckingham-Coulomb potential.

Since crystal structure prediction is not rigorously defined it is difficult to make
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any complexity claims about it, so in [1] CSP was defined as a series of problems in

more rigorous theoretical computer science language which were proven to be NP-

complete. These problems were all “deletion” problems which involved removing ions

from a given input configuration in order to minimize the energy of the configuration

for some interatomic potential energy function F , while maintaining a neutral charge.

CSP’s importance to chemistry is clear as solving it can lead to the discovery of

materials. There have been many attempts to try to solve or approximate CSP and

lots of these involve some form of swaps/ permutations on ions or groups of ions,

which creates some interesting combinatorial problems. However, in these methods

there is a lot of reliance on chemical knowledge to have a starting point to build on.

The overarching idea to this project is that we can model these different methods

on a graph, where the vertices are words which each represent a configuration of

ions/groups of ions and an edge represents a particular operation applied to the

words. We therefore want to effectively explore this graph in order to ensure the

entire space is considered in order to find new crystal structures.

One particularly notable method that has been developed by chemists for trying

to find new crystals is MC-EMMA (Monte Carlo-driven Extended Module Materials

Assembly)[17]. The basic idea is that they use pre-defined stable structures, which

are referred to as modules, which get placed into a unit cell and some operation is

applied to them randomly (according to the rules in Figure 1.1). A common example

of a crystal would be sodium chloride (as shown in Figure 1.2 with sodium ions in

purple and chloride ions in green) which has a unit cell containing only 2 ions.

One potential problem we have recognised with MC-EMMA’s approach is that

the space of potential structures it explores gets reduced based on the evaluation

of the energy of the probe structures. This could mean less of the configuration

space actually gets explored (which would have the potential to miss the optimal

configuration). We are not considering any energy calculations in our model to

eliminate this specific problem.

MC-EMMA is not the only relevant CSP technique that involves some form of

swapping to arrive at different structures, we also have the Flexible Unit Struc-

ture Engine (FUSE)[16] and ChemDash [47] which have different approaches but all
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Figure 1.1: MC-EMMA rules

Figure 1.2: The structure of Sodium Chloride
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involve some swaps.

In our work we use a graph in order to model these swap based approaches,

with each vertex being by a string of symbols (representing a configuration of ions)

and each edge representing a permutation of those symbols. Each distinct symbol

in these strings represents an ion or group of ions, like the modules used in MC-

EMMA. We call this graph the Configuration Graph of a specific Parikh vector — a

vector showing the numbers of occurrences of each symbol in a word. We define the

configuration graph in this way so that a traversal of the graph is equivalent to an

exploration of the configuration space of a certain set of modules.

Our results concerning the crystal configuration graph are similar to work pre-

viously done on the Cayley graph of the symmetric group [51] [43]. In particular

they prove existence of hamiltonian paths in Cayley graphs. A Cayley graph is a

representation of a group using generators. When we have a group of permutations

(symmetric group) each vertex is a permutation and each edge corresponds to some

generator permutation being applied to a vertex. The difference with our configura-

tion graph is we have multiset permutations instead of ordinary permutations.

Our work also builds upon results from Gray codes of which there is a lot of pre-

existing literature, with many different generalisations and forms of them [10, 41, 45].

Of particular relevance to generating a hamiltonian path of words of a fixed Parikh

vector using Gray codes is [12]

1.1.2 Collision-Free Robot Scheduling

The rise of automation in chemical laboratories [14] has provided an interesting

theoretical problem for us. Across a wide range of industries, there is an increase

in the use of automation. This has led to a wide range of problems relating to

the scheduling of autonomous agents within workplaces. This includes spacecraft

manufacturing [37], Unmanned Aerial Vehicle [44], and vehicle routing [52].

We are particularly interested in the scheduling of robots within chemistry labs,

like the one shown in Figure 1.3. This is motivated by a significant and expanding

body of work concerning robotic chemists. Initial work on these systems focused on
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Figure 1.3: A mobile robotic chemist in the Materials Innovation Factory at the
University of Liverpool.

building robots performing reactions within fixed environments [30, 33, 34, 35, 38],

however recently Burger et al. [14] have presented a robot capable of moving within

a laboratory and completing tasks throughout the space. The works of Burger et

al. [14] and Liu et al. [37] provide the main motivation for this work, namely the

problem of moving robots within a laboratory environment (as presented by Burger

et al. [14]) while avoiding collisions (as investigated in the manufacturing context

by Liu et al. [37]).

In addition to our physical science motivation, our model and algorithmic results

are strongly based on graph theory, in particular, graph exploration [21]. Informally,

we model our problem as a graph problem, where robots are represented as agents in

the graph, with the goal of finding a set of walks for each robot, allowing every task to

be completed without any collisions. Our model of movement for robots within the

graph matches the exploration model given by Czyzowicz et al. [18], where agents
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(robots) start at fixed points within the graph, then can move provided that no pair

of agents occupy the same vertex in the same timesteps. The primary difference

between our model and that of [18] is that in our setting, the agents are given a

schedule from some central system rather than each having to determine the best

route separately.

It is natural to wish to avoid collisions when considering motion of robots and

there has been much research on the topic of collision avoidance and collision detec-

tion, as in [31, 29, 15, 40], however these do not use graphs as we do.

Research on collision-free robot coordination is closely related to the Multi-Agent

Pathfinding (MAPF) problem [46, 48, 49], where a set of agents must move from given

start locations to assigned goal locations without collisions. As well as the similar

Multi-Agent Pickup-and-Delivery problem [36] which adds tasks composed of pickup

and delivery locations, coupling path planning with task assignment and sequencing.

More general exploration problems have been considered in a variety of settings.

Of particular interest to us are the works regarding the efficient exploration of tem-

poral graphs. As in our setting, exploration is, in most cases, centrally controlled,

with the primary goal of minimising the number of timesteps required to complete

the exploration, corresponding to the length of the longest walk taken by any agent

in the graph.

There are a large number of results across many settings and variations of the

temporal graph exploration problem, including when the number of vertices an agent

can visit in one timestep is unbounded [9, 27], bounded [24, 23, 39], and for specific

graph classes [6, 7, 11, 13, 22, 26, 25, 50]. Particularly relevant to us is the work of

Michail and Spirakis [39], who showed that the problem of determining the fastest

exploration of a temporal graph is NP-hard, and, furthermore, no constant factor

approximation algorithm exists of the shortest exploration (in terms of the length of

the path found by the algorithm, compared to the shortest path exploring the graph)

unless P = NP . As noted, the change in the structure of temporal graphs is close

to the challenges implemented in our graph by agents blocking potential moves from

each other. In terms of positive results, the work of Erlebach et al. [23] provided

a substantial set of results that have formed the basis for much of the subsequent
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work on algorithmic results for temporal graph exploration. Of particular interest

to us are the results that show that, for temporal graphs that are connected in

every timestep, an agent can visit any subset of m vertices in at most O(nm) time,

and provide constructions for faster explorations of graphs with b agents and an

(r, b)-division (O(n2b/r+nrb2) time), and 2×n grids with 4 log n agents (O(n log n)

time).

Since we also use Integer Programming it is worth noting that the travelling

salesman problem was one of the first and most heavily studied applications of integer

programming [20], making this a natural tool for our project.

1.2 Overview of Results

In Chapter 3 we present the results for crystal configuration graphs, starting with

Section 3.1 about the properties of the configuration graph. Here we prove that the

graph is locally isomorphic (Lemma 3.6), we give the size and numbers of cliques in

the graph (Lemma 3.2) and we give the diameter of the graph (Theorem 3.7). The

diameter is proven by bounding it from above and below in Lemmas 3.8 and 3.13.

All the numbers above are in terms of the Parikh vector of the graph which is the

defining characteristic of the configuration graph.

Section 3.2 is about the Hamiltonicity of the configuration graph, we prove the

existence of Hamiltonian paths for binary alphabets (Theorem 3.14) and in general

(Theorem 3.18). We also present an algorithm (Algorithm 3.2) for enumerating the

vertices of the configuration graph (and therefore the crystal configurations them-

selves) with O(log(n)) delay (the time between outputting consecutive elements),

where n is the length of each string (number of modules in each configuration) .

In Chapters 4 and 5 we present the theoretical results concerning robot schedul-

ing, and in Chapter 6 are the results of our experiments.

Chapter 4 contains the proofs of NP-hardness of the robot scheduling problem

even when restricted to certain graph classes. We prove that k-Robot Schedul-

ing is NP-complete for complete graphs (Theorem 4.2) for any number of robots

(k ∈ N), stars (and therefore trees) for k ≥ 2 (Theorem 4.4). We prove NP-



Chapter 1. Introduction 9

completeness of k-Robot Scheduling for any number of robots k ∈ N, in all

classes of graphs G in which the Hamiltonian Path problem is NP-complete when

restricted to G (Theorem 4.6) — notably this includes the class of planar graphs

which is of particular relevance to modelling laboratory floors. This is all used to

prove the most general case is also NP-complete (Theorem 4.7).

In Chapter 5 we present an approximation algorithm for robot scheduling on

a path which we refer to as the partition algorithm. We prove that this partition

algorithm is optimal for equal duration tasks (Theorem 5.6) and show how we can

extend this to other graph classes, e.g. cycles, grids and tadpoles.

Then Chapter 6 contains two parts, Integer Programming and experiments. We

present an integer linear programming formulation of the robot scheduling problem

(“supervised” and “unsupervised” variants). We prove correctness and optimality

of this formulation (Theorem 6.5) and make use of the formulation by using the

Gurobi optimiser in some experiments. We compare the partition algorithm against

the optimal solution (as found by Gurobi) to see how the algorithm performs in

general for both paths and also lattice graphs (grids).

1.3 Publications and Presentations

The results from Chapter 3 were published in [3] and presented at the 16th Latin

American Symposium on Theoretical Informatics (LATIN 2024) in Puerto Varas,

Chile. A preliminary version of this work was also presented at the 39th British

Colloquium for Theoretical Computer Science (BCTCS 2023) at the University of

Glasgow.

The results in Chapters 4 and 5 were initially published and presented as a brief

announcement at the 3rd International Symposium on Algorithmic Foundations of

Dynamic Networks (SAND 2024), at the University of Patras, Greece [2]. These

results were also presented at the 40th British Colloquium for Theoretical Computer

Science (BCTCS 2024) at the University of Bath. A full conference paper was later

published and presented at the 20th International Symposium on Algorithmics of

Wireless Networks (ALGOWIN 2024) at Royal Holloway, University of London [4].
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This was also published as a journal version in Information and Computation [5].

The results in Chapter 6 have been presented at the 41st British Colloquium for

Theoretical Computer Science (BCTCS 2025) at the University of Strathclyde but

are yet to be published, the paper containing those results is available on arXiv [19].



Chapter 2

Preliminaries

In this chapter we present some necessary definitions and notation used throughout

this thesis. This is in three sections, Section 2.1 covers all graph theoretic definitions

to be used throughout this thesis. Section 2.2 introduces combinatorics on words

notation as well as the definitions of configuration graphs relevant for Chapter 3.

And Section 2.3 covers the definitions regarding robot scheduling which is used in

the rest of the thesis.

2.1 Graph Theory

We shall begin by giving all definitions related to graph theory in this section, since

the concepts remain the same throughout this thesis.

A graph G = (V,E) is simply a pair consisting of a set V of some vertices and

set E ⊆ V × V of edges. Unless specified we consider undirected graphs (where the

edges in E are unordered). Two vertices u, v ∈ V are adjacent if (u, v) ∈ E. A

loop is an edge (v, v) ∈ V × V from a vertex to itself. A walk in a graph G is a

sequence of adjacent vertices in a graph. It is often useful to consider the equivalent

definition of a walk which is the sequence of edges that are traversed between those

adjacent vertices i.e. a sequence of the form (v1, v2), (v2, v3), . . . , (vℓ−1, vℓ) which is

the definition we shall use for this thesis. The length of a walk is the number of edges

11
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in the walk. A walk w visits a vertex v if there exists some edge e ∈ w such that

v ∈ e. Any walk w can visit the same vertex multiple times and may use the same

edge multiple times. Given a walk w = (v1, v2), (v2, v3), . . . , (vℓ−1, vℓ), we denote by

|w| the total number of edges in w, and by w[i] the ith edge in w. For a given walk w,

we denote by w[i, j] the walk w[i], w[i+1], . . . , w[j] A path is a walk which visits each

vertex at most once. Note that a path of length ℓ visits ℓ+ 1 vertices. Informally, a

path graph is a graph which itself is a path, for our purposes we define path graphs

as graphs P = ([ℓ], E) where E = {(i, i + 1) : i ∈ [ℓ − 1]}. A cycle (also called a

circuit) is a path with the last vertex visited being the same as the first. A path

cover is a set of vertex-disjoint paths such that each vertex in the graph belongs to a

path. Similarly, a cycle cover is a set of vertex-disjoint cycles such that each vertex

belongs to one of the cycles. A Hamiltonian path p is a path visiting each vertex

exactly once, i.e. for every v ∈ V , there exists at most two edges e1, e2 ∈ p such that

v ∈ e1 and v ∈ e2. A Hamiltonian circuit is a cycle which visits each vertex exactly

once. Note that a Hamiltonian path is a path cover of every vertex in the graph, and

a Hamiltonian cycle (or circuit) is a cycle cover of every vertex in the graph. The

distance between a pair of vertices v, u ∈ V , denoted D(v, u) in the graph G is the

smallest value d ∈ N0 for which there exists some path p of length d covering both

v and u, i.e. the minimum number of edges needed to move from v to u. If v = u,

then D(v, u) is defined as 0. The diameter of a graph G is the maximum distance

between any pair of vertices in the graph, i.e. maxv,u∈V D(v, u).

Given two graphs G = (V,E) and G′ = (V ′, E ′), G is isomorphic to G′ if there

exists an isomorphism (bijective mapping) f : V 7→ V ′ such that, for every v, u ∈ V ,

(v, u) ∈ E if and only if (f(v), f(u)) ∈ E ′. The notation G ∼= G′ is used to denote

that G is isomorphic to G′, and G ̸∼= G′ to denote that G is not isomorphic to G′.

A subgraph of a graph G = (V,E) is a graph G′ = (V ′, E ′) such that V ′ ⊆ V and

E ′ ⊆ E.

A tree is a graph without any cycles. A clique G′ = (V ′, E ′) is a subgraph,

G′ ⊆ G which is complete (i.e. for all u, v ∈ G′, (u, v) ∈ E ′). And the clique number

ω of a graph G is the size of the largest clique in G. A maximal clique is a clique

which is not a subgraph of a larger clique. A ball of radius r ∈ N around a vertex v
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is the induced subgraph with vertices v′ where D(v, v′) ≤ r.

A n×m lattice (or grid) graph is a graph with vertex set V = [n ·m] and edge

set E = {(i, i + 1) : i ∈ [n · m] \ nN} ∪ {(i, i + n) : i ∈ [n · (m − 1)]} . In other

words it is a square-grid with n vertices in each row and m vertices in each column.

A (m,n)-tadpole graph G = (V1 ∪ V2, E) such that V1 ∩ V2 = ∅,, |V1| = m, where the

subgraph (V1, V1× V1 ∩E) is a cycle, |V2| = n, and the subgraph (V2, V2× V2 ∩E) is

a path, and |V1 × V2 ∩E| = 1. Informally a tadpole is a cycle and a path connected

together — as shown in Figure 5.6.

2.2 Combinatorics on Words and Crystal Config-

uration Graphs

This section contains the necessary definitions related to combinatorics on words and

the definition of a configuration graph which we use in Chapter 3.

Let N = {1, 2, . . . } denote the set of natural numbers, and N0 = N ∪ {0}.
We denote by [n] the set {1, 2, . . . , n} and by [i, n] the set {i, i + 1, . . . , n}, for

i, n ∈ N0, i ≤ n. An alphabet Σ is an ordered, finite set of symbols. Unless otherwise

stated assume that the alphabet Σ = [σ] = {1, 2, . . . , σ}, for some σ ∈ N. We treat

each symbol in Σ both as a symbol and by the numeric value it represents, i.e. i ∈ Σ

represents both the symbol i and the integer i. A word is a finite sequence of sym-

bols from a given alphabet. The length of a word w, denoted |w|, is the number of

symbols in the sequence. The notation Σn denotes the set of n-length words defined

over the alphabet Σ, and the notation Σ∗ denotes the set of all words defined over Σ.

A permutation can be defined in a number of different ways, for our purposes a

permutation is a function which changes the order of a word. A permutation π ∈ Sn

is a function π : [n] → [n] (where Sn is the symmetric group on n objects) can be

given in cycle notation which is illustrated with an example as follows. If π(1) = 2,

π(2) = 3, π(3) = 1, π(4) = 5 and π(5) = 4 then π = (123)(45) in cycle notation.

For i ∈ [|w|], the notation w[i] is used to denote the ith symbol in w, and for

the pair i, j ∈ [|w|], w[i, j] is used to denote the sequence w[i]w[i + 1] . . . w[j], such
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a sequence is called a factor of w. We abuse this notation by defining, for any pair

i, j ∈ [|w|] such that j < i, w[i, j] = ε, where ε denotes the empty string.

A Gray code over an alphabet Σ is a sequence of all the words in Σn where

consecutive words have edit distance of 1. The binary reflected Gray code, with Σ =

{0, 1}, is defined in a recursive manner as follows: Γ0 = ε, Γn = 0Γn−1, 1rev(Γn− 1),

meaning that the length n Gray code is created by prepending the symbol 0 to every

word in the length n− 1 Gray code in order. Followed by prepending the symbol 1

to all the words of the length n− 1 Gray code in reverse order . We show a binary

reflected Gray code of n = 4 in Figure 3.4 however, for consistency of notation, we

use an alphabet of Σ = {1, 2} instead of Σ = {0, 1}.

Definition 1 (2-swap). Given a word w ∈ Σn and pair i, j ∈ [n], i < j such that

w[i] ̸= w[j], the 2-swap (also called a transposition) of w by (i, j), denoted w ◦ (i, j),
returns the word

w[1, i− 1]w[j]w[i+ 1, j − 1]w[i]w[j + 1, n].

Example 1. Given the word w = 11221122 and pair (2, 7), w ◦ (2, 7) = 12221112.

Given a word w ∈ Σn, the Parikh vector of w, denoted P (w) is the σ-ary vector

such that the ith entry of P (w) contains the number of occurrences of symbol i in

w, formally, for i ∈ [σ], P (w)[i] = |{j ∈ [n] | w[j] = i}|, where n = |w|. For

example, the word w = 11221122 has Parikh vector (4, 4). The set of words with a

given Parikh vector P over the alphabet Σ is denoted Σ
∗|P , formally Σ

∗|P = {w ∈
Σ∗ | P (w) = P}. Unless stated otherwise we define n :=

∑
i∈[σ] P [i]. It is notable

that |Σ∗|P | = n!∏
i∈[σ] P [i]!

since it means the configuration graph (defined below) is of

exponential size in n.

Definition 2. For a given alphabet Σ and Parikh vector P , the configuration graph

of Σ∗|P is the undirected graph G(P ) = {V (P ), E(P )} where:

• V (P ) = {vw | w ∈ Σ
∗|P }.

• E(P ) = {{vw, vu} ∈ V (P )× V (P ) | ∃i, j ∈ [n] s.t. w ◦ (i, j) = u}.
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Informally, the configuration graph for a given Parikh vector P is the graph with

each vertex corresponding to some word in Σ
∗|P , and each edge connecting every

pair of words w, u ∈ Σ
∗|P such that there exists some 2-swap transforming w into u.

Figure 2.1 provides an example of the configuration graph when P = (3, 2).

11122

11212

1122112112

12121

12211

21112

21121 21211

22111

Figure 2.1: The configuration graph G(3, 2) with Hamiltonian path shown in red.

We use the notation max<i A to denote the largest value in A which is less than

i. And similarly min>i A denotes the smallest value in A which is greater than i.

2.3 Collision-Free Robot Scheduling

We shall now introduce the notation and definitions related to the Collision-Free

Robot Scheduling problem which are relevant to the rest of this thesis (Chapters 4,

5, and 6).

This problem concerns k agents which we refer to as robots which traverse a

graph G = (V,E) in order to complete tasks. Each robot has some initial position
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sv ∈ V and takes a single timestep to traverse each edge. We define a set of tasks

T = {t1, ..., tm}. A task ti = (vi, di) is a pair consisting of a vertex vi ∈ V where

the task is located and a duration di ∈ N which is the number of timesteps a robot

needs to be (continuously) on vi for in order to complete it.

A schedule for a robot is an alternating sequence of walks and tasks, (which can

start with either a walk or a task) and where each task is located on the end vertex

of the previous walk and the start vertex of the next walk. The timespan (also called

the makespan) of a schedule is the number of timesteps that schedule takes to be

executed, formally if a schedule C consists of tasks t1, ..., tm and walks w1, .., wp then

the timespan of C (denoted |C|) is given by

|C| =

 ∑
i∈[1,p]

|wi|

+

 ∑
j∈[1,m]

dj

 .

The walk representation W(C) of a schedule C is an ordered sequence of edges formed

by replacing the task ti = (vi, di) in C with a walk of length |ti| = di consisting only

of the edge (vi, vi), then concatenate the walks together in order. A set of schedules

C = C1, ..., Ck is said to be task-completing if for each task t ∈ T there exists a

schedule Ci such that t ∈ Ci. We call such a set of schedules C collision-free if there

is no timestep where the robots traverse the same edge or inhabit the same vertex.

In other words, for every pair of schedules Ci, Cj where i ̸= j and all timesteps

s ∈ [|Ci|], W(Ci)[s] = (v, u) and W(Cj)[s] = (v′, u′) satisfies u ̸= u′, v ̸= v′ and

(v, u) ̸= (u′, v′). Given 2 sets of schedules C and C ′, we say C is faster than C ′ if
maxCi∈C |Ci| < maxC′

j∈C′ |C ′
j|. A task-completing set of schedules, C is said to be

fastest (or optimal) if all other task completing set of schedules have timespan at

least that of C

Problem 1 (k-Robot Scheduling ). Given a graph G = (V,E), a set R of k

robots R1, R2, . . . , Rk starting on vertices sv1, sv2, . . . , svk, and set of m tasks T , what
is the fastest task-completing, collision-free set of k-schedules C = (C1, C2, . . . , Ck)

such that Ci can be assigned to Ri, for all i ∈ [1, k]?
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Example 2. Figure 2.2 shows an instance of Robot Scheduling as an example,

the way we represent tasks and robots here will be used throughout this thesis, red

vertices represent the locations of tasks, given as a pair vi, di with the duration, di,

shown in red. Blue circles around vertices represent the initial locations of robots in

the instance.

An example of a task-fulfilling set of schedules for the graph shown in Figure 2.2

is R1 executing schedule

([(v7, v8), (v8, v5)], (v5, 5))

and R2 executing schedule

([(v9, v6), (v6, v3), (v3, v2)], (v2, 3), [(v2, v1), (v1, v4)], (v4, 2))

which has a time span of 10 . However this is not optimal, since if R2 was the one

to complete v5 then we have the following faster schedule, where R1 executes

([(v7, v4)], (v4, 2), [(v4, v1), (v1, v2)], (v2, 3))

and R2 executes

([(v9, v6), (v6, v5)], (v5, 5))

which has a time span of 8.

v4, 2

v1

v5, 5

v8v7

v6

v9

v2, 3 v3

Figure 2.2: An instance of the 2-Robot Scheduling problem
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Since we use approximation algorithms we now give the definition of approxima-

tion for Robot Scheduling . The approximation ratio of an algorithm for Robot

Scheduling is defined as maxI

(
SI

OPTI

)
, the maximum ratio for all instances I of

the timespan SI of the solution produced by an algorithm over the optimal solution

for that instance OPTI .

2.3.1 Unsupervised Robot Scheduling

A variant of this problem which we have studied for much less time and therefore

is merely a small addition to this thesis is Unsupervised Robot Scheduling .

Unsupervised in this case means that the tasks do not need to have a robot waiting

on their vertex for them to be making progress towards completion. Similar to

the Robot Scheduling problem, in the Unsupervised Robot Scheduling

problem we are given a graph G = (V,E), a set of tasks T = t1, ..., tm and set

of robots R1, ..., Rk starting at positions sv1, ..., svk respectively. An unsupervised

schedule is now just a walk on the graph (with loops on every vertex to allow for

waiting). A task (vi, di) is completed if it is visited by some robot on timestep t0

(which starts the task) and then again by some robot on timestep t ≥ t0+ di (which

completes the task). The robot that starts a task does not necessarily need to be

the one to complete it. A task-completing set of walks is a set of walks in which, for

every task (v, d) ∈ T , v is visited by a robot at least twice with a visit at least d

timesteps after the first visit.

Problem 2 (k-Unsupervised Robot Scheduling ). Given a graph G = (V,E),

set of k robots R1, R2, . . . , Rk starting on vertices sv1, sv2, . . . , svk, and set of

m tasks T , what is the fastest task-completing, collision-free set of k walks

C = (w1, w2, . . . , wk) such that wi can be assigned to Ri, for all i ∈ [1, k]?

It is clear that in unsupervised robot scheduling we could employ the same strat-

egy as for the “supervised” variant, and so the time span of an optimal schedule for

an instance of Unsupervised Robot Scheduling is bounded from above by the

timespan of an optimal schedule in the equivalent Robot Scheduling instance.

We illustrate this with an example below
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Example 3. For the task and robot placement in Figure 2.2 we could follow the same

schedule – which is optimal for Robot Scheduling – from Example 2 which gives

a timespan of 8. However if we use the following walks we end up with a timespan for

Unsupervised Robot Scheduling of 7. The robot R1 will complete the schedule:

[(v7, v4), (v4, v5), (v5, v4), (v4, v5), (v5, v5), (v5, v5), (v5, v5)]

and robot R2 completes schedule

[(v9, v6), (v6, v3), (v3, v2), (v2, v2), (v2, v2), (v2, v2)]

This is able to be quicker than what was optimal for Robot Scheduling since

robot R1 can visit v5 in order to start it but then immediately go to v4 to complete it

while it is still progressing.



Chapter 3

Structural and Combinatorial

Properties of Crystal

Configuration Graphs

In this chapter we present results related to crystal configuration graphs, this work

was first published at LATIN 2024 [3] This comes in two sections — Section 3.1

contains some structural properties of the configuration graphs. In Section 3.2 we

give a logarithmic-delay algorithm to enumerate the vertices of the configuration

graph which also shows the existence of Hamiltonian paths in this graph. Here we

define delay as the processing between consecutive outputs.

3.1 Basic Properties of the Configuration Graph

In this section, we provide a set of combinatorial results on the configuration graph.

We show that all induced subgraphs, Gr(v), of the configuration graphG(P ) = (V,E)

with the vertex set V ′(v) = {u ∈ V | D(v, u) ≤ r} for v ∈ V , and edge set

E ′ = (V ′×V ′)∩E are isomorphic. We call such a subgraph Gr(v) the ball of radius

r centred on vertex v. We build on this by providing a tight bound on the diameter

of these graphs.

20
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One initial observation we shall start with is that of the size of the graph which

is of exponential size compared to the length of each word.

Observation 3.1. Given a Parikh vector P , there are:

n!∏
i∈[σ] P [i]!

vertices in the configuration graph G(P ), where n =
∑

i∈[σ] P [i] is the length of each

word.

It is clear this is the case since, in general, there are n! orderings of n objects, i.e.

there are n! permutations. If we were to consider all n! permutations of the word

1P [1]2P [2]...σP [σ] then there would be
∏

i∈Σ P [i]! identical copies of each word, since

for each symbol i there are P [i]! possible orderings of the instances of symbol i in

each word.

Lemma 3.2. Given a Parikh vector P with associated configuration graph G(P ),

each vertex v ∈ V (P ) belongs to ∑
j∈Σ

∏
i∈Σ\{j}

P [i]

maximal cliques, with the size of each such clique being in {P [i] + 1 | i ∈ Σ}.

Proof. Consider first the words with Parikh vector (k, 1). Note that every word in

Σ
∗|(k,1) consists of k copies of the symbol 1, and one copy of the symbol 2. Therefore,

given any pair of words w, u ∈ Σ
∗|(k,1) such that w[i] = u[j] = 2, the 2-swap (i, j)

transforms w into u and hence there exists some edge between w and u. Hence

G((k, 1)) must be a complete graph of size k + 1.

In the general case, consider the word w ∈ Σ
∗|P where P = (k1, k2, . . . , kσ),

and n =
∑

ki∈P ki. Let Pos(w, i) = {j ∈ [n] | w[j] = i}. Given i, j ∈ [σ], i ̸= j, let

i1, i2 ∈ Pos(w, i) and j1 ∈ Pos(w, j) be a set of indices. Let v1 = w ◦ (i1, j1) and

v2 = w ◦ (i2, j1). Then, v1[i1] = v2[i2], v2[i2] = v1[i1], and v1[j1] = v2[j1]. Further, for

every ℓ ∈ [n] such that ℓ /∈ {i1, i2, j1}, v1[ℓ] = v2[ℓ] as these positions are unchanged



22 Nathan Flaherty

by the swaps. Therefore, v1 = v2 ◦ (i1, i2), and hence these words are connected in

G(P ). Further, as this holds for any j1 ∈ Pos(v, j), the set of words induced by

the swaps (j, ℓ), for some fixed ℓ ∈ Pos(w, i) correspond to a clique of size P [j] + 1.

Therefore, there exists
∏

i∈Σ\{j} P [i] cliques of size P [j] + 1 including w, for any

j ∈ Σ.

We now claim that there exists no swap transforming v1,1 in to v2,2. Observe first

that, for every ℓ ∈ [|w|] such that ℓ /∈ {i1, i2, j1, j2}, v1,1[ℓ] = v2,2[ℓ]. As v1,1[i1] =

v2,2[j1], and v1,1[j1] = v2,2[i2], exactly two swaps are needed to transform v1,1 into

v2,2. Therefore, for any pair of swaps (i1, j1), (i2, j2) ∈ Pos(i, w)×Pos(j, w), such that

i1 ̸= i2 and j1 ̸= j2, the words w ◦ (i1, j1) and w ◦ (i2, j2) are not adjacent in G(P ).

Similarly, given a set of indices i′ ∈ Pos(i, w), j′ ∈ Pos(j, w) and ℓ′ ∈ Pos(ℓ, w) and

swaps (i′, j′), (i′, j′), observe that as w[j′] ̸= w[ℓ′], the distance between w ◦ (i′, j′)
and w ◦ (i′, ℓ′) is 2. Therefore, every clique induced by the set of swaps S(i, j) =

{(i′, j) | i′ ∈ Pos(w,w[i])} is maximal.

Corollary 3.3. Let v ∈ V (P ) be the vertex in G(P ) corresponding to the word

w ∈ Σ
∗|P . Then, v belongs only to the maximal cliques corresponding to the set

of words {w ◦ (i, j) | i ∈ Pos(w, x)} for some fixed symbol x ∈ Σ and position

j ∈ [|w|], w[j] ̸= x, where Pos(w, x) = {i ∈ [|w|] |, w[i] = x}.

Now since the edges in each maximal clique only swap two types of symbols we

have the following corollary for the number of cliques.

Corollary 3.4. In the configuration graph G(P ) the number of maximal cliques is

equal to ∑
(i,j)∈Σ×Σ

(∑
k∈Σ\{i,j} P [k]

)
!∏

k∈Σ\{i,j} P [k]!
.

Another natural corollary is that of the clique number which is stated below.

Corollary 3.5. The clique number ω(G(P )) is equal to maxi∈Σ P [i] + 1.

We now present the property which we refer to as local isomorphism, which is

illustrated by a simple example in Figure 3.1.
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aabc

abac

acba

caba aacb

baac
acab

acba

aacb

caab abac

bcaa

Figure 3.1: The balls of radius 1 around aabc and acab in G(2, 1, 1), where π = (2 3 4)

Lemma 3.6. Let Gr(v) be the subgraph of G(P ) induced by all vertices of distance

at most r away from a given vertex v. For any two vertices u, v ∈ V (P ) and all

r ∈ N, Gr(u) ∼= Gr(v).

Proof. Let π ∈ Sn be the permutation such that u ◦ π = v. We use the permutation

π to define an isomorphism f : Gr(u) → Gr(v) such that f(w) = w ◦ π. In order

to show that f is an isomorphism we need to show that it preserves adjacency. We

start by showing that for every word, w ∈ G1(u), f(w) ∈ G1(v).

Let τ = (τ1, τ2) be the 2-swap such that w = u ◦ τ . We now have 3 cases for how

π and τ interact, either none of the indices in τ are changed by π, just one of τ1 or

τ2 are changed by π, or both τ1 and τ2 are changed by π. In the first case, f(w) is

adjacent to v as v ◦ τ = f(w). In the second case, let (τ1, τ2) be a swap that that

π[τ1] = τ1, i.e. τ1 is not changed by the permutation π. We define a new swap τ ′

such that v ◦ τ ′ = f(w). Let x, y ∈ [n] be the positions in v such that π[x] = τ2

and π[τ2] = y. Now, let τ ′ = (τ1, y). Observe that v[y] = w[τ2], and v[τ1] = w[τ1].

Therefore, the word v ◦ τ ′ = u ◦ τ ◦ π. Note that as the ordering of the indices

in the swap does not change the swap, the same argument holds for the case when

π[τ2] = τ2. In the final case, let τ ′ = (π[τ1], π[τ2]). Note that by arguments above,

u[π[τ1]] = v[τ1] and u[π[τ2]] = v[τ2], and hence v ◦ τ ′ = u ◦ τ ◦ π. Repeating this

argument for each word at distance ℓ ∈ [1, r] proves this statement.

We now provide the exact value of the diameter of any configuration graph G(P ).

Theorem 3.7 states the explicit diameter of the graph, with the remainder of the
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section dedicated to proving this result.

Theorem 3.7. The diameter of the Configuration Graph, G(P ) for a given Parikh

vector P is n−maxi∈Σ P [i].

Theorem 3.7 is proven by first showing that the upper bound matches n −
maxi∈Σ P [i] (Lemma 3.8). We then show that the lower bound on the diameter

matches the upper bound (Lemma 3.13), concluding our proof of Theorem 3.7.

Lemma 3.8 (Upper Bound of Diameter). The diameter of the Configuration Graph,

G(P ) for a given Parikh vector P is at most n−maxi∈Σ P [i].

Proof of Upper Bound. This claim is proven by providing a procedure to determine

a sequence of n−maxi∈[σ] P [i] swaps to transform any word w ∈ Σ
∗|P into some word

v ∈ Σ
∗|P . We assume, without loss of generality, that P [1] ≥ P [2] ≥ · · · ≥ P [σ]. The

procedure described by Algorithm 3.1 operates by iterating over the set of symbols

in Σ, and the set of occurrences of each symbol in the word. At each step, we have

a symbol x ∈ [2, σ] and index k ∈ [1, P [x]]. The procedure finds the position i of the

kth appearance of symbol x in w, and the position j of the kth appearance of x in

v. Formally, i is the value such that w[i] = x and |{i′ ∈ [1, i − 1] | w[i′] = x}| = k

and j the value such that v[j] = x and |{j′ ∈ [1, j − 1] | v[j′] = x}| = k. Finally,

the algorithm adds the swap (i, j) to the set of swaps, and then moves to the next

symbol.

We are able to consider x ∈ [2, σ] (i.e. not 1) because of the following argument.

Say we start by making all swaps of symbol σ to ensure they are in the correct place

(by correct we mean the positions they are in the word v), we consider each of these

as “fixed”. We continue this with all the other symbols until we get to 2. At this

point the only indexes not fixed are the positions in v which have a 1, and since all

other symbols are fixed by swaps, the only symbols which can be in those positions

are 1s and so we need not consider these any further as they are in their correct

positions.

This procedure requires one swap for each symbol in w other than 1, giving a

total of n −maxi∈[σ] P [i] swaps. Note that after each swap, the symbol at position
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Algorithm 3.1 Procedure to select 2-swaps to generate a path from w to v.

1: S ← ∅ ▷ Set of 2-swaps
2: for x ∈ Σ \ {1} do
3: for 1 ≤ k ≤ P [x] do
4: i← index of kth occurrence of x in w
5: j ← index of kth occurrence of x in v
6: S ← S ∪ (i, j)
7: end for
8: Apply all 2-swaps in S to w
9: S ← ∅
10: end for

j of the word is the symbol v[j]. Therefore, after all swaps have been applied, the

symbol at position j ∈ {i ∈ [1, |w|] | v[i] ∈ Σ \ {1}} must equal v[j]. By extension,

for any index i such that v[i] = 1, the symbol at position i must be 1, and thus equal

v[i] . Therefore this procedure transforms w into v.

In order to prove the lower bound on the diameter (i.e. that diam(G) ≥ n −
maxi∈[σ] P [i]) we introduce a new auxiliary structure, the 2-swap graph. Informally,

the 2-swap graph, defined for a pair of words w, v ∈ Σ
∗|P and denoted G(w, v) =

{V (w, v), E(w, v)} is a directed graph such that (i, j) ∈ E(w, v) if and only if w[i] =

v[j]. Note that this definition allows for self-loops.

Definition 3 (2-swap Graph). Let w, v ∈ Σ
∗|P be a pair of words. The 2-swap

graph G(w, v) = {V (w, v), E(w, v)} contains the vertex set V (w, v) = [|w|] and edge

set E(w, v) = {(i, j) ∈ V (w, v)× V (w, v) | w[i] = v[j] or v[i] = w[j]}. The edge set,

E, is defined as follows, for all i, j ∈ Σ there exists an edge (i, j) ∈ E(w, v) if and

only if w[i] = v[j].

An example of the 2-swap graph is given in Figure 3.2.

Lemma 3.9. Let G(w, v) be a graph constructed as above for transforming w into v

using 2-swaps. Then, there exists a procedure to convert any cycle cover of G(w, v),

C, into a w − v path in G(P )
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Figure 3.2: The graph G(w, v) where w = aaabbc, and v = bcbaaa with the edge
(i, j) labelled by the symbol w[i](= v[j]).

Proof. Let C ∈ C be a cycle where C = (e1, e2, . . . , e|C|) and ei2 = e
i+1 mod |C|
1 . The

w− v path (i.e. a sequence of 2-swaps) is constructed as follows. Starting with i = 1

in increasing value of i ∈ [|C| − 1], the 2-swap (e11, e
i
2) is added to the set of 2-swaps

S. Where ei1 and ei2 are the endpoints of edge ei for each i.

Assume, for the sake of contradiction, that S does not correspond to a proper

set of 2-swaps converting w into v. Then, there must exist some symbol at position

i such that the symbol w[i] is placed at some position j such that w[i] ̸= v[j]. As

wi must be placed at some position that is connected to vertex i by an edge, there

must be an edge between i and j, hence wi = vj, contradicting the construction of

G(w, v). Therefore, S must correspond to a proper set of 2-swaps.

Corollary 3.10. Let C be a cycle cover of G(w, v). Then there exists a set of∑
c∈C |c| − 1 2-swaps transforming w to v.

Corollary 3.11. Let S be the smallest set of 2-swaps transforming w in to v, then

S must correspond to a vertex disjoint cycle cover of G(w, v).

Proof. For the sake of contradiction, let S be the smallest set of 2-swaps transforming

w into v, corresponding to the cycle cover C where C is not vertex disjoint. Let
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c1, c2 ∈ C be a pair of cycles sharing some vertex u. Then, following the construction

above, the symbol wu must be used in two separate positions in v, contradicting

the assumption that v can be constructed from w using 2-swaps. Hence S must

correspond to a vertex disjoint cycle cover.

Corollary 3.12. Given a pair of words w, v ∈ Σ
∗|P , the minimum set of 2-swaps

transforming w into v S corresponds to the vertex disjoint cycle cover of G(w, v)

maximising the number of cycles.

Lemma 3.13 (Lower Bound). The diameter of G(P ) is at least n−maxi∈Σ P [i].

Proof. We assume w.l.o.g. that P [1] ≥ P [2] ≥ · · · ≥ P [σ]. Let w, v ∈ Σ
∗|P satisfy:

w = (123 . . . σ)P [σ](123 . . . σ − 1)P [σ−1]−P [σ] . . . 1P [1]−P [2]

and

v = (23 . . . σ1)P [σ](23 . . . (σ − 1)1)P [σ−1]−P [σ] . . . 1P [1]−P [2],

i.e. w is made up of P [1] subwords, each of which are of the form 12...k, and v is

made up of the same subwords as w but each of them has been cyclically shifted by

one (for example when P = (3, 2, 1) we have w = 123121 and v = 231211). Following

Corollary 3.12, the minimum number of 2-swaps needed to convert w into v can be

derived from a vertex disjoint cycle cover of G(w, v) with the maximum number of

cycles.

Observe that any occurrence of symbol σ must have an outgoing edge in G(w, v)

to symbol 1, and an incoming edge from symbol σ − 1. Repeating this logic, each

instance of σ must be contained within a cycle of length σ. Removing each such

cycles and repeating this argument gives a set of P [1] cycles, with P [σ] cycles of

length σ, P [σ − 1]−P [σ] cycles of length σ− 1, and generally P [i]−P [i+ 1] cycles

of length i. This gives the number of 2-swaps needed to transform w to v being a

minimum of n− P [1] = n−maxi∈Σ P [i].

Theorem 3.7 follows from Lemmas 3.8 and 3.13.
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3.2 Hamiltonian Paths and Enumeration

In this section, we prove that the configuration graph contains Hamiltonian paths

and we provide an efficient algorithm for enumerating the vertices of a Hamiltonian

path. We first show that every configuration graph of a Parikh Vector over a binary

alphabet is Hamiltonian. This is then generalised to alphabets of size σ, using the

binary case to build Hamiltonian paths with alphabets of size σ.

3.2.1 Binary Alphabets

For notational conciseness, given a symbol a, in a binary alphabet Σ = {1, 2}, the
notation a is used to denote a ∈ Σ, a ̸= a, i.e. if a = 1, then a = 2. We prove

existence of Hamiltonian paths via a recursive approach that forms the basis for our

enumeration algorithm. Our proof works by taking an arbitrary word in the graph

w, and constructing a path starting with w. At each step of the path, the idea is to

find the shortest suffix of w such that both symbols in Σ appear in the suffix. Letting

w = us, the path is constructed by first forming a path containing every word us′,

for every s′ ∈ Σ
∗|P (s) , i.e. a path from w transitioning through every word formed by

maintaining the prefix u and permuting the suffix s. Once every such word has been

added to the path, the algorithm repeats this process by performing some swap of

the form (|u|, i) where i ∈ [|u| + 1, |w|], i.e. a swap taking the last symbol in the

prefix u, and replacing it with the symbol w[|u|] from some position in the suffix.

This process is repeated, considering increasingly long suffixes, until every word

has been covered by the path. Using this approach, we ensure that every word with

the same prefix is added to the path first, before shortening the prefix. The algorithm

HamiltonEnumeration outlines this logic within the context of the enumeration

problem, where each transition is output while constructing the path.

Theorem 3.14. For every binary Parikh vector P ∈ N2
0 and word w ∈ Σ

∗|P , there

exists a Hamiltonian path starting at w in the configuration graph G(P )

As stated in [12] the binary reflected Gray code gives an ordering for the words

over a Binary alphabet restricted to a certain Parikh Vector (k, n− k) with a single
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2-swap between each subsequent word. This does indeed prove Theorem 3.14 by

providing a Hamiltonian Circuit for a given binary Parikh vector (it is worth noting

that following a Hamiltonian Circuit starting at w gives a Hamiltonian path from

w). However, we also present our own inductive proof for this case to provide an

explanation of our enumeration algorithm.

Example 4. Figures 3.3 and 3.4 illustrate the two different ways of showing the

existence of Hamiltonian paths on the graph G(2, 2). In Figure 3.4 the binary reflected

gray code for n = 4 is listed in order which — when restricted to words of Parikh

vector (2, 2) — gives a Hamiltonian path in the configuration graph. The fact that

subsequent words differ by a single 2-swap is shown in [12].

In Figure 3.3 we begin with word w = 1212 and run HamiltonianEnumera-

tion on the Parikh vector (2, 2) showing the value of the prefix we fix at any given

moment, to show all words of that prefix being enumerated.

Proof of Theorem 3.14. We prove this statement in a recursive manner. As a base

case, consider the three vectors of length 2 as our Parikh Vector, namely (2, 0), (0, 2)

and (1, 1). Note that there exists only a single word with the Parikh vectors (2, 0)

or (0, 2), and thus the graph must, trivially, be Hamiltonian. For the Parikh vector

(1, 1), there exists only the words 12 and 21, connected by the 2-swap (1, 2) and

therefore is also a Hamiltonian path and it can be found starting at either word.

In the general case, assume that for every Parikh vector P ′ with P ′[1]+P ′[2] < ℓ,

the graph G(P ′) contains a Hamiltonian path, and further there exists such a

path starting at every word in Σ
∗|P ′ . Now, let P be an arbitrary Parikh vec-

tor such that P [1] + P [2] = ℓ. Given some word w ∈ Σ
∗|P , observe that

there must exist some Hamiltonian path starting at the word w[2, ℓ] in the sub-

graph G′(P ) = (V ′(P ), E ′(P )) where V ′(P ) = {u ∈ V (P ) | u[1] = w[1]} and

E ′(P ) = (V ′(P ) × V ′(P )) ∩ E(P ). Let w′ be the last word visited by the Hamil-

tonian path in G′(P ), and let i be some position in w′ such that w′[i] = w[1].

Note that there must exist Hamiltonian path starting at (w ◦ (1, i))[2, ℓ] in the sub-

graph G′′(P ) = (V ′′(P ), E ′′(P )) where V ′′(P ) = {u ∈ V (P ) | u[1] = w[1]} and

E ′′(P ) = (V ′′(P ) × V ′′(P )) ∩ E(P ). As every vertex in G(P ) is either in the sub-
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graph G′(P ) or G′′(P ), the Hamiltonian paths starting at w in G′(P ) and at w′◦(1, i)
in G′′(P ) cover the complete graph. Further, as these paths are connected, there ex-

ists a Hamiltonian path starting at the arbitrary word w ∈ Σ
∗|P , and therefore the

Theorem holds.

Enumeration. We now provide our enumeration algorithm. Rather than output

each word completely, we instead maintain the current state of the word in memory

and output the swaps taken at each step, corresponding to the edges traversed in

the path. This way, at any given step the algorithm may be paused and the current

word fully output, while the full path can be reconstructed from only the output.

There are two key challenges behind this algorithm. First is the problem of deciding

the next swap to be taken to move from the current word in the graph to the next

word. Second, is the problem of minimising the worst-case delay in the output of

these swaps, keeping in mind that the output is of size O(log n) due to having to

output two integers.

By delay we mean the processing time between outputting consecutive elements,

this is a more useful metric than the time complexity of the algorithm since we are

outputting an exponential number of elements relative to the input (as stated in

Observation 3.1).
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Algorithm 3.2 Algorithm for enumerating a Hamiltonian path in the configuration
graph defined by a Parikh vector P . Note that the pointer last state is used to
return at the state in the stack at position last state to avoid needless recursion.
The function CurrentState() is used to get the current state in the stack. The trees
T1 and T2 are balanced binary search trees such that every vertex in T1 corresponds
to a position of symbol 1 in the current state of w, and every vertex in T2 corresponds
to a position of the symbol 2 in w.

1: Global Variables:
2: Word w ∈ Σn

3: Balanced Binary Search Tree T1

4: Balanced Binary Search Tree T2

5: function HamiltonianEnumeration(P ∈ N0 × N0, pointer last state)
6: if P [1] = 0 or P [2] = 0 then Return To last state
7: else if P = (1, 1) then
8: Output: (n− 1, n)
9: Remove(Tw[n−1], n− 1), Insert(Tw[n−1], n)
10: Remove(Tw[n], n), Insert(Tw[n], n− 1)
11: w ← w ◦ (n− 1, n)
12: ReturnTo last state
13: else % Note that P [1] + P [2] ≥ 3
14: R1 ← max(T1)
15: R2 ← max(T2)
16: for i ∈ min(R1, R2),min(R1, R2)− 1, . . . , n− (P [1] + P [2]− 1) do
17: j ← minj′∈[i+1,n] Tw[j′]

18: Output: (i, j)
19: Remove(Tw[i], i), Insert(Tw[i], j)
20: Remove(Tw[j], j), Insert(Tw[j], i)
21: w ← w ◦ (i, j)
22: P ′ ← (P [1], P [2])− P (w[i])
23: HamiltonianEnumeration(P ′, CurrentState())
24: end for
25: ▷ As the Parikh vector must have at least one value

for each symbol, there is a valid swap from n− (P [1] + P [2]− 1) to i, for some
i > n− (P [1] + P [2]− 1)

26: j ← mini∈[n−(P [1]+P [2]−1),n] Tw[i]

27: Output (n− (P [1] + P [2]− 1), j)
28: Remove(Tw[n−(P [1]+P [2]−1)], n − (P [1] + P [2] − 1)), In-

sert(Tw[n−(P [1]+P [2]−1)], j)
29: Remove(Tw[j], j), Insert(Tw[j], n− (P [1] + P [2]− 1))
30: w ← w ◦ (n− (P [1] + P [2]− 1), j)
31: P ′ ← (P [1], P [2])− P (w[n− (P [1] + P [2]− 1)])
32: HamiltonianEnumeration(P ′, last state) ▷ Note that this skips over the

current state when returning
33: end if
34: end function
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1 1111 9 2211
2 1112 10 2212
3 1122 11 2222
4 1121 12 2221
5 1221 13 2121
6 1222 14 2122
7 1212 15 2112
8 1211 16 2111

1122 1212

2112 1221

22112121

Figure 3.4: On the left is the binary reflected gray code for n = 4, with words with
Parkh Vector P = (2, 2) highlighted in bold. And on the right is this displayed as a
Hamiltonian path on the configuration graph G(2, 2)

1122 1212

2112 1221

22112121

u Word

12 1212

1221

11 1122

21 2112

2121

22 2211

Figure 3.3: Example execution of HamiltonEnumeration on Parikh Vector P =
(2, 2) starting with w = 1212. On the left is the graph G(P ) showing the hamiltonian
path. On the right is a table with the prefix u shown at each step in the left column
with all words enumerated on the right column.

High-Level Idea.

From a given word w with Parikh vector,P , the algorithm works by first finding

the shortest suffix s of w such that there exists some pair of indices i, j for which

s[i] ̸= s[j]. Using this suffix and letting w = us, we find a path through every vertex

in G(P ) with the prefix u. Note that following the same arguments as Theorem 3.14,



Chapter 3. Structural and Combinatorial Properties of Crystal Configuration
Graphs 33

such a path must exist. Once every word in G(P ) with the prefix u has been visited

by the path, the algorithm then enumerates every word with the prefix u[1, |u| − 1],

extending the current path. When adding every word with the prefix u[1, |u| − 1] to

the path, note that every word with the prefix u has already been added, thus all

that is left is to add those words with the prefix u[1, |u| − 1]u[|u|], which is achieved

via the same process as before.

The swaps are determined as follows. From the initial word w, let R1 be the last

occurrence of the symbol 1 in w, and let R2 be the last occurrence of 2 in w. The

first swap is made between min(R1, R2) and min(R1, R2) + 1, with the algorithm

then iterating through every word with the Parikh vector P [w[min(R1, R2), |w|]] −
P
[
w[min(R1, R2)]

]
.

In the general case, a call is made to the algorithm with a Parikh vector

P = (P [1], P [2]), with the current word w fixed, and the assumption that no word

with the prefix w[1, |w|−(P [1]+P [2])] has been added to the path other than w. The

algorithm, therefore, is tasked with iterating through every word with the current

prefix. Let R1 be the last occurrence of the symbol 1, and R2 be the last occurrence

of the symbol 2 in the current word. The algorithm first enumerates every word with

the prefix w[1,min(R1, R2) − 1]. Noting that there exists only a single word with

the prefix w[1,min(R1, R2)], it is sufficient to only enumerate through those words

with the prefix w[1,min(R1, R2) − 1] w[min(R1, R2)]. The first swap made by this

algorithm is

(min(R1, R2),min(R1, R2) + 1), allowing a single recursive call to be made to

HamiltonianEnumeration(P (w ◦ (min(R1, R2),min(R1, R2) + 1))[min(R1, R2) +

1, |w|], current call), where current call denotes the pointer to the current

call on the stack. From this call the algorithm enumerates every word with the prefix

w[1,min(R1, R2)−1] w[min(R1, R2)]. As every word with the prefix w[1,min(R1, R2)]

has already been output and added to the path, once this recursive call has been

made, every word with the prefix w[1,min(R1, R2)− 1] will have been added to the

path. Note that the word w is updated at each step, ending at the word w′.

After every word with the prefix w′[1,min(R1, R2) − 1] has been added to the

path, the next step is to add every word with the prefix w′[1,min(R1, R2)−2]] to the
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path. As every word with the prefix w[1,min(R1, R2)−1] is already in the path, it is

sufficient to add just those words with the prefix w′[1,min(R1, R2)−2]w[min(R1, R2)]

to the path. This is achieved by making the swap between min(R1, R2) − 2, and

the smallest value i > min(R1, R2) − 2 such that w[i] ̸= w′[min(R1, R2) − 1], then

recursively enumerating every word with the prefix w′[1,min(R1, R2) − 2]. This

process is repeated in decreasing prefix length until every word has been enumerated.

To efficiently determine the last position in the current word w containing the

symbols 1 and 2, a pair of balanced binary search trees are maintained. The tree

T1 corresponds to the positions of the symbol 1 in w, with each vertex in T1 being

labelled with an index and the tree sorted by the value of the labels. Analogously,

tree T2 corresponds to the positions of the symbol 2 in w. Using these trees, note that

the last position in w at which either symbol appears can be determined in O(log n)

time, and further each tree can be updated in O(log n) time after each swap.

Lemma 3.15. Let P be a Parikh vector of length n, and let w ∈ Σ
∗|P be a word.

HamiltonianEnumeration outputs a path visiting every word in Σ
∗|P starting at

w.

Proof. This lemma is proven via the same tools as Theorem 3.14. Explicitly, we

show first that the algorithm explores every suffix in increasing length, relying on

the exploration of suffixes of length 2 as a base case, then provide an inductive proof

of the remaining cases. We assume that the starting word has been fully output as

part of the precomputation. With this in mind, note that there are two cases for

length 2 prefixes, either the suffix contains two copies of the same symbol or one copy

of each symbol. In the first case, as w has been output, so has every permutation of

the length 2 prefix of w. Otherwise, the algorithm outputs the swap (n− 1, n) and

returns to the previous call.

In the general case, we assume that for some ℓ ∈ [n], every permutation of

w[n− ℓ+ 1, n] has been visited by the path. Further, we assume the algorithm can,

given any word v, visit every word of the form v[1, n−ℓ]u, for every u ∈ Σ
∗|P (v[n−ℓ+1,n]) ,

i.e. the algorithm is capable of taking any word v as an input, and visiting every

word with the same Parikh vector P (v) and prefix v[1, n− ℓ + 1]. Note that in the
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case that w[n − ℓ, n] = w[n − ℓ]ℓ, the algorithm has already visited every word in

Σ∗|P (w) with the prefix w[1, n − ℓ]. Otherwise, as the algorithm has, by this point,

visited every word of the form w[1, n − ℓ + 1]u, for every u ∈ Σ
∗|P (v[n−ℓ−1,n]) , it is

sufficient to show that the algorithm visits every word of the form w[1, ℓ − 1]w[ℓ]u,

for every u ∈ Σ
∗|P ′ , P ′ = P (w[n− ℓ, n])− P (w[ℓ]).

Let w′ be the last word visited by the algorithm with the prefix w[1, n − ℓ + 1].

Note that the first step taken by the algorithm is to determine the first position

j in w′[n − ℓ + 1, n] containing the symbol w[ℓ]. Therefore, by making the swap

(n − ℓ, j), the algorithm moves to some word with a suffix in Σ
∗|′P , where P ′ =

P (w[n − ℓ, n]) − P (w[n− ℓ]). As the algorithm can, by inductive assumption, visit

every word with a suffix of length ℓ − 1, the algorithm must also be able to visit

every word with a suffix of length ℓ, completing the proof.

Lemma 3.16. Let P be a Parikh vector, and let w ∈ Σ
∗|P be a word. The path

output by HamiltonEnumeration does not visit any word in w ∈ Σ
∗|P more than

once.

Proof. Note that this property holds for length 2 words. By extension, the length at

most 2 path visiting every word with the prefix w[1, n − 2] does not visit the same

word twice before returning to a previous call on the stack.

Assume now that, given any input word v ∈ Σ
∗|P , the algorithm visits every word

in Σ
∗|P with the prefix v[1, n− l + 1] without repetition, and has only visited words

with this prefix. Further, assume that P (v[n− ℓ, n]) ̸= (0, ℓ− 1) or (ℓ− 1, 0). Then,

after every such word has been visited by the path, the algorithm returns to the

previous state, with the goal of enumerating every word with the prefix v[1, n − ℓ].

As every word in Σ
∗|P with the prefix v[1, n−ℓ+1] has been visited, it is sufficient to

show that only those words with the prefix v[1, n−ℓ]v[n− ℓ+ 1] are enumerated. The

first swap made at this state is between ℓ and the smallest index j ∈ [n − ℓ + 1, n]

such that v[n − ℓ] ̸= v[j], which, as the algorithm has only visited words with

the prefix v[1, n − l + 1], has not previously been visited. After this swap, the

algorithm enumerates every word with the prefix v[1, n − ℓ − 1]v[n− ℓ], which, by

the inductive assumption, is done without visiting the same word. Therefore, by
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induction. every word with the prefix v[1, n − ℓ] is visited by the path output by

HamiltonianEnumeration exactly once.

Theorem 3.17. Given a Parikh vector P ∈ N× N with n = P [1] + P [2], and word

w ∈ Σ
∗|P , HamiltonianEnumeration outputs a Hamiltonian path with at most

O(log n) delay between the output of each edge after O(n log n) preprocessing.

Proof. Following Lemmas 3.15 and 3.16, the path outputted by HamiltonEnu-

meration is Hamiltonian. In the preprocessing step, the algorithm constructs two

balanced binary search trees T1 and T2. Every vertex in T1 is labelled by some index

i1 ∈ [n] for which w[i1] = 1, and sorted by the values of the labels. Similarly, every

vertex in T2 is labelled by some index i2 ∈ [n] for which w[i2] = 2, and sorted by the

values of the labels. As each of these constructions requires at most O(n log n) time,

the total complexity of the preprocessing is O(n log n).

During each call, we have one of three cases. If either value of the Parikh vector is

0, then the algorithm immediately returns to the last state without any output. If the

Parikh vector is (1, 1), then the algorithm outputs a swap between the two symbols,

updates the trees T1 and T2, requiring at most O(log n) time, then returns to the last

state. In the third case, the Parikh vector (P [1], P [2]) satisfies P [1] > 0, P [2] > 0.

First, the algorithm determines the last position in the current state of the word

w containing the symbol 1 and the last position containing the symbol 2, i.e. the

values R1 = maxj∈[1,n] w[i1] = 1 and R2 = maxj∈[1,n] w[i2] = 2. These values can

be determined in O(log n) time using the trees T1 and T2. Using these values, the

algorithm iterates through every length from min(T1, T2) to n − (P [1] + P [2] − 1),

enumerating every word in Σ∗|P (w) with the prefix w[1, n − (P [1] + P [2] − 1)]. For

each ℓ ∈ [min(T1, T2), n − (P [1] + P [2] − 1)], the algorithm outputs the swap (ℓ, j),

where j ∈ [n − ℓ, n] is the largest value for which w[j] = w[ℓ]. After this has

been output, the algorithm updates the trees T1 and T2. Note that both finding

the value of j and updating the trees require O(log n) time. After this swap, the

algorithm makes the next call to HamiltonianEnumeration. Note that after

this call, HamiltonianEnumeration must either return immediately to the last

state or output some swap before either returning or making the next recursive call.
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Therefore, ignoring the time complexity of returning to a previous state in the stack,

the worst case delay between outputs is O(log n), corresponding to searching and

updating the trees T1 and T2.

To avoid having to check each state in the stack after returning from a recursive

call, the algorithm uses tail recursion. Explicitly, rather than returning to the state

in the stack from which the algorithm was called, the algorithm is passed a pointer

to the last state in the stack corresponding to a length ℓ such that some word

with the prefix w[1, n − ℓ] has not been output. To do so, after the swap between

n− (P [1] + P [2]− 1) and j is made, for the value j as defined above, the algorithm

passes the pointer it was initially given, denoted in the algorithm as last state to

the call to HamiltonianEnumeration, allowing the algorithm to skip over the

current state during the recursion process.

3.2.2 General Alphabets.

We now show that the graph is Hamiltonian for any alphabet of size σ ≥ 2. The

main idea here is to build a cycle based on recursively grouping together sets of

symbols. Given a Parikh vector P ∈ Nσ, our proof operates in a set of σ − 1

recursive phases, with the ith step corresponding to finding a Hamiltonian path in

the graph G(Pi, Pi+1, . . . , Pσ), then mapping this path to one in G(P ). The paths

in G(P [i], P [i+ 1], . . . , P [σ]) are generated in turn by a recursive process. Starting

with the word w, first, we consider the path visiting every vertex corresponding to

a permutation of the symbols i+1, . . . , σ in w. Explicitly, every word v in this path

is of the form:

v[i] =

w[i] w[i] ∈ {1, 2, . . . , i}

xi ∈ {i+ 1, . . . , σ} w[i] /∈ {1, 2, . . . , i}
,

where xi is some arbitrary symbol {i, i+1, . . . , σ}. Further, every such word is visited

exactly once.

After this path is output, a single swap corresponding to the first swap in
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G(P [i], (P [i+ 1] + P [i+ 2], . . . , P [σ])) is made, ensuring that this swap must in-

volve some position in w containing the symbol i. After this swap, another

path visiting exactly once every word corresponding to a permutation of the

symbols i + 1, . . . , σ in w can be output. By repeating this for every swap in

G(P [i], (P [i+ 1] + P [i+ 2], . . . , P [σ])), inserting a path visiting exactly once every

word corresponding to a permutation of the symbols i+ 1, . . . , σ in w between each

such swap, note that every permutation of the symbols i, i+ 1, . . . , σ in w is output

exactly once. In other words, every word v ∈ Σ
∗|P of the form

v[i] =

w[i] w[i] ∈ {1, 2, . . . , i− 1}

xi ∈ {i, i+ 1, . . . , σ} w[i] ∈ {i, i+ 1, . . . , σ}
,

where xi is some symbol in {i, i+1, . . . , σ}. Further, each such word is visited exactly

once. Using the binary alphabet as a base case, this process provides an outline of

the proof of the Hamiltonicity of G(P ).

Theorem 3.18. Given an arbitrary Parikh vector P ∈ Nσ
0 , and vertex v ∈ G(P )

there exists a Hamiltonian path in G(P ) starting at v.

Proof. This is formally proven using the outline above via an inductive argument

with the base case of binary alphabets, the Hamiltonicity of which is proven in

Theorem 3.14.

We assume now that there exists, for any Parikh vector P ∈ Nℓ−1
0 and word

w ∈ Σ
∗|P , there exists some Hamiltonian path in G(P ) starting at w. Let Q ∈ Nσ be

a Parikh vector, and let v ∈ Σ
∗|Q be an arbitrary word with the Parikh vector Q. To

construct the Hamiltonian path starting at v in G(Q), we first form a Hamiltonian

path P1 in G(Q[2], Q[3], . . . , Q[ℓ]) starting at the word v′ formed by deleting every

symbol 1 from v. We assume that we have a table T such that T [i] returns the

index in [1, |v|] for which v′[i] = v[T [i]]. To avoid any repetition, we require T [1] <

T [2] < · · · < T [|v′|]. With this table, each swap (s1, s2) in the path P1 can be

converted to the swap (T [s1], T [s2]) in the graph G(q) swapping the same symbols

in v as in the reduced word v′. With this conversion, P1 constructs a path in G(Q)
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visiting exactly once each word where the symbol 1 appears only at the position

{i ∈ [1, |v|] | v[i] = 1}.
Next, we construct a Hamiltonian path P2 in the graph G(Q[1], Q[2]+Q[3]+· · ·+

Q[ℓ]) starting at the word v′ where v′[i] =

1 v[i] = 1

x v[i] ̸= 1
, for some new symbol x.

This graph can be seen as an abstraction of G(Q), considering only swaps between

some position labelled 1 and any position with a different symbol.

The first swap in P2 is applied to the current word, however, rather than proceed-

ing along this path, a new set of swaps is inserted corresponding to some Hamiltonian

path in G(Q[2], Q[3], . . . , Q[ℓ]) generated in the same manner as before. Again, this

new path corresponds to a permutation of every symbol in the set {2, 3, . . . , σ}, while
fixing the positions of the symbol 1 in the word. This is repeated by taking a single

swap from the path P2, followed by a complete path corresponding to a Hamiltonian

path in G(Q[2], Q[3], . . . , Q[ℓ]). By combining these paths, the new path must visit

(exactly once) every word in Σ
∗|Q[2],Q[3],...,Q[ℓ] where the positions of symbol 1 are fixed,

each time a word w with a new permutation of the symbol 1 is visited. Similarly,

every word in Σ
∗|(Q[1],Q[2]+Q[3]+···+Q[σ]) is visited exactly once, corresponding to a path

through every permutation of the positions of the symbols 1 in the word. Therefore,

the output path is Hamiltonian.

Theorem 3.19. Given a Parikh vector P ∈ Nσ such that
∑

i∈[1,σ] P [i] = n, there

exists an algorithm outputting a Hamiltonian path in G(P ) with a delay of at most

O(σ log n) between outputting each edge after O(n log n) preprocessing.

Proof. Our algorithmic results works using the same approach as for the binary case,

outlined in Theorem 3.17. The primary difference between these algorithms is the use

of a recursive process to enumerate the swaps between all positions containing some

symbol in (2, 3, . . . , σ), using the same algorithm to enumerate the Hamiltonian path

starting with the word formed by removing every copy of the symbol 1 from each

word. In the qth-step of the recursion, after a swap is made between some position

containing the symbol q, and some position containing some symbol x ∈ [q + 1, σ],

a recursive call is made to enumerate the Hamiltonian path starting at the word
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formed by removing every copy of the symbol q.

Our algorithm works as follows. We assume, at each step, we have the current

word w and σ balanced binary search trees, T1, T2, . . . , Tσ where Tq stores all positions

of the symbol q in w. When making a call to the function, GeneralHamiltoni-

anEnumeration, three parameters are passed, the Parikh vector of the current

suffix being considered, P , the smallest symbol q on which swaps are allowed, and

a pointer to the return state once this process is exhausted. The swaps are deter-

mined in the same way as Algorithm 3.2, with two key differences. Within each call,

we only make swaps between positions in the word w containing the symbol q, and

positions containing any symbol in [q+1, σ]. The swap is chosen in the same way as

in the binary case, swapping the minimum of positions Rq, the Rightmost position

containing q, and Rp, the Rightmost position containing any symbol greater than q,

with an opposite symbol further right. We note that, in order to determine the value

of Rp we determine the rightmost position of each symbol x ∈ [q+1, σ], the value of

which is determined using the trees Tq+1, Tq+2, . . . , Tσ, requiring in total σ log n time.

Alongside this, we store a set of positions pq, pq+1, . . . , pσ, where px stores the right-

most position smaller than min(Rq, Rp) containing the symbol x, i.e. the value such

that px < min(Rq, Rp) and, for every p′x where w[p′x] = x, either p′x ≥ min(Rq, Rp)

or p′x < px. We use these to allow efficient update of the value i denoting the

largest position of the next swap. Once a swap has been made, two recursive calls

are made. First, to GeneralHamiltonianEnumeration with the arguments

P (w), q + 1, current state(), enumerating every permutation of the positions in w

containing some symbol x ∈ [q+1, σ], before returning to this call, then toGeneral-

HamiltonianEnumerationwith the arguments (P − P (w[i])), q, current state(),

enumerating every suffix of w of length P [1] + P [2] + · · · + P [σ] − 1. Finally, once

every permutation of w[n− P [1]− P [2]− · · · − P [σ] + 1, n] formed by swapping two

positions containing distinct symbols from the set [q, σ] has been enumerated, one

last swap is made between the position n−P [1]−P [2]−· · ·−P [σ] and the symbol at

position j where j is the leftmost (smallest) position in [n−(P [1]+P [2]+· · ·+P [σ], n]

that does not contain w[n − (P [1] + P [2] + · · · + P [σ]], i.e. the value j such that

w[j] ̸= w[n− (P [1]+P [2]+ · · ·+P [σ]] and, ∀j′ ∈ [n− (P [1]+P [2]+ · · ·+P [σ], j−1],
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w[j′] = w[n−(P [1]+P [2]+ · · ·+P [σ]]. Once this swap has been made, the algorithm

returns to the state it was passed when called, avoiding unnecessary recursion.

Observe that the correctness of this algorithm follows from Theorems 3.17 (laying

out the correctness of our choice of swaps to make at each step) and 3.18. Further,

the worst case delay of O(σ log n) is due to determining the values of Rp at the start

of the function, and j during both the main loop enumerating the permutations of

the suffix, and in the final output. As each value is computed at most twice between

outputs, we arrive at the stated worst case delay.



Chapter 4

Hardness of Robot Scheduling

In this chapter, we present results concerning the hardness of the robot scheduling

problem for planar graphs, stars, and complete graphs. We also present the NP-

completeness of Unsupervised Robot Scheduling on planar graphs. The results

in this chapter and the next (Chapter 5) first appeared in SAND 2024 [2] followed by

in ALGOWIN 2024 [4]. With a full journal version in Information and Computation

[5].

4.1 Problems used for NP-hardness reductions

We begin by defining the problems that are known to be NP-complete which we

shall use throughout the rest of the chapter in order to prove hardness of Robot

Scheduling . The Garey and Johnson textbook [28] shows how these are NP-

complete.

k-Set Partition Given a set of integers S = (s1, s2, . . . , sm), we define a partition

of S into k sets as a set of k-sets S1, S2, . . . , Sk such that
⋃

i∈[1,k] Si = S and for

any i, j ∈ [1, k], i ̸= j, Si ∩ Sj = ∅. In the case of multiple integers with the

same value, we assume that each entry in the set has a unique identifier, allowing

this definition to hold. An exact partition of S into k sets S1, S2, . . . , Sk is a

42
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partition such that
∑

s∈Si
s =

∑
s′∈Sj

s =
∑

s′′∈S s
′′/k, for every i, j ∈ [1, k]. The

k-set partition problem asks if an exact partition exists for a given set S and integer k.

This is an extension of the classical Partition problem shown to be (weakly)

NP-Complete in Garey and Johnson. It is clear to see that the original Partition

problem is a case of k-Set Partition where k = 2, and therefore hardness follows.

Hamiltonian Circuit Given a graph G = (V,E) does there exist a cycle which

visits all vertices in G?

Hamiltonian Path Given a graph G = (V,E) does there exist a Hamiltonian

Path in G?

However we also need to consider the specific case of starting at a given vertex.

Given a Graph G = (V,E) and vertex v ∈ V , does there exist a Hamiltonian Path

in G starting from v?

Both Hamiltonian Circuit and Hamiltonian path are Strongly NP-hard.

4.2 Hardness Results

4.2.1 Hardness of k-Robot Scheduling

In this section, we show that the k-Robot Scheduling problem is NP-complete,

even for highly restricted graph classes. Explicitly, we prove NP-hardness results

for complete graphs, stars, and planar graphs. We note that our hardness result for

complete graphs, and stars hold for at least two robots, while that for planar graphs

holds even for one robot. As such, the result for stars does not imply the result for

planar graphs. The proof of Theorem 4.7 follows from these proofs. In order to claim

NP-completeness however, we must first prove that the problem is in NP. For these

complexity results we define a decision problem version of k-Robot Scheduling in



44 Nathan Flaherty

the usual way with the question does there exist a task-completing set of schedules

of timespan at most τ for some given time limit τ ∈ N?

Lemma 4.1. k-Robot Scheduling is in NP, for any k ∈ N.

Proof. Observe that given any solution (set of schedules) to k-Robot Scheduling ,

we can verify the correctness in polynomial time (relative to the size of input) by

executing the solution. Hence, the problem is in NP.

Now that we have proven that Robot Scheduling is indeed in NP we go on to

present our hardness results. We begin with the interesting case of complete graphs.

Theorem 4.2. k-Robot Scheduling on complete graphs is (weakly) NP-complete

for any k ≥ 2.

Proof. We prove this by a reduction from the set partition problem.

Given an instance of the set partition problem containing the set of integers S =

{s1, s2, . . . , sm} and integer k ∈ N, we construct a k-Robot Scheduling instance

containing the complete graph G = (V,E). The vertex set V is composed of two sets

V R and V T where V R = (vr1, v
r
2, . . . , v

r
k) and V T = (vt1, v

t
2, . . . v

t
m), with V = V R∪V T

we refer to V R as the set of robot vertices, and V T as the set of task vertices. As G

is a complete graph, E = V × V , i.e. the set of all potential edges corresponding to

pairs of vertices {(v, u) | v, u ∈ V }. We construct the set of tasks t1, t2, . . . , tm where

ti has a duration of si− 1 and is located on vertex vti . We use si− 1 for the duration

of each task since every task will also require 1 timestep to get to it (from traversing

the appropriate edge in the clique), so si−1 as the duration means we have the same

target for the timespan as the sum of each partition. Finally, we construct k robots

R1, R2, . . . , Rk with Ri initially located on vertex vri .

We claim that there exists a task-completing conflict-free schedule requiring∑
s∈S s/k time if and only if there exists an exact partition of S into k sets. In

one direction, observe that given some exact partition S1,S2, . . . ,Sk we can con-

struct a schedule C = (C1, C2, . . . , Ck) where, if Si = (Si1 , Si2 , . . . , Simi
) then

Ci = ((vri , v
t
i1
), ti1 , (v

t
i1
, vti2), ti2 , . . . , timi−1 , (v

t
im−1, v

t
im), tim). First, observe that, as
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S1,S2, . . . ,Sk is an exact partition of S, each vertex in G is visited exactly once,

and therefore the set of schedules C is conflict-free. Further, the time required to

complete the schedule Ci corresponds to the time to move between each vertex in the

schedule and the time to complete each task. As the task ti has a duration of si− 1,

then the time for the robot R assigned task ti in its schedule requires 1 timestep to

reach vti from the previous vertex (either the previous task or the starting vertex),

and si − 1 timesteps to complete ti, the total cost of completing the schedule Ci

is equal to
∑

s∈Si
s, and thus the total time to complete the set of schedules C is∑

s∈S s/k.

In the other direction, given some set of schedules C = (C1, C2, . . . , Ck) such that

C takes
∑

s∈S s/k timesteps to complete, we can construct a partition of S by making

the sets S1,S2, . . . ,Sk where Si contains the integers in S corresponding to the tasks

completed in Ci. Note that as each vertex can be reached in a single timestep from

any starting vertex, the total cost of the schedule Ci completing mi tasks is equal

to mi plus the length of the tasks, equal to
∑

s∈Si
s − 1, hence the time-span of

Ci is
∑

s∈Si
s =

∑
s∈S s/k. Additionally, as

∑
i∈[1,k] |Ci| ≥

∑
s∈S s, any schedule

taking
∑

s∈S s/k must satisfy |Ci| =
∑

s∈S s/k for every i ∈ [1, k], completing the

reduction.

Despite being NP-hard for k ≥ 2, when we have only one robot the problem

becomes trivial.

Observation 4.3. 1-Robot Scheduling can be solved in polynomial time for

complete graphs.

This is the case since no collisions are possible when we have only one robot and

in a complete graph the order of completing the tasks does not matter for a sin-

gle robot, since all tasks are adjacent changing the order will not affect the timespan.

Theorem 4.4. k-Robot Scheduling is (weakly) NP-complete on star graphs for

k ≥ 2.
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Proof. Recall that a star graph is a tree where all but one vertex has degree 1.

We prove this statement by a reduction from the set partition problem. Assume

we are given a set partition instance where S = {s1, s2, . . . , sm}. We assume, without

loss of generality, that s ≥ 2, for all s ∈ S. From this instance, we construct the

2-Robot Scheduling instance as follows. Let G = (V,E) be a graph containing

the set V = {vs} ∪ V T ∪ V R = {vs} ∪ {vt1, vt2, . . . , vtm} ∪ {vr1, vr2} of m + 3 vertices.

We call the subset V T = {vt1, vt2, . . . , vtm} the task vertices, the subset V R = {vr1, vr2}
the robot vertices and vertex vs, the star vertex. As the names imply, the task

vertices contain the tasks, the robot vertices are the start positions of the robots,

and the star vertex is the central vertex of the graph. The edge set E is defined as

{(vs, vi) | vi ∈ V \ {vs}}. We add 2 robots, R1 and R2, placing R1 on vr1 and R2 on

vr2.

We construct the set of tasks T = {t1, t2, . . . , tm}, defining the task ti as having

a duration of 2 · si − 2, and is located on vti . We highlight now that the even length

of each task is key to the remainder of our reduction. In brief, we ensure that there

exists some schedule where R1 will complete tasks only on even timesteps and R2

only on odd timesteps (in general for k robots, robot Ri completes tasks on timesteps

t + 1 for t ≡ i mod k for i ∈ [k] ) . In this way, we avoid collision as R1 will only

occupy the star vertex on odd timesteps and R2 on even timesteps.

Now, we claim there exists a schedule C taking 1 +
∑

s∈S s time if and only if

there exists a perfect partition of S into 2 sets.

First, we show that given a schedule C = {C1, C2} taking 1+
∑

s∈S s time, we can

construct 2 subsets of S, S1, S2 such that
∑

s∈S1
s =

∑
s′∈S2

s′. We do so by adding to

Si the entry in S corresponding to each task completed in Ci. As the task ti requires

2 · si− 2 time to complete, and the robot assigned to it requires 2 timesteps to reach

vi from the previous vertex, if the schedule C containing ti is completed in either∑
s∈S s or 1 +

∑
s∈S s timesteps, then the size of the set S1 must be

∑
s∈S s/2, and

hence S1 and S2 are a perfect partition of S. In the other direction, given any perfect

partition S1, S2 of S, we can construct a schedule C = {C1, C2} taking 1 +
∑

s∈S s

timesteps by having r1 complete the tasks {ti | ∀si ∈ S1}, and r2 complete the tasks

{tj | ∀sj ∈ S2}, after waiting on the starting vertex for 1 timestep. As the time to
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travel between each task is 2, and as each task has an even length, r1 will move only

on odd timesteps and r2 on even ones, thus this schedule is collision-free and requires

1 +
∑

s∈S s timesteps to complete.

Now, assume that no schedule taking 1 +
∑

s∈S s timesteps exists. Then, by

the same arguments as above, it must not be possible to form any perfect partition

of S as such a partition would give a schedule taking 1 +
∑

s∈S s time. Hence, this

statement holds. Similarly, if no perfect partition of S exists, then no schedule taking

1 +
∑

s∈S s timesteps exists, completing the proof.

Similar to the complete graph case, despite being NP-hard for k ≥ 2 on star

graphs, when we have only one robot the problem becomes trivial.

Observation 4.5. 1-Robot Scheduling can be solved in polynomial time for star

graphs.

Again this comes from the fact that the order of completion for a single robot

on a star does not matter (no leaves are adjacent so going between any two leaves

will always take two timesteps and go via the root).

Now, since the graphs we are considering are intended to represent a chemistry

laboratory, the question of whether it can be tractable to solve on planar graphs is

therefore very relevant. And so we now prove hardness of Robot Scheduling on

planar graphs.

Theorem 4.6. Given a graph class G, with Hamiltonian Path is NP-complete when

restricted to G (e.g. planar graphs). 1-Robot Scheduling restricted to graph class

G is strongly NP-complete, even when all tasks are of equal duration.

Proof. To prove NP-hardness we reduce from the Hamiltonian Path problem on G
with fixed starting vertex.

Let G = (V,E) ∈ G graph where V = {v1, v2, . . . , vn}. From G, we construct a 1-

Robot Scheduling instance with the graphG and set of tasks T = {T1, T2, . . . , Tn}
where every task has duration 1 and task Ti is placed on vertex vi.
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Now, a robot R is placed on some vertex vs. Observe that the fastest task-

completing collision-free schedule for G with R requires visiting every vertex in G′ at

least once, then spending one timestep on that vertex. Therefore, if a task-completing

collision-free schedule C has a time span of 2n− 1, then there must exist some path

visiting every vertex in V exactly once, as visiting any vertex more than once would

require an extra timestep. Hence, given such a schedule, there exists a Hamiltonian

path starting at vs in G. By checking if any such schedule taking 2n − 1 timesteps

when R starts at vertex vs for every vs ∈ V , we can determine if any Hamiltonian

path exists in G.

In the other direction, given a Hamiltonian path starting at vs, we can construct

a schedule taking 2n− 1 timesteps by stopping at each vertex for a single timestep

to complete the associated task. Hence, the reduction holds.

Now by Theorem 4.6 and Lemma 4.1 we know that the following must hold in

general.

Theorem 4.7. k-Robot Scheduling is NP-complete for any k ∈ N.

We can put an upper bound on the amount of time taken to complete all the

tasks.

Observation 4.8. A task-fulfilling schedule for k-Robot Scheduling must have

time span in O(knm).

Proof. In the worst case we have one robot completing all tasks, and each task in

the worst case takes O(n) time to arrive at.

4.2.2 Hardness of Unsupervised Robot Scheduling

In this section we also show that NP-completeness holds for the Unsupervised

Robot Scheduling problem. We do this by reducing from Hamiltonian Circuit

on planar graphs to Unsupervised Robot Scheduling on planar graphs. The

decision problem variant of Unsupervised Robot Scheduling is defined in the
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same way, given a time limit τ ∈ N does there exist a task-completing set of schedules

for Unsupervised Robot Scheduling which has time span at most τ?

Lemma 4.9. Unsupervised Robot Scheduling is in NP.

Proof. A certificate (set of schedules) can by verified in polynomial time by executing

the schedules.

Theorem 4.10. k-Unsupervised Robot Scheduling on Planar graphs is NP-

Complete for all k ∈ N.

Proof. We reduce fromHamiltonian Circuit on planar graphs. Given an instance

G of Hamiltonian Circuit we construct an instance of 1-Unsupervised Robot

Scheduling by placing a task on every vertex, with duration d ∈ N where 1 < d ≤
n−1. We can also expand this for k robots by creating k copies of G, with one robot

in each copy.

We now show that there exists a schedule of timespan τ = 2n for this instance of

1-Unsupervised Robot Scheduling if and only if there is a Hamiltonian Circuit

in G. In the case that there is a hamiltonian circuit in G then a schedule of length

2n follows by simply traversing the Hamiltonian circuit twice (the first to start each

task and second to complete each task). If there is not a hamiltonian circuit in the

input graph G then there are two cases, either there is a hamiltonian path or there

isn’t. In the case there is no Hamiltonian path we cannot even visit every vertex

twice in time 2n and so can of course not complete a task on every vertex. If there is

a hamiltonian path starting at the location sv of the robot then the only way we can

visit each vertex twice in time 2n is by traversing a hamiltonian path twice (once

in each direction). In this case the last vertex in the hamiltonian path will only be

visited once, and in order to complete its task we would need to wait on that vertex

for d timesteps, giving a schedule of time 2n+ d > 2n.

Similar to the “supervised” variant, this gives NP-completeness for graphs in

general.

Theorem 4.11. k-Unsupervised Robot Scheduling is NP-Complete for all

k ∈ N.
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Algorithmic Results for Robot

Scheduling

In this chapter, we present algorithmic results concerning robot scheduling. Firstly,

in Section 5.1 we present two algorithms for approximating robot scheduling on

paths, starting with a simple greedy algorithm and then our improved partition

algorithm. In Section 5.2 we adapt this algorithm for use on a number of other

graph classes, namely cycles, tadpoles, and lattice graphs. Finally, in Section 5.3 we

present algorithmic results on the unsupervised variant of robot scheduling.

5.1 Robot Scheduling on Paths

In this section, we present a set of algorithmic results for path graphs. Recall that a

graph G is a path graph if and only if every vertex has a degree at most 2, and there

exist exactly 2 vertices with degree 1. Formally, a path P of length n contains the set

of vertices V = [n], and the set of edges E = {(i, i+1) : i ∈ [n−1]}. For convenience,
we use the notation Pi,j to define the subgraph of a given path P between vertex i

and vertex j, i.e. Pi,j = {Vi,j, Ei,j} = {{i, i+ 1, . . . , j}, {(a, a + 1) : a ∈ [i, j − 1]}.
Also, given a pair of vertices i, j ∈ [n] on a path graph, we say that i is left of j if

i < j, and that i is right of j if i > j.

50
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5.1.1 Greedy Algorithm

In this section we provide a sketch of a simple greedy approach to find a set of sched-

ules, showing how it achieves large approximation ratio even with equal duration

tasks.

The most natural algorithm to use would be a greedy algorithm, however – as is

often the case with the most obvious solution – greedy algorithms for this problem

do not perform particularly well.

There are many possibilities of a greedy approach however the most natural of

which is greedily assigning each robot to its closest task, a sketch of this algorithm

is shown below with the pseudocode in Algorithm 5.1.

List all pairs of task and robot (i.e. the set T ×R) sorted in order of duration of task

+ distance from robot to task (ascending order, starting from closest) . Go through

this list of pairs one by one until we reach a pair (ti, Rj) which does not produce a

collision if we were to add ti to the schedule of Rj. Update the schedules by adding

ti to schedule Cj and remove all pairs in the list which contain task ti. Sort pairs

list again and repeat until all tasks have been assigned.

In the case where all the tasks are of equal duration the partition algorithm we

present in Section 5.1.4 is optimal however the greedy algorithm performs poorly

even in this case which we show in Example 5.

Example 5. In Figure 5.1 we show an instance of 3-Robot Scheduling with

equal duration tasks for which the greedy approach gives a large approximation ratio

. In this case the optimal solution is where all robots traverse 3 edges to the right

simultaneously and then complete a task (the robot which starts on vertex 1 completes

the task on 4, 2 on 5 and 3 on 6) for a timespan of 12. Whereas in the greedy

algorithm since 3 is closest to 4 the robot with initial vertex 3 will be assigned the

task on vertex 4, this causes the other two robots to be unable to complete any tasks

without causing a collision and so the robot with initial vertex 3 will need to complete

the tasks on vertices 5 and 6 for a total timespan of 30.

Example 5 shows how the greedy algorithm does not consider collisions at all

and if the greedy allocation cause one robot to block the others it does not perform
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Algorithm 5.1 Greedy Algorithm for k-Robot Scheduling

1: Initialize schedules C1, . . . , Ck by the robots’ starting positions.
2: Let pairs = T ×R be the set of all possible pairs (ti, Rj) for all tasks ti and all

robots Rj.
3: while pairs ̸= ∅ do
4: Sort pairs by the sum of di and the distance between ti and the latest position

of Rj in increasing order
5: for (ti, Rj) in pairs do
6: Let C ′

j be the schedule made by adding the task ti to the end of Cj.
7: if (C1, . . . , Cj−1, C

′
j, Cj+1, . . . , Ck) is collision-free then

8: Cj ← C ′
j

9: Remove all pairs with ti from pairs

10: break
11: end if
12: end for
13: end while
14: return (C1, . . . , Ck)

1 2 3 4,9 5,9 6,9

Figure 5.1: An instance of 3-Robot Scheduling with equal duration tasks and an
optimal solution of 12 where the greedy algorithm gives a timespan of 30.
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well. We can generalise the simple counterexample shown in Figure 5.1 as a path

on 2k vertices with the first k being the initial vertices of our robots and the next k

having tasks each of duration L for some sufficiently large choice of L depending on

k (for example k2). In this the optimal solution has timespan L+ k and the greedy

algorithm gives timespan kL+ k.

5.1.2 1-Robot Scheduling on Path Graphs

In this section, we provide an algorithm for finding the optimal schedule for a single

robot on a path. We first provide a sketch of the algorithm, then prove in Lemma 5.1

that this algorithm is optimal. Corollary 5.2 shows that the time needed to complete

the fastest schedule can be computed via a closed-form expression.

1-Robot Scheduling Algorithm Let P = ([n], E) be a path graph of length n,

let T = (t1, t2, . . . , tm) be a set of tasks, and let R be the single robot starting on

vertex sv = vis . We assume, without loss of generality, that tj is located on vij such

that vij is left of vij+1
, i.e. ∀j ∈ [1,m − 1], ij < ij+1. Note that there may exist

some task ti located on sv without contradiction. Using this notation, the optimal

schedule C = {C} is:

• C = {(vis , vis+1), . . . , (vim−1, vim), tm, (vim , vim−1), . . . , (vim+1+1, v + im+1),

tm−1, . . . , (vi1+1, vi1), t1 } if |is − im| ≤ |is − i1|.

• C = { (vis , vis−1), (vis−1, vis−2), . . . , (vi1+1, vi1), t1, (vi1 , vi1+1), (vi1+1, vi2+2),

. . . , (vi2−1, vi2), t2, . . . , (vim−1, vim), tm } if |is − im| > |is − i1|.

Lemma 5.1. The fastest task-completing schedule for 1-Robot Scheduling on a

path graph P of length n with m tasks T = (t1, . . . , tm) located on vertices vi1 , . . . , vim,

and a robot R starting on vertex vis can be constructed in O(n) time.

Proof. We prove this statement by showing that the construction above is correct.

Note that if T is not ordered, then we can sort the list by position of the tasks

in O(n) using a radix sort. Observe that any task-completing schedule must have
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the robot completing every task. Therefore, the fastest schedule will correspond

to the shortest walk visiting every vertex containing a task. We further assume,

without loss of generality, that i1 ≤ s ≤ im, as the fastest schedule for any 1-Robot

Scheduling instance where s < i1 (respectively, s > im) must start with the robot

moving from vis to vi1 , and thus this path can be appended to the final solution.

Observe that if vis is neither vi1 nor vim , R must visit some subset of vertices

more than once. Further, any task-completing schedule must visit both vi1 and vim

at least once. Therefore, there must exist some subsequence F of the edges in the

optimal schedule C corresponding to a walk between vi1 and vim . Additionally, there

must be some subsequence F ′ corresponding to a walk in the optimal schedule C

ending before the first edge in F and corresponding to a walk from vs to either vi1 ,

or vim . Therefore, as the above construction only contains these walks, one must be

minimal. Now, note that if |is− im| ≤ |is− i1|, then the shortest walk from vis to vim

is shorter than the shortest walk from vis to vi1 , and thus the schedule starting with

the walk from vis to vim is shorter than the schedule starting with the walk from vis

to vi1 . Otherwise, the schedule starting with the walk from vis to vi1 is shorter than

the schedule starting with the walk from vis to vim .

Corollary 5.2. The time span of the fastest task-completing schedule for 1-Robot

Scheduling on a path graph P of length n with m tasks T = (t1, . . . , tm) located on

vertices vi1 , . . . , vim and a robot R starting on vertex vs is

min(|s− i1|, |s− im|) + im − i1 +
∑
t∈T

t.

5.1.3 2-Robot Scheduling on Path Graphs

In this section we discuss 2-Robot Scheduling on a path. First, we provide a new

algorithm generalising the above algorithm for 1-Robot Scheduling . In Section

5.1.4, we will further generalise this to k-Robot Scheduling on a path; however,

it is valuable to consider 2-Robot Scheduling first, both to illuminate the main

algorithmic ideas and to provide a base case for later inductive arguments. As in
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Section 5.1.2, we start by providing an overview of our algorithm, which we call the

partition algorithm. In Lemma 5.4, we show that when all tasks have equal duration,

this algorithm is optimal. Finally, in Theorem 5.5, we show that when there are no

bounds on the length of the tasks, this algorithm returns a schedule that has a time-

span a factor of at most 2 greater than the time-span of the fastest task-completing

collision-free schedule.

The Partition Algorithm Let P be a path graph of length n, let T =

(t1, t2, . . . , tm) be the set of tasks, and let RL and RR be the pair of robots starting

on vertices svL = viL and svR = viR respectively. We call RL the left robot and

RR the right robot, with the assumption that svL is left of svR. We denote by ij

the index of the vertex containing the task tj, and assume that ij < ij+1, for every

j ∈ [1,m − 1]. We use the notation Pi,j for i, j ∈ [n], i < j to refer to the induced

subgraph of P with vertex set [vi, vj]. For notation, let C1(P, T, sv) be the optimal

schedule for a single robot starting at sv on the path P for completing the task set

T (as in Lemma 5.1).

We construct the schedule by partitioning the tasks into 2 sets,

TL = (t1, t2, . . . , tq) and TR = (tq+1, tq+2, . . . , tm). We determine the value of q by

finding the value which minimises max(|C1(P1,max(iL,iq), (t1, t2, . . . , tq), svL)|,
|C1(Pmin(iq+1,iR),m, (tq+1, tq+2, . . . , tm), svR)|). We will use C2(P, T, (svL, svR)) to de-

note the schedule returned by this process.

Example 6. An example of execution of the partition algorithm is shown in Figure

5.2. For this example, the left robot (starting on vertex 5) will be assigned the schedule

([(5, 4), (4, 3)], (3, 1), [(3, 2), (2, 1)], (1, 1))

and the right robot has the schedule

((6, 2), [(6, 5), (5, 4)], (4, 1))

.
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1,1 2 3,1 4,1 5 6,2

5 7

1,1 2 3,1 4,1 5 6,2

6 5

1,1 2 3,1 4,1 5 6,2

7 2

Figure 5.2: An example of the partition algorithm deciding where to split the graph
shown on a path P6 with tasks in red and starting vertices of robots being circled in
blue. The time span of the schedule C1 is shown above each subgraph.

Lemma 5.3. Given an instance of 2-Robot Scheduling on an n-length path P

with a set of equal-length tasks T = (t1, t2, . . . , tm), and starting vertices svL =

viL , svR = viR, for any schedule C = (Cℓ, Cr) where the rightmost task tL,R assigned

to the left robot is right of the leftmost tR,L assigned to the right robot, there exists

some schedule C ′ = (C ′
ℓ, C

′
r) that takes no more time than C and does not contain

any such tasks.

Proof. Let C = (CL, CR) be a schedule where the rightmost task tL,R (Left robot’s

Rightmost task) assigned to the left robot RL is right of the leftmost task tR,L (Right

robot’s Leftmost task) assigned to the right robot RR. Let tL,R be located on vL,R

and tR,L be located on vR,L. Note that the left robot RL must visit the vertex vR,L

containing task tR,L, and the right robot RR must visit the vertex vL,R containing

tL,R. Observe now that RR must be right of RL during the execution of task tL,R by

RL. Therefore, if RL completes task tR,L on the last visit to vR,L in the schedule CL

before reaching vL,R, there can be no conflict with RR. By the same argument, RR

can complete task tL,R on the last visit to vL,R in the schedule CR before reaching
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vR,L. Hence by assigning tR,L to RL and tL,R to RR in this manner, there will be no

conflict, and further, RL will reach vL,R in the same timestep as t is completed in

CL, and then immediately leave.

Repeating these arguments, we can generate a new schedule C ′ taking the same

number of timesteps as C and satisfying the condition that the rightmost task com-

pleted by RL is left of the leftmost task completed by RR. Note that RL may start

right of some task completed by RR (equivalently, RR may start left of some task

completed by RL, though not both) in C ′. Thus, it can not be assumed that a faster

schedule is formed by removing the walk between the rightmost task assigned to RL

by C, and the rightmost task assigned to it by C ′. Hence, we can only claim that the

time span C ′ is no greater than the time span of C.

Lemma 5.4. Given an instance of 2-Robot Scheduling on an n-length path P

with a set of tasks T = (t1, t2, . . . , tm) where the duration of all tasks ti is equal. Fur-

ther, let svL and svR be the starting vertices of the robots. Then C2(P, T, (svL, svR))

is an optimal set of schedules and can be found in O(m) time.

Proof. Following Lemma 5.3, we have that there exists some schedule C where every

task assigned to RL is left of every task assigned to RR and such that no schedule

completes all tasks faster than C. Further, if RL starts right of every task completed

in CL, then there exists some such C in which RL starts by moving to the first

task completed in CL (equivalently, if RR starts left of every task completed in

CR, then there exists some such C in which RR starts by moving to the first task

completed in CR). Now, note that the fastest schedule solving the given 2-Robot

Scheduling instance contains a solution to the 1-Robot Scheduling instances

corresponding to P1,max(ℓ,iq), TL = (t1, t2, . . . , tq) with the robot starting on svL, and

Pmin(r,iq+1,n), TL = (tq+1, tq+2, . . . , tm) with the robot starting on svR, where q is the

number of tasks completed by RL. Now, assume that CL is not the fastest schedule

satisfying the first 1-Robot Scheduling instance.

Recalling that the solution given by C1(P1,max(svL,iq), TL, svL) will move RL left if

vL is right of the first task in TL,



58 Nathan Flaherty

CL can be replaced with C1(P1,max(svL,iq), TL, vL) without adding any collisions while

taking no more time than CL. Following the same arguments for CR, we get that the

optimal solution to the 2-Robot Scheduling instance must be of the form

(C1(P1,max(svL,iq), TL, svL), C1(P1,min(svR,iq+1), TR, svR))

for some q ∈ [1,m]. Hence, by checking each value of q and selecting the fastest such

schedule, we determine the fastest schedule.

To achieve the time complexity result, if we assume that the first partition assigns

all tasks to the RR, requiring TR timesteps to complete, then proceeds by removing

the leftmost task from the schedule, the time required to complete the second task

assigned to RR can be found in constant time with the equation tR−min(|r−i1|, |r−
im|) − i1 − |t1| + min(|r − i2|, |r − im|) + i2, where r is the index of the vertex vr

where RR starts. Therefore, after an initial cost of O(m) to compute TR, the time

required to complete the schedule assigned to the right robot requires O(1) time at

each step. The same arguments may be applied to the time required to compute the

schedule assigned to the left robot. As O(m) steps are needed, the time complexity

of this method is O(m), and hence the statement holds.

Despite being optimal for tasks of equal duration, the partition algorithm does

not always return an optimal scheduling.

Example 7. Figure 5.3 shows an instance of 2-Robot Scheduling for which

the partition algorithm does not produce an optimal solution. The optimal solution

would be the left robot completing the schedule ((v3, 4), [(v3, v2), (v2, v1)], (v1, 1)) and

the other robot doing ([(v6, v5)], (v5, 1), [(v5, v4)], (v4, 1), [(v4, v3), (v3, v2)], (v2, 1)) with

a total time span of 7. Whereas the partition algorithm would return the schedules

((v3, 4), [(v3, v2)], (v2, 1), [(v2, v1)], (v1, 1)) and ([(v6, v5)], (v5, 1), [(v5, v4)], (v4, 1)) with

a total time span of 8.
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v1,1 v2,1 v3,4 v4,1 v5,1 v6

Figure 5.3: Counter-Example to the optimality of the partition algorithm.

Theorem 5.5. Given an instance of 2-Robot Scheduling on an n-length path

P = (V,E) with a set of tasks T = (t1, t2, . . . , tm) and starting vertices svL and svR.

Then C2(P, T, (svL, svR)) is a 2-approximation.

Proof. Let a be the number of timesteps required by the fastest task-completing

collision-free schedule to solve this instance, C = (CL, CR). Now, let tR,L be the right-

most task assigned to the left robot. We construct the new scheduleD = (DL, DR) by

setting DL = C1(P, (t1, t2, . . . , tR,L), svL), and DR = C1(P, T \ (tL,R+1, . . . , tm), svR).

Note that RL must visit every vertex containing any task in (t1, t2, . . . , tR,L) as in

CL, RL must either complete t1 or be left of t1 when it is completed and completes

tR,L. Therefore, in time a, it is possible to complete all tasks in (t1, t2, . . . , tR,L), and

for RL to visit every vertex in (t1, t2, . . . , tR,L) at least once. As such, in 2a time, it

must be possible for RL to complete all the tasks in (t1, t2, . . . , tR,L) and visit each

such vertex. As C1(P, (t1, t2, . . . , tR,L), svL) returns the fastest schedule in which RL

completes every task in (t1, t2, . . . , tR,L), |C1(P, (t1, t2, . . . , tR,L), svL) ≤ 2a. Applying

the same arguments to the right robot gives C1(P, T \ (t1, t2, . . . , tR,L), svR) ≤ 2a,

and thus C2(P, T, (svL, svR)) has a time-span of at most 2a, completing the proof.

5.1.4 k-Robot Scheduling on Paths

Now, we generalise this algorithm to the k robot case. To do so, we build a dynamic

programming algorithm based on the same principles as the previous partition al-

gorithm. As in the previous sections, we first provide an overview of the algorithm,

then the main results. In Theorem 5.6, we show that this algorithm is optimal when

all tasks are of equal duration. Finally, in Theorem 5.7, we show that this algorithm

produces a schedule that takes time at most a factor of k more than the fastest
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schedule for a given k-Robot Scheduling instance.

The k-Partition Algorithm. Let P be a path of length n, T = {t1, t2, . . . , tm}
be a set of tasks, and let sv1, sv2, . . . , svk be the starting vertices of the robots

R1, R2, . . . , Rk respectively, with the assumption that Ri starts left of Ri+1, for every

i ∈ [1, k − 1]. Further, we denote by it the index such that vit contains task t, and

assume that itj < itj+1
(i.e. task tj is left of tj+1) for every j ∈ [1,m−1]. We construct

a k × m table S, with S[c, ℓ] containing the time required to complete the fastest

collision-free schedule completing tasks t1, t2, . . . , tℓ with robots R1, R2, . . . , Rc. Let

C1(P, T, sv) return the optimal schedule for a single robot starting at sv on the path

P for completing the task set T , for ease of notation the starting vertex of the robot

is often omitted as a parameter. For the purposes of the partition algorithm we also

define C1(P, ∅, sv) := 0.

First, observe that S[1, ℓ] can be computed, for every ℓ ∈ [1,m], in O(m) time.

Now, assuming the value of S[c − 1, ℓ] has been computed for every ℓ ∈ [1,m],

the value of S[c, ℓ] is computed by finding the value r minimising the larger of

|C1(P, (tr+1, tr+2, . . . , tℓ))| and S[c− 1, r], formally

S[c, ℓ] = min
r∈[0,ℓ]

max(|C1(P, (tr+1, tr+2, . . . , tℓ))|, S[c− 1, r]).

Letting S be an auxiliary table such that S[c, ℓ] contains the schedule corresponding
to the time given in S[c, ℓ]. A task-completing collision-free schedule for the k-

Robot Scheduling instance is given in S[k,m], this is found in Algorithm 5.2

For the remainder of this section, let Sk(P, T, (sv1, sv2, . . . , svk)) return the schedule

determined by this table. Note that for S1(P, T, (sv1)), this becomes equivalent to

C1(P, T )

Example 8. To illustrate this we shall now run the partition algorithm for k = 3

robots on the instance in Figure 5.4. In order to arrive at the table S[c, ℓ] shown in

Table 5.1 we need to do the following calculations (the intermediate steps of 1 and

2 robots are skipped).

S[3, 1] = max(S[2, 1] = 2, 0) = 2
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Algorithm 5.2 Partition Algorithm

Initialize the empty table S
for c from 1 to k do

S[c, 1]← ∅
end for
for ℓ from 1 to m do

S[1, ℓ]← C1(P, [t1, . . . , tℓ], sv0)
end for
for c from 2 to k do

for ℓ from 1 to m do
min len← +∞
min i← 1
for i from 1 to ℓ do

if (vi ≤ j − 1) or
(vi > n− k + c) then
continue

end if
cur len← max(len(S[c− 1, i]),

len(C([ti+1, . . . , tℓ], j)))
if cur len < min len then

min i← i
min len← cur len

else if (cur len = min len) and
(D(svc, vi) > D(svc−1, vi)) then

min i← i
end if

end for
S[c, ℓ+ 1]← S[c− 1,min i],

C1([tmin i+1, . . . , tℓ], svc)
end for

end for
return S[k,m+ 1]
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S[3, 2] = min(max(S[2, 1] = 2, 5),max(S[2, 2] = 2, 0)) = 2

S[3, 3] = min(max(S[2, 1], 6),max(S[2, 2], 4),max(S[2, 3] = 3, 0)) = 3

S[3, 4] = min(max(S[2, 1], 8),max(S[2, 2], 6),max(S[2, 3], 4),

max(S[2, 4] = 4, 0)) = 4

S[3, 5] = min(max(S[2, 1], 9),max(S[2, 2], 7),max(S[2, 3], 5),max(S[2, 4], 2),

max(S[2, 5] = 6, 0)) = 4

S[3, 6] = min(max(S[2, 1], 10),max(S[2, 2], 8),max(S[2, 3], 6),max(S[2, 4], 3),

max(S[2, 5], 1),max(S[2, 6] = 7, 0)) = 4

v1,2 v2,1 v3,1 v4,2 v5,1 v6,1

Figure 5.4: An instance of the 3-Robot Scheduling problem.

c
ℓ

1 2 3 4 5 6

1 2 4 6 9 11 13
2 2 2 3 4 6 7
3 2 2 3 4 4 4

Table 5.1: The dynamic programming table S[c, ℓ] for the instance in Figure 5.4.

v1,2 v2,1 v3,1 v4,2 v5,1 v6,1

Figure 5.5: The partitioning that is output by the partition algorithm for the instance
in Figure 5.4. This would take time 4 as shown in S[3, 6] in Table 5.1

Theorem 5.6. Given an instance of k-Robot Scheduling on a path P = (V,E)

where all tasks are of equal duration. Algorithm 5.2 produces an optimal solution.



Chapter 5. Algorithmic Results for Robot Scheduling 63

Proof. We prove this in an inductive manner, using S1(P, T, (sv1, sv2)) as a base

case. Assume that, for every c ∈ [1, k − 1], Sc(P, T, (sv1, sv2, . . . , svc)) returns

such a schedule. Now, consider the schedule given by C = (C1, C2, . . . , Ck) =

Sk(P, T, (sv1, sv2, . . . , svk)). Let tq be the leftmost task completed by Rk. Note that

by construction, the schedule Sk−1(P, (t1, t2, . . . , tq−1), (sv1, sv2, . . . , svk−1)) must be

the fastest collision-free schedule completing the tasks t1, t2, . . . , tq−1 with the robots

R1, R2, . . . , Rk−1 on P .

Assume, for the sake of contradiction, that there exists some schedule C ′

such that C ′ = (C ′
1, C

′
2, . . . , C

′
k) completes all tasks faster than C. If Ck =

C ′
k then we have a contradiction, as (C ′

1, C
′
2, . . . , C

′
k−1) must then complete

t1, t2, . . . , tq−1 faster than (C1, C2, . . . , Ck−1), contradicting the assumption that

Sk−1(P, (t1, t2, . . . , tq−1), (sv1, sv2, . . . , svk−1)) is optimal.

Now, assume that Rk does not solve tm. Then, either every task is solved by

some other robot, or there exists some task t′ left of tm that is solved by Rk. Now,

if the robot currently assigned to tm (which we shall call Rj) were to now complete

tq - the leftmost task assigned to Rk (and similarly Rk to complete tm) the new

schedule takes at most as long as before, since the tasks are of equal duration and

the travel time can only decrease since Rk is the rightmost robot and now completes

the rightmost task. Following this argument for each task assigned to Rk from left

to right gives a schedule in which Rk solves tasks tm, tm−1, . . . , tr for some r ∈ [1,m].

And since the fastest schedule for Rk completing these tasks is given by C1(P, ( tr′ ,

tr′+1, . . . , tm ), svk), and the fastest task-completing schedule for the remaining

tasks is given by Sk−1(P, (t1, t2, . . . , tr′−1), (sv1, sv2, . . . , svk−1)), the schedule given

by Sk(P, T, (sv1, sv2, . . . , svk)) is therefore optimal.

For the time complexity, note that computing the table S requires k ·m entries

to be added, each needing O(m) computations corresponding to each partition of

the robots (the time span of the fastest schedule for one robot can be calculated in

constant time by the formula in Corollary 5.2) and an additional O(n) time to write

the updated schedule. As there are k ·m entries, the total time complexity of this

process is O(km2 + kmn) = O(kmn).
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Theorem 5.7. Given an instance of k-Robot Scheduling on a path P = (V,E)

with tasks T = (t1, t2, . . . , tm) on vertices vi1 , vi2 , . . . , vim and robots R1, R2, . . . , Rk

starting at sv1, sv2, . . . , svk = vj1 , vj2 , . . . , vjk , the schedule returned by Algorithm 5.2

is a k-approximation.

Proof. Let C = (C1, C2, . . . , Ck) be the fastest schedule solving the k-Robot

Scheduling instance, and let C ′ = (C ′
1, C

′
2, . . . , C

′
k) be the schedule returned by

Sk(P, T, (sv1, sv2, . . . , svk)). Further, let a be the number of timesteps required to

complete C. Observe that in a timesteps, there is sufficient time for each robot to

complete all tasks assigned to it, as well as relevant movement, including having ev-

ery robot move between the leftmost and rightmost tasks assigned to it. Therefore,

R1 can complete all tasks between the leftmost and rightmost tasks completed in C1

in at most k · a time. Repeating this argument gives the k approximation.

5.2 Algorithmic Results for Other Graph Classes

We provide a brief extension to k-Robot Scheduling on cycles. In short, we apply

the above algorithm to at most O(n) instances of k-Robot Scheduling on a path,

each formed by removing some distinct edge from the cycle. To prove the correctness

of this approach, we provide the following key observation.

Lemma 5.8. Given an instance of k-Robot Scheduling on a cycle G = (V,E)

with a set of equal duration tasks T = {t1, . . . , tm} and robots r1, . . . , rk, there exists

a fastest collision-free task-completing schedule C such that there exists some edge

e ∈ E that is not traversed by any robot in C.

Proof. We assume the contrary, assume that the vertex vij containing tj satisfies

ij−1 mod n < ij < ij+1 mod n, for j ∈ [n]. Similarly, we assume that robots ri and ri+1

have starting vertices svi and svi+1 respectively, such that svi < svi+1, for every

i ∈ [1, k − 1].

Now, note that for every fastest schedule, for every i ∈ [1, k], ri must visit some

vertex vx that is also visited by ri+1 mod k, and further, ri must complete some task
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ti located on the vertex vy where y ≥ x (or, in the case of rk, the path assigned to

rk uses the edges

(vx, vx+1 mod n), (vx+1 mod n, vx+2 mod n) . . . (vy−1 mod m, vy)

. Now, following the same arguments as above, we can construct a new schedule by

assigning to ri the task ti−1 mod k, completing the task at the point where ri visits the

vertex containing ti, and removing the task ti, along with the traversal to the vertex

containing ti from the previous vertex in the schedule containing a task completed

by ri. Observe that this new schedule takes strictly fewer timesteps than the original

schedule as each robot completes the same number of tasks and traverses fewer

edges.

With Lemma 5.8, we can solve the problem of k-Robot Scheduling on a cycle

by checking each of the path graphs formed by removing exactly one edge from the

cycle and choosing the best solution.

Theorem 5.9. Given an instance of k-Robot Scheduling on a cycle G = (V,E)

containing n vertices and the set of tasks T = {t1, t2, . . . , tm} all of equal duration,

a fastest collision-free task-completing schedule can be found in O(kmn2) time.

Proof. From Lemma 5.8, we know that there exists a fastest task-completing schedule

for this instance that does not traverse every edge in the graph. Therefore, this

schedule is equivalent to a fastest schedule on the path graph P formed by removing

some edge e from G, where e is not traversed in the schedule. As there are n edges

in G, we can find a fastest schedule for this instance by finding the fastest task-

completing schedule on the graph P = {V,E \ {e}}, for any e ∈ E. As finding a

fastest schedule for each P takes O(kmn) time, the total complexity of this process

is O(kmn2).

Corollary 5.10. For general sets of tasks (i.e. not necessarily having equal duration)

the algorithm described in the proof of Theorem 5.9 is a k-approximation.

Finally, we look at tadpole graphs. A graph G = (V,E) is a (m,n)-tadpole graph

if there exists a pair V1, V2 ⊆ V such that V1 ∩ V2 = ∅, V1 ∪ V2 = V , |V1| = m, where
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Figure 5.6: (5,4)-Tadpole graph

the subgraph (V1, V1×V1∩E) is a cycle, |V2| = n, and the subgraph (V2, V2×V2∩E)

is a path, and |V1×V2∩E| = 1. An example of this is given in Figure 5.6. We provide

two key tools that are used to solve the full problem. First, we show that that we can

solve the 2-Robot Scheduling problem on a tree with a single vertex of degree 3,

and every other vertex having degree 2 or 1. Secondly, we show that for any instance

of k-Robot Scheduling on a tadpole graph with tasks of equal duration, there is

an optimal, collision-free schedule where, at most, two robots complete tasks located

on both the cycle and the path.

Lemma 5.11. Given an instance of 2-Robot Scheduling with m tasks on a tree

T where T contains at most one vertex of degree 3, and every other vertex has degree

one or two, we can determine a fastest collision-free task-completing schedule in

O(m2) time.

Proof. We partition T into two paths P1 and P2 such that P1 is a path containing

the starting vertices va and vb of the robots ra and rb, and the connecting vertex

vc, where d(vc) = 3. Observe that, following the same arguments as in Theorem

5.6, there must exists some fastest collision-free task-competing schedule such that

there exists a pair of paths P1,a and P1,b where P1,a connects all tasks located on

P1 completed by ra, P1,b connects all tasks completed by rb on P1, and P1,a is not

connected to P1,b. By the same arguments, such a pair P2,a and P2,b exists for the

tasks completed by ra and rb respectively on P2. Therefore, the problem becomes

determining the optimal partitioning of the tasks between ra and rb while maintaining
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this property, which may be done via brute force in O(m2) time for m tasks.

Lemma 5.12. Given an instance of k-Robot Scheduling on a (m,n)-tadpole

graph with the set of tasks T , there exists a fastest collision-free task-completing

schedule C, where at most two robots ra and rb complete a task on both the cycle and

the path in G. Further, there exists some tree T spanning all the tasks completed by

either ra or rb, without containing any other vertex in which a task not completed by

either robot is located.

Proof. Assume, for the sake of contradiction, that no such schedule exists. Let C be

some collision-free fastest task-completing schedule where the robots r1, . . . , ri visit

both the path and the cycle in G. First, consider the robots rp1 , rp2 , . . . , rpj as the

robots starting on the path, and further assume that these robots are ordered such

that the starting vertex of rpi is located further from the cycle than that of rpi−1
.

Then, using the same arguments as in Theorem 5.6, a collision-free task-completing

schedule can be constructed in which only a single robot rpk completes a task both

on the cycle and the path, and further, for any k′ ∈ [1, k − 1], rpk′ only completes

tasks on the cycle. Now, consider the robots rc1 , rc2 , . . . rch such that rci starts on the

cycle and completes some task both on the cycle and on the path. If there exists at

least one robot rpg that completes a task on the cycle, then using the same arguments

as Theorem 5.6, we can trade tasks between the robots until either no robot on the

path completes a task on the cycle, or no robot on the cycle completes a task on the

path. Now, assume that the set of robots rc1 , rc2 , . . . , rch are the only robots that

complete tasks on both the path and the cycle. Then, observe that there exists at

most 2 robots, rci and rcj where every robot in rc1 , rc2 , . . . , rch must pass over the

starting vertex. Again, we may swap tasks between the robots such that at most

two robots complete tasks on both the cycle and the path. Further, these robots

must complete the some subset of tasks T ′ such that there exists a tree T connecting

every vertex containing a task from T ′, and such that no task in T \ T ′ is located on

a vertex in T , completing the proof.

At a high level, the idea is to partition the set of robots into three subsets,
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those completing tasks on the cycle, those completing tasks on the path, and those

completing tasks on both. Using Lemma 5.12, we show that we can find a fastest

task completing schedule where at most two robots complete a task both on the cycle

and on the path. Thus, we end up with at most O(k2) such sets, noting that any

robot between the two robots that are completing tasks on both the cycle and the

path must only complete tasks on the path. For each such set, we partition the set

of tasks on the cycle (resp. on the path) between the robots completing tasks only

on the cycle (resp. on the path), and those completing tasks on both, with O(m2)

possible partitions in the worst case. For each of these partitions, we use Theorems

5.6 and 5.9 along with Lemma 5.11 to find an optimal solution to this partition.

Finally, we choose the fastest such partition as our solution.

Theorem 5.13. Given an instance of k-Robot Scheduling on a tadpole graph G

with n vertices with m tasks, a fastest collision-free task-completing schedule can be

found in O(k3m4n) time.

Proof. We use a similar approach to both path graphs and cycles. From Observation

5.12, we can partition the set of robots into 3 sets, those only completing tasks on

the cycle, those only completing tasks on the line, and those completing tasks on

both. We further partition the tasks between these sets. Let vc be the connecting

vertex, i.e. the vertex in G with degree 3.

If the robots ra and rb starting on the cycle are the robots completing tasks on

both the cycle and path, then any robot starting on some vertex on the path starting

at the starting vertex va of ra, ending at the starting vertex vb of rb, and containing

the vertex vc, must only complete tasks on the path. Similarly, the tasks completed

by ra and rb can be defined by a set of three tasks t1 on vertex v1, t2 on vertex

v2 and t3 on vertex v3, with all tasks completed by ra and rb corresponding to the

tasks located on the tree T connecting v1, v2, v3 and vc such that the path between

vi and vj passes through vc. Note that a robot starting on some vertex T must

begin the schedule by moving to the path. Therefore, each selection of ra, rb, t1, t2,

and t3 partitions the k-Robot Scheduling instance into three distinct instances.

The first instance contains the path from t1 to t2 that does not include vc (assuming
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that t3 is the task located on the path), and all robots starting on the path between

va and vb that does not contain vc, which may be computed in O(kmn) time using

Theorem 5.6.

Second, is the instance on the tree T ′, formed by adding to T any edges, and

corresponding vertices, on the path between va and vb via vc, which can be solved in

O(m2) time from Lemma 5.11.

Finally, we have the instance on the tree T ′ formed by the union of the path

between va and vb via vc, and the path in G. We compute the solution to the last

instance by constructing a path P formed by taking the path P in G, and extending

with a set of edges (vc, v1), (v1, v2), . . . , (vℓ−1, vℓ). We place the robots in a greedy

manner, with the robot r with the start vertex vr in the original instance starting at

vi, where i the smallest index greater than or equal to the distance between vr and

vc in T ′ at which no robot has been placed. In this way, we provide an arbitrary tie

breaking mechanism for robots entering the path, such that the number of robots on

the path P at any given timestep is equal to the maximum possible for any collision

free schedule.

As we can compute the solution to the last instance in O(kmn) time, we therefore

can, for a given selection of ra, rb, t1, t2, t3, construct the fastest collision free schedule

in O(kmn) time, noting thatm ≤ n. As there arem3k2 possible selections, we require

O(k3m4n) to find a fastest task completing schedule. Note that, if the fastest solution

involves a single robot starting on the path completing some task on the cycle, we

will find this by the selection of a second robot on the cycle, which will not complete

any tasks in the path within the induced sub-instance, completing the proof.

5.3 Unsupervised Robot Scheduling

In this section we consider algorithmic results for Unsupervised Robot Schedul-

ing on a path graph. We begin by showing that partitioning in the same way we did

for the “supervised” version does not work for Unsupervised Robot Schedul-

ing . However, in order to know how to partition the graph we need to be able to

calculate how long a single robot would take.
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5.3.1 1-Unsupervised Robot Scheduling with Equal Dura-

tion Tasks on a Path

For a single robot, starting at vertex sv on a path P , with a set of tasks

(v1, d), ..., (vm, d), we have three possible strategies which become relevant depending

on the width of the path compared to the duration of each task. For ease of notation

let w = D(vm, v1). The first option is for the robot to travel to the endmost task it

is closest to (without loss of generality, say the rightmost) to start the task off, it

will then travel to the leftmost task to start it (and any intermediate tasks along the

way). It will then wait for max{0, d− 2w} timesteps and travel back along the path

to vm to complete the rightmost task. It then returns to v1 to complete the leftmost

task. This takes n+max{d, 2w} + D(sv, vm) timesteps and should be used for large

d (d > w).

The second option is the robot travels to the rightmost task, and waits for d

timesteps to complete it, it then travels to v1 (completing all tasks between sv and

vm along the way) and waits for another d timesteps, it then travels back to the

rightmost of the tasks not already completed to complete the rest of the tasks. This

will take at most 2w + 2d timesteps (if v1 ≤ sv ≤ vm, and 2w + 2d + D(vm, sv)

otherwise).

In the third option the robot travels to the rightmost task to start it. Then

travels to the leftmost task and waits for d timesteps for it to be completed. and

then back to the rightmost task to complete it (and all intermediate tasks). This

takes 2w + d+D(sv, vm) timesteps.

Broadly if we have d > w then we choose strategy 1, and strategy 3 otherwise,

however there are some cases where strategy 2 should be chosen over 3. Notably,

in the case of there only being two tasks, strategy 2 prevails as it then only takes

w + 2d + D(vm, sv) timesteps since it need not complete any more tasks after the

leftmost. All of the possibilities can however be calculated in constant time (d and w

are known values, and subtraction to find distances takes constant time) and taking

the minimum of the three options remains constant.



Chapter 5. Algorithmic Results for Robot Scheduling 71

5.3.2 Partition Algorithm for Unsupervised Robot Schedul-

ing

The natural question with this variant of the problem is whether or not a partition

algorithm can be used for Unsupervised Robot Scheduling, as we can now use

it since we have the base case strategy for a single robot. Despite being optimal for

equal duration tasks in the supervised case, the partition algorithm being used for

Unsupervised Robot Scheduling does not perform optimally, even for tasks of

equal duration, as shown in Lemma 5.14

Lemma 5.14. The partition algorithm from 5.1.4 does not always produce optimal

schedules for k-Unsupervised Robot Scheduling even when all tasks are of

equal duration.

Proof. Figure 5.7 provides a counterexample to the optimality of the partition algo-

rithm for Unsupervised Robot Scheduling with tasks of equal duration. The

partition algorithm in this case will take 7 timesteps in total whereas the optimal

solution takes 6 timesteps. The schedule from the partition algorithm is as follows,

the leftmost robot follows the walk (1,2), (2,3), (3,4), (4,3), (3,2), (2,3), (3,4) and the

rightmost robot does (7,6), (6,5), (5,5), (5,6), (6,5) both robots following strategy 1

from above. However an optimal solution can be gained by the rightmost robot com-

pleting the task on vertex 4, which is the following schedule. The leftmost robot will

execute the following truncated schedule (1,2), (2,3), (3,4), (4,3), (3,2), (2,3), and

the rightmost robot will follow the schedule (7,6),(6,5),(5,6),(6,6),(6,5),(5,4) which

completes all tasks in 6 timesteps by “sharing” the task on vertex 4.
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1 72,3 4,3 5,3 6,33,3

Figure 5.7: Counterexample to Optimality of Partition Algorithm for 2-
Unsupervised Robot Scheduling with the split point from the partition al-
gorithm shown as a dotted line.



Chapter 6

Experimental Analysis of Robot

Scheduling Algorithm

In this chapter, we present an experimental analysis of the partition algorithm for

robot scheduling on a path graph, as well as an adaptation of the algorithm to lattice

graphs. In Section 6.1 we formulate the robot scheduling problem as an integer linear

program and prove its optimality and correctness In Section 6.2 we use the Gurobi

optimiser with the integer linear program we formulated to find the optimal solution

for a set of specific instances (paths and lattices). For each instance we compare the

(optimal) solution found by Gurobi to that of our partition algorithm to see how

close to optimal it is in actual cases.

In Section 6.3 we formulate Unsupervised Robot Scheduling as an integer

program and prove correctness.

6.1 Integer Linear Programming Formulation of

the Collision-Free Robot Scheduling Problem

We now introduce our integer linear programming (ILP) model. First, we outline

the variables used in the program, before moving on to the constraints and objective

function. We prove the correctness of the program as the corresponding constraints

73
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are presented. We note that our ILP formulation uses a polynomial number of

variables and constraints on the size of the input graph , the number of robots

and the number of tasks. The primary variables used in this program to represent

the schedule of each robot are the set of binary variables xr,v,t ∈ {0, 1}, where

r ∈ [k], v ∈ V and t ∈ [τ ]. Where τ is an upper bound on the time a schedule could

take, we use τ = n · k +
∑

t∈T dt. Here xr,v,t = 1 if and only if robot r is on vertex

v at timestep t. We use these variables to construct a schedule for each robot by

setting robot r to be at vertex v at timestep t if and only if xr,v,t = 1. If the robot r

occupies some vertex v for containing a task requiring ℓ timesteps for ℓ consecutive

timesteps, we assume that r completes the task while at that vertex.

Additionally, we introduce the binary variables TCi,t ∈ {0, 1}, for every

i ∈ [T ], t ∈ [τ ] with TCi,t = 1 if and only if task i has been completed on or before

timestep t. Finally, we use the set of binary variables ACt ∈ {0, 1}, for every t ∈ [τ ]

to denote if every task in the graph has been completed by timestep t. Below is the

integer programming formulation of the robot scheduling problem, which we prove

produces an optimal, valid, and collision free set of schedules.

Maximise
∑
t∈[τ ]

ACt

Subject To:∑
v∈V

xr,v,t = 1 ∀r ∈ [k], t ∈ [τ ] (1)

xr,v,t ≤
∑

v′∈N(v)∪{v}

xr,v′,t−1 ∀r ∈ [k], t ∈ [2, τ ] (2)

∑
r∈[k]

xr,v,t ≤ 1 ∀v ∈ V, t ∈ [τ ] (3)

xr,v,t + xr,v′,t−1 + xr′,v,t−1 + xr′,v′,t ≤ 3 ∀(r, r′) ∈ [k]× [k], (v, v′) ∈ E, t ∈ [τ ] (4)
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TCi,t ≤ TCi,t−1 +max
r∈[k]

 ∑
j∈[t−di,t]

xr,vi,j/di

 ∀i ∈ [|T |], t ∈ [τ ] (5)

TCi,t ≥ TCi,t−1 ∀i ∈ [|T |], t ∈ [τ ] (6)

ACt ≤
∑
i∈[|T |]

TCi,t/|T | ∀t ∈ [τ ] (7)

We now prove the validity of the movement constraints, i.e. the constraints

determining that the robot is at exactly one position at each timestep, that the

robots can only stay in place, or move between adjacent vertices, between sequential

timesteps, and that the schedule is collision-free.

Lemma 6.1. Constraints 1, 2, 3, and 4 ensure that the schedule given by the integer

program is a valid collision-free schedule.

Proof. Constraint (1) ensures that each robot occupies exactly one position during

each timestep, as otherwise
∑
v∈V

xr,v,t > 1, if r occupies two positions, or,
∑
v∈V

xr,v,t = 0,

if r is not assigned any position. Constraint (2) ensures that robot r can be at vertex

v at timestep t iff r was at v, or some vertex neighbouring v, in the previous timestep,

for any timestep in [2, τ ], i.e. any timestep other than the first one. Next Constraint

(3) guarantee that no vertex can be occupied by more than one robot at any given

timestep. Finally, Constraint (4) ensures that, given any pair of robots r, r′ ∈ [k]

where r ̸= r′, we ensure that r and r′ do not attempt to cross the same edge in the

same timestep. Explicitly, if xr,v,t + xr,v′,t−1 + xr′,v,t−1 + xr′,v′,t = 4, then r moves

from v′ to v in timestep t, and r′ moves from v to v′ in timestep t. Otherwise,

one or both of r and r′ do not use (v, v′) in timestep t. Therefore, the schedule is

collision-free.

Next, we prove the model correctly handles completion of tasks.

Lemma 6.2. The value of TCi,t is one only if some robot has completed task i by

timestep t.

Proof. From Constraint (5) it follows that the value of TCi,t can be one only if

either TCi,t−1 = 1 or
∑

j∈[t−di,t]

xr,vi,j/di = 1, for some robot r. Note that, by our
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construction, we assume that if robot r remains on the vertex vi for di timesteps,

then it will complete task i, therefore, if
∑

j∈[t−di,t]

xr,vi,j/di = 1 for any robot r ∈ [k], the

task i must be completed. Further, by Constraint (6), if TCi,t−1 = 1, indicating that

the task has been completed, then TCi,t = 1. Therefore, the correctness follows.

Lemma 6.3. Given any schedule where task i is completed by timestep t, the value

of TCi,t may be set to one.

Proof. Observe that task i can be completed at timestep t if there exists some robot

r and timestep t′ ∈ [τ ] such that xr,ij = 1, for every j ∈ [t′ − di, t
′]. Therefore, by

Constraint (5), TCi,t′ may be equal to 1. By extension, if TCi,t′ = 1 then, for any

t′′ ∈ [t′ + 1, τ ], we can set TCi,t′′ to 1. Thus we get the statement.

Finally, we provide our constraint for the all complete ACt variable.

Lemma 6.4. The value of ACt is 1 only if every task has been completed by timestep

t.

Proof. From Constraint (7), ACt can be 1 if and only if TCi,t = 1, ∀i ∈ [T ]. From

Lemma 6.3, the value of TCi,t is one only if the task i has been complete by timestep

t. Therefore, ACt is one only if all tasks have been complete.

Theorem 6.5. The integer program formulated with Constraints (1), (2), (3), (4),

(5), (6), (7) and the objective

Maximise
∑
t∈[τ ]

ACt

correctly finds the fastest, collision-free, task completing schedule for a given instance

of k

Proof. From Lemmas 6.1, 6.2, 6.3, and 6.4 we have that the program will compute

a collision-free schedule, with ACt = 1 only if every task has been completed by

timestep t. Now, observe that the optimal solution to this program is the solution

such that ACt = 1 for the maximum number of values of t ∈ [T ]. Following Lemma
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6.3, for any given schedule such that task i is completed by timestep t, there is a valid

assignment of variables such that TCt,i = 1. Therefore, given any schedule such that

every task is complete by timestep t, there is an assignment of variables such that

ACt = 1. Thus, by finding the assignment such that
∑

t∈[τ ] ACt is maximised, we

find the fastest collision-free schedule that completes all the tasks in the minimum

number of timesteps, giving the proof.

6.2 Experiments

We implemented the Partition Algorithm in python and executed it on a desktop

computer running Ubuntu 20.04 with an Intel i7-4790 @ 4.000 GHz processor and

16GB of RAM. The linear programming solver we used was Gurobi [32], implemented

using the gurobipy library for python.

We highlight some key results from our experiments. In Figure 6.1 we highlight

a set of experiments on the approximation ratio of the Partition Algorithm relative

to the number of tasks, while maintaining the total task length at 18, number of

robots at 3, and path length at 6. We observe that, as the number of tasks increases,

the approximation ratio tends towards 1. Indeed, once we have at least 5 tasks, we

have not found any instances where the partition algorithm returns any non-optimal

solution.

In Figure 6.2, we show a similar experiment with 4 robots, 7 positions, and a

total task length of 7. Again, we see the approximation ratio tending towards 1, and

indeed reaching it once the instance includes 5 tasks.

In Figure 6.3 we evaluate the performance of the partition algorithm by com-

paring the proportion of the schedules which are optimal or close to optimal as the

number of robots increases for a fixed path size of 7. There are three lines, the first

is the proportion of all the instances with timespan of OPT , the second is the pro-

portion of all the instances with timespan ≤ OPT + dmin and the last is those with

timespan ≤ OPT + dmax where dmin and dmax are the durations of the shortest and

longest tasks in that instance respectively (i.e. it is equivalent to having one task

assigned to the wrong robot). We find that the percentage of instances which are
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Figure 6.1: Comparison of the approximation ratio of the Partition Algorithm to
the theoretical optimal results given by our integer programming model. Above,
the tasks had a total length of 18, while the number of tasks varies across the
x-axis. Underneath we show the same for total lengths of 4, 6, 8, ... showing the
approximation ratio being better the higher the total duration.
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Figure 6.2: Comparison of the approximation ratio of the Partition Algorithm to the
theoretical optimal results given by our integer programming model. In this case,
the tasks had a total length of 7, while the number of tasks varies across the x-axis.
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Figure 6.3: Comparison of proportion of output from the partition algorithm with
optimal timespan , and timespan within the size of a single task from optimal for
fixed n = 7. The plot shows the proportion decreasing as the number of robots
increases.
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Figure 6.4: Plot of runtime against number of tasks for a fixed graph size of n = 10,
comparing Gurobi against the partition algorithm.

optimal decreases rapidly as the number of robots increases. This effect is lessened

somewhat but still visible as we allow larger differences away from optimal.

In Figure 6.4 we compare the runtime of the partition algorithm against the

integer programming formulation implemented in Gurobi.

6.2.1 Lattice Graphs

On a Lattice Graph one can easily find a Hamiltonian Path, in multiple ways, and so

we can use one of them in order to make use of the Partition Algorithm on lattices.

A natural way to do so is by “snaking” row by row in alternating directions as shown

in Figure 6.5 .

The experimentation we have done on lattices involved finding a Hamiltonian

path to “flatten” the grid for use in the partition algorithm. We did this in two ways

(starting at the top left and going right first or starting at the top right and going

left first) and took the minimum timespan of both of the outputs of the partition
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Figure 6.5: Instance of 2-Robot Scheduling on a 3×3 Lattice Graph with Hamil-
tonian Path shown in red.

algorithm.

In Figure 6.6 we give a brief overview of the results of our algorithm when applied

to the grid. In this case, we see a general decrease in the performance of this

algorithm when applied to larger grids. This suggests that the freedom of movement

has a substantial impact on the performance of the algorithm.

6.2.2 Analysis

Considering the full data, we see two natural trends. First, we have that as the

number of tasks increases, the performance of the partition algorithm increases (ap-

proximation ratio tends to 1). Secondly, as the number of robots increases, the

performance decreases (approximation ratio tends larger).

In the first case, we see that as the length of the tasks tends towards uniform,

the partition algorithm approaches optimality. This seems to follow from the design

of the algorithm itself. While this is not entirely surprising, it suggests that the

approximation ratio is granular to the degree that, for instances with only a small

difference in task length, it represents a good heuristic that can output near-optimal

solutions in most cases.

The more interesting result is the correlation between the number of robots and

the optimality of the algorithm. This, combined with the results on the lattice,
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Figure 6.6: A plot showing the average approximation ratio over all generated in-
stances increasing as the grid size increases for 2,3 and 4 robots. We note in general
approximation ratio is lower for fewer robots.
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strongly implies that assigning tasks within contiguous regions leads to suboptimal

results. Focusing on instances with particularly poor approximation ratios, we see

a general trend towards instances with tasks with significant disparity regarding

length. This, again, suggests that the primary issue with the Partition algorithm is

the assignment of robots to contiguous “blocks” of tasks.

Overcoming this seems to be a non-trivial task. One possible improvement sug-

gested by these results would be to vary the starting robot in the assignment. While

this would not find the optimal solution in all instances, the broader search would

avoid inefficiencies caused by forcing the leftmost robot to take the left most task.

6.3 Integer Linear Programming Formulation of

Unsupervised Robot Scheduling

Unsupervised Robot Scheduling can also be formulated as an integer linear

program as follows. We introduce binary variables xr,v,t as being 1 if (and only if)

robot r is at vertex v on timestep t. TVi,t is 1 if Task i has been Visited by timestep

t (by which we mean a robot has occupied the vertex task i is on). TCi,t if Task i

has been Completed by timestep t. We also have a variable ACt which is 1 if and
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only if All tasks are Complete by timestep t.

Maximize
∑
t∈[τ ]

ACt

Subject To:∑
v∈V

xr,v,t = 1 ∀r ∈ [k], t ∈ [τ ] (1)

xr,v,t ≤
∑

v′∈N(v)∪{v}

xr,v′,t−1 ∀r ∈ [k], t ∈ [2, τ ], v ∈ V (2)

∑
r∈[k]

xr,v,t ≤ 1 ∀v ∈ V, t ∈ [τ ] (3)

xr,v,t + xr,v′,t−1 + xr′,v,t−1 + xr′,v′,t ≤ 3 ∀(r, r′) ∈ [k]× [k], (v, v′) ∈ E, t ∈ [τ ]

(4)

TVi,t ≤ TVi,t−1 +
∑
r∈[k]

xr,vi,t ∀i ∈ [|T |], t ∈ [τ ] (5)

TVi,t ≥ TVi,t−1 ∀i ∈ [|T |], t ∈ [τ ] (6)

TCi,t ≤ TCi,t−1 +

∑
t′∈[t−di,t]

TVi,t′

di
·
∑
r∈[k]

xr,vi,t ∀i ∈ [|T |], t ∈ [τ ] (7)

TCi,t ≥ TCi,t−1 ∀i ∈ [|T |], t ∈ [τ ] (8)

ACt ≤
∑
i∈[|T |]

TCi,t

|T |
∀t ∈ [τ ] (9)

Lemma 6.6. Constraints 1,2, 3 and 4. ensure that the schedule given by the integer

program is a valid collision-free schedule.

Proof. These are the same constraints as the “supervised” case, which was proved

in Lemma 6.1.

Lemma 6.7. The value of TVi,t is 1 if and only if some robot has visited vertex vi

on or before timestep t.

Proof. Constraint 5 gives that TVi,t can be 1 if TVi,t−1 = 1 or
∑

r∈[k] xr,vi,t = 1 (or
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both). If TVi,t−1 = 0 then TVi,t can only be 1 if
∑

r∈[k] xr,vi,t = 1, which means there

exists a robot which is on vi at timestep t.

If TVi,t−1 = 1 then TVi,t must equal 1 because of the combination of Constraints

5 and 6.

Which means for all t TVi,t = 1 either means that TVi,t−1 = 1 or vi has a robot

on it at timestep t

Lemma 6.8. TCi,t = 1 if and only if task i has been completed.

Proof. The only way for the value of:∑
t′∈[t−di,t]

TVi,t′

di
·
∑
r∈[k]

xr,vi,t

to be equal to 1 is for vi to be visited on time t and TVi,t′ = 1 with t′ being the

previous di timesteps, meaning that vi was first visited at least di timesteps ago. The

combination of Constraints 7 and 8 give that if TCi,t−1 = 1 then TCi,t must also be

1.

Lemma 6.9. ACt is 1 if and only if All tasks have been completed on or before

timestep t.

Proof. Constraint 9 means that ACt is only 1 if TCi,t = 1, ∀i ∈ [m]. And since TCi,t

means task i has been completed on or before timestep t (by Lemma 6.8) we have

that all the tasks must have been completed for ACt to be 1.

Theorem 6.10. The Linear Programming Formulation produces an optimal schedul-

ing for Unsupervised Robot Scheduling.

Proof. By Lemma 6.6 we know that schedules found by optimising the Integer linear

program are collision free and valid schedules. And by Lemma 6.9 we have that ACt

can only be 1 if the schedule completes tasks on or before t, then by maximising the

objective function
∑

t∈[τ ] ACt we arrive at the schedule which completes all tasks at

the earliest timestep (i.e. the fastest schedule).
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Conclusion

This thesis has focussed on two different problems drawn from applications in chem-

istry. We introduced the concept of the configuration graph as a useful object for

modelling approaches to find crystal structures. The results in chapter 3 come in two

parts, structural properties of the configuration graph, and providing an algorithm

of logarithmic delay for enumerating the vertices of the configuration graph.

In Chapter 4 we introduced the robot scheduling problem and proved NP-

completeness, even when restricted to certain graph classes. Those graph classes

being stars, planar graphs and complete graphs. We also proved that Unsuper-

vised Robot Scheduling is NP-complete for planar graphs. In Chapter 5 we

presented an algorithm for the robot scheduling problem on a path and showed how

it can be adapted to cycles, trees of degree at most 3, and tadpoles. We also for-

mulated Robot Scheduling and Unsupervised Robot Scheduling as integer

programming problems in Chapter 6 in order to have an optimal solution to compare

our partition algorithm against.

We now go on to present some directions for future research and open problems.

87
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7.1 Further Directions

The work presented in this thesis is foundational and therefore there are numerous

directions for further research, the most interesting of which we shall present below.

7.1.1 Crystal Configuration Graphs

Our work on configuration graphs has some future research directions that would

be insightful to explore. Firstly, since MC-EMMA in particular relies on randomly

selecting swaps to apply - studying how random walks behave on this graph would be

useful to know. Following the work on 2-swap, the most natural step is to consider

these problems for k-swap based on two variants with swapping exactly k symbols or

at most k symbols. Note that a configuration graph for exactly k-swap permutations

might not have a single component.

In this work we have not considered the fact that crystals are periodic structures

and so necklaces/cyclic words (the equivalence class of words under rotation, e.g.

where abc is the same as cab and bca) would be a relevant object to consider these

permutations on. As well as this, using 2 or 3-dimensional words would be a well

motivated extension to this research.

7.1.2 Robot Scheduling

The field of robot scheduling on graphs is abundant with opportunities for further

research and variants of the problem. It would be very interesting and useful to know

the complexity class of the (supervised) robot scheduling problem on a path and

whether or not we can solve it optimally in any reasonable time or if approximation

is as good as we can get. As well as finding a proof of strong NP-hardness for

complete graphs and stars. Other nice graph classes which we would like to find

hardness results (or better, polynomial time algorithms) for are cycles (similarly,

tadpoles) and lattice graphs. Furthermore on the complexity front – for general

graphs we wish to find out if Robot Scheduling is NP-Hard to approximate

within some constant factor. Naturally the goal in the end is to find an algorithm of
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low approximation ratio for Robot Scheduling (as well as finding an algorithm

for Unsupervised Robot Scheduling ) in general.

There are a few further generalisations of this problem which would be useful

to consider, for example adding a set of prerequisite tasks for each task to enforce

some (partial) ordering on the tasks. This variant is well motivated since in a chem-

ical laboratory there can be tasks to be done that rely on outputs of other tasks.

Another variant is similar to work in the field of scheduling and that is where we

have constraints on which time intervals a task must be completed during. Both of

these variants now have some instances which cannot be completed which adds more

complexity in solving since we need to find out if we have a solvable instance.

With respect to the experimental side of this project, we formulated Unsuper-

vised Robot Scheduling as an integer programming problem, and so using this

to gain an insight into the problem would be useful, it could assist in finding an

algorithm. However for both cases it would be good to find a more efficient way to

find an optimal solution as the Gurobi optimizer running the integer programming

instance takes too long ( a number of days) for any graphs larger than 12 vertices.

Therefore finding an alternative to this would be very useful, for example formulat-

ing Robot Scheduling as a boolean formula and using a SAT solver may be more

appropriate, since most of the variables in our integer programming formulation are

binary.
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